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ADSTRACT

Bilincar time-frequency distributions (TFDs) offer improved
resolution over linear time-frequer .y reprerentations (TFRx),
but many TFDs are costly to evalunate and are not anraci-
ated with signal synthesin algorithms. Recently, the spec-
trogratn (SP) decomposition and weighted reversal correla-
tor decomposition have heen used to define low-coat, high-
resolution TFDs. In this paper, we show that the vector-
valued “square-root” of a TFD (VVTFR) provides a rep-
rescutational underpinning for the TFD. Dy synthesizing
signals from modified VVTFRs, we define high-resolution
signal nynthesin algorithms wwociated with ‘TFDa. The sig-
nal analysis and synthesiv packages can be implemented as
weighted sumin of SP/short-time Fourier Transform signal
analyms and nynthesis packages, which are widely available,
allowing the interested non-specialist cany accens to high-
resvlution methods.

1. BACKGROUND

First, we restate the SP decomponition and weighted rever
val correlator decomposition (WRCD). Discrete-time ‘I'Fs
can be defined imoan innet product form [1, 3, 7},
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where §0 v Lhe welf adjoint linear aprrator associated with
the real valued TFD, and 8 ,, and M o are time and fie
quency xhift operatos, respectively The ipectial tepresen.
tatian of ¥ (¥ s compac Ol the kernel in squate mteprable)
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where 4 s the projection oonto the eigenfund tion, e, viehlds
the TFID an a wogghted sum of S0,
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The eigenvalues of ¥, {Ax}, are non-negative if and only if
the associated TFD is non-negative [2].

For an arbitrary non-negative TFD, the associated VVTFR

is defined an the vector-valued muare root of the TFD's in-
ner product form:
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and can be interpreted as the “local” signal at each time-
frequency sample (5, w). The relationship between the short-
time Fourier Transform (STFT) and SP,

SPh(nwiw) = |5 (nw;w)]
= |z, MuSaw > M, Saw]’,

where win) is the SP/STFT analysis window, is casily ex-
tended o other non-negative TFDe and their associated
VVTFRa
Co(n,wi ) = | Ve(n,w, 9P (1)
The polar form of ¥ in ¥ == U7, where U in unitary (all
of its cigenvalues have magnitude one) and P is positive (all
of its cigenvaluen are non-negative).  Under mild support
and window constraints [2], {/ ix the revernal operator fur
many high resolution T'FDs, yielding the WRCD for high
renolution ‘I'FDa {3):

Co(n,w ) - Wik (nw,e)inw) (4)
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in & local 1epresentation of the mgnal wndetlying the TFD
and WD, (n,w) x the dincrete time Wigner distiibuton
(D'TWD) of 1(n).

Note that the difleience between non negative ‘'l Da
and high rexolution TFDx ix the unitary operator usel 1o
map the local signal onto a positive o1 1eal value  Hoth low
resolution “TFDy and lugh resolution TFDs adonit o sepuee
wentation of the kignal vang time Geguency locatized fune
Hionn
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v 1ere ¥wp i8 the WD kernel. Shenoy and Parks also note
that the WD is non-representational {7]. They contend that
the WD is more properly regarded as a tool for specifying
and interpreting time-varying filters (signal synthesis algo-
rithms) than as a signal transformation itself. They use
the Weyl correspondence to visualize tiine-varying filters in
the time-frequency domain. The Weyl correspondence as-
sociates a time-frequency mask, M(n,w), to the linear op-
erator (time-varying filter/signal synthesis algorithm), L,
via

<lz.z>= Z/M(u,w)“’D,(u,w)du (6)

Illawatsch [5] also implicitly uses the Weyl correspondence
for defining time-varying filters using time-frequency do-
main descriptions.

2. HIGH-RESOLUTION SICNAL SYNTHESIS

Least-squares signal synthesis from modified VVTFRs as-
sociated with non-negative TFDs can be proposed,

i = arg min, Z/l"’.(u,w; V) = M(n,w)Ve(n,w; ¥) dw
" (7)

and solved as the waighted sumn of solutions to least-squares
signal synthesis from modified STFTs:

i:xl.’\‘zluik {8)
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where

LT nn, Z/|S.(u,w;u) “M(n,w)S, (n,w; ex)]! dw
" (9)

5 the least-squares solution to a signal synthexis problem
from a modified STFT (see Figure 1).

The signal synthesis algotithm in (R)-(9) can he general-
tzed to high-tesolution THDs, where 54 is still given by (9)
and {Ax} and {eg) are the eigenvalues and agenfunctions
ol ¥, an i {2) Some of the cigenvalues will be negative,
since the TED s no longer non negative,

Joute that, becanse some of the cigenvalues are nega:
tive, the high resolution alporithm i pot the least-sguares
rolution to a madihied VVTER problem as i (7)  However,
some ol the prapetties of the algonthm allustrate that it
may be a very nneful tool 1ogardless

For example, o the "TEFD satishes tine and frequency
marginal propertues, then AM(n, w) m(n) vields i (n)
mn)r(n)and Af(n, w) M) velds r(u)  m(n)e,r(n),
whete M (w) s the discrete tine Founes ‘Transferm of m(n)
The Wevl contenpondence demonstiat = the same “margimal
prapetties ' [7] becanse the kernel for the W1 satinhes the
e aed Tregquency marginal properties
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Altcvmatively, o wvntheazed wapnal that mpeht better cm
tesaond to thes partiealar ok v the Jocal signal, o

Vi(n,w; ¥). Thelocal signal may be useful for non-parametrized
detection /estimation and other problems [2].

The signal synthesis algorithms in (8)-(9) are all linear
maps of the original signal, £ = L(¢, M)r. The charac-
ter of the linear map, L, depends on the associated TFD
kernel, ¢, and the mask, M(n,w). We can write a “corre-
spondence rule” for linear maps associated with a particular
TFD kernel:

<L(¢,M)z,z>= E/M(n,w)(),(n,w; Y)dw  (11)

Since C:(n,w, ¥) is just a sinoothed version of the DTWD,
the equivalent mask, M(n,w) which yields the linear map,
L(y, M), via the Weyl correspondence in (6) is just a simoothed
version of M(m,w) [2). The interpreiation of this is that
signal nynthesis associated with a TFD other than the WD
gives you worse time-frequency resolution than implied by
M(n,w).

The degree to which M (n,w) is sineared to yield M{n, w)
i dictated by the time-frequency spread of the TFD kernel.
For the SP, M (n,w) is smoothed by the WD of the SP win-
dow, which will have time-frequency spread approximately
cqual to or greater than a Heisenberg cell. Higher resolu-
tion TFDs have kernels which have much Jess spread than
the SP kernel.

The smoothing of M(n,w) has bheen noted elsewhere
for the case of signal synthesis from modified short-time
Fourier Transforms [7] and more general signal synthesis
algorithins |vj. Smearing of M(n,w) can allow undesired
noise or componeits to “bleed in” to the desired synthesized
signal, as we illustrate with several examuples in the next
section.

3. EXAMPLES

In Figure 2 we demonstrate the eliect of smvaring and the
utility of the local signal. Figure 2a contains the SP of a
64 -point camplex tone einbedded in complex, white gaus.
sian noie of equal total energy using a 64-point rectangular
window, and Figure 2d contiamnas the Binomial distribution
{8] of the wame wignal. Figurea 2b and 2e contain the real
part of the local signals for cach of the twa T'FDs at the
time fiequency center of the complex tone, and Figures 2¢
anel 2f contain the IYT'WDs of the sigualy synthesized from
ench of the two TFDs using a 0/1 mask whone rec tangu
lar boundary is superimposed on all of the greyscale 'TFDs,
Note that all of the D'I'WDs in sipine 2 are plotted only
for frequencies in the range [ 5, 5] sines the IYFWD in pe
nadie in x, henee the mask boundanes appear twice as tall
an they do o the other 'T'Fa

The VWD of the mignal kynthesized from the Binomial
distaabntion (Fig 20) in an good as that from the matehed
window SP (Fig, 20} Also, the Jocal signal for the Binonnal
distribution (Fiy 2¢) properly sdentibes the lacally towal
nature of the sipnal  The local mignal lon the SP (Fig 2h)
can only be a tine frequency teanslate of tie window fune
tron, whic i the nowe free comple x tone in thins case

Fagnre 2p contams the SE of anatow pansran transiemt
embedded e complex, whate paweaan worae of equal total
cnerpy wang, a bt pomt rectangnbae window, aml Figune



2j contains the Binomial distribution of the same signal.
Figures 2h and 2k - tain the real part of the local signals
for each of the two TFDs at the time-frequency center of
the transient, and Figures 2i and 2] contain the DI'WDs of
the signals synthesized from each of the two TFDs using a
0/1 mask whose rectangular boundary is superimposed on
all of the greyscale TFDs.

This time, the DTWD of the signal synthesized from
the Binomial distribution (Fig. 21) is much better than that
from the badly mismat ‘hed SP (Fig. 2i). The local signal
for the Binomial distribution (Fig. 2k) properly identifies
the locally transient nature of the signal, while the local
signal for the SP (Fig. 2h), which is again a time-frequency
translate of the window function, is a very poor represen-
tation of the locally transient nature of the signal.

4. CONCLUSION

We have discussed high-resolution signa) iynthesis algorithins
which can be implemented as weighted sums of STFT syn-
thesis algorithms. The high-resolution algorithms were de-
rived as an extension of least-squares signal synthesis from
modified time-frequency indexed local signals, which pro-
vide a representational underpinning for the associated TFD..
‘The algorithms exhibit desirable properties, relate casily to
the Weyl correspondence and yield results superior to STFT
signal synthesis for a simple example.

If there are only a few significant terms in the SPode-
composition of a high-resolution "T'FD, then the associated
signal synthesis algorithm defined in (8)-(9) can be approxi-
mately implemented using only & few STFT signal synthesis
units. In previous work, we have used the SP decomposition
to define fast approximations ‘o desirable high resolution
TFDs [4) when the SI decomposition yiclls only a few sig
mificant termy

The results in this paper along with onr previous work
define a high-resolution signal anoalysis and synthesis pack
age which can be implemented using only a lew weighted
AP/STET signal analysis and synthesis wmts (Figure 1)
Experimenters wha have aceass 1o SPUSTET packages can
now casily gam access ta hg b resolution analysis and svn
thesis packages throngh <onple modifications to then exist
my soltware.
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