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ABSTRACT: Submesoscale coherent vortices (SCVs) are a ubiquitous feature of topographic wakes in the extratropical

oceans. Recent studies demonstrate a mechanism wherein high-vorticity bottom boundary layers (BBLs) on the slopes of

the topography separate (forming shear layers), undergo instabilities, and subsequently merge in the horizontal and align in

the vertical to form vertically coherent, columnar SCVs (i.e., with low vertical shear). Background rotation is critical to the

vertical alignment of unstable vortical filaments into coherent SCVs. In the tropics, however, the weakening of rotation

prevents this alignment. Employing an idealized framework of steady barotropic flow past an isolated seamount in a

background of constant stratification N and rotation rate f, we examine the wake structure for a range of f values spanning

values from the poles to the tropics. We find a systematic increase in the interior vertical shear with decreasing f that

manifests as a highly layeredwake structure consisting of vertically thin, ‘‘pancake’’ SCVs possessing a high vertical shear.A

monotonic increase in the wake energy dissipation rate is concomitantly observed with decreasing f. By examining the

evolution equations for the vertical shear and vertical enstrophy, we find that the interior shear generation is an advective

process, with the location of peak shear generation approximately collocated with maximum energy dissipation. This leads

to the inference that high-wake dissipation in tropical topographic wakes is caused by parameterized shear instabilities

induced by interior advective generation of vertical shear in the near wake region.
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1. Introduction

Geostrophic oceanic currents interact with topography

along their path, generating high-vorticity bottom boundary

layers (BBLs) on the slopes of the topography (Molemaker

et al. 2015; Gula et al. 2015b, 2016). The BBLs on the slopes

possess high values of vorticity and vertical shear, which on

separation can be injected into the fluid in the form of sepa-

rated shear layers (Molemaker et al. 2015). These separated

shear layers are subject to horizontal inflection point instabil-

ities, leading to the formation of vortical filaments that have

small horizontal and vertical length scales (relative to the size

of the seamount itself) (Srinivasan et al. 2019, hereafter S19).

Away from the tropics, these vortical filaments subsequently

merge rapidly in the horizontal and align in the vertical to form

horizontally and vertically coherent submesoscale coherent

vortices (SCVs) (McWilliams 1985; Molemaker et al. 2015;

S19). These bottom drag-mediated SCVs are ubiquitous in

global oceans, in particular in topographic wakes that lie along

the path of prominent eastern and western boundary currents

(D’Asaro 1988; Gula et al. 2015b, 2016; Vic et al. 2015;

Molemaker et al. 2015; Srinivasan et al. 2017; Zhang et al.

2020), the North Equatorial Current and Countercurrent

(Wijesekera et al. 2020; St. Laurent et al. 2019; Simmons et al.

2019; Johnston et al. 2019), and the Antarctic Circumpolar

Current (Rosso et al. 2014). While other common outcomes of

flow–topographic interactions in the ocean are possible, in

particular resulting in the generation of lee waves (Nikurashin

et al. 2014; Wright et al. 2014; Perfect et al. 2020b), hydraulic

jumps (Epifanio and Durran 2002), and locally enhanced

baroclinicity (Bischoff and Thompson 2014; Abernathey and

Cessi 2014) (and consequently baroclinic instability), the cur-

rent study focuses on bottom drag-mediated effects only. The

precise nature of the interaction is governed by two nondi-

mensional parameters: the bulk Rossby number, RoL, and the

steepness parameter, s5 Fr21
y , where Fry is the vertical Froude

number, defined as

Ro
L
5

U

fL
, s5

Nh

U
. (1)

HereU is the flow speed upstream of the topography, f is the

local Coriolis parameter,N the associated buoyancy frequency

of the incoming stratified flow, and L and h are the horizontal

and vertical length scales that characterize the topography.

Regimes of strong bottom-drag mediated flow–topography

interaction, as opposed to the other mechanisms stated above,

require that the steepness parameter s� 1 (Perfect et al. 2020b),

typical of eastern (Molemaker et al. 2015) andwestern boundary

currents (Gula et al. 2015b, 2016; Vic et al. 2015) in the strongly

stratified upper thermocline.

S19 employ the exact idealized flow configuration used here

to examine the generation of wake SCVs, for RoL � 1 (typical

of midlatitudes and large-scale, L ; O(10) km, topographic

features) and steepness parameters in the range 0, s, 47. S19

further find that a nondimensional height, ĥ5 sRoL (equiva-

lently ĥ5h/hT , where hT 5 fL/N is the Taylor height) is the

relevant parameter that describes low-RoL SCV generation,

in particular finding that robust SCV regimes require ĥ. 1, as
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found in upper-ocean thermocline currents and topography

along their path. A detailed discussion of the life cycle of wake

SCV generation, starting from the structure of the BBLs on the

slopes of the topography to their separation, instability, and

merger in the horizontal and alignment, and the associated

dynamics, can be found in that study. In particular, they find

that the BBLs (and associated near-wake shear layers) on

slopes have high horizontal and vertical shears that are re-

lated by

y
x
5 y

z
u
b
, (2)

where y is the local along-slope velocity, ub � 1 is the local

topographic slope, and x is the cross-slope direction. Furthermore,

the far-wake SCVs were found to have an aspect ratio,

L
x

L
z

;

ffiffiffiffi

f

N

r

, (3)

where Lx and Lz are characteristic horizontal and vertical

scales of the wake SCVs. Note that the scaling in (3) departs

from quasigeostrophic scaling Lx/Lz ; f/N, a consequence of

the Roz ; 1 (Roz 5 z/f, where z 5 yx 2 uy) values typical of

SCVs; high values of Roz mean that the vortices are no longer

geostrophically balanced but gradient-wind balanced.

This study, which can be considered a natural extension

of the issues examined by S19 (focusing on flow regimes with

RoL � 1), aims to understand the structure and dynamics of

wakes in the limit of f/ 0 (so RoL is no longer a small num-

ber), i.e., the tropical oceans. The motivation of examining this

parameter regime stems from the tropical wake structure ob-

served in realistic, high-resolution ROMS simulations in and

around the Solomon Sea in the southwest Pacific (Srinivasan

et al. 2017) and recent observations in the same region

(Alberty et al. 2017), and in the wake of the Palau archipelago,

north of the equator (MacKinnon et al. 2019). Figure 1a

shows a snapshot of the vorticity at a depth of 300m from

the ocean surface in the southwest Pacific. The waters in the

region are fed from the westward South Equatorial Current

(SEC) that bifurcates to the north and south around 188S. The

northward (equatorward) boundary current, which has a sub-

surface maximum (between 100 and 300m) flows along the

Australian coast through the coast of Papua New Guinea and

into the Solomon Sea. Complex topography along the path of

the western boundary current lead to strongly vortical topo-

graphic wakes, although the wake structure is highly depen-

dent on latitude (Fig. 1a): large coherent eddies away from the

equator and a mix of incoherent wakes and large vortices with

small-scale features near the equator. Perhaps more striking

and easier to discern is the vertical shear
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2
z 1 y2z

p
(Fig. 1b)

that shows a sharp equatorward increase, especially north of

108. In a parallel study (Srinivasan and McWilliams 2021, un-

published manuscript), we show that the tropical wakes in the

region are also regions of strong mixing and dissipation. These

results compare favorably with Alberty et al. (2017), who find

high values of dissipation at the pycnocline depth (corre-

sponding to the core of the subsurface boundary currents) in

the Solomon Sea region that are not correlated with dissipation

of internal tides.

In this study, we offer evidence for the hypothesis that the

changes in the wake structure are a strong function of the f

(equivalently RoL). In an idealized model setup, we demon-

strate that with all other flow conditions held constant, simply

FIG. 1. A single snapshot of (a) vertical vorticity (s21) and (b) vertical shear (s21) from a Dx 5 1.2 km ROMS

process study (Srinivasan et al. 2017) in the southwest Pacific at a depth of 200m.
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decreasing f (increasing RoL) from values found in the poles to

those in the equator leads to highly sheared topographic wakes

that are also regions of strong energy dissipation. A recent set

of studies (Perfect et al. 2018, 2020a) employing the same

idealized framework used here (and in S19) study the phe-

nomenology and energetics of seamount wakes in (RoL, Fry)

space. Perfect et al. (2020a), in particular, estimate empirical

scaling laws for various components of the volume averaged

eddy energy equation frommodel data. Here, we instead focus

on the wake dynamics, in particular we identify the generation

and dissipation sources of enstrophy and vertical shear in the

wake to unravel the physical mechanisms of high dissipation

values observed in the limit of f/ 0 (large RoL). Furthermore,

we compare the results obtained here with a geostrophic to

stratified turbulence transition, commonly studied in the par-

adigm of homogeneous turbulent studies (Waite and Bartello

2006; Vallgren et al. 2011; Deusebio et al. 2013), and highlight

important differences in the two mechanisms.

Our manuscript is organized as follows: section 2 details the

numerical model configuration and dynamical equations of

enstrophy, vertical shear and eddy kinetic energy whose

components we analyze. Section 3 examines the wake phe-

nomenology, focusing on the observed enstrophy, vertical

shear, energy, and integral scales as a function of downstream

distance. Section 4 examines the various terms of dynamical

equations of enstrophy, shear, and eddy kinetic energy to detail

the generation and dissipation sources of each and connections

between them. The subsequent discussion section compares

the results in the present study with classical rotating, stratified

turbulence and instability theories. This section also examines

the validity of the hydrostatic primitive equations for the prob-

lem studied here. The final section summarizes our findings.

2. Methods

a. Idealized flow configuration

Because the idealized experimental setup mimics the one in

S19, we direct the readers to that study for further details of the

motivation and justification of the setup, and merely note the

specifics of the configuration. The basic setup is a barotropic

flow past a seamount in uniform background stratification N

andCoriolis parameter f. The background velocity is set toU5

0.1m s21, which is in line with the largest values seen in the

deep ocean bottom, except the Southern Ocean but small for

eastern and western boundary currents that can have O(1)

m s21 currents on topographic slopes. The stratification, spec-

ified by the Brunt–Väisälä frequency, is fixed at N 5 6 3

1023 s21 typical of the oceanic thermocline and corresponding

to the largest values found there. A range of Coriolis param-

eter values 1 3 1025 s21 f, 13 1024 s21 corresponding to the

latitude ranges [58, 608] are considered, and the seamount

shape is chosen to be Gaussian,

h
b
(x, y)5 h

s
exp[2(x2 1 y2)/L2] , (4)

where the seamount half-width, L 5 15 km, and height, hs 5

800m, are fixed in all the results shown here; f is therefore the

only variable.

b. Nondimensionalization

We nondimensionalize space and time dimensions in

the form

x̂5 x/L , ŷ5 y/L , ẑ5 z/h
T
, t̂5Ut/L , (5)

where the incoming background barotropic flowU is along the

y direction. A key nondimensional parameter in S19 was the

nondimensional height

ĥ5 h
s
N/fL5Ro

L
s , (6)

which is related to the Burger number for this problem, as

Bu5 (RoLs)
2
5 ĥ2, where RoL and s have been defined earlier

in (1). The horizontal Froude number, commonly employed as

the principle nondimensional parameter in stratified wake

studies is

Fr
h
5

U

NL
, (7)

which also measures the importance of the nonhydrostatic

terms in the vertical momentum equation (Schär 2002; Gill

2016). In all the cases examined in this manuscript, we have

Frh � 1. Schär (2002) suggests that this means that the dy-

namics is predominantly hydrostatic. However, because the

topographic wakes found here have strong horizontal and

vertical shears that typically lead to three-dimensional insta-

bilities, this conclusion is not straightforward and needs further

justification as is offered in section 5 below. S19 also examined

the role of the depth ratio

g5h
s
/D , (8)

where D is the total water depth. They demonstrated that

g was only relevant when ĥ � 1, barring which the flow de-

pendence on g could be neglected. Because we always con-

sider ĥ � 1 in this study, we do not subsequently reference

g in this study.

Thus the flow configuration can be completely described by

three independent nondimensional parameters (RoL, Fry, a),

where a 5 hs/L is the seamount aspect ratio; Frh and

ĥ5RoL/Fry can be derived from these quantities while the

steepness parameter is just s5 1/Fry . In both this study and S19,

a � 1 given that oceanic topographic typically have shallow

slopes (see S19 for a more detailed discussion on this front). In

this study a ’ 0.03 is fixed to the same value as S19. S19

further chose RoL 5 0.1 varying Fry 2 [0.02, 1] (by varyingN 2
[0.0005/s, 0.006/s]), which leads to ĥ 2 [0:1, 4:7]. Our starting

point in this study is the ĥ5 4:7, Fry 5 0.02 case from S19,

because of the presence of robust, vertically coherent SCVs

and a stratification value of N 5 0.006/s that is relevant to the

upper-ocean currents. Then we fix this value of Fry and vary

RoL 2 [0.05, 2] (corresponding to ĥ 2 [2:35, 94]).

As is true for various rotating-stratified turbulent flow par-

adigms (Praud et al. 2006; Marino et al. 2013), the relative

strength of rotation and stratification, N/f, is a key parameter,

here captured by ĥ. S19 increase ĥ by increasing N, whereas

here we do the same by decreasing f. The difference being that

in the ocean, N has a maximum value of around 0.01 s21
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limiting how large ĥ can be for fixed f. However, because f has

no lower bound, arbitrarily large values of ĥ can occur moving

equatorward.

c. Computational model

We employ ROMS, a primitive equation, split-explicit,

hydrostatic, terrain-following s-coordinate oceanic model

(Shchepetkin and McWilliams 2003, 2005). Momentum ad-

vection is computed using a third-order upwind-biased

scheme (Shchepetkin and McWilliams 2003, 2005) that is

equivalent to a fourth-order central-difference scheme sup-

plemented by a biharmonic diffusion operator whose hyper-

viscosity depends both on local velocity u and the grid spacing

Dx as

n5
jujDx3
12

. (9)

The turbulent bottom drag is parameterized as

t
b

r
0

5 [k/log(Dz
b
/z

ob
)]2

|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

cd

jju
b
jju

b
, (10)

where r0 is a reference density, ub is the velocity in the bot-

tommost s layer, k 5 0.41 is the von Kármán constant, Dzb
is the thickness of the bottommost s layer, and zob 5 1 cm is

the roughness parameter. The BBL is parameterized through

KPP (Large et al. 1994), using the variational formulation

described in McWilliams et al. (2009). Vertical mixing is also

added in the flow interior whenever the gradient Richardson

number at a point in space falls below the threshold value

Ricr 5 0.45 (Lemarié et al. 2012), as described in Large et al.

(1994), parameterizing the effect of three-dimensional verti-

cal shear instabilities that cannot be resolved by the hydro-

static dynamics. The domain, which has open boundaries on

all sides, is 320 km (’21L) in the along-flow direction and

260 km (’17L) in the cross-flow direction. The seamount is

placed in the middle of the domain along the x axis, but is

located at y 5 7L from the inflow boundary, giving it about

13L downstream development. Radiative open boundary

conditions are used with adequate sponge layers as detailed

in Mason et al. (2010). Tests were performed by doubling

the flow domain size, while keeping the resolution fixed;

this resulted in marginal differences in the wake structure,

thereby ensuring that the upstream and side boundary con-

ditions do not affect the flow in the domain. The horizontal

resolution is fixed at Dx 5 350m for all solutions discussed

in this study, resulting in a grid size of 915 3 740 points in

the horizontal. Because the model is terrain following, the

bottommost s level (s 5 0) corresponds to the ocean bot-

tom, z(s 5 0, x, y) 5 hb(x, y), while the topmost s level

matches the free surface. A total of 120 s levels are used,

resulting in a vertical grid spacing that varies from 1m on

the flat bottom to around 0.7 m at the top of the seamount

itself. The grid is also highly stretched toward the bottom to

ensure resolution of the BBL; the ROMS grid parameters

are us 5 1 and ub 5 6 [for a description of the ROMS vertical

grid structure and the meaning of these parameters, see

Shchepetkin and McWilliams (2009)].

d. Eddy integral scales

We use eddy integrals scales defined in S19 for examining

the horizontal and vertical length scales in the wake as a

function of downstream distance y location. The inverses of

these integral scales are defined as

1

LI(y)
5

1

2
ffiffiffi

2
p 1

T

ðT1t0

t0

ð

z02 dx dz
ð

EKE dx dz

2

6
6
4

3

7
7
5

1/2

dt , (11)

1

HI(y)
5

1

2
ffiffiffi

2
p 1

T

ðT1t0

t0

ð

U 02
z dx dz

ð

EKE dx dz

2

6
6
4

3

7
7
5

1/2

dt . (12)

Here, the eddy vorticity, z0 5 y0x 2 u0
y, eddy vertical shear,

U 02
z 5u02

z 1 y02z , and eddy kinetic energy, EKE5u02
1 y02, are

based on velocity fields computed relative to a time-mean,

(u0, y0)5 (u, y)2 (u, y), where (u, y)5 (1/T)
Ð T

0
(u, y) dt. The

factor of 2
ffiffiffi

2
p

is based on the expected result for an idealized,

localized Gaussian eddy (i.e., for an idealized two-dimensional

flow, U(x, z)5U0 exp[2(x2/l2x 1 z2/l2z)], we recover LI
5 2lx

and HI
5 2lz). The averaging interval T is one year (in non-

dimensional units, UT/L ’ 200) with a startup time t0 of

2 months.

e. Vertical enstrophy, z2, equation

The three-dimensional vorticity under the hydrostatic ap-

proximation takes the form v5 (yx 2 uy)i2 uzj1 yzk, where

z 5 yx 2 uy is the vertical vorticity. We find it instructive to

examine the evolution of the vertical enstrophy z
2 and the

horizontal enstrophy (equivalently the squared vertical shear,

kvzk2 5 u2
z 1 y2z), because nonzero values of these shears are

only generated on interaction with the seamount. Both these

equations are directly derived from the hydrostatic primitive

equations. The equation for z2 takes the form

1

2

Dz2

Dt
5 z(z1 f )w

z
|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

Vs

1 z(u
z
w

y
2 y

z
w

x
)

|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

Vt

1z=3 t
z
� k̂

|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

V
ymix

1 zD
h
(z)

|fflfflfflffl{zfflfflfflffl}

Vhdiff

,

(13)

where Vs and Vt are the vortex stretching and tilting terms,

respectively. The dissipation terms are the horizontal hyper-

diffusion term Vhdiff and the vertical mixing term from

KPP Vymix, with the interior viscous stress, t [ (n›zu, n›zy).

The vertical mixing coefficient n(z) comprises the effects

of BBL parameterization on the slopes and interior param-

eterizations that control density overturns and vertical shear

instabilities [like, for example, Kelvin–Helmholtz (KH) in-

stabilities] through a gradient Richardson number criterion.

As in the preceding section, we examine time averaged

x, z integrals [h�i5 (1/T)
Ð T1t0
t0

Ð Lx/2

2Lx/2

Ð 0

2hs
(�)dx dz dt] of these

quantities to highlight their downstream (y) evolution. The

averaging time is chosen to be 1 year in physical time or in

nondimensional form, UT/L ’ 200. With the averaging

performed, the Vymix term can be further decomposed (see

the appendix for details) as
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hV
ymix

i5 1

T

ðT1t0

t0

ðLx/2

2Lx/2

z
b

�
›t

›z

�
�
�
�
b

3=h
b
2=3 t

b

�

� k̂ dx dt
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Vbot

2 hz
z
=3 ti � k̂

|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

V
ymix,int

, (14)

where Vbot denotes the bottom flux of enstrophy and Vymix,int

its interior dissipation due to vertical mixing. It is therefore

appropriate to include the total interior dissipation term

V
diss

5V
ymix,int

1V
hdiff

. (15)

Note that the bottom enstrophy generation termVbot in (14)

is comprised of two terms, one relating to the divergence of

bottom stress (tz,b3 =hb � k) and the second due to the bottom

stress curl (= 3 tb � k).

f. Horizontal enstrophy, u2
z 1 y2z, equation

Similarly an equation for the horizontal enstrophy (or

squared vertical shear, kvzk2 5u2
z 1 y2z) takes the form

1

2

Dkv
z
k2

Dt
52

2

6
6
4
(u2

zux
1 v2zyy)1u

z
y
z
(u

y
1 y

x
)

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Lh

1 kv
z
kw

z
|fflfflfflffl{zfflfflfflffl}

L
y

3

7
7
5

2 (b
x
u
z
1 b

y
y
z
)

|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

2Lb

1D
y
(u

z
)

|fflfflfflffl{zfflfflfflffl}

L
ymix

1D
h
(v

z
)

|fflfflfflffl{zfflfflfflffl}

Lhdiff

. (16)

Here Lnl 5 Lh 1 Ly is the Lagrangian rate of change of

vertical shear purely due to advective processes; Lh is the

vertical shear generation due to the horizontal straining terms

yy, ux, and uy 1 yx, while Ly represents the same but due to the

vertical strainingwz. The termDy(vz) includes the changes induced

by the vertical mixing andDh(vz) by the horizontal hyperdiffusion-

like term that appears as part of the upwind-biased advective

scheme. The verticalmixing termLymix can be expanded further in

analogous fashion to (14) (detailed in the appendix) as

hL
ymix

i5 1

T

ðT1t0

t0

ðLx/2

2Lx/2

ku*kv
z
k2
z52hs

dx dt

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

L
ymix,bot

1hn(u
z
u
zzz

1 y
z
y
zzz

)i
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

L
ymix,int

, (17)

where u*5
ffiffiffiffiffi
tb

p
and k are defined in (10). Further details on

how the terms Lymix,bot and Lymix,int are evaluated numerically

are provided in the appendix. In a similar fashion to (15), the

interior shear dissipation is

L
diss

5L
ymix,int

1L
hdiff

. (18)

The vertical shear equation (16) is closely related to the

frontogenetic tendency equation describing the evolution of

the horizontal buoyancy gradients (Hoskins and Bretherton

1972). In fact, the two equations are identical in the inviscid,

quasigeostrophic limit, because the thermal wind relation

means that, kvQG2
z k5 f 2j=bj2, and the buoyancy term in (16)

vanishes. Equation (16) will be used to diagnose the genera-

tion of BBL vertical shear on the topographic slope and

its subsequent downstream evolution in the wake. This ap-

proach parallels the one used by Dong et al. (2007) to char-

acterize vorticity generation and evolution in submesoscale

island wakes.

g. Energy conversion from mean-flow to the eddies

Decomposing the flow variables in the form, u5u0
1u,

where the bar denotes a long time-mean, we can write the

evolution equation of the EKE in the form (Harrison and

Robinson 1978)
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|fflfflfflfflfflffl{zfflfflfflfflfflffl}

KmKe

1w0b0 2 « . (19)

The transport term uses indicial notation, so that (u1, u2,

u3)5 (u, y, w). The mean-to-eddy kinetic energy transfer term

can be decomposed as KmKe 5 HRS 1 VRS to separate the

effect of horizontal and vertical shear stress terms,

HRS[2(u0u0u
x
1u0y0u

y
1 y0y0y

y
1u0y0y

x
) , (20)

and

VRS52(y0w0y
z
1u0w0u

z
) . (21)

The term w0b0 represents the conversion term from the eddy

available potential to the eddy kinetic energy term, where

b52(g/r0)r
0 is the buoyancy. The dissipation term «measures

the kinetic energy losses due to parameterized vertical mixing

in the model and the implicit biharmonic model diffusion; a

part of « is also converted back to potential energy.

3. Phenomenology of the equatorial wake transition

In this section we characterize and quantify the changes in

wake structure as a function of RoL. Mirroring the methodol-

ogy of S19, we start by examining the BBL separation and

instability on the slopes of the seamount and its subsequent

downstream evolution. We find in particular a progressive in-

crease in the wake vertical shear as RoL is increased, which

manifests as highly layered quasi-horizontal vortical structures.

Finally, we use integral scales defined in (11) and (12) to

quantify the horizontal and vertical eddy sizes, and eddy aspect

ratios as a function of RoL.

a. Departure from steady quasigeostrophic flow

S19 examined the wake structure for fixed RoL 5 0.1 and

ĥ 2 [0:1, 4:7] (obtained by fixing all other parameters and

varying the stratification). For a small nondimensional height

value of ĥ’ 0:1, they found that the flow converged to the
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classical steady quasigeostrophic (QG) solution of an anticy-

clone over the seamount (Schär and Davies 1988). As ĥ was

increased, BBLs on the slopes were found to separate, become

unstable, and roll up, leading to the formation of wake SCVs.

In particular they found that robust eddying regimes required

ĥ. 1. Here keeping Fry 5 0.02 (s 5 4.7) fixed, and systemati-

cally decreasing RoL (by increasing f ), the steady QG anticy-

clone is observed at around RoL ; 0.005, again corresponding

to ĥ’ 0:1 (not shown). This is expected from the results of

Schär and Davies (1988), who found that the existence of

steady QG solutions required ĥ5RoLs,O(1) and RoL � 1.

Thus, the limiting QG solution should be recoverable by ei-

ther fixing RoL � 1 and decreasing s (as is done in S19) or by

fixing s and decreasing RoL, as is done here. Interestingly,

starting from the numerically observed steady QG solution at

(ĥ, s, RoL)[ (0:1, 1, 0:1) and systematically increasing RoL
smoothly leads to the steady lee wave regime (not shown). Our

current study is similar but instead at the much larger value of

s5 4.7 (Fry 5 0.002). Because the departure fromQGhas been

already detailed in S19, we do not belabor that point here.

Instead we start at RoL 5 0.1 when the wake manifests highly

coherent, vertically aligned SCVs (see S19 for details) and in-

crease RoL (decrease f ) instead to examine the equatorial

transition in the wake.

b. BBL separation and the near-wake structure, y/L , 2

Figure 2 highlights the evolution of the wake immediately

after BBL separation on the slopes (y/L 5 0.2) and further

downstream (y/L 5 1.68) for the two values of RoL 5 0.1 and

RoL 5 1. The separated shear layer vorticity (Figs. 2a,c) has a

similar range of values in the two cases, although Roz; 1 when

RoL5 0.1 andRoz; 10whenRoL5 1, a direct consequence of

the tenfold variation in f. The RoL 5 0.1 case shows vertical

and horizontal coherence starting to develop at y/L 5 1.68

(Figs. 2b) due to the wake upscaling and alignment mechanisms

demonstrated in S19. However, the RoL 5 1.0 near-wake

(Fig. 2d) lacks such a coherence, instead consisting of great

deal of finescale structure in both the horizontal and vertical

directions. The near-wake vertical shear changes are even

more dramatic. While the separated BBL vertical shear in the

two cases (Figs. 2e,g) have a similar range of values (with dif-

ferences caused by an evidently faster BBL instability for

larger RoL), the near-wake shear values (Figs. 2f,h) are sub-

stantially larger for the larger RoL case. In particular, the

RoL 5 1 case displays a highly layered structure with strong

vertical shear. Furthermore, the vertical shear values are

equally strong in both cyclonic and anticyclonic regions.

A three-dimensional view of the wake comparing RoL5 0.1

and RoL 5 1 is presented in Fig. 3 and confirms the tilted

layering of the wake and its finescale structure downstream of

the seamount. However, what is also evident here is the near

wake instability. S19 first highlighted the spiral bands in the

wake that seem to characterize the instability mode of sepa-

rated bottom boundary layers off the slope. These bands spiral

downward while at the same time undergoing filamentation.

Figure 3 illustrates the role of changing f on the spiral bands in

the sense that they become progressively more horizontal. In

other words, the ratio of the horizontal to vertical scales of the

instability increases with RoL (see next section for a quantifi-

cation of this observation). The precise nature of this instability

mode and its dependence on f andN currently remains obscure

and requires further investigation.

c. Far-wake structure

Figure 4 offers a more detailed view of the shear and vor-

ticity downstream of the seamount. Figures 4a,d,g,j recapitu-

late the results in S19, showing coherent Roz ; 1 SCVs with a

persistent vertical alignment that are fully formed within a

short distance downstream of BBL separation. As seen previ-

ously in Fig. 2, with increasing RoL finescale structure is

FIG. 2. Downstream evolution of vertical vorticity and vertical shear: x–z sections of (a)–(d) z/f and (e)–(h) jvzj5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2
z 1 y2z

p
(s21) for a

snapshot of the flow for different values of RoL 5 0.1 and RoL 5 1.0. Two downstream locations, y/L5 0.2 and y/L5 1.68, are chosen to

highlight BBL separation and the formed wake immediately downstream of the seamount slope. Note that the z/f color bars have larger

ranges to reflect the change in f while the jvzj color bars are identical. The background flow is into the page.
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observed in the horizontal sections (Figs. 4a–c) both in the

near-wake and also well downstream of the seamount, espe-

cially when RoL 5 1.0. This finescale structure is observed in

both the cyclones and anticyclones (a significant point that is

explained later). Also of note in the topmost row of Fig. 4 is the

observation that the horizontal sizes of the wake SCVs, espe-

cially evident in the far-wake, are largest for RoL 5 1.0. The

corresponding horizontal sections of the vertical shear are

shown in Figs. 4d–f and display a monotonic increase from left

to right, reflecting the results in Fig. 1 and concomitant with the

increasing finescale structure in the vorticity.

The y–z sections of the vorticity and vertical shear show a

systematic tilting and layering with increasing RoL (Figs. 4g–i).

These layers are almost quasi-horizontal when RoL 5 1.0, a

fact that is somewhat obscured by the plotting in nondimen-

sional coordinates in Fig. 4. More precisely, the seamount as-

pect ratio h/L is around ;38 while the average slope of tilted

shear layers in Figs. 4f and 4i is only around 0.18. Thus de-

creasing f by a factor of 10 transforms the wake from being

nearly vertically aligned to nearly horizontally aligned. In

stratified vortical flows, the former are referred to as ‘‘colum-

nar’’ vortices and the latter as ‘‘pancake’’ vortices (Beckers

et al. 2001). Furthermore, the vertical shear in the wake inte-

rior (Figs. 4j–l) also progressively increases with RoL (note the

increasing color bar ranges from left to right), which is also

consistent with the formation of layers with fine horizontal

structure. One consequence of this layering at larger values of

RoL is that SCVs formed in each of these layers can be largely

decoupled. Equivalently the phase of eddy shedding at dif-

ferent depths is not correlated. This observation was recorded

in a recent idealized study similar to the present one (Perfect

et al. 2018), where the authors characterize the dephasing of

eddy generation through a vertical Strouhal number that

nondimensionalizes the shedding frequency at each depth. The

layering phenomenon and the decoupling of vortical dynamics

between layers was first documented by Lilly (1983), who

suggested that it was a consequence of evolution of turbulence

in a stratified background. It has been well documented in

idealized homogeneous rotating-stratified turbulent flows in

both paradigms of forced-dissipative (Waite and Bartello 2006;

Marino et al. 2013) and decaying turbulence (Praud et al.

2006). These studies also find a monotonic decrease in layer

thickness as a function of f, with the layer thickness being

smaller than the forcing thickness for small enough f (Marino

et al. 2013). These layers superficially resemble internal-wave

fronts; however, this is illusory because the shear layers simply

advect downstream with the flow instead of propagating like

waves. Also, because the vertical Froude number is small

(Fry 5 0.02), direct generation of internal lee waves at the to-

pography is negligible and not energetically important, as de-

scribed by Perfect et al. (2020b), even though the waves can be

noted visually in Fig. 4f.

The far-wake vertical shear and vorticity magnitudes are

quantified in Fig. 5 through their respective root-mean-square

(rms) values, zrms
5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ð
z2 dV

q

and yrms
z 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ð
(u2

z 1 y2z)dV
q

where

the volume of integration excludes the regions y/L, 4 and z,

50m (the abyssal BBL). Clearly yrms
z monotonically increases

with RoL, consistent with Figs. 4g–i, while zrms does the same

but only weakly so. In agreement with S19, the abyssal BBL

approximately scales as hbbl ’ 3u*/
ffiffiffiffiffiffiffiffi

NF
p

. Thus, the BBL ver-

tical shear has the scaling Uz,bbl ;U/hbbl ;
ffiffiffiffiffiffi

Nf
p

and so does

the BBL vorticity multiplied by ub ; a, the aspect ratio [given

the topographic constraint (2)]. If the BBL vertical shear was

also the source for the interior vertical shear, then we would

expect yrms
z to monotonically decay as

ffiffiffi

f
p

as f/ 0; however,

it has the opposite behavior. This finding lends itself to the

hypothesis that the vertical shear (and the layer formation) is in

fact generated in the flow interior downstream of separation.

We explicitly demonstrate that this is in fact the case in sub-

sequent sections.

d. Horizontal and vertical eddy scales

To better quantify the visual perspectives gleaned in the

previous section, we employ the eddy integral scales defined in

(11) and (12). Figure 6 shows the downstream dependence of

the horizontal and vertical integral scales, LI and HI. In both

cases the trends are rather clear: LI increases monotonically

with y for all values of RoL. This follows from the mechanism

of vortical filaments, formed by shear layer instability, that

merge to form coherent SCVs. What Fig. 6 illustrates in par-

ticular, is that the merger process continues further down-

stream as RoL increases; i.e., for RoL 5 0.05, the LI curve has

approximately reached its maximum value around y/L5 5, but

when RoL 5 1.0, the corresponding curve only asymptotes

around y/L 5 10. This is likely because the higher degree of

filamentation in the higher RoL cases takes a longer time

(translating to longer downstream distance) for the merger

process to complete. The corresponding vertical scale HI has

the opposite trend; the smallest scales are found for the largest

FIG. 3. Three-dimensional vortical wake structure for (a) RoL 5

0.1 and (b) RoL5 0.5. The isosurfaces in (a) have values z/f560.5,

and in (b) z/f 5 62. In both panels, blue colors represent negative

values and red colors, positive values. The barotropic inflow is from

right to left.

JUNE 2021 SR IN IVASAN ET AL . 1991

Unauthenticated | Downloaded 08/20/22 08:51 AM UTC



RoL case. This is expected with the progressively increased

layering of the wake found in Fig. 4: HI thus captures the

vertical scales of the layers. The vertical scale in the far wake

varies between about a third of the seamount height at RoL 5

0.05 (ĥ5 2:35) to around a tenth of hs when RoL 5 1 (ĥ5 47).

S19 found similar results, increasing far-wake LI and de-

creasing far-wake HI with ĥ. Here we find a continuation of

these trends when we note that increasing RoL and fixing s also

causes ĥ to increase. This allows us to posit the question as to

whether, in this region of parameter space, the two parameter

family (RoL, s), can actually be reasonably represented only by

ĥ.We return to this question repeatedly in subsequent sections.

The trends in LI and HI can favorably be compared with

studies of decaying turbulence in rotating-stratified flows

(Praud et al. 2006; Marino et al. 2013). Praud et al. (2006) in

particular find in their experimental study of decaying grid

turbulence that horizontal integral scales increase withN/f and

vertical integral scales decrease withN/f. This is consistent with

both the present study and S19, where ĥ is essentially a proxy

for N/f, because we hold the seamount aspect ratio a constant.

FIG. 5. BBL depth hbbl (m) (blue solid curve) as a function of f (s21) on the flat bottom, away

from the seamount. Also shown is the volume averaged, root-mean-square vorticity and ver-

tical shear,(zrms, yz,rms)5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

(1/V)
Ð
(z2, u2

z 1 y2z) dV
q

normalized by their respective values at the

smallest f value. Here V represents the far-wake region of the seamount but excluding the

abyssal BBL y/L . 4, z . 50m. The dashed blue curve shows 3u*/
ffiffiffiffiffiffi

Nf
p

.

FIG. 4. Vorticity and vertical shear snapshots in wake, for three different values of (from left to right) RoL 5 0.1, 0.25, 1.0. Horizontal

sections of (a)–(c) z/f and (d)–(f) jjvzjj (s21) at z5 500m from bottom. Cross-stream, i.e., x-averaged (g)–(i) vorticity zx/f (s21) and (j)–(l)

vertical shear kvzkx (s21). The barotropic background flow is from left to right of each plot. Note that the color bar ranges increase from

left to right (i.e., with increasing RoL) except in (d)–(f).
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The variation of far-wakeHI with RoL is shown in Fig. 7: for

RoL , 0.5, it approximately satisfies

HI
;
1

6

ffiffiffiffi

f

N

r

, (22)

which is the empirical scaling discovered in S19 for RoL 5 0.1

and ĥ 2 [1, 4:7]. Figure 7 shows that this scaling is in fact valid

in the larger parameter range of RoL and ĥ 2 [2, 47]. As a

contrast, the geostrophic scalingHI
; fLI/N is also shown. This

underscores the result that in spite of significant differences in

the wake structure from RoL 5 0.1 to RoL 5 0.5 (as seen in

Fig. 4), the dynamics governing the equilibrated SCVsmight be

the same one. Furthermore, HI seems to asymptote to an

f-independent value beyond RoL 5 1.0. In rotating stratified

turbulence studies (Waite andBartello 2006; Praud et al. 2006),

the integral scales were found to vary from fLI/N when the

rotation is strong to Ve/N once the rotation is sufficiently

weakened, where Ve is a velocity scale corresponding to tur-

bulent eddies. The latter scale implies that the vertical Froude

number of turbulence, Ve/NHI
; 1, a well observed charac-

teristic of nonrotating stratified turbulent flows. Using the

value ofHI
’ 120m from the RoL 5 1.0 case, we get a velocity

scale Ve ’ 0.7m s21, which is larger than the observed eddy

velocities of ’0.2m s21. Thus, computations at smaller values

of fmight be needed to establish the actual asymptotic value of

HI. Alternatively this might reflect the limitations of using the

primitive equations instead of Boussinesq equations (at sig-

nificantly higher horizontal resolutions) in simulating weakly

rotating, stratified flows (see the extended discussion on this

topic in section 5c).

4. Energy and enstrophy: Sources and sinks

In this section we attempt to explain the observations in the

previous section directly by examining the balances of the

enstrophy (horizontal and vertical) and the eddy kinetic en-

ergy. All these three quantities are absent in the barotropic

inflow and are only generated on interaction with the sea-

mount. Further the expected instabilities in the wake are those

due to negative potential vorticity in anticyclones [character-

ized by S19, Molemaker et al. (2015), and Gula et al. (2016)]

and vertical shear instabilities typical of stratified turbulent and

wake flows, both of which are parameterized in hydrostatic

ROMS. We characterize the sources and sinks of enstrophy at

the seamount slope and the interior and show that they can

explain the observed EKE dissipation in the wake due to the

aforementioned instability mechanisms.

a. Bottom generation of vertical enstrophy

The dominant terms that constitute the vertical enstrophy

equation (13) are plotted as a function of downstream distance

y/L in Fig. 8 for values of RoL between 0.05 and 1.0. The largest

term is the bottom generation term hVboti, (14), which is pre-

dominantly positive in the region 22 , y , 0, i.e., on the

seamount slopes upstream of the centerline. This is because the

flow starts undergoing separation from the bottom slope

around y . 0 (as visualized in Fig. 2), shutting down vorticity

generation. An exception is a smaller generation bump peak-

ing around y/L 5 1 due to secondary BBLs induced by the

wake eddies as they separate from the seamount. These sec-

ondary BBLs on the downstream slopes (y. 0) have opposite

signed vorticity to the dominant local generation (i.e., cyclonic

on the anticyclonic side x , 0 and vice versa) but are weaker

FIG. 6. The integral length scales defined in (11) and (12) as a function of downstream distance y/L: (a)LI/L, (b)HI/hs, and (c) the average

wake aspect ratio hsL
I/HIL.

FIG. 7. The variation of far-wake vertical integral scaleHI/hs as a

function of the seamount Rossby number, RoL. Also shown are the

predictions from QG scaling fLI/N and the empirical scaling from

S19, LI /6
ffiffiffiffiffiffiffiffi

f /N
p

.
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than the primary BBLs on the upstream slopes (y, 0). Last, we

note that of the two terms that comprise hVboti, (14), the
generation due to bottom stress divergence (tz,b 3 =hb � k) is
an order of magnitude larger than that due to the bottom stress

curl (=3 tb � k). This is a significant point but ancilliary to the

discussion here and its relevance is addressed in a concurrent

study (Jagannathan et al. 2021).

There are two sinks of enstrophy, the first of which is the

sum of the vortex stretching and tilting terms hVs 1Vti. While

not shown due to lack of relevance, hVsi . 0 is a source and

hVti , 0 a sink of enstrophy. The interior dissipation term

hVdissi, (15), has a similar order of magnitude as the advective

sink, and like the generation term has a secondary bump

around y/L5 1. It should be noted that both the advective sink

hVs 1 Vti and the dissipation hVdissi are predominantly local-

ized to the generation, i.e., happens at almost the same

downstream location. It is notable that the variation of each

of these quantities is only marginal with increasing RoL, which

is particularly evident for RoL . 0.1; in fact, peak values

of generation from RoL 5 0.1 to RoL 5 1 show only a 20%

increase. This finding is consistent with results in Fig. 5,

demonstrating a similar 20% change in zrms with RoL over the

same range. It is interesting that a significant fraction of the

bottom-generated enstrophy is dissipated locally and the re-

mainder is what is contained in the wake SCVs that are ad-

vected downstream (i.e., the residual of the terms shown

in Fig. 8).

b. Interior generation of vertical shear

The vertical shear (or horizontal enstrophy) has a signifi-

cantly different balance compared to the vertical enstrophy (as

shown in Fig. 9). First, the bottom generation, hLboti (Fig. 9c) is
negligible compared to the other terms in (16). This is in stark

contrast to the enstrophy that is generated at the bottom in

BBLs and then advected into the flow through separation. In

other words, BBL vertical shear is not the primary source of

vertical shear observed downstream of separation.

The dominant term is in fact the horizontal advective term

hLhi, which represents the change in the vertical shear due to

the effect of the horizontal straining terms ux, yy, and uy 1 yx.

This term drives interior generation of vertical shear down-

stream of the seamount centerline x 5 0, resulting in the lay-

ered structure seen in Fig. 4. The shear change due to the

vertical straining term hLyi is in comparison negligible, as is the

buoyancy term hLbi, and is consequently not shown. The in-

terior advective generation term hLh 1 Lyi as a function of

downstream distance is shown in Fig. 9b displaying a strong

dependence on RoL. Not only do the peak values in Fig. 9b

increase by factor of 6 between RoL 5 0.1 and RoL 5 1, but a

pronounced downstream shift in the respective peaks is ob-

served, around y/L 5 0.2 when RoL 5 0.1 to around y/L5 1.1

when RoL 5 1. This dependence on RoL clearly differs from

that displayed by the vertical enstrophy generation and dissi-

pation, as detailed in the previous section, but is consistent with

the RoL dependence of yrms
z found in Fig. 5.

The increase in interior wake vertical shear with increasing

RoL (i.e., weakening rotation) can be attributed to vortical

wake instabilities similar to those observed in columnar vor-

tices in stratified flows (Billant and Chomaz 2000; Deloncle

et al. 2008; Waite and Smolarkiewicz 2008). In idealized set-

tings columnar vortices and vortical pairs (with initially negli-

gible vertical shear) have been shown to undergo instabilities

that result in the formation of small vertical scales (with high

vertical shear). Because the wake structure observed here

shifts from columnar vortices with low vertical shear (when

RoL is small) to layered pancake vortices with high vertical

shear (when RoL is large), we suspect that similar mechanisms

as those isolated in simple vortical stratified flows might be at

play. In effect we hypothesize that the near wake increase ofLh

(with a peak value that monotonically increases with increasing

RoL) captures the effect of these instabilities.

The interior generation of high vertical shear results in small

values of the gradient Richardson number Rig 5 N2/jjvzjj2
(discussed in detail in subsequent sections) triggering the

FIG. 8. Vertical enstrophy balance: The dominant terms of the time and (x, z)-averaged vertical enstrophy equation (13): (a) the vortex

stretching and tilting terms hVs 1 Vti (s22), (b) the bottom generation term hVboti (s22) (14), and (c) the interior enstrophy dissipation

term hVdissi (s22) (15).
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interior mixing parameterizations of the numerical model to be

switched on, resulting in shear dissipation. As expected, the

vertical shear dissipation Ldiss, unlike enstrophy dissipation, is

nonlocal and happens over a long downstream distance after

the peak generation, as can be most clearly seen for the RoL 5

1 case in Fig. 9c. Another physical interpretation of the interior

generation of vertical shear by hLhi as a forward cascade pro-

cess and its consequences are discussed in the next section.

c. Eddy kinetic energy generation and dissipation

Previous studies (Dong et al. 2007; Gula et al. 2015a, 2016;

Srinivasan et al. 2017) have consistently found that topographic

wake eddies are generated by a horizontal shear instability

mechanism inferred by the dominance of the hHRSi term in

the EKE balance equation (19).We find a similar balance here,

as shown in Fig. 10. The dominant term for all values of RoL is

the hHRSi term, the hVRSi being an order of magnitude

smaller and hence not shown. hHRSi displays some minor

variation with RoL, although the trends are difficult to discern.

The baroclinic conversion term (Fig. 10b) is a factor of three or

more smaller but is consistently negative, implying an energy

conversion from kinetic energy to available potential energy

(as a comparison, note that baroclinic instability shows a

transfer in the opposite direction). This conversion is larger at

smaller values of RoL but again does not exhibit a clear trend

and is in fact largest at RoL 5 0.25. The dominance of HRS

even in the limit of large RoL might seem at odds with the

dramatic increase in interior vertical shear in the wake (Fig. 4)

FIG. 9. Vertical shear balance: the dominant terms of the time and (x, z)-averaged vertical shear equation (16). (a) The nonlinear

advective term comprising the horizontal and vertical straining effects Lnl 5 Lh 1 Ly (s
22). (b) The bottom generation term hLboti (s22)

(17) and (c) the interior dissipation term hLdissi (s22) (18). The buoyancy generation term hLbi is negligible in comparison andhas beenomitted.

FIG. 10. EKE balance equation. The three most dominant terms of the time and (x, z)-integrated EKE equation (19): (a) the horizontal

Reynolds stress term hHRSi (s22), (b) the baroclinic conversion term hw0b0i (s22), and (c) the energy dissipation (s22) due to the combined

effects of parameterized vertical mixing and implicit horizontal hyperdiffusion. The term corresponding to the vertical Reynolds stress

term, hVRSi, is an order of magnitude smaller and consequently not shown here. Note the correspondence between the structure of the

dissipative term here and the total vertical shear generation term in Fig. 9.
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with increasing RoL. However, it is consistent with the fact that

the dominant term in the vertical shear generation is hLhi, i.e.,
capturing the effect of horizontal straining terms on shear

generation; it is just that the HRS is insufficient to discern the

shift in the nature of the near-wake vortical instability mech-

anism as RoL increases.

The energy dissipation (Fig. 10c), however, shows a re-

markable and consistent pattern of increase in peak magnitude

and downstream shift of the peak with increasing RoL; i.e., the

wake dissipation has a larger magnitude and greater down-

stream extent for larger RoL. The clear trend in energy dissi-

pation is at odds with the weak and nonmonotonic RoL
variability in the hHRSi and hw0b0i terms and is likely not re-

lated to them dynamically. In fact the structure of the wake

dissipation is comparable to the RoL dependence of the ver-

tical shear generation (Fig. 9b). The fact that the peak value of

the dissipation for each RoL in (Fig. 10c) is immediately

downstream of the peak value of interior vertical shear gen-

eration suggests a causal relation between the two quantities.

Conversely, the weak dependence of the enstrophy generation

and dissipation on RoL (Fig. 8) implies that enstrophy dissi-

pation might not be dynamically related to energy dissipation.

These results are also consistent with studies that examine

the role of weakening rotation in idealized rotating-stratified

turbulence. In these studies, weakening rotation induces a

forward cascade of energy to small scales and subsequent dis-

sipation through an enhancement of vertical shear leading to

shear instabilities. Thus, the vertical shear generation terms

Lnl 5 Lh 1 Ly likely capture the effect of forward energy

cascade processes that enhance vertical shear, subsequently

leading to dissipation. An extended discussion on this topic is

continued in section 5.

Following S19, we plot the volume integrated dissipation,

h«iV as a function of RoL in Fig. 11. The energy dissipation is

found to increase by an order of magnitude for a similar in-

crease in RoL. In S19, h«iV was found to increase monotoni-

cally with increasing stratification N and, therefore, ĥ. Here

the increase in h«iV is found by decreasing f, which increases

RoL and correspondingly, ĥ. This further supports the con-

jecture in section 2c that for ĥ. 1, wake dynamics might de-

pend entirely on a single parameter ĥ instead of (RoL, Fry). A

similar hypothesis on ĥ dependence is suggested by Perfect

et al. (2018) though they conjecture that this might be ex-

plained through Rossby wave dynamics which, given the re-

sults here is, unlikely.

Because (temperature and salinity) mixing typical accom-

panies dissipation, this result has potentially important im-

plications for topography-induced mixing and water-mass

transformation in tropical regions like the Solomon Sea that

lie along key pathways for oceanic water masses (Mélet et al.

2011; Germineaud et al. 2016).

5. Discussion

a. A submesoscale to stratified turbulence transition

The role of rotation in rotating-stratified turbulence has

previously been examined in the context of forced-dissipative

(Waite and Bartello 2006) and decaying turbulence paradigms

(Praud et al. 2006; Marino et al. 2013). Here we make a con-

nection between our results and these previous studies. First,

we posit that topographic wake flows, as the one here, must be

viewed as decaying turbulence flows (rather than forced-

dissipative turbulent flow). This can be understood by trans-

ferring to the reference frame of the flow, wherein the topog-

raphy injects wake vorticity at a given location and moves

downstream, allowing free decay of the wake turbulence.

As noted in section 3d, the vertical integral scale HI in

classical freely decaying turbulent flows varies from fLI/N

when rotation is strong to Ve/N in the weakly rotating limit,

where Ve is an integral eddy velocity scale. However, the

dominant scaling law for 0.05 , RoL , 0.5 found here is

HI
;LI

ffiffiffiffiffiffiffiffi

f /N
p

, which was originally discovered by S19 for

RoL5 0.1 and a range of Fry values. This raises the question of

whether a geostrophic flow regime exists at all in vortical wakes

that are generated by bottom drag separation and instability.

Because BBLs have high horizontal and vertical shears purely

due to their small vertical extent, vortices generated through

this mechanism have O(1) Roz values implying that such vor-

tices are gradient-wind balanced rather than geostrophi-

cally balanced. In other words, eddying wake flows even in the

RoL/ 0 limit have Roz ; 1, meaning that the fundamental

characterization of wake flows as f varies is one of a transition

from submesoscale turbulent wakes when RoL/ 0 to strati-

fied turbulence as RoL/ ‘.

b. Route to dissipation: Parameterized centrifugal versus

shear instability

Recent studies of flow–topography interactions (Gula et al.

2016; S19) find enhanced near-wake dissipation due to the

FIG. 11. (a) The volume integrated energy dissipation rate

h«iV (106W) as a function of RoL. (b) The ratio of h«iV contribu-

tions from the region x , 0 (approximately the anticyclonic side)

and x . 0 (the cyclonic side) as a function of RoL, highlighting an

initial anticyclonic-dominant dissipation which symmetrizes with

increasing RoL.
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presence of negative potential vorticity (pv) in anticyclones.

This negative pv triggers centrifugal instabilities that generate

small scales that are dissipated by the parameterized model

mixing and diffusion. A direct connection between negative pv

in the anticyclones andwake dissipation is made by (Molemaker

et al. 2015; Gula et al. 2016; S19).

With increasing RoL (decreasing f ), strong vertical shear is

induced in the wake through advective cascade processes

(section 4b), which in reality would induce three-dimensional

vertical shear instabilities as is observed in stratified turbulence

(Lilly 1983); three-dimensional vertical shear instabilities cannot

be resolved by the hydrostatic model and are represented by

parameterized mixing. In section 4c it is argued that the mono-

tonic increase in wake dissipation (Fig. 11) is a direct conse-

quence of the enhanced vertical shear and not the vorticity

generation or dissipation (which directly relates to the pv).

Here we offer further support for this idea by examining the

volume-integrated dissipation in broadly anticyclonic regions

(x, 0) and broadly cyclonic regions (x. 0). The qualification

of ‘‘broadly’’ is required because as discussed in section 4a, the

separating eddies induce BBLs with opposite-signed vorticity

on the downstream side of the seamount, so that a small

amount of anticyclonic vorticity is generated in cyclonic re-

gions (x . 0) and vice versa. Figure 11b highlights the result

that for small values of RoL, the dissipation is predominantly in

the anticyclonic region, in agreement with S19 and other studies.

However, as RoL increases, there is a symmetrization and a

similar amount of dissipation occurs in the two regions implying

(given the discussion in section 4c) that enhanced vertical shear

induced parameterized mixing dominates at large RoL.

A more visual perspective on the symmetrization of « is in

Fig. 12, showing (x, y) sections of time-averaged energy dissi-

pation for two values of RoL 5 0.1, 1. When RoL 5 0.1, « is

noticeably stronger for x, 0, i.e., the anticyclonic wake, and is

largely limited to the region immediately downstream of sep-

aration. When RoL 5 1.0, however, the strength of the dissi-

pation is similar in both cyclonic and anticyclonic regions and

encompasses the entire near wake. Concomitant snapshots of

the gradient Richardson number Rig 5 N2/jjvzjj2 show wide-

spread regions of small Rigwhen RoL5 1, which would trigger

the Rig dependent mixing in the numerical model.

Previous theoretical and numerical studies have shown that

the growth rate of the fastest growing centrifugally unstable

mode has the approximate form sCI ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2f (z1 f )
p

(Hoskins

and Bretherton 1972; Jiao and Dewar 2015), which is positive

for finite f and z , 2f (i.e., as is found in strong anticyclonic

vorticity). Because the wake z is a weak function of f (Fig. 5),

in the limit of f/ 0, the growth rate of the centrifugal insta-

bility in the anticyclonic wake should decay as
ffiffiffi

f
p

. But, the

prevalence of parameterized shear instabilities increases with

decreasing f simply because the vertical shear increases (through

Lh). Consequently, centrifugal instability is expected to dominate

FIG. 12. Horizontal sections of (a),(b) snapshots of gradient Richardson number Rig 5 N2/jjvzjj2 and (c),(d) the

energy dissipation rate « (m2 s23) at a depth of z 5 2500m for two values of RoL 5 0.1 and RoL 5 1.0. Note the

symmetrization of the dissipation pattern relative to the x 5 0 axis, with increasing RoL.
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in strong anticyclones when f is large (RoL is small), explaining

the asymmetry in « at small RoL, but for large RoL centrifugal

instabilities do not manifest and shear instabilities should

dominate; this causes symmetrization because the vertical

shear generation has no relative preference between the cy-

clonic or anticyclonic regions.

c. Hydrostatic versus nonhydrostatic equations

ROMS solves the hydrostatic primitive equations and can-

not accurately represent three-dimensional centrifugal and

vertical shear instabilities (like KH instabilities) that often

serve as a route to dissipation; this might be of particular rel-

evance in the numerical simulations here that possess a strong

forward energy cascade demonstrated in preceding sections. In

our results, these three-dimensional instabilities are instead

represented by parameterized vertical mixing, which is auto-

matically triggered when Rig is small enough or in the presence

of density overturns in the interior. One might be tempted to

infer the need for solving the nonhydrostatic Boussinesq

equations to capture the correct flow dynamics in the flow

configurations studied here. However, it is important to note

that merely solving the Boussinesq equations is insufficient; it

is also critical that a sufficiently high horizontal resolution

is employed in order to resolve the aforementioned three-

dimensional instabilities, otherwise the Boussinesq model ef-

fectively solves the primitive equations. For example, Dewar

et al. (2015) suggest using Dx5 15m horizontal resolutions for

resolving centrifugal instabilities. Because the model resolu-

tion here is Dx ; 300m, this represents a 20-fold increase in

resolution along each dimension and a similar factor decrease

in the time step due to CFL-number restrictions, thus a factor

of 203 5 8000 increase in computational cost. Nested modeling

of the near-wake region can alleviate these concerns but only

moderately. Instead we offer justification that the primitive

equations combined with parameterized mixing might suffice

for the phenomena simulated here.

Deusebio et al. (2013) compare numerical simulations of

primitive equations with Boussinesq equations for the rotating-

stratified turbulence transition problem at identical horizontal

and vertical resolutions in a triply periodic domain. They find

that in the limit of f/N/ 0, key flow properties like the energy

spectrum and value of the eddy kinetic energy dissipation are

similar in both classes of simulations, offering support for the

sufficiency of primitive equations. A similar comparison in

studying centrifugal instabilities by Dewar et al. (2015) and

Jiao and Dewar (2015) demonstrates that the energy dissipa-

tion in Primitive and Boussinesq equations was of a similar

order. We also conducted Boussinesq equation solutions at

resolutions of up to Dx 5 35m (not shown) using non-

hydrostatic ROMS (Roullet et al. 2017) with only marginal

differences relative to the primitive equation solution, high-

lighting the need for even higher-resolution solutions in order

to resolve the progression of the vertical shear instabilities.

6. Summary

In this study we examine the changes in the structure and

dynamics of bottom-drag mediated vortical topographic wakes

as a function of the Coriolis parameter, f. We employ an ide-

alized framework of a barotropic flow past a Gaussian sea-

mount (half-width L 5 15 km and height hs 5 800m) in a

uniform background stratification, N 5 6 3 1023 s21, and

constant background f. Multiple numerical experiments using

the Regional Ocean Model System (ROMS) are performed,

each differing only by the background value of f that varies

between values found in the latitudinal range 58–608.

This study is motivated by realistic high-resolution (Dx 5

1.2 km) ROMS simulations in the southwest Pacific that show a

substantial increase in the vertical shear (jvzj5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
uz
z 1 y2z

p
) in

topographic wakes equatorward of 108S (Fig. 1; Srinivasan

et al. 2017). Recent observations of topographic wakes around

the Palau Archipelago in the north equatorial Pacific also find

consistent values of high vertical shear (MacKinnon et al.

2019). High-wake vertical shear can trigger Kelvin–Helmholtz

instabilities that lead to strong energy dissipation and mixing

with consequences for water mass transformations. These ex-

pectations are consistent with recent observations in the

Solomon Sea (Alberty et al. 2017) showing enhanced (non-

tidal) mixing in and around the Solomon Sea where the current

topographic interactions are strongest.

Our idealized experiments indeed show a monotonic in-

crease in vertical shear in the wake with decreasing f (equiv-

alently increasing RoL 5 U/fL) as seen in Fig. 4. Furthermore,

the vertical structure of the wake displays a dramatic shift from

vertically aligned (or columnar) and horizontally coherent

O(1) Roz ([z/f ) vortices [or submesoscale coherent vortices

(SCVs)] when RoL5 0.1 to a wake consisting of highly layered

sheets of vortices with horizontally large but vertically thin

pancake vortices (as observed in stratified flows; Beckers et al.

2001) when RoL5 1.0. The aspect ratio of these eddies follows

the scaling LI /HI
;

ffiffiffiffiffiffiffiffi

f /N
p

in the range 0.05 , RoL , 0.5 but

asymptotes to an f-independent value for cases with larger

RoL values.

The far-wake, volume-integrated rms vorticity zrms and

vertical shear vrms
z display very different dependencies on RoL:

while z
rms increases only marginally, around 20% between

RoL 5 0.05 and RoL 5 1, vrms
z increases by a factor of 5 over

the same range of RoL. This indicates that the vorticity and

vertical shear are generated by different dynamical processes.

An analysis of the integrated enstrophy (z2) balance shows

that vorticity is generated at the bottom on the slopes of the

topography due to bottom drag, offering dynamical support

for recent studies (Molemaker et al. 2015; S19). And the

slope generation is only a weak function of RoL as expected

from the far-wake zrms. The dissipation of enstrophy is also

localized near the topography itself, also showing weak varia-

tion with RoL.

The vertical shear generated at the bottom on the seamount

slopes is, in contrast, due to advective processes in the near-

wake interior; the bottom generation is negligible in compar-

ison. This advective generation is maximum in the seamount

near-wake (y/L , 2), and its peak value increases monotoni-

cally with RoL by a factor of 5 as RoL varies in the range 0.05,

RoL , 1.0, mirroring the change in the far-wake vrms
z . We hy-

pothesize that this advective generation engenders a turbulent

forward cascade process, which is only partially resolved owing
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to the fact that ROMS is a hydrostatic model. The dissipation

of vertical shear variance, unlike that of the enstrophy, is

nonlocal in the alongstream direction, with the dissipation term

having nonzero values well downstream of the seamount

(Fig. 10c). The EKE dissipation h«i is a strong function of

RoL unlike the EKE generation that displays only weak,

nonmonotonic variations. The EKE dissipation is highly

nonlocal, and its peak value monotonically increases with

RoL. Furthermore, the alongstream position of the peak h«i
value also monotonically shifts downstream with increasing

RoL. Given the similar functional and structural dependence

of the vertical shear generation and the EKE dissipation

on RoL (Figs. 9a and 10c) we infer that h«i is likely caused

by partially resolved Kelvin–Helmholtz instabilities in the

interior.

The energy dissipation at small RoL is concentrated at the

anticyclonic near-wake, but as RoL increases, it increases both

in magnitude and downstream extent. Notably, the dissipation

occurs almost symmetrically in the cyclonic and anticyclonic

regions. This shift in the spatial structure of energy dissipation

can be attributed as a centrifugal instability (which occurs

preferentially in anticyclonic regions) to vertical shear driven

(parameterized) KH instability (and other three-dimensional

vertical shear instabilities) transition as RoL increases. The

magnitude of the volume-integrated dissipation h«iV increases

by an order of magnitude for 0.05 , RoL , 1 reflecting that

topographic wakes in the tropical regions have significantly

stronger dissipation and, consequently, mixing. This has im-

portant implications in the Solomon Sea region (Fig. 1) that lies

on key water mass transport pathways from the Pacific to the

Indian Oceans (Mélet et al. 2011; Germineaud et al. 2016).

The phenomenon of topographic vorticity generation,

boundary current separation, and interior wake instability is

an important pathway to creating submesoscale currents

with their forward energy cascade to diapycnal mixing and

dissipation.
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APPENDIX

The Mixing Terms hL
ymixi and hV

ymixi
The vertical shear mixing term, Lymix takes the form

L
ymix

5 hu
z
›
zz
(nu

z
)1 y

z
›
zz
(ny

z
)i . (A1)

Before applying the averaging, the first term can be ex-

panded using the chain rule of derivatives as

u
z
›
zz
(nu

z
)5 ›

z
(n

z
u2
z)1 nu

z
u
zzz

. (A2)

Since there is no surface stress, nzjz505 0 while at the bot-

tom, nzjz52hs
52ku*, which is just the log law of the wall (the

same as that obtained fromKPP). Then first only applying the z

integral (remember that the h i operator involves x and z in-

tegrals and a t average) on this term, we get

ð0

2hs

u
z
›
zz
(nu

z
) dz5ku*u2

zjz52hs
1

ð0

2hs

nu
z
u
zzz

dz . (A3)

Thus,

hu
z
›
zz
(nu

z
)i5 1

T

ðT1t0

t0

ðLx /2

2Lx /2

ku*u2
zjz52hs

dx dt1 hnu
z
u
zzz

i ,

(A4)

and similarly for the y term. Aggregating the u and y terms

leads to (17). The vertical shear terms at the bottom are cal-

culated using one-sided derivatives because they cannot di-

rectly be expressed in terms of the bottom shear tb as was

possible for the vorticity (14).

The vertical enstrophy mixing term hVymixi can be inte-

grated by parts as

hz=3 t
z
� k̂i5 1

T

ðT1t0

t0

ðLx/2

2Lx/2

z
b
(=3 t)

b
� kdx

2hz
z
=3 ti � k̂ . (A5)

The result in (14) follows on noting that

(=3 t)
b
5 t

z,b
3=h

b
2=3 t

b
. (A6)
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