
◆♦♥❛♠❡ ♠❛♥✉s❝r✐♣t ◆♦✳
✭✇✐❧❧ ❜❡ ✐♥s❡rt❡❞ ❜② t❤❡ ❡❞✐t♦r✮

❍✐❣❤✲❱❡❧♦❝✐t② ❖♣❡r❛t✐♦♥ ♦❢ P✐❡③♦❡❧❡❝tr✐❝ ■♥❡rt✐❛

▼♦t♦rs ✕ ❊①♣❡r✐♠❡♥t❛❧ ❱❛❧✐❞❛t✐♦♥

▼❛tt❤✐❛s ❍✉♥st✐❣ · ❚♦❜✐❛s ❍❡♠s❡❧ ·

❲❛❧t❡r ❙❡①tr♦

❆✉t❤♦r✬s ❛❝❝❡♣t❡❞ ♠❛♥✉s❝r✐♣t ✕ ❚❤❡ ✜♥❛❧ ♣✉❜❧✐❝❛t✐♦♥ ✐s ❛✈❛✐❧❛❜❧❡ ❛t ❙♣r✐♥❣❡r ✈✐❛
❤tt♣✿✴✴❞①✳❞♦✐✳♦r❣✴✶✵✳✶✵✵✼✴s✵✵✹✶✾✲✵✶✹✲✵✾✹✵✲✵✳

❆❜str❛❝t P✐❡③♦❡❧❡❝tr✐❝ ✐♥❡rt✐❛ ♠♦t♦rs ✉s❡ t❤❡ ✐♥❡rt✐❛ ♦❢ ❛ ❜♦❞② t♦ ❞r✐✈❡ ✐t ❜② ♠❡❛♥s

♦❢ ❛ ❢r✐❝t✐♦♥ ❝♦♥t❛❝t ✐♥ ❛ s❡r✐❡s ♦❢ s♠❛❧❧ st❡♣s✳ ■t ❤❛s ❜❡❡♥ s❤♦✇♥ ♣r❡✈✐♦✉s❧② ✐♥ t❤❡♦✲

r❡t✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥s t❤❛t ❤✐❣❤❡r ✈❡❧♦❝✐t✐❡s ❛♥❞ s♠♦♦t❤❡r ♠♦✈❡♠❡♥ts ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞

✐❢ t❤❡s❡ st❡♣s ❞♦ ♥♦t ❝♦♥t❛✐♥ ♣❤❛s❡s ♦❢ st✐❝t✐♦♥ ✭✏st✐❝❦✲s❧✐♣✑ ♦♣❡r❛t✐♦♥✮✱ ❜✉t ✉s❡ s❧✐❞✐♥❣

❢r✐❝t✐♦♥ ♦♥❧② ✭✏s❧✐♣✲s❧✐♣✑ ♦♣❡r❛t✐♦♥✮✳ ❖♥❡ ✈❡r② ♣r♦♠✐s✐♥❣ ❞r✐✈✐♥❣ ♦♣t✐♦♥ ❢♦r s✉❝❤ ♠♦t♦rs

✐s t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ ♠✉❧t✐♣❧❡ s✐♥✉s♦✐❞❛❧ s✐❣♥❛❧s ♦r ❤❛r♠♦♥✐❝s✳ ■♥ t❤✐s ❝♦♥tr✐❜✉t✐♦♥✱

t❤❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❛r❡ ✈❛❧✐❞❛t❡❞ ❡①♣❡r✐♠❡♥t❛❧❧②✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ❛ q✉✐❝❦ ❛♥❞ r❡❧✐✲

❛❜❧❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♣r♦❝❡ss ❢♦r ♣❛r❛♠❡t❡rs ❞❡s❝r✐❜✐♥❣ t❤❡ ❢r✐❝t✐♦♥ ❝♦♥t❛❝t ✐s ♣r♦♣♦s❡❞✳

❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ❢♦r❝❡ ❣❡♥❡r❛t✐♦♥ ♣♦t❡♥t✐❛❧ ♦❢ ✐♥❡rt✐❛ ♠♦t♦rs ✐s ✐♥✈❡st✐❣❛t❡❞ t❤❡♦r❡t✐✲

❝❛❧❧② ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧❧②✳ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❝♦♥✜r♠ t❤❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧t t❤❛t

❢♦r ❛ ❣✐✈❡♥ ♠❛①✐♠✉♠ ❢r❡q✉❡♥❝②✱ ❛ s✐❣♥❛❧ ✇✐t❤ ❛ ❤✐❣❤ ❢✉♥❞❛♠❡♥t❛❧ ❢r❡q✉❡♥❝② ❛♥❞ ❝♦♥✲

s✐st✐♥❣ ♦❢ t✇♦ s✉♣❡r♣♦s❡❞ s✐♥❡ ✇❛✈❡s ❧❡❛❞s t♦ t❤❡ ❤✐❣❤❡st ✈❡❧♦❝✐t② ❛♥❞ t❤❡ s♠♦♦t❤❡st

♠♦t✐♦♥ ✇❤✐❧❡ t❤❡ ♠❛①✐♠✉♠ ♠♦t♦r ❢♦r❝❡ ✐s ♦❜t❛✐♥❡❞ ✇✐t❤ s✐❣♥❛❧s ❝♦♥t❛✐♥✐♥❣ ♠♦r❡ ❤❛r✲

♠♦♥✐❝s✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ ♦❢ ❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦rt❛♥❝❡ ❢♦r t❤❡ ❢✉rt❤❡r ❞❡✈❡❧♦♣♠❡♥t ♦❢

❤✐❣❤✲✈❡❧♦❝✐t② ♣✐❡③♦❡❧❡❝tr✐❝ ✐♥❡rt✐❛ ♠♦t♦rs✳

❑❡②✇♦r❞s ✐♥❡rt✐❛ ♠♦t♦r · ❤✐❣❤ ✈❡❧♦❝✐t② · st✐❝❦✲s❧✐♣ ♠♦t♦r · s❧✐♣✲s❧✐♣ ♦♣❡r❛t✐♦♥ ·
❢r✐❝t✐♦♥ ♣❛r❛♠❡t❡r ✐❞❡♥t✐✜❝❛t✐♦♥

✶ ■♥tr♦❞✉❝t✐♦♥

P✐❡③♦❡❧❡❝tr✐❝ ✐♥❡rt✐❛ ♠♦t♦rs ❤❛✈❡ ♦r✐❣✐♥❛❧❧② ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ♠✐❞✲✶✾✽✵s ❢♦r ✜♥❡

♣♦s✐t✐♦♥✐♥❣ ✐♥ ♠✐❝r♦s❝♦♣② ❛♣♣❧✐❝❛t✐♦♥s ❬✶✱✶✵✱✷✹❪✳ ❋❛❝✐❧✐t❛t❡❞ ❜② t❤❡ ❢❛❝t t❤❛t t❤❡② ❤❛✈❡

❛ s✐♠♣❧❡ ❝♦♥str✉❝t✐♦♥ ❛♥❞ ❛r❡ ❝♦♥tr♦❧❧❡❞ ❜② ❛ s✐♥❣❧❡ s✐❣♥❛❧✱ ✇❤✐❝❤ ❛❧❧♦✇s ❢♦r ❧♦✇ ♣r♦❞✉❝✲

t✐♦♥ ❝♦sts ❛♥❞ s✐♠♣❧✐✜❡s ♠✐♥✐❛t✉r✐③❛t✐♦♥✱ ✐♥❡rt✐❛ ♠♦t♦rs ❤❛✈❡ ❜❡❡♥ ❛♣♣❧✐❡❞ ✐♥ s❡✈❡r❛❧

▼✳ ❍✉♥st✐❣✱ ❚✳ ❍❡♠s❡❧✱ ❲✳ ❙❡①tr♦
▼❡❝❤❛tr♦♥✐❝s ❛♥❞ ❉②♥❛♠✐❝s✱ ❯♥✐✈❡rs✐t② ♦❢ P❛❞❡r❜♦r♥✱ P♦❤❧✇❡❣ ✹✼✕✹✾✱ ✸✸✵✾✽ P❛❞❡r❜♦r♥✱ ●❡r✲
♠❛♥②
❚❡❧✳✿ ✰✹✾✲✺✷✺✶✲✻✵✶✽✵✺
❋❛①✿ ✰✹✾✲✺✷✺✶✲✻✵✶✽✵✸
❊✲♠❛✐❧✿ t♦❜✐❛s✳❤❡♠s❡❧❅✉♣❜✳❞❡
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✷ ▼❛tt❤✐❛s ❍✉♥st✐❣ ❡t ❛❧✳

Slow expansion,

Slider sticks to rod 

Fast contraction,

Slider slips on rod 

❋✐❣✳ ✶ ❈❧❛ss✐❝ ✐♥❡rt✐❛ ♠♦t♦r ♦♣❡r❛t✐♦♥ ❝②❝❧❡

♦t❤❡r ✜❡❧❞s ✐♥ t❤❡ ❧❛st ②❡❛rs✱ ♦❢t❡♥ ✐♥ ♠✐♥✐❛t✉r✐③❡❞ ❝♦♥s✉♠❡r ❣♦♦❞s ❬✾✱✶✻✱✶✼✱✷✷✱✷✽❪✳ ■♥

s✉❝❤ ❛♣♣❧✐❝❛t✐♦♥s✱ ❝r✐t❡r✐❛ ❧✐❦❡ t❤❡ ♠♦t♦r ✈❡❧♦❝✐t② ♦r ✐ts ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ❧✐❢❡t✐♠❡

❛r❡ ♠✉❝❤ ♠♦r❡ ✐♠♣♦rt❛♥t t❤❛♥ ✐♥ ❝❧❛ss✐❝ ♠✐❝r♦s❝♦♣② ❛♣♣❧✐❝❛t✐♦♥s✳

❆❧❧ t❤❡s❡ ♠♦t♦rs ✉s❡ t❤❡ ✐♥❡rt✐❛ ♦❢ ❛ ❜♦❞② t♦ ❞r✐✈❡ ✐t ❜② ♠❡❛♥s ♦❢ ❛ ❢r✐❝t✐♦♥ ❝♦♥t❛❝t

✐♥ ❛ s❡r✐❡s ♦❢ s♠❛❧❧ st❡♣s✳ ❚❤❡ st❡♣s ❛r❡ ❝❧❛ss✐❝❛❧❧② ❛ss✉♠❡❞ t♦ ❝♦♥s✐st ♦❢ ❛❧t❡r♥❛t✐♥❣

♣❤❛s❡s ♦❢ st✐❝t✐♦♥ ❛♥❞ s❧✐❞✐♥❣✱ ✇❤✐❝❤ ✐s ✇❤② ✐♥❡rt✐❛ ♠♦t♦rs ❛r❡ ❛❧s♦ ❦♥♦✇♥ ❛s ✏st✐❝❦✲

s❧✐♣✲❞r✐✈❡s✑✳ ❋✐❣✳ ✶ ✐❧❧✉str❛t❡s ♦♥❡ ♠♦✈❡♠❡♥t ❝②❝❧❡ ♦❢ ❛♥ ✐♥❡rt✐❛ ♠♦t♦r ✇✐t❤ ❛ ✜①❡❞

st❛t♦r✳

❇✉t ✐♥❡rt✐❛ ♠♦t♦rs ❝❛♥ ❛❧s♦ ♦♣❡r❛t❡ ✇✐t❤♦✉t ♣❤❛s❡s ♦❢ st✐❝t✐♦♥✳ ❉✐✛❡r❡♥t r❡s❡❛r❝❤❡rs

❤❛✈❡ ♣r❡s❡♥t❡❞ ✐♥❡rt✐❛ ♠♦t♦rs ✉s✐♥❣ s✉❝❤ ❛ ✏s❧✐♣✲s❧✐♣✑ ♠♦❞❡ ♦❢ ♦♣❡r❛t✐♦♥ ✐♥ t❤❡ ❧❛st ②❡❛rs✱

❡✳ ❣✳ ✐♥ ❬✶✻✱✶✽✱✶✾✱✷✵✱✷✶✱✷✼❪✳ ❚❤❡ ♣r✐♥❝✐♣❛❧ ❛❞✈❛♥t❛❣❡s✱ ❞✐s❛❞✈❛♥t❛❣❡s ❛♥❞ ❧✐♠✐t❛t✐♦♥s

♦❢ t❤❡s❡ t✇♦ ♠♦❞❡s ♦❢ ♦♣❡r❛t✐♦♥ ❤❛✈❡ ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ r❡❝❡♥t❧② ✉s✐♥❣ ❛ t❤❡♦r❡t✐❝❛❧

♠♦❞❡❧ ❬✶✹✱✶✺❪✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥ ❣✐✈❡s ❛ s❤♦rt s✉♠♠❛r② ♦❢ t❤❡ t❤❡♦r❡t✐❝❛❧ ✜♥❞✐♥❣s✳

❋♦r t❤❡✐r ❡①♣❡r✐♠❡♥t❛❧ ✈❛❧✐❞❛t✐♦♥✱ ❛ t❡st ♠♦t♦r ❤❛s ❜❡❡♥ s❡t ✉♣✱ ✇❤✐❝❤ ✐s ❞❡s❝r✐❜❡❞

✐♥ s❡❝t✐♦♥ ✸✳ ❙❡❝t✐♦♥ ✹ ✐♥tr♦❞✉❝❡s t❤❡ ♠♦❞❡❧ ✉s❡❞ ❢♦r ✐ts s✐♠✉❧❛t✐♦♥✳ ❇❡❝❛✉s❡ ✐♥❡rt✐❛

♠♦t♦rs ♦♣❡r❛t❡ t❤r♦✉❣❤ ❢r✐❝t✐♦♥✱ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❢r✐❝t✐♦♥ ❝♦♥t❛❝t

✐s ❝r✉❝✐❛❧ ❢♦r ❛ ✈❛❧✐❞ ♠♦t♦r ♠♦❞❡❧✳ ❙❡❝t✐♦♥ ✺ ❞❡s❝r✐❜❡s t❤❡ ❡①♣❡r✐♠❡♥ts ♣❡r❢♦r♠❡❞ t♦

❝❤❛r❛❝t❡r✐③❡ t❤❡ ❢r✐❝t✐♦♥ ❝♦♥t❛❝t✳ ❙❡❝t✐♦♥ ✻ ❡①♣❧❛✐♥s t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ❢♦r t❤❡

♦♣❡r❛t✐♦♥❛❧ ❡①♣❡r✐♠❡♥ts✱ ❞✉r✐♥❣ ✇❤✐❝❤ ❞✐✛❡r❡♥t ♠♦t♦r ♣❛r❛♠❡t❡rs ❤❛✈❡ ❜❡❡♥ ♠❡❛s✉r❡❞✳

■♥ s❡❝t✐♦♥ ✼✱ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❛r❡ ❞❡s❝r✐❜❡❞ ❛♥❞ ❝♦♠♣❛r❡❞ t♦ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts✳

❙❡❝t✐♦♥ ✽ ❝❧♦s❡s t❤✐s ❝♦♥tr✐❜✉t✐♦♥ ✇✐t❤ ❛ s❤♦rt s✉♠♠❛r② ❛♥❞ ❝♦♥❝❧✉s✐♦♥s ❢♦r ❢✉rt❤❡r

❞❡✈❡❧♦♣♠❡♥ts ♦❢ ❤✐❣❤✲✈❡❧♦❝✐t② ✐♥❡rt✐❛ ♠♦t♦rs✳

✷ ❉r✐✈❡ s✐❣♥❛❧s ❢♦r ❤✐❣❤✲✈❡❧♦❝✐t② ✐♥❡rt✐❛ ♠♦t♦rs

■♥❡rt✐❛ ♠♦t♦rs ❝❛♥ ❜❡ ❞r✐✈❡♥ ✇✐t❤ ❛ ❧❛r❣❡ ✈❛r✐❡t② ♦❢ ❞r✐✈❡ s✐❣♥❛❧s✳ ❆ t❤❡r♦❡t✐❝❛❧ ✐♥✲

✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ✐❞❡❛❧✐③❡❞ ♦♣❡r❛t✐♦♥ ♦❢ ✐♥❡rt✐❛ ♠♦t♦rs ❬✶✹❪ ❤❛s s❤♦✇♥ t❤❛t t❤❡r❡ ❛r❡

❢♦✉r ♣r✐♥❝✐♣❛❧❧② ❞✐✛❡r❡♥t ♦♣❡r❛t✐♦♥ ♠♦❞❡s ♦❢ ✐♥❡rt✐❛ ♠♦t♦rs✱ ❞✐✛❡r❡♥t✐❛t❡❞ ❜② t✇♦ ❝r✐✲

t❡r✐❛✿ ❉♦❡s t❤❡ s❧✐❞❡r ♠♦✈❡ ✐♥ ❞✐s❝r❡t❡ st❡♣s ♦r ❝♦♥t✐♥✉♦✉s❧② ❛♥❞ ✐s t❤❡ ♣r♦♣✉❧s✐♦♥ ♦❢

t❤❡ s❧✐❞❡r ❛❝❤✐❡✈❡❞ ✉s✐♥❣ st✐❝t✐♦♥ ♦r ❜② s❧✐❞✐♥❣ ❢r✐❝t✐♦♥ ♦♥❧②❄ ❚❤❡ ♠♦t♦r ✈❡❧♦❝✐t② ✐♥

st✐❝❦✲s❧✐♣ ♦♣❡r❛t✐♦♥ ❛♥❞✴♦r ✇✐t❤ ❞✐s❝r❡t❡ st❡♣s ✐s ❧✐♠✐t❡❞ ♣r✐♥❝✐♣❛❧❧②✱ ♦♥❧② ❝♦♥t✐♥✉♦✉s

s❧✐♣✲s❧✐♣ ♦♣❡r❛t✐♦♥ ❛❧❧♦✇s ✈❡r② ❤✐❣❤ ✈❡❧♦❝✐t✐❡s✳ ❚♦ ❛❝❤✐❡✈❡ t❤❡ ❤✐❣❤❡st ♣♦ss✐❜❧❡ ✈❡❧♦❝✲

✐t②✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♣r♦✜❧❡ xR ♦❢ t❤❡ st❛t♦r ♦❢ ❛♥ ✐♥❡rt✐❛ ♠♦t♦r ✇♦✉❧❞ ✐❞❡❛❧❧② ❜❡ ❛

✏♣❛r❛❜♦❧✐❝ s❛✇t♦♦t❤✑ s✐❣♥❛❧ ❛s s❤♦✇♥ ✐♥ ✜❣✳ ✷✱ r❡♣❡❛t❡❞ ❛t ❛ ❤✐❣❤ ❢r❡q✉❡♥❝② ❛♥❞ ✇✐t❤

❛ ❧❛r❣❡ str♦❦❡ ❬✶✹❪✳
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2 3 4 harmonics

❋✐❣✳ ✸ ❉r✐✈❡ s✐❣♥❛❧s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ♣❛r❛❜♦❧✐❝ s❛✇t♦♦t❤ s✐❣♥❛❧ ✐♥ ✜❣✳ ✷✱ ❝♦♠♣♦s❡❞ ♦❢ n
❤❛r♠♦♥✐❝s✱ ✇✐t❤ ❛✮ t❤❡ s❛♠❡ ❢✉♥❞❛♠❡♥t❛❧ ❢r❡q✉❡♥❝② f1 = 1156Hz✱ ❜✮ t❤❡ s❛♠❡ ♠❛①✐♠✉♠
❢r❡q✉❡♥❝② fn = n · f1 = 4625Hz

❙✉❝❤ s❛✇t♦♦t❤ s✐❣♥❛❧s ✇✐t❤ t❤❡✐r ✕ ✐❞❡❛❧❧② ✐♥✜♥✐t❡❧② ✕ st❡❡♣ ✢❛♥❦s ❛r❡ ❤❛r❞ t♦ ♦❜t❛✐♥

✇✐t❤ ❛ r❡❛❧ ❛❝t✉❛t♦r✱ ❡s♣❡❝✐❛❧❧② ❛t ❤✐❣❤ ❢✉♥❞❛♠❡♥t❛❧ ❢r❡q✉❡♥❝✐❡s✳ ❖♥❡ ✈❡r② ♣r♦♠✐s✐♥❣

❛❧t❡r♥❛t✐✈❡ ❞r✐✈❡ s✐❣♥❛❧ ❢♦r ❤✐❣❤✲✈❡❧♦❝✐t② ✐♥❡rt✐❛ ♠♦t♦rs ✐s t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ ♠✉❧t✐♣❧❡

s✐♥✉s♦✐❞❛❧ s✐❣♥❛❧s✱ ✐✳ ❡✳ ❤❛r♠♦♥✐❝s✳ ❙✉❝❤ s✐❣♥❛❧s ❝♦♥t❛✐♥ ♦♥❧② ❛ ❢❡✇ ❢r❡q✉❡♥❝✐❡s ❛♥❞ t❤✉s

❞♦ ♥♦t r❡q✉✐r❡ ❤✐❣❤✲❜❛♥❞✇✐❞t❤ ❛❝t✉❛t♦rs✳ ❚❤❡② ❤❛✈❡ ❜❡❡♥ s✉❝❡ss❢✉❧❧② ✉s❡❞ ✐♥ ✐♥❡rt✐❛

♠♦t♦rs ❜② ❞✐✛❡r❡♥t r❡s❡❛r❝❤❡rs✳ ■♥ ❛♣♣r♦♣r✐❛t❡❧② ❞❡s✐❣♥❡❞ ♠♦t♦rs✱ t❤❡s❡ ❞r✐✈❡ s✐❣♥❛❧s

❝❛♥ ♠❛❦❡ ✉s❡ ♦❢ r❡s♦♥❛♥t ❛♠♣❧✐✜❝❛t✐♦♥ t♦ ❛❝❤✐❡✈❡ ❧❛r❣❡ st❛t♦r ❛♠♣❧✐t✉❞❡s ❛♥❞ t❤✉s

❤✐❣❤ ✈❡❧♦❝✐t✐❡s ❬✷✱✷✵✱✶✽✱✶✾❪✱ ❡✈❡♥ ✇✐t❤ ❡❧❡❝tr✐❝❛❧ ❡①❝✐t❛t✐♦♥ ❛♠♣❧✐t✉❞❡s ❛s ❧♦✇ ❛s 0.8V
❬✶✾❪✳

■♥ ❬✶✺❪✱ ❢r❡q✉❡♥❝②✲❧✐♠✐t❡❞ s✐❣♥❛❧s ❝♦♠♣♦s❡❞ ♦❢ ❞✐✛❡r❡♥t ♥✉♠❜❡rs ♦❢ ❤❛r♠♦♥✐❝s ✇❡r❡

❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ✐❞❡❛❧ s✐❣♥❛❧s s❤♦✇♥ ✐♥ ✜❣✳ ✷ ✉s✐♥❣ ❋♦✉r✐❡r s❡r✐❡s ❛♥❞ ▲❛♥❝③♦s✬ σ ❢❛❝t♦rs

❬✽✱ ♣♣✳ ✺✸✹✕✺✸✽❪ t♦ r❡❞✉❝❡ ✉♥❞❡s✐r❡❞ ✈✐❜r❛t✐♦♥s✳ ❋✐❣✳ ✸ s❤♦✇s ❡①❛♠♣❧❡s ♦❢ s✉❝❤ s✐❣♥❛❧s

✇✐t❤ ✷✱ ✸✱ ❛♥❞ ✹ s✉♣❡r♣♦s❡❞ ❤❛r♠♦♥✐❝s✳

❲✐t❤ ❛ tr❛♥s❞✉❝❡r ♦❢ ❧✐♠✐t❡❞ ❜❛♥❞✇✐❞t❤✱ ❛ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ ❛ ❤✐❣❤ ❢✉♥❞❛♠❡♥t❛❧

❞r✐✈❡ ❢r❡q✉❡♥❝② ❛♥❞ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❤❛r♠♦♥✐❝s ❤❛s t♦ ❜❡ ♠❛❞❡✳ ❙✐♠✉❧❛t✐♦♥s ❞♦❝✲

✉♠❡♥t❡❞ ✐♥ ❬✶✺❪ s❤♦✇ t❤❛t✱ ✇✐t❤ ❛ ❣✐✈❡♥ ❢r❡q✉❡♥❝② fn ♦❢ t❤❡ ❤✐❣❤❡st ❤❛r♠♦♥✐❝✱ t❤❡

❤✐❣❤❡st ✈❡❧♦❝✐t② ❛♥❞ t❤❡ s♠♦♦t❤❡st ♠♦t✐♦♥ ❛r❡ ❛❝❤✐❡✈❡❞ ✇❤❡♥ t❤❡ ♠♦t♦r ✐s ❞r✐✈❡♥ ✇✐t❤

❛ s✐❣♥❛❧ ❝♦♥t❛✐♥✐♥❣ ♦♥❧② t✇♦ ❤❛r♠♦♥✐❝s✳ ❲✐t❤ t❤✐s s✐❣♥❛❧✱ t❤❡ ♠♦t♦r ❛❧s♦ r❡❛❝❤❡s t❤❡

❤✐❣❤❡st ✈❡❧♦❝✐t② ♣❡r ❡❧❡❝tr✐❝❛❧ ✐♥♣✉t ♣♦✇❡r✳ ❘❡❝❡♥t ✐♥✈❡st✐❣❛t✐♦♥s ❬✶✶❪ s❤♦✇ t❤❛t t❤❡

❢♦r❝❡ ❣❡♥❡r❛t✐♦♥ ♣♦t❡♥t✐❛❧ ♦❢ ❛♥ ✐♥❡rt✐❛ ♠♦t♦r ✐s ❧❛r❣❡❧② ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❞r✐✈❡ ❢r❡✲

q✉❡♥❝②✱ ❜✉t ❝❛♥ ❜❡ ✐♥❝r❡❛s❡❞ s✐❣♥✐✜❝❛♥t❧② ❜② ✉s✐♥❣ ❛ ❞r✐✈❡ s✐❣♥❛❧ ❝♦♥t❛✐♥✐♥❣ ♠♦r❡ t❤❛♥

t✇♦ ❤❛r♠♦♥✐❝s✳

✸ ❉❡s✐❣♥ ♦❢ ❛ t❡st ♠♦t♦r

■♥ ♦r❞❡r t♦ ✈❛❧✐❞❛t❡ t❤❡ ❛❜♦✈❡✲♠❡♥t✐♦♥❡❞ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts✱ ❛ t❡st ♠♦t♦r ❤❛s ❜❡❡♥

❜✉✐❧t✱ ✇❤✐❝❤ ✐s ❝❛♣❛❜❧❡ ♦❢ ♦♣❡r❛t✐♥❣ ✇✐t❤ t❤❡ s❛♠❡ st❛t♦r ❛♠♣❧✐t✉❞❡ ❛t ❞✐✛❡r❡♥t ❢r❡✲

q✉❡♥❝✐❡s ❛♥❞ ♥✉♠❜❡rs ♦❢ ❤❛r♠♦♥✐❝s✳ ❘❡s♦♥❛♥t ✐♥❡rt✐❛ ♠♦t♦rs ♣r♦✈✐❞❡ ❤✐❣❤ ✈❡❧♦❝✐t✐❡s

❛t ❧♦✇ ❡❧❡❝tr✐❝ ❡①❝✐t❛t✐♦♥ ❛♠♣❧✐t✉❞❡s✱ ❜✉t t❤❡② ❛r❡ ♥♦t s✉✐t❛❜❧❡ ❢♦r t❤❡ ❡①♣❡r✐♠❡♥ts



✹ ▼❛tt❤✐❛s ❍✉♥st✐❣ ❡t ❛❧✳
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❋✐❣✳ ✺ ❋r❡q✉❡♥❝② s✇❡❡♣ ♦❢ ❛♠♣❧✐t✉❞❡ ❛♥❞ ♣❤❛s❡ ♦❢ t❤❡ ✑♠❡❝❤❛♥✐❝❛❧ ❛❞♠✐tt❛♥❝❡✑ Y
mech

=

ẋR/u ♦❢ t❤❡ st❛t♦r ✇✐t❤♦✉t s❧✐❞❡r

❜❡❝❛✉s❡ t❤❡② ❝❛♥ ♦♣❡r❛t❡ ♣r♦♣❡r❧② ♦♥❧② ❛t ♦♥❡ ✜①❡❞ ❢✉♥❞❛♠❡♥t❛❧ ❢r❡q✉❡♥❝② ❛♥❞ ✇✐t❤

t✇♦ ❤❛r♠♦♥✐❝s✳ ■♥st❡❛❞✱ ❛ ♠♦t♦r ❤❛s ❜❡❡♥ ❝♦♥str✉❝t❡❞ ✇❤♦s❡ ♦♣❡r❛t✐♦♥ ✐s ✉♥✐♠♣❛✐r❡❞

❜② ❛♥② r❡s♦♥❛♥t ❡✛❡❝ts ❛t ❢r❡q✉❡♥❝✐❡s ✉♣ t♦ ♠♦r❡ t❤❛♥ 10 kHz✳ ■ts st❛t♦r ❝♦♥s✐sts ♦❢

❛ ♣✐❡③♦❡❧❡❝tr✐❝ ♠✉❧t✐❧❛②❡r ❛❝t✉❛t♦r ✇✐t❤ ❛ r♦❞ ♠❛❞❡ ♦❢ ❝❛r❜♦♥ ✜❜r❡ r❡✐♥❢♦r❝❡❞ ♣❧❛st✐❝

❣❧✉❡❞ t♦ ♦♥❡ ♦❢ ✐ts ❡♥❞s✳ ❚❤❡ ♦t❤❡r ❡♥❞ ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r ✐s ❣❧✉❡❞ t♦ ❛ ♠❛s✲

s✐✈❡ st❡❡❧ ❜❧♦❝❦✳ ❆ ❝②❧✐♥❞r✐❝❛❧ ❜r❛ss s❧✐❞❡r ♠♦✈❡s ❛❧♦♥❣ t❤❡ r♦❞✳ ■t ✐s ❝✉t ✐♥t♦ t✇♦ ❤❛❧✈❡s

✇❤✐❝❤ ❛r❡ ❤❡❧❞ t♦❣❡t❤❡r ❜② r✉❜❜❡r ❜❛♥❞s ♣r♦✈✐❞✐♥❣ t❤❡ ♥♦r♠❛❧ ❢♦r❝❡ ✐♥ t❤❡ ❢r✐❝t✐♦♥

❝♦♥t❛❝t✳ ❋✐❣✳ ✹ s❤♦✇s ♣❤♦t♦❣r❛♣❤s ♦❢ t❤❡ ♠♦t♦r✳ ■t ❤❛s ❛ t♦t❛❧ ❧❡♥❣t❤ ♦❢ ❛❜♦✉t 52mm✱

t❤❡ s❧✐❞❡r ❤❛s ❛ ♠❛ss ♦❢ 6.92 g✳

❋✐❣✉r❡ ✺ s❤♦✇s ❛ ❢r❡q✉❡♥❝② s✇❡❡♣ ♦❢ t❤❡ ✏♠❡❝❤❛♥✐❝❛❧ ❛❞♠✐tt❛♥❝❡✑ Y
mech

✱ ✐✳ ❡✳ t❤❡

r❡❧❛t✐♦♥ ♦❢ t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ r♦❞ t✐♣ ẋR ❛♥❞ t❤❡ ❡①❝✐t❛t✐♦♥ ✈♦❧t❛❣❡ u✳ ▼❡❛s✉r❡♠❡♥ts

♦❢ t❤❡ s✉r❢❛❝❡ ✈❡❧♦❝✐t② ❛❧♦♥❣ t❤❡ r♦❞ ❤❛✈❡ s❤♦✇♥ t❤❛t ✐t ✐s ❛♣♣r♦①✐♠❛t❡❧② t❤❡ s❛♠❡ ❛t

❡❛❝❤ ♣♦✐♥t✳ ❚❤❡ r♦❞ ❝❛♥ t❤✉s ❜❡ r❡❣❛r❞❡❞ ❛s ❛ r✐❣✐❞ ❜♦❞②✳

✹ ▼♦t♦r ♠♦❞❡❧

❚❤❡ r✐❣✐❞ ❜♦❞② ♠♦❞❡❧ s❤♦✇♥ ✐♥ ✜❣✳ ✻ ✐s ✉s❡❞ t♦ s✐♠✉❧❛t❡ t❤❡ ♠♦t♦r ♦♣❡r❛t✐♦♥✿ xR(t)
❛♥❞ xS(t) ❛r❡ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ♦❢ r♦❞ ❛♥❞ s❧✐❞❡r✱ r❡s♣❡❝t✐✈❡❧②❀ mS ✐s t❤❡ s❧✐❞❡r ♠❛ss✳

❚❤❡ ❝♦♥t❛❝t ❢♦r❝❡ Fc(t) ❜❡t✇❡❡♥ r♦❞ ❛♥❞ s❧✐❞❡r r❡s✉❧ts ❢r♦♠ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❢♦r❝❡

Fg = mSg✱ ✇❤❡r❡ g = 9.81m/s2 ✐s t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❝♦♥st❛♥t✱ ❛♥❞ ❛♥ ❡①t❡r♥❛❧ ❢♦r❝❡

Fz(t)✱ ❜♦t❤ ❛ss✉♠❡❞ t♦ ❛❝t ♦♥ t❤❡ ❝❡♥t❡r ♦❢ ❣r❛✈✐t② C ♦❢ t❤❡ s❧✐❞❡r✳ ❚❤❡ ❢r✐❝t✐♦♥ ❢♦r❝❡

Ff (t) ❛❝ts ❜❡t✇❡❡♥ r♦❞ ❛♥❞ s❧✐❞❡r✳ ❆♥ ❛❞❞✐t✐♦♥❛❧ ❢♦r❝❡ Fx(t) ❛❝ts ♦♥ t❤❡ s❧✐❞❡r ✐♥

♣♦s✐t✐✈❡ ❞✐r❡❝t✐♦♥ ♦❢ xS ✳
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m S

F
t

f
( )F

t
f
( ) F

t
c
( )

F
t

c
( )

x
t

S
( )

F
t

z
( )

g

x
t

R
( )

Rod

Slider

F g

C

F
t

x
( )

❋✐❣✳ ✻ ❘✐❣✐❞ ❜♦❞② ♠♦❞❡❧ ♦❢ t❤❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥❡rt✐❛ ♠♦t♦r

❚❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ♦❢ t❤❡ s❧✐❞❡r ✐s t❤✉s

mS ẍS(t) = Fx(t)− Fg sin γ + Ff (t). ✭✶✮

❆ ❢r✐❝t✐♦♥ ♠♦❞❡❧ ✇✐t❤ t✇♦ ❞✐s❝r❡t❡ st❛t❡s ♦❢ st✐❝t✐♦♥ ❛♥❞ s❧✐❞✐♥❣ ✐s ❛ss✉♠❡❞ ✐♥ t❤❡

❢♦❧❧♦✇✐♥❣✳ ❉✉r✐♥❣ st✐❝t✐♦♥✱ r♦❞ ❛♥❞ s❧✐❞❡r ♠♦✈❡ t♦❣❡t❤❡r✱ ✇❤✐❝❤ r❡s✉❧ts ✐♥

Ff (t) = mS ẍR(t) + Fg sin γ − Fx(t). ✭✷✮

❙❧✐❞✐♥❣ ❜❡❣✐♥s ✇❤❡♥ Ff (t) ❡①❝❡❡❞s t❤❡ ❜r❡❛❦✲❛✇❛② ❢♦r❝❡ Ff,0(t) ❞❡t❡r♠✐♥❡❞ ❜② Fc(t)
❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ st✐❝t✐♦♥ µ0✿

|Ff (t)| > Ff,0(t) = µ0Fc(t). ✭✸✮

❉✉r✐♥❣ s❧✐❞✐♥❣✱ t❤❡ ❢r✐❝t✐♦♥ ❢♦r❝❡ ✐s ❞❡t❡r♠✐♥❡❞ ❜②

Ff (t) = µdFc sgn (ẋR(t)− ẋS(t)) , ✭✹✮

✇❤❡r❡ µd ✐s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ s❧✐❞✐♥❣ ❢r✐❝t✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❡❧❛t✐✈❡

✈❡❧♦❝✐t② ❜❡t✇❡❡♥ r♦❞ ❛♥❞ s❧✐❞❡r✳ ❙t✐❝t✐♦♥ ❜❡❣✐♥s ❛❣❛✐♥ ✇❤❡♥ t❤❡ ✈❡❧♦❝✐t✐❡s ♦❢ r♦❞ ❛♥❞

s❧✐❞❡r ❛r❡ ❡q✉❛❧✿

ẋR(t) = ẋS(t). ✭✺✮

■♥ ❛❧❧ ❢♦❧❧♦✇✐♥❣ ❝❛❧❝✉❧❛t✐♦♥s ❛♥❞ ❡①♣❡r✐♠❡♥ts✱ t❤❡ s❧✐❞❡r ✐s ♦♣❡r❛t❡❞ ❤♦r✐③♦♥t❛❧❧②✱

✐✳ ❡✳ ✇✐t❤ γ = 0➦✱ ✇✐t❤ ❛ ❝♦♥st❛♥t ❝♦♥t❛❝t ❢♦r❝❡ Fc = Fc(t)✱ ❛♥❞ ✉♥❧❡ss ❡①♣❧✐❝✐t❧② st❛t❡❞

♦t❤❡r✇✐s❡✱ ✇✐t❤♦✉t ❛♥② ❡①t❡r♥❛❧ ❢♦r❝❡ ✐♥ s❧✐❞✐♥❣ ❞✐r❡❝t✐♦♥✱ ✐✳ ❡✳ ✇✐t❤ Fx(t) = 0✳

✺ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❢r✐❝t✐♦♥ ❝♦♥t❛❝t

❲❤❡♥ ❝❤❛r❛❝t❡r✐③✐♥❣ ❢r✐❝t✐♦♥ ❝♦♥t❛❝ts✱ t❤❡ ♠❡❛s✉r❡♠❡♥t ❝♦♥❞✐t✐♦♥s s❤♦✉❧❞ ❣❡♥❡r❛❧❧② ❜❡

❛s ❝❧♦s❡ ❛s ♣♦ss✐❜❧❡ t♦ t❤❡ ♦♣❡r❛t✐♥❣ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ✐♥✈❡st✐❣❛t❡❞ s②st❡♠ ❬✹❪✱ ❜❡❝❛✉s❡

❢r✐❝t✐♦♥ ❝♦❡✣❝✐❡♥ts ❛♥❞ ♦t❤❡r ♣❛r❛♠❡t❡rs ♦❢ ♦♥❡ ❛♥❞ t❤❡ s❛♠❡ ❢r✐❝t✐♦♥ ❝♦♥t❛❝t ❝❛♥

❝❤❛♥❣❡ s✐❣♥✐✜❝❛♥t❧② ✇✐t❤ ♠❡❛s✉r❡♠❡♥t ❝♦♥❞✐t✐♦♥s ❬✺❪✳

■♥ t❤❡ t❡st ♠♦t♦r✱ t❤❡ ❢r✐❝t✐♦♥ ❢♦r❝❡ ❜❡t✇❡❡♥ r♦❞ ❛♥❞ s❧✐❞❡r ❝♦✉❧❞ ❡❛s✐❧② ❜❡ ♠❡❛s✉r❡❞

❜② ❞r❛❣❣✐♥❣ t❤❡ s❧✐❞❡r ❛❧♦♥❣ t❤❡ r♦❞ ❛♥❞ ♠❡❛s✉r✐♥❣ t❤❡ ❢♦r❝❡ r❡q✉✐r❡❞ t♦ ♠♦✈❡ t❤❡ s❧✐❞❡r✳

❇✉t t❤✐s s❡t✉♣ ✇✐t❤ ❧❛r❣❡ ♠♦✈❡♠❡♥ts ❛♥❞ ❛♥ ❛♣♣r♦①✐♠❛t❡❧② ❝♦♥st❛♥t r❡❧❛t✐✈❡ ✈❡❧♦❝✐t②
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(b) Partial sliding
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(c) Continuous sliding (low excitation amplitude)
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(d) Continuous sliding (high excitation amplitude)
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❋✐❣✳ ✼ Pr✐♥❝✐♣❛❧ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ s❧✐❞❡r ✈❡❧♦❝✐t② ❛t s✐♥✉s♦✐❞❛❧ r♦❞ ♠♦t✐♦♥ ♦❢ ❞✐✛❡r❡♥t
❛♠♣❧✐t✉❞❡✳ ❙✐♠✉❧❛t❡❞ ❢♦r ❛ ❢r❡q✉❡♥❝② ♦❢ 2000Hz ❛♥❞ st❛t♦r ❛♠♣❧✐t✉❞❡s ♦❢ ✭❛✮ 0.6 ➭m✱ ✭❜✮ 1.2 ➭m✱
✭❝✮ 1.8 ➭m✱ ❛♥❞ ✭❞✮ 18 ➭m✳

✐s ✈❡r② ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ❝♦♥❞✐t✐♦♥s ❞✉r✐♥❣ ✐♥❡rt✐❛ ♠♦t♦r ♦♣❡r❛t✐♦♥✳ ■t ✐s ❛❧s♦ ♣♦ss✐❜❧❡

t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❢r✐❝t✐♦♥ ❢♦r❝❡ ❛❝t✐♥❣ ♦♥ t❤❡ s❧✐❞❡r ❞✉r✐♥❣ ♥♦r♠❛❧ ♠♦t♦r ♦♣❡r❛t✐♦♥ ❢r♦♠

t❤❡ s❧✐❞❡r ❛❝❝❡❧❡r❛t✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ ❛ ❧❛s❡r ✈✐❜r♦♠❡t❡r ♠❡❛s✉r❡♠❡♥t ♦❢

t❤❡ s❧✐❞❡r ✈❡❧♦❝✐t②✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❬✶✸❪✳ ❇✉t t❤✐s ♠❡t❤♦❞ ✐s r❛t❤❡r t✐♠❡✲❝♦♥s✉♠✐♥❣ ❛♥❞

♣r♦❞✉❝❡s ❤❡❛✈✐❧② ✢✉❝t✉❛t✐♥❣ r❡s✉❧ts✳

❚❤❡ ❢r✐❝t✐♦♥ ❢♦r❝❡s ✐♥ t❤❡ ✐♥❡rt✐❛ ♠♦t♦r ❤❛✈❡ t❤❡r❡❢♦r❡ ❜❡❡♥ ❞❡t❡r♠✐♥❡❞ ✉s✐♥❣ ❛

♠❡t❤♦❞ ❜❛s❡❞ ♦♥ ❡✈❛❧✉❛t✐♥❣ t❤❡ ♠♦✈❡♠❡♥t ♦❢ t❤❡ s❧✐❞❡r ✇❤❡♥ t❤❡ r♦❞ ♣❡r❢♦r♠s ❛

s✐♥✉s♦✐❞❛❧ ♠♦t✐♦♥✿ ❆ss✉♠✐♥❣ ❈♦✉❧♦♠❜ ❢r✐❝t✐♦♥✱ t❤❡ s❧✐❞❡r ✈❡❧♦❝✐t② s❤♦✇s ♦♥❡ ♦❢ t❤r❡❡

❝❤❛r❛❝t❡r✐st✐❝s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❡①❝✐t❛t✐♦♥ ❛♠♣❧✐t✉❞❡ ❛♥❞ ❢r❡q✉❡♥❝②✳ ❊①❛♠♣❧❡s ♦❢ t❤❡s❡

❝❤❛r❛❝t❡r✐st✐❝s ❛r❡ s❤♦✇♥ ✐♥ ✜❣✳ ✼✿ ❚❤❡ s❧✐❞❡r ❡✐t❤❡r ❝♦♥t✐♥✉♦✉s❧② st✐❝❦s t♦ t❤❡ r♦❞ ❛s

✐♥ ✜❣ ✼✭❛✮✱ ❜r❡❛❦s ❧♦♦s❡ ❛♥❞ s❧✐❞❡s ❢♦r ♣❛rts ♦❢ t❤❡ ♣❡r✐♦❞ ❛s ✐♥ ✜❣✳ ✼✭❜✮✱ ♦r s❧✐❞❡s ❛❧❧

t❤❡ t✐♠❡ ❛s ✐♥ ✜❣✳ ✼✭❝✮ ❛♥❞ ✭❞✮✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ t❤❡ s❧✐❞❡r ✈❡❧♦❝✐t② ✐s s✐♥✉s♦✐❞❛❧✳ ■♥ t❤❡

t❤✐r❞ ❝❛s❡✱ ✐t ✐s tr✐❛♥❣✉❧❛r✳ ❚❤✐s tr❛♥s✐t✐♦♥ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❡①❝✐t❛t✐♦♥ ❛♠♣❧✐t✉❞❡ ❢r♦♠

❛ s✐♥✉s♦✐❞❛❧ t♦ ❛ tr✐❛♥❣✉❧❛r ✇❛✈❡❢♦r♠ ❤❛s ❝♦♥s❡q✉❡♥❝❡s ❢♦r t❤❡ ♠❡❛♥ ❛❜s♦❧✉t❡ ✈❡❧♦❝✐t②

❛♥❞ ❛❝❝❡❧❡r❛t✐♦♥ ♦❢ t❤❡ s❧✐❞❡r✱ t❤❡ ♣❤❛s❡ s❤✐❢t ❜❡t✇❡❡♥ t❤❡ ✈❡❧♦❝✐t✐❡s ♦❢ r♦❞ ❛♥❞ s❧✐❞❡r✱

❛♥❞ t❤❡ ❛♠♣❧✐t✉❞❡s ♦❢ ❤✐❣❤❡r ❤❛r♠♦♥✐❝s ✐♥ t❤❡ s❧✐❞❡r ✈❡❧♦❝✐t②✳ ❚❤❡s❡ ❝❤❛r❛❝t❡r✐st✐❝s

❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ✐♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ st✐❝t✐♦♥ ❛♥❞ ❢r✐❝t✐♦♥ ❬✶✶❪✳ ❋♦r

❡①❛♠♣❧❡✱ t❤❡ ♠❡❛♥ ❛❜s♦❧✉t❡ s❧✐❞❡r ❛❝❝❡❧❡r❛t✐♦♥ āS,abs ✐♥❝r❡❛s❡s ❧✐♥❡❛r❧② ✇✐t❤ ✐♥❝r❡❛s✐♥❣

❡①❝✐t❛t✐♦♥ ❛♠♣❧✐t✉❞❡ ❛s ❧♦♥❣ ❛s t❤❡ s❧✐❞❡r ❝♦♥t✐♥✉♦✉s❧② st✐❝❦s t♦ t❤❡ r♦❞ ❛s ✐♥ ✜❣ ✼✭❛✮✳

■❢ t❤❡ s❧✐❞❡r ✐s s❧✐❞✐♥❣ ❛❧❧ t❤❡ t✐♠❡ ❛s ✐♥ ✜❣✳ ✼✭❝✮ ❛♥❞ ✭❞✮✱ āS,abs ❡q✉❛❧s t❤❡ ❛❝❝❡❧❡r❛t✐♦♥

♣r♦❞✉❝❡❞ ❜② t❤❡ ❢r✐❝t✐♦♥ ❢♦r❝❡ µdFc✱ ✇❤✐❝❤ ✐s ❝♦♥st❛♥t ✐♥ ❛ ❈♦✉❧♦♠❜ ❢r✐❝t✐♦♥ ♠♦❞❡❧✱

❝♣✳ ❡q✉❛t✐♦♥ ✭✹✮✳

❚❤❡ ✈❡❧♦❝✐t✐❡s ♦❢ r♦❞ ❛♥❞ s❧✐❞❡r ❛r❡ ♠❡❛s✉r❡❞ ✐♥❞❡♣❡♥❞❡♥t❧②✳ ❇② ❞r✐✈✐♥❣ t❤❡ st❛t♦r

✇✐t❤ ❛ s✐♥✉s♦✐❞❛❧ ✈♦❧t❛❣❡ ♦❢ st❡♣✇✐s❡ ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❞❡❝r❡❛s✐♥❣ ❛♠♣❧✐t✉❞❡ ❛t ❛ s✉✐t❛❜❧❡

✜①❡❞ ❢r❡q✉❡♥❝②✱ ❛♥❞ ❡✈❛❧✉❛t✐♥❣ ❡❛❝❤ ♦❢ t❤❡ st❡♣s✱ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♠❡❛s✉r❡♠❡♥t ♣♦✐♥ts

✐s ♦❜t❛✐♥❡❞ ✐♥ ❛ s❤♦rt t✐♠❡✳ ❆s ❛♥ ❡①❛♠♣❧❡✱ ✜❣✳ ✽ s❤♦✇s ♠❡❛s✉r❡❞ t✐♠❡ s❡r✐❡s ♦❢ t❤❡

✈❡❧♦❝✐t✐❡s ♦❢ r♦❞ ❛♥❞ s❧✐❞❡r ❛t ❞✐✛❡r❡♥t ❡①❝✐t❛t✐♦♥ ❛♠♣❧✐t✉❞❡s✳ ❋✐❣✳ ✾ s❤♦✇s t❤❡ ❞②♥❛♠✐❝

❢r✐❝t✐♦♥ ❢♦r❝❡✱ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ♠❡❛♥ ❛❜s♦❧✉t❡ s❧✐❞❡r ❛❝❝❡❧❡r❛t✐♦♥ ❛s

Ff,d = mS · āS,abs = mS ·
1

(k2 − k1) · T

ˆ k2T

k1T

|ẍS(t)− ẍR(t)| dt, ✭✻✮
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t✉❞❡ r✐s✐♥❣ ❢r♦♠ ✉♣♣❡r ❧❡❢t t♦ ❧♦✇❡r r✐❣❤t✱ ❛♣♣r♦①✐♠❛t❡❧② 0.1 ➭m✱ 0.8 ➭m✱ 2.5 ➭m✱ ❛♥❞ 8.0 ➭m

0 10 20 30 40 50 60
0

0.5

1

v̄r,abs / mm/s

F
f
,d
/
N

 

 

measurement (∆v ≥ 10 mm/s)
measurement (∆v < 10 mm/s)
regression line

❋✐❣✳ ✾ ❉②♥❛♠✐❝ ❢r✐❝t✐♦♥ ❢♦r❝❡ Ff,d ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ♠❡❛♥ ❛❜s♦❧✉t❡ s❧✐❞❡r ❛❝❝❡❧❡r❛t✐♦♥
āS,abs ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts ✇✐t❤ s✐♥✉s♦✐❞❛❧ r♦❞ ♠♦t✐♦♥✱ ♣❧♦tt❡❞ ♦✈❡r t❤❡ ♠❡❛♥ ❛❜s♦❧✉t❡ r❡❧❛t✐✈❡
✈❡❧♦❝✐t② v̄r,abs

❢♦r ❛❧❧ ♠❡❛s✉r❡❞ ❝❛s❡s✱ ♣❧♦tt❡❞ ♦✈❡r t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♠❡❛♥ ❛❜s♦❧✉t❡ r❡❧❛t✐✈❡ ✈❡❧♦❝✐t②

v̄r,abs =
1

(k2 − k1) · T

ˆ k2T

k1T

|ẋS(t)− ẋR(t)| dt, ✭✼✮

✇❤❡r❡ T ✐s t❤❡ ❡①❝✐t❛t✐♦♥ ♣❡r✐♦❞ ❛♥❞ k1✱ k2 ❛r❡ ❛♣♣r♦♣r✐❛t❡❧② ❝❤♦s❡♥ ✇❤♦❧❡ ♥✉♠❜❡rs✳

❖t❤❡r t❤❛♥ ✐♥ ❛ ❈♦✉❧♦♠❜ ❢r✐❝t✐♦♥ ♠♦❞❡❧✱ Ff,d ❞♦❡s ♥♦t s❛t✉r❛t❡ ✇✐t❤ r✐s✐♥❣ v̄r,abs✱
❜✉t ❝♦♥t✐♥✉♦✉s❧② ✐♥❝r❡❛s❡s✳ ❚❤❡ ❡①♣❡r✐♠❡♥ts s❤♦✇ t❤❛t t❤❡r❡ ✐s ♥♦ s✐❣♥✐✜❝❛♥t ♣❤❛s❡ ♦❢

st✐❝t✐♦♥ ❛t v̄r,abs ≥ 10mm/s✳ ■♥ t❤✐s r❛♥❣❡ ♦❢ v̄r,abs✱ t❤❡ ❢r✐❝t✐♦♥ ❢♦r❝❡ ❝❛♥ t❤✉s ❜❡

❞❡t❡r♠✐♥❡❞ ❢r♦♠ āS,abs ❛s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳ ❆ r❡❣r❡ss✐♦♥ ❧✐♥❡ ✇❛s ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ❛

❧❡❛st sq✉❛r❡s ❛♣♣r♦❛❝❤✳ ■t ❢♦❧❧♦✇s t❤❡ ❡q✉❛t✐♦♥

Ff,d(v̄r,abs) = 0.940N + 2.213Ns/m · v̄r,abs. ✭✽✮

❋♦r ❛ ❈♦✉❧♦♠❜ ❢r✐❝t✐♦♥ ♠♦❞❡❧✱ ✐✳ ❡✳ ❛ ❝♦♥st❛♥t ❢r✐❝t✐♦♥ ❢♦r❝❡✱ t❤❡ r❡❣r❡ss✐♦♥ ②✐❡❧❞s

Ff,d = 1.01N. ✭✾✮

❚❤❡ ❜r❡❛❦✲❛✇❛② ❢♦r❝❡ Ff,0 = µ0Fc ❣❡♥❡r❛❧❧② ❤❛s ❧✐tt❧❡ t♦ ♥♦ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ❝❤❛r✲

❛❝t❡r✐st✐❝s ♦❢ ❤✐❣❤✲✈❡❧♦❝✐t② ✐♥❡rt✐❛ ♠♦t♦rs ❛s t❤❡s❡ ♠♦st❧② ✉s❡ s❧✐❞✐♥❣ ❢r✐❝t✐♦♥✳ ❙❡✈❡r❛❧

❝❧❛ss✐❝ ❡①♣❡r✐♠❡♥ts s✉❣❣❡st t❤❛t t❤❡ ❝♦❡✣❝✐❡♥ts µ0 ❛♥❞ µd ❛r❡ ❡q✉❛❧ ✐♥ s②st❡♠s ✇✐t❤



✽ ▼❛tt❤✐❛s ❍✉♥st✐❣ ❡t ❛❧✳

❋✐❣✳ ✶✵ ❊①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ❢♦r t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ♠♦t♦r ❝❤❛r❛❝t❡r✐st✐❝s

1
st ❤❛r♠✳ 2

nd ❤❛r♠♦♥✐❝ 3
rd ❤❛r♠♦♥✐❝ 4

th ❤❛r♠♦♥✐❝
❛♠♣❧✳ ❛♠♣❧✳ ♣❤❛s❡ ❛♠♣❧✳ ♣❤❛s❡ ❛♠♣❧✳ ♣❤❛s❡

❞❡s✐r❡❞
❞✐s♣❧❛❝❡♠❡♥t

6.23 ➭m 2.43 ➭m −153.7➦ 1.07 ➭m 46.9➦ 0.37 ➭m −113.9➦

✈♦❧t❛❣❡ ❛❝❝♦r❞✐♥❣
t♦ ❧✐♥❡❛r ♠♦❞❡❧

37.44V 13.98V −73.1➦ 5.75V −152.1➦ 2.05V 126.1➦

✈♦❧t❛❣❡ ❛♣♣❧✐❡❞
❛❢t❡r ✐t❡r❛t✐♦♥

36.87V 14.09V −75.1➦ 5.76V −150.1➦ 1.97V 140.5➦

❚❛❜❧❡ ✶ ❆♠♣❧✐t✉❞❡s ❛♥❞ ♣❤❛s❡s ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❤❛r♠♦♥✐❝s ♦❢ ♦♥❡ ✐♥✈❡st✐❣❛t❡❞ s✐❣♥❛❧ ✭f1 =

4625Hz✱ n = 2✱ fn = 9250Hz✮❀ ❛❧❧ ♣❤❛s❡s s♣❡❝✐✜❡❞ r❡❧❛t✐✈❡ t♦ t❤❡ 1
st ❤❛r♠♦♥✐❝

❧❛r❣❡ r❛t❡s ♦❢ ❝❤❛♥❣❡ ♦❢ t❤❡ t❛♥❣❡♥t✐❛❧ ❢♦r❝❡ ❬✷✺✱ ♣✳ ✾✵ ❛♥❞ r❡❢❡r❡♥❝❡s ❣✐✈❡♥ t❤❡r❡✐♥❪✳

❚❤✐s ✐s t❤❡ ❝❛s❡ ✐♥ ❤✐❣❤✲✈❡❧♦❝✐t② ✐♥❡rt✐❛ ♠♦t♦rs s✉❝❤ ❛s t❤❡ ✐♥✈❡st✐❣❛t❡❞ t❡st ♠♦t♦r✳

❇❡❝❛✉s❡ ✐t ✐s ❞✐✣❝✉❧t t♦ ❞❡t❡r♠✐♥❡ ❞✐r❡❝t❧② ❛t ❝♦♥❞✐t✐♦♥s s✐♠✐❧❛r t♦ t❤❡ ♦♣❡r❛t✐♦♥ ♦❢

t❤❡ t❡st ♠♦t♦r✱ t❤❡ ❜r❡❛❦✲❛✇❛② ❢♦r❝❡ ✐s t❤❡r❡❢♦r❡ ❛ss✉♠❡❞ t♦ ❡q✉❛❧ t❤❡ ❞②♥❛♠✐❝ ❢r✐❝t✐♦♥

❢♦r❝❡ ❛t ✐♥✜♥✐t❡❧② s♠❛❧❧ r❡❧❛t✐✈❡ ✈❡❧♦❝✐t②✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛s Ff,d (v̄r,abs = 0)
❢r♦♠ ❡q✉❛t✐♦♥ ✭✽✮ ♦r ✭✾✮✳

✻ ❊①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ❛♥❞ ♣r♦❝❡❞✉r❡

❚❤❡ ❞❡s✐r❡❞ st❛t♦r ❞✐s♣❧❛❝❡♠❡♥t s✐❣♥❛❧s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ♦♥❧② ✐❢ t❤❡ ❡❧❡❝tr✐❝ ❞r✐✈✐♥❣

s✐❣♥❛❧ ❛❝❝♦✉♥ts ❢♦r t❤❡ st❛t♦r ❞②♥❛♠✐❝s✳ ❚❤✐s ✐s ❛❝❤✐❡✈❡❞ ✐♥ t✇♦ st❡♣s✿ ❋✐rst✱ t❤❡ ❞❡s✐r❡❞

s✐❣♥❛❧ ✐s ♣❛ss❡❞ t❤r♦✉❣❤ ❛♥ ✐♥✈❡rs❡ ❧✐♥❡❛r ♠♦❞❡❧ ♦❢ t❤❡ st❛t♦r ❞②♥❛♠✐❝s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡

❢r❡q✉❡♥❝② s✇❡❡♣ s❤♦✇♥ ✐♥ ✜❣✳ ✺✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❬✶✷❪✳ ❚❤❡ st❛t♦r ✐s t❤❡♥ ❡①❝✐t❡❞ ✉s✐♥❣

t❤❡ ♦❜t❛✐♥❡❞ ❡❧❡❝tr✐❝❛❧ s✐❣♥❛❧✳ ❉✉❡ t♦ ♥♦♥❧✐♥❡❛r✐t✐❡s ♦❢ t❤❡ s②st❡♠ s✉❝❤ ❛s ❤②st❡r❡s✐s

❛♥❞ ❛♠♣❧✐t✉❞❡ ❞❡♣❡♥❞❡♥❝❡✱ t❤❡ ❞❡s✐r❡❞ ❞✐s♣❧❛❝❡♠❡♥t ♣r♦✜❧❡ ✐s t②♣✐❝❛❧❧② r❡❛❝❤❡❞ ♦♥❧②

r♦✉❣❤❧② ✇✐t❤ t❤✐s s✐❣♥❛❧✳ ❚❤✉s✱ ✐♥ ❛ s❡❝♦♥❞ st❡♣✱ t❤❡ ♠❡❛s✉r❡❞ r♦❞ ❞✐s♣❧❛❝❡♠❡♥t ✐s

❛♥❛❧②③❡❞ ❛♥❞ ❛♠♣❧✐t✉❞❡s ❛♥❞ ♣❤❛s❡s ♦❢ t❤❡ ❡❧❡❝tr✐❝❛❧ s✐❣♥❛❧ ❛r❡ ❛❞❥✉st❡❞ ❛❝❝♦r❞✐♥❣❧②✳

❚②♣✐❝❛❧❧②✱ ♦♥❡ s✉❝❤ ✐t❡r❛t✐♦♥ ❝②❝❧❡ ✐s s✉✣❝✐❡♥t t♦ ❛❝❤✐❡✈❡ ❛♠♣❧✐t✉❞❡ ❛♥❞ ♣❤❛s❡ ❡rr♦rs

❜❡❧♦✇ ✶ ✪✱ r❡s♣❡❝t✐✈❡❧② ✶➦✳ ❆s ❛♥ ❡①❛♠♣❧❡✱ t❛❜❧❡ ✶ s❤♦✇s t❤❡ ❛♠♣❧✐t✉❞❡s ❛♥❞ ♣❤❛s❡s

♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❤❛r♠♦♥✐❝s ♦❢ t❤❡ ❞❡s✐r❡❞ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ ♦❢ t❤❡ ❡①❝✐t❛t✐♦♥ ✈♦❧t❛❣❡

❜❡❢♦r❡ ❛♥❞ ❛❢t❡r ✐t❡r❛t✐♦♥ ❢♦r ♦♥❡ ♦❢ t❤❡ ✐♥✈❡st✐❣❛t❡❞ s✐❣♥❛❧s✳

❋✐❣✳ ✶✵ s❤♦✇s t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ✉s❡❞ ❢♦r t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢

♠♦t♦r ❝❤❛r❛❝t❡r✐st✐❝s✳ ❚❤❡ ♠♦t♦r ✐s ❞r✐✈❡♥ s♦ t❤❛t t❤❡ s❧✐❞❡r ♠♦✈❡s ❜❡t✇❡❡♥ t❤❡ t✇♦ ❡♥❞

st♦♣s✳ ❚❤❡s❡ ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ ❛ ❢♦r❝❡ s❡♥s♦r ✇❤✐❝❤ ♠❡❛s✉r❡s t❤❡ r❡❛❝t✐♦♥ ❢♦r❝❡ −Fx(t)



❍✐❣❤✲❱❡❧♦❝✐t② ❖♣❡r❛t✐♦♥ ♦❢ P✐❡③♦❡❧❡❝tr✐❝ ■♥❡rt✐❛ ▼♦t♦rs ✾

♦❢ t❤❡ ❡♥❞ st♦♣s✱ ❝♣✳ ✜❣✳ ✻✳ ❚❤❡ ❢♦r❝❡ s✐❣♥❛❧ ✐s r❡❝♦r❞❡❞ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ✈❡❧♦❝✐t✐❡s

♦❢ r♦❞ ❛♥❞ s❧✐❞❡r✱ t❤❡ ✈♦❧t❛❣❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r✱ ❛♥❞ t❤❡ r❡s✉❧t✐♥❣

❝✉rr❡♥t✳

❆❧❧ ♣❡r❢♦r♠❛♥❝❡ ✐♥❞✐❝❛t♦rs ❞❡✜♥❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s❡s ✐♥ ❬✶✹✱✶✺❪ ❛r❡

✐♥✈❡st✐❣❛t❡❞ ❡①♣❡r✐♠❡♥t❛❧❧②✿ ❚❤❡ st❡❛❞② st❛t❡ ✈❡❧♦❝✐t② v̄∞ ✐s ❞❡t❡r♠✐♥❡❞ ❛s t❤❡ ♠❡❛♥

s❧✐❞❡r ✈❡❧♦❝✐t② ❛❢t❡r t❤❡ st❛rt✲✉♣ ♣❤❛s❡ ❛♥❞ ❜❡❢♦r❡ t❤❡ s❧✐❞❡r ❤✐ts ❛♥ ❡♥❞ st♦♣✳ ❚❤❡

st❛rt✲✉♣ t✐♠❡ t0.99✱ ❛❢t❡r ✇❤✐❝❤ t❤❡ ♠♦t♦r r❡❛❝❤❡s 99% ♦❢ ✐ts st❡❛❞② st❛t❡ ✈❡❧♦❝✐t②✱ ✐s

❞❡t❡r♠✐♥❡❞ ✉s✐♥❣ ❛♥ ❡①♣♦♥❡♥t✐❛❧ r❡❣r❡ss✐♦♥ ❢✉♥❝t✐♦♥✳ ❆t ✈❡r② ❧♦✇ ❡①❝✐❛t✐♦♥ ❢r❡q✉❡♥❝✐❡s✱

t❤❡ ♠❡❛♥ ♠♦t♦r ✈❡❧♦❝✐t② ❞♦❡s ♥♦t ✐♥❝r❡❛s❡✱ ❜✉t ❞❡❝r❡❛s❡ ♦✈❡r t❤❡ ✜rst ♣❡r✐♦❞s✳ ■♥ t❤❡s❡

❝❛s❡s✱ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ✐s ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t1.01✱ ✱ t❤❡ t✐♠❡ ❛❢t❡r ✇❤✐❝❤ t❤❡ ♠♦t♦r

r❡❛❝❤❡s 101% ♦❢ ✐ts st❡❛❞② st❛t❡ ✈❡❧♦❝✐t②✳ ❋♦r t❤❡ ✐♥✈❡st✐❣❛t❡❞ ❢r❡q✉❡♥❝✐❡s✱ t❤❡ st❡❛❞②

st❛t❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ♠♦t♦r ✐s r❡❛❝❤❡❞ ❛❢t❡r ♦♥❧② ❛ ❢❡✇ ❡①❝✐t❛t✐♦♥ ♣❡r✐♦❞s✱ ♦❢t❡♥ ❡✈❡♥

✐♥ t❤❡ ✜rst ♣❡r✐♦❞✳ ❈♦♠❜✐♥❡❞ ✇✐t❤ ✐♥❡✈✐t❛❜❧❡ ♠❡❛s✉r❡♠❡♥t ♥♦✐s❡✱ t❤✐s ♠❛❦❡s t❤❡ st❛rt✲

✉♣ t✐♠❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ✐♥❞✐❝❛t♦r ✇❤✐❝❤ ✐s ♠♦st ❞✐✣❝✉❧t t♦ ❞❡t❡r♠✐♥❡✳ ■♥st❡❛❞ ♦❢

t❤❡ st❡❛❞② st❛t❡ s♠♦♦t❤♥❡ss ✐♥❞✐❝❛t♦r ς∞ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✹❪✱ ✐ts ✐♥✈❡rs❡✱ t❤❡ st❡❛❞②

st❛t❡ ♣❡❛❦✲t♦✲♣❡❛❦ r✐♣♣❧❡ r∞ ♦❢ t❤❡ s❧✐❞❡r ✈❡❧♦❝✐t② ✐s ✐♥✈❡st✐❣❛t❡❞✱ ❜❡❝❛✉s❡ ❛ st❛♥❞❛r❞

❞❡✜♥✐t✐♦♥ ♦❢ r✐♣♣❧❡ ❝❛♥ ❜❡ ✉s❡❞✳ ■t ✐s ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ ♠❡❛s✉r❡❞ s❧✐❞❡r ✈❡❧♦❝✐t②

ẋS(t) ✐♥ st❡❛❞② st❛t❡ ❛♥❞ v̄∞ ❛s

r∞ =
max (ẋS(t))−min (ẋS(t))

|v̄∞|
. ✭✶✵✮

❚❤❡ ❞✉r❛❜✐❧✐t② ✐♥❞✐❝❛t♦r δ∞ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✺❪ ❞❡s❝r✐❜❡s t❤❡ r❛t✐♦ ♦❢ tr❛✈❡❧❧❡❞ ❞✐s✲

t❛♥❝❡ ❛♥❞ ✇♦r♥ ✈♦❧✉♠❡✳ ❋♦r ✐ts ❝❛❧❝✉❧❛t✐♦♥✱ t❤❡ ♥♦r♠❛❧ ❢♦r❝❡ Fc ✐♥ t❤❡ ❢r✐❝t✐♦♥ ❝♦♥t❛❝t

♠✉st ❜❡ ❦♥♦✇♥✳ ❇❡❝❛✉s❡ t❤✐s ❢♦r❝❡ ❝❛♥♥♦t ❜❡ ♠❡❛s✉r❡❞ ✐♥ t❤❡ t❡st ♠♦t♦r✱ Fcδ∞✱

✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ✇✐t❤♦✉t ❦♥♦✇✐♥❣ Fc✱ ✐s ❝❛❧❝✉❧❛t❡❞ ❛♥❞ ❝♦♠♣❛r❡❞ ✐♥st❡❛❞✳

ζ∞ = v̄∞/S ✐s ❛♥ ✐♥❞✐❝❛t♦r ❢♦r t❤❡ ❡♥❡r❣② ❡✣❝✐❡♥❝② ♦❢ ❛♥ ✐♥❡rt✐❛ ♠♦t♦r✱ ❞❡s❝r✐❜✐♥❣ t❤❡

r❛t✐♦ ♦❢ st❡❛❞② st❛t❡ ✈❡❧♦❝✐t② v̄∞ ❛♥❞ ✐♥♣✉t ♣♦✇❡r S✳ ❋♦r ✐ts ❡①♣❡r✐♠❡♥t❛❧ ❞❡t❡r♠✐♥❛✲

t✐♦♥✱ t❤❡ ❛♠♣❧✐t✉❞❡ S ♦❢ t❤❡ ❝♦♠♣❧❡① ♣♦✇❡r ✐s ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ ♠❡❛s✉r❡❞ ✈♦❧t❛❣❡

❛♥❞ ❝✉rr❡♥t ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r✳

■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ♣❡r❢♦r♠❛♥❝❡ ✐♥❞✐❝❛t♦rs✱ t❤❡ ❢♦r❝❡ ❣❡♥❡r❛t✐♦♥

♣♦t❡♥t✐❛❧ ♦❢ t❤❡ ♠♦t♦r ✐s ✐♥✈❡st✐❣❛t❡❞✳ ❚❤❡ ❢♦r❝❡ ❣❡♥❡r❛t❡❞ ❜② ❛♥ ✐♥❡rt✐❛ ♠♦t♦r ❤❛s

❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ❜② ♦♥❧② ❛ ❢❡✇ r❡s❡❛r❝❤❡rs t♦ ❞❛t❡ ❛♥❞ ❤❛s ♣r❡✈✐♦✉s❧② ❜❡❡♥ ♠❡❛s✉r❡❞

❜② ♠❛❦✐♥❣ t❤❡ s❧✐❞❡r ♠♦✈❡ ❛❣❛✐♥st ❛ s♣r✐♥❣ ♦r ❧♦❛❞ ❝❡❧❧ ❬✼✱✻✱✸✱✷✻❪✱ ❜② ❞r✐✈✐♥❣ ❛ ♣❛rt

❞✐r❡❝t❧② ❝♦♥♥❡❝t❡❞ t♦ ❛ ❧♦❛❞ ❝❡❧❧ ✐♥st❡❛❞ ♦❢ ❛ s❧✐❞❡r ❬✷✾❪✱ ♦r ❜② ❧✐❢t✐♥❣ ✇❡✐❣❤ts ❬✷✸❪✳ ❚❤❡

✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t ♠❡t❤♦❞ ♦♥ t❤❡ r❡s✉❧ts ❛♥❞ t❤❡✐r ♣r❛❝t✐❝❛❧ s✐❣♥✐✜❝❛♥❝❡

❤❛✈❡ ♥♦t ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ s♦ ❢❛r✳ ❆ ♠♦❞❡❧ s✐♠✉❧❛t✐♦♥✱ ✉s✐♥❣ Fx(t) ❛s ❛ s♣r✐♥❣ ❢♦r❝❡✱

s❤♦✇s t❤❛t r✉♥♥✐♥❣ t❤❡ s❧✐❞❡r ❛❣❛✐♥st ❛ s♣r✐♥❣ ✐s ❛ r♦❜✉st ♠❡t❤♦❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡

❢♦r❝❡ ❣❡♥❡r❛t✐♦♥ ♣♦t❡♥t✐❛❧ ♦❢ ❛♥ ✐♥❡rt✐❛ ♠♦t♦r ✐❢ t❤❡ s♣r✐♥❣ ✐s s✉✣❝✐❡♥t❧② s♦❢t✳ ❋✐❣✳ ✶✶

s❤♦✇s t❤❡ ♠❡❛♥ s♣r✐♥❣ ❢♦r❝❡ F̄x ✐♥ st❡❛❞② st❛t❡ ❢♦r ♦♥❡ ❡①❛♠♣❧❡ s❡t✉♣✳ ■♥ t❤✐s ❝❛s❡✱

t❤❡ ❝r✐t✐❝❛❧ s♣r✐♥❣ st✐✛♥❡ss ✐s ❛♣♣r♦①✐♠❛t❡❧② 80N/mm✳ ❆t ❧♦✇❡r st✐✛♥❡ss❡s✱ t❤❡ st❡❛❞②

st❛t❡ s♣r✐♥❣ ❢♦r❝❡ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ st✐✛♥❡ss✳ ❚❤✐s ♠❡t❤♦❞ ❝❛♥ t❤❡r❡❢♦r❡ ❜❡ ✉s❡❞ t♦

❞❡t❡r♠✐♥❡ t❤❡ ❢♦r❝❡ ❣❡♥❡r❛t✐♦♥ ♣♦t❡♥t✐❛❧ ♦❢ ❛♥ ✐♥❡rt✐❛ ♠♦t♦r ❡✈❡♥ ✐❢ t❤❡ ❧♦❛❞ st✐✛♥❡ss

✐s ♥♦t ❦♥♦✇♥ ❡①❛❝t❧②✱ ❛s ❧♦♥❣ ❛s ✐t ❝❛♥ ❜❡ ❛ss✉r❡❞ t♦ ❜❡ ❜❡❧♦✇ t❤✐s ❝r✐t✐❝❛❧ ✈❛❧✉❡ ✇❤✐❝❤

❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ❢r♦♠ ♠♦❞❡❧ s✐♠✉❧❛t✐♦♥s✳

■♥ t❤❡ ❡①♣❡r✐♠❡♥ts✱ t❤❡ ♠♦t♦r ✐s ❞r✐✈❡♥ ✉s✐♥❣ s✐❣♥❛❧s ❝♦♥t❛✐♥✐♥❣ ✷✱ ✸✱ ♦r ✹ ❤❛r♠♦♥✐❝s

✇✐t❤ ❢✉♥❞❛♠❡♥t❛❧ ❢r❡q✉❡♥❝✐❡s f1 ❜❡t✇❡❡♥ 578Hz ❛♥❞ 9250Hz✳ ❚❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡

❤✐❣❤❡st ❤❛r♠♦♥✐❝ ✐♥ ❛ s✐❣♥❛❧ ✐s r❡❢❡rr❡❞ t♦ ❛s fn = nf1✳ ❚❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ❡①❝✐t❛t✐♦♥

✈♦❧t❛❣❡ ✐s ❝❤♦s❡♥ s♦ t❤❛t t❤❡ r♦❞ ❤❛s ❛ str♦❦❡ ♦❢ 15➭m ✐♥ ❛❧❧ ♦❢ t❤❡s❡ ❝❛s❡s✳
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❋✐❣✳ ✶✶ ▼❡❛♥ st❡❛❞② st❛t❡ s♣r✐♥❣ ❢♦r❝❡ F̄x ❝❛❧❝✉❧❛t❡❞ ❢♦r ❞✐✛❡r❡♥t s♣r✐♥❣ st✐✛♥❡ss❡s kL

✼ ❘❡s✉❧ts

❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ❡①♣❡r✐♠❡♥ts ❤❛✈❡ ❜❡❡♥ ❝♦♠♣❛r❡❞ t♦ s✐♠✉❧❛t✐♦♥s ✉s✐♥❣ t✇♦ ❞✐✛❡r❡♥t

❢r✐❝t♦♥ ♠♦❞❡❧s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❢r✐❝t✐♦♥ ❝♦♥t❛❝t ❞❡s❝r✐❜❡❞ ✐♥

s❡❝t✐♦♥ ✺✿ ▼♦❞❡❧ ✶ ✉s❡s ❈♦✉❧♦♠❜ ❢r✐❝t✐♦♥ ✇✐t❤ t❤❡ ❞②♥❛♠✐❝ ❢r✐❝t✐♦♥ ❢♦r❝❡ Ff,d = 1.01N✳

▼♦❞❡❧ ✷ ✉s❡s ❛ ✈❡❧♦❝✐t②✲❞❡♣❡♥❞❡♥t ❞②♥❛♠✐❝ ❢r✐❝t✐♦♥ ❢♦r❝❡ Ff,d(∆v) ❛s ❞❡s❝r✐❜❡❞ ❜②

❡q✉❛t✐♦♥ ✽✳ ❋✐❣✳ ✶✷ s❤♦✇s s✐♠✉❧❛t✐♦♥ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts✳

❊①❝❡♣t ❢♦r t❤❡ st❛rt✲✉♣ t✐♠❡✱ ✇❤✐❝❤ ✐s ❞✐✣❝✉❧t t♦ ❞❡t❡r♠✐♥❡ ❡①♣❡r✐♠❡♥t❛❧❧② ❡s♣❡✲

❝✐❛❧❧② ❛t ❧♦✇ ❢r❡q✉❡♥❝✐❡s✱ ❛❧❧ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❛r❡ ✇❡❧❧ r❡♣r♦❞✉❝❛❜❧❡✳ ■♥ ❛❧♠♦st ❛❧❧

❝❛s❡s✱ s✐♠✉❧❛t✐♦♥ ✇✐t❤ ❢r✐❝t✐♦♥ ♠♦❞❡❧ ✷ ♣r♦❞✉❝❡s r❡s✉❧ts ❝❧♦s❡r t♦ t❤❡ ♠❡❛s✉r❡♠❡♥t t❤❛♥

s✐♠✉❧❛t✐♦♥ ✇✐t❤ ❢r✐❝t✐♦♥ ♠♦❞❡❧ ✶✳ ❆ ❧❛r❣❡r r❡❧❛t✐✈❡ ❞❡✈✐❛t✐♦♥ ❜❡t✇❡❡♥ ♠♦❞❡❧ ✷ ❛♥❞ t❤❡

♠❡❛s✉r❡♠❡♥t ❝❛♥ ♦♥❧② ❜❡ ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❝❛s❡ ✇✐t❤ t❤❡ ❧♦✇❡st ❢✉♥❞❛♠❡♥t❛❧ ❢r❡q✉❡♥❝②

✭n = 4 ❛t fn = 2312Hz✮✱ ✇❤❡r❡ st✐❝t✐♦♥ ❤❛s t❤❡ ❧❛r❣❡st ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ s❧✐❞❡r ♠♦t✐♦♥✳

✽ ❈♦♥❝❧✉s✐♦♥s

❚❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ t✇♦ ❢r✐❝t✐♦♥ ♠♦❞❡❧s s❤♦✇s t❤❛t ✐t ❝❛♥ ❜❡ ✐♠♣♦rt❛♥t t♦ ♣❛② ❛tt❡♥✲

t✐♦♥ t♦ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❢r✐❝t✐♦♥ ❢♦r❝❡ ♦♥ t❤❡ r❡❧❛t✐✈❡ ✈❡❧♦❝✐t② ❜❡t✇❡❡♥ t❤❡ ❢r✐❝t✐♦♥

♣❛rt♥❡rs ✇❤❡♥ s✐♠✉❧❛t✐♥❣ ❛♥ ✐♥❡rt✐❛ ♠♦t♦r✳ ❯s✐♥❣ ❛ ❢r✐❝t✐♦♥ ♠♦❞❡❧ ✇❤✐❝❤ ✐♥❝♦r♣♦r❛t❡s ❛

✈❡❧♦❝✐t②✲❞❡♣❡♥❞❡♥t ❢r✐❝t✐♦♥ ❢♦r❝❡✱ t❤❡ s✐♠✉❧❛t✐♦♥ r❡♣r♦❞✉❝❡s t❤❡ ♠❡❛s✉r❡❞ ♠♦t♦r ❝❤❛r✲

❛❝t❡r✐st✐❝s ✇❡❧❧✱ ❡s♣❡❝✐❛❧❧② ❛t ❤✐❣❤❡r ❢r❡q✉❡♥❝✐❡s✳ ■♥❡rt✐❛ ♠♦t♦rs ✇❤✐❝❤ ❛r❡ ❝♦♥str✉❝t❡❞

❢♦r ❤✐❣❤ ✈❡❧♦❝✐t② ✉s✉❛❧❧② ♦♣❡r❛t❡ ❛t ❢r❡q✉❡♥❝✐❡s ❛❜♦✈❡ t❤❡ ❤✐❣❤❡st ❢r❡q✉❡♥❝✐❡s ✇❤✐❝❤ ❝❛♥

❜❡ ✐♥✈❡st✐❣❛t❡❞ ✉s✐♥❣ t❤❡ t❡st ♠♦t♦r✳ ❆ ♠♦❞❡❧ ✇✐t❤ ❛ ✈❡❧♦❝✐t②✲❞❡♣❡♥❞❡♥t ❢r✐❝t✐♦♥ ❢♦r❝❡

s❤♦✉❧❞ t❤✉s ❛❧s♦ ❜❡ ❛♣♣r♦♣r✐❛t❡ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡s❡ ♠♦t♦rs✳

❚❤❡ ❡①♣❡r✐♠❡♥ts ❝♦♥✜r♠❡❞ t❤❡ t❤❡♦r❡t✐❝❛❧ ✜♥❞✐♥❣s ❢r♦♠ ❬✶✹✱✶✺❪✱ t❤❛t ❤✐❣❤✲✈❡❧♦❝✐t②

✐♥❡rt✐❛ ♠♦t♦rs s❤♦✉❧❞ ❜❡ ❞r✐✈❡♥ ✇✐t❤ ❤✐❣❤ ❢r❡q✉❡♥❝✐❡s ❛♥❞ t❤❛t t✇♦ s✉♣❡r♣♦s❡❞ s✐♥✉✲

s♦✐❞❛❧ s✐❣♥❛❧s ❛r❡ s✉✣❝✐❡♥t t♦ r❡❛❝❤ ❤✐❣❤ ✈❡❧♦❝✐t✐❡s✳ ■❢ t❤❡ ♠♦t♦r s❤❛❧❧ ❜❡ ❛❜❧❡ t♦ ❣❡♥❡r❛t❡

❧❛r❣❡r ❢♦r❝❡s✱ s✐❣♥❛❧s ✇✐t❤ ♠♦r❡ ❤❛r♠♦♥✐❝s s❤♦✉❧❞ ❜❡ ✉s❡❞✳ ❚❤❡ ❞r✐✈✐♥❣ ❢r❡q✉❡♥❝② ❤❛s

❧✐tt❧❡ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ❣❡♥❡r❛t❡❞ ❢♦r❝❡ ❛❜♦✈❡ ❛ r❡❧❛t✐✈❡❧② ❧♦✇ t❤r❡s❤♦❧❞✳

❘❡❢❡r❡♥❝❡s

✶✳ ❆♥❞❡rs✱ ▼✳✱ ❚❤❛❡r✱ ▼✳✱ ❍❡✐❞❡♥✱ ❈✳✿ ❙✐♠♣❧❡ ♠✐❝r♦♣♦s✐t✐♦♥✐♥❣ ❞❡✈✐❝❡s ❢♦r ❙❚▼✳ ❙✉r❢✳ ❙❝✐✳
✶✽✶✭✶✕✷✮✱ ✶✼✻✕✶✽✷ ✭✶✾✽✼✮

✷✳ ❇❛♥s❡✈✐❝✐✉s✱ ❘✳✱ ❇❧❡❝❤❡rt❛s✱ ❱✳✿ ▼✉❧t✐✲❞❡❣r❡❡✲♦❢✲❢r❡❡❞♦♠ ✉❧tr❛s♦♥✐❝ ♠♦t♦rs ❢♦r ♠❛ss✲
❝♦♥s✉♠❡r ❞❡✈✐❝❡s✳ ❏✳ ❊❧❡❝tr♦❝❡r❛♠✳ ✷✵✭✸✮✱ ✷✷✶✕✷✷✹ ✭✷✵✵✽✮

✸✳ ❇❡❧❧②✱ ❈✳✱ P♦r❝❤❡③✱ ❚✳✱ ❇❛❣♦t✱ ▼✳✱ ❈❧❛❡②ss❡♥✱ ❋✳✿ ■♠♣r♦✈❡♠❡♥t ♦❢ ❧✐♥❡❛r ❛♥❞ r♦t❛t✐✈❡ st❡♣✲
♣✐♥❣ ♣✐❡③♦ ❛❝t✉❛t♦rs ✉s✐♥❣ ❞❡s✐❣♥ ❛♥❞ ❝♦♥tr♦❧✳ ■♥✿ ❆❈❚❯❆❚❖❘ ✶✷ ❈♦♥❢✳ Pr♦❝✳✱ ♣♣✳ ✷✹✻✕
✷✹✾✳ ❲✐rts❝❤❛❢ts❢ör❞❡r✉♥❣ ❇r❡♠❡♥✱ ❇r❡♠❡♥ ✭✷✵✶✷✮



❍✐❣❤✲❱❡❧♦❝✐t② ❖♣❡r❛t✐♦♥ ♦❢ P✐❡③♦❡❧❡❝tr✐❝ ■♥❡rt✐❛ ▼♦t♦rs ✶✶

✹✳ ❇❡r❣❛♥❞❡r✱ ❆✳✱ ❇r❡❣✉❡t✱ ❏✳▼✳✿ ❆ t❡st✐♥❣ ♠❡❝❤❛♥✐s♠ ❛♥❞ t❡st✐♥❣ ♣r♦❝❡❞✉r❡ ❢♦r ♠❛t❡r✐❛❧s
✐♥ ✐♥❡rt✐❛❧ ❞r✐✈❡s✳ ■♥✿ ✷✵✵✷ ■♥t✳ ❙②♠♣✳ ▼✐❝r♦♠❡❝❤❛tr♦♥✐❝s ❛♥❞ ❍✉♠❛♥ ❙❝✐❡♥❝❡✱ ◆❛❣♦②❛✱
❏❛♣❛♥✱ ♣♣✳ ✷✶✸✕✷✶✽✳ ■❊❊❊ ✭✷✵✵✷✮

✺✳ ❇❧❛✉✱ P✳❏✳✿ ❙❝❛❧❡ ❡✛❡❝ts ✐♥ s❧✐❞✐♥❣ ❢r✐❝t✐♦♥✿ ❆♥ ❡①♣❡r✐♠❡♥t❛❧ st✉❞②✳ ■♥✿ ■✳▲✳ ❙✐♥❣❡r✱ ❍✳▼✳
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✶✷ ▼❛tt❤✐❛s ❍✉♥st✐❣ ❡t ❛❧✳
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