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ABSTRACT. We show that Z is diophantine over the ring of algebraic integers
in any number field with exactly two nonreal embeddings into C of degree > 3
over Q.

Introduction. Let R be a ring. A set S C R™ is called diophantine over R if
it is of the form S = {z € R™: 3y € R™ p(z,y) = 0}, where p is a polynomial in
R[z,y]. A number field is a finite extension of the field Q of rational numbers. If
K is a number field, we denote by O the ring of elements of K which are integral
over the ring Z of rational integers.

N is the set {0,1,2,...} and Ng is the set {1,2,3,...}.

In this paper we prove

THEOREM. Let K be a number field of degree n > 3 over Q with exactly two
nonreal embeddings into the field C of complex numbers. Then Z is diophantine
over Og.

An example of such a number field is Q(d) where d3 is a rational number which
does not have a rational cube root.

In order to prove the theorem, we use the methods of J. Denef in [3]. The
terminology and enumeration of the lemmas is kept the same as in [3] so that the
similarities and differences of the proofs are clear. The theorem implies

COROLLARY. Let K be as in the theorem. Then Hilbert’s Tenth Problem in Ok
18 undecidable.

The results of (3] and the present paper are the maximum that can be achieved
using the present methods. Hence the general conjecture made in [4], namely that
Hilbert’s Tenth Problem for the integers of any number field is undecidable, remains
open.

Let K be a number field of degree n > 3 over Q with exactly two nonreal
embeddings into C. Let o;, ¢ = 1,2,...,n, be all the embeddings of K into C,
enumerated in such a way that o0,_; and o, are nonreal. Then the embedding

o: K — C such that o(z) = 0,(z) is distinct from o, and from all 0;,7 < n — 2,
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612 THANASES PHEIDAS

since o, is nonreal (i.e. for at least an z € K, o,,(z) ¢ R, hence o(z) # o,(z) and
o(z) € R). Hence 0 = 0,1 and therefore, for every z € K, 6,—1(z) = on(z). In
the rest of the paper we identify K with o, (K).

There are two cases: 0n—1(K) = 0n(K) or 0,-1(K) # 0,(K). In the first case,
let b be an element of K such that K = Q(b). We have that Reo,(b) € o,(K)
and (Imo,(b))? € 0,(K) where Rez and Imz are the real and imaginary parts
of z, respectively. So, since o,(K) = Q(on(b)), [on(K) : on(K)NR] = 2 and
so o, (K) is nontotally real of degree 2 over o,(K) N R which is totally real. By
[3] Z is diophantine over 0,,(Ok) NR and by the results of [4] this implies that Z
is diophantine over 0,,(Ok). Hence Z is diophantine over Og. Therefore, we will
consider only the case where o,_; (K) # on(K).

Let a € Ok be such that

(*) loi(a)] < 1/2%"  fori=1,2,...,n—2and a #0.

For each z € Ok, let §(z) € C be a number so that §?(z) = 72 — 1. Let § = §(a)
and call L = K(6). By (*) a may not be a rational integer and therefore § ¢ K. So
[L : K] = 2 and each embedding o; of K into C extends to two embeddings o; ;
and o; 2 of L into C. The relations 05 2(6) = —0;,1(6) are obvious. Calle =6 +a
and z,,, and y,, the solutions in Ok of the equation z,, + 8y, = (a+6)™ for m € Z.
Clearly €™ = 2, + 6Ym, €™ = Zyy, — 6ym, and € is a unit in Op,.

LEMMA 1. Let K be any number field, and a,b,c € Ok. Suppose 6(a), 6(b) &
K. Let m,h,k,7 € N. We have:
(1) € is a unit in Og(s), €' = a — 6, and Tm,Yym satisfy the Pell equation

2 — (a2 -1)y? =1;
(2) zm = (e™ +€7™)/2, Ym = (€™ — €™™)/26;
3) zm:tk = TmTk (6% = 1)YmYk, Ymtk = TkYm + TmYk;
(4) hlmﬁymlyh,
(5) ynk = kzf~ 'y, mody};
(6) Tm+1 = 20Tm — Tm—1,Ym+1 = 20Ym — Ym—1;
(7) ym(a) =m mod(a - 1);
(8) if a =b mode, then z,(a) = Ty (b)mod ¢ and ym(a) = ym(b)mod c;

(9) :l‘gmij = —Zy mod Im;
(10) if n € Ok and n # 0, then there exists an m € No such that n |y, (a).

PROOF. See (3].

LEMMA 2. Let a be as above. Then:

(1) fori <n—2,0< |os(a)| < 1/24" and |on(a)| = |on-1(a)| > 227;
(2) fori <n—-2,5=1,2, |0, ,(e) = 1;

(3) lon-1,5(e)| # 1 and |0, ;(€)| # 1 and

max{'”n‘l(e)l’ |0n,2(5)|} = ma‘x{lan-l,l(e)L lan-l,2(5)|} > 2%,

PROOF. (1) Since o,_1(a) = on(a), |on_1(a)| = |on(a)|. Moreover Nk/q(a)
is a rational integer different from zero and hence [T, |oi(a)| = |[Ng/q(a)| > 1.
Since for ¢ < n -2, |o;(a)] < 1/2*" we get |0,—1(a)| - |on(a)| = |on(a)? > 247(n—2)
and since n > 3, 4n(n — 2) > 4n and so |0, (a)|? > 24", i.e. |on(a)| > 227,
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HILBERT’S TENTH PROBLEM FOR ALGEBRAIC INTEGERS 613

(2) Since, for : < n —2, 0;(a) € R and |o;(a)| < 1, we get that o, ;(§) € tR. So
lo,i (€)|? = loi(a) + 04,4(8)|* = 04(a)® + |ou;(8)]* = 1.
(3) on,1(€) + 0n,2(€) = 20,(a), so that we have that

|on,1(€)] + |on,2(€)] = lon,1 ()] + lon,1 ()| ™"
> |on,1(€) + on,2(€)] = 2lon(a)] > 22"F1 (by (1)).

So either |0y, 1(€)| > 22" or |op,1(€) 7| = |on,2(€)| > 22", Similarly for o,_1.
NOTATIONAL REMARK. From now on we adopt the convention that o,,_;,; and
on,1 are such that|o,_y 1(€)| > 1 and |op1(€)] > 1.
REMARK. It is well known that if p(n) is the Euler function of n then
lim p(n) = oo
n—oo
and hence there is only a finite number of roots of unity such that their degrees
over Q is less than or equal to 2n. Call d the least common multiple of their orders.
It is then obvious that for any root of unity J € L, J¢ = 1.

LEMMA 3. Let K,a,6 be as above. Let d be as in the last remark. Then all the
solutions (z,y) in O of the equation 22 — 62y? = 1, for which there are z* and y*
in Ok such that =+ 6y = (z* + 6y*)®? and z*? — 6%2y*? = 1, are given by z = +zp,
and y = Yy, for somem € Z.

PROOF. By the Dirichlet-Minkowski theorem on units (see [1]), there are n — 2
fundamental units in K. Also L has no real embeddings into C and so L has
2n/2 — 1 = n — 1 fundamental units. Consider the set S = {z + éy|z? — 62y =1,
z,y € Og}. S is clearly in the kernel of the map Ny, x: Or\{0} — Ox\{0}
considered as a multiplicative homomorphism. For any unit u of Ok, Ny x (u) = u?
and hence the image of N,k has torsion-free rank at least equal to n—2. Therefore,
the torsion-free rank of S is at most (n — 1) — (n —2) = 1. Since ¢ is in S and
€ is torsion free, rank S = 1. Hence there is a unit €9 = z’ + 6y’ € S such that
every u € S can be written in the form u = Jef* where m ¢ Z and J is a root
of unity in L. In particular € = Jpe§ for some e € Z, e # 0 and a root of unity
Jo € L (so J¢ = 1). Clearly we may assume that e > 0 interchanging eo with e
if necessary. Then g¢ — 561 =26y and e —e7 ! = 26,50 e —e71|gy — 651. So
IN(26)| < |N(eo —€5')|, where N = Ny q. We have

n—2

[[(i(a)> - 1)

=1

IN(26)] = 2°"|N(6)| = Jon(a)? — 1] - 2"

since 0,(a)? — 1 = 0,-1(a)? — 1. Hence
IN(26)] > 22" - (1 - 1/2'%%)"2 - |0, (a)2 — 12 > 22" - (1/2%)"72 - |oa(a)® — 1]
=2%on(a)® - 11> 2 2* - | |on(a)* — 1| > 2®|on(a)l?,

using (*). Finally
IN(26)] > 2 - |on(a)|?(3)-
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614 THANASES PHEIDAS

Now observe that o,_1,1(€0) = On-1(2') + On-1,1(6)on-1(y’) and op_1,2(c0) =
On—1(2') + 0n-1,2(0)0n-1(¥") = On-1(2') = On=1,1(6)0n—-1(y'). So on_1,2(€0) =
an_l,l(eal) and hence

|on-1,1(0)=0n—1,1(65 )|-lon-1,2(0) —On-1,2(65")| = lon—1,1(€0) —On—1,1(e5 )%

Similarly for 0,,,1(g0) and o, 2(g0). Moreover,
(0n,1(€0) — ‘771,1(5(;1))2 = 4(0n(a)2 - l)an(y')2
and
(0n-1,1(€0) = On-1,1(65"))? = 4(0n-1(a)* = 1)on_1(y')?

and since 0,(a)? = 0,—1(a)? and 0, (y')? = 0n—1(y’)?, we get

(0n,1(€0) = n,1(651))? = (On-1,1(€0) = on-1,1(65 1))
Also since |0y, 1(€0)|¢ = |on,1(€)] and |op,1(€)| > 1, we get |opn,1(€0)| > 1, using the
convention e > 0. Similarly |6,—1,1(€0)| > 1. So we get
n

IN(eo — e ") =[] loss(e0) — 0i(e0) 7| < 227

=1
71=1,2

I lois(e0) —0u(egh)
t=n—1,n
§=1,2

=2"""* o 1(e0) — on,1(eg M)I*
and finally we get
IN(e0 — €5 ')l < 2" *|on,1(€0) — n,1(€0) [*-
Now clearly we have
|on,1(€0) — on,1(€0) 7 * = |on,1(€0)% + o 1(€0) % — 2|
< |on,1(€0)[* + |on,1(€0)| 7% + 2
< 2(|on,1(€0)]? + |om,1(€0)| )
and so
lon,1(€0) = on,1(€0) TH* < 4(lom,1(€0)I* + lom,1(€0)|72)%,
and hence
IN(e0 — g5 ') < 22" 2(Jon,1(0)?| + lom,1(€0)| 72)*.
If |e| = |eo|® and e > 4 then |o,,1(€)| > |0n,1(g0)]* > 1 and so
IN(e0 — €5 1)] < 22" %(|om,1(€0)[* + lon,1(€0)|2)?
= 22""%(|op,1(€0)|* + lon,1(€0)|7* +2) < 2277 (lom,1(€0)[* + |om,1(€0)| )
< 2%op,1(€0)|* < 2°"op,1(€)| = 2°"|0n(a) + 04,1(8)]
< 2%%(lon(a)| + |on,1(8)]) = 22" (lon(a)| + V/]own(a) — 1])
< 2 (|on(a)] + 2|0 (a)]) < 2% 2|0y (a)].

Combining the last inequality with (i) above gives |o,,(a)| < 22" which contradicts
Lemma 2(1). So e < 3. Therefore, if *2 + 62y*2 = 1 and z + 6y = (z* + 6y*)%¢,
since for some n € Z, z* + éy* = Je} and J¢ = 1 then z + 6y = e§"? = €™ and
hence z = +z,, and y = +y,, where n; = 6n/e.
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HILBERT'S TENTH PROBLEM FOR ALGEBRAIC INTEGERS 615

LEMMA 4. Assume that K,a are as above, h,m € N and
loi(yn)| =3 for i=1,2,...,n—2 (condition (1)).

Then

(1) lon(yr)l > lon1(e)*/4lon,1(6)] and |on1(e)] > 227,
(2) yn |ym = h|m (the first divisibility is meant in Ok, the second in Z),

(3) ¥h |ym = yn|m in Ok.
PROOF. (1) We have proved that |0y, 1(g)| > 22", It is trivial to see that from

this fact the following immediately follows: |0y, 1(€)* —|opn.1(€)|™" > |on.1(e)|*/V2
for h € Ny. So

|lon,1(6)* — 0n,1(e) 77 lon1(e)|” |on,1(e)|"
lonlyn)l = 20n1(0)] 220ma ()] > Aons (O]

(2) Suppose yn |ym but htm. Set m = hq + k, with ¢,k <N and 0 < k < h.

Lemma 1 yields ym = TkYnq + Theyk. Notice that yp |ynq, hence yp | Theyx. Since

2}, —(a®—~1)y}, = 1, the elements y, and zj, are relatively prime. Thus y | yx and

|NK/Q(yh)| < |NK/Q(yk)|. From the Introduction we have that 0,1 (yn) = on(yn)-
Also from condition 1 and (1),

n—2
INk/Q(ui)l = lon-1(un)] - lon(un)l - TT los(um)l = lon(un)I* (%)

1<n-—-2

- (250 ()

Now observe that, for i < n—2, 0;(zx)? — (0:(a)? = 1) - 0;(yx)? = 1 and 0;(a)? < 1.
So |oi(yk)| < 1 for ¢ < n — 2. Therefore,

INk/QWE| = 101wl lon(we)l - JT loswe)l < lon (i)
1<n-—2
_Joni(€®) —0na(e)F12 _ (2onale)lF)
= T @em@)? S (2|an,1(6)| )
- IUn,l(e)l2k
lUn,l(5)|2

(1)"‘2 lona ()P _ lona(e)**
2 lon1(8)12 7 lon,1(6)]*°
i.e. |on,1(€)]?P~%* < 2" which contradicts (1) since h — k > 1. Hence h|m.

(3) is obvious since (e — eth)/(e? — e7?) = 1 - u mod(e* — e*) where u
is a unit and hence if y2 | ym, by (2) h|m, i.e. m = lh for some ! € N, and so
Ym/Yr = 0 mod yr, which means that m/h =0 mod yp,, i.e. m = 0 mod y;.

LEMMA 5. If K,a are as above and k,j € N, m € Ny and |o;(zm)| > 3 for
1=1,. — 2, then if Tx = +x; mod z,,, we get that k = :l:] mod m (the two +
do not have to correspond).

PROOF. Set k = 2mq + kg, j = 2mh + jp with ¢, h,ko,70 € N and ko < m,
Jo < m. Lemma 1(9) implies zx = tzk, mod z,, z; = £z, mod z,,. Hence, it is

Hence

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use




616 THANASES PHEIDAS

sufficient to prove the lemma for k < m, 7 < m. Thus suppose zx = +z; mod z,,
k < m and j < m. We shall prove that zx = *z;. Assume zx # =z;; then
INk/Q(Tm)| < |Nk/Q(zk £ z;)|. We may assume without loss of generality that
|on(zk)| > |on(z;)|- Then by the hypothesis of the lemma,

INk/Q(@m)| = lon(@m)* - ] loi(@m)l 2 lon(zm) - (3)"77
i<n—2

m -—m|2
— (%)n—2 . |0n,1(€) +40n,1(5) | > (%)n (|0n,1(€)|m _ |0'n,1(5)l_m)

> (3)" ona (€)™
The last inequality holds by Lemma 4(1). Also
INk/Q(zk £ 25)| < (lon(@k)| + lon(2))? - [T (oi(ew)l + loi(=)])
i<n—2
< 2loa(ze))? 2772 = |on(2k)[* - 2" < low,1(e)|** - 2™
So |on,1(e)|>m~2* < 22nF1 e |opa(e)|™F < 27! < 22" which contradicts

Lemma 4(1), if m # k. So we get z,, = z) and hence z,, | z;. So we conclude that
|Nk/Q(zm)| < |Nk/q(z;)|. As we proved above,

INk/Q(zm)| 2 (3)" o1 (e)*™.

2

Also
INkjq(2;)l = [ loa(@s)l - lon(e;)? < lon(z;)I?
1<n-2
_ Ian,l(s)j "“7n,1(f‘:)_j|2

) < [onma ().

Hence |op,,1(€)|?™ % < 27+ which by Lemma 4(1) can happen only if 2m—2j5 = 0,
ie.m=j. Sozk==z;. fapy =z;,thenek +e* =el +e77, ie ek —¢ =
e —ek fe eTh(1—ed*) = &l(eF7 - 1), ie. (¥ +1)(eFT —1) =0, ie.
k = +j. Similarly, if zx = —z;, ek +e7F = —ed —e77 ie. (¥ +7)(1+e7F77) =0,
ie. k==j.

LEMMA 6. Suppose that K and a are as above with the additional hypothesis
that 0p,1(€)/0n—1,1(€) is not a root of unity. Let k € No. Then there exist multiples
m,h of k such that |oi(zm)| > 3 for i = 1,2,...,n — 2 and |oi(yn)| > % for
1=1,2,...,n—2.

PROOF. We shall prove that if
(1) 01,1(5)k10’2)1(6)k2 .. .a'n_2,l(e)kn—2 — 1,

then ky = ko =--- = k,_o = 0. Let K, be the least normal extension of K and L,
the least normal extension of L, so K; C L;. It is enough to prove that for each oy,
1 < n — 2, there is an automorphism 7 of K; such that ro; = 6,1 and 70,1 = 0;
and for all j # 4,n — 1, 70; = 0;, where by 70; we mean the restriction of 7 on
0;(K) composition ¢;. This is enough because for each ¢ < n — 2, applying the
corresponding 7 extended to L; on both sides of (1) and taking absolute values, we
get |on,;(€)¥| = 1 where j = 1 or 2; hence k; = 0 and hence the result follows by
the theorem of Kronecker (see [5]).
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Notice that every automorphism of K; determines a permutation of the embed-
dings of K and conversely every permutation of these embeddings determines at
most one automorphism of K. So when we write 7 = (0;,0;) we mean that 7 is the
unique automorphism of K; which transposes o; and o;. Since 0,,—1(K) # on(K),
the degree of the extension 0,1 (K)o, (K) over o,(K) is at least 2, so the iden-
tity embedding of 0,(K) into C extends to at least one nonidentity embedding of
0n-1(K)on(K) into C. This embedding extends to an automorphism 7; of Kj.
Since 71 is not the identity on o,—1(K)o,(K) and is the identity on o,(K), it
can not be the identity on o,—1(K). So, since 1105,—1 # 0n—1 and T10p—1 # On,
T10n—1 is a real embedding of K, say 710n,_1 = 04,. Let 79 be the automorphism
of K; such that 79(z) = Z. Then 71797 ' = (04,,0,), since 7y is a transposition
(0 = (Unao'n—l))~

Now assume that o,_1(K) C 01(K) - 0n—2(K)on(K). Applying ri7o7; ! to
both sides we find 05,1 (K) C 01(K) - - - 0n—2(K ) which is impossible since 0,1 (K)
is nonreal and the right-hand side of the relation is real. So

on-1(K) ¢ 01(K) - on_2(K)on(K).
Let 7 < n — 2. Consider the extension
on-1(K)o1(K) - 0i—1(K)ois1(K) - - on_2(K)on(K)

over 01(K) - 0;—1(K)oi+1(K) - 0n—2(K)on(K). This extension may not be of
degree 1, otherwise o,,_1(K) C 01(K) -+ - 05—1(K)0i41(K) - - - opn—2(K)on(K), con-
trary to what we proved. So the identity embedding in C of the ground field extends
to at least one nonidentity embedding of the extension field in C. Let 7 be an ex-
tension of this embedding to an automorphism of K;. Clearly, since 76,1 # 0p—1
and 7o; = o; for j # ¢,n — 1, we must have 70,1 = 0; and hence 7 = (0y,0,_1)
and this is what we should prove in order to conclude the lemma.

LEMMA 7. Suppose that K and a are as above and that |o;(a)| < 1/28" for
1=1,2,...,n—2. Let m € Ng. Then there exists an element b in Og such that:

(1) b= 1mod ym(a);

(2) b = amod zp,(a);

(3) b satisfies (x).

PROOF. Set b = z2° + a(1 — z2,) with s € Ny to be determined. Since z2, —
(a%? —1)y2, = 1, we have 72, = 1 mod y,,; hence (1) holds. Also (2) holds obviously.
Since |05(zm)| < 1fori=1,2,...,n—2and |on(zm)| |0n-1(Zm)| = |on(zm)|® > 1,
we can choose s large enough so that |o;(z,,)%°| < 1/28" for ¢ = 1,2,...,n — 2.
Then for ¢ = 1,2,...,n — 2 the following holds:

1 2 1

l0:(b)| < 105 (2m)%°| + |0i(a)] - |1 — 04(2m)?| < |os(Tm)|?* + 28n < 38n < 3an-

LEMMA 8. Let K be any number field of degree n over Q, and let 01,02,...,0,
be the embeddings of K into C. Let £,z € Ok and z # 0. If 2"Hign(e+ 1) -
(E+n—1)"z, then |o;i(€)| < L|N(2)|™ for alli=1,2,...,n.

PROOF. See [3].
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618 THANASES PHEIDAS

MAIN LEMMA. Let K be as above and a € Ok satisfying

los(a)| < 1/28" for i =1,2,...,n — 2. (%)

and let d be defined as in the Remark before Lemma 3. Define the subset S of
O by€Ee€eS e €0k NIz, y,w,z,u,v,8,t, 2"y, w2, v v, ¢t b in Ok:

(1) 2? - (a® - 1)y? =1,
(2) w?—(a?-1)2% =1,
(3) uw'? — (a2 - 1)0"? =1,
(4) s — (B -1)t"? =1,
(17) z+6(a)y = (z' +6(a)y)®,
(2%) w+ 6(a)z = (w' + 6(a)2")?,
(3*) u+6(a)v = (v + 6(a)v"),
(4*) s+ 6(b)t = (s' + 6(b)t')8¢
(5) loi(b)| < 172", 0= 1,2,...,n—2,
(6) loi(z)| >3, 1=1,2,...,n-2,
(7 loi(u )]__2, 1=1,2,...,n—2,
(8) v#0,
9) 2o,
(10) = 1modz,
(11) b =amodu,
(12) s = zmod u,
(13) t = £mod z,
(14) rtlenr(e L 1) (E+n—-1)"z"(z+1)" - (z+n—-1)"z
Then No C S C Z.
PROOF. (i) Suppose there are z,y,...,b € Ok satisfying (1)-(14). We shall

prove that £ € Z. From (*x) and (5) it follows that a and b satisfy (*). Hence from
(1)-(4), (1*)-(4*) and Lemma 3 it follows that there are k, h,m,j € N such that:

z = txi(a), y = tyk(a),
w = xzi(a), z = xyp(a),
u = tz.,(a), v = tym(a),
s = +z;(b), t = ty,(b).

So (6)-(13) become

(6') loi(yn(a))] > 3 fori=1,2,...,n-2,
(7) loi(zm(a))| >4 fori=1,2,...,n-2,
(&) ym(a) # 0,

(9) yh(a) | ym(a),

(10") b= 1modyx(a),

(111 b = amod z,,(a),
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(12" z;(b) = 2zi(a) mod z,,(a),
(13" y;(b) = £ mod yx(a).
We have

y;(b) =jmod (b—1) (Lemma 1(7)),
y;(b) =jmodyn(a) (by (10),
(15) j=+&modya(a) (by (13),
z;(b) = z;(a)mod z;n(a) (by (11') and Lemma 1(8)),
z;(a) = £zk(a) modzm(a) (by (127)),
(16) k=+jmodm (by (7'),(8') and Lemma 5),
yn(a)|m  (by (6'),(9') and Lemma 4),
k=+jmodys(a) (by (16)),
(17) k=xfmodz (by (15)),
lo:(€)] < 3|N(2)|*/™ fori=1,2,...,n (by (14) and Lemma 8),
k < |on(zk(a))| < 3|N(2)]*/™  (by (14) and Lemma 8),
loi(k + )| < |N(2)|'/™  fori=1,2,...,n.

So |[N(k+ €)| < |N(2)| and so k = £ (by (17)).

(ii) Conversely, suppose ¢ € Ng. We shall prove that there are z,y,...,b € Ok
satisfying (1)-(14). Set k = € € Ny, 2’ = zx(a) and y' = yk(a); then (1) and
(1*) are satisfied. By Lemmas 1(10), (4) and 6 there exists an h € Ny such that
the left-hand side of (14) divides yx(a) and |oi(yn(a))| > § fori =1,2,...,n — 2.
Set w' = zp(a) and z = yp(a), then (2), (6) and (14) are satisfied. Again by
Lemmas 1(10), (4) and 6, there exists an m € Ng such that y2(a)|ym(a) and
loi(zm(a))| > & for i = 1,2,...,n — 2. Set v = zm(a) and v’ = yp,(a); then (3),
(3*) and (7)—(9) are satisfied. From Lemma 7 it follows that there exists b € Ok
satisfying (10), (11) and (5). Set s’ = z(b) and t' = yi(b); then (4) is satisfied.
Lemma 1(8) and (11) imply (12) and Lemma 1(7) and (10) imply (13). Thus all
conditions are satisfied and € € S.

LEMMA 9. Let K be any number field.

(i) If Ry and Ry are diophantine relations over Ok, then Ry V Ry and Ry A Ry

are also diophantine over Ok.
(ii) The relation z # 0 is diophantine over Ok.

PROOF. See (3].

LEMMA 10. Let K be any number field, and o an embedding of K into R.
Then the relation o(z) > 0 is diophantine over Ok.

PROOF. See [3].

THEOREM. Let K be a number field with ezactly two nonreal embeddings into
C, of degree n > 3 over Q. Then Z is diophantine over Ok.

PROOF. By Minkowski’s lemma on convex bodies it follows that there is an
a satisfying (**) of the Main Lemma. By Lemma 10 the relations (5)-(7) are
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diophantine over Ok and clearly the relations (1*)-(4*) can be written so that 6(a)
and 6(b) do not occur, i.e. (1*)—(4*) are diophantine over Og. So the set S of the
Main Lemma is diophantine over Lx and hence Z is also diophantine over Ok.
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