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High-order interior caustics produced in scattering
of a diagonally incident

plane wave by a circular cylinder

C. L. Adler, James A. Lock, Bradley R. Stone, and Claudio J. Garcia

Department of Physics, Cleveland State University, Cleveland, Ohio 44115

Received July 12, 1996; accepted October 28, 1996; revised manuscript received December 3, 1996

We examine scattering of a family of initially parallel diagonally incident rays by a dielectric circular cylinder
and show that the interior and exterior caustics that occur are qualitatively identical to those produced at
normal incidence. We find, however, that (1) varying the plane-wave tilt angle has the same effect on the
caustics as varying the refractive index of the cylinder at normal incidence and (2) high-order interior caustics
are visible because of larger internal-reflection Fresnel coefficients at diagonal incidence than at normal inci-
dence. We also observe noncaustic ray trajectories produced by the sharp peaking of internal-reflection
Fresnel coefficients at large ray impact parameters, as well as another class of internal caustics produced by
scattering from inhomogeneities in our glass cylinder. © 1997 Optical Society of America
[S0740-3232(97)01806-1]

1. INTRODUCTION

In recent years there has been much interest in labora-
tory observations of the interior and exterior caustics pro-
duced when a plane wave or a focused beam is scattered
by a sphere or a spheroid. The caustics are parameter-
ized by an integer p denoting the number of internal
chords of the ray trajectories; i.e., the family of rays that
produces either an interior or exterior caustic has under-
gone p 2 1 internal reflections before the caustic is
formed. For scattering by a sphere, the most familiar ex-
terior caustic is the p 5 1 near-zone spherical aberration
caustic.1,2 For p > 2, far-zone rainbow caustics and
forward-scattering and backscattering glory caustics oc-
cur as well.

There have been two types of laboratory observations of
the far-zone rainbow caustics. Sassen3 experimentally
studied the 2 < p < 5 and p 5 7 rainbows of a spherical
water droplet illuminated with laser light by placing a de-
tector in the far zone. Chan and Lee4 observed most of
the far-zone rainbows for 2 < p < 24, as well as the p

5 32 rainbow, by using this technique. In a different set
of experiments, Walker5–7 observed the colored glare
spots corresponding to the 2 < p < 14 rainbows by block-
ing off a portion of the incident beam and focusing his eye
on the surface of a spherical water droplet. Walker’s
beam-blocking technique allows relatively weak high-
order rainbows not to be obscured by the dominant re-
flected and transmitted light that would otherwise be
scattered at the same angle. It has been shown by Lock8

that scattering of a Gaussian beam focused to a waist
much smaller than the diameter of the sphere is equiva-
lent to the beam-blocking technique. Chan and Lee em-
ployed this Gaussian-beam technique to observe the very-
high-order rainbows. Lock9 and van de Hulst and
Wang10 have developed the theory of the glare spots,
showing that they correspond to sharp peaks in the power
spectrum of the far-zone scattered electric field sampled

in the vicinity of rainbows. Other types of illumination
of the sphere have also been considered. A p 5 1 far-
zone rainbow caustic cannot occur for plane-wave inci-
dence on a sphere.11,12 But when a point source is
brought close to the sphere, the p 5 1 near-zone spheri-
cal aberration caustic splits into two branches and
evolves into a far-zone rainbow.13

The interior caustics of a sphere include the so-called
p 5 1 Descartes ring, which is the extension of the
spherical aberration cusp into the sphere,14 and various
cusp caustics and axial spike caustics15–17 for p > 2. The
p 5 1 Descartes ring, enhanced by morphology-
dependent resonances, has been observed at the surface
of both water and methanol droplets by means of stimu-
lated Raman scattering (SRS).18,19 The interior p 5 2
cusp caustic and the turning point of the p 5 4 axial
spike caustic have been observed by both SRS20,21 and by
fluorescence of rhodamine 590 dye molecules in water
droplets.2 The full p 5 2 axial spike caustic has also
been observed in a spherical globe filled with water into
which a small amount of milk had been added.15

For scattering by an oblate spheroidal particle with
side-on incidence, the rainbow evolves into a higher-
dimensional optical caustic whose full structure unfolds
as the spheroid refractive index and eccentricity are var-
ied. The unfolding of this caustic for p 5 2 has been nu-
merically and analytically explored by Nye,22,23 and the
unfolding as a function of spheroid eccentricity has been
experimentally studied by Marston and his co-workers for
p 5 2,24–27 p 5 3,28 and p 5 6.29 For scattering by a
prolate spheroid with end-on incidence, the p 5 1 near-
zone spherical aberration caustic also evolves into a
higher-dimensional optical caustic and has been numeri-
cally explored by Lock.30

In contrast, there has been relatively little analysis and
observation of the interior and exterior caustics of a long
circular cylinder illuminated by either a normally or di-
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agonally incident plane wave. Perhaps this is because at
normal incidence, the interior and exterior caustics are
identical to those for a sphere, except for the absence of
the interior spike caustics and the far-zone glory caustics
produced by the sphere’s axial focusing. At normal inci-
dence the interior p 5 1 Descartes line caustic and the
interior p 5 2 cusp caustic have been theoretically exam-
ined in the context of wave theory by Owen et al.31 The
p > 2 interior cusp caustics at normal incidence have
been described in terms of Airy theory by Steinhardt and
Fukshansky.32 The p 5 1 cylindrical aberration caustic
of a thin fiber at normal incidence has been studied by Be-
nincasa et al.2

To the best of our knowledge, the caustics produced by
a plane wave diagonally incident on a cylinder have not
been analyzed in detail. The purposes of this paper and
a companion paper33 are to describe these caustics theo-
retically and to observe them experimentally. In this pa-
per the caustics are described in terms of ray theory, and
various of the 1 < p < 6 interior caustics are observed.
In the companion paper, the p 5 2 far-zone rainbow
caustic is described in terms of wave theory and is also
observed.

Although the diagonal-incidence caustics are qualita-
tively identical to those that occur at normal incidence,
we find that there are two quantitative differences be-
tween them that significantly impact on their observation
in the laboratory. First, varying the tilt angle of the
plane wave with respect to the cylinder is equivalent to
varying the cylinder’s refractive index at normal inci-
dence. This makes the unfolding of the caustics easy to
observe. Second, the Fresnel coefficients for internal re-
flection at diagonal incidence are substantially larger
than their values at normal incidence. This permits the
observation of much-higher-order interior caustics than is
possible at normal incidence.

The body of this paper is organized as follows. In Sub-
section 2.A we define our notation and describe the plane-
wave/cylinder geometry. In Subsection 2.B we derive the
expressions for the trajectory of a light ray as it propa-
gates through the cylinder, and in Subsection 2.C we de-
rive the expression for the ray’s polarization state. In
Section 3 we briefly catalog the interior and exterior caus-
tics for various values of p and describe a particular set of
caustic transitions. In Section 4 we experimentally ob-
serve many of the 1 < p < 6 interior caustics and com-
pare our observations with ray theory predictions. In ad-
dition to the caustics cataloged in Section 3, we observe a
second set of interior caustics that arise from scattering
by inhomogeneities present in our cylindrical glass rod at
the focal position of the p 5 1 cusp caustic. In Section 5
we present our conclusions.

2. RAY THEORY MODEL OF SCATTERING
OF A DIAGONALLY INCIDENT PLANE
WAVE BY A CIRCULAR CYLINDER

A. Notation and Scattering Geometry
We consider a long dielectric circular cylinder of radius
a and refractive index n whose axis coincides with the z

axis of a rectangular coordinate system. A monochro-
matic plane wave of wave number k 5 2p/l whose

propagation direction is in the x – z plane and making an
angle j with the x axis is incident on the cylinder. This
geometry is illustrated in Fig. 1. The interior and scat-
tered rays are numbered by integers p > 0. After the
initial interaction of a ray with the cylinder surface (the
p 5 0 interaction), the specularly reflected ray is denoted
by p 5 0, and the portion of the ray transmitted into the
cylinder is denoted by p 5 1. At the next interaction of
the transmitted ray with the cylinder surface (the p 5 1
interaction), the portion of the ray transmitted out of the
cylinder is denoted by p 5 1, the internally reflected por-
tion is denoted by p 5 2, and so forth.

In wave theory the natural polarization states of the in-
cident plane wave, the interior wave, and the scattered
wave are denoted by e and m. In the e polarization, the
wave’s electric field is confined to the horizontal (x – y)
plane, and in the m polarization its magnetic field is con-
fined to the horizontal plane. In ray theory the natural
polarization states for the interaction of a light ray with a
locally flat surface are the transverse electric (TE) and
transverse magnetic (TM) states. We find in Subsection
2.C that both polarization-preserving scattering and
cross-polarized scattering occur when a plane wave is di-
agonally incident on a circular cylinder because the e and
m and TE and TM directions do not coincide and because
the TE and TM directions for the pth interaction of a ray
with the cylinder surface do not coincide with the TE and
TM directions for the (p 2 1)st interaction.

B. Ray Trajectories
Consider a ray diagonally incident on the cylinder as in
Fig. 2. The propagation direction of the ray is

k̂ i0 5 ~cos j !ûx 2 ~sin j !ûz , (1)

Fig. 1. A plane wave with propagation direction k̂ i0 in the x – z

plane and making an angle j with the x axis is incident on a di-
electric circular cylinder of radius a.
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where the subscript i denotes incident and the subscript 0
denotes the p 5 0 interaction of the ray with the surface.
The ray strikes the cylinder at the point (x0 , y0 , z0).
The outward normal to the cylinder at this point is

n̂0 5 2~cos f i0!ûx 1 ~sin f i0!ûy . (2)

The angle of incidence of the ray is then u i0 , where

cos u i0 5 2k̂ i0 • n̂0 5 cos j cos f i0 , (3)

and the angle of refraction of the ray inside the cylinder is
u t0 , where the subscript t denotes transmitted and

n sin u t0 5 sin u i0 . (4)

The propagation direction of the transmitted ray inside
the cylinder is34

k̂ t0 5

1

n
k̂ i0 1 S 1

n
cos u i0 2 cos u t0D n̂0

5 F1

n
cos j 2 cos f i0S 1

n
cos u i0 2 cos u t0D G ûx

1 F ~sin f i0!S 1

n
cos u i0 2 cos u t0D G ûy

2

1

n
~sin j !ûz . (5)

The physical interpretation of Eq. (5) becomes evident
if we consider separately the projections of the incident

and transmitted rays in the x – y plane and along the z

axis. Defining the angles f t0 and g as in Figs. 2(a) and
2(b), respectively, by

cos f t0 5 2k̂ t0
xy

• n̂0 , (6)

where k̂ t0
xy is the projection of k̂ t0 in the x – y plane and

normalized to unit magnitude, and

n sin g 5 sin j, (7)

we may write Eq. (5) as

k̂ t0 5 @cos g cos~f i0 2 f t0!#ûx

2 @cos g sin~f i0 2 f t0!#ûy 2 ~sin g !ûz . (8)

As seen from the side, refraction of the incident ray is de-
scribed by Snell’s law through Eq. (7). All subsequent in-
ternal reflections occur at the angle g as well. The final
transmission of the ray out of the cylinder occurs at the
angle j, also in accordance with Eq. (7) and producing the
conical wave fronts of the scattered electric field.35,36

As seen from above, the angles f i0 and f t0 are related
through substitution of Eqs. (2)–(5), and (7) into Eq. (6) by

n8 sin f t0 5 sin f i0 , (9)

where

n8 5 n cos g/cos j. (10)

The projection of the ray in the horizontal plane also
obeys Snell’s law if the cylinder interior is associated with
the effective refractive index n8. All subsequent internal
reflections occur at the angle f t0 as well. The final trans-
mitted angle in the horizontal plane of the pth scattered
ray is

U 5 ~p 2 1 !p 1 2f i0 2 2pf t0 . (11)

C. Ray Polarization
If the incident ray is e polarized, its electric and magnetic
fields are given by

Ei0
e

5 E0
e ûy 5 E0

e û i0
e ,

Bi0
e

5

E0
e

c
@~sin j !ûx 1 ~cos j !ûz#, (12)

where E 0
P is the amplitude of the incident field and û i0

e is
the e polarization direction. If the incident ray is m po-
larized, its fields are given by

Ei0
m

5 E0
m@~sin j !ûx 1 ~cos j !ûy# 5 E0

mû i0
m ,

Bi0
m

5 2

E0
m

c
ûy , (13)

where E0
m and û i0

m have similar meanings. By construct-

ing the unit vectors in the TÊi0 and TM̂i0 directions ac-
cording to the prescription

TÊi0 5 k̂ i0 3 n̂0 /sin u i0 , TM̂i0 5 TÊi0 3 k̂ i0 , (14)

we find that the e and m polarization states of the incident
ray are rotated with respect to the TE and TM polariza-
tion states by

Fig. 2. Trajectory of the incident ray k̂ i0 and the transmitted

ray k̂ t0 as seen from (a) the top of the cylinder and (b) the side of

the cylinder. k̂ i0
xy and k̂ t0

xy are the normalized projections of k̂ i0

and k̂ t0 in the x – y plane.
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TM̂i0 5 ~cos x !û i0
e

2 ~sin x !û i0
m ,

TÊi0 5 ~sin x !û i0
e

1 ~cos x !û i0
m , (15)

or

S TM̂i0

TÊi0
D 5 R~2x !S û i0

e

û i0
m D , (16)

where the rotation angle x is given by

cos x 5 sin f i0 /sin u i0 ,

sin x 5 sin j cos f i0 /sin u i0 (17)

and where R is the two-dimensional rotation matrix

R~c ! 5 F cos c

2sin c

sin c

cos c G . (18)

The interaction of a light ray with a locally flat inter-
face is diagonal in the TE and TM basis, i.e.,

S E t0
TM

E t0
TE D 5 F t0

TM

0

0

t0
TEG S E i0

TM

E i0
TE D (19)

for transmission and

S Er0
TM

Er0
TE D 5 F r0

TM

0

0

r0
TEG S E i0

TM

E i0
TE D (20)

for reflection, where t0
TM , r0

TM and t0
TE , r0

TE are the flat-
interface transmission and reflection Fresnel coefficients
for TM and TE, respectively, evaluated at the p 5 0 in-
terface. After the transmitted portion of the ray leaves
the interface, its TE and TM directions are given by

TÊt0 5 k̂ t0 3 n̂0 /sin u t0 , TM̂t0 5 TÊt0 3 k̂ t0 . (21)

As this interior ray approaches the p 5 1 interface, the
incident-wave-vector and polarization states are

k̂ i1 5 k̂ t0 , (22)

TÊi1 5 k̂ i1 3 n̂1 /sin u i1 , TM̂i1 5 TÊi1 3 k̂ i1 , (23)

respectively, where n̂1 is the unit outward normal to the

cylinder at the interaction point (x1 , y1 , z1). The TÊi1

and TM̂i1 directions are rotated with respect to the TÊt0

and TM̂t0 directions for j Þ 0 by

S TM̂i1

TÊi1
D 5 R~h !S TM̂t0

TÊt0
D , (24)

where

cos h 5 ~sin2 f t0 2 sin2 g cos2 f t0!/sin2 u t0 ,

sin h 5 sin g sin~2f t0!/sin2 u t0 . (25)

The continued propagation of the ray through the cyl-
inder proceeds in a similar way. Each transmission and
reflection is diagonal in the local TE and TM basis, and
the TE and TM directions are rotated by the angle h be-
tween successive interactions. The polarization of the fi-
nal p-scattered ray is then

S Erp
e

Erp
m D 5 R~2x !F r0

TM

0

0

r0
TEGR~2x !S E0

e

E0
mD for p 5 0,

S E tp
e

E tp
m D 5 R~2x !F tp

TM

0

0

tp
TEG H )

j51

p21

R~h !F r j
TM

0

0

r j
TEG J R~h !

3 F t0
TM

0

0

t0
TEGR~2x !S E0

e

E0
mD for p > 1, (26)

in agreement with the result obtained by Takano and
Tanaka,37 and the polarization state of the p-interior ray
is

S E interior,p
e

E interior,p
m D 5 R~s !H )

j51

p21

F r j
TM

0

0

r j
TEGR~h !J

3 F t0
TM

0

0

t0
TEGR~2x !S E0

e

E0
mD , (27)

where

cos s 5 sin f t0 /sin u t0 ,

sin s 5 sin g cos f t0 /sin u t0 , (28)

in analogy to Eqs. (17). As mentioned briefly in Subsec-
tion 2.A, both polarization-preserving scattering (e inci-
dent goes to e scattered or interior, and m incident goes to
m scattered or interior) and cross-polarized scattering (e
incident goes to m scattered or interior, and m incident
goes to e scattered or interior) occur for j Þ 0 because (1)
the e and m polarization states are mixtures of TE and TM
polarization states (i.e., x Þ 0), (2) the TE and TM
Fresnel coefficients are unequal, and (3) the planes of in-
cidence at successive interactions of the ray with the sur-
face do not coincide (i.e., h Þ 0).

3. INTERIOR AND EXTERIOR CAUSTICS
IN RAY THEORY

Because the projection in the x – y plane of the set of ray
trajectories for scattering of a plane wave with tilt angle j
by a cylinder of refractive index n is identical to the set of
trajectories for scattering at normal incidence with refrac-
tive index n8, the types of caustics that occur for both ge-
ometries are identical. The interior caustics are cusps
with the cusp point focal lines occurring at15

x 5

~21 !p

2p 2 1 2 n8
a, y 5 0 (29)

for all values of z. The exterior caustics consist of a p

5 1 near-zone cylindrical aberration cusp caustic, whose
cusp point focal line occurs at

x 5

n8a

2~n8 2 1 !
, y 5 0 (30)

for all z, and far-zone rainbow caustics for p > 2 occur-
ring at the scattering angle U in Eq. (11) with5

cos f i0 5 S n8
2

2 1

p2
2 1

D
1/2

. (31)

An interesting caustic transition occurs when n8

5 2.0, corresponding to a plane wave with the tilt angle

sin je 5 S 4 2 n2

3 D
1/2

. (32)
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The tilt angle je is the value of j at this transition. As
n8 increases toward 2.0, the p 5 1 near-zone cusp point
focal line retracts toward the cylinder surface. At n8

5 2.0 it touches the surface, and at n8 . 2.0 it lies
within the cylinder. This transition is shown in Fig. 3.
Simultaneously, as n8 increases toward 2.0, the two p

5 2 rainbow branches to either side of the backscattered
direction migrate toward U 5 180°. At n8 5 2.0 the two
branches join at U 5 180°, and for n8 . 2.0 the first-
order rainbow ceases to exist. The transitions of the p

5 1 near-zone/interior caustic and the p 5 2 far-zone
rainbow are related. The p 5 2 rainbow is formed by a
turning point of the scattering angle U when considered
as a function of f i0 . As j increases, the turning point oc-
curs at a smaller value of f i0 . When n8 5 2.0, it occurs
at f i0 5 0. The p 5 1 interior rays that form the cusp
point focal line reflect straight back along the x axis of
Fig. 1 as p 5 2 interior rays and then exit the cylinder
and form the p 5 2 rainbow at U 5 180°. For n8

. 2.0 the presence of the cusp point focal line inside the
cylinder prevents the occurrence of a turning point of U

for the p 5 2 exterior rays.
In Fig. 4 we illustrate the 1 < p < 5 interior caustics

for n8 5 2.0. For p > 3 each caustic is a cusp whose fo-
cal line lies progressively closer to the z axis. The p

5 2 caustic is the extension of the p 5 2 rainbow inside
the cylinder. The intensity of the paraxial rays that form
the cusp point focal lines was calculated by using Eq. (27)
for an unpolarized incident beam and for n 5 1.484. The
results are given in Table 1 for 1 < p < 6 for normal in-
cidence and for je 5 50.72°, corresponding to n8 5 2.0 as
in Eq. (32). The much larger ray intensity for diagonal
incidence is due to the increase in the internal-reflection
Fresnel coefficient as j increases, which suggests the ob-
servability of high-order internal caustics under favorable
circumstances. For a given value of p, the intensity as a
function of f i0 was found to peak sharply for rays inci-
dent near the edge of the cylinder. Also given in Table 1
are the highest-intensity member of the interior p-ray
family for je 5 50.72° and the angle f i0 at which this
maximum occurs. These intense nonparaxial rays are
expected to appear visually brighter than the cusp point
focal lines produced by the paraxial rays, and they are ex-
amined further in Section 4.

4. EXPERIMENTAL OBSERVATION OF
HIGH-ORDER INTERNAL CUSP CAUSTICS

The l 5 0.6328 mm unpolarized beam of a 15-mW HeNe
laser was expanded to a diameter of 5.0 cm by a series of
lenses. The expanded beam was incident on a glass rod38

whose cross section was unintentionally slightly elliptical
with a semimajor length b 5 7.8 6 0.05 mm and a
semiminor length a 5 7.5 6 0.05 mm and whose overall
length was 13.4 6 0.05 cm. The sides of the rod were
polished, and its ends were cut perpendicularly to the rod
axis and frosted so as to make visible the interior caustics
that intersected the ends of the cylinder. Visual inspec-
tion of the rod showed it to be free of inclusions and
bubbles. Observation of the straightness of the first- and
second-order rainbows at normal incidence provided evi-
dence that the glass was free of major inhomogeneities,
although shadow bands observed in the intense near-
forward scattering indicated that weak local inhomogene-
ities were present in the glass.

The refractive index of the glass rod was determined as
follows. With the expanded laser beam at normal inci-
dence, the rod was rotated until the major axis of its

Fig. 3. p 5 1 focusing caustic as seen from the top of the cylin-
der for (a) n8 5 1.807, (b) n8 5 2.0, and (c) n8 5 2.188. These
refractive indices were chosen so as to correspond to the experi-
mental observations of Figs. 7(a), 7(b), and 7(c), respectively, be
low. For n8 , 2.0 the cusp point focal line occurs outside the
cylinder, and for n8 . 2.0 it occurs inside the cylinder.
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slightly elliptical cross section was parallel to the beam
(i.e., the end-on incidence orientation). Since the scatter-
ing angle of the second-order rainbow (i.e., p 5 3) was
found to be near 270° for this orientation, the position of
the second-order rainbow is relatively insensitive to both
the degree of ellipticity of the rod’s cross section and the
precise orientation of the major axis.39 The second-order
rainbow scattering angle was then measured 60 cm away
from the rod. This angle was corrected for the rod
ellipticity39 and the curvature of the rainbow caustic13 as
it progresses from the near zone to the far zone. The re-
fractive index was then determined from the corrected p

5 3 normal-incidence rainbow angle. We obtained

n 5 1.484 6 0.002. (33)

The glass rod was then mounted on an aluminum
bracket, which in turn was affixed to a rotation stage so
that the bracket axis and the rotation axis of the stage co-
incided. This allowed the tilt angle j, after being cali-
brated with respect to the propagation direction of the la-
ser beam, to be read on the rotation stage angular grid
scale. The major axis of the rod’s slightly elliptical cross
section was then oriented so that it, the rod axis, and the
incident beam all lay in the same plane. All experimen-
tal observations were made in this orientation.

Fig. 4. Interior cusp caustics for n8 5 2.0 for (a) p 5 1, (b) p

5 2, (c) p 5 3, (d) p 5 4, and (e) p 5 5.
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We made four sets of observations of the rod’s interior
caustics with this apparatus by photographing the upper
frosted end of the rod. First, illuminating the rod with
the expanded laser beam, we varied the rod tilt angle un-
til the p 5 1 cusp focal line touched the rod surface.
This occurred at je 5 45° 6 1°, and a photograph of the
rod’s upper frosted end at this tilt angle is shown as Fig.
5(a). Although the p 5 1 cusp of Fig. 4(a) and the p

5 3 cusp of Fig. 4(c) are easily recognized in Fig. 5(a), the
bright straight lines in the photograph that together form
a six-sided star pattern do not correspond to any of the in-
terior caustics of Fig. 4. Rather, they are the trajectories
of the highest-intensity member of a number of interior
p-ray families as given in Table 1. We denote these
bright noncaustic ray trajectories by p̄. In Fig. 5(b) these
trajectories are illustrated for a 4° interval centered on
the highest-intensity ray for 2 < p̄ < 5 in order to simu-

Fig. 5. (a) Photograph of the rod’s upper frosted end at je

5 45° at which the p 5 1 cusp point focal line touches the rod
surface. (b) Composite of the p 5 1 and 3 caustics and the 2
< p̄ < 5 noncaustic ray trajectories over a 4° interval centered
on the highest-intensity member of the interior p-ray family.

Fig. 6. (a) Photograph of the rod’s upper frosted end at je

5 45° and with two black cards blocking all but a relatively nar-
row band near the top of the rod. (b) Composite of the 1 < p

< 3 caustics.

Table 1. Intensity of the Paraxial Rays

@I(fi0 5 0)# Contributing to the Cusp Points,

Angle of Incidence of the Rays with Maximum

Intensity (fi0
max), and Maximum Ray Intensity

(Imax) for Interior Ray Families 1 < p < 6 at

Normal Incidence and with Tilt Angle je

Corresponding to n8 5 2.0 for n 5 1.484 and an

Unpolarized Incident Beam

p

j 5 0.0°
I (f i0 5 0)

je 5 50.72°
I (f i0 5 0) f i0

max Imax

1 3.24 3 1021 2.36 3 1021 0.0° 2.36 3 1021

2 1.23 3 1022 1.26 3 1022 64.0° 2.40 3 1022

3 4.66 3 1024 1.37 3 1023 77.8° 6.57 3 1023

4 1.77 3 1025 1.52 3 1024 80.8° 3.63 3 1023

5 6.73 3 1027 1.69 3 1025 83.2° 2.06 3 1023

6 2.55 3 1028 1.88 3 1026 84.3° 1.43 3 1023
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late the sharp peaking of the interior ray intensity as a
function of f i0 as mentioned in Section 3. The p 5 1 and
3 cusp caustics are also illustrated in Fig. 5(b). Together,
the p 5 1 and 3 cusps and the 2 < p̄ < 5 noncaustic ray
trajectories well describe the observations of Fig. 5(a).

According to Eq. (32) and assuming that the cylinder’s
cross section is circular, the p 5 1 cusp point focal line
should touch the rod surface at je 5 50.72°, and not at
je 5 45° as was observed. For a cylinder with an ellip-
tical cross section and illuminated by the laser beam in
the end-on orientation, the p 5 1 cusp point focal line
touches the cylinder surface when the p 5 1 interaction
of the paraxial rays with the cylinder surface occurs on
the ellipse major axis. A calculation of this ellipticity ef-
fect gave the tilt angle as

cos je 5 S b

a
D S 1 2

a2

2b2D S 1 2

a2

4b2D
2 1/2

~n2
2 1 !1/2.

(34)

Substitution of n 5 1.484 and b/a 5 1.04 into Eq. (34)
yields je 5 45.68°, in agreement with the experimental
tilt angle.

For the three other sets of observations, a black card
was placed in the expanded beam so as to block off the
rays striking either the upper or lower portion of the rod.
Because the interior rays walk up the rod through succes-
sive internal reflections at the angle g, only rays with
small p values intersected the upper frosted end of the
rod when the lower portion of the rod was blocked. Simi-
larly, only rays with large p values intersected the upper

Fig. 7. Unfolding of the p 5 1 cusp caustic for (a) j 5 38°, (b) je 5 45°, and (c) j 5 50°. A composite of the p 5 1 and 2 caustics for
n8 5 2.0 and the interior line source 1 1 28 caustic is illustrated in (d) and is to be compared with the photograph in (b).

1312 J. Opt. Soc. Am. A/Vol. 14, No. 6 /June 1997 Adler et al.



frosted end when the upper portion of the rod was
blocked. This beam-blocking technique is analogous to
Walker’s technique for observing high-order sphere glare
spots and allowed us to choose certain p caustics selec-
tively for examination. In our second set of observations,
two blocking cards were employed so as to illuminate only
a relatively narrow band near the top of the rod. This se-
lected only the 1 < p < 3 caustics of Figs. 4(a)–4(c),
which appear in the photograph of Fig. 6(a). A composite
of these three caustics from Figs. 4(a)–4(c) is also illus-
trated as Fig. 6(b).

The lower portion of the rod was blocked for our next
set of observations, in which the unfolding of the p 5 1
cusp caustic was monitored as a function of j. Figures
7(a), 7(b), and 7(c) show the p 5 1 caustic for j 5 38°,
45°, and 50°, respectively. These results closely match
the predicted unfolding in Figs. 3(a), 3(b), and 3(c), where
we employed n8 5 1.807, n8 5 2.0, and n8 5 2.188, re-
spectively. These effective indices correspond to tilt
angles 7° lower and 5° higher than je 5 50.72° for n8

5 2.0. These values were chosen so as to correct our cir-
cular cross-section calculations approximately back to the
elliptical cross-section photographs that also correspond
to 7° below je , at je , and 5° above je . The photographs

Fig. 8. Interior line source caustics 1 1 p8 for (a) p8 5 2, (b)
p8 5 3, and (c) p8 5 4.

Fig. 9. (a) Photograph of the rod’s upper frosted end at je

5 45° and with a black card blocking only the very top of the
rod. (b) Composite of the p 5 1 caustic, and 3̄ noncaustic ray
trajectory, and the 1 1 p8 interior line source caustics for 2
< p8 < 4.

Adler et al. Vol. 14, No. 6 /June 1997 /J. Opt. Soc. Am. A 1313



of Figs. 7(a)–7(c) illustrate another interesting phenom-
enon as well. Figure 7(b), for example, clearly shows the
p 5 1 and 2 caustics of Figs. 4(a) and 4(b). The remain-
ing cusp, however, is not the p 5 3 cusp of Fig. 4(c). The
cusp point focal line is in the correct location. But the
cusp’s curving arms extend all the way around the rod to
the p 5 1 cusp point focal line rather than proceeding di-
rectly to the rod surface as in Figs. 4(c) and 6(a). This
anomalous cusp caustic matches the one-internal-

reflection caustic of a line source located on the rod sur-
face that radiates in all directions. Evidently, the
strongly focused p 5 1 light at the surface is scattered in
all directions by weak local inhomogeneities of the glass
or small imperfections at its surface such as the adher-
ence of a small amount of dust or fingerprints. We de-
note these interior line source caustics by 1 1 p8, since
they have p8 internal chords after leaving the effective
line source that was produced by the p 5 1 ray focusing.
In Fig. 8 we illustrate the 1 1 p8 caustics for 2 < p8

< 4. Analytical equations for the shape of these caustics
for an arbitrary location of the internal source were also
derived by using the method employed in Appendix A of
Ref. 15. Figure 7(d) shows a composite of the 1, 2, and
1 1 28 interior caustics. This composite well describes
the experimental observations of Fig. 7(b). In Fig. 7(a)
the p 5 1 and 2 caustics are visible, as well as the inte-
rior source caustic 1 1 28 and the noncaustic ray trajec-
tory 3̄. In Fig. 7(c) both the p 5 3 and 1 1 28 caustics
are visible and emanate from the same cusp point focal
line. The 3̄ and 4̄ noncaustic ray trajectories are also vis-
ible. The interior source mechanism may also contribute
in part to the lit-side internal SRS hot spot for a sphere,2

with the shadow-side SRS hot spot acting as the internal
source.

Because the position of the cusp point focal line of the
p caustic coincides with that of the corresponding 1
1 p8 caustic when the effective line source is on the rod
surface, the only way to distinguish between these two
caustics is to view the different paths of their curving
arms. This is what motivated our final set of observa-
tions. We blocked off the top portion of the rod so as to
observe high-p caustics. For the card blocking only the
very top of the rod, a photograph of the resulting caustics
is shown as Fig. 9(a). The composite illustration of Fig.
9(b) identifies them as being the p 5 1 cusp, the noncaus-
tic trajectory 3̄, and the 1 1 p8 interior line source caus-
tics for 2 < p8 < 4. Last, a photograph of the caustics
that appear when a substantial portion of the top of the
rod is blocked is shown as Fig. 10(a). The composite il-
lustration of Fig. 10(b) identifies them as the 1 1 p8 in-
terior line source caustics for 2 < p8 < 5. The six-
internal-chord caustic 1 1 58, which is weakly but clearly
visible in Fig. 10(a), is the highest-order caustic that we
observed. The appearance in Fig. 10(a) of the crossing of
the two curving arms of the 1 1 38 caustic and a similar
crossing of the arms of the 1 1 48 caustic are also note-
worthy. By variation of the cylinder tilt angle and the
positions of one or two blocking cards, a wide variety of
caustics and noncaustic ray trajectories may be seen.
The effects that we have shown in Figs. 5–7, 9, and 10
provide only a sampling of what may be observed.

5. CONCLUSION

In Section 1 we noted that there has been much less in-
vestigation of the caustics of plane-wave/cylinder scatter-
ing than there has been of plane-wave/sphere and plane-
wave/spheroid scattering, and perhaps this neglect was
due to the expectation that nothing really new would be
seen. Our experimental observations of Section 4 show
that this is in fact not the case. When we peer into the

Fig. 10. (a) Photograph of the rod’s upper frosted end at je

5 45° and with a black card blocking a substantial fraction of
the upper portion of the rod. (b) Composite of the 1 1 p8 inte-
rior line source caustics for 2 < p8 < 5.
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world of the interior of a glass rod illuminated at diagonal
incidence, we do observe the expected interior caustics,
but we observe much more as well. Because the internal-
reflection Fresnel coefficients at diagonal incidence are
much larger than those at normal incidence, we are able
to see relatively high-order caustics. Because these re-
flection Fresnel coefficients peak strongly over a narrow
range of ray impact parameters near the edge of the cyl-
inder, individual noncaustic ray trajectories become vis-
ible as well. Because our glass rod has small imperfec-
tions at its surface and weak inhomogeneities of the glass,
yet another class of caustics appears. In summary, light
scattering of a diagonally incident plane wave by a
slightly imperfect circular cylinder is a system rich in
phenomena that have clear intuitive interpretations.
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