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Impedance is an important issue in the design of acoustic lenses because mismatched impedance is

detrimental to real focusing applications. Here, we report two designs of acoustic lenses that focus

acoustic waves in water and air, respectively. They are tailored by acoustic meta-surfaces, which

are rigid thin plates decorated with periodically distributed sub-wavelength slits. Their respective

building blocks are constructed from the coiling-up spaces in water and the layered structures in

air. Analytic analysis based on coupled-mode theory and transfer matrix reveals that the impedan-

ces of the lenses are matched to those of the background media. With these impedance-matched

acoustic lenses, we demonstrate the acoustic focusing effect by finite-element simulations. VC 2016

AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4939932]

Acoustic lenses can focus or manipulate acoustic

waves. They have attracted interest due to their broad

applications in various domains, such as biomedical imag-

ing and surgery.1–3 Acoustic lenses have been devised to

achieve various functionalities. For example, phononic

crystal-based acoustic lenses have been designed4 and fab-

ricated5 to focus incident acoustic waves. Space-coiling

structures have been utilized in the design of gradient

acoustic lenses.6–10 With gradient acoustic lenses, acoustic

radiation patterns, such as focusing,6,8–11 tunable transmis-

sion,7,12,13 reflection,10 and cylindrical-to-plane wave con-

version,9 can be manipulated. Very recently, acoustic

meta-surfaces have been used in the design of acoustic

lenses. Acoustic meta-surfaces are planarized metamateri-

als that consist of carefully designed sub-wavelength

building blocks. They have exceptional functionality in

controlling acoustic waves, including perfect absorption,14

collimation,15,16 extraordinary transmission,17 reflection,18

wavefront steering,19 unidirectional transmission,20 and

negative refraction.21

In the study of acoustic lenses, especially in the trans-

mitted domain, impedance is an important issue because

mismatched impedance of an acoustic lens to the environ-

ment is detrimental to the performance of the acoustic lens.

Much effort has been devoted to reducing the impact of mis-

matched impedance.6,8,9,11,15,20,22–29 One way to do so is to

utilize Fabry-Perot (FP) resonances,6,8,15,20,22,29 which can

increase the transmission energy because of the destructive

interference between the multiple reflections of acoustic

waves on the input and output surfaces of the acoustic lens.

Because the resonant frequency of FP resonances is sensitive

to the effective thickness of the acoustic lens, it may not be

able to perfectly eliminate the reflection in real applications.

The performance of the acoustic lens is still affected by the

mismatched impedance.

Here, we propose two types of impedance-matched

acoustic lenses to focus acoustic waves in water and air,

respectively. They are tailored by acoustic meta-surfaces.

The building blocks of the acoustic lens in water are con-

structed from coiling-up spaces.21 The coupled-mode

theory is used to deduce the effective medium parameters

of the lens. By choosing the proper material to fill up the

coiling-up spaces, we match the effective impedance of the

lens to that of the background. We utilize layered media as

the building blocks of the acoustic lens in air. By optimiz-

ing the thickness and sequence of the layers of different

materials, we match the input impedance of the acoustic

lens to the impedance of air so that the reflection is mini-

mized. We demonstrate the focusing effect of both types of

lenses by finite-element simulations, which show that high

energy is transmitted through the lenses over a broad fre-

quency range because of matched impedance and the intrin-

sic non-resonance-based mechanism. These designable

lenses are experimentally feasible and may be beneficial to

real wave-energy applications.

FIG. 1. (a) Schematic of the building block of the meta-surface. The gray

area indicates the rigid slab. (b) The transmission spectrum of a plane wave

incident on the meta-surface with the periodically distributed structure illus-

trated in Fig. 1(a). The red dashed curve and the blue solid curve correspond

to the cases where slits are filled with the designed material and water,

respectively. The black dotted curve corresponds to the transmission spec-

trum of the same plane wave incident on an effective homogenous slab of

the designed metasurface.a)Email: Ying.Wu@kaust.edu.sa
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A schematic of the coiling-up spaces used as building

blocks for the acoustic lens in water is presented in Fig. 1(a).

It is a steel slab perforated with periodic curled slits

immersed in water. The geometric parameters h, a, and b

represent the thickness of the plate, the width of the slits, and

the length of one horizontal segment of the curled slits,

respectively. d represents the periodicity of the structure,

which is the distance between the adjacent slits. Each slit is

filled with a material that has mass density, qs, and wave ve-

locity, cs, which are determined by qs ¼ ða=dÞq0 and

cs ¼ c0, respectively. q0 and c0 denote the mass density and

wave velocity of water. In the literature, various homogeniza-

tion schemes have been developed to characterize the effective

medium properties of structures associated with coiling-up

spaces, such as an S-parameter retrieval method30 and parame-

ter retrieval method.8,31 Here, we will analytically explore the

effective medium properties of the coiling-up space from

coupled-mode theory.32,33 The transmission and reflection

coefficients of the structure shown in Fig. 1(a) are derived as

follows. Suppose a plane wave incident from the bottom along

the vertical direction. The expression of the pressure field

below and above the slab can be, respectively, written as

pI ¼
X

s

ðd0;se
iasz þ rse

�iaszÞeiGsx (1)

and

pIII ¼
X

s

tse
iasðz�hÞeiGsx; (2)

where d0;s is the Kronecker delta, and Gs ¼ 2ps=d and

as¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k20 � G2
s

q

are the momentum of the s th diffraction

order along the x and z directions, respectively. k0 (¼ x=c0)
is the wave-vector of the incident wave in water (x is the

angular frequency). rs and ts denote the normalized pressure

field amplitudes of the s th diffraction order of reflected and

transmitted waves, respectively. Inside the slit, the pressure

field is expanded in terms of the waveguide modes, because

the width of the slit is much smaller than the wavelength and

only the zero-order propagation mode is supported. Thus, the

pressure field inside the slit is defined as

pII ¼ Aeiksz
0

þ Be�iksz
0

; (3)

where A and B are the corresponding amplitudes of pressure

fields of the upward and downward propagating waves, respec-

tively. ks ¼ x=cs is the wave vector inside the curled slits, and

z0 indicates the distance from the inlet of the slit to a point

inside the slit. At the outlet of the slit, z0 ¼ ht, where ht is the

total length of the curled slit. The continuity condition requires

that the pressure fields and normal velocity at the interfaces

between the slits and the water (i.e., at z ¼ 0 (or z0 ¼ 0) and

z ¼ h (or z0 ¼ ht)) be continuous. Combining the continuity

conditions with Eqs. (1)–(3), we can solve for the coefficients

rs and ts. In the low-frequency or long-wavelength regime

(k > d), only the zero-order diffracted wave is the propagating

mode. All the other higher-order modes are evanescent,

because as is imaginary. Thus, the far-field transmission and

reflection coefficients can be expressed as

t0 ¼
4f n0=nsð Þeiksht

f n0=nsð Þ þ 1½ �2 � e2iksht f n0=nsð Þ � 1½ �2
(4)

r0 ¼
1� f 2 n0=nsð Þ2
h i

þ e2iksht f 2 n0=nsð Þ2 � 1

h i

f n0=nsð Þ þ 1½ �2 � e2iksht f n0=nsð Þ � 1½ �2
;

where f ¼ a=d is the ratio of the width of the slit to the pe-

riodicity. On the other hand, the transmission and reflec-

tion amplitudes of a plane wave normally incident on a

homogenous slab with thickness h are written, respec-

tively, as

T̂ xð Þ ¼
4 n0=nef f
� �

eikef f h

n0=nef f þ 1
� �2

� e2ikef f h n0=nef f � 1
� �2

(5)

R̂ xð Þ ¼
1� n0=nef f

� �2
� �

þ e2ikef f h n0=nef f
� �2

� 1

� �

n0=nef f þ 1
� �2

� e2ikef f h n0=nef f � 1
� �2

:

Comparing Eqs. (4) and (5), we notice a certain correspon-

dence between the meta-surface and the homogenous

slab. If we treat the meta-surface as a homogeneous slab,

its effective refractive index and effective impedance is

given as nef f ¼ ðht=hÞns and nef f ¼ ð1=f Þns, respectively.

Interestingly, the impedance of the material inside the slits is

given by ns ¼ ða=dÞ n0 , which means that the effective im-

pedance exactly matches the impedance of the water back-

ground, n0. Total transmission is therefore expected even

though the width of the slit is narrow. In Fig. 1(b), we plot

the transmission coefficients of a meta-surface with

a ¼ 0:19d, h ¼ 6d, and b ¼ 0:65d chosen as the geometric

parameters and with the slit folded six times (so that the total

length of the slit, ht, is 9:9d). Since this design does not rely

on resonance, nearly total transmission is observed over the

frequency range of 0:01c0=d–0:142c0=d. The transmission

spectrum is compared with that of a homogeneous slab

whose effective refractive index is 1:65n0 (where n0 is the

refractive index of the water background) and whose effec-

tive impedance equals n0. Despite some small deviations,

which may arise from higher-order diffracted waves, the

transmission spectra in general agree with each other. These

results verify the effective medium model we used and indi-

cate that the impedance of the meta-surface is indeed

matched to that of the water background. In comparison, we

also plot in Fig. 1(b) the transmission spectrum of the meta-

surface when the filling material in the slit is water. Except

for a few peaks, which are attributed to the FP effect, the

transmission is significantly lower than the transmission of

the other two cases due to huge impedance mismatch. Here,

we would like to point out that the effective medium of the

structure shown in Fig. 1(a) is actually anisotropic. The rigid

walls of the slits prevent the wave from propagating along

the horizontal direction and the effective mass density along

that direction is infinity. However, using an isotropic effec-

tive medium description would not affect the results because

we only care about the normal incidence and the transmis-

sion and reflection coefficients of a slab of an anisotropic

medium can be obtained by changing nef f and kef f in Eq. (5)

into neff ;z and keff ;z, respectively.

031902-2 R. Al Jahdali and Y. Wu Appl. Phys. Lett. 108, 031902 (2016)
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We used the coiling-up space as a building block in the

acoustic lens to focus acoustic waves in water. To obtain

excellent focusing without any aberration of the focal spot,

we employ the following hyperbolic refractive index

profile8,24,34,35

nef f xið Þ ¼
n0

h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

g2 þ x210

q

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

g2 þ x2i

q

� �

þ n0;

i ¼ 0; 1; :::; 10; (6)

where g is the focal length, and we let it equal 8d. The

highest value of nef f occurs in the center of the lens and the

lowest value occurs at the left-most and right-most slits,

i.e., nef f ð6x10Þ ¼ n0. The desired refractive index profile

can be achieved by altering the total length of each slit of

the acoustic lens. For simplicity but without loss of gener-

ality, we fix the number of folds of each slit to six and

change the length of the horizontal segment, i.e., b, so that

the total length, htðxiÞ ¼ hþ 6bðxiÞ, is changed accord-

ingly. The relation between the value of b and the location

of the slit is plotted in Fig. 2(a) together with a schematic

of the designed lens with 21 slits, demonstrating that the

maximum length of the slits is reached at the center of the

lens.

To examine the performance of the acoustic lens, we

conducted numerical simulations of a Gaussian beam nor-

mally incident on an acoustic lens from the bottom. We plot

in Fig. 2(b) the field patterns when the frequency of the inci-

dent wave is chosen as 0:141c0=d. Clearly seen is a focal

spot after the beam transmits though the acoustic lens. The

distance from the upper surface of the acoustic lens to the

focal spot is 7:76d, which is about 0:97 times the predicted

focal length. For comparison, we also plot in Fig. 2(c) the

field distribution of the same wave incident on an acoustic

lens with the same structure but with water as the filling ma-

terial in the slit. In addition to the focusing effect, significant

reflection is observed because the effective impedance of the

acoustic lens is ð1=f Þn0,
6 which greatly differs from the im-

pedance of water. The normalized pressure field distribution

along the horizontal and vertical directions across the center

of the focal spot for both lenses is plotted, respectively, in

Figs. 2(d) and 2(e). Similar patterns in the pressure field are

observed for the two lenses. However, the impedance-

matched lens exhibits higher intensity in the pressure field

than does the other, implying that much more energy is

transmitted. This focal spot with high transmission in fact

appears over a frequency range of 0:107c0=d � 0:142c0=d.
The foregoing analysis describes the design of a

matched-impedance acoustic lens. In reality, it is difficult to

find a material whose mass density and sound velocity sat-

isfy the conditions of qs ¼ ða=dÞ q0 and cs ¼ c0 simultane-

ously to fill up the slits. However, as long as the ratio of the

impedances of the material inside the slits and water is 1=f ,
the impedance-matching condition is satisfied. One can

adjust the length of the curled slits to meet the requirements

on the effective refractive index. In the following, we

describe a real sample of an acoustic lens in water. We

choose isopentane (C5H12) to fill up the slits. The mass den-

sity of water and isopentane is qwater ¼ 1000 kg=m3 and

qisopentane ¼ 616 kg=m3. The speed of sound in water and iso-

pentane is cwater ¼ 1490m=s and cisopentane ¼ 980m=s.36 The
width of the slit is a ¼ 0:4d. The effective impedance of the

acoustic lens is thus 1:5� 106 Pa sm�1, which is very close

to the impedance of water (1:46� 106 Pa sm�1). The speed

of sound in isopentane is very different from the speed of

sound in water. To satisfy the hyperbolic refractive index

profile given by Eq. (6), we redesigned the coiling-up space

by changing the length of the horizontal segment of each slit.

In Fig. 3(a), we plot the pressure amplitude of a Gaussian

FIG. 2. (a) The upper panel is a sche-

matic of the designed acoustic lens in

water with 21 slits. The size of the hori-

zontal segment as a function of the posi-

tion of the slit is shown in the lower

panel. (b) The distributions of the

pressure field of a Gaussian beam at

0:141c0=d frequency incident on the

designed impedance-matched acoustic

lens. (c) The same as (b) but the filling

material inside the slits is water and the

impedance does not match that of water.

(d) Range and (e) cross-range distribu-

tions of the pressure fields shown in

Figs. 2(b) and 2(c), respectively.

FIG. 3. (a) The pressure field distribution of a Gaussian beam at 0:154c0=d
frequency incident on an acoustic lens whose slits are filled with isopentane.

(b) The range distribution of the pressure field shown in Fig. 3(a).
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beam at 0:154c0=d frequency incident on this acoustic lens.

The focusing effect is clearly observed. The pressure field

distribution along the incident direction across the center of

the focal spot is shown in Fig. 3(b), where the maximum

value of the pressure field occurs at 7:24d, close to the pre-

dicted position of the focal point (g ¼ 8d). It is worth men-

tioning that we consider the ideal fluids in our model but in

reality all fluids are viscous. The viscosity of isopentane is

much smaller than that of water. In a typical ultrasound

experiments in water with frequency around 0:1MHz, the

thickness of viscous layer37 is negligible compared to the

width of the slit. Thus, the performance of the lens should

not be seriously affected.

Properly choosing the filling material inside the slits

such that the effective impedance matches the impedance of

the background allows the majority of the incident wave

energy to be transmitted. This selection is simple but it

imposes constraints on the impedance of the filling material.

Although our design for a good performance acoustic lens in

water is possible, it would be very difficult to find a proper

filling material that could result in an impedance-matched

acoustic lens in air because the impedance of air is very low.

In what follows, we introduce another design of an acoustic

lens to focus acoustic waves in air. The building block of

this acoustic lens is a layered medium as shown in the inset

of Fig. 4(a), where argon and xenon, two noble gases, are

used.12 The material parameters of these gases are as fol-

lows: cArg ¼ 323m=s, cXen ¼ 169m=s; qArg ¼ 1:78 kg=m3,

and qXen ¼ 5:89 kg=m3. We alter the thickness and sequence

of the argon and xenon layers to achieve the required effec-

tive refractive index profile, i.e., Eq. (6), with the impedance

matched to the impedance of the air background. This

task can be accomplished by using a transfer matrix method.

In each slit, the sum of the thicknesses of the two gases

should be equal to the thickness of the acoustic lens, i.e.,

h ¼ hArg þ hXen, and its effective refractive index follows the

relation nef f h ¼ nArghArg þ nXenhXen, where nArg and nXen are

the refractive indices of argon and xenon, respectively. The

input impedance of a medium with q layers satisfies the fol-

lowing recursion relation:38

n
qð Þ
in ¼

n
q�1ð Þ
in � inq tan kqhqð Þ

nq � in
q�1ð Þ
in tan kqhqð Þ

2

4

3

5nq; (7)

where n
ðq�1Þ
in is the input impedance of the same layered me-

dium without the q th layer. hq, nq, and kq, respectively, cor-

respond to the thickness, impedance, and wave vector of the

q th layer. The reflection coefficient of such a layered me-

dium can be determined by R ¼ ðn
ðqÞ
in � n0Þ=ðn

ðqÞ
in þ n0Þ,

where n0 is the impedance of the host medium. If the input

impedance, n
ðqÞ
in , is identical to n0, the impedance-matching

condition is satisfied, and the reflection coefficient equals

zero. Eq. (7) implies that the input impedance is a function

of the thickness and the arrangement of the layers, meaning

that altering the sequence of the layers would result in differ-

ent input impedances. Given the constraint on the respective

thicknesses of argon and xenon, we have to optimize the

arrangement of these two gases to achieve the best input im-

pedance. The inset of Fig. 4(a) shows an optimized structure,

where the width of the slit is a ¼ 0:9d, the thickness of the

plate is h ¼ 6d, and the focal length is 8d. The calculated

input impedance and the reflection coefficient for an incident

wave at 0:147c0=d frequency in each slit are plotted in Fig.

4(a) with red and blue dots, respectively. The results indicate

that the impedance is indeed matched to that of the back-

ground. A good acoustic focusing effect is achieved with the

optimized design of the acoustic lens. The distributions of

the amplitude of the pressure field of a Gaussian beam at

0:147c0=d frequency incident normally from the bottom on

the lens are shown in Fig. 4(b). A focal point is observed in

the transmission domain and the reflection is weak. The loca-

tion of the focal spot agrees well with the prediction. It

should be mentioned that Eq. (7) is applicable because the

frequency is low so that only the fundamental waveguide

mode can propagate inside the slits. If the frequency

becomes higher, the propagating first-order waveguide mode

would first appear in the xenon layer, indicating the input im-

pedance calculated from Eq. (7) no longer applies.

In this work, we proposed two types of impedance-

matched acoustic lenses to focus acoustic waves. One is

designed from the coiling-up spaces in water. From an ana-

lytic model based on coupled-mode theory, we found that a

proper combination of the geometric size of the coiling-up

space and its filling material would give rise to impedance

that matches that of water and a desired effective refractive

index. It can therefore focus the majority of the incident

acoustic wave energy in water. The other type of the acoustic

FIG. 4. (a) The input impedance and

the reflection coefficient for each slit at

a chosen frequency of 0:147c0=d. A

sketch of the optimized acoustic lens

in air is shown in the inset in which

different colors represent different

gases. (b) The distribution pressure

field of a Gaussian beam at 0:147c0=d
frequency incident normally from the

bottom on the lens.
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lens was built from multi-layered media in air. We demon-

strated that stacking two materials in different orders with

different thicknesses would result in different effective input

impedances and refractive indices. We optimized the layered

structures of two gases to simulate an acoustic lens that satis-

fies the required impedance and refractive index conditions.

High transmission and focusing of acoustic wave energy in

air can be realized with such an acoustic lens. These designa-

ble lenses are experimentally feasible and may be used in

applications such as collimation and redirection of beams.

The authors would like to thank Xiujuan Zhang for
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