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High-quality optical modes in low-dimensional
arrays of nanoparticles:
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1. INTRODUCTION
Recent development in nanoscience makes it possible to
design arrays of dielectric or metal particles whose sizes
are comparable to or less than the wavelength of light.
Under these conditions light interference becomes ex-
tremely strong, leading to phenomena previously known
only for electrons, including the forbidden optical band in
photonic crystals,1,2 strong localization of light,3,4 surface
enhancement of scattering,5 and optical nonlinearity6–9 in
hot spots formed by quasi-localized plasmon waves10,11

and mirrorless microsized lasers.12–14

An external electromagnetic field induces oscillations of
the polarization within a single metal or dielectric par-
ticle. In a metal particle these oscillations are due to the
motion of conduction electrons, whereas in a dielectric
particle they are associated with the virtual excitation of
electron–hole pairs. In both cases the relationship be-
tween wavelength and particle size leads to resonances
that are plasmon resonances in metals and Mie reso-
nances in dielectrics. Usually plasmon resonances are
narrow compared with the resonant frequency, whereas
Mie resonances get narrow for sufficiently large dielectric
constants. When particles form an array, resonance os-
cillations in different particles are coupled by electromag-
netic interaction. This coupling can form collective po-
lariton modes, which are Mie polaritons in dielectrics and
plasmon polaritons in metals. When resonance width
and coupling are smaller than the resonant frequency, col-
lective polaritons are formed in the same qualitative man-
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ner in metals and dielectrics, so we use the word ‘‘polar-
iton’’ to describe collective modes in both cases.

It is recognized both theoretically and experimental-
ly15–23 that photonic crystals, composed of ordered arrays
of identical nanoparticles, can contain polariton modes of
high quality as the result of formation of an optical band-
gap. Even in the case of an incomplete bandgap that ex-
ists in certain directions only, optical modes near the band
edge have long lifetimes because of their small group
velocity.18,19 Systems with complete photonic bandgaps
and relatively small disordering should show Anderson lo-
calization of light near the band edges. The localized
modes24 possess an extremely high quality factor that
grows exponentially with system size.25

These high-quality modes in disordered and partially
ordered structures can be significant for the performance
of random lasers.12–14,25,26 Random lasing starts when
the gain caused by external pumping exceeds the loss for
at least one mode that has the longest lifetime.27–29 Ac-
cordingly, the lasing threshold, defined as the minimum
gain rate needed to reach lasing, should be small for high-
quality modes of interest. The most efficient lasing can
be expected from three-dimensional (3-D) structures
pumped deeply inside.

From a practical perspective, it is hard to pump a real
sample much deeper than a few surface layers because of
strong absorption at the pumping frequency [for example,
in ZnO powder the absorption length of pump light from a
Nd:YAG laser is of the order of 1 mm (Ref. 29)]. It is also
2004 Optical Society of America
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difficult to produce highly ordered 3-D arrays. The prob-
lem can be simplified if one is dealing with lower-
dimensional structures, including two-dimensional (2-D)
planar layers and one-dimensional (1-D) chains of par-
ticles placed at the substrate surface. We refer to these
structures as open systems28 because they do not have a
bulk part (see Fig. 3 below) and are strongly coupled to
the external (vacuum) photons everywhere (in contrast to
3-D systems coupled to the outside reservoir through a
surface of zero measure compared to the bulk).

Under certain conditions regular open structures can
have long-living guided polariton modes caused by the
light-cone constraint22,23,30 that prevents emission of pho-
tons by polaritons with simultaneous conservation of en-
ergy and momentum. These guided modes should pos-
sess an infinite quality factor in an infinitely large
ordered system and a finite but high quality factor Q in
large and weakly disordered systems. Note that these
modes are more interesting for dielectric scattering par-
ticles than for metal ones because absorption in metals by
the conduction electrons strongly reduces mode
quality.10,31 Excitation of these modes can be performed
most efficiently in the fluorescence regime (accompanied
by an internal conversion of optical energy). Use of di-
rect excitation to generate hot spots in clusters of metal
particles10 is difficult, because these modes are dark in
emission,31 i.e., weakly coupled to the external electro-
magnetic field.

In this paper we study the quality of these modes and
their dependence on system size, disordering, and dimen-
sionality, using both analytical and numerical ap-
proaches. In Section 2 we formulate the light-cone crite-
rion for the appearance of guided modes in a chain and in
a planar layer of ordered particles. Section 3 contains an
analytical study of the mode decay rates in infinite chains
and their size dependence for finite systems. In Section 4
we report the results of numerical investigations of mode
quality in the coupled-dipole approach6 for finite, par-
tially ordered, low-dimensional arrays. In Section 5 the
implications for random lasing are discussed and conclu-
sions are formulated.

2. LIGHT-CONE CONDITIONS
The light-cone constraint is concerned with the
momentum-conservation law for the decay of a polariton
by photon emission. Assume that we have an infinite
1-D or 2-D regular array of particles located in vacuum.
If this array has translational invariance in a certain di-
rection, the projection of the quasi-momentum of the po-
lariton onto the respective axis is conserved. Then exci-
tation of the medium with quasi-momentum k along the
translational invariant direction can lead to emission of a
photon with a different momentum q, defined by the pho-
ton dispersion law, only along the light cone (Fig. 1). If
the quasi-momentum of excitation k exceeds photon mo-
mentum q, the light cone vanishes and photon emission
becomes impossible.

For illustration, consider a 1-D chain of identical par-
ticles (Fig. 2) that have resonant frequency v0 , caused by
an internal resonance (which can be a Mie resonance in
dielectric particles or a plasmon resonance in metal par-
ticles). We assume that this resonance is narrow, such
that its width is smaller than v0 . Then we can ignore
the dispersion of polariton waves in the medium. This
assumption is normally satisfied for plasmon resonances,
whereas for Mie resonances it requires the dielectric con-
stant of the particles to be much greater than 1. How-
ever, we do not expect qualitative changes in mode quality
if dispersion is taken into account carefully. Let the in-
terparticle distance be a and the particle diameter be d.

The particles in the chain (Fig. 2) are coupled by elec-
tromagnetic interaction, leading to the formation of col-
lective optical modes (polariton excitations) within the
chain. Translational symmetry of the system with re-
spect to its shift by lattice period a enables us to classify
these collective excitations by their quasi-wave vectors k,
which belong to the interval (2p/a, p/a) and are charac-
terized by dispersion law v(k). Generally these modes
can be lossy because they can emit photons in the trans-
verse direction (Fig. 2). Characteristic photon wave vec-
tor q is defined by excitation frequency v0 through the
vacuum dispersion relation

q 5
v~k !

c
'

v0

c
. (1)

As was discussed above, we have neglected polariton dis-
persion, assuming that electromagnetic coupling of reso-
nant particles is much smaller than the particles’ reso-
nant frequency.

The photon formed as a result of decay of the excitation
of the medium with wave vector k should have its projec-
tion to the chain axis (z direction) equal to k or different
from k by an integer number of chain quanta 2p/a. This
requirement cannot be satisfied when excitation wave
vector k exceeds photon wave vector q in relation (1). Be-
cause the absolute value of k is smaller than p/a, nonde-
caying excitations can exist in the wave-vector range

Fig. 1. Emission of light from the 1-D chain excitations along
the cone surface defined by the condition q cos(u) 5 k, where q is
the momentum of the emitted photon and k is the momentum of
the excitation (see text for details). When k . q one gets
cos(u) . 1, and light emission becomes impossible because of the
light-cone constraint.

Fig. 2. 1-D chain of resonant spherical particles (diameter d)
with period a. Arrows, directions of photon emission leading to
the radiative decay of optical excitations.
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(2p/a, 2q), (q, p/a) when photon wave vector q [rela-
tion (1)] is less than p/a. This is equivalent to the re-
quirement that the lattice period be smaller than half of
the resonant wavelength:

a ,
l

2
5

pc

v0
. (2)

Similar arguments were proposed by Afanas’ef and
Kagan30 to describe excitations in an array of Mössbauer
nuclei.

Generally, one can find maximum quasi-momentum by
considering the elementary cell of the inverted lattice,
demonstrated in Fig. 3A for the linear chain of particles.
The elementary cell of the inverted lattice occupies the
segment from (2p/a, p/a), and the maximum vector of
the quasi-momentum goes from the origin to the right or
the left end of the segment.

Our arguments can easily be extended to a planar layer
of particles with interparticle distance a. For the practi-
cally important closely packed hexagonal lattice with in-
terparticle distance a there is the weaker restriction (see
Fig. 3B)

a ,
l

A3
. (3)

An interesting question arises for dielectric particles that
are capable of supporting Mie resonances: How large
should the dielectric constant of the material be to reach
the conditions of inequalities (2) and (3) at reasonable
wavelengths? We considered spherical particles of diam-
eter d (Fig. 2). Inequalities (2) and (3) can be satisfied if
the particle diameter is less than the required minimum
interparticle distance (d , a). We have used the wave-
lengths of the first and second Mie resonances to test the
minimum dielectric constant needed to satisfy require-
ments (2) and (3). Our estimates are not sensitive to the
optical wavelength because of the scale invariance of
Maxwell equations to changes of a wavelength and par-
ticle size by the same factor.

For the first (broad) Mie resonance we have the follow-
ing requirements for one and two dimensions:

e1-D
1 . 3.8, e2-D

1 . 3.1, (4)

Fig. 3. Light-cone constraint in A, a linear 1-D chain of scatter-
ing particles and B, a 2-D closely packed lattice of scattering par-
ticles. The original lattice is shown at the right, and the inverse
lattice is shown at the left. The maximum wave vector is p/a
for one dimension and 2p/(31/2a) for two dimensions.
respectively. Note that, because the first Mie resonance
is relatively broad, estimates (4) are crude. They can
easily be satisfied for many dielectric materials of inter-
est, including ZnO (e ; 5), which is most often used in
random lasers.12,29

For the second (much narrower) Mie resonance the
light-cone constraint can be satisfied when

e1-D
2 . 7.5, e2-D

2 . 5.4, (5)

for 1-D and 2-D chains, respectively. These requirements
are stronger than inequalities (4), but they can still be
satisfied for several materials including TiO2 , which has
refractive index n 5 e1/2, where e1/2 is 2.6–2.9 (the upper
limit is good for both 1-D and 2-D structures), lead oxides,
GaAs, and some other compounds.

Our analysis of collective modes is more justified for the
second Mie resonance than for the first, because its nar-
rowness justifies its separate consideration. In contrast,
the width of the first Mie resonance is comparable with
the distance to the next resonance for the lowest dielectric
constants permitted by inequalities (4).

Although our estimates [inequalities (4) and (5)] are
crude, we hope that they have 10–20% accuracy based on
the ratio of Mie resonance width to its frequency. Recent
numerical comparisons of the coupled dipolar approach
and exact modeling8,32 also support the approximate rel-
evance of the coupled dipolar approach under conditions
of interest when the interparticle distance and the par-
ticle size are similar.

When inequalities (2) and (3) are satisfied one would
expect that certain modes would possess high quality
even in a finite-sized regular open system. We investi-
gate these modes in Sections 3 and 4.

3. ONE-DIMENSIONAL CHAIN MODES:
ANALYTICAL TREATMENT
We study optical modes within the framework of the
coupled-dipole approach used, e.g., in Ref. 6. In this ap-
proach we replace each scattering particle by a resonant
point dipole interacting with other dipoles, ignoring
higher multipoles. This requires the particle size to be
much smaller than the wavelength, a condition that can
easily be satisfied for metal particles6,7 but is more diffi-
cult for dielectrics.28 We believe, however, that our ap-
proach should be valid at least qualitatively because the
light-cone constraints in inequalities (2) and (3) cannot be
sensitive to the number of multipoles under consider-
ation. The dynamics of interacting dipoles in the fre-
quency (z) domain, located within an infinite chain, can be
approached by the following equation for local polariza-
tions pi (Ref. 6):

pia 5 (
b

xab~z !S E0ib 1 (
jÞi,g

Vij
bgpjgD , (6)

where E0i is the external electromagnetic field of fre-
quency z taken at the position of dipole i, x(z) is the local
susceptibility at frequency z, and the second term in pa-
rentheses on the right-hand side represents the field of
other dipoles. Greek subscripts a, b, and g represent
Cartesian coordinates x, y, and z, respectively, and i and j
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represent the particles in the infinite chain, which range
from 2` to 1`. Interaction matrix V has the standard
form of a retarded point dipole field (see, e.g., Refs. 6 and
28):

Vij
ab 5

exp~iqr !

r Fq2~dab 2 nanb! 2
dab 2 3nanb

r2

3 ~1 2 iqr !G , q 5
z

c
, n 5

r

r
. (7)

Here we introduce wave vector q, expressed through field
frequency z by use of the dispersion relation.

As was discussed in Section 1, we are interested in
near-resonant conditions for the particles in the chain.
We are able to approximate the susceptibility by a gener-
alized Lorentzian shape

xab~z ! 5
dab2v0m2

v0
2 2 z2 2 2izg

, g 5
2

3
m2q3. (8)

The notation is introduced to mimic the characteristic be-
havior of interacting electronic excitations. Parameter
m2 is defined to make the problem similar to the problem
of dipolar exciton transport. In fact it coincides (within
Planck’s constant m2 → m2/\) with the squared dipole
moment of the degenerate atomic transition.28

The imaginary part in the denominator of the reso-
nance susceptibility is caused by radiative losses that are
due to the emission of photons. We ignored nonradiative
processes for the dielectric materials under
consideration.28,29 We also assumed an isotropic suscep-
tibility [Eq. (8)] that is due to the symmetry of the scat-
tering spheres. Then we can rewrite Eq. (6) in the form
of interacting dipolar oscillators28:

S 2z2 1 v0
2 2 i

4

3
v0m2q3D pia

5 m2S E0ia 1 (
jÞi,g

Vij
agpjgD . (9)

This form is convenient for further analytical and numeri-
cal investigations.

We are interested in the eigenmodes of the array of in-
teracting dipoles that exist in the absence of external field
E0 . Generally these modes are lossy because of the finite
probability that they will emit photons out of the chain
(see Fig. 2), and therefore the imaginary part of z can be
finite. At zero electric field the homogeneous problem
[Eq. (9)] can be solved by Fourier transformation with
wave vector k over the particle coordinates. All modes
decouple into two transverse branches and one longitudi-
nal branch. Below, we use the terms ‘‘transverse and
longitudinal modes’’ in relation to the polarization orien-
tation with respect to the chain or planar layer. If the po-
larization is perpendicular to the chain (or plane) where
the particles are located we define this mode as the trans-
verse mode. Otherwise the mode is longitudinal. Both
polariton modes are composed of the superposition of lon-
gitudinal (closer than the wavelength) and transverse
(wave zone) electromagnetic fields. The relative weight
of longitudinal components increases with decreasing in-
terparticle distance a.

The dispersion relationships take the form (cf. Ref. 6)

z2 5 v0
2 1 i

4

3
v0m2q3 2 2v0m2Fq2

a
f1~k, q !

1
iq

a2 f2~k, q ! 2
1

a3 f3~k, q !G ,

fp~k, q ! 5 (
nÞ0

exp@i~ unuqa 2 nka !#

np (10)

for transverse modes and

z2 5 v0
2 1 i

4

3
v0m2q3

1 2v0m2F iq

a2 f2~k, q ! 2
1

a3 f3~k, q !G (11)

for longitudinal modes. Function f1 can be evaluated
analytically. When 0 , k , p/a (the opposite case,
2p/a , k , 0, is similar) the function reads as

f1~k, q ! 5 2 lnucos~ka ! 2 cos~qa !u 2 iqa

1 ip (
n50

`

$u~2ka 1 qa 2 2pn !

1 u @ka 1 qa 2 2p~n 1 1 !#%. (12)

The logarithmic singularities in f1 at k 5 6q are due to
the long-range @1/r, Eq. (7)] radiative coupling of interact-
ing dipoles. The imaginary part of the sum increases by
discrete jumps of ip with increasing wave vector q (de-
creasing wave length l 5 2p/q) each time the argument
of the logarithm crosses zero.

To evaluate the expressions for f2 and f3 one should in-
tegrate the result [Eq. (12)] over wave vector q from 0 to
its actual value one or two times. The result cannot be
expressed in terms of elementary functions for the real
part, but the imaginary part can be evaluated explicitly
(cf. Ref. 6). After straightforward integration one can
evaluate the imaginary part of the squared frequency as

Im z2 5 p
v0m2q2

a (
n50

` Xu~2ka 1 qa 2 2pn !

3 F1 1
~k 1 2pn/a !2

q2 G
1 u @ka 1 qa 2 2p~n 1 1 !#

3 H1 1
@2k 1 2p~n 1 1 !/a#2

q2 J C (13)

for transverse modes and
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Im z2 5 p
v0m2q2

a (
n50

` Xu~2ka 1 qa 2 2pn !

3 F1 2
~k 1 2pn/a !2

q2 G
1 u @ka 1 qa 2 2p~n 1 1 !#

3 H1 2
@2k 1 2p~n 1 1 !/a#2

2q2 J C (14)

for longitudinal modes. In agreement with the light-cone
constraint for the 1-D chain [inequality (2)] we can see
that when the wavelength is sufficiently long (qa , p)
the mode with wave vector k in the range (q, p/a) has a
zero decay rate. As we discussed in Section 2, these
modes cannot decay radiatively because this process can-
not occur with simultaneous conservation of energy and
momentum.

Lasing from the chain is defined by the mode with the
highest quality factor (smallest decay rate).25,27 One can
find this mode by minimizing the decay rates [Eqs. (13)
and (14)] with respect to wave vector k in the range
(0, p/a) at fixed resonant photon wave vector q (fre-
quency, z 5 cq). This minimization leads to different re-
sults for transverse and longitudinal modes. The decay
rate of transverse modes changes discontinuously, possi-
bly as a result of singularities in the spectrum [Eq. (12)]
that are therefore absent in the longitudinal case. It
reaches a minimum at k 5 p/a for p2n , qa , p(2n
1 1) and at k 5 0, when p(2n 1 1) , qa , p(2n
1 2) for any integer n 5 0, 1, 2,... . The general expres-
sion for the minimum decay rate for the transverse mode
(Im z) can be written as

Im z 5 2p
nm2q2

a F1 1
~2n 2 1 !~2n 1 1 !

3 S p

aq D 2G ,

2pn , qa , ~2n 1 1 !p,

Im z 5 p
m2q2

a

3 F1 1 2n 1
2n~n 1 1 !~2n 1 1 !

3 S p

aq D 2G ,

~2n 1 1 !pn , qa , 2pn. (15)

The dependence of relative decay rate Im(z)/g on the ratio
of the lattice period to the resonant wavelength, a/l
5 qa/(2p), is shown in Fig. 4 for transverse modes. It
shows discontinuous nonmonotonic behavior as a result of
logarithmic divergences in the spectrum [Eq. (12)].

For a longitudinal mode the analysis is easier because
the decay rate is a decreasing, continuous function of
wave vector k. Its minimum is always reached at a maxi-
mum of k 5 p/a. Thus we find that

Im z 5 2p
nm2q2

a F1 2
~2n 2 1 !~2n 1 1 !

3 S p

aq D 2G ,

~2n 2 1 !p , qa , ~2n 1 1 !p. (16)
The actual minimum of Eqs. (15) and (16) corresponds to
the longitudinal mode described by Eq. (16). Both
branches have zero minimum decay rates (infinite qual-
ity) when (q , p/a). The dependence of relative decay
rate Im(z)/g on the ratio of the lattice period to the reso-
nant wavelength a/l 5 qa/(2p) is shown in Fig. 5 for
longitudinal modes. It is continuous because of the ab-
sence of the logarithmically diverging term in the spec-
trum [Eq. (11)] but is still nonmonotonic.

The finite chain of N @ 1 particles that satisfy condi-
tion (2) should have large but finite quality. It is inter-
esting to estimate the characteristic dependence of the de-
cay rate on system size L 5 Na. We cannot solve the
problem analytically because of the long-range character
of dipolar coupling [Eq. (7)]. Instead, we model the sys-
tem by a finite chain of N sites with the sites at the edges
that have the decay rate gm ; m2q3 and nearest-
neighboring coupling Vm ; m2/a3. The finite decay rate
arises from the presence of the edges. Therefore the
oversimplified problem that we are going to consider can
belong to the same universality class as the problem of in-
terest. The amplitude for excitation at a certain site k
(0 < k < N) should obey the equation (the rotating wave
transformation is assumed to remove oscillations with a
common frequency v0)

zfi 5 2Vm@ fi21~1 2 d i1! 1 fi11~1 2 d iN!#

2 igmfi~d i1 1 d iN!. (17)

Fig. 4. Relative decay rate for the transverse mode of highest
quality for wavelengths a/l.

Fig. 5. Relative decay rate for the longitudinal mode of an infi-
nite linear array of highest quality for wavelengths a/l [g (1) is
the single-particle decay rate].
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This equation leads to a standard dispersion law:

z 5 22Vm cos~ka !, (18)

where k is the wave vector and a is the chain period. In
the finite chain the appropriate values of z and k can be
found from the boundary conditions that follow from Eq.
(17) at i 5 1 or i 5 N. For the symmetric solutions with
the highest quality we get the equation for the wave vec-
tor:

22Vm cos~ka ! 1 igm

Vm
5 2

cos@ka~N/2 2 1 !#

cos~kaN/2!
. (19)

The solutions with the smallest group velocity near the
top and the bottom of band k ; 0, z ; 22Vm or k
; p/a, z ; 2Vm , respectively, have longest lifetimes.
Expanding the arguments of the cosine functions with re-
spect to the small parameter ka or p 2 ka ; 1/L, one
can find the approximate solutions for modes closest to
the edges of the band:

k1 '
p

L
2

pa

L2

1 1 igm /Vm

1 1 ~gm /Vm!2 ,

k2 '
p

a
2

pa

L
2

p

L2

1 1 igm /Vm

1 1 ~gm /Vm!2 . (20)

One can find the decay rate of the corresponding modes
by making use of dispersion relation (18), which yields

Im z ' 2p2VmS a

L D 3 igmVm

Vm
2 1 gm

2 . (21)

Thus our analysis predicts that in the finite system the
decay rate of the most slowly decaying modes decreases
with system size as 1/L3 when the light-cone conditions of
inequalities (2) and (3) are satisfied. One can show that
similar behavior is expected in a 2-D system. Our nu-
merical study reported in Section 4 below seems to sup-
port this expectation.

It is interesting that in the limiting case a ! l ! L the
decay rate is universal and does not depend on the small
length scales. The qualitative behavior of the decay rate
can be expressed by use of the definitions V ; m2/a3 and
g ; m2q3 as

Im z ' m2/L3. (22)

It is not clear, however, whether this expectation survives
in the case of realistic interactions [Eq. (9)], including the
long-range retarded interaction. Our numerical studies
(see Section 4 below) do not fully support this conclusion.

Note that for interacting dipoles the relevant mode that
has the smallest group velocity corresponds to the top of
band k ' p/a, whereas the modes near the bottom of
band k ; 0 are lossy.

A size dependence of the decay rate of the highest-
quality mode g (L) ; 1/L3 is also expected if we have a
3-D photonic crystal with a completely or incompletely
forbidden band owing to a minimum in the group velocity
in certain directions. This problem can be crudely mod-
eled by the wave equation with the step-function poten-
tial U . 0 introduced between x 5 0 and x 5 L in the in-
finite system:
F2
d2

dx2 1 Uu~L 2 x !u~x !Gc ~x ! 5 Ec. (23)

One can show that for a quasi-stationary solution with a
real part of the energy closest to potential U, the imagi-
nary part behaves as

Im E ' 4/AUL3. (24)

Similar behavior can be deduced from an analysis of the
modes near the edge of the forbidden band performed in
Ref. 18.

4. EFFECT OF FINITE SIZE AND
DISORDERING ON MODE QUALITY:
NUMERICAL APPROACH
To study the lasing thresholds under more-general condi-
tions, we apply the numerical method developed
previously.28 The array of scattering particles is treated
in the coupled-dipole approach [Eqs. (6)–(9) of Ref. 6].
This approach is relevant when the refractive index of the
particles is much greater than 1. It also requires that
l @ d, where d is the particle size (Fig. 2). Then the
higher multipoles can be neglected. The dipole approach
should be quite accurate for GaAs particles, which have a
large refractive index, n ' 3.7. It can also be justified
for the plasmon resonances in metal particles.10,11 We
believe that it will be valid qualitatively for other systems
(for instance, for ZnO and TiO2 particle arrays) because
the light-cone constraints of inequalities (2) and (3) are
not sensitive to the number of multipoles that are taken
into account.

As in Ref. 28, we have studied the value of the gain that
should be added to the system to reach lasing instability
for at least one mode. The gain can be introduced as an
imaginary positive correction ig to the eigenfrequency of
the oscillators on the left-hand side of Eq. (9). It de-
scribes stimulated emission inside the particles, caused
by external optical pumping. This increase in the gain
reduces the decay rates for the modes. When the first
nondecaying mode appears, the system transitions into a
lasing instability.27,28 The algorithm with which to find
that mode is organized as follows: The problem [Eq. (9)]
can be written in matrix form:

~z 1 ig !2P 5 A~z !P, (25)

where P is a multicomponent vector that describes the po-
larizations of all dipoles and A(z) is the interaction ma-
trix that is frequency dependent. In the first step we se-
lect a random initial real frequency z (close to the average
frequency v0), take the gain equal to zero, and diagonal-
ize matrix A. Diagonalization leads to the sequence
of eigenmodes za 5 va 2 iga , a 5 1,... N. Then eigen-
mode b that has the minimum decay rate for all N
modes is chosen. For the next step we choose z 5 vb and
g 5 gb and repeat the procedure described above approxi-
mately 10 times. This process converges exponentially to
the mode z 5 v* 2 ig* that does not decay when gain g
is equal to g* . Other methods have been used for rela-
tively small systems to verify that this algorithm con-
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verges to the true minimum. We believe that our ap-
proach for g gives a reasonable estimate of the mode
decay rates without gain.

We used the Matlab software to perform the matrix di-
agonalization. It restricts our consideration to fewer
than 2000 particles; above N 5 2000, diagonalization
takes an unacceptably long time. Also, the standard nu-
merical diagonalization algorithms are expected to fail
above N 5 5000 because of divergences.33 Special algo-
rithms for large sparse matrices31 are not helpful in our
case because interaction (7) is long ranged, which makes
matrix A in Eq. (25) strongly off diagonal. The interac-
tion constants of the oscillators $dipolar matrix elements
m; Ref. 28 [Eq. (10)]% were taken sufficiently small to
make the width of each scattering resonance much
smaller than resonant frequency v0 . In this limit the
dependence of the lasing threshold on geometry (number
of particles and their positions) is universal and is insen-
sitive to frequency v0 . This condition requires the width
of the Mie resonances to be narrow compared with the
light’s frequency; this is true near light-cone constraint
conditions (2) and (3) for sufficiently large particle dielec-
tric constants (4) and (5).

We have considered finite linear and planar arrays of N
particles. One generates the linear chain (Fig. 2) by plac-
ing N dipoles at equal distances a. The system size is ac-
cordingly L 5 Na. The planar layer is a closely packed
hexagonal lattice with interatomic distance a. The spe-
cific radius R ; L has been chosen, and the circle of ra-
dius R has been filled by a hexagonal lattice of dipoles
separated by distance a.

The dipole moment orientation for the particles can be
taken either parallel or perpendicular to the array of the
particles (linear or planar) to form longitudinal or trans-
verse modes, respectively. In the regime of interest,
when the collective modes with the very small decay rate
g ! g 5 (4/3)m2q3 are formed, the results are not quali-
tatively sensitive to our choice. In the 2-D case they are
not sensitive in any regime. Therefore we restrict our
consideration to transverse modes in a 1-D chain, where
the discontinuity of the mode quality should show up at
short wavelengths [Eqs. (15) and Fig. 4] and longitudinal
modes in a 2-D planar layer, where the discontinuity oc-
curs for all modes.

We begin with fully ordered finite systems. The crite-
ria [inequalities (2) and (3)] for the qualitative changes in

Fig. 6. Relative lasing threshold for finite chain and planar lay-
ers of resonant dipoles [g (1) is the single-particle decay rate].
the lasing threshold behavior with wavelength were
tested for a regular chain of N 5 500 particles and a pla-
nar layer of N 5 1002 particles. The computed depen-
dence of the relative lasing threshold (the ratio of the best
mode decay rate for an N-particle array to that for a
single particle) on dimensionless ratio a/l is shown in
Fig. 6. In the 1-D case the decay rate drops by 6 orders of
magnitude when interparticle distance a gets below l/2,
in agreement with the light-cone condition of inequality
(2). In the 2-D case a sharp decrease in the lasing
threshold (3 orders of magnitude) takes place when
a , 0.58l ' l/31/2, in perfect agreement with the crite-
rion [inequality (3)] for the hexagonal lattice. The over-
all effect is much stronger in the 1-D case, which agrees
qualitatively with our expected 1/L3 dependence for the
decay rate derived in Section 3 [relations (22) and (24)].
In terms of particle number, the expected dependence is
1/N3 in one dimension and 1/N3/2 in two dimensions. Ac-
cordingly, the number of orders of magnitude in the over-
all change for similar numbers of particles is twice as
large in one as in two dimensions. The sharp change it-
self is not surprising for systems with large numbers N of
particles, because for an infinitely long system the decay
rate should vanish in the long-wavelength case [inequali-
ties (2) and (3) and Eqs. (15) and (16)], whereas for short
wavelengths it is close to the single-particle decay rate.
The discontinuous change in the relative lasing threshold

Fig. 7. Dependence of lasing threshold on length for finite chain
and planar layers of resonant dipoles.

Fig. 8. Dependence of lasing threshold on site disorder for the
planar layer (long wavelength, a/l 5 0.45).
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(decay rate) in both one and two dimensions for short
wavelengths (Fig. 6) agrees with the results of analytical
derivations for the transverse modes in a 1-D chain [Fig.
4 and Eqs. (15)].

To examine the dependence of mode quality on system
size we studied the lasing threshold at different system
sizes (numbers of particles N; Fig. 7) for fixed interpar-
ticle distance a at long wavelength when the light-cone
constraint is satisfied (a/l 5 0.4). The system size in
the 2-D layers has been defined as the square root of the
number of particles. The solid curve shows 1/L3 depen-
dence [relation (22)] derived in Section 3. We can see
that the numerical studies seem to support theoretical ex-
pectations.

It is generally difficult to make materials perfectly or-
dered. To address this issue we studied the effect of dis-
ordering on the lasing threshold. Three possible effects
were examined, including fluctuations in interparticle
distance a (shown in Figs. 8 and 9), dipole moment direc-
tions, and resonant frequencies v0 (which can be used to
describe the effect of particle size fluctuation on Mie reso-
nances). In all cases disordering was generated as ran-
dom Gaussian noise with a certain standard deviation (in-
dicated as da in Figs. 8–10 for an interparticle distance
fluctuation). The lasing threshold shown there was av-
eraged over several hundred particle configurations with
a fixed amount of disorder. We took the interparticle dis-
tance close to the threshold value in both cases, a
5 0.4l for long wavelengths (two dimensions at Fig. 8
and one dimension at Fig. 9) and a 5 0.53l for short
wavelengths in one dimension (Fig. 10). Probes of other
particle densities within the range 0.25l , a , 0.5l
showed qualitative universality of the lasing threshold
behavior at a . l/2 and a , l/2 such that Figs. 8 and 9
represent appropriately the qualitative effect of random-
ness.

For long wavelength (Figs. 8 and 9) the general ten-
dency can be summarized as follows: Until some finite
size Lc (number of particles Nc) defined by disordering is
achieved, the threshold follows the regular system behav-
ior g(L) ; L23. At larger sizes it decreases more slowly.
Analysis of the lasing mode’s spatial profile and size (in
terms of the participation ratio) shows that at system size
L , Lc (Lc ; 20a for 20% disordering, Lc 5 ` for the
regular system) the size of the mode is comparable to the
size of the system. At larger system size L . Lc the size

Fig. 9. Dependence of lasing threshold on site disorder for the
1-D chain (long wavelength, a/l 5 0.4).
of the lasing mode stays near scale Lc , and further
change in the lasing threshold is due to fluctuations in
achievement of the most efficient mode, discussed in Ref.
28. In the limit of full disordering in the interparticle
distances and dipole directions (no frequency disorder-
ing), dependence g(N) ; N21/2 found in Ref. 28 has been
reproduced.

For short wavelengths (Fig. 10), strong disordering
leads to reduction of the lasing threshold for large arrays,
unlike in the long-wavelength regime. This is the effect
of fluctuations on a scale of several particles that forming
critical configurations and possessing high optical
quality.28 The highest-quality modes always involve few
(;5) particles. In full disordering, the decay rate of the
best modes decreases with system size also according to
the law close to g(N) ; N21/2 found in Ref. 28. One
should note the N21/2 dependence for both one and two di-
mensions.

5. DISCUSSION AND CONCLUSIONS
We have shown that, when the light-cone constraint is
satisfied, high-quality modes can be obtained in low-
dimensional arrays of resonant particles. The quality
factor of the mode increases as the cube of the system size
when the interparticle distance is smaller than half of the
resonant wavelength in one dimension and is 0.58 of it in
a two-dimensional closely packed hexagonal array. This
happens in spite of the open character of the system,
which suggests strong coupling to the vacuum radiation
(Fig. 2). An array of a few tens of identical particles with
dispersion in the interparticle distance as large as 20%
possesses an optical quality nearly 1000 times higher
than that for a single particle (Fig. 9). Assuming a par-
ticle diameter and an interparticle distance of ;100 nm,
one can make the lasing cavity of the size as small as 1
mm and obtain the result suggested in Ref. 13.

In principle, a chain or planar lattice array structure
may not be the optimum structure. Reference 31 de-
scribes a V-shaped regular array of silver particles that
represents two chains with one common end. The par-
ticles have a diameter of ;10 nm, which is much smaller
than the resonant wavelength. Therefore the light-cone
constraint is perfectly satisfied for that system. The au-
thors of Ref. 31 describe several modes with extremely

Fig. 10. Dependence of lasing threshold on site disorder for the
1-D chain (short wavelength, a/l 5 0.53).
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small radiative decay rates. They identify these nonra-
diative surface plasmon modes as dark modes. We be-
lieve that the extremely high quality of these modes could
have an origin similar to that of the modes described here
(destructive interference of dipolar emission forming
guided modes) but with greater efficiency than those in
the linear chain. Possibly the placement of particles in a
circular boundary can also be efficient because of the
presence of long-living whispering-gallery modes (see
Refs. 34 and 35 and the discussion below). The dark
modes in the array of silver particles studied in Ref. 31
are not interesting for possible applications because of the
strong absorption of energy by the conducting electrons.
Optical pumping of similar dark modes in dielectric ar-
rays can lead to much higher energy concentration,
stimulated emission, lasing, and other effects of interest.
Experimentally these modes should be excited by higher-
energy pumping of light through internal conversion
rather than by direct pumping because of the weak cou-
pling of these modes to the external electromagnetic field.

Thus the optical investigation of microscopic structures
of a few tens of identical dielectric particles with a suffi-
ciently large dielectric constant ordered in a regular 1-D
or 2-D array has led to the discovery of high-quality
modes that should manifest themselves in a wide variety
of phenomena including lasing and coherent energy
transport along the chain of particles.36,37 We hope that
our report will attract the attention of experimentalists to
these fascinating systems.

It is also important from the practical point of view
that the same increase in quality requires the use of
many more particles in a 2-D system (N2) than in a 1-D
(N) system for arbitrary N. Therefore 1-D chains are
more interesting than planar arrays for experimental
study.

Another important message of this paper is the descrip-
tion of the 1/L3 behavior of the decay rates in several
classes of structure, including regular 1-D and 2-D arrays
with the light-cone constraints of inequalities (2) and (3)
and in 3-D photonic crystals with completely and incom-
pletely forbidden optical bands. Lasing from regular 3-D
systems with an incompletely forbidden band has been
studied in two experiments performed with liquid crystals
by Kopp et al.17 and in optical polymers by Shkunov
et al.16,20 These systems show bright lasing modes. It
was shown in Refs. 16 and 20 that lasing in highly or-
dered structures is more efficient that in fully random
materials. This result is not surprising, because the las-
ing threshold in a random material (in the absence of
Anderson localization) shows the size dependence
g ; v
ltr

L2 , (26)

where v is the group velocity of light inside the medium
and ltr is the transport length for light scattering by
disordering.26 As follows from the discussion in Section 3
[relation (24)], in the system with forbidden optical bands
the lasing threshold scales as

g ; C/L3, (27)

where C is a proportionality constant. In highly ordered
systems relation (27) leads to a lower lasing threshold
than relation (26) for a disordered medium. Finite disor-
dering should lead to replacement of system size L in re-
lation (27) by transport length ltr . Then the lasing
threshold should be expressed as

g ; minS v
ltr

L2 ,
A

ltr
2D . (28)

In the regime of sufficiently strong disordering (smaller
transport length) random lasing should dominate regular
lasing, as was demonstrated in Ref. 16. As was expected
theoretically, the lasing threshold is smaller in a highly
ordered system than in a highly disordered one.16 We do
not apply the present theory to interpretation of
experiment16 in much detail here because the complicated
relationship between the measured pump power needed
to reach lasing and the gain rate requires special study.38

Consider the relation of our results to other studies of
random lasing in different conditions, materials, and re-
gimes. Table 1 summarizes our knowledge of the various
length dependences predicted theoretically and used in
attempting to interpret experimental data. It is clear
that the 1/L3 dependence of the required gain rate on sys-
tem size is highly efficient compared to other mechanisms
excluding the regime of the strong localization of light.
That regime is hard to attain, and therefore the practical
achievement of the open structures suggested in this
study can be much easier to design.

We should briefly mention other theoretical and experi-
mental developments related to random lasing that are
possibly outside the scope of our discussion above. A
model of fluctuational whispering-gallery modes in open
2-D and closed 3-D structures was suggested in Refs. 34
and 35. The simplest example of the whispering gallery
mode is a circular array of nanoparticles. We tested the
decay rates in circular arrays of particles under the con-
ditions of Fig. 7 in the scalar model approach [only the
Table 1. Summary of Theoretical Predictions of Lasing Threshold Behavior in Various Situations

Property Open Systems Closed Systems
Dimensionality 1-D 2-D 3-D

Lattice period a , l/2 a . l/2 a , l/31/2 a . l/31/2

Order L23 L0 L23 L0 L23

Localization Delocalization
Disorder L21/2 L21 exp(2L/1) L22
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dreds of particles we did not see a qualitative deviation
from the linear chain behavior (Fig. 7), whereas at large
sizes, circular arrays seem to be more efficient. This re-
sult agrees with the analytical solution of the continuous
scalar model of distributed dipolar density at the circle.
This solution predicts a superexponential decrease of the
mode decay rate with increasing numbers of particles
(proportional increase of the circle radius), in qualitative
agreement with expectations expressed in Ref. 35.
Analysis in detail is beyond the scope of this paper.

We should also mention that our 2-D numerical
simulations28 do not produce the high-quality modes of
circular shape predicted in Ref. 35. This might be so be-
cause we did not introduce the correlations required in
Ref. 35. The analysis of Refs. 34 and 35 is applicable to
2-D electronic systems and 3-D optical systems. How-
ever, when one is considering applications to three dimen-
sions the decay is limited by two factors: the long life-
time within the randomly formed toroidal cavity and the
time needed for leaving the sample. When there are no
correlations between disordering, the second time seems
to dominate, leading to the dependence on diffusion law of
the lasing threshold,26 whereas correlations can make the
effect of the whispering-gallery trapping much stronger.35

The actual effect of fluctuations should be tested in ad-
vanced numerical simulations, with correlations taken
into account.

Experimental analysis of random lasing based on Nd
(Refs. 39 and 40) showed many special characteristics
that in some aspects are similar to and in other aspects
are different from those of nanopowder lasers.12,14 These
systems have different characteristic time and spectrum
properties, so they might require a special analysis. It is
clear that the use of rare-earth materials can lead to
progress in reducing laser threshold remarkably, and
thus make random lasers more attractive for practical ap-
plications.
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