The Annals of Applied Probability

2017, Vol. 27, No. 4, 2342-2382

DOI: 10.1214/16-AAP1261

© Institute of Mathematical Statistics, 2017

HIGH ORDER EXPANSIONS FOR RENEWAL FUNCTIONS AND
APPLICATIONS TO RUIN THEORY!

By DOMBRY CLEMENT AND RABEHASAINA LANDY
Université de Bourgogne Franche-Comté

A high order expansion of the renewal function is provided under the
assumption that the inter-renewal time distribution is light tailed with finite
moment generating function g on a neighborhood of 0. This expansion relies
on complex analysis and is expressed in terms of the residues of the function
1/(1 — g). Under the assumption that g can be extended into a meromor-
phic function on the complex plane and some technical conditions, we obtain
even an exact expansion of the renewal function. An application to risk the-
ory is given where we consider high order expansion of the ruin probability
for the standard compound Poisson risk model. This precises the well- known
Cramer-Lundberg approximation of the ruin probability when the initial re-
serve is large.

1. Introduction. Let (Xj)ren be an i.i.d. sequence of nonnegative random
variables with common cumulative distribution F. The arrival times (S,),cN are
defined by So =0 and, forn > 1, S, = >}, Xx. We consider the counting process
N defined by

N@) =Y lis,<x), x>0,

n>0

and the associated renewal function
o0
Ux):=E[Nx)]=)_ F"(x), x> 0.
n=0
The renewal theorem states that if the inter-arrival distribution F' has a finite first
moment u :=IE(X), then

U(x)fvi as x — +00.
n

Recall that the distribution F' is called lattice if F is supported by AN =
{0, h, 2R, ...} for some mesh i > 0. It is well known (see, e.g., Asmussen [1],
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Proposition 6.1) that if F has a finite second moment p, := E(X %), then

* + M; +2,u +o0(1), if F is lattice,

m vw=1k 7 as x — +00.
—+55+ o(1), otherwise
wo2u

When F has infinite first or second moment, Teugels [25] provides asymptotics
for the renewal function U under some regular variation conditions. In this paper,
we focus on the case when F is light-tailed and we assume that X has some finite
exponential moment so that

o0
(2) R:=sup{r20;/ e”‘dF(x)<oo}>0.
0
Then the moment generating function

o0
8= [ e
0
is well-defined and holomorphic on
Sk =1{z€C,%(z) < R}.

Using complex analysis, Stone [22] proved that under the strong nonlattice condi-
tion:

1
3) lim sup 7‘ < 00,
0—+oo |l —g(i0)
there exists some r > 0 such that
4) U(x):f+ﬂ_22+0(e—rx) as x — 0o.
no2n

Up to now, relatively few results concern either expansions or closed form expres-
sions for U (x). It appears that the only case where closed form expansions are
available are when F is Matrix exponential distributed, in which case an expres-
sion of U(x) is given in Asmussen and Bladt [3]. Mitov and Omey [18] provide
heuristics on many terms asymptotics of U (x) that are verified on the already
known cases. However, as the authors point out, those interesting expansions are
only given formally and are not proved. Other expansions are available in [8],
Theorem 4, in the context of potential densities of Lévy processes in terms of
the associated Lévy jump distribution. The approach by Stone [22] for obtaining
Expansion (4) is mainly based on complex analysis and proved fruitful for ob-
taining expansions involving survival functions of random sums, see Blanchet and
Glynn [6]. The approach in [22] was later generalized for spread out distributions
in [24]; note that the generalization of our results to spread out distribution is not
available in the present paper because the main technical assumption that enable us
to obtain higher expansions [namely, Assumption (6) thereafter], which is stronger
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than the nonlattice condition (3), is not verified for spread out distributions. This is
not really surprising, as it is on the other hand known that a spreadout distribution
is strongly nonlattice (see, e.g., Proposition 1.6 page 189 of [1]), which is why
many results in renewal theory that hold for strongly nonlattice distributions also
hold for spreadout distributions.

We consider in this paper both the lattice and the nonlattice cases and, in view
of equation (1), we introduce the function:

X
Uy -5 B2TE e s Latice,
v(x) = K 24
X 2] . . .
Ux) ——— =, if F is nonlattice.
no2u

Following Stone’s approach but with more detailed computations, we obtain higher
order expansions for the function v both in the lattice and nonlattice cases (Theo-
rems 1 and 3, resp.). When g has a meromorphic extension to the whole complex
plane and under some technical conditions, we are even able to provide exact ex-
pansions for v (Corollary 4).

The paper is structured as follows. Section 2 presents our results on high order
expansions for the renewal function as well as some examples. Section 3 is devoted
to applications to ruin theory: we provide asymptotics of the ruin probability in
the setting of continuous or discrete time risk processes and also consider a two-
dimensional risk process. Proofs are gathered in Sections 4 and 5.

2. High order expansions for the renewal function.

2.1. Main results. In the sequel, the solutions of the equation g(z) =1 play a
major role. Note that 0 is the unique real solution in Sg and that other solutions
satisfy 91(z) > 0 and come in pairs, that is, if z is a solution then so is Z.

We consider first the lattice case and we assume without loss of generality that
the mesh of the distribution is equal to & = 1, that is, F is supported by N. In
this case, the moment generating function z — g(z) is 2im-periodic on Sg = {z €
C,9N(z) < R} and we introduce the fundamental domain SI]; ={zeC;N©) <
R,—m <3()<m}.

THEOREM 1. Let Ry € (0, R) be such that equation g(z) = 1 has no root veri-
fying N(z) = Ro. Let us denote by zo0 =0, z1, ..., 2y the solutions of this equation
inS IJ;O. Then v(k) has the asymptotic expansion:

N —kz

e
5) vk)=) R
(5) v(k) ; eS((ez—l)(l —g(2)

;ZJ-> +0(e‘R°k), k— +oo,keN,

where the notation Res( f (z); zj) denotes the residue of the meromorphic function
fatpole z;.
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If zj is a simple zero of g — 1, that is, g'(z;) # 0, then the jth term in (5) has
the simple form:

ek
(¢ —1)g'(z))

Next, we consider the case when F is nonlattice. It is well known that a distri-
bution is nonlattice if and only if # = 0 is the unique real solution of the equation
g(i0) = 1. We will need here the following stronger technical assumption: for all
Ry < R:

(6) limsup sup

0—+o0 0<r<Ry

1
7,’<oo.
1—g(r+i6)

Assumption (6) is stronger than the strong lattice condition (3) from Stone [22].
It is however not too restrictive and satisfied by a large class of distributions as
shown by the following proposition.

PROPOSITION 2. Suppose that the distribution F is absolutely continuous

with respect to the Lebesgue measure. Then Assumption (6) is satisfied for all
Ry < R.

Our main result in the nonlattice case is the following theorem.

THEOREM 3. Consider a strictly nonlattice distribution F satisfying assump-
tion (6). Then for all Ry € (0, R), the equation g(z) = 1 has a finite number
of solutions in Sg, = {z € C; R(z) < Ry} that we denote by zo =0,z1,...,2N.
Then, supposing that R is such that there is no solution to that equation verifying
NM(z) = Ro, v(x) has the asymptotic expansion:

N
e
(7) v(x) =;Res<—z(1 mpyo

If zj is simple zero of g — 1, that is, g'(z;) # O, then the jth term in (7) has the
simple form:

—XZ
;zj> + o(e_Rox) as x — +00.

e %
2j8'(zj)

It is worth noting that Theorems 1 and 3 can be extended to obtain asymptotics
of higher order, that is, of order ¢™"* with r > R, if we assume that the moment
generating function g has a meromorphic extension to Sz for some R > R. The-
orems 1 and 3 and their proofs extend in a straightforward way, but not Propo-
sition 2. In the case when the moment generating function g has a meromorphic
extension to the whole complex plane, that is, R = 400, it is even possible under
some technical assumption to get an exact expansion for the renewal function.
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COROLLARY 4. Assume that g(z) has a meromorphic extension to the whole
complex plane:
e [n the lattice case, we assume furthermore that
1
e'(l—g(r+ib))
We denote by 70 =0, 21, ..., zn (possibly N = 4+00) the solution of g(z) =1 in

the fundamental domain S¥ = {z € C; — < J(z) < 7} with R(zo) < R(z1) <
-+ . Then we have the exact expansion

N e—ke
v "= J;Res<<ez — (I - g(z))’zf)’ k=0

(8) liminf sup
r——4o00 —m<bf<m

-0

e In the nonlattice case, we suppose that assumption (6) holds for all Ry > 0. Let
x > 0. Let us furthermore suppose that:
— One has an infinite number of roots (2,)neN of equation g(z) = 1, all of which
are simple, real, and such that the following series converges:

e X2 00 e ¥%j
Res(z(l —g@) Zf)‘ R P

j=1

o0

(10) >

j=1
— The following holds:

< 4o0.

1

11 liminfsu
(D P =gt +i0)

r——+00 9cR

-0

Then we have the exact expansion

00 e Xz
(12) v(x) = ZRes(m, zj).

j=1

REMARK 5. One of the assumptions of Corollary 4 in the nonlattice case is
that there is an infinite number of roots of equation g(z) = 1. One may wonder
what happens in the case when those roots are in finite number N. In fact, one
shows in this case, and thanks to Condition (11), that the moment generating func-
tion g(z) is rational, in which case a finite expansion for v(x) can be deduced
almost straightforwardly.

In the previous results, a kind of dichotomy arises between the lattice and non-
lattice cases. Interestingly, a unified statement can be deduced for the renewal mass
function or the renewal density function in the nonlattice and lattice case, respec-
tively.

COROLLARY 6. Under the same assumptions as Corollary 4:
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e In the lattice case, the renewal measure has mass function:

u(k) = ZRes( kz),zj), k> 0.

As a particular case, if all the poles are simple,

N —kz;

e
k) = _, k> 0.
u(k) ;g/(zf) z

e In the nonlattice case, the renewal measure has density function:

XZ
(13) u(x) = ZRes( e ),z‘,-), x> 0.
As a particular case, if all the poles are simple,
N e~ X%
(14) u(x)= _, x> 0.
jz%) 8'(zj)

To conclude this subsection, we present an informal argument leading to (and
motivating) Expansion (7) and that may lead to some better comprehension of
proof of Theorem 3 given in Section 4.3. One verifies, using Fubini, that the
Laplace transform of U (-) is

/(;OO e *U(x)dx = /OOO e |:Z P(S; < x):| dx

k=0
=Y B[ [ ea
el s
g 1
-,Zg 2 wl—g(=2)’

so that, the inversion formula for the Laplace transform leads formally to

1 c+ioco e*?
15 Ux)=-— 20 —g—
15) ) dim /c_ioo d(I—g(—n©

where ¢ > 0 is such that all singularities of m are on the left of vertical line
c~+iR. The right-hand side integral of (15) does not necessarlly converge, however,
let us suppose that this is the case. The poles of T satisfying N (z) > —Rp

— et oy —
are —z9 =0, ..., —zy, and one can verify that the residue of =gy & —20= 0
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is ﬁ + 2’“‘722 Thus, using a rectangular contour and the theorem of residues leads to
the following:

U R " Lot &
)= Z eS<z(1—g( )’ ZJ>+ﬂf—Ro+ioo dl—g=2)

(]6) _—+F+ZRCS<7Z(1_ (Z)) Zj)

j=l1

1 Ro—ioo e*?
+ —/ oz
2im —Rp+ioco Z(l - g(_Z))

The last integral is an o(e~Ro¥) 5o that one would obtain Expansion (7). However,
the main failing points in this reasoning are first that the integral in (15) is not
convergent, and that the contour argument leading to (16) is more delicate than it
seems. The convergence issue will be solved by introducing a Gaussian kernel (an
idea already introduced by Stone [22, 23]) which, by inversion, will make the cor-
responding integral converge; see Step 2 in the proof in forthcoming Section 4.3.
The contour argument will involve Assumption (6), which will enable two of the
pieces of the contour to vanish in the proof; see again Step 2 in Section 4.3 as well
as the corresponding Figure 3.

2.2. Examples. We provide some examples that illustrate the results above.

EXAMPLE 7. In the lattice case, we consider the negative binomial distribu-
tion with parameters p € (0, 1) and n > 1 defined by

F(dx):Z<k+n_1)pk(l—p)”8k(dx), pe@,1),n>1.

k=0 k

Its moment generating function is given by

I—p\"
g(z)z( ) R(z) < R = —log p,
1 — pez

so that
1 . (1 — pes)"
1—gx) (11— pe)"—(1—p)y

defines a meromorphic function on C. The poles are the solutions of

1—(1—= 2[7‘[%
et = (1= pe , 0<j<n-—1.
V4
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For n =1, the only pole in the fundamental domain § IJ; is zo = 0 so that Theorem 1

implies v(x) = o(e~"") for all » > 0. In the general case n > 1, there are exactly n
poles in the fundamental domain S/ given by z j =rre'® with

1 — (1 _ p)eZiT[£

rj =log and o =arg(l — (1 — p)eZi”hl).

Furthermore, Assumption (8) is easily satisfied (comparison between an exponen-
tial and a power growth) so that Corollaries 4 and 6 apply. We obtain that the
renewal measure has mass function:

n—1 2imd

1—(1— n

uk) =y ————— with €% = (1= ple .
izom (1= ples P

1 — pe%

—ij

EXAMPLE 8. In the nonlattice case let us consider Matrix exponential distri-
butions with parameters (o, T), where « is an R!*®+D probability row vector
and T is an RV+DXV+D gybintensity matrix. The definition and principal prop-
erties of phase-type distributions can be found in Asmussen and Albrecher [2],
Chapter IX. The moment generating function g(z) is a rational function given by

(17) g@)=a(—zI—T)7's,
where s := —Teande=(1,..., D7 (see [2], Theorem 1.5). The equation g(z) =
1 is a polynomial equation with N + 1 solutions zg =0, ..., zx and Condition (6)

is satisfied with Ry = +00 and Assumption (11) is easily satisfied (comparison
between an exponential and a power growth). From Corollaries 4 and 6, we obtain
a closed formula for the renewal distribution U and the renewal density u. On the
other hand, Asmussen and Bladt [3], Theorem 3.1, provide the simple expression:

(18) u(x) = aeletDxg, x> 0.

Let us check that this formula agrees with Corollary 6 in the case when the roots
20, - .., 2N are simple. It is easy to check that the —z;’s are exactly the eigenvalues
of the matrix s + 7. Denoting by P the (N + 1) x (N + 1) matrix made up with
the eigenvectors vy, ...,v; € RN+ corresponding to eigenvalues zg, ..., Zy, We
have

sa+T=PAP™!  with A :=Diag(~zj,j=0,...,N).
Denoting by J; the RV+DXWV+D matrix with 1 at the (k, k)th position and 0
elsewhere, we compute

N+1
(19) u(x) =ae N s =g pet pls = Z e_zf“xaPJjP_ls.
j=1
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On the other hand, we deduce from (17)

g@) =a(—zl —=T) s =a(—zl +sa — PAPY) %

—aP(—zl+ P 'saP — A)*P s,
Hence, in order to prove that (19) and (13) agree, we need to prove

1

aPJiPls=——
g'(zj—1)

forall j=1,...,N+1

or equivalently
aPJiP's xaP(=zj11+ P 'saP —A) PP s =1.

This can be easily verified with elementary algebra [the relation J; (A +z;_11) =
0 is useful].

EXAMPLE 9. Let us consider the simple case of the uniform distribution on
[0, 1], that is, X ~ U0, 1]. In that case g(z) = % and the equation g(z) =1 is
equivalent to e* = z + 1. The solutions are z; = —Wj(—e_l) — 1, j € Z, where
W;(-) is the jth generalized Lambert function. Proposition 2 together with The-
orem 3 provide an asymptotic expansion of v. Using the relations z_; = z; and

g'(zj) =1, we obtain, forall N > 1,

N

1

v(x):—ZZS)’t(—e_”J) +o(e™"™) as x — 400,
=1 %

with z; = —Wj(—e_l) —land ry =N(zy). As N — +00, ry — +00 so that the

expansion has arbitrary high order.

At this point, there still lacks an example of distribution X such that a meromor-
phic extension g(z) exists, equation g(z) = 1 admits an infinite number of solution
and infinite expansion (12) holds. An example of such an infinite expansion of
v(x) will be given in upcoming Example 14, in the context of meromorphic Lévy
processes.

3. Application to ruin theory. As an application of Theorem 3, we provide
asymptotic expansions for the ruin probability in risk theory. We consider both a
continuous setting (compound Poisson risk process) and a discrete setting (bino-
mial risk process). Estimation of the ruin probability in a two-dimensional model
is also investigated.
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3.1. Ruin theory in continuous time. We consider the following classical con-

tinuous time risk process:

Ni

Rf:x+ct—ZZk=x+Yt, t >0,

k=1
with {N;, t > 0} a Poisson process with intensity & > 0 and (Zy)en an i.i.d. se-
quence of nonnegative random variables with common distribution G and finite
expectation m, independent from {N;, ¢ > 0}. Such a process models the capital
of an insurance company with premium rate ¢ > 0, initial reserve x, and incom-
ing claims (Zp)xeN; see, for example, Asmussen and Albrecher [2]. We define
G =1 — G the tail function and assume the following on the moment generating
function:

o
(20) s> / e’ dG(x) is finite for all s > 0.
0

We are interested in the ruin probability
o 3 X
@21) Y(x) = P(gg R <0),  x20,

and its asymptotic when the initial reserve x is large. It is well known that ¥ (x) < 1
if and only if the safety loading is positive, that is,

(22) E(Y)) =c —am > 0.

In the asymptotic analysis, a key role is played by the Lundberg equation
o0 o -
(23) / e —G(y)dy =1, zeC.
0 c

Under Assumption (22), this equation restricted to real numbers admits a unique
real solution denoted by x > 0. The Lundberg inequality states that

Y(x) <e ™ * for all x > 0,

while the Cramér—Lundberg approximation provides the asymptotic behavior as
X — 400!

c—oam
E(ZekZ) — ¢’
We provide high order asymptotic expansions for the ruin probability ¥ (x). Sim-
ilar considerations as well as exact expansions have been proved with different
methods by Kuznetsov and Morales [14] for a so-called meromorphic risk process
and by Roynette, Vallois and Volpi [20].

Using the fact that « > 0 solves the Lundberg equation (23), one can define the
probability measure F on [0, +00) by

(24) Y(x)~Ce™™* with C =

Fdx) == 26 (x) dx.
C
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The moment generating function

g(Z)=/0008”F(dX), zeC

is well-defined and holomorphic on the complex plane. For future reference, note
that the Lundberg equation (23) is equivalent to

(25) gz—k)=1, zeC.

Using a renewal equation solved by the ruin probability function ¥ and the
asymptotic behavior of the renewal function provided by Theorem 3, we can de-
duce an asymptotic expansion for 1 (x) as x — 4-00.

THEOREM 10. Assume conditions (20) and (22) are satisfied. Let r > 0 be
fixed and z0 =0, z1, ..., zn the solutions of g(z) =1in S, ={z € C;N(z) <r}.
Then the ruin probability v (x) has the asymptotic expansion:

N (am — C)e—x(z-i-l()

26) Y(x)= ZRes(

j=0

2 Zi —(r4x)x
C<1_8(Z))(Z+K)’Zj>+o(e ) asx — 4oo.

If zj is a simple zero of g — 1, that is, g'(z;) # 0, then the jth term in (26) has the

simple form:

(27) _ (Otm B C) e—x(Zj+K) — ¢—oam e_(Zj‘f‘K)x‘
cg'(zj)(zj +«) aR(ZeGitI%y — ¢

The term j = 0 of the asymptotic expansion (39) is exactly the Cramer—
Lundberg approximation (24).

EXAMPLE 11. Let us consider the case where the claims are of the form
X =min(V, d) where d > 0 and V has an exponential distribution with parameter
A > 0. This models a reinsurance scenario where a reinsurance company covers
the excess of claim above d only, that is, according to a stop loss contract with
priority d > 0. In that case, the Lundberg equation (23) reads

(28) e — 1 g(z ~n,  zeC,

and the Lundberg exponent is k = A. Solutions z; satisfy

a 1 od _wd .
zj=———=W; _76 <), jEZ,

c d
where W (-) is the jth generalized Lambert function. It is easy to check that
daj/c—1
§(zj)=d+———#0,

ZjtKk—A
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so that Theorem 10 entails the asymptotic expansion (26) with jth term given
by (27). Since claims here are bounded, the expression of the ruin probability can
in fact be made more precise. Indeed, V¥ (x) =1 — E[Y]W(x) where W (x) is
the so-called scale function associated to Lévy process {Y;, t > 0} (see Expression
(8.7) page 215 of [16]). The expression of W (x) is available in Theorem 3 of [15]
as an infinite series; it yields that (26) can in fact be written as an infinite series,
that is,

o0

- _ M —x(zj4K)
V= jg(:)cg’(zj)(zj‘ +10° '

REMARK 12. Itis worth comparing Theorem 10 with the results of Kuznetsov
and Morales [14]. They consider a so-called meromorphic risk process {R;, t > 0},
which amounts to assume that the claims Zj’s have density:

P[Zy edx] &

y =Y bue ", x>0,
X m=1

for some positive coefficients (b;),>1 and increasing sequence (0,;)m>1 Satis-
fying p,, — +00. Corollary 1 of [14] states that the Laplace exponent A(z) :=
log E(e?!1) of the Lévy process {R;,t > 0} admits a meromorphic extension on
z € C and that all the solutions of the (extended) Lundberg equation (25) are real,
negative and simple. Furthermore, denoting these solutions by (—¢,)»>1, the ruin
probability (21) has expansion

= —E[Yi] _
(29) Yy =Y e,
,;A(_gn)

In this framework, condition (20) is not satisfied but we check below that these
results are still consistent with Theorem 10. The Laplace exponent satisfies

AR =cz+alE(e) —1] and A'(2)=c—aE(Z1e™).

Elementary computations reveal that

g(2) = @ E(e(z-Hc)Z _ 1) — M and
cz+k c(z+«)
(30)
g/(z) _ gE(Ze(Z-l—K)Z) B gIE(e(Z-‘rK)Z —1)
c 74k c  (z+4«k)?

One can check that the solutions of g(z) = 1 satisty z, + x = —¢, and that

[EE(Ze(ZJ‘J”‘)Z) - 1},

/
Zi)=
8'(z)) L trle

so that Expansion (26), with corresponding terms given by (27), corresponds to
the N + 1 first terms of (29).
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REMARK 13. With some more effort, Theorem 10 can be extended to more
general Gerber—Shiu functions, for example, of the form:

Y(x,0,b,a):=E, (e_erjl{Rf zb;E,Za;r<+oo}),

where 6, b, a are nonnegative, T := inf{r > 0 | R; < 0} is the ruin time of the risk
process and R, = infp<s<; R is the running minimum at time ¢; see Theorem 2.8
of [20] as well as Theorem 1 of [14] for example of such expansions. For ease of
presentation, we stick in this paper to ¥ (x) as defined by (21).

EXAMPLE 14. We give an example of an infinite expansion in the nonlattice
case of v(x) as in Corollary 4. Conditions (10) and (11) may look hard to verify
in practice. To exhibit such an X, we again use the theory of meromorphic Lévy
processes. As in Remark 12, we pick spectrally negative process {Y;,t >}, Y; =

— Z,]c\il Zr where {NV;,t >} is a Poisson process with intensity « > 0, such that
Laplace exponent is of the form:

A@z)=pnz+ 22

for some [t > 0, where sequences of positive real numbers (b,,),en+ and (strictly)
increasing (o,)men+ are such that series Y % converges so that Lévy process
{Y;,t >} is indeed a compound Poisson process; see (3.2) in [14]. We will addi-
tionally suppose that sequence (0,;,)men+ grows like a polynomial (in addition to
being increasing), that is, there exists a > 1 such that

(€2)) om ~ Cm?, m— 00

for some C > 0. Remembering that G is the c.d.f. of the Z;’s, we then consider
r.v. X with descending ladder height distribution of Lévy process {Y;, t > 0}, with
corresponding moment generating function:

g(2) 1= fo LG () dy,

where x > 0 is solution to Lundberg equation (23); see Relation (5.7) page 87
of [2]. We proceed to show that an infinite expansion for the corresponding func-
tion v(x) is available. The sole condition for this expansion is (31), which is not
too stringent and covers a wide range of processes. The relation between g(z) and
A(z) is given by (30). This has two important consequences. The first one is that
z > g(z) is meromorphic, as A(z) is. The second one is that z is a solution to
g(z) = 1iff A(—z —«) = 0. By Properties (v) and (vi) of [14] (see also Theorem 1
(7) of [13]), one deduces that roots (z,),eN are real nonnegative and verify

(32) 20=0<pl—Kk<zZ1<pr—K<Zp<-+ .
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We now turn back to Conditions (10) and (11). We start by (10). We compute
from (30)

b
(33) g(z) = ———|—1+(z+/c)
Z '\ (om — 2 — k)
hence, forall j €N, g'(zj) =Y, W, which happens to be positive.
We now write
J 00
b b

2 7 m m

758 (zj) = 5 = = [m<j]

e n; com (1 + L25)?2 n; com (1 + L2527

Using (32) and the dominated convergence theorem, one easily shows that

i mﬂ[m<j] — Cp as j — oo. One then deduces from the

above inequality that
o
b
(34) liminfz3g'(zj) = ) —— > 0.
J=e0 m=1 CPm

Now, (31) and (32) implies that )_>_; e *%" is a convergent series for all x > 0
which, combined with (34), implies the convergence (10).

We now prove (11), by establishing that lim,_, o =20 — 0 with ry, :=
pn — k. Using (33) and g(0) = 1 implies for all 6 € R
1 —g(ra+i6) = g(0) —g(ra +i6)
_ i bm [ K Pn + 16 }
= cpm Lpm —K  pm— pn— i
= b K Pm — Pn + 160
= Z e + 1= om 2. 02
o P Lom — K (om — pn)=+ 0
=R,(0)+il,00).
Let us set Ry, 1(0) := Yo 1c,o2[p — + 1]+ X lc,o2 pm% and

Ru20):=Y o1 Lpz pm%. As (pp)nen is increasing one gets the fol-

lowing inequalities:

Ra@ =3 2 si]i=g >0

m=1 pm Pm — K

> bm n — Fm > bm 1

mens1 P (om — Pn)? _m=n+1 COm Pn — Pm
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so that the real part of 1 — g(r, 4 i6) verifies the inequality
(35) |Ru(0)] = |Rn,1(0)] — [Rn2(0)| = Rn,1(0) + Rn2(0) = & + xan.
00 b

. 1 00 bm 1 by
(31) entails that | x,| < o= om=n+1cpm "~ Cana=T D omentl o —> Oasn —

00. One then deduces that £ + x,, > O for n large enough, and

1 1
sup —— =< sup = -
geR Tnll — g(rn +1i0)| ~ ger | Rn(0)] rn(& + xn)

proving (11). Hence, infinite expansion (12) holds.

0, n— 0o,

3.2. Skip-free random walks on 7. Quite unlike its continuous time counter-
part, risk theory in discrete time seems to have been less studied. We refer to [17]
for an overview of such processes, as well as [2], Chapter X VI. This type of process
is but a skip-free random walk, that is, a random walk with at most unit upward
movement, and is in fact studied in many fields of applied probability. We consider
here the so-called binomial discrete time risk model defined by

n
anx—l—n—ZZj:x—l—Yn, neN,
j=1

where x € N is the initial reserve, the premium rate is assumed w.l.o.g. to be equal
to 1, the claims (Z;) jen form an i.i.d. sequence taking values in N. We let m| =
[E[Z1] and assume that m € (0, 1).

The discrete ruin probability is defined by

36 =P( inf R, <0 N.
(36) Ve :=P( inf Ri<0). xe

This corresponds to the probability that a Z-valued random walk starting from
x € N eventually becomes nonpositive. The condition m € (0, 1) ensures that the
random walk has a positive drift so that ¥ (x) < 1.

A closed form expression for i (x) may be found in [11]; however, this expres-
sion requires computing an infinite number of convolutions of distribution of Zj.
We are here interested in finding a simple expansion of ¥ (x) as x — oo. Similar
to Condition (20) in the continuous case, we assume here that

(37) the moment generating function E[esz ] is finite for all s > 0.
In this discrete setting, the Lundberg equation writes

o0
(38) Y e*PlZ>kl=1, zeC.
k=0

Restricted to the real numbers, this equation has, thanks to convexity of mean gen-
erating function of Z, a unique solution « > 0. We define the probability mass
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function f defined by f (k) = e**P[Z > k], k € N, with moment generating func-
tion:

E(eG+Z
=Yt r=""ECT0 e

k=0

The following theorem provides an asymptotic expansion of ¥ (x) as x — oo,
x € N and is the discrete analog of Theorem 10.

THEOREM 15. Assume conditions (37) holds. Let r > 0 be fixed and zo =
0, z1,..., 2N the solutions to equation g(z) =1 in Srf ={zeC,N@) <r,—m <
(z) < m}. Then the ruin probability W (x) has the asymptotic expansion:

N
1 m — (Z)eK+Z B -
wx):_ZORes[l_g(Z) SO eron ) e
(39) -

as x — OQ.

If z; is a simple zero of g — 1, that is, g'(z;) # 0, then the jth term in (39) has the
simple form:

m — e<tzi

—(zj+K)x
(40) ekt — E(Ze(K+Zj)Z) ! ’

3.3. A two-dimensional ruin problem. We consider a two-dimensional ruin
problem motivated by applications in reinsurance. The capitals of two insurance
companies are modeled by the risk processes:

N/
(41) Rl =xj+cjt—) Z{=x;+Y/, 1>0j=12,

k=1
where, x; > 0, ¢; > 0 are the respective initial reserves and premlum rates,
{N,J ,t > 0} are Poisson processes with intensities «; > 0, and (Z )keN are the
corresponding claims with mean m/. For each j = 1,2, independence between
{N,j ,t >0} and (Z,ﬁ)keN is assumed. However, no independence is required be-
tween processes {Rtl,t > 0} and {Rl2,t > 0}. We suppose that the mean drifts
E(Y;)=cj —a;m/, j =1,2, are positive, and then define the eventual ruin prob-
abilities for each company

() = Pli J .
wﬂwy_PQgRt<®, j=1.2.
We also consider the probability that (at least) one of the companies is eventually
ruined:

Yor(x1, x2) 1= (mf R1 <Oor inf R2 < O)

t>0
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that is, the probability that the two-dimensional process {(Rtl, R,z), t > 0} exits the
first quadrants [0, +00)2.

We are interested here in the asymptotics of o (x1, X2) as (x1, x2) tend to in-
finity along a fixed direction x3/x; = g € (0, +00). We refer to [4, 19] for related
results that concern light tailed claims, or [5, 12] for models featuring heavy tailed
claims. A

For j = 1,2, letting g;(z) := E(ezz{), we suppose that equation g;(z) =1
has solutions zé =0, z{, z{ in S, ={ze€C,0<MN(z) <r} for some r > 0, and
that those z{, z{ are simple zeros of g — 1. Thus, v/;(x;) has the following 2 terms

expansion from Theorem 10:

' i j I i . .
l//j(Xj) = Cée_lfjxj + m[c{e*(K_/Jij)Xj] + 8j(Xj)€_(r+K1)xJ’
(42)
x./ —>+oo’j:1’2v

where ¢;(x;) —> 0 as x; — +00, and

cl = ¢j —am’ k=0,1,j=1,2.
k (XjE(Zje(Zj+K)ZJ)—Cj’ o ,

The main result of this subsection is the following theorem.

PROPOSITION 16. A two term asymptotic for Yo(Xx1, x2) as (x1, x2) tend to
infinity along the fixed direction x> /x1 = q € (0, +00), is given by

@) Vor(x, gx) = m[DOe—do(Q)x] + m[Dle—dl (CI)X] + 14 (x)e"“(dl (Q))x’

X — 00,
where do(q) > 0, N(di(g)) > do(q), 0 < limsup,_, ., [ny(x)| < 1 and where
x > R[Doe D] gnd x > R[D1e~1D*] are the two first dominant func-
tions among x +— Cée"‘”‘, X = Cge_q"”, X = ﬂi[Clle_("'“})x] and x —
m[CIZe—q(KerZ%)x]_

Four different cases occur in the asymptotic described in Proposition 16, de-
pending on the asymptotic direction u = (1, g):
(k1 +21) > gk, k1> qra > Rl +21),
g2 > k1 > qR (k2 + z%), or gR(k2+ Z%) > K1.

To each case corresponds a different two terms expansion for ¥ (x, gx) as sum-
marized in Figure 1. Proposition 16 generalizes the one term expansion given in
Theorem 3 of [4]. The last term in (43) is only O(e_m(d1 @)x) but the condition
limsup, _, o, In4(x)| < 1 provides information on how fast this term tends to 0.
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R, ,

4 -7 Ry > gra > Rk + 2]) -

/ . l ,—kK1T 12 o —qkaT -7
, B Cye + Cge -

/ e -7

’ - -

, - - R(k1 + 21) > qra

, - - C&y’”“#»f}f[CIF’“’*Z:)T}

F1G. 1. Two term asymptotic expansions on the four different regions.

EXAMPLE 17. Let us consider the Stop Loss contract scenario with prior-
ity d > 0. We assume that { R,l, t > 0} is the capital of an insurance company with
claims (Z,i),,eN distributed as min(V, d) where V is exponentially distributed with
parameter A. The second risk process {th, t > 0} corresponds to the capital of a
reinsurance company which covers the excess of claims with priority d, that is,
claims (Z,ll)neN are distributed as (V — d)™, as described in Example 11. In that
case, the two risk processes R,1 and th are dependent. Because of the memory-
less property of the exponential distribution, the Zﬁ’s are exponentially distributed
with parameter A and the intensity of the Poisson process {N?,t > 0} is given
by

oy =o1P(V >d) = aje .
As the Z%’s are exponentially distributed,

(44) V() =CFe™2,  kp=i-om/c,  C}= “_ZA
2

see Corollary 3.2 page 78 of [2]. The two terms expansion for 1 (x;) is given
by

Y1) = Cle ™M 4 R[Cle~®IHeD] 4 o= (rHrnn),
1

where z; is the solution to equation (28) with smallest real part Eﬁ(z%) > K1
and r > iﬁ(z}). Note that even though {R,l,t > 0} and {R,z,t > (0} are corre-



2360 D. CLEMENT AND R. LANDY

R?

asymptotics direction @ = (1, ¢)

T - Cle=m 4+ R [C}C*(h]+z:)r:|

FI1G. 2.  Two term asymptotic expansions for the stop loss model.

lated, Proposition 16 may be applied and, since C 12 = 0, only three cases oc-
cur:

R(k1 + z%) > gk, K1 > gka > Rk +z%) and gy > K.

This is summarized in Figure 2.
4. Proofs for Section 2.

4.1. Proof of Theorem 1. For the proof of Theorem 1, we need the following
lemma.

LEMMA 18. Let f : [—m,n] —> C be a continuous function satisfying
f(O)eRand I(f(O)) = O) as 8 — 0. Then we have the following convergence
asr — 17:

(45) f %<f(9)1——g(0)>d0_)/ gR(f() (6)>d +7

The above lemma is akin to the preliminary result of Stone [23], page 330; see
also Breiman [7] and Feller and Orey [10]. In these references, only the case of a
real valued function f is considered. In the complex case, we give a short proof
inspired by Lemma 10.11 page 221 of [7].

1O



EXPANSIONS FOR RENEWAL FUNCTIONS 2361

PROOF OF LEMMA 18. Inspecting the proof of [7], one can see that it is suf-
ficient to check that 0 — N(f (9)%) is integrable at & = 0. The rest of the
proof may be applied similarly (with minor modification) in order to prove (45).
Since

i 2 RO —3G0))
E"(f“”)l —g<i9>) =g 52
and
9—2 — i 6—0
1—gGo)  u2 VT

it is sufficient to prove local integrability of w atf =

further

R(FO)(1—g@0))) =R(FO)NR(1 — g({0)) — I(f(©))I(1 — g(iH)).

The first term is integrable at O since

e RO))RA —g(10))] ¢ 1—E(cos(0X1))
[a 62 49 = QG[SBJI:JT]|f(9)| x /;e 62 a0

0. We compute

< +00.

For the integrability of the second term, we need the assumption I(f(6)) = O(0)
which implies the existence of a constant C > 0 such that |J(f(0))| < C|6| for
|6] < e. We use also the inequality | sin(x)| < x, x € R. Using this, we have

/5 S(f0))3A —g(i0)) S(0) sin0X) |
—e 62 0 0

&

‘d@gE

—&

&€
<E [ C|X|1d6 =2eCE(X)]) <+00. [
—&

PROOF OF THEOREM 1. Let us define

ug:=UGk)—Uk—1)=) P(S,=k), keN,
n=0

with the convention U (—1) = 0. We use the basic fact that §,, has Fourier trans-
form g(i0)" and that the probabilities P(S,, = k)’s are linked to the Fourier trans-
form by

T

1 )
p(sﬁk):E/ g0y d,  neNkeN,

-7
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which can be verified by writing g(i6)" = E(e’?S") and using Fubini. Hence, by
Lebesgue’s dominated convergence and Fubini’s theorems,

ur = lim Zr P(S, =k)

r—>1—

= lim Zr / =ik0 g 160)" d

r—>1*

S DN v 1
= lim f e —db
r—1- 21w J-x 1—rg(if)

Note that J(ug) = 0. We deduce, thanks to Lemma 18,

up = NR(ug) = i + 1 /” m(e”“’;) do
21 1—g@i0)

We apply the same argument to the i.i.d. r.v. (X)),en with distribution X, ~ §;.
This yields, for all k € N,

1 1 (7 . 1

—+— [ n —l"97.> de,

=2t / (e 1—eif
whence we deduce

1 | E N 1 1 1
] (e ) P
% T J-m gio) e

L - 1 11
:—/ e (7———9>d0, kGN,
27 J—x 1—g@(if) pnl—é

the last line justified by the fact that the integral is convergent. The integrand func-
tion

(46)

_kz< 1 1 1 )
I>e - —
1—g(z) wnl—e€f

is meromorphic on the domain {z € C; —7 < J(z) < 7,0 < N(z) <r}, r < Ry.
For Ry — r small enough, the poles inside this domain are exactly z1, ..., zy (the
pole at zo = 0 has been removed). Cauchy’s residue theorem with contour given in
the left panel of Figure 3 implies

”"‘f‘z (i)

(47)
n L/” e—k(r+i€)< 1 211 )d9
21 J_n 1—g(r+if) pl—etit )
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in

0fzg=0 23 r

F1G. 3. Contours used for the application of Cauchy’s residue theorem in the lattice case (left) and
the nonlattice case (right).

Using this, we obtain finally

o0

v(k) =Y [vtk+m)— vk +m+1)]

I
Me 1

[1/1—ulk+m+1)]
0

3
Il

e~ (k+m+1)z )
1 %

N
ZRes(il ) 4

0 j=1

1S [T it i 1
_—Z/ o~ bmt DG+ )( 1 ~e>d9
2 = Jn 1—g(r+i0) pl—et

N e—kz
R . .
g es((eZ—l)(l—g(z))’Zf>

j=1

e—kr /7‘[ e—ik@ < 1 1 1 )de
2m Jog 0O — 1\ 1 —g(r +i6) 1 —eti? ’

. —(k+m~+1)
Here, we have used that all residues Res(£ -

1-g(2)
o—(km+1)z ¢ . 0 .
T3~ Onacompact contour around 7, so that exchanging > ", and Res(-) is

indeed justified by Fubini’s theorem. By the Lebesgue lemma, the last term in (48)
is 0(e™"*) and this proves equation (5). U

I
2

3
Il

(48)

; 7j) are obtained by integrating

4.2. Proof of Proposition 2. 'We prove that if F' is absolutely continuous, then
for all Ry < R,

(49) lim sup |g(r+i6)|=0.

60— to0 OEVERO
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Clearly, equation (49) implies Proposition 2. It is worth noting that this is a uniform
version of the Riemann-Lebesgue lemma. Let us set for all 6 € R, fg(z) := g(z +
i0), z € C. Since F admits a density, the Riemann-Lebesgue lemma implies that
fo(z) converges pointwise to 0 as § — co whenz € Q:={z € C |0 <%N(z) < Rp}.
Let us now note that we have the uniform bound

| fo(2)| = |E[e“TDX]| < E[e®X] < +o0, Vz € Q.

By Theorem 1.6.4, page 26 of [21], fy(z) converges uniformly towards 0 as § —
oo when z lies in any compact subset K C €2. Picking in particular K :={z € C |
N(z) € [0, Ro] and IJ(z) = 0} yields

sup|fo(z)| = sup |g(r+if)|—> 0, 6 — oo,
zeK rel0, Ro]

which we were set to prove.

4.3. Proof of Theorem 3. The proof of Theorem 3 follows the same lines as
the proof of the main theorem in Stone [22].
For the sake of clarity, we divide the proof into several steps.

Step 1: We prove that Condition (6) implies that the equation g(z) = 1 has only
a finite number of solutions in Sg,. Condition (6) entails the existence of M > 0
such that the equation g(r +i6) = 1 has no solution with 0 <r < Rg and || > M.
Since furthermore the obvious bound |g(z)| < 1 if N (z) < O exclude solutions in
the half-plane % (z) < 0, the only possible solutions of g(z) =1 in Sg, belong
to the compact set K = {z € C; 0 < 9(z) < Ry, —M < J(z) < M}. The function
g(z) — 1 being holomorphic, its zeros are isolated. Hence, the equation g(z) =1
has finitely many solution in the compact set K.

Step 2: Following Stone [22], we introduce for positive a and 4,
V(x,h,a):=E[Ux+h—aZ)—U(x —aZ)|=E[U(x —aZ,h)]
with
Ux,h)=Ux+h)—U(x),

and Z a random variable with standard Gaussian distribution. Using Fourier anal-
ysis, one can show (similarly to equation (7) in [22])

h h [too ] _ e—ih |
Vx ha)=—+ —/ m{e“‘@i,e P G R — }d@

h
=—+1(x,h,a).
2p
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Setting T'(h,z) := 1_;;111 and ¢(z) := % + i we then split the integral
I(x,h,a) into

I(-x’hva) = Il(x5h5a) - IZ(X, h,a)5

b [0 —ixe oy —a202/2
(51) Ii(x,h,a)= —/ N{e T(h,if)e @(i0)}de,
2 —00
h [+ . 1
hx, h,a) = _/ m{e—”‘)T(h,i@)e‘az@z/?—}de.
27 J- e
The analysis of the first term I (x, i, a) relies on Cauchy’s residue theorem. In
the domain Sg, the function ¢(-) is meromorphic with poles zy, ..., zy (note that

the pole at zg = 0 has been removed). We apply Cauchy’s residue theorem with
the contour given in the right panel of Figure 3 and we let the parameter L tend
to +o00. Thanks to condition (6), the contribution of the horizontal parts of the
contour vanishes as L — +o00 and we get, for all r € (N(zn), Ro),
1 > .

— / e 0T (h, i0)e= 02 (i) do

21 —00
(52)

N
= — Y Res(e T (h, )¢ p(2); ;) + R (x, b, a, r)
j=1

with
= L i 0 2(r+i0)2 /2
(53) L(x,h,a,r)= o f e *UHOT(h, r 4+ i0)e® T 2o (- +i0) d6.
—00
Note that the sum of residues is a real number because for conjugate poles z and z,

the residues at z and z are also conjugate so that the sum is real. Similarly for the
second term I»(x, h, a), Cauchy’s residue theorem yields

1 oo 1 1.

(54) —/ e O (h,i0)e 2 g = —— 4+ L(x.h,a.r)
27 J—co iub 2

with

1

~ 1 +oo . .
(55 blehar = [ e HOT (1 i0)e O g
27 J—oo w(r +i6)

g
Equations (50), (51), (52) and (54) together yield

h N
Vix,h,a)=——h Z Res(e ™*T(h, z)e“zzz/zgo(z); zj)
wo iz
j=1
+ AR (x, hya, 1)) — kR D (x, by a, 7))

Note that the Rieman-Lebesgue lemma implies that the second term L(x,h,a,r)
satisfies, for all r > 0,

(56)

(57) L(x,h,a,r)=o0(e™"™) uniformly for a and 4 in bounded sets.
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Step 3: We analyze here the term I 1(x, h,a,r) and, similarly as equation (8)
from [22], we show that

I1(x,h,a,r)=o0(e™™ (1 + |In(a)]))
(58)
uniformly for a and 4 in bounded sets.

The argument for this statement is given almost without proof in [22] but can be
adapted from a similar argument in [23] in the following way. One notices that

g —1—pz (@) —1—pz)?

@)=

n2z2 n2z2(1—-g)
so that we have, fora < 1,
(59 Li(x,h,a,r)=J1+Jo+ J3+ Ja,
with
J= Lfmw‘(”"g)T(h r 4+ igyeetcriorp8U IO — 1= nlr +16) 4
27 J—oo ’ wr(r +i0)? ’

Jr = —f e XUHOT (L r 4 i0)
27 Jig)<1

o0 (r+i6)?/2 (gr+i0) — 1 — pu(r +i0))?
n2(r +i6)2(1 — g(r +i6))

1 .
)3 = —f e UTOT (h, r +i0)

2 Ji<|8|<a

o @ +i0) —1—pr+i0)?
p2(r +i0)*(1 — g(r +i6))

1 .
Ji= _/ e CHOT (1 4 i0)

21 Jio|>a—2

a2rriey2 (80 +10) — 1 — p(r + i0))2
WA (r +i0)%(1 = g(r +i6))

Since w is analytic on Sy (the pole at z = 0 has been removed), Cauchy’s
nz
residue theorem and Lebesgue’s lemma yield

Ji=o(e™™) uniformly for a and /4 in bounded sets.

For the other terms, we use the fact that the function

(r+i0) —1 — u@r +i6))>?
w2(r +i0)2(1 — g(r +1i6))

FO) = T(h. r + i6)e+i07/2(8
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is bounded for |#]| < 1 and satisfies
1
F’(@):O(g) as |0 >1
and
F@O) =0 %)  as|o|>1.

This justifies the following estimates:

1 4
|J2| _ E '/|0|<1 e—x(r-i—z@)F(e)d@‘ — O(e—rx)’
1 .
=5\ e @) 8] = 0 og @),
<|0|<a~
1 .
|Ja| = E /|;| i e—x(r-l—z@)F(O) d@‘ — O(e—rx).
=a~

Gathering the above inequalities in (59), we obtain (58). The term O (e™"*|log(a)|)
can be replaced by o(e™"*|log(a)|) because r € (M(zy), Rp) is arbitrary. Equa-
tions (56), (57) and (58) together yield

h
Vx,h,a)— —
(60) a

N
=—h ) Res(e **T(h, 2% () zj) +o(e”™ (1 + |In(a)])).
j=1

Step 4: We prove the following inequality:

Vix+e ™, 1 =27 e /x)=Me™™ <U(x, 1)
(61)
< (1 _ e—rx)flv(x —eY 14 2e7", e—rx/x)‘

Recall the definition V(x, h,a) = E[U(x —aZ,h)] with U(x,h) =U((x + h) —
U (x) and Z a standard Gaussian random variable. Using the fact that U (-) is non-
decreasing, we check, for |y| <e ",

Ux+e ™ —y,1=2e7"")<Ux,1)<U(x—e ™" —y, 14+27"7).

Let xo > 0 be such that, for all x > xg, P(|Z] > x) < e < 1/2. Besides, the
fact that renewal function x — U (x) is sub-additive implies that there exists some
constant M independent from £ and x such that

(62) 0<Ux,h)<M, for all x > 0 and / in a bounded set.

By the definition V (x, h,a) = E[U(x — aZ, h)], both sides of equation (61) are
obtained by splitting

Vixte ™, h,a)
= E[U(x ‘e —aZz, h)]l{|z‘§x}] + E[U(x +e—aZz, h)]l{|z|>x}]



2368 D. CLEMENT AND R. LANDY

with the valuesa =a(x) =e ™ /x and h =h(x) =1 £ 27",
Step 5: Let us now prove the following estimate:

1 N
(63) Ux,1) — L= > Res(e T (1,2)9(2); zj) + o(e™"™).
Jj=1
This is roughly obtained from (60) by setting
a=ax)=e¢ " /x and h=hi(x)=1x2e"".

This can be made rigorous thanks to equation (61). We have, uniformly in the
neighborhood of z;, j =1,..., N,

e_(x:tefrx)ZT(h (x), Z)e—a(x)2z2/2

— 1+ ol ™)[T(1,2) +ole™™)][1 +ole™™)]

=e *T(1,2) +o(e™™)
so that

Res(e_(Xieim)ZT(h, z)ea2z2/2(p(z); zZj)
(64)
=Res(e T (1,2)¢(2); zj) + o(e™"™).

Besides, left-hand side of equation (61) and equation (64) entail

1 N
U(x,1) — " + Y "Res(e T (1, 2)¢(2); z)
j=1

>V(x+e ™, 1 =27 e x) =M — —
N
(65) + Y "Res(e T (1, 2)¢(2); z)
=
=V(x+e ™ h(x),a(x))—Me "™

| -
o +) Res(e~ % 1, z)e"zzz/zqo(z); zj) +o(e™"™).
j=1

Now from (60), we have

Vix+e ™ h(x),ax)) — %

N
—rx 2,2
+ h(x) ZRes(e*(Xie 2T (h, 2)e 2 (2); zj)
j=1

=o(xe ™).
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Together with (65) and since i(x) =1+ O(e™ "), this yields

1 N
(66) U(x,1) — =+ Res(e T (1,2)¢(2); zj) = o(xe™"™).
[T
j=1
A similar upper bound is proved in the same way, using the right-hand side of
equation (61). We deduce
N
1 —XZ —rXx
U(x,1)— " + ZRes(e T(1,2)¢(2);zj) = o(xe™™).
j=1
We can replace o(xe™*) by o(e™"*) because r is arbitrary in (R(zy), Ro). This
proves equation (63).
Step 6: We finally prove equation (7). Since lim,_, o v(x) = 0, we have

67) v =) [vax+k) —vx+k+D]=) [-Ux+k 1)+ 1/ul.
k=0 k=0

Using equation (63), we deduce, for all » € (N (zn), Ro),
o N
(@) =Y Y Res(e T (1, 2)p(2);: 2j) +o(e ")
k=0 j=1

—XZ

68 S Res(— 1 ; > o
(68) _jz=:1 es(l_e_Z (1L, 2Dz | +ole™™)

N e X2
Res(i; Z ) +o(e™").
; =gy 4) T
Equation (7) follows easily.

4.4. Proof of Corollaries 4 and 6.

PROOF OF COROLLARY 4. We consider first the lattice case. According to
Condition (8), one can consider (r,),>1 an increasing sequence such that r,, —
+o00 and
1

en(l—g(rn +1i0))

lim sup
n—-4+oo —m<O<m

-0

According to equation (48),
N(rn)

esz
vk =2 Res((ez 1 —g(z))’Z">

j=1

1 T e—k(r,,-l—i@) 1 1 1
- : S —— P
2n LJ{ e’"+’9—1(1—g(’”n+i9) Ml—e’n+’9)
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with N (r,) the number of solutions of the equation g(z) =1 in Srj;. Lebesgue’s
dominated convergence theorem implies, for k > 1,

7 p—k(rn+i0) 1 1 1
lim . ( — — — n )d@ =0.
n—+oo J_5 entif _ 1\ 1= g(r, +i6) wl— elntif

This yields the result (9).

We now consider the nonlattice case. Thanks to Assumption (11), let (r,),>1 be
such that r,, — +00 and
1

- '—)O
rn(1—g(@ry +1i6))

sup
6eR

We will prove below that setting # = 1, r = r, and a = a,(x) = ¢™"™* /x in equa-
tion (56) and letting n — +o00, we obtain

1 & X e (e7% — ]
(69) Ux,1)=——> Res(e *T(1,2)9();:zj) = — — Z #

’

remembering that roots (z;) jen are simple. This is justified as follows:

— Condition (62) together with Lebesgue’s dominated convergence theorem im-
plies

(70) V(x,h,a)=V(x,1,e”""" /x) = U(x, h) as n — —+00.

— Recalling that il (x,h,a,r) and fz(x, h,a,r) are respectively given by (53)
and (55), the integral term I~1 (x,h,a,r) — fg(x, h,a,r) with h =1, r =r, and
a = e """ /x converge to 0 as n — +4o00. Indeed, condition (8) and the upper bound
|T(h,r +i6)| <2/r imply

|I~1(x, h,a,r)— iz(x, h,a, r)|

- L / T Oy igyeeior L
27 |/ oo ’ 1—g(r+i6)
e /+°O 1 @r2[2-a6/2 4
I 4 —00 l"(l —
1 e el rZ/ZJ_
~perlr(1—gr+i0)| " a
1 V2x 2,-2r,
=sup . ‘ X exp( & )
ger| (1 —g(ry +10)) | 2x

This last quantity goes to 0 as r, — +o0.
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— Let us recall inequality |e* — 1| < e|z] for all |z] < 1. As roots (z,),eN are
simple and real, one has for all j =1, ..., N(r,), and for n large enough,

[Res(e ™% ™27 (1, )¢ % 2 (2); 2;) — Res(e T (1, 2)p(2); 2]
— |Res([e¢ " 2@ ™2 _ 110727 (1, 2)0(2); 2
(1, 2)e(2); z;
= |[e*¢ " D2 ]| Res(e T (1, D)p(2); 2))|
<e|te "z +an(x)2z§/2| -|Res(e™*T (1, 2)¢(2); zj)|

< Me "2 |Res(e T (1, 2)9(2); 7).

where M = M (x) is a constant independent from n and j, but which may depend
on x > (. One thus deduces

N (ry) _ 2 5

> [Res(e™ @ IT (1, 2)e W Rg(2); )

(71) —Res(e 7T (1, 2)9(2); zj)|
N(ry)
< Me 72 3" [Res(e T (1, 2)9(2): 2;)]
j=1
which tends to zero as n — oo because of Assumption (10).

— The fact that (x,h,a,(x),r,)— fz(x, h,a,(x),r,) tends to 0 as n — oo and
convergence (70) (with 2 = 1) as well as inequality (71) implies (69) from (56).

The end of the proof follows easily, as in Step 6 of the proof of Theorem 3: equa-
tions (67) and (69) imply (12). [

PROOF OF COROLLARY 6. In the lattice case, we deduce from Corollary 4
that

u(k):U(k)—U(k—1)=v(k)—v(k—1)—i—l

— + ZRes((eez_izl_)(el_ik;:));Zj) P ZR (1 —_Z )’ />

j=1

Finally, note that zo =0, g(0) = 1, g’(0) = u so that

1 e—ke
— = Res( ; Z0>.
% 1-g()

In the nonlattice case, we deduce from Corollary 4 that

dUu(x) 1 dv(x) 1

—kz
dx o u T4 __ZR( g(z)’zf)

ulx) =
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. 1 ekt
The result follows since = Res(m, zo). O
5. Proofs for Section 3.

5.1. Proof of Theorem 10. Assumption (20) that the moment generating func-
tion of G is finite everywhere is equivalent to the fact that the tail function
G =1 — G decreases super-exponentially fast, that is, G is in D with

(72)  D:={f:10,400) —> C|Vr >0, f(x) =0(e”"*) as x — 00}.

The following lemma can be verified easily.

LEMMA 19. Let f €D, then:
1. x> e** f(x) belongs to D for all z € C,
o0
2. x> / f(y)dy belongs to D.
X

PROOF OF THEOREM 10. It is well known that v (x) satisfies the following
defective renewal equation:

(73) w<x)=i<x>+/0 ¥(x —y)dL(y),
where
X o
(74) L(x) = / YGdy, x>0,
0 ¢C

can be seen as the c.d.f. of a defective distribution [because L(+00) = %m <
1]; see, for example, Corollary 3.3, page 79 of Asmussen and Albrecher [2] or
equation (7.2) page 377 of Feller [9].

We introduce the probability distribution d F (x) = ¢“* d L(x) and use the nota-
tion:

o a 1
g(Z) = f eZX dF(x) = —TE(e(Z-FK)Z . 1)’
(75) Ooo cz+«k N
# ::/ xdF(x) and pi 22/ x2dF(x)
0 0

for the moment generating function and the first and second moments of F. Ele-
mentary calculation yields

(76) g’(zj) = [gE(ze(Zj-i-K)Z) _ 1:|‘

Zj+«klc

Thanks to the assumption G € D and Lemma 19, the tail function of F belongs
also to D whence the moment generating function g(z) is defined for all z € C.
Setting ¥, (x) := “* (x), (73) entails the nondefective renewal equation:

(77) 1//K(X)=Z(X)+/0 Yic(x = y)dF(y), 2(x) := ¢ L(x),
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see Feller [9] equation (6.12), page 376. The distribution F is nonlattice so that
Smith’s renewal theorem entails the classical Cramer—Lundberg asymptotics:

foooz(y)dy c—am
Joo ydF(y) c—aE(Zle"Zl)
the last equality being obtained by direct computation; see, for example, Theo-
rem 5.3 page 86 of [2].

We now wish to provide an expansion of ¥, (x) and provide extra terms in (78).
Let us introduce

(78) Y (x) > C = as x — 400,

U =Y FMw), w0 =Ux-=-22 x>0

s no 2u
The solution to (77) is given by

_ X B _ X B d_y X B
(79) wx)—foz(x y)dU(y)—/Oz(x y)M+/0z(x »du(y).

Using the fact that [ z(x — y)dy = f; z(y)dy, an integration by parts and the
definition of C, we obtain

o0 dy X , o
W =€ == [z 4 [T =y dy = w0120 + Smuo)
by M 0 c
(80)
=1 (x)+ Lhx)+ l(x) 4+ 14(x).
We recall that x > G(x) belongs to D defined in (72), so that one easily sees
that z(x) defined in (77) belongs to D, and that /1 (x) and /3(x) are o(e¢~"") from
Lemma 19. Thus, we only need to study asymptotics of the terms />(x) and I4(x)
as x — o0 in (80).
We start with I4(x). Let us note that, as g(z) is defined for all z € C, R defined
in (2) is equal to +o00, as well as Ry in Theorem 3. Expansion (7) in Theorem 3
yields

—XZ

N o e rx
(81) 14()6):/2::1 ZmReS<Z(1—g()) ) +0( )

Now turning to /2(x). By a change of variable one has that I>(x) = (fz/(y)v(x —
v) dy, so that, using Expansion (7) in Theorem 3 for v(x — y) yields

e~ (x—y)z
L(x) = Z/ Z(y) eS< pro )),ZJ‘)dy
(82)
+ /0 Z(Me " Ve(x — y)dy

for some function ¢(-) vanishing at +oo. Furthermore, it is easy to check that

VX)
’

x — 7/ (x) € D. One then verifies that f 7 (y) Res( a X(;iz)), zj)dyisano(e”
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by writing the residue as an integral over a fixed contour including z; then using
Lemma 19. One also checks that the last term on the right-hand side of (82) is
o(e™"") by a dominated convergence argument. One may thus write in (82)

e~ @=z

(83) Iz(x)—zj z(y)ReS( — )),zj>dy+0(e_”‘).

Deriving z(y) = i(y) with L(y) given in (74), expressing the residue as an
integral over a fixed contour and using Fubini, thus yields the following expression
for the terms in the summation on the right-hand side of (83):

o] e—(x—y)z J
/ R . .
f, #o es(z(l —g(z))’zf) Y
_ e—xz V2 )
Res(iz(1 —g(z))/o Z (y)e dy; zj
e %% o o -
=R (z+K)y hd
es(z(1 ~ @) [/0 Ke /y CG(v)dvdy
—/Oo e(”")ygé(y)dy};z])
0 c
= 7e_xz (z+K)y >p> >
RCS(Z(I _g(z))[ (/ / Ke ]l[z v y]dydv
-S5{[ 0]

e %2 a K eGHIZ _
= Res( [— E( — Z)
zZ(1—-g@)Lcz+xk 7+«

a 1
_ = E(eGHOZ _q ]; .)’
cztx (e ) Zj

which, since z; satisfies g(z;) = 1 with g(z) given by (75), yields

00 e~ (x—y)z
/ R .
/0 cW) es(z(l—g(z))”’)dy
(84) =Res< e [ F_Y K m—1}zj)
z1—g@)Llz+k cz+«k

e [~z— Tkm]
=Res< < ;zj>.
z(1 — g(2)) 74k
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Plugging (84) in (83) and summing /> (x) and Expression (81) of /4(x) then yields
from (80)

e [=1+%m]

1—-g(2 z+«

N
1//K(x)—C=ZRes< ;z,->+o(e—’X).
j=1

Let us now note that in the case where g'(z;) # 0, the residue in the jth term in
the above can be explicitly given and, thanks to (76), is equal to (27). Let us also
—1+%m
CE(ZeF0TI7) 1

that g’(z0) # 0, so that the above yields Expansion (39). [

note that expression of C provided in (78) is but — with zop =0 and

5.2. Proof of Theorem 15. We let b(k) :=P(Z| = k), k € N, the probability
mass distribution of Z; and denote its survival function by [ (k) :=P[Z| > k+1] =
Z;?ik 11 b(k). Let us in particular note that 5(0) can be positive. In other words,
there is a possibility that there is no claim (or equivalently, a claim of size 0) at
time n. We define

Dy:={f:N— C| f(k) =o0(e**) Vs > 0}

and suppose here that the Z;’s verify that k — [(k) € D;. we let k > 0 its unique
real positive solution.
The following lemma is the discrete analog of Lemma 19.

LEMMA 20. Let f € Dy, then:
1. k € N> e f (k) belongs to Dy for all z € C,
o
2. keNH Z f(j) belongs to D,.

j=k

Similarly to (74), (23) and (75) we define the following discrete measures F (-),
associated probability mass function f(-) and complex valued function g(-) which
we recall here:

F(x):=) f(k), xeN,

k=0

(85)
fk) = k) =e*P(Z>k+1), keN,
g(x) = /Oo e dF(x) =) e“THRP(Z >k +1)
0 _
(86) =0

1= E(e(z+/c)z)

=W, ZE(C.
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g(z) is thus defined for all z € C and is equal to E(e%X) for some integer valued r.v.
X with probability mass function f(-), and with expectation and second moment
E(X) := u and E(X?) := na.

PROOF OF THEOREM 15. We proceed along the lines of proof of Proposi-
tion 10. Setting L(x) := Z;O:x [(y), x € N, the discrete time analog of (73) is

(87) Y@x) =) Yy —klk) +Lx), xeN;

k=0

see, for example, Proposition 1.2, page 488 in [2]. Letting ¥ (x) := ¢** ¢/ (x) and
z(x) := €“* L(x), and by the definition of f (k) for all £ in (85), we obtain from
(87) the renewal equation:

(88) Vo) =2(0) + Y v 4+ 1= k) f (k).

k=0

Since X is lattice, the corresponding Smith’s renewal theorem implies that

1 & m — eX
(89) wK<x)—>c.=;]§z<k)=W, x = 00,

the last equality can be verified by direct computation. Let us note in passing that
(89) provides the Cramer—Lundberg asymptotics v (x) ~ %e‘” for x —
o0, x € N, in the discrete case. Defining now

UG):=Y_ F"(), uj:=U({—-U@{—-D,
n=0

. 2

. N mtnu

v(j)=U3) — = — 5
2 2u

with U(—1) =0, solution to (88) is given by

jeN

X X l
) = Y2 = = Y56 = )| -+ ) — vk = )|

k=0 k=0
1 x—1

==Y zx—hb+Y zx—kvk) — Y z(x —k—Dvk)
k=0 k=0

K k=1

X x—1
= i Yozt + Y [z — k) —z(x —k — D]vk)
k=0

k=0
+z(0)v(x) — z(x)v(=1).
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Subtracting in the above constant C given by (89) yields

[e%) x—1
P —C= -1 3 2+ Y[ -0 — 2x —k — D]o(k)

k=x+1 k=0

+z(0)v(x) — z(x)v(=1).

(90)

The first and last term on the right-hand side of (90) are o(e™" ky by Lemma 20,
hence we are interested in the following quantities:

x—1 X
L(x) =Y [z(x —k) —z(x —k — D]vk) = Y _[2(k) — 2k — D]v(x — k),
k=0 k=1

L(x) :=z(0)v(x) = L(O0)v(x) = mv(x).
Thanks to Theorem 1, one has that

—kz

N
o1 hx) = ZRes( ¢

@ — D1 - g(z))“") Fole™)

j=0
and we then turn to /7 (x). Writing
2(k)—ztk — 1) =FLk) — e * DLk — 1)

=[1—e ™ e L(k) +e<®"D[L(k) — Lk — 1)]
92) B}

=[1—e ™ e L(k) — < *Dik — 1)

=[1—e " ]ztk) — C Dk — 1),
then writing, in view of expansion (5),

N e—(x—k)z

_ — R —r(x—k)
v(x —k) = ZRes<(eZ has g(z)),z1> + ke

j=1

for some (&,,),eN vanishing at oo, one obtains

N X
93) h=Y Res|:( ! Y [1—e ek Likye 0% zj]

=@ -0 -2@) &

N 1 X
4 _ R Kk (k—1) —1 —(x=kz. .
&9 2 es[@z_n(l—g(z)),;e e ’Zf}

J

1
[2(k) — z(k — 1)]ex_ge "0,
1

95) +
k

X
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Using Lemma 20 as well as a dominated convergence theorem, it is not hard to
see that (95) is an o(e™"*) as x — 0o, x € N. We then study (93) and (94). One

verifies that x € N — Res[m 302 1 €< DIk — 1)ek?; 21 € Dy by
writing the residue as an integral over a fixed contour including z; then using
Lemma 20, so that in (94) we compute

1 X
—xz Kk (k—1) _ kz. .
Res[(e’Z - - g(z))e D¢ I(k—1)e ,ZJ:|

k=1

1 o0
—R e e Z+K)k[PZ k 1): 7

i [Py M B )’ZJ}
(96)

_ 1 —Xz k(k—1) . kz. .
Res|:(eZ - D1 — g(z))e Z ¢ [k —1)e™; Z'/i|

k=x—+1

1 —XZ 52 —rx -
:Res[(ez—l)(l—g(z)) g(2); Zj}+0( ) j=1,...,N.

Next, we compute, for all z,

Z e(K+Z)ki(k) — Z Z €(K+Z)kl(l’l) — Z |:Z €(K+Z)k:|l(l’l)

k=1 k=1n=k n=1Lk=1
(K+z)n
= Z[ }l(n)
+
97) =1 Z l(n) — otz Z RESLTE
- —ew 1O)] = et 10
_1_€K+z[m_ ()]_l—e""'ze [¢(z) —1(0)]
eK+Z

=1 _c [m—g@].
One verifies thanks to Lemma 20 and writing the residue as a contour around z;
that x € N — Res[m Z,fixH WKL (k); zj] € Dy, so that inserting
(97) in (93) yields

1 - =K1, kkT —(x=k)z. . .
Res|:(eZ DA —3@) ];[1 e e L(k)e ,ZJ}
(98)
= Res|: ! e ¥t . [m —g@)]; } +o(e™)
Tl D g T—eete T8RRI '
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Respectively inserting (96) and (98) in (94) and (93) in /{(x), and adding I>(x) in
(91), yields

1—e ¥ eK+Z

(et =D —g(2) 1 —ert=

N
1) + L) = Y- Res|

[m — g(z)]e™; Zj:|
j=1

N
g(2) _
_ R Z_—XZ. ..
2 es[(el—l)(l—g(z))” ’Z’}

=1

99) .
m —Xz. . . —rx
+JgoRes[@Z—1>(1—g<z>)e o] ol

K+z

N
1 _
— - R L
, 1-—
j=1

—XZ. . . —rx
g@ 1—ete ¢ ’Z’}Jro(e )

Plugging (99) into (90) yields (39), provided that we prove that residue of
— 1_;(2) %e‘“ at z =z9 = 0 equals Ce™™*, C given by (89). This com-
putation is in fact included in the case where the g’(z;)’s are nonzero, in which
case jth term of (99) is equal to (40), which we proceed to consider now. Direct

computation from (86) coupled to the fact that g(z;) =1 gives

_E(Ze(K+Zj)Z)[1 — KU 41 — ]E(B(K+Zj)Z)]eK+Zj

/ —
g(Zj)— (1_eK+Zj)2
E(Ze(K+Zj)Z) xS
== 1 — etz 1 — ekt

.. . — +.
so that it is easy to verify that Res[l_i, (Z)%

e—tz)x O

e "% zj] is (40) times

5.3. Proof of Proposition 16. We recall that two functions f and /s satisfy
f(x) > h(x) iff h(x)/f (x) tends to 0 as x — oo. In the following, we consider
cases where ¢ > 0 is such that functions respectively satisfy

(100) Cée_'qx > 2)’t[C11e—('<1+ZDx] > {Cge—qsz’ g{[c%e—q(Kz-i-z%)x]}’
(101) Cée—xlx > Cge_q"zx > {m[clle—(mﬂ})x]’ m[C%e—q(Kg—l—z%)x]}’

all other cases being treated similarly. We will use the following inequalities (an
easy and direct consequence of Lemma 2 (i) of [4]):

(102) Y1(x1) < Yor(x1, x2) < Y¥ri(x1) + ¥2(x2).



2380 D. CLEMENT AND R. LANDY

Let us first consider the case (100). Using expansions (42) with x; = x, x2 = gx,
as well as (102) we get

£1(0)e” VY < (v, go) — Che ™% — R[Cle™ k12D
(103) < Cle™ 1 4 M[CTe 10T gy (r)e™ "
+ex(gx)e TV,
We now note that the terms on the far left- and right-hand side of (103) divided by

e~ R+2Dx tend to 0 because of Assumption (100), which proves (43). We now
consider case (101). Using again (102) we get, similarly to (103),

£1(x)e” DY 4 Eﬁ[Clle_("l"‘Z})x] — Clem 1<
< Yor(x, gx) — Che ™% — Cle4%2"
(104)
< f)'t[clle_(Kl'f‘ZDx] + Syt[clze—q(l(z-i-z%)x]
+ gl(x)e_(r"rl(l)x + 82(qx)€_(r+K1)qx.

Because of Assumption (101), we get from (104) that

g1(x)e” ey 4 m[clle—(/(1+z})x] — Cge_q’Qx

—1 = lim
X—00 Cge—qkzx
1 —k1x 2 —qKkax

o Yor(x, gx) — Che 1% — Cre™9%2
< liminf ort*, 4 20 0

X—> 00 Coe—qkzx

. Yor(x, gx) — Cje ™% — Cie 12"
< limsup 3

xX—00 Coe—qKZX

< lim (R[C]eHDY] L R[Che 10D 4 g (x)e~(He

+ 82(qx)e_(r+'“)qx)/(Cge_q'QX)
=0,
which proves (43).
Acknowledgment. The authors wish to thank an anonymous referee for point-
ing out the informal proof given at the end of Section 2.1, comments leading to

Remark 35, as well as reference [15] leading to the infinite expansion for ¥ (x) in
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