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Higher Order Local Accuracy by Averaging
in the Finite Element Method

By J. H. Bramble and A. H. Schatz*

Abstract. Let uy be a Ritz-Galerkin approximation, corresponding to the solution u
of an elliptic boundary value problem, which is based on a uniform subdivision in the
interior of the domain. In this paper we show that by “averaging’’ the values of uy,
in the neighborhood of a point x we may (for a wide class of problems) construct an
approximation to u(x) which is often a better approximation than uy(x) itself. The
‘“‘averaging” operator does not depend on the specific elliptic operator involved and is

easily constructed.

1. Introduction. In this paper we shall discuss some local ‘“‘superconvergence”
results for a large class of Ritz-Galerkin methods, which are used to approximate solu-
tions of elliptic boundary value problems. Briefly, let £ be a bounded domain in RY
with boundary 9§2 and for simplicity consider the boundary value problem
N 0 ou N ou
1.1 Lu=- —a.,(x) — | + () — =f i
(1.1) T s (a,,(x) ax,.> X b gt c@u=1 m,

i,j=1 9%; i=1

(1.2) bu=g onaQ,

where L is uniformly elliptic on £ and b is some boundary operator such that the
problem (1.1), (1.2) has a unique solution.

Suppose that for each 0 < s < 1 we are given a linear space of finite elements
S,, (which we roughly think of as being a space of piecewise polynomials defined on
some partition of Q) and an approximate solution u;, € S, of (1.1), (1.2) determined
by one of the many Ritz-Galerkin methods which have been proposed. For a survey
of some of these we refer the reader to [2]. Let £, CC Q. For many of these
methods, u, satisfies the interior equations

N Uy 9oy N ou
B(uh,*P):fn(Z ——+Zbi7'fcp+cuhgp>dx
i

a.. —
ij=1 7 ox; ax; o
=B(u,¢)=f S dx
Q

forall p € §h(91)’ where So'h(ﬂl) = {plp € S, (82), supp(v) C 2, }. Roughly speak-
ing, suppose that S, has the property (and some others described in Section 3) that
for each u belonging to the Sobolev space H',

. -1
inf fju — ll/”,’gl < CH ”u",,9'1~
ves,
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HIGHER ORDER LOCAL ACCURACY 95

Here r 2 2 is a given integer and fors 2 0, || - HS Q, denotes the norm on H5(2,). It
was shown in [15] that for Q, CC Q, the interior estlmate

(14) hu —uplly o < ClHNull, o +lu—ull_p q }

holds Here p is a nonnegative integer and ||« |[_ -5, 9, is the norm on the dual space
of H P(Q,) (the completion of Cy’(§2,) under || - II ). Under the further assumption
that the restriction of elements of S, to 2, are piecewise polynomials defined on a
uniform mesh, it was shown in {4] that

(1.5) lu - “h|0,go <C{hr"u"r+[N/2]+l’Ql +llu - uh”—p,ﬂl 2

Here |+ |, 2, denotes the maximum norm on S_lo and [N/2] is the integral part of
N/2.

For many methods, estimates for |le]l_ P02, already exist in the literature.
Noting that IIeII_p,nl <.Ilell_p,Q and taking p = r — 2, one often finds that
|l — Ul 0 < Ch2"2||u||ryn. Hence in these cases, if u € H"(Q) and r > 3, this
latter term is of higher order in /4 than the first terms on the right in (1.4) and (1.5).

Instead of considering u,,, in this paper we shall consider certain “averages” of
u, as approximations to u. More precisely, the averages are formed by computing
K, * u,, where K, is a fixed function and * denotes convolution. We shall see that
the function K, has the following properties:

() K, has small support,

(ii) K, is independent of the specific choice of S, or the operator L,

(iii) K, * u, is easily computable from u,,.

Furthermore we shall prove the following estimates (where again we assume S,

to be defined on a uniform mesh on £,):

2r—2 _
lu — K, = uh"O,QO < C{h*" ||u||2,_2,gl + llu “h“—p,ﬂl}
and

2r-2
lu — K, * “hlo,no <C{™” "“”2r-2+[N/2]+1,nl +llu - uh”—p,ﬂl}'

Hence in the cases in which 7 > 3 and |lu — u, I, _ —na, Chzr‘zllullr QK xuis
of order #2"~2 locally and therefore, for & sufficiently small better approximates u
than does u,.

It is important to note that K, * u, may be computed at each point in Q.
However if we restrict our attention to specific points, say, for example, mesh points,
then it very often takes on a very simple form; this will be discussed in Section 5.

An announcement of some of the results obtained in this paper was given in [7].
For some superconvergence type results for two point boundary value problems the
reader is referred to [9], [10] and {11]. For some interior superconvergence type
results for multi-dimensional elliptic problems see [6]. For parabolic problems we

refer the reader to [17] and [18].
An outline of this paper is as follows: In Section 2 we collect some notation.
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96 J. H. BRAMBLE AND A. H. SCHATZ

In Section 3 we discuss the necessary properties of the subspaces and in Section 4 we
discuss the interior equations and collect some further preliminaries. In Section 5 the
averaging operator is defined and its computation is discussed. Section 6 contains our
main superconvergence results. In Section 7 we give some applications of the results
and in one example show how to obtain superconvergence up to the boundary when £
is the unit square, Lu = — Ay in Q and bu = u on 0Q2.

2. Notation and Some Preliminaries. Let £ be a bounded open set in RY.
For m a nonnegative integer, C™(2) will denote the space of real-valued functions
having continuous derivatives up to order m on & with the norm
(2.1) lul,, = 3. sup 1D%(x)l.

lalsm x€Q
Co () will denote the infinitely differentiable functions on {2 whose support is con-
o

tained in Q. H™(Q) (resp. H™()) is the completion of C*(2) (resp. Cy (R2)) with
respect to the norm

1/2
(22 lull,, o = (Z f |D%ul? dx) .
’ lal<m © 8
Note that HO(2) = H°(2) = L, ().
For m a nonnegative integer H~"™(£2) is the completion of Cy (2) with re-
spect to the norm

fn uvdx (u, v)

(2.3) lubl_,y o = sup ——— = SUP :

For § a multi-integer define the translation operator Tﬁ u(x) = u(x + ph) and
the difference quotients,

= n=1¢1%i —€j
ni# = h (Thf2 -T /zf)u.

d h

Here e; is the multi-index whose jth component is 1 and all others 0. For any multi-
index a we set
Bu= (azfl cee azfyv)u.
We shall also need the following results:
LEMMA 2.1 (cf. e.g. [12]). Let Q4 CC Q. Ifu € HIN/2)T1(Q ), then

(after possible modification on a set of measure zero) u € Co(ﬂo) and
2.4) |"|o,no <C”““[N/2]+1,no

where C = C(2,, ;) and [N/2] is the integral part of N/2.
LeMMA 42, Let Q, CC Q, and s be an arbitrary but fixed nonnegative in-
teger. Then there is a constant C such that

(2.5) ”u”0,90<c Z "Dau“—s,ﬂl'

lajs s
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HIGHER ORDER LOCAL ACCURACY 97

Proof. Without loss of generality we may assume that £2, is smooth and 2, CC
Q, cC RY. First suppose that supp u CC 2,. In this case the proof proceeds by in-
duction. For s = 0 (2.5) is trivial. Assume (2.5) for s 2 0, then for any « with
la| <s
(D%, v)

| D%ul| = sup )
2.6 -5 Q o
(2.6) ! VECH (2) vl g,

Let g be a solution of —Ag =v.in £,,v=00n 88,. Since u has compact
support, integration by parts and Schwarz’s inequality yields

N 0 0
Du,v) =Y (=— D%, 5—£>
Q2.7 i=1 \9x; Xi
< C( Y nDBun_s_,,nl> el .
181 =

lal+1
But by elliptic regularity (cf. [13])

||g||s+2,91 < Cllvlls,gl.
In view of this, (2.7) and (2.6), it follows that

> D%l g, < X WDl q
lal< s 18IS s+1

which completes the proof for u with compact support in £2,. More generally let
wE C7(Q,) with w =1 on §, and supp w CC Q,. Applying (2.5) to the function
wu we obtain

IIuIIO,QO<C > IID“(wu)ILs,Ql.
jal<s

Using Leibniz’s rule and the definition of the H “s(ﬂl) norm it is easily seen that

> IDwull_y 0, SC X ID%I_gq

lal<s lal<s

which completes the proof.

3. Piecewise Polynomial Subspaces. In the following sections we shall be con-
cerned with Ritz-Galerkin methods in which the functions used for approximation are
piecewise polynomials on a uniform mesh. More precisely, let {QB}’ g€ ZVN (the
multi-integers) denote a family of disjoint open sets which partition RY. We shall
assume that the partition is invariant under translations by », for any » € ZV. Let
r 2 2 be an integer. S| will denote a linear space of functions which are polynomials
on each @, and belong to H 1(Q) for any  CC RY. Furthermore we assume that ST
is translation invariant in the sense that if ¢ € 87, then TYp € ST, for all « € zZN.

Foreach 0<h <1, let Q[';' = hQB' Then the family {Qg} forms a partition of
RY which is invariant under translations by hv, v € ZV. For Q, CC RN, Sy (82,) will
denote the finite-dimensional subspace of H l(SZI) consisting of functions which are the
restrictions to £, of functions of the form ¢(x/h), where p(x) € S7. Let g’,{ ) =
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98 J. H. BRAMBLE AND A. H. SCHATZ

{ely € S5 (2), supp ¢ € 2}. We note that if 2 CC Q; and a € ZN | then for h
sufficiently small (depending on a), 9, ¢ € S H(&2y) forall p € S #(&g). We shall also
make the following approximability assumptions:

A.l. Let Q, CC Q,. There exists an #y > 0 such that for all # € (0, hy] and
ue I;f(ﬂo)

. _ j—1 .
inf =l o SCHI Ml g o 1<j<r,
€8} (R0)

(3.1

where C is independent of u and h.
A2 Ifo€ESHR,),hE(0,hy],02, CCQ,wE Co (82,),then there exists an
n € §,(2,) such that

3.2 “w‘p—n"l,go<Ch”80"1,9,15

where C is independent of & and ¢.
Often in practice subspaces which satisfy the above conditions can be described

in the following manner: There exist functions ¢, ..., ¢,,,in H ! , which are piece-
wise polynomials with compact support, such that ¢ € S (2) is of the form

m
(33) o)=Y Y afgh'x-p) forxEQ.

=1 gez

Here the coefficients a[; are real.

Example 1. An example of subspaces of this type are those generated by the
B-splines of Schoenberg [16]. These will play a central role in what follows. Let us
describe them more precisely.

For ¢ real, define
) 1, HESN
) =
D=0, 11>,

and for / an integer, set

(3.4 wgl)(t) =x=*X*¢++*xx, convolution/ — 1 times.

The function wgl) is the one-dimensional B-spline basis function of order /. Then

N
(3.5) YO = T v )
j=1
is the N-dimensional B-spline basis function of order /. In this case every element of
S, on £ is of the form
(3.6) ex)= ¥ 4, ¥P@ 'x-0), xeQ.
aczV
Example 2. A more general class of splines than (3.6) which satisfy our assump-
tions are the tensor products of one-dimensional splines. They may be described as
follows: Let us subdivide R! into intervals I; of length k. Let M (R') = {plop€
P,_,(I), v € C¥(Q) for any Q CC R'}, where P,_,(I;) are the polynomials of degree
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HIGHER ORDER LOCAL ACCURACY 99

<r — 1 restricted to I, M,'c',,(RN ) is then defined to be the N-fold tensor product of
M;',,(R‘) and for any Q CC RY, M,'c"r(ﬂ) is the restriction of M,'c',,(RN ) to 2. We
note that if k = r — 2 then these are the B-splines defined above. If m is a positive in-
teger, r = 2m and k = m — 1,then these are the so-called piecewise Hermite polyno-
mials (cf. [4]).

Example 3. It was shown in [15] that the triangular elements of Bramble and

Zldmal [8] satisfy our conditions. Here we take them on a uniform triangulation of
RV,

4. Interior Equations for Ritz-Galerkin Methods and Some Preliminaries. Let £,
be a bounded open set in RY and B(u, v) a bilinear form defined on H 1(Ql) x H l(Ql)
given by

N

4.1 B(u, v) = fn < > aii(x)DiuD’.v + % b;(x)(D;u)v + c(x)uv) dx,
1

ij=1 i=1
where for simplicity the coefficients ai].,b,., are assumed to be of class C(2,) and a;
=a;;. We note that in general B(u, v) may not be symmetric. We assume throughout
that B(u, v) is uniformly elliptic on £,; i.e., there exists a constant C > 0 such that

for all x € , and real vectors £ = (¢, . . ., §y) # 0,

N N
CY &< X gk
i=1 iL,j=N
Let u € H(Q,) and u,, € S;(Q,) and suppose that u — u, satisfies the “interior”
Ritz-Galerkin equations

“4.2) Bu —uy,,9)=0

forall p € :S)',:(Ql). Here u,, may be thought of as an approximation to « on £, ob-
tained by using some Ritz-Galerkin method on a larger set §2. Instead of investigating
the properties of the error u — u, we shall be interested in investigating the properties
of the difference between u and certain averages of u,. In order to do so we shall
need some results concerning u — u,, derived in [15] and [4].

Lemma 4.1. Let @, CC Q, CC RV, u € H™11*(Q), a a multi-index, u,, €
S:‘(Ql), r = 2 and p be a nonnegative integer, arbitrary but fixed. Suppose that A.1
and A2 are satisfied and that u — u,, satisfies (4.2). Then for h sufficiently small

(43) N3G —uly_, 0, < C(h?"lull, , @, T e —uyll_p )

Here C is independent of u, u, and h but in general depends on p, o, Q, 0, and the
coefficients 2, b; and c.

Proof. Clearly it is sufficient to prove (4.3) for 83 replaced by the forward dif-
ference operator ’5',,“ = T,‘:‘n o5 , and Q, replaced by Qp With £, CC Q. Now let
Q, CC Q;) CC Q) CC Q,. It follows from (6.8) of [15], that for h sufficiently

small and e = u — u,,
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100 J. H. BRAMBLE AND A. H. SCHATZ

- N a ~
B0 e, ¢) = 3 < > 0% Pa. T*P3PD.eD.yp dx,
(4.4) " f“o i.iz=:1 §<a \a—p/ B HR R

Vo€ §"(Q;)).

Hence, referring to [15] in particular, from (5.6) of Theorem 5.2, (4.3) of Lemma 4.2,
(6.5) following Theorem 6.1 and (4.4) above we have that

@5) 113%ell,_, g < C<h2'—2||ullr_2+m,n'l tlell_p o)+ Ea 197 ell,_,, szl)

The proof now proceeds by induction on |al. If @ = O then (4.3) follows from (4.5).
Assume now that (4.3) holds for |a| < m. If |al = m + 1, then applying (4.3) to the
third term on the right of (4.5) on the domains Q) and £, the inequality (4.3) for
lal = m + 1 is obtained, which completes the proof.

LeEmMA 4.2 [4]. Under the conditions of Lemma 4.1 there exists a constant
C > 0 such that

(4.6) 13y (u — “h)lo,no < C(hr”u”r+lal+[N/2]+1,Ql +llu - uh”—p,ﬂl)s

where C is independent of u, u, and h but in general depends on p, ¢, 2, S, and the
coefficients @, b;and c.

5. A Class of Convolution Operators. In this section we shall introduce a par-
ticular class of convolution operators and discuss some of their properties. In the next
section we shall use these to show (under certain conditions) that a certain convolution
of the Ritz-Galerkin solution u,, is closer to u than u,, is itself.

We shall begin by defining the kernels of the above-mentioned convolution oper-
ators. In each case it is an N-dimensional smooth spline which is the product of a
single suitably chosen one-dimensional smooth spline. More precisely let w(ll) be the
one-dimensional smooth spline of order ! defined by (3.4). Forl=r — 2,r > 2 given,
and x € RV set

N r—2
(5.1) K, =TI < S PR, —j)> .
m=1 \ j=—(r—2)
Here the constants Kl'. are defined as follows:
G kK ;j=k,j=0,...,7=2
(i) ky =k, andk;=ki/2,j= I,...,r=2,
where the k]-,j =0,...,r— 2, are determined as the unique solution (see Lemma 5.1

below) of the linear system of algebraic equations.

1 ifm=0, .

r—2
52 [ WD)y + P dy =
(5.2) j;ok,letl/l DG +Dmdy =4 L,

We note that the constants k; can be easily computed and depend only on the choice

of r.
The convolution operators in which we are interested are of the form
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HIGHER ORDER LOCAL ACCURACY 101

r

N -2
(53) (K, »u) (x) = h-NfRN[ I Ky Dm 1 x, — vy,) -i)] u(y) dy.
2

m=1 j=2-~r

If we set k]f =0 for |[jl 2 r — 1 and for § a multi-integer define k;; = Hjﬂlké_,
j
then (5.2) and (5.3) may be rewritten as

(54) Kpx) =hn"NY kg =D 1x - B)
8

and
65 K =k [ T kg W0 - 2) ~ Huy) b,
B

respectively.

In what follows we shall be interested in K, * &, as an approximation to u. Be-
fore investigating the properties of K, let us first consider the computation of K, *
u,. If, in the region to be studied, u,, is of the form (3.3), that is

K
(5.6) u, =3 2 4 ¢i(h"x - ),

=1 gezN
then using (5.5) and making a change in variables we have

(Kh * uh) ()
e =Y T d( Tk [ W -1 B aygm dx
/ N a<ﬁezN ﬁfRN " K .

=1 qez

Although the terms k;; fRN tl/'(h‘lx -n-p- a)¢i (m) dn and hence K, * u,,
may be calculated at any point, we shall, for simplicity restrict our attention to points
of the form x = h7y, vy € ZV. In this case

Ky *u,) (hy) = S ( z, ko fon vy -B-a- n)w,-(n)dn>

=1 sez BeZ
or
m . .
(5.8) Ky s u)b=2 ¥ a4},
=l y sez
where

df= L ki n V0 -8 mgmadn
peZ

Thus the values of K, * u, at mesh points are determined by taking a fixed
finite linear combination of the values of the coefficients a/. There are only a finite
number of nonzero coefficients dg . They may be computed a priori and are indepen-
dent of h and the particular mesh point.

As an example, let us take the case where u, itself is a smooth spline. Then
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102 J.H. BRAMBLE AND A. H. SCHATZ
k=19 = v and u,, is of the form

(5.9 u, = 3 a0t x -,

aEZN

Setting dg = dj in this case, we have

N N -1
(5.10) dy = 3 kpv¥26-p=]14; =]1I ( tE kp 037726, -m)).
sezN =1 ' =1 n=—(t—1) n :

Here the d,' correspond to the weights d; in the one-dimensional case. A table of the
one-dimensional coefficients d,' from which the N-dimensional weights d; in (5.10)
may be formed will be given in the appendix. We remark that the computation of the
d{; may also be reduced to the product of the one-dimensional case if we take S, to be
the more general class of tensor products of one-dimensional splines given in Example
2 of Section 3.

For technical reasons in what follows we shall make use of a slightly more general
class of convolution operators than those defined by (5.3). We shall now introduce
these and discuss some of their properties. The following result will be needed.

LEMMA 5.1 (cf. [6, Lemma 8.1]1). Let t > 1 and 1 = 1 be arbitrary but fixed in-
tegers. There exist uniquely determined real constants ki ,J=10,...,t— 1, which
satisfy the linear system of algebraic equations.

1 ifm=0,

t—1
5.11 ki VO (v +)*m dy =
(5.11) ].;) /fRN 1€ ) 0 ifm=1,...,t-1.

Here, with a slight abuse of notation, we have suppressed the dependence of the solu-
tions of (5.11) on ¢ and /. We note that (5.2) and (5.11) coincide in the case [ =
r—2andt=r-1.

As before let ky =k, kl'- =k;/2, k'_i = k} forj=1,...,t—1and k; =0 for
ljl > t. ForB€ZN set k=Y, ké]_ and define

Kpoy=n 3 kg y'h™ix - B)
(5.12) pez

= ﬁ h! tf K yOnx,, - j)] .
m=t1 j=—(t-1) rot "

We remark that supp (K,zlf,(x)) is the cube with side of length (2¢ + )k centered at the

origin. Note also that K;',-%(x) = K, (x).

The function K, ,(x) was constructed in such a way that K:"I * y, where * de-
notes convolution, is an approximation of order #2? to u. More precisely we have the
following:

LEMMA 52. Let t > 1 and 1l > 1 be fixed integers and 2y CC Q. Then for
h sufficiently small

(5.13) lu - Kilywuly o <CHlul g , 0<s<2,
and
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HIGHER OREDR LOCAL ACCURACY 103

(5.14) lu — K27, + ullo, 0, < llully o , 0<s<2t

The proofs will not be given. We only remark that (5.13) and (5.14) follow as a
simple consequence of the Bramble-Hilbert Lemma (cf. [3]), using the fact that Lemma
5.1 implies that K;‘:,', * y reproduces polynomials of degree not exceeding 2¢ — 1 in
each variable (cf. [6, Lemma 8.1]). We also note that (5.13) may also be proved using
this latter fact and Taylor’s Theorem.

We shall need some other properties of Kﬁ,‘, * U,

LEMMA 53. Let t, 1, h, Qg and QU be as above. Then

(i) For any multi-index o and u € L,(§2,)

(5.15) O (K2! » u) (x) = K37y * dju(x), x E€Qq.

(i) If s is any fixed integer (positive or negative) and « is any multi-index with
05-<l,]‘=1,...,N,

(5.16) IID“(Ksz * “)”s,ﬂo < Clloy “”s,ﬂl for all u € HS(Q))
and
(5.17) ID*K}!) * Wlp, o, <Cl3yuly o, foradluc co'@,)).

Here C is a constant which is independent of h and u.

Proof. The identity (5.15) follows very simply using a change of variables.

For simplicity in notation we shall prove (5.16) and (5.17) in the case N = 1.
The multi-dimensional case follows in essentia]ly the same manner. For N = 1 we have

K2 xu) () =h" f K yOh (x —) = Du(y) dy.

1——(t 1)

If 0 < a < define
t—1
v _m=rt L k{0 x - ).

j=—(t-1)
Then it is easy to see from (5.15) and (3.4) that
DOE, » ) = Ut * B
Now since y~* >0, ™! S YOOn~x - j)dx = 1 and supp(Y{V(r~'x)) is
an interval of length (I + 1 — @), it follows that for h sufficiently small

(5.18) |u’f,fl_a * 0f “lo,no < Cloy ulo’gl
and
(5.19) "Vh —a * az u"o’no < C”ag u"o’nl.

The inequality (5.8) is just the inequality (5.17) and (5.19) is the inequality (5.16)
in the case that s = 0. In the case that s is nonnegative, the inequality (5.16) follows

from (5.9) on observing that for any nonnegative integer m,
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104 J. H. BRAMBLE AND A. H. SCHATZ
2 - (/2

For s a negative integer we have
(DUKZ!, * u), v)

ap2t —
10K, > s 0y = sup ol
vECH (2 ) —58
43
(Vili—a * 05 1, V) O u, Vaf_o * V)
= su = sup
vECH (2 ) ”U"._S,QO UEC:(QO) ”v”__s,ﬂo
Nog ulls, o IIV,l —a ¥ vll_s,g1
< Sup
vECG () oll_, 2,

It is easily seen that

2t <
”vh,l-a * v“—s,ﬂl o C“v“—S,Qo

where C is independent of 2 and v € Cy (R,). This completes the proof.

6. Superconvergence Estimates. Let u and u, € S, satisfy the interior equations
(4.2). The inequalities (1.4) and (1.5) provide estimates for the error in the L, and
maximum norm respectively. It is often the case that for specific problems the term
fell_, q \ is O(h") and hence the estimates (1.4) and (1.5) yield O(h"™) convergence
locally. For many important problems |le||_ .2, is in fact O(h*"~2). We shall show
that if one considers K, * u,, instead of u, as an approximation to u, and if lell_,, o .
is Oh*"=2), then u — K, * u, is locally of order h2"=2 in both L, and maximum
norms. Hence in these cases processing the solution u, yields higher order accuracy
forr = 3.

We emphasize that u — K, * u, will be O(h*"~2) at every point of the region in
which the error is measured. In practice one usually computes the solution at specific
points, for example at mesh points. In this case K}, * u, takes a particularly simple
form. This will also be discussed. We shall start with finding estimates for u — K, * u
in L, norm (Theorem 1) and then in the maximum norm (Theorem 2).

THEOREM 1. Let Q, CC Q,,u €EH*~%(Q,), u, € SY(Q,), r >3, where S|,
satisfies A.1 and A2 and u — u, satisfies (4.2). Let K, be chosen as in (5.1) and let
p be an arbitrary but fixed nonnegative integer. Then for all h sufficiently small

2r—2
(61) Hu — Kh * uhllo’go < C(h r “u“2r—2,ﬂl +llu - uh”—Plnl)’

where C is independent of u and h.
Proof. By the triangle inequality

(6.2)  llu— K, *uyllg g, <llu—K,* ullg, g, + 1Ky * (- upllo,q
Let Q4 CC Q, CC Qg CC Q. Since K, (x) = K774 (x) it follows from (5.14) that

6.3) lu = K, * ullg g < CHlluly, 5,0 -
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Now using (2.5), we have that

1Ky * @ —ullo. 0, < 22 DK, * (w—wyl,_, ;.

(6.4) |BI€ r—2

The inequality (6.1) now follows from (5.16), (4.3) and (6.3).
In order to prove a maximum norm error estimate we shall make use of the

following.
LEMMA 6.1. Let Q, CC Q,,v € C%Q) and N, = [N/2] + 1. Then forall h
sufficiently small

(65) 1Ky *vlg g, < C[ 2 log vy, o + D DR ”lo,nl]

|a|<N0+r—2 lai<r—-2

where C is independent of v and h.
Proof. By the triangle inequality
(6.6) 1Ky *vlg,q  <IKGINZ * Ky *vlg o + 1K, xv - Kig2 Ky v uly o

where Kf,fﬁg * u is defined by (5.12). Let Q, CC Q, CC Q,. Then using (2.4), (5.16),
(5.15) and (2.5) we have for the first term on the right that

- 2r—-2
K232+ K, * <C D*K *K, *vlly o
| hNg ¥ Bn v'o,n 2 hN h ”o,no
lal<N

6.7)

<c(2 ||K,,*agv||0,%><0( > ||agvn2_,,nl>.
| |

aI<N0 alSNg+r-2

For the second term on the right of (6.6) we have

2r—-2 r—2
K, * v — Kh'No *K, * vlo,Qo SCh™7IK, * Ulr—2,ﬂb

(6.8)
<Ch"2( > o u|0,n.>,

lal<r—2

where we have used (5.13) and (5.17). The inequality (6.5) now follows from (6.6),

(6.7) and (6.8).
THEOREM 2. Suppose that the conditions of Theorem 1 are satisfied and that u €
g No (v, = [N2] + 1). Then

2r—2
(69) lu — Kh * uhIO,Qo < C(h r "u”2r—2+No,ﬂl + flu — uh”—p,ﬂl)’

where C is independent of u and h.
Proof. Using the triangle inequality and setting u — u, =e,

lu — K, * uhlo,go Slu— Ky *xulg g+ Ky, * elo,q
Let Q, CC Qy CC Q,. Then using (5.13) and (2.4) we have
lu — Ky, * ulg < Ch*"~ 2|"|2r 2,9 Chzr_z"“”zr 24N, Q.

Applying Lemma 6.1, (4.3) and (4.4)
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r—2 a
K, *e|o,no<c< > oy ell,_y qpth > Ianelo,n'o>
lel< r—2+N0 le|l<r—2

< C(hz’“zllullzr_z+1v0,n1 Hlu—upll_p o)

which completes the proof.

Although K;‘:’ :—22 * 1, can be calculated at arbitrary points in , Theorem 2
takes a particularly simple form if u, is of the form (3.3) and if, for example, we are
interested in points in £, of the form hy, vy € V.

COROLLARY. Suppose the conditions of Theorem 2 are satisfied and u, is of the
form (3.3). Then at points hy € Q,, y € ZV

m
sup|utm - X Tl d]
(6.10) hyEQRg;vEL =1 «

2r—2
< Ch*" Ilu|12,_2+N0,nl +llu - uh"—P,Ql)’

where the dg‘ are given by (5.10).

7. Examples. Here the theory given in Section 6 will be exemplified, where for
simplicity we shall restrict ourselves to discussing Dirichlet’s problem. In Example 1
interior superconvergence estimates for two different methods will be discussed. In
Example 2 a way of obtaining superconvergence up to the boundary, when the domain
2 is the unit square and the subspaces are taken to satisfy the boundary conditions,
will be given.

Let £ be a bounded domain in RY with boundary 9§2. For simplicity consider

—Au=f in §2,

(7.1)
u=0 ondf2

For the purposes of the applications given here an additional assumption on the sub-
space S;(§2) will be made. Namely we suppose that there exists a constant C indepen-
dent of u and A such that-for all u € H'(Q); 1 <t <7,

inf  flu - xll; g <ChHull, .

(7.2) st (@)

In Example 2 the elements of Sr"gﬂ) are required to vanish on 8. In this case (7.2)
is assumed to hold only for u € H(Q) N H"(Q).

In what follows we shall assume that the hypothesis of Theorems 1 and 2 are
satisfied, where Q, CC 2, CC Q.

Example 1. Dirichlet’s Problem on a Smooth Domain. Here we shall assume
for simplicity that 82 € C”. In Babuska [1] and Nitsche [14], methods were intro-
duced for approximating the solution of (7.1) in which the approximating subspaces
need not satisfy the boundary condition. These methods have the same interior equa-
tions; i.e. if u, is the approximate solution determined by either of these methods,
then
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N
[o £ omstan= [ roax
(7.3)
N u ¢ %
fn ?:jl a7, ax, 0% Ve €S, (Q,).

What is important here is that we may choose S;(Q2) to satisfy all of our conditions
(cf. [4, Example 2], for more details). Now it was shown in [5] that the estimate

(7.4) lu —uplly_y g <K 1l g

is valid for 1 < ¢ <r. Using this inequality and the fact that lu — u, |, _, Q, <

flu — ull,_, q,we obtain from Theorems 1 and 2 the error estimates

2r—2
(7.5) flu — K, * “h"o,no < Ch*” (||u||2,_2,g1 + Ilullr,g),
and in the maximum norm

u — Kh * uh|0,90
(7.6)
< Ch2"2(||1l||2,_2+[1v/2]+1,S‘z1 +llull, o).

If we take N = 2 and for example S, to be piecewise cubic Hermite polynomials
or cubic smooth splines, then r = 4 and (7.5) and (7.6) become

Nt = Ky * uyllg 0, < CHO(lullg 0, + llully o).

lu = Ky *uyly g < Ché(lullg o + llully, o).

Example 2. Superconvergence Up to the Boundary for Dirichlet’s Problem on a
Square. Let  be the unit square in R? (ie. Q = {x|0< x; <1,i=1,2}), with
boundary 92 and let u be the solution of (7.1).

Leth=1/n,n=1,2,3,...,and let / be either 0 or 1. We shall approximate
u taking our subspace S;, () = My (Q) = {piv EM[(Q), ¢l =0,k =0, 1}. That
is, IT'I,?',(Q) is the subspace of the space of tensor products of one-dimensional C° or
C! splines (discussed in Section 3) consisting of elements which vanish on 3.

Let u,, € §,(2) be the approximate solution of (7.1) defined by

au,,
,Zl fg 0x; Bx —f fodx
(1.7) i
ou 0
=3 f a;‘a“"dx VS, ().

We shall show that u, can be extended, in a simple manner, from 2 to a larger
domain so that u — K, *u, = O(h*"~2) on Q in both the L, and maximum norms.
The extension u,, can be described as follows:
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Q, Q, T, Q
2
F3
Q |rar Q,
1-‘7 1-‘6
QS I18 ‘Q7 96

(i) Extend u, from Q to Q,, 5, Q¢ and Q. as an odd function by reflection
across the faces I', I'y, I’ and T, respectively.

(i) Then extend u, to ,, Q,, 2, and 4 as an odd function by reflection
across the faces I',, Iy, I’ and I'y respectively.

Notice that since k is either O or 1, U, € IT'[,"',,(QE), where 2F = {x|-1< x;
<2}

THEOREM 3. Let Sy and U, be defined as above with r 2 3. If h is sufficiently
small and

() fE€H>%Q), then

(7.8) lu = Ky * Uyllg @ < CE" 211 flly_4g. ).
(i) If f € H>%(Q), then
(7.9) lu — K, * Uplg.q < CH 20 fllyy_s,0)

where C is independent of h and f.
Proof. Extend u to QF in the same manner as U, and call its extension U. Let
A;,i=1,2,3, 4, be the squares

A= xl=1<x, <1,0<x, <2}, Ay = {x10<x,<2,0<x, <2},
Ay = Pl =-1<x,<1,-1 <x, <1}, Ay = {x]0<x, <2,-1<x,<1}
We first claim that

a(U - U,
(7.10) }Ef —(————)g“’d =0, VoEMI(A),i=1,2,3,4.
j=1 ]

Note that U, EM"(A) and if f€ H’(Q) (s = 0 an integer) then U € H”z(/\,) N
Hl(Al) i=1,2,3,4. Furthermore

(7.11) WOlg2,n, SClt Al o, 7=1,2,3,4

Before proving (7.10), let us show how (7.8) and (7.9) follow from it. Equation
(7.10) says that U, is the Ritz-Galerkin approximation in 1171,? (A, of U on each of the
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domains A;,i =1, 2, 3, 4. Hence on each of these domains the interior estimates ob-
tained in Theorems 1 and 2 are applicable. Let SZ';) CCA;, i=1,2,3, 4, be chosen
such that ?=1 Q cover Q. From (6.1) and (6.5) we have for & sufficiently small

andi=1,2,3,4
(7.12) U -K, * Uyl ol < CE* = 2WUllyy_g,a, + MU = Uylla_y, a)
and:

(7.13) U - K, * U, |0 ol S cE* 2 U"2r,Ai U = Upll,_, oE)-
)

It was shown in [15] that
(7.14) IU = Uplla_y, o, < Ch¥ =2\ Ull,, -

The inequalities (7.8) and (7.9) now easily follow from (7.12), (7.13), (7.14),
(7.11) and the fact that J 7, §F covers Q.
It remains to prove (7.10). We shall do so in the case i = 1, the other cases fol-
low in the same manner. Let A =Q U Q, UT,. We shall first show that
aU-U, dp

2
(7.15) = PWoe oy citt (A,
lzzljl.\ ox; ox: o s Vo k,r( )

H 1
If p EM,'C’,,(A),then let ¢ = ¢° + ¢° where
‘p(xly x2) - ‘p(‘xly x2)
2

°(x,, x,) =

and
. olxy, x5) + o(—xy, x,)
‘p(xlr x2)= 2 .

Now ¢® €M} (Q,) and M* (), hence using (7.7)

2 3U - Uy) py0
dx =2 dx = 0.
=

2 f ouU-U,) a¢°
A ox

=1 dx; ox;
Since ¢° is an even function of x; and U — U, is an odd function of x, it follows that
f ouU-U,) Ayt
A ox; ox;

2

dx =0,
i=1
which proves (7.15).
Since U and U, on £2, and £2; may be obtained from U and U, on A by an odd
reflection about the line y = 1, the argument given to prove (7.15) also shows that
(7.10) holds which completes the proof.

Appendix. Here we present two tables. Table 1 gives values for the weights kl'-
for various values of r. For a given choice of basis functions these may be used to
calculate K, * u,(x) at each point x or just at mesh points using (5.8). In Table 2 we
give values of the weights d]f for various values of 7 in the case where Sy is chosen to
be the splines generated by the B-spline basis y.
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TABLE 1. kJ'.,l=r—2,t=r-1

AV 4 5 6
0 13/12 37/30  346517/241920 76691/45360
1 —1/24 —23/180 —81329/322560 —48061/113400
2 1/90 6337/161280 20701/226800
3 —3229/967680 —1573/113400
4 479/453600
TABLE 2. d]'.
j\r 3 4 5 6
33055739 967, 356, 037

0 Sy72 673/1080  ane0s00 1, 828,915, 200

3589969 3, 841, 481, 473
16257024 16, 460, 236, 800

12162977 31,253, 191

1 11/72  4283/21600

2 -1144 —61/5400 15 T00400 82,301, 184, 000
4795283 48, 179, 483
3 29/21600 5738553600 37, 433, 728, 000
26273 89711
4 1/10800  —55956400 514, 382, 400
S 58243 2905789
812851200 16, 460, 236, 800
) 3229 25867
4877107200 1,097, 349, 120
; 117083
82,301, 184, 000
8 479/164, 602, 368, 000
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