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Abstract

By using a comparison method and some difference inequalities we show that the
following higher order difference equation

1
Xpik = 7 neN,

Xntk=Tre o /Xn)’

where k € N, f: [0, +00)¢ — [0,+00) is a homogeneous function of order strictly
bigger than one, which is nondecreasing in each variable and satisfies some
additional conditions, has unbounded solutions, presenting a large class of such
equations. The class can be used as a useful counterexample in dealing with the
boundedness character of solutions to some difference equations. Some analyses
related to such equations and a global convergence result are also given.

MSC: 39A10; 39A22
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1 Introduction
Let N, Z, R, C be the sets of natural, whole, real, and complex numbers respectively, Ny =
NU {0} and R, = (0, +00). If 5, € Z, then we use the notation r =5, ¢ instead of s <r < ¢,
reZ.

Difference equations have been attracting attention of scientists for centuries. Since the
time of de Moivre, many equations have been investigated so far. For some classical results

see, e.g., [3, 5, 1012, 14] and the related references therein.

1.1 First order difference equation, monotonicity, and some known facts
The general first order difference equation

Xne1 =f (%), €Ny, 1)
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has been investigated for a long time, and nowadays many results on the equation and its
special cases are known.

Here we recall some very basic facts on the behavior of solutions to equation (1) when
the function f is monotone. If the function f is a self-map of an interval I C R, then the
case when f is monotone is one of the basic ones. If f is nondecreasing and xy < x; = f(xy),
then the sequence (x,).cn, is nondecreasing, whereas if xy > x; = f(xo) then the se-
quence (x,,),en, is nonincreasing. If f is additionally bounded, then the sequence is conver-
gent (see, e.g., [1, Problem 9.34]). If the function f is nonincreasing, then the sequences
(%21 nen, and (xX2,41)nen, are monotone, one of them is nondecreasing and the other is
nonincreasing. If x, does not belong to the interval with the endpoints x; and x;, then the
sequences (x3;,)nen, and (¥2.+1)nen, are convergent (see, e.g., [1, Problem 9.35]). These re-
sults are some of the basic ones, and along with the additional condition on the continuity
of the function f they are frequently used in determining convergence of the solutions to
equation (1). Many examples can be found, e.g., in [1] and [11].

We prove the statement related to the case when the function f is nonincreasing, for
completeness and benefit of the reader, and as a good motivation and a suggestion for

part of the arguments in the rest of the paper. If
xo < f(x0) = %1, (2)
then from (1), (2), and the monotonicity of f, we have xy = f(x1) <f(x0) = 1.

There are two cases to be considered.

Case 1. If xg < x5 = f(f(x0)), then since in this case xy < x; < %1, the monotonicity of f
implies f(x1) <f(x2) <f(x0), from which along with xy < x; it follows that xy < x; <x3 <
x1. Assume that we have proved

X0 = Xp = S X9 SXop SXopel S X2l S0 SX3 =X (3)
for some # € N. Then using the monotonicity of f, (1), (3), and xg < x, we obtain

Xo =X < rr S Wy S Xp42 S Xopel SX2p-1 =0 S X3 =X,
from which by another application of the same procedure it follows that

X0 S Xy = SXopd S Xope3 S Xopel S0 S X3 S X
From this and by induction we have proved that (3) holds for every n € Ny.

Case 2. If x5 < x¢, then since x; < x¢ < x1, the monotonicity of f implies f(x;) < f(xo) <
f(x2), from which we have x; < xy < x; < x3. Using the monotonicity of f, (1), (2), the fact
that x, < x, and the method of induction, we get

Koy < Hopg <o Sy <X <1 X3 < <Kol <Xoe1, M ENp.

The case when, instead of (2), it is assumed that x; < x is treated similarly. From this
and the monotonicity of f, we have x; = f(x9) <f(x1) = x5.
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Case 3. If x1 < xy < xg, then as above we obtain

X1 Sw3 < S Xopm1 < Xouel S X2 SXopp <oo- <Xy <xp, né€Np.
Case 4. If x; < xy < x5, then as above we obtain

Koppl SHop1 < - Sa3 <y Swo <xp < oo S <X, M EN.

This simple and well-known analysis shows that for each solution (x;,),en, to equation
(1) its subsequences (x2,)uen, and (¥2,41)neny, are monotone, as claimed. In the first and
the third case from a well-known theorem it follows that the subsequences are conver-
gent. Recall also that in this case g = f o f is a nondecreasing function, from which the
monotonicity and convergence results can be concluded from the ones in the case when
f is nondecreasing by noting that x;,,,» = g(x2,,) and x5,,,3 = g(x2,+1), 1 € No.

To say more about the long-term behavior of solutions to equation (1), some additional

conditions on function f should be posed.

1.2 A previous claim
Recent literature shows frequent applications of known global convergence results. The

following statement was formulated in [13].

Theorem 1 Assume that f has nonpositive partial derivatives and is homogeneous with

degree s. Then the equation
Xn+l :f(xn—k’xn—m)r ne I\IO (4')
has a unique positive equilibrium x*, and every solution to equation (4) converges to x*.

To prove the statement in Theorem 1, paper [13] quotes Theorem 1.4.7 in [9] which deals
with equation (4), but only when k = 0 and m = 1, which means that the result cannot be
applied for other values of k and m. Beside this, the proof of the theorem only checks the

fact that from the associated two-dimensional algebraic system

l:f(L’ L)) L :f(l) l)» (5)
it follows that / = L. But since under the conditions in Theorem 1 system (5) is
[=L%(1,1), L=0Pf(1,1),

it is immediately obtained / = L, when f(1, 1) # 0. It is claimed therein that this finishes the
proof of Theorem 1.

Quite recently in [28] we have shown that the claim in Theorem 1 is not correct by
presenting a counterexample in the class of difference equations with interlacing indices.
The class of equations seems quite suitable for providing some counterexamples in the

theory of difference equations (see, e.g., recent paper [4]).
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1.3 Ouraim

We show that there is a related global convergence result which can be applied for all values
of k,m € Ny, but under some additional conditions. We also show that there is a large
class of governing functions f satisfying the conditions in the formulation of Theorem 1,
such that the corresponding difference equations have solutions which are unbounded,

showing that the statement in Theorem 1 is not correct for the large class of equations.

2 Preliminary analysis
In this section we conduct some analyses of difference equations whose governing func-

tions are homogeneous and nonincreasing in all variables.

2.1 Aninstructive example, a product-type difference equation
Now we give a simple, but instructive, example which contains some ideas which are useful
for the study.

Example 1 Consider the following difference equation:

a
X1 =, ME No, (6)

n

where a,o € R,.

First note that in this case f(x) = .5, which is a continuous and decreasing function on
R, and maps it onto itself.
1
Note also that by using the change of variables x,, = a@1y,, n € Ny, equation (6) is trans-

formed to the following one:

1

—, I’IEN().
Y

Yn+1 =

Hence, we may assume that a = 1.

Case o = 1. Assume that « = 1. Then equation (6) becomes

1
1=, ME No. (7)

n

Let %o € R,. Then, by using (7) and a simple inductive argument, we have

1
Xy =x9 and K9, = —, neN,.
X0

xio < Xp = %3. So, this situation corresponds to Case 3,

If xy € [1,00), then we have x; =
and also Case 4 above. Moreover, if %y € (1,00), then the subsequences (x3,).en, and
(%2141)neN, are convergent, but the whole sequence is not. If xy = 1, then x, = 1 for ev-
ery n € Ny, and then the sequence is convergent.

If xo € (0, 1], then we have x, = xy < % = x1. So, this situation corresponds to Case 1 and
also Case 2 above. Moreover, if % € (0, 1), then the subsequences (x2,,),en, and (X2,.41) nen,

are convergent, but the sequence (x,),en, is not.
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Now note that by using (6) with a = 1 twice, we obtain
0[2 ot2
Komeo =%y, and w3 =45, ., neNg. (8)

From (8) it is easily obtained

2n

2n
o o
Koy = Xy and %y = %3 —5m M€ No. 9)

0
There are two cases to be considered.

Case o € (0,1). In this case the sequences a*” and o?"*! decreasingly converge to zero,
and consequently

lim xy,=1 and lim x,,; =1.
n—+00 n—+00
Moreover, if xg € (0, 1), then x,,, increases to one, whereas x,,,; decreases to one. Since in

. 2 .
this case xg < %y = 2% <x; = &, it corresponds to Case 1 above. If xy > 1, then x,,, decreases
0 P

. . . . 2

to one, whereas x,,,,1 increases to one. Since in this case x; = x% <Xy =xj <X, we have
0

the situation as in Case 3 above.

2n+1

Case a € (1,00). In this case the sequences «?" and o increasingly tend to +00, and

consequently, if xo € (0, 1), by letting n — +00 in (9) we get

lim x,=0 and lim x,,; = +00,
n—+00

n—+00

X9y is decreasing and x,,,1 is increasing. Since x; = x5 < xp < xia = x1, we have the situation
0
in Case 2. If xy > 1, then

lim xy,=+00 and lim xy,,; =0,
n—+0Q n—+0o0

Xoy is increasing and xy,,,1 is decreasing. Since x; = x% <Xo <%y =x;, wehave the situation
0
in Case 4.

Remark 1 Equation (6) is one of the simplest product-type difference equations which
is solvable in closed form. The solvability is essentially what enables the simple analysis
given in Example 1. For some more complex solvable product-type difference equations
and systems see, for example, [24, 29] and the related references therein. Some classical
results on solvability can be found, e.g.,in [1, 3, 5, 8, 10-12, 14], whereas some other recent
ones can be found, e.g., in [2, 20, 23, 25] (see also the related references therein).

Remark 2 Note that the function f(x) = x% in Example 1 is homogeneous with degree —«.
Recall also that it is decreasing. But, as we have seen in the analysis in the example, if« > 1,
then there are unbounded solutions to equation (6), although

1 1
l=— and L=—
LO(

la

implies / = L in this case.
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This homogeneous function of one variable strikingly suggests that similar situation
should appear also in the case of homogeneous functions of several variables. This exam-
ple along with the construction of difference equations with interlacing indices (for some
examples of the equations see, e.g. [26, 27]) was used for constructing the counterexample
in [28].

2.2 An example with a heuristic asymptotic approach

Here we consider a difference equation heuristically. The first higher order difference
equation with non-interlacing indices, such that the governing function satisfies the con-
ditions in the formulation of Theorem 1 and is related to the one-dimensional equation
(6) with a = 1 that came to our mind, is the following second order one:

KXn+2 = S 5 ne Nr (10)

with X1,%X € R+.
Consider the equation with

X1 =X =6&, (11)

where

e (o i) (12)
"2

is very small.
From (10) and (11) we have
2

! (13)
Xy = = = —.
} x5 +x &2

From (10), (11), (13) and by the Taylor formula with Peano’s remainder, we have

2 24

Xp=——s5=——=
x5 +x5 1+e®

267 (1 +0(s27)). (14)

From (10), (13), (14) and by the Taylor formula with Peano’s remainder, we have

2 2t 2 293
X5 = = =262 (1+0(2%6¥+)). 15
PT a2 14226240 1 o(el2) ( ( ) (15)
From (10), (14), (15) as above, we have
2 1
%6 (1+0(s>?)). (16)

T2exl 2014 0E27)) 2267
From (10), (15), (16), we have

2 o4
2 21+2 82

S x2+al 1+ 0(e2+?)

x7 =212 (14 0(e>7)). (17)
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From (10), (16), (17), we have

2 91422 24
xg = - L ol (14 0(e27)). (18)
X2 +x2 1+ 0(ex?)
From (10), (17), (18), we have
2 1
%9 (1+0(e?)). (19)

- xé +x% - 22+2625(1 4 O(2+2)) - 02+23 ¢25
Formulas (13)—(19) suggest that the following relations hold:

1
- 22+23+“.+22n—3 82271—1

X3n

(1+0(>7))

1+0(e2?) YAl + O(e>?))

= 222"’;)1—2 822n71 - (%8)22”’1 (20)
Xapel = 21+22+~--+22<"*1)822" (1 + 0(82+22))
n_ . 3 92n
= 222%822 (1 + 0(52”2)) _ (\/_23782)(1 + 0(52”2)), 1)
Xapeg = 21+22+---+22<"-1)822" (1 + 0(82+22))
n_ . 3 22;1
o (1 o2y - 2 f/%) (1+0(7)) (22)

for n < ny for some large but fixed no.

However, since the calculation errors are accumulated from one step to another, we will
not conduct further our analysis in the direction nor try to prove (20)—(22), but will simply
leave it as a heuristic asymptotic analysis.

Note that if (20)—(22) were true, then by using assumption (12), i.e., e+/2 € (0,1), in
(20)—(22), it would follow that

lim x3, = +00, lim x3,,1 = lim x3,4,2 =0,
n—00 n— 00 n—00
which would show that the solution to equation (10) satisfying (11) is unbounded.

The heuristic proof suggests that another method should be employed. Since we do not
have exact applicable formulas, one of the ideas is to compare some of the solutions to the
equation with solutions to another equation for which it is possible to find the solutions
in closed form. This idea will be used in the next section.

Remark 3 If x; = x = 0, then the solution to equation (10) is not well defined. If x; # 0 or
xy # 0, then x3 > 0, and a simple inductive argument shows that x,, > 0 for every n € Ny.
Hence, all solutions except the one obtained for x; = x, = 0 are well defined.

Remark 4 The only real equilibrium of equation (10) is x* = 1. Hence, the equation has a
bounded solution
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which is, of course, convergent. The solution is obtained for x; = x; = 1.

Assume that x,,,,1 = %,,+2 = 1 for some ny > 3. Then we have

1 2 2
:xn0+2 = 5 = )
2 2
Kor1 T %ing 1 + %5

from which it follows that x,,, = 1 (by Remark 3, x,, > 0, n > 3 for each solution to equation
(10)). By a simple inductive argument, we get x, = 1 for 3 <n <mo+2. If x3 =4 = 1,
then x% = 1 is similarly obtained, that is, |x;| = 1, from which in the same way |x;| = 1 is
obtained. Hence there are four solutions which are eventually equal to one, namely those
satisfying the conditions

|%1] = [xa] = 1.

3 Main results

Here we prove the main results in this paper, which give some answers to the questions
posed in the introduction and show that the statement in Theorem 1 is not true by pre-
senting a large class of difference equations possessing unbounded solutions.

The following result on global convergence of solutions to a difference equation is folk-
lore and one of many existing in the literature (see, e.g., [6, 7, 9, 15, 16, 18, 21]). The proof
is standard and essentially given in [9, Theorem A.0.8]. We present it for the completeness
and the benefit of the reader.

Theorem2 Letk € Nandf : |a, b]¥ — [a, b] be a continuous  function which is nonincreas-

ing in each variable, and such that from
f,....0=L and f(L,...,L)=1, (23)

where I, L € [a, b], it follows that | = L.
Then the following difference equation

KXn+k :f(anrk—l) cee ;xn)> neN, (24‘)
has a unique equilibrium x* € [a, b] and every solution to (24) converges to x*.
Proof Letg(x) =f(x,...,x) —x. Since g(a) > a and g(b) < b, the continuity of g implies that
there is x* € [a, b] such that g(x*) = 0. Assume that there is y* € [a, b], x* # y* such that

g(y*) = 0. We may assume that x* > y*, since the other case is dual. Then from the relation
flx*,..,x%) = f(%...,y*) =x* — y* and monotonicity of f in each variable we have

0<a” =y =f(x%....a") = f(¥"....9") <0,

which is a contradiction. Hence, it must be x* = y*, proving the uniqueness.
Let 11 =a, Ll = b,

Lusi=f(p. b)) and Ly =fLo...,Ly), neN. (25)
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Then from (25) and by using induction it is routinely obtained
h=b=-sha<l<Ly<Lp1<-=Lly=<L (26)
for every n € N, and for each solution (x,),cn to (24) we have
ly<x<L,, forj>k(m-1)+1. (27)
From (26) we have

T= lim I, and I= lim L,
n—+00 n—+00
for some I, € [a, b]. By letting n — +o00 in (25) we get (23) with [ =Tand L = L, which
implies 7 = L. From this and by letting 7 — +0c in (27) we get

lim x,=1=L=x%
n—+0Q

finishing the proof. 0

Remark 5 Theorem 2 is the result which can be applied in the case when the function f
is nonincreasing in each variable, whether or not the function f(t;,..., %) depends on all
the variables. It could have been applied in the proof of Theorem 3.3 in [13], but only if all
its conditions are verified, which was not the case therein.

The following theorem is the main result in the paper. It shows that there is a large class
of functions satisfying the conditions in Theorem 1, such that the corresponding differ-
ence equations have solutions which are unbounded, showing that the claim in Theorem 1
is not correct. In the proof of the theorem we use a comparison argument. For some re-
lated comparison arguments see, e.g., [17, 19, 22].

Theorem 3 Counsider the difference equation

1

—, neN, (28)
f(xn+k—1r e Xy)

Xn+k =

withx; e Ry, j = 1,k, where the function f : [0, +00)* — [0, +00) is homogeneous of order
a > 1, that is, f(Mt,..., Mx) = Af (L1, ..., tx) for every A € [0,+00), nondecreasing in each
variable, f(1,...,1) = 1, and that

q:=min{f(1,0,...,0),£(0,1,0,...,0),...,£(0,...,0,1)} > 0.

Then every solution to equation (28) such that

1
0 < maxx; < go>-1 (29)
j=1k

is unbounded.
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Remark 6 Iff(1,...,1) #1, then by using the change of variables

Yn
(f(l,..., 1))1/(1+0¢)’

Xy = nel,

the sequence (y,),en satisfies the equation

f(1,...,1)

ik = ——————————~» MNE N,
7 f(,)/n+k—lr---’yn)
and the function
0 (tl: cees tk)

Sle, . t) = f(1,...,1)

satisfies the conditionf(l, ...,1) = 1. Hence, we may assume f(1,...,1) = 1.

Proof of Theorem 3 Let

mg := maxx; > 0.
j=Lk

Then, from (28) and the conditions of the theorem, we have

1 1 1 1
KXk+1 = > == PR
SO ooyx1) ~ flmo,...,mo)  mif(1,...,1) mg

Let

1
M11=—

e

My
Then, from (28), (30), and the conditions of the theorem, we have

1 1 1 1
< = < ,
F@anr- o ®) — fML,0,...,0)  MEf(1,0,...,0)  qM:
1 1 1 1
xk+3 = S = o S o’
f(xk+2,xk+1,...,x3) f(O)er 0;10) le(o’ L 0;10) qu

Xk+2 =

1 1 1 1
Xoksl = = =— = —
f@okr oo sxie1) — f(O,...,0,M1)  MYf(O0,...,0,1) — gMy
Let
1
my = .
P Mg

Then, from (28), (32), and the conditions of the theorem, we have

1 1 1 1

> = =,
f(x2k+1’~u:xk+2) _f(mlr~~-;m1) Wl‘ff(l,...,l) Vl’l({[

X2k+2 =

(30)

(31)

(32)

Page 10 0f 13
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Let (M,,)nen and (m,,),¢en, be sequences defined as follows:

1
My = g Myl = qM—"” n € No. (33)

n n+1

Assume that for some [ € N we have proved that

Kkryej <my,  j=1Kk, (34)

K(ker1)(1+1) = Mi1. (35)

Then from (28), (35), and the conditions of the theorem we have

1 1
X(k+1)(I+1)+1 = =
EVEVET @y - Fwana) ~ f(Mia,0,...,0)
1 - 1
= =m ’
M f(1,0,...,0) — gMz,
(36)
1 - 1
K(k+1)(1+1)+k = -
OV Flnaenk oo Fwen@en) — 0,0, Misa)
1 - 1
= < =M.
M;):Lf(oyw')o’l) q ?Jrl '
Then from (28), (36), and the conditions of the theorem we have
1 - 1
X(k+1)(1+2) = -
i) S @)@y - o Xy @ener) ~ f ... mi)
1 1
_ = Mo, (37)

(1)

From this and by induction, we see that the inequalities in (34) and (35) hold for every
le N().
From the equations in (33) we have

My = —— = (gM®)" ="M}, n>2. (38)
m,_q

Iterating equation (38) yields
2
My = "ML = ¢ (°M2)" = IME), n=3.
By a simple inductive argument we have

2n—4

2 2n-2
Mn _ qa(1+a oo )M({t , ne N,

from which it follows that

w2n-2_1

M,=q" @1 M, neN. (39)
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From (39) together with (31) we have

2n-1

OthZ—l —a 21 qzzlfl o o 5
M,=q <1 my == g2, neN. (40)
0

Employing (40) in the second equation in (33) we get

2n

1

1 21\ ¢ 1

my = B (q ) qet. (41)
qM; mo

1 1
Let mg € (0,q«>-1). Letting n — +00 in (40) and (41) and using the fact g«>-1/m, > 1 and

the assumption « > 1, we obtain

lim m, =0 (42)
n—+00
and
lim M, = +o0. (43)
n—+00

From (34), (35), (42), and (43), we see that for each solution to equation (28) satisfying

condition (29) we have

lim X(k+1)l+j = 0, j: ]-;—kr
l—+00

and

lim X(k+1)l = +OQ. (44)

l—+00

The relation in (44) shows that each solution with such chosen initial values is unbounded,
finishing the proof of the theorem. O
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