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1 Introduction

In differential geometry and particularly in Riemannian metric space, geodesics
are the shortest path between points in space. They play an important role in
general relativity, in spacetime curvature and the two-body problem mainly
the perihelion advance for the planet Mercury which is based on the solution
of the geodesic equation in the Schwarzschild spacetime metric [714].
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However, generalizations of geodesics to higher-order derivatives were dis-
cussed in literature through different contexts, e.g. the study of the uni-
formly accelerated relativistic test particle world line [?9] and geodesic circle
in pseudo-Riemannian geometry [?33] which involves 3"¢-order derivatives
(714, 715]; the study of the problem of closed orbital motion in the Kerr
metric spacetime [?3]; the study of higher-order geodesics in Lie groups [724]
among others. In most of these works, higher-order geodesics are obtained
by means of the geodesic deviation equation commonly known as the Jacob
equation which relates the Riemann curvature tensor to the relative accel-
eration of two closed geodesics [728] or by means of geodesic deviation at
higher-order [?732].

In this paper, we would like to address the problem differently. We will
prove that higher-order geodesics may be obtained by means of a generalized
complex backward-forward derivative operator motivated from non-local-in-
time Lagrangian dynamics. This kind of dynamics was addressed long time
ago in theoretical physics. In fact, Nelson for the 1% time used non-local-
in-time approach to derive the Schrodinger equation starting from classical
mechanical framework [?17].

Non-local-in-time dynamics was addressed recently in [?30] by introduc-
ing the notion of the non-local-in-in time kinetic energy. The topic was also
touched in [?13] to deal with dissipative systems and in [?5] to study the case
of deformed or non-standard Lagrangians type. Related issues concern scale
relativity using concurrently the notion of backward-forward motion [?1,719]
on non-differentiable curves [?720] by means of a complex backward-forward
derivative operator.

More specifically, in this paper we will extend the notion of the complex
derivative operator for the case of non-local-in-time geometric Lagrangian
dynamics and we will prove that within the classical differential geometrical
settings, the classical Lagrangian procedure will lead to higher-order geodesic
equations by means of the Taylor expansion of derivative operators that might
have interesting features. Through this paper we limit ourselves for the 27%-
order derivative.

The paper is organized as follows: in Sec. 2, we introduce the basic
mathematical setups where we derive the higher-order Euler-Lagrange equa-
tions and the higher-order geodesics; in Sec. 3 we illustrate by discussing the
geometric dynamics of some specific cases; conclusions are given in Sec. 4.
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2 Basic Setups: Non-local-in-time Coordinates, La-
grangians, the Higher-order Euler-Lagrange Equa-
tions and the Higher-order Geodesics

We start by introducing the basic setups of our approach.

Definition 2.1. Given a dynamical system characterized by a generalized
coordinate X, the respectively backward and forward trajectories X(t — 7)and
X(t 4+ T); t being the proper time and T a positive constant. The complex
backward-forward derivative operator D of X is defined by [?19]:

Dx & 1 (dX(tJr%) N dX(t—T')) i (dX(:l;L 7) dX(;t— 7"))

2 dt dt 2
1—i
2

where i =+/—1 € C and D = d/dt.

In fact, the operator D was introduced in scale relativity [?19] which de-
scribes the fractal spacetime theory that allows recuperating local differential
time reversibility in terms of a new complex process [720]. We can extend
this operator using the following Taylor series expansions:

DX(t+7)+ #DX@ —7) (2.1)

1 1
X(t+7) ~ X(t)+7DX(t) + 5%21)2X(t) + ok ST DX
: n:

X(t—7) ~ X(t)—7DX(t) + %%ZDQX(t) + .+ (_1)n%"D(")X(t)
= X(t)+ zn: ﬂ%’“D(k)X(t). (2.3)

Lemma 2.1. Using equations (2.1) and (2.2), the extended complex backward-
forward derivative operator acting on X(t) takes the form:

D"X(t) = L <DX(t) + zn: %f’“pﬁm)x(t))

2
k=1

. n _1\k
+1—2H (DX(t) + ; ( kl!) %’“D(’””X(t)) ,
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n n

(1+ (—1)’“)%7"“/3(“1))(@)—

k=1 k=1

1

= DX (t)+ (1— (—1)k)E%kD(k+1)X(t).

DN | —
DN | .

(2.4)
In order to generalize this operator for the case of non-local-in-time pro-
cess, we introduce the following definition:

Definition 2.2. We define the non-local-in-time generalized coordinates by:

X(t+7)+X(t—17) X(t+7)—X(t—7)

Y! = : —i 5 :
= X(t)+% (Z %(1 +(=D)F)FDWX () — i %(1 - (—1)k)ka(k)X(t)> .

(2.5)

Definition 2.3. The extended complex backward-forward derivative operator
action of Y is defined accordingly by:

0 1< N T R ey L k)
D _D+§Z(1+(—1) ) 7D —252(1—(—1) )T DY,
k=1 L, k=t _

=D+ D% —iD". (2.6)

Evidently, for n = 1, we find Y! = X(¢) — i7X(t) and D' = D — i7D®.
As a result we get effortlessly D'Y! = (D —i7D®)(X(t) —i7X(t)) = X(t) —
27X (t) — 72(t).

We can now give the necessary condition for the extremum of a func-
tion of type S = f; L,(D"YZ Y2 t)dt where the curves are allowed to
vary between two fixed points. Here Y2 € C'[a,b] and L,(D"YZ2, Y2, t) €
C*([a, b] x C™ x C™; C) is a function with continuous derivatives with respect
to (D"Y?, Y2, t). The problem is to find Y2 € C'[a,b] such that Y2(a) =
y(a), Y2(b) = y(b) and which is an extremum of S = [ L,(D"Y?, Y7, )dt.

Theorem 2.1. If the action functional S = fab L,(D"Y2, Y2 t)dt has an
extremum at Y2 € S = {Y2? € C'[a,b]; Y2(a) = y(a),Y2(b) = y(b)}, then
the following higher-order Euler-Lagrange equations hold [?25]:

(2.7)

OL,(D"Y?, Y" ) . OL,(D"Y?, Y" ) 0
oY? oDrY? -
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It is obvious that for n = 1, this equation is reduced to the 2"-order
derivative Euler-Lagrange equation:

oL (DYYL YL t) d (0L (DYYL YL t) _d® (OL(D'YL YL 1)\ 0
oyl ( IDLY! )“T@ ( IDIY! > —
(2.8)

It is well-known that the Lagrangian formalism of classical mechanics may
be translated in curved spacetime with line element ds? = g,sdz*dz?, o, B =
0,1,2,3, gap is the metric.

In our arguments, we have ds? = g,sD"Y?"D"Y" o, = 0,1,2,3. Here
gqs1s a complexified metric. We assume in what follows ¢ = 1, cis the celerity
of light. In what follows, we will restrict ourselves for n = 1. We consider
an N-dimensional manifold M, a parameterized curve T : [a,b] — Mand
a parameter o € [a,b] such that spacetime coordinates are given by the
parameterized worldline Y*(¢). In order to derive the higher-order geodesic
equations, we use the classical variational principle in curved geometry which
states that freely falling test particles follow a path between two fixed points
A(a)and B(b) in spacetime which extremizes the proper time 7 defined by
dr? = —ds?*[76,78]. In order to apply the Lagrangian formalism, we set o = 0

at A and 0 = 1 at B. So, we can write 7 = fol \/—gangYiaDlYiﬁdo =

[} L(DYYL, Y1) do where Li(D'YY, YY) £ L, = dr/do and accord-

ingly the Euler-Lagrange equation that we will use takes the form:

0L, 0L,

oy D (aD—Y) =0, (2.9)
where D! = D —i7D®). Given a function f = f(7(c)), then the following
relations hold:

df df
2 —-r.=L 2.10
do Ydr (2.10)
f d [df d df dL, df d?f
= (L) =—= ;=)= =2 4+ L 2.11
do? do <d0) do ( 1d7) do dr * Ydr?’ (2.11)
Bf Ly df dL, d*f dL, d*f 4’ f
@] _ R et Sl )Y § 3. 2.12
do3  do? dr Ydo dr? ek do dr? * Ydrs3 (2.12)

Theorem 2.2. The higher-order geodesic equation for

1 1
T = / \/—gaﬁDlY}aDlY%ﬂda = / Ll(DlY;a,Y;Q)da
0 0
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L
dr dr T

10gas [dYLayl’ ,  dPYL YL ayL® a3y’
20YLY

PYL gy L’
.12 .12
dr3  dr3 Ly dr  dr3 Ly 3 5

dr3  dr
L YR 1 Ogay gy | AV ayl’
B 2 2 BY}B oYL | dr dr

_ YL 1 [ 0ga, gy | BBYLYaYL’
—'LTL% (ga’ydT4 + 5 (aerg —|— 75

oYL” dr3  dr

—irli | g d4Y;a+} O8ory | Ogys | AYY dY1°

1( 0gay  Ogys \ (dYLY BYLY  _a2YL* @2YL’
+2 L+ oot 2
2\ovLt” 0Y:

dr dr3 dr?  dr?

L (2dY;B YL dyr dWﬁ) (anM ayl’
2 dr  dr2

dr  dr? 8Y}’82 dr

dr dr3

i 9*gyp dYL"
ayyﬁ dr

« B «
21t g d°Y; I 1 9gay 1 9y \ dY;" d°Y]
LASY 476 2\gyl? oYL") dr drd

dYL® d3YlB>

(e Y)Y P a¥) ((aVITdYLY YL YL
2 \oy1? dr = gyl dr dr  dr* a3 dr2

L1 [ Omay | Omys | (YY" ayl’ LY d?yL’
2 ay;ﬂ oYL” dr® dr

drt  dr?

BYL* a3y
dr3  dr3

1 [ 0gay dYY  2g. YL [d'Y1aYL?  a3Yl® i2yl?
+= +
2\ gyl?? dr oYL dr

drt  dr dr3  dr?

L[ P8 a2y’

2

Bg., [dYL’ R s B2YLY 9P JYL\ 2

e + g’g T + g’Yﬁ; T g’YﬂS T
2 \ gyl dr?  gyl®\ dr oYL® dr?  gyl®®\ dr

PYL gy’
T T 2.1
dr3  dr > (2.13)
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Proof. In fact, the following relations hold:

oL | d i dyL° PYL®
_Dl — Dl o DlYla — L1— — ~—L37 . T '—L2 T
(mwy‘) (ng v E Var ~ s )\ B\ Tar T s

OLi _ 1, Ogag dyl” ﬁLQdSY;a ayL’ - ﬁLQdBY;B
oYL” 2 18Y¥Y dr bodrs dr Voars )7
9Ly 1 116 Iy 1le 1 Iyla
d dz® d BYL”
S (g ) —ir3 L (g
Ydr (gwdT) Ldr <g7 dr3 )
do( o dYE\ YL 1 (0ge, | Ogys | dYLTdYL]
dr \8 ar 82 2\oyl’ 0Y:") dr dr’
4 (g G S . d'YL" 1 [ 0gay | Ogys | BPYLdYL
dr \°>*" dr3 T drd 2\oyl’ 0Y:") dr3 dr’
B Ay AL 1 Ogey, | O8ys | dYL PYLY
a3 \877 ¢ ~ B 2\oyl 0YL") dr dr?

d3 leO& d3 d3Yla
_ '7L3_ T o 72L5_ T
T (ga7 dr ) TS (gav dr3 ) ’

1( 0gay  0gyp \ (dYY BYL _@2YL1*a@?YLl’  qyl® a3yl’
+§ + +2

dr dr3 dr?2  dr? dr dr3

1 8%y AYY' %5 YL LY YL’ N dYL" YL’
OY}.M dr ay;ﬂ dr dr? dr dr dr2 ’

B BYE Y 1 Ogay, | Ogys | dYL PYL"
“E T T\ gyP ol ) Tar ar



146 An. U.V.T.

drt  dr dr3  dr?

1 ( 0%gn, dYLY’  92g 5 dYL® NS dyt’ N EY a2yl’
2 oYL dr  gyl®? dr *

+ Ogor | Og4p | ("Y1 ayl’ Nty 2y Byl a3y’
oYL B aYL® dr® dr dr*  dr? dr3  dr3

2
L P 7YY g, (dY;ﬁ) Pgrp YL 0 (dY?‘)Q

2\ oyl drr " gyl®\ dr ayL? drr gyl \ dr
BYLY ayt’?
dr? dr
Expanding terms and using relations (2.10), (2.11) and (2.12) we find
equation (2.13). N

Lemma 2.2. The Lagrangian is different from zero; then we can split equa-

tion (2.13) into three differential equations which are respectively factors of
LY, L3 LY as follows:

d2YL® dyl’ayl”
ga’y d 9 + ga'yraﬁ d dT 9 (214)
P BYL qyL’ . YL @y’
BorTgra TB o\ Ty T T e T ar

1(08ay | Ogys ) (dYYV YL a2V YL’
dr dr3 dr?  dr?

2
oYLy oyY:® "

RYRAT ayL’ LAy YN [ 0go, dYL  3Pgp dYL\ .
2 dr? dr dr  dr? aY;/BQ dr aY;O‘2 dr -

d%yl® d3Y15 dSYlﬁ

7_

ga'y d + ga'yrgﬁ d 3 dT3

drt  dr dr3  dr?

1 [ 0%ga, dVL’  0%g 5 dYL® Nty ayl’ LY d2yL’
2 \gyL?? dr oYL*? dr
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1( 0gay | O848 BYL gL’ Ny 2y’ @dyle g3yl’
2 ay;ﬁ oY L® drd  dr drt  dr? dr3  dr3

2
L[ gy Y g, (inB> O’grp *Y1" | Ogyp (ina>2

2\ gy drz o oyiP\ dr oYL dr2 gyl \ dr
BYL* YL’
e (2.16)

Here T, = 5 (;g{}% + gﬁg;f} — ;5‘1@) is the Christoffel symbol, Y1P% =

(YY")? and so on.

The proof is direct. In what follows we will be interested mainly in
equation (2.14) which already yields higher-order derivative terms.

Definition 2.4. We define the non-local-in-time complexified metric up to
I5t-order in T by:

. . 0g.
8us(YT) = gos(X7 — i7X7) = gop — z’%X"%. (2.17)

Lemma 2.3. The non-local-in-time complezified Christoffel symbol is:

I‘f;ﬁ = Rgﬂ — ﬁlgfg, (2.18)
where
1 99y 0gvs  O9ss
R,u — v 2 e
o = 39 <8X/3 X T oxo
1 50009" (<3P0 | 50708 | 0 958
_§T X W (X 8X52 +X 6X62 +X aX’VQ 3 (219)
and

1 - 50%0ys  <.50%¢ . 0%
(L 117 B8 2 1) B ¥ a8
Lo = 59 <X oxe X axe TR an)

1 ,09" (0gys | 0gy5  Ogss
R < (aXﬂ X T ox ) (2.20)
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Proof. In fact, using equation (2.17), we can write:

0 0 50
8o (gw_”xﬁ gms)’

oYy oy’ OXP
o ag’yﬁ . 0 Y 58975 - 8975 P 582975
= 8Y}B _ZTaY%ﬂ X X5 | = 9X? —1TX X2

The same results holds for the rest of terms in I‘gﬁ and consequently we
can write:

1 009"\ (095  Ogyg  0gss
I\# — HY _ iFXO i e
9~ 3 (g " axv) (axﬁ Taxs T axn

. ,0% 02 .02
= B vé 597948 ol 9sp
iT <X X752 +X 5X02 +X X2 )

1 99vs 098 0958\ 1 _93509" (4530°05 | 50°08 | 07968
= Zg 0 A _ _=2xo X5 0] X0 0 X7
(29 (axﬁ Toxs Taxy ) T2 % axe \Uaxe T axor T axoe

1 . 20%g.s . +0%g .02
(L (8979 59°948 | 07988
v <29 <X axe T4 gxe X aXﬂ) *

1 4009" (0945 n 9948 0958
27 0X° \9XP 0X° OX7 ’

= Rgﬁ — ﬁlgbﬁ.
O

Remark 2.1. It is obvious that when 7 = 0 equation (2.18) is reduced to
the standard Christoffel symbol.

Corollary 2.1. The non-local-in-time complezified geodesic equation (2.14)
1s splitted into two parts:

m

a A" n
dr? 58

op

dr dr 4 dr? dr?

X dX°dXP X PXPN L, (dPXOdXP N dX° d*XP 0
dr? dr dr dr* )
(2.21)

d3X“+ o (dPX0 dXﬁ+dX5 *XPN -, [dX? dXﬁ_%QcFX‘; d*X”
dr3 BN\ dr2 dr dr dr? BN\ dr dr dr? dr?

(2.22)
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Proof. Using Y! = X —i7X and equation (2.18), we can split equation (2.14)
into real and complexified parts.

It is obvious that equation (2.22) is a 3"-order differential equation in
contrast to the standard geodesic equation which is a 2"-order differential
equation. By neglecting terms on 72, equations (2.21) and (2.22) are reduced
respectively to:

EXr X0 dXP

- = 2.2
dr? o dr dr ’ (2.23)
and
X d*X0 dXP  dX° d*XP dX? dx?
—_— L Ky———— =0. 2.24
dT3+ 55<d72 d7'+d7' d72>+56d7 dr 0 (224)
By differential equation (2.23) with respect to 7, we find:
B*Xe (X8 dXP N dX° ?XP\  dRj5dX°dXP 0. (2.25)
dr3 W\ dr? dr dr dr? dr dr dr '
and after comparing with equation (2.24) we find:
dR%
B
=15, (2.26)

Corollary 2.2. The spacetime metric ds* = gosdY L dYY is complezified
and 1s splitted as follows:

ds? = gopd YL dYY = dsg? — ivdsy?, (2.27)

where

L . g . .
2 _ a B =2 a BY _ =2vyo af « B @ B
dsr? = gos (AX"dX7 = 2dX"dX") — 72X7 L (X dX" + dX d)((Q >28)

and

. : - 904 S
st = gop (AX°AX7 + dX°dX") + X7 (aX0dX” — 7aXedX”)
(2.29)
By neglecting terms on 72, equations (2.28) and (2.29) are reduced re-
spectively to:
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dsr® = gapdX*dX”, (2.30)

and

dst® = Gap (dxadxﬁ + andXﬁ) + Xa%dxadxﬁ : (2.31)

Both equations are related by derivative with respect to 7. It should be
stressed that the complexified spacetime is explored in literature through dif-
ferent contexts and mainly in theoretical physics [?2,74,710,727], differential
geometry [?712,729] and twistor theory [?22, 723, 731]. O

3 Illustrations

3.1: As a first illustration, we attack a classical gravitational problem. It
is well-known that general relativity describes gravitation in terms of the
spacetime curvature and without gravitation the spacetime possesses the
Minkowski metric of special relativity 7,,. In our approach, the Minkowski
metric is complexified and we define it as 7,,. It is worth-mentioning that
the complexification of the Minkowski spacetime was discussed through dif-
ferent frameworks in literature [?6,721]. In weak spacetime curvature, the
complexified metric is of the form g,, = 1., + h,, with |h,,| << 1. For
n = 1 and up to the first order on 7 we can write:

oo Ol
v = Nuw + h,u,u — 17X a)ga y (31)
where
oo Ol
h,, = h, —iTX 8—)50’ (3.2)
and
PR 0877 v
Nyw = Ny — 1TX 8}50 = M- (3.3)
For the case of stationary metric, equations (2.19) and (2.20) give:
R80 = 180 = 07 (34)
i 1 i-ahgo
Ry = —51” (3.5)

27 0XJ’
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i 1 i3 i82h00
By considering a free-falling particle falling slowly in the stationary met-
ric, equations (2.23) and (2.24) are reduced respectively to:

d2XH dt\?
Tt Ri( ) o (37)
and
d3XH d?t dt dt \?

where we have used the fact that X = ¢ in units ¢ = G = 1 (¢ being the
celerity of light and Gis the gravitational constant). Using equations (3.4)-
(3.6), we find:dt/dr = k €and besides equations (3.7) and (3.8) are reduced

to:

X 1

W = —EVhoo, (39)
and

BX 14X

=~ Ahg. 1

a3~ 24t " (3.10)

Comparing equation (3.9) with the Newtonian equation describing the
motion of a particle in a gravitational field ®, i.e. d*X /dt? = —V®, we

observe that hgg = 2®. After replacing into equation (3.10), we obtain:
#X  dX

dt3 — dt

This equation shows that the jerk gf = X / dt® which is the rate of change

(3.11)

of acceleration is related to the velocity V=dX / dtand the gravitational field

by: J = VA®. This relation does not appear in the standard formalism.
However, it is well-known from potential theory that A® = 471G p(Poisson
equation) where pis the mass density and Gis the gravitational constant.
Therefore we find: J = 47er\7. However, for the case of a time-independent
gravitational field, one can check after differentiating equation d?X /dt> =

—V® with respect to time that the jerk is zero and therefore the Poisson
equation is reduced to the Laplace equation A® = 0. Accordingly, in our
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approach, goo = 1 + hgy = 1 + 2®and the spacetime interval is ds? = —(1 +
28)dt? + dz* + dy? + dz? where ® obeys equation the Laplace equation
A® = (. The solution of this equation gives ® = A — M /r, A is a free real
constant. This solution describes in fact that the gravitational field of a mass
Mat the origin of the coordinate. Therefore gog = 1+ hgo = 1 +2A —2M /r.
By setting A = 0, we find goo = 1 — 2M /r. This is interesting since we can
obtain the Schwarzschild solution directly without using boundary conditions
[714].

3.2: As a second application, we would like to derive the geodesic devi-
ation equation again for n = land up to the first order on 7. In fact, the
geodesic deviation equation plays an important role in theoretical physics,
gravitational theories and technical astrophysics and it is a natural extension
from the geodesic equation [?711,726]. In differential geometry, this equation
is commonly recognized as the Hamilton-Jacobi equation whereas in general
relativity this equation describes the dynamics of closed objects controlled
by a spatially varying gravitational field. By considering a nearby point
XH = XH 4 €M ¢# << 1 and using the expansion of the Christoffel symbol
up to the 1%*-order [?18]:

Rijs(X") = Rjy (X" +€") = Rj(X") + Rfj5 & + O(6™), (3.12)
Iis(XF) = Tip(X! +8) = T (X7) + I .6 + O (€%, (3.13)

where Rj, , = OR}, /dz*and L5, = 015, /02, we can approximate equa-
tions (2.23) and (2.24) respectively by:

d2§“ a’gr  dX” d>X* . dX° dXP LORY dX? dﬁﬁ

N dX dX5
dr2 = dr2 ‘wd ar T ar B

A QA
56’\6 dr dr

=0, (3.14)

and

X d¥er L (dPX0dXP dXO dPXP
+—— +RY, +
dr3 dr3 dr? dr dr dr?
d*X° dgs L dX0 d*XP
8 dr? dr Risnd dr dr?
dX? dX? dX? dfﬁ dX? dX?#
IM o A
o ar T ar TR
Using equations (2.23) and (2.24), we can reduce equations (3.14) and
(3.15) respectively to:

+2R%

— 0. (3.15)
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d2§“ . dX° dgﬁ Adxé ax?
and
d3gm d*Xo dgﬁ Adx5 d?xs
dr3 + 2R§B dr?2 dr 557}‘6 dr?
dX? dgﬁ L, X dX?
+2IM T 56 & — e =0 (3.17)

It may be checked that some mathematical algebra, equation (3.16) is
reduced to the well-known geodesic deviation equation [18]:

.2
E + R¥
Dr2 2 dr

Rf\s = Ussn — Isn g + Toal'ss — I'ogl'5,is the curvature Riemann tensor

Rdlﬁ —0. (3.18)

dr

and D / Dr is the covariant derivative which help us write equation (2.24)

~ 9 ~
as D X“/fD72 = 0. In return to equation (3.17), we can write first it in the

form:

d3§y, RH d2X5 dgﬂ + " dX5 d&ﬁ
ars TR e T
dX° d*X# dX? dX?#
A A
55 & dr dr? 5*3’)‘5 dr dr (3.19)

By adding to both sides of equation (3.19) the terms:

dX9 ?X?8
A 4
R BE dr dr? + Rop & dr dr? _Rg)‘R‘w 3 dr dr?

dX0 X8 dX0 ¢2X5 dX0 §2X58
1 A 1 Jo ¢ B oo g
+I‘”"B£ dr? +1op aré dr dr? BRSUTS dr dr?2’
we find:
3gn X9 q¢b X0 d?X5
ey 2R5 XA, g X
dr3 i ar TR T
5 2 6 2
LR éAdX d?X? AR .S d*X?
o dr? o dr?
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dxe dﬁﬁ L dX? d2X5 L dX? d*XP L dX? d*XP
+2155 5)\ 56 T3 B a)\£ I a)x 5,3£ —2

dr dr dr dr dr dr dr

” Y dX° ¢*>X”
— (R, — RY,, + RE,RE, — RE,R; ) R
Y o\ o dX0 d?XP
+ (I 5 — Tig + 15510, — 10,15,) &= I 42 (3.20)
By letting:
A ag (o2

I5on = L5n g — Lsga + 1100 — 15,0155, (3.22)

which are the real and imaginary parts of the curvature Riemannian ten-
sor we can write equation (3.19) as:

ij: + 2R§B(§§SC§B Rj, 6 d}ié dj;_{ﬁ
T EE i X
+2I4, f 0;55 I ﬁ@ dX’ d;Xj o, 8 dxe d2X25 e 17 X G d2x25
T dr dr dr
— (Riisn + 355) fAd_X&dQXﬂ (3.23)

dr?
Using equation (2.23), the freedom to relabel dummy indices and equa-
tions (3.21) and (3.22), we can write equation (3.23) as

I ~Ri,R
drd 8 dr BT qr dr ) dr

d3§“ < dXo s dXHdxh > g’

dX0 dXH dX?°
— (2 (Ry +T550) + (R, +155,) ) R fA e =0 (324

which is the 3"-order geodesic deviation equation. It is subsequently
interesting to obtain simultaneously the standard and the higher-order devi-
ation equation from the present argument.
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4 Conclusions and Perspectives

In the present paper, we have discussed the implications of an extended
complex backward-forward derivative operator in differential geometry.

This form of operator is motivated from non-local-in-time Lagrangian
dynamics and in our analysis it takes the special form D" = D + D% — iDY
where D = d/dt,

n n kN = n n kN =
DY, = o Zk:l (14 (=1)")7*D**D and DY = L Zk:l (1 —(=1)")FFDt+D),

Through this paper we limited our analysis to n = 1 where the Euler-
Lagrange equation is complexified and contains derivative operator up to
order 2. In differential equation settings, the Fuler-Lagrange equation is
equivalent to a higher-order geodesic equation which is complexified and is
splitted into three independent differential equations which are respectively
factors of LY L? Lf.

It was observed that the metric and the Christoffel symbol are complex-
ified and the geodesic equation up to the first order in 7is complexified and
is splitted into differential equations which are the standard geodesic equa-
tion and a 3"%-order geodesic equation. This approach seems promising as
both the standard and the higher-order geodesic equations may be derived
simultaneously. Some applications were discussed: within the context of
general relativity, it was observed that a relation between jerk, velocity and
the Newtonian gravitational potential exist and besides, for the case of a
time-independent potential, the Laplace equation is obtained yielding the
Schwarzschild solution describing the gravitational field outside the a spheri-
cal mass directly without using boundary conditions; as a second application,
we have derived the geodesic deviation equation and it was observed that the
standard geodesic deviation equation is derived besides a 3"%-order derivative
geodesic deviation equation. This higher-order deviation equation may have
interesting implications in planetary motions. A detailed geometric analysis
of higher-order geodesic equations, complex manifolds and their implications
in Hermitian differential geometry, twistor geometry and field theory are
under progress.
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