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ABSTRACT: We construct a new set of boundary conditions for higher spin gravity, inspired
by a recent “soft Heisenberg hair”-proposal for General Relativity on three-dimensional
Anti-de Sitter space. The asymptotic symmetry algebra consists of a set of affine (1)
current algebras. Its associated canonical charges generate higher spin soft hair. We focus
first on the spin-3 case and then extend some of our main results to spin-/NV, many of which
resemble the spin-2 results: the generators of the asymptotic W3 algebra naturally emerge
from composite operators of the @(1) charges through a twisted Sugawara construction; our
boundary conditions ensure regularity of the Euclidean solutions space independently of
the values of the charges; solutions, which we call “higher spin black flowers”, are stationary
but not necessarily spherically symmetric. Finally, we derive the entropy of higher spin
black flowers, and find that for the branch that is continuously connected to the BTZ black
hole, it depends only on the affine purely gravitational zero modes. Using our map to
W-algebra currents we recover well-known expressions for higher spin entropy. We also
address higher spin black flowers in the metric formalism and achieve full consistency with
previous results.
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1 Introduction

It has recently been shown that General Relativity with negative cosmological constant
in three spacetime dimensions admits a new class of stationary black holes that are not
necessarily spherically symmetric and do not fulfill the Brown-Henneaux boundary condi-
tions [1]. A consistent set of boundary conditions that accommodates this class of solutions
was then constructed, from which it can be seen that the generic black flower configuration
is endowed with an infinite number of affine @ (1) charges that commute with the total
Hamiltonian. These charges then correspond to soft hair in the sense of Hawking, Perry
and Strominger [2]. It was also shown in [1] that the precise levels of the @ (1) generators
are such that the Virasoro algebra with the Brown-Henneaux central extension [3] natu-
rally emerges as a composite one through a twisted Sugawara construction. An additional
remarkable feature of the boundary conditions aforementioned is that the spectrum, given
by the space of solutions that fulfill them, is such that regularity of the configurations at
the horizon holds independently of the global charges.

One of our main goals is to extend these results to the case of gravity on AdSs coupled to
bosonic higher spin fields [4-6]. In this case, it is known that the infinite tower of fields can



be consistently truncated so as to describe a finite number of interacting nonpropagating
fields of spin s =2, 3, --+, N, see e.g. [7, 8]. The theory can then be generically described
in terms of the difference of two Chern-Simons actions for independent gauge fields A%
that take values in sl (N, R), so that the action reads

I =1Ics [A+] — Ics [A_] , (1.1)
with
kn 2
ICS[A]:T tr A/\dA—i—gA/\A/\A , (1.2)
7

where tr (- - ) stands for the trace in the fundamental representation of sl (N,R) (see ap-

pendix A). The level in (1.2) relates to the Newton constant and the AdS radius according
k _ ¢ N . . _ N(N2-1)

T = S0en whose normalization is determined by ey = —55—.

The gauge fields are related to a suitable generalization of the dreibein and the spin

to ky =

connection, defined through

AT —w+ % (1.3)
and hence, the spacetime metric and the higher spin fields can be reconstructed from
1 1
g = —tr(eyey) Qs = @tr(e(u1 .. .eﬂs)) (1.4)
EN en

being manifestly invariant under an extension of the local Lorentz group described by the
diagonal subgroup of SL (N,R) ® SL (N, R). Diffeomorphisms and higher spin transfor-
mations are then related to the remaining gauge symmetries. The parentheses around
the subscripts denote symmetrization and the spin-3 field in our s/(3,R) calculations is
normalized such that e:(f) = 3L

This paper is organized as follows. In section 2 we present our boundary conditions
for the spin-3 case in diagonal gauge and derive the asymptotic symmetry algebra as well
as higher spin soft hair. In section 3 we map our boundary conditions into highest weight
gauge variables and exhibit the twisted Sugawara-like construction. In section 4 we focus on
higher spin black holes with soft hair, which we call “higher spin black flowers”. We derive
their entropy and find that it depends only on our purely gravitational zero modes; in fact,
it is linear in them, exactly as in General Relativity. However, if expressed in terms of W-
algebra currents we recover well-known expressions that involve non-polynomial expressions
of spin-2 and spin-3 charges. We further demonstrate that our boundary conditions ensure
that all states in our theory are compatible with the regularity conditions. In section 5
we address higher spin black flowers in the metric formalism and achieve full consistency
with previous results. In section 6 we generalize some of the main results to spin-N, based
on sl(N,R) Chern-Simons theories (with principally embedded si(2,R)). In section 7 we
conclude with a discussion and future research directions.

2 Asymptotic structure

The asymptotic structure of AdS gravity coupled to higher spin fields in three-dimensional
spacetimes was investigated in [7, 8], where it was shown that the asymptotic symmetries



are spanned by two chiral copies of W algebras (see also [9-11]). In order to accommodate
the different higher spin black hole solutions in [12, 13], and [14, 15], the asymptotic
behaviour has to be extended so as to incorporate chemical potentials associated to the
global charges. In this sense, alternative proposals have been constructed. The one in [12,
16] successfully accommodates the black hole solution with higher spin fields of [12], while
the set of boundary conditions in [14, 15] does for the higher spin black holes described
therein. It is worth pointing out that the asymptotic symmetries of both sets are different.

Here we construct an inequivalent set of boundary conditions, which reduces to the
one recently introduced in [1] when the higher spin fields are switched off. The asymptotic
behaviour of the sl (3,R) gauge fields is proposed to be given by

AT = b (d+aF) by (2.1)

so that the dependence on the radial coordinate is completely contained in the group
elements

_ 1 p
by = exp <i£CiLl> - exp (i§L_1> . (2.2)

The auxiliary connection reads
a* = (£7% dp+ ¢* dt) Lo+ (ijét) dp + G5, dt) Wo (2.3)

where L;, Wy, with i = —1,0,1, and n = —2,—-1,0,1,2, span the sl (3,R) algebra. Fol-
lowing [14], it can be seen that J% and .7(% stand for arbitrary functions of (advanced)
time and the angular coordinate that correspond to the dynamical fields, while ¢(* and
Cé) describe their associated Lagrange multipliers that can be assumed to be fixed at the
boundary without variation (6¢* = 5(& = 0). We shall refer to (¥, Cé) as chemical
potentials.

The field equations, implying the local flatness of the gauge fields, then reduce to
., L
J* == \-7(3) = iC(I?,) ) (2.4)
where dot and prime denote derivatives with respect to ¢ and ¢, respectively.

2.1 Asymptotic symmetries and the algebra of the canonical generators

In the canonical approach [17], the variation of the conserved charges

Q"] =Q% "] - Q7 [e7] (2.5)

+

(3)nwn, that maintain the asymp-

associated to gauge symmetries spanned by et = eliLi +€
totic form of the gauge fields, is determined by

k 4
+ 7 + +e+ | *F o+ +
6Q™ [e ]_Hﬂ/d@ <77 5T +3n(3)5j(3)> , (2.6)

with n* = e(jf, and n(i:,)) = GZ_L?,)O' According to (2.3), the asymptotic symmetries fulfill
Sexa® = det + [aF, €] = O(6a™), provided that the transformation law of the dynamical
fields reads

0T =+ 0T = +ny) (2.7)



and the parameters are time-independent (7'7jE = ﬁé) = 0). One has to take the quotient
over the remaining components of €T, since they just span trivial gauge transformations
that neither appear in the variation of the global charges nor in the transformation law of
the dynamical fields.

The surface integrals that correspond to the conserved charges associated to the asymp-
totic symmetries then readily integrate as

Q* [n*,ny)| = ﬂFf;r/dcp (ni (9) T* () + %77?5) (9) T, (so)) : (2.8)

which are manifestly independent of the radial coordinate p. Consequently, the boundary
could be located at any fixed value p = pg. Hereafter, we assume that py — oo, since this
choice has the clear advantage of making our analysis to cover the entire spacetime in bulk.

The algebra of the global charges can then be directly obtained from the computation
of their Poisson brackets; or as a shortcut, by virtue of dyQ [X] = {Q [X],Q[Y]}, from
the variation of the dynamical fields in (2.7). Expanding in Fourier modes

o0

J* ((P):E Z T ene J(}'f) (@):ﬁ Z JPEeFme (2.9)

n=—oo n=—oo

leads to the asymptotic symmetry algebra which is described by a set of @ (1) currents
whose nonvanishing brackets are given by

1 2
i{J T} = Skndmino i{ﬂ?’)i, J<3>i} = Zkndmino (2.10)

with levels %k, and %k, respectively.
2.2 (Higher spin) soft hair

Following the spin-2 construction [1], we consider now all vacuum descendants |1(q)) la-

belled by a set ¢ of non-negative integers N*, N, (35), n;t, n§3) i, mf and mz(.?’) *
N=* mt N(jé) - OE:
@) =N ] (%) T (795:)" o). (211)
i=1 ’ i= ‘

Here N(q) is some normalization constant such that (1)(q)|1(¢)) = 1 and the vacuum state!
is defined through highest weight conditions, J:¥|0) = I jE\O> = 0 for non-negative n.

We want to check now if all vacuum descendants [¢)(q)) have the same energy as the
vacuum and are thus soft hair (our discussion easily generalizes from soft hair descendants
of the vacuum to soft hair descendants of any higher spin black hole state). To this end
we consider the surface integral associated with the generator in time, given by

k 4 4
H:=Q0)= - /dso <<+J+ +¢ T+ gcg;,)y(g) + 34“(‘3)j(g)> : (2.12)

!The vacuum state corresponds to a massless BTZ black hole. Note that global AdS is not included in
the Lorentzian spectrum, since it is gapped by an imaginary amount of the zero mode charges from the
vacuum state considered here.



For constant chemical potentials ¢*, C(jg) the field equations (2.4) imply that the dynamical
fields become time-independent, and the total Hamiltonian reduces to

H=CHf+¢J5 + C@Jﬁ” + c@)Jé?’)‘ : (2.13)

which clearly commutes with the whole set of asymptotic symmetry generators spanned
by J and JT(,f )% One then concludes that for an arbitrary fixed value of the total energy,
configurations endowed with different sets of nonvanishing @ (1) charges turn out to be
inequivalent, because they can not be related to each other through a pure gauge trans-
formation. Since excitations (2.11) associated with the generators Jf, J},f’)i preserve the
total energy and cannot be gauged away, they are (higher spin) soft hair in the sense of
Hawking, Perry and Strominger [2].

3 Highest weight gauge and the emergence of composite W3 symmetries

Quite remarkably, it can be seen that spin-2 and spin-3 charges naturally emerge as com-
posite currents constructed out from the (1) ones. Actually, the full set of generators
of the W3 algebra arises from suitable composite operators of the @(1) charges through a
twisted Sugawara construction. Here we show this explicitly through the comparison of
the new set of boundary conditions proposed in the previous section with the ones that
accommodate the higher spin black holes in [14, 15], whose asymptotic symmetries are
described by two copies of the W3 algebra. In order to carry out this task it is necessary
to express both sets in terms of the same variables. The asymptotic behaviour described

+ are written in the di-

by (2.1) and (2.3) is formulated so that the auxiliary connections a
agonal gauge, while the set in [14, 15] was formulated in the so-called highest weight gauge.
Consequently, what we look for can be unveiled once the gauge fields in (2.1) and (2.3) are
expressed in terms of the variables that are naturally adapted to the gauge fields A% in
the highest weight gauge.

For a generic choice of Lagrange multipliers, which are still unspecified, the asymptotic

form of the gauge fields in the highest weight gauge reads [14, 15]

A = b7 (d +ab)by (3.1)
where the radial dependence can be captured by the choice (;i = e*Plo and
R 27 us N
ai =Ly — ?Lilql — %Wiw$2 ati = A* [,ui, I/i] , (3.2)
with
1 47 8
A [ug,ve] = + {Mﬁ:Lil + vaWao F pl Lo F V4Way + 3 <M'£ - ?Nﬁ:[rﬁ: + kWﬁ:Vﬁ:> L+
s T i 47 42 1
- <%Wiui + G—kﬁ;u;[ + 37;1&51 + @Ei’/l —ﬁﬁilfi — 241/1”) Wro
1 8 1 8 20m
+ 5 <Vi - kﬁiVﬂ:) WQ + 6 <V;/:/ - ?Vﬂ:ﬁ,i - kﬁiV;) w:F1:| s (33)

where £, W4 and py, vy stand for arbitrary functions of ¢, ¢.



One then needs to find suitable permissible gauge transformations spanned by group

elements g4, for which a* = [ ! (d + a*) g+. These group elements indeed exist, and they

are given by g+ = gil ) gf ), with

1
QE_L) = exp [z4+Lli1 + y+Wi1 + 24 Wio]

1 1 | |
9 = exp |~ 5T L - STV £ ¢ <7ij<:§) + 2“7(:?%5) WJFQ} ) (3-4)

where x4, y+ and zy are arbitrary functions of ¢, ¢ that fulfill the following conditions:
=1+ Ty + 2j(:§)yi
Yy = 2~7(:§)1’j: + Ty (3.5)
1
Z;: = 2jizi + iyi )
with
= (T -2y i L3, J=
ht = + Y+ (3) + 3 + (3)
1 . . .
vy = —2Cp 24 £ (23 — y3) Cé) T3 (Yy+d+ — x4+ £224) . (3.6)

Consistency of egs. (3.5) and (3.6) on-shell implies that the Lagrange multipliers in the
highest weight gauge, p4, v1, depend not only on the Lagrange multipliers in the diagonal
gauge, (*, Cé), but also on their corresponding global charges J+, \7(335), according to

2 + 8 + 7+ 1 + + +
L3 T T g (T + 5T v s —peTE == 6D

1, 3 2 A a2 . .
gV — o Tk + <(J ) -3 (J(3)) —ji’> vedpady = +Ch . (38)

The gauge fields a* and a* are then mapped to each other provided

k(o2 20 0N
ﬁi—iﬂ <2(j) +§(j(3)) +j) (3.9)

_o k(8 a3 12 o+ FR— b odr | o
from which one recognizes the Miura transformation between the variables, see e.g. [18].
In sum, our proposal for boundary conditions once expressed in the highest weight
gauge, is such that the Lagrange multipliers p+ and v+ depend on the dynamical variables
according to (3.7) and (3.8), where ¢(* and (é) are assumed to be fixed without variation
(6¢t = (Ké) = 0). Note that the functions £, W4, that are naturally defined in the
highest weight gauge, depend on the global charges J%, j(:g) as in egs. (3.9), (3.10).



Indeed, for a generic choice of Lagrange multipliers in the highest weight gauge, the
field equations read [15]

k
Lo = £2Laply £ pally F -l F 2wy F 3Wer, (3.11)
. ) . .
Wy = +£3Wop!, £ us Wi + v <£/i” ZF£2/> <£/ﬂ,: 69]{7:'£2 >
k
Eoviled 30£ £F Tor Z (3.12)

which by virtue of the definition of our boundary conditions, in egs. (3 7), (3.8) and (3.9),
(3.10), reduce to the remarkably simple ones, given by J+ = ¢/, J%, = :l:(é3), which were
directly obtained in the diagonal gauge (see eq. (2.4)).

It is also worth highlighting that egs. (3.9), (3.10) can be regarded as the higher spin
gravity version of the twisted Sugawara construction. In fact, we show now that the currents
L4, Wy fulfill the W3 algebra. Let us recall that according to (2.7), the transformation
law of the dynamical fields under the 4 (1) asymptotic symmetries reads §J+ = +n%’
6‘7(3) :l:n(3) Besides, the relationship for the Lagrange multipliers in (3.7), (3.8) implies
that the corresponding one for the parameters in the highest weight gauge, defined as
€+, X+, with the Lagrange multipliers and their associated charges as formulated in the
diagonal gauge, given by n*, n(j;), and J¥, J(fg), respectively, reads

2
3 T F (Jij + Ji’> Xz ek —ex I = -
1 3 4 2
3= 5Tst (T =5 (78) ¥ et endh =2y @29

Therefore, the transformation laws for £1 and Wy can be directly read from (3.9), (3.10),
which reduce to

k
0Ly = :|:2£i€i + 5:i:£;|: F f&‘ == 2)(in: F 3W:N:X:i: (3.14)
2 1 4
OWs = £3Wiel, £ ex WL + S (c’” - Z”z”) <£” - 697352 ) X
10 ko s
£ 5L + Lol F ol (3.15)

It is then apparent that £+ and W4 turn out to be composite anomalous spin-2 and spin-
3 currents, respectively. In other words, the asymptotic W3 algebra obtained in [14, 15]
for a different set of boundary conditions, being defined through requiring the Lagrange
multipliers in the highest weight gauge to be fixed without variation (dus+ = dvy = 0), is
recovered as a composite one that emerges from the 4 (1) currents.

Despite of the fact that the spin-2 and spin-3 currents £4, W4 fulfill the W3 algebra,
their associated global charges generate the @ (1) current algebras discussed in section 2.
This is so because, by virtue of egs. in (3.13) and (3.9), (3.10) the variation of the global



charges readily reduces to
k 4
505 =% [dp(esits —xatwi) =51+ [ap (v467% + Jio7% ) . 319

so that they satisfy the current algebras in (2.10). Indeed, this result just reflects the fact
that the gauge transformation that maps our asymptotic conditions in the highest weight
and diagonal gauges, spanned by the group element defined through (3.4), is a permissible
one in the sense of [15]. Therefore, the global charges associated to our asymptotic condi-
tions, although written in the highest weight gauge as in eqgs. (3.7), (3.8) and (3.9), (3.10),
manifestly do not fulfill the W3 algebra. This is because the Lagrange multipliers py, vy,
are not chosen to be fixed at infinity without variation as in [14, 15], but instead, here
they explicitly depend on the global charges. What is actually kept fixed at the boundary
without variation is the set of Lagrange multipliers that is naturally defined in the diagonal

gauge (6¢* = (Ké) =0).
4 Higher spin black holes with soft hair

In this section we discuss higher spin black hole solutions with soft hair, address their
regularity and calculate their entropy. In section 4.1 we present our results in diagonal
gauge, which is most suitable for our boundary conditions. In section 4.2 we discuss our
results in highest weight gauge that is used traditionally in higher spin theories.

4.1 Regularity and black hole entropy in diagonal gauge

As shown in section 2.2, the simpler subset of our boundary conditions, obtained by choos-

ing the Lagrange multipliers ¢*, Cé) to be constants, possesses the noticeable property of

making the global charges JI, S)i to behave as (higher spin) soft hair. An additional

remarkable feature that also occurs in this case is the fact that regularity of the whole
spectrum of Euclidean solutions that fulfill our boundary conditions holds everywhere,
regardless the value of the global charges.

The entire space of solutions of the field equations (2.4) that satisfies our boundary
conditions in this case is given by J* = JF (¢), jé) = J(j?f) (¢), which generically describes
stationary non spherically symmetric higher spin black flowers endowed with all the possible
left and right 4 (1) charges. In order to see this explicitly, we assume that the topology of the
Euclidean manifold is the one of a solid torus, where the Euclidean time coordinate 7 = it
corresponds to the contractible cycle. As explained in [14, 15], the Lagrange multipliers
correspond to the chemical potentials associated to the global charges (see below), and
since in our case they are all switched on, the range of the coordinates can be fixed once
and for all. Here we assume that the boundary of the solid torus is described by a trivial
modular parameter, so that 0 < ¢ < 2, 0 < 7 < 3, where 8 = T~ is the inverse of the
Hawking temperature.

Regularity of the Euclidean solution then requires the holonomy of the gauge fields
along any contractible cycle C to be trivial, which reads

He = Pele® =1 | (4.1)



Since the general solution is naturally formulated in the diagonal gauge, as in (2.3), the
regularity condition (4.1) is trivially solved by

2t 2 3w
¢t = 5 + gfé) <(j§,) = igm 5 (4.2)
with m, n being integers. Hence, regularity holds regardless the value of the global charges.

The generic regular solution then carries the entire set of # (1) charges spanned by
JE, ,(S)i. Therefore, by virtue of the map between the @ (1) and W3 currents, defined
through (3.9), (3.10), this class of solutions is endowed with nontrivial spin-2 and spin-3
(composite) charges.

This class of static non-spherically symmetric solutions are higher spin black flowers,
whose ripples cannot be gauged away because they are characterized by their corresponding
(higher spin) soft hair charges.

The simplest case in which the solution is only endowed with the zero-modes charges
JSE, Jé3)i, reduces to the stationary spherically symmetric higher spin black hole solution
discussed in [14, 15].

Generic higher spin black holes with soft hair can be obtained from the spherically
symmetric one aforementioned by acting on it with an arbitrary soft boost, which corre-
sponds to applying a generic element of the asymptotic symmetry group globally. Thus, as
explained in section 2.2, the action of the @ (1) generators does not change the total energy,
and noteworthy, the generic solution obtained through this procedure remains regular. This
is a peculiar feature of our boundary conditions, which does not hold for different choices of
Lagrange multipliers. Indeed, for the choice in [14, 15], in which the Lagrange multipliers
in the highest weight gauge are chosen to be constant, if one applies the same procedure
starting from a spherically symmetric solution, one finds that under the action of the Wjs
symmetries not only the energy changes, but the regularity of the W3-boosted solution is
generically spoiled. This reflects the fact that the additional W3 charges of the boosted
solution do not correspond to soft hair, since they do not commute with the Hamiltonian.

As shown in [19, 20], the correct expression for the black hole entropy in the context
of higher spin gravity can be obtained from

0S8 = péH = —l%vlm (ﬁ/d(ptr larda,] ) . (4.3)

Under certain reasonable assumptions, which are fulfilled by our set of boundary condi-
tions expressed in the diagonal gauge, according to [15, 21|, the variation of the entropy
integrates as

S— —]%Vlm <5 / detrara,)] > | (4.4)

The entropy of a generic higher spin black flower can then be readily obtained from (4.4),
which by virtue of (2.3) and (4.2), in the Lorentzian case reads

S =m|@n+m) (I +J5) +3m (I +707)] - (4.5)



Note that the entropy in (4.5) only captures the electric-like zero-mode charges, and hence
it does not depend on (higher spin) soft hair.

An interesting effect occurs for the branch of higher spin black flowers that is continu-
ously connected to the BTZ black hole [22, 23], corresponding to m = 0, n = 1. Indeed, for
this branch the entropy (4.5) is found to depend just on the zero modes of the electric-like
@ (1) charges of the purely gravitational sector, i.e.,

S=2r(Jf+Jy) - (4.6)

Nonetheless, the information about the presence of the higher spin fields is subtlety hidden
within the purely gravitational global charges, as it can be seen from the map between the
@ (1) and W3 currents. In fact, for the spherically symmetric higher spin black hole, by
virtue of (3.9), (3.10), the relationship between the zero modes of the purely gravitational
@ (1) charges and the zero modes of the W3 ones reads

1 3 3k

:l: 3

_ 2 - — . 4.
Jo = \/2mkL+ cos [3 arcsin (8 53 Wi>] (4.7)

Therefore, replacing (4.7) into (4.6) one recovers the following expression for the higher
spin black hole entropy in terms of the spin-2 and spin-3 charges, which reads

1 . (3 | 3k
S =2mV2rk < L cos [3 arcsin (8 MWJr)]
++/L_ cos [:1)) arcsin (21 / ;ZW_>]> , (4.8)

in full agreement with the result obtained in [15].

4.2 Remarks on regularity and entropy in highest weight gauge

As explained in section 3, our boundary conditions can be expressed in terms of the natural
variables of the highest weight gauge by choosing the Lagrange multipliers u+, v+ according
to (3.7), (3.8), as well as mapping the W3 currents £4, Wy in terms of the @ (1) ones as
in (3.9), (3.10). Despite that the formulation of our boundary conditions in the highest
weight gauge is certainly more involved than in the diagonal one, it is worth mentioning that
the computations related to regularity of the Euclidean higher spin black flowers and their
entropy can be carried out anyway, by taking into account certain refinements. Indeed, in
the highest weight gauge, the left hand side of the regularity condition (4.1) cannot be so
easily exponentiated. Nevertheless, the regularity condition can be alternatively written as

B*r [a2] = —87% (m* + mn + n?)
B3det [a,] = 8% (m + n) mn (4.9)

where a, stands for the Euclidean continuation of &fc in (3.2), with A* [us,vs] given
by (3.3). The latter equations actually become extremely convoluted, since tr [&Z] and

~10 -



det [a,] evaluate as

tr [d?] = 487# (uW — %uﬁ + 1];7T,u"> = 2;]:22 [(L’Q — HI;U’) v (4.10)
—% (l/ﬁl + 2L — 2571_1/”")} v— gl/ﬂz — 2% + g <1/”’ — Q(I?TV’E) 7
idet [a,] = 237]:22 [1/25 - % (uz — %4 ;lm/’>] [MW + gl/ (ﬁ” — 1iﬂ£2>
+§1/£' + gl/lﬁ — ll;ry””] + 235]:22 [(u — 31/) L—2 <W + ;E’) v

Al fe2er))
(Wb ) v (e 2) e (wr )]
+ 2?: (,u’ — % T 8]:u£>> [(th V) <u (W— ;L’) — % <u+ 21/’) L

k 1 A\ 2% ko, 3k 1\
+87T<M+3V)>_32k e )\ s\ ) )]

respectively. Nonetheless, after some amount of algebraic work, one verifies that the regu-
larity conditions in (4.9) conspire with the expressions that define our boundary conditions
in the highest weight gauge, given by (3.7), (3.8), and (3.9), (3.10), so that regularity
holds provided the equations in (4.2) do, in full agreement with the result that was easily
performed in the diagonal gauge.

The formulation of our boundary conditions in the highest weight gauge is such that
the hypotheses assumed in [15, 21] do not apply, and hence the entropy formula in (4.4)
cannot be used in this case, since it would yield an incorrect result. However, the higher
spin black flower entropy can still be obtained through the original formula in (4.3) [19, 20].
Indeed, replacing dg and dti into the variation of the (Lorentzian) entropy, one obtains

k3 . el
08 = 27T,6/dg0 (tr [aiéaz] — tr [a; 5a§0] )
= /dgo (4 0Ly + p— 6L — v Wy —v_OW_) |
which by virtue of (3.7), (3.8), and (3.9), (3.10), reduces to
_ ks +5 7+ e Ay + o 4 -

Since, ¢* and Cé) are assumed to be constants, the variation of the entropy readily inte-
grates as

_ ks gt g A e 4
so that once the regularity conditions in (4.2) are taken into account, the entropy reduces
to the formula in eq. (4.5) which was straightforwardly obtained in the diagonal gauge.
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5 Higher spin black holes with soft hair in the metric formalism

The entropy of the higher spin black flower for the branch that is connected with the BTZ
black hole in eq. (4.6) can also be alternatively recovered in the metric formalism. In order
to deal with non spherically symmetric horizons, the formula proposed in [20] has to be
slightly refined, so that the entropy reads

S = 1 Acos 1aifcsin \/gé ’ do (5.1)
4G Jox, 3 A ’ '

where A and ¢ stand for the horizon area element and its spin-3 analogue, respectively.
They are naturally defined in terms of the pullback of the metric and the spin-3 field
at the spacelike section of the horizon, so that their integrals become reparametrization
invariant, i.e.,

dz" dzv\ /2
A= Ado :/ <g ,,> do 5.2
o) ) " do do ( )

o v o\ 1/3
= bdo = / (q;ﬂypdxdxd:”> do .
ox. ox, do do do

It is worth mentioning that, although a full nonperturbative action principle for higher spin

(5.3)

gravity formulated exclusively in term of the metric and the spin-3 field is still unknown,
the entropy in (5.1) can be written as a closed analytic formula. In the weak spin-3 limit,
an explicit action principle was constructed in [24] up to quadratic order, from which the
entropy in the static case was also obtained and it turns out to agree with the corresponding
perturbative expansion of (5.1).

The higher spin black flower metric corresponds to a generalization of the soft hairy
black holes recently obtained in [1] for General Relativity with negative cosmological con-
stant in vacuum. In order to explicitly see the contact, for simplicity, let us choose the
Lagrange multipliers to be constants according to (¥ = —a, C = —a(3)- The spacetime
metric can then be reconstructed from the gauge fields as in ( 4), and it is found to be
given by

ds* = —2plf(p)a (1 +4(1-2f(p))2a” a(3)> dv? + 20dpdv — 2wa~tdpdy
+4(w+4(1—2f( N2 w wez)a a )pf( Ydvdp (5.4)
+ [72 + %7(23) + %a’lf(p) (72 —w?+4(1-2f(p)’ (7(23) - w(za))ﬂ dgp?

with t = v, and f (p) = 1+ 52;. The remaining arbitrary functions are related to the global
charges according to

fji = + (O Ej(:g) = 7(3) + w(g) s (55)

which means that they cannot be gauged away by proper gauge transformations. The event
horizon is located at p = 0. The line-element (5.4) shows that our boundary conditions
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can be interpreted as near horizon conditions that for small p recover Rindler space in
Eddington-Finkelstein type of coordinates. In the case of w(z) = a3y = 0, the spacetime
geometry reduces to the one found in [1] which is of negative constant curvature.

Analogously, the spin-3 field can be reconstructed from (1.4), whose explicit form is
given in the appendix B. For our purposes, it is enough to know the behaviour of its purely
angular component around the horizon, which reads

2
Dy = o (498 - 99) 19 + O (o) - (5.6)

Note that in three spacetime dimensions the metric component g,, can always be
gauged away. Indeed, even in the case of a generic choice of Lagrange multipliers ¢,
Cé), the metric and the spin-3 field can also be directly reconstructed from (1.4) in normal
coordinates. This can be done through a permissible gauge transformation, which amounts

+5(@1+L-1)  The line element then reads

to replace the group elements by in (2.2) by by = e
£2
2

2 =V 2 22 Ly _ 5
_g (C(g) + <(3)) :| dt® + 4dre + ¢ 5 <<(3) - C(g)) Y(3) cosh (47“) + g

ds®> =

GG (cost (4r) 4 5 ) 267 cost () = 5 (674 ¢

— (C(g) + C(_g)) w(3) sinh? (2r) — (§+ + Cf) w sinh? (r)+ (C+ — Cf) ~ cosh? (7’)} dtdy

+ B <cosh (4r) + 2) 7(23) - w(23) sinh? (2r) 4+ ~2 cosh? (r) — w? sinh? (r)] dp?

(5.7)

so that the event horizon locates at » = 0. This class of geometries asymptotically ap-
proaches to locally AdSs spacetimes of radius ¢/2.

The explicit form of the spin-3 field is written in the appendix B, and its purely angular
component close to the horizon behaves as equation (5.6) with O(p) replaced by O(r?). It
is then simple to verify that requiring regularity of the Euclidean metric and the spin-3
field around the horizon fixes the Lagrange multipliers (chemical potentials) precisely as
in eq. (4.2) with m = 0 and n = 1, i.e., for the branch that is connected to the BTZ
black hole. Further issues about regularity of the fields in the metric formalism have been
discussed in [12, 25].

For the most generic higher spin black flower configuration (5.7), and (the again trans-
formed) (5.6), as well as for the particular case in (5.4), (5.6), the event horizon area
element and its spin-3 analogue in egs. (5.2), (5.3), respectively, then evaluate as

4
A = geel,, = 7+ 57(23) (5.8)
2
¢3 = (I)gogogo|r+ = 57(3) (9'72 - 4'7(23)) ) (5.9)
so that, by virtue of the identity
1 23 1
cos | = arcsin ’ (:E - ) = (5.10)
3 (22 +1)%2 22 + 1
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the entropy in (5.1) reduces to

k

1 _ _

in full agreement with the result found exclusively in terms of gauge fields in section 4 (see
eq. (4.6)).

Note that [~dy could then be regarded as a sort of “effective higher spin horizon
area”, which curiously corresponds to the horizon area of the purely gravitational black
flower in the absence of higher spin fields.

6 Extension to AdS3 gravity coupled to fields of spin greater than 2

The extension of our boundary conditions and the analysis of the properties of the corre-
sponding higher spin black flower can also be performed in the case of gravity with negative
cosmological constant coupled to bosonic fields of spin s > 2. As explained in the intro-
duction, the generic theory we consider? is described by a gauge group spanned by two
copies of sl (N,R), where the two copies of sl (2,R) are principally embedded. It is also
worth mentioning that in the case of even N, the theory admits an additional truncation
that describes the coupling of gravitation on AdS3 with fields of even spin s = 4, 6, - - -,
N, described by two copies of sp (N,R). Additional special truncations are also known to
exist in the case of exceptional groups, see e.g., [26]. Hereafter we carry out the analysis
for sl (N,R).

We propose that the asymptotic behaviour of the sl (N,R) gauge fields A* is of the
form in (2.1) with by given by (2.2), so that the auxiliary connection extends to

N
wt:(iiftdp+Cicﬁﬁm—%§:(iji3mp+Ci)ﬁ>wg), (6.1)
s=3

where Ly, and W(()s) stand for the generators of the Cartan subalgebra of the gauge group.

The dynamical fields are then described by arbitrary functions of time and the angular
coordinate, given by J%, jé, with s = 3, 4, ---, N; and their corresponding Lagrange
multipliers, ¢, C(j;), are assumed to be fixed at the boundary without variation. It is then
simple to verify that the field equations read

TE=%( T ==, - (6.2)

The asymptotic symmetries that maintain the form of (6.1) are spanned by Lie-algebra-
valued parameters of the form et = n*Ly+ Zévz?, n({;)wff), with n* = ﬁ(j;) = 0, provided the
fields transform according to

5T = +nt 5j(f) =+ - (6.3)

2Further generalizations to higher-spin theories based on Chern-Simons actions (1.1) with arbitrary

gauge groups G, G~ containing SL (2, R) as subgroup are possible as well, but will not be considered in
the present work. See for instance section 2.1 in [10].
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The canonical generators of the asymptotic symmetries then read

Q* i) =74 [ dw( +Zas77(s J(S<>> (6.4)

where
s—1

48 (s — 1)14 .
" s - g)! (25)— 2)! H2 (V* =) (6:5)

and their algebra is given by
4
@)@ =% (F) 5 o)

{jé () T (‘P/)} =+ <j7;€> 05,50 (¢ — ¢) . (6.6)

Expanding in Fourier modes according to

=D et T () e (6.7)
the algebra (6.6) reads
; + 7+ k . ()£ 7(s")+ ask
i{ Iy I} = §n6m+n,0 ) {Jn VAN } = 5,5'Om+n.0 (6.8)

which corresponds to a set of @ (1) currents with levels %k: and %ask‘.
For the simplest choice of boundary conditions, given by constant Lagrange multipliers
¢t C , the dynamical fields become time-independent, and the total Hamiltonian reads

H=Ctad+¢Jy +Z( T I (6.9)

s=3

(s)+

which manifestly commutes with the @ (1) generators Jif, . Therefore, in this case,

the whole set of affine global charges can be regarded as (higher spin) soft hair in the sense
of [2].

Following the procedure described in section 3, one naturally expects to find the gener-
alization of the Miura transformation in (3.9), (3.10) between the currents in the diagonal
and highest weight gauges, from which the Wy currents should emerge from composite
operators of the affine ones through an analogue of the twisted Sugawara construction.

Note that in the case of constant ¢* and C , the field equations (6.2) imply that
the space of solutions that fulfills our boundary condltlons is described by J* = J* (),
*7(5) = *7(5)( ¢), which generically corresponds to non spherically symmetric higher spin
black holes endowed with all of the possible left and right soft @ (1) charges. Indeed, in the
fundamental representation of sl (N, R), regularity of the Euclidean configurations reads

He = Peles = (—1)N*+1 1,
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where C stands for any contractible cycle in the solid torus. The regularity conditions
of the Euclidean solutions then just reduces to exponentiate a diagonal matrix, which
readily implies that the chemical potentials (¥, C(j;) become fixed by precise relationships
that depend linearly on N — 1 arbitrary integers, and they are independent of the global
charges. For the branch that is connected to the BTZ black hole, the only nonvanishing
chemical potentials are the ones that correspond to the purely gravitational sector, i.e.,

_271'

+
=3

The generic solution is then described by N — 1 left and right soft @ (1) charges, from

(=0 (6.10)

which the higher spin ones can be reconstructed by virtue of the map between them and
the Wy currents.

For the branch that is continuously connected to the BTZ black hole, the entropy of a
generic higher spin black flower can be directly recovered from (4.4), which reduces to

S=2r(JF+Jy) . (6.11)

Note that the entropy (6.11) exactly agrees with the one in (4.6) for the case of sl (3,R),
as well as for the expression found in [1] in the case of gravity on AdSs. In this sense,
the entropy in (6.11) is universal because it depends only on the zero modes of the purely
gravitational @ (1) charges, regardless the value of N > 2.

7 Discussion

The new set of boundary conditions (2.1)—(2.3) (or more generally, (6.1)) for higher spin
gravity on AdSs has a set of affine 4(1) currents generating the asymptotic symmetry alge-
bra with non-vanishing levels (2.10) (or more generally (6.8)). The concept of spin emerges
from the conformal weight of the composite generators of the asymptotic W algebra that is
recovered through a nonlinear analogue of the twisted Sugawara construction (3.9), (3.10).
Fourier decomposition of the (1) charges leads to a tower of generators (2.9) which can be
interpreted as creation operators for negative integer indices. Acting with these creation
operators on states, e.g. on the vacuum as in (2.11), generates higher spin soft hair descen-
dants that have the same energy as the original state, thereby generalizing corresponding
spin-2 results [2] (see also [27-36]).

The generic solution of the field equations that fulfills our boundary conditions de-
scribes stationary and non necessarily spherically symmetric configurations, whose en-
tropy (6.11) was shown to be independent of (higher spin) soft hair. In the case of AdS3
gravity coupled to spin-3 fields, these results were also explicitly recovered in the metric
formalism in section 5. It would be interesting to explore further geometric aspects of these
higher spin black flowers along the lines of [37, 38|, as well as the possibility of performing
a microstate counting for their entropy as in [39)].

We have generalized our results from spin-3 gravity in AdSs to general higher spin
gravity in section 6, but there is a number of issues that remain for further exploration.
For instance, we did not explicitly provide the (twisted) Sugawara-like constructions for
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spins greater than 3. Moreover, we focused exclusively on the principal embedding of
sl(2,R) into sl(N,R) [40, 41]. Additionally, we did not consider Vasiliev-type of theories
with infinite towers of spins, based on hs(A) [7, 9]. Finally, our focus was exclusively on
AdS3 backgrounds, but it is well-known that higher spin gravity allows also for non-AdS
backgrounds [42-46] and vanishing cosmological constant [47-51] or generalizations along
the lines of hypergravity [52-55]. Investigations of the other branches, besides the BTZ
branch, of the entropy should be possible [56]. Furthermore, it might be interesting to
explore extremal higher spin black holes [55, 57] and entanglement entropy [58-62] in this
setup.

Besides, a different set of boundary conditions for which the Lagrange multipliers
depend locally on the dynamical fields has been recently proposed in [63], where it was
shown that the field equations correspond to different integrable hierarchies. Our set of
boundary conditions, once expressed in the highest weight gauge, differs from the one in [63]
because here the Lagrange multipliers depend non-locally on the dynamical fields (see e.g.,
egs. (3.7), (3.8), with (3.9), (3.10)). Nonetheless, as pointed out in [63], for the case of pure
gravity on AdSs, our boundary conditions appear to be related to a representative of an
extension of the KdV hierarchy that is labeled by a fractional instead of an integer label
(precisely k = —1/2), see e.g. [64—67]. One might then naturally expect that a similar effect
should occur for the extension of different hierarchies once the higher spin fields within our
boundary conditions are switched on.

Additional interesting possibilities also naturally arise along the lines of the connection
of higher spin fields and string theory [68, 69] and the diverse related results in refs. [70-80].
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A Principal embedding of SL (2,R) within SL (INV,R)

In the principal embedding of SL (2, R) within SL (/V, R), the set of generators of sl (N, R)
naturally splits as {L,-;w;i)}, withi=-1,0,1;s=3,--- ,Nyandm=—(s—1),---,(s — 1),
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so that

Lo Ly] = (6 — §) Loy (A1)
L] = (s =i =m)ul, (A.2)

from which L; and w&i) can be seen to possess spin two and spin s, respectively. In the
fundamental representation, the generators of the sl (2,R) subset are described through
N x N matrices that can be chosen to be given by

(L) = Vi (N = §)8j51 (A.3)
(Lo1)jp, = VE(N = k)8 x41 (A.4)
(Lo) ;0 = % (N +1-2§)6,, (A.5)
with j,k =2..., N, so that the remaining ones become defined as

s+m—1)!

W) = 2 (-1t | s gy Lonllon Loy @)

s—m—1 terms

s—m—1 (3 +m— 1)'

=2(-1) (25 —2)!

(ady )" " @), (A.6)

where ady (Y) := [X, Y].
The normalization constants used in the text are then given by

en = tr(LoLg) = N(N;_l) (A7)
12 9. (s 48(s— 1t .
wo= et (W) = g S L)

B Explicit form of the spin-3 field

For the particular case of the solution that describes a higher spin black flower, whose
metric is given by (5.4), the explicit form of the spin-3 field reads

_ _ 1 4 _
= {a 2y (3ydp® + 20 [(1 —2f(p))” (a(3)a by — 37(3)> -3¢ 1’7(3)?]"@)} dpdv

2 B
+3a [(1 —2£(p))* (vayw — 3ywe)) + 4a 17(3)w§f(p)} dpdip

2
+ 207 pf(p) [(1 - 27(0))? (76s) (42 + 40y ) — aageyy) + a5 (o) at?

+ ga_lpf(P) [(1 —2£(p))? (37 (awg) + a@w) — V) (aw + dagwe)))

+ 4w’7(3)%f(ﬂ)] dvdyp + [(1 —2f(p)* Y3 (’72 - §7(23)>
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2 W= 27(0))* (207 (e (2 + 46y — 6r009) £ 7(0) — a7?)

8 P 2 2 \ P 28 3 2
T39 ) (Zf(P)w +0W(3)) zf(ﬂ)+2*77(3) dp” ¢ dep . (B.1)

Therefore, close to the horizon, the component ®,,, expands as in eq. (5.6).
For a generic choice of Lagrange multipliers, the spacetime geometry can be described
in normal coordinates as in eq. (5.7), and the exact expression for the spin-3 field is given by

03
d—— ( (g(g) ¢ )dt+v(;)dg0> dr?
G 3 1N[4 . _ N2
_6{_8 (COSh(‘”)*g) [3%4(3) (666 +5 (€)= (<+)2]
_ . 2 3o N3 1 _
+¢7¢ (C;g,))—g(g))cosh(%)-i-g [(C(E)) —<C(3)> ]—2 [(C+)3—(C )3} }dt?’
—é {7?3) <cosh(47“)+;> +w(3) (3fyw—2’y(3)w(3))sinh2(2r)
—3(3)w’sinh®(r) <cosh(2r)—;> —3v(3)y°cosh?(r) (cosh(2r)+;> }d<p3
{(C++C )< cosh2( )+ (1; (3)w(1—3cosh(27’))>sinh2(r)
+(C+—C_) <w(3)wsinh2(r)—é'y(3)'y(3cosh(2r)+1)> coshz(r) (B.2)
1 n _ 4 . 192 1 + - 2 2 1.2
+Z<C(3)+C(3)) <Ww—3v(3)w(3)>s1nh (2T)—Z(C(3)_C(3)> [3w(3)5lnh (2r)
—7(23) (cosh(47“)—|—;> +~2cosh?(r) <cosh(27“)—|—;>
9. 19 1 9 2 +\2 2] . 12 2
“+wsinh?(r) <cosh(2r)—3>} }dtdgp —Q{w(g) {(C ) =(¢7) ]smh (r)cosh*(r)
3 7 2
—%7(3) [(Cé)ﬂLC@))QsinhQ(%)—Q <cosh(47“)+9> (C(E)—C(g))
+g (C++§_)Zsinh2 (r) (cosh(?’r)-i) +g (C+_C_)2005h2 (r) <COSh(2T)+;>]
+3 <C(J§,)_C(T3)) [(C+_C_)’Y(Cosh(2r)+;>coshz(r)—l—(CJr—i-C_)w<cosh(2r)—;)sinh2(r)}
3 4 _ + _ + — 2
- (5+¢) [(g ) =C )w— (¢(3 (5 )u)(g)]smh (2r)}dg0dt,

so that the component @, expands according to (5.6), with O(p) replaced by O(r?), near
the horizon.
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