Turkish Journal of Mathematics Turk J Math
(2014) 38: 977 — 984

© TUBITAK
TUBITAK Research Article doi:10.3906/mat-1401-58

http://journals.tubitak.gov.tr/math/

Hilbert series of the braid monoid M B4 in band generators

Zaffar IQBAL", Shamaila YOUSAF
Department of Mathematics, University of Gujrat, Pakistan

Received: 23.01.2014 . Accepted: 17.05.2014 . Published Online: 24.10.2014 ° Printed: 21.11.2014

Abstract: L. A. Bokut gave a Grébner—Shirshov basis of the braid group B, in band generators. Using this presentation
and solving all the ambiguities we construct a linear system for irreducible words and compute the Hilbert series of the
braid monoid M By.
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1. Introduction

The braid group B,, admits the following classical presentation given by E. Artin [3]:

vix;=ax;m if |i—7]>2
B,={(x1,...,2,_ v 7 = ) .
" < b =l xi+1xixi+1:mixi+1mi1f1§z§n—2
Elements of B, are words expressed in the generators zi,...,z,—1. The braid group B, admits another

presentation called the band presentation given by J. Birman, K. H. Ko, and S. J. Lee [5]. This presentation

consists of the generators a;s, n >t > s > 1, where a;, represents the braid in which the "

tth

string crosses
over the st" string while the s* and strings cross in front of all intermediate strings. Therefore, the band

presentation of the braid group B, is given by

B,=(a;s,n>t>s>1
" < bor T = - atsasr:atrats:asratmn2t>521

Gusting = Grgtizs, (= 7)(s = 7)(s = )(t — ) > 0 > |

The braid monoid M B,, consisting of only positive crossings admits the same presentation of the braid group
B,:

MB,={ais,n>t>s>1
n < tsy 10 — = A5Gy = Oprlps = Qgplr, N >1>82>1

Gusting = rgtiss, (= 7)(s = 1)(s = )(t — ) > 0 >

In [10] we constructed a linear system for the braid monoid M B, in Artin generators and computed
the Hilbert series for the braid monoids M B3 and M By. In this paper we construct a similar kind of linear
system to compute the Hilbert series of M B, in band generators. This linear system is the key behind all the

computations to compute the Hilbert series of M By.
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In the Hilbert series q%(t) of MB,, (for n=3,4,5,6) for Artin generators, the degrees of the polynomials

gn(t) are 3, 6, 10, 15 respectively (for details see [11]), whereas, in the case of band generators, the degrees of
qn(t) are 2 and 3 (for n = 3 and 4). The advantage of the Hilbert series (for band generators) is that the

growth of ¢, (t) for band generators is much slower than the growth for Artin generators.

2. Preliminaries

In a presentation of a monoid we fix a total order of the generators (between the generators we choose the
natural order as; < ag; < azo < aq1 < -+ < an(n,l)). In the monoid the relation o« = S will be written as
a > [ in the length-lexicographic order. Let oy = uw and ag = wv; then the word of the form wwv is said to
be an ambiguity (for details see [1]). If a1v = uay as a relation as well as in the length-lexicographic order then
we say that the ambiguity uwwv is solvable (or solved). Such a presentation is complete if and only if all the
ambiguities are solvable (for details see [4], [8]). Corresponding to the relations o = 3, the changes yad — v53
give a rewriting system. A complete presentation is equivalent to a confluent rewriting system.

In a complete presentation (or in the general presentation) of M B,, a word containing « will be called a
reducible word and a word that does not contain « will be called an irreducible word (also called normal form
of the word). We will denote B{™ as the set of reducible words and A™ as the set of irreducible words in
MB,.

Let U and V be nonempty words; then the word Ua;;V will be denoted as Ua;; 45 a;;V .

Definition 2.1 [9] Let G be a finitely generated group and S be a finite set of generators of G. The word
lenth 1s(g) of an element g € G is the smallest integer n for which there exists s1,...,8, € SUS™! such that

g=51"""5n-

Definition 2.2 [9] Let G be a finitely generated group and S be a finite set of generators of G. The growth
function of the pair (G,S) associates to an integer k > 0 the number a(k) of elements g € G such that

ls(g) = k and the corresponding spherical growth series or the Hilbert series is given by Pg(t) = 3. a(k)t*.

k=0

For a sequence {sj}r>1 of positive numbers, we define the growth rate:

Definition 2.3 Let r be a positive real number; then the growth rate v of the sequence {si}r>1 of positive

numbers is defined as

m <log sk)
imexp | —— ).
In 2008, L. A. Bokut [6] gave the Grobner—Shirshov basis (GSB) of B, in band generators. The notion
of this basis is in [2, 4, 7, 8, 12] under different names: complete presentation, presentation with solvable

ambiguities, Grobner—Shirshov basis, rewriting system, and so on. In [1] we proved that a subset of the GSB of
B,, given by Bokut [0] is a GSB of M B,,. Using the notations (used in [1]) (¢,s) for generator a;s and Vj; g
or Wy q for words in (k,l) such that t > k > 1> s, we proved in [I] that:

Theorem 2.4 [/] A GSB of braid monoid M B,, consists of the following relations:

(k,D)(4,7) = (i,5)(k, 1), k>1>i>4j,
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(k, OVij—1,1(055) = (6, ) (B, DVij—1,1), k>0> 5>,
(3, t2)(t2, t1) = (a2, t1) (s, 11),
(t3, 1) Vig,—1,11(t3, t2) = (2, t1) (t3,t1) Viey 1,1
(ts ) Vity—1.0)(t2, t) Wity —1.00] (B35 1) = (3, t2) (8, ) Vigy—1.01 (b2, t1) Wy 1 411
(3, 8)Vits—1,1) (t2s 1) Wity 1,601 (L3, 1) = (t2,8) (83, 8) Viey 1,11 (F2, L) Wiy 1 4,1

for t3 >t >t1, t > 13,10 > s, and W[tgfl,tl](t37t1) = (tg,tl)W/

(ts—1,t1] where

W10 = Wits—1.t0) | ) (0.) i @ 7 15 (0, 11) = (t3,p).

3. Hilbert series of M B, in Birman—Ko—Lee generators

For the band presentation of the braid monoid M Bs we gave its Hilbert series in [1] as

1

@y
PO = aTham

In this paper we compute the Hilbert series of M By (in band presentation). From 1 we have the following

band-presentation of M By:

)

<a43,a42,a41,aag,agl,azl\R§3),R§3)7R(4),i =3,..., 10> ;

where Rf’) :a31a32 = a21031, Ré?)) : a32G21 = A21031, R;(;4) : a41032 = a32041,
R£14) D Q41042 = A210471, Ré‘” D Q41043 = 31041, Ré4) D Q42021 = A21041, R§4) D Q42043 = (32042, Ré‘” D a43a01 =
21043 , Rgl) :ay3a3] = aziaq; and R%) : a43032 = a32049 are the given basic relations.

For the braid monoid M B4 we give another form of Theorem 2.4 that is directly used to compute the
Hilbert series of M B,4. This form is obtained by solving all the ambiguities in the presentation of M By.

Proposition 3.1 A complete presentation of M By for band generators is given by
<G;43, a42, 041, a32, 431, A21 ’Rg?))) Ré3)7 R(l?;))a R§4)a 1= 37 ) 18> )

3 3 4) . . , . 4 4 )
where Rg ),Ré )sz(‘ ),z = 3,...,10 are the basic relations and the new relations R§1)a .. '7R§8) are given as
follows:

4) . s+1 N

Ryy tasiag) "az1t = azzaq1a21035,,
4) . s+1 _
Ryt asa3) aq1 = azananajs,
(4) . s+1
ng . CL41€L£16L32 aqo = a31a41a§1a32a33,
RW . r _ r
14 - Q410971043 = (31041097 ,
(4) . s+1
Ry : asoa53 a42 = a32042032053,

Rg? : a41a§'1"1W(32)a41 = a21a41a21W’(32),
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Rﬁ) tag1azi W (31)as = agrasaz W (31),

R%) s agpaz W (31)aq = azraszaz W(31),

4) . s+1 _
Ry :aziay] a31 = a21a31a21a3,,

where 1 is a positive and s is a nonnegative integer, W (3k) an irreducible word in M Bs starting with
ask, (k=1,2) and W'(3k) = W(3k) : aza — asa, as1 — aq1, as1 — as3 (as mentioned in Theorem 2.4).
Proof It is obvious from solving all the ambiguities and from the presentation given in [1]. Hence the proof

is omitted. O

As defined above, the set A,(km) denotes the set of irreducible words and Bﬁm) the set of reducible words

in MB,,. In particular, Bi;?,zl;w denotes the set of reducible words starting with a;;jar; and ending with ay,
and Bi(;_l,zlp g denotes the set of reducible words starting with aijazlﬂapq and ending with a,,. Hence we

have the following sets of reducible words in M By :

(3) _ s+1 (4) _ s+1 (4) _ s+1
331»21;31 = {az1a5] aa1}, B42-32;42 = {as2a35 as2}, B41»21;41 = {aq1a5] aq},
4) — T (4) _ s+1
B41»21;43 = {anay as3}, B41.21;31 = {ana3] as},
BY = {aq1ab,a55 tag} BY = {aga3 W (32)aq }
41-21;42 = 1041021039 Q425 , Dyy.91.32;41 — 104102; 4155

Bﬁ?31;41 = {aniaznW(31)as }, Bg?31;41 = {as2a31W(31)as }.

We are using the other notions as follows:
e We denote the set {as1,a3;,a3;,...} by AéQI).

° AE;L) denotes the set of irreducible words starting with a;; and A%,L) denotes {a;;, afj, ag’j, ot

° A(”)

nokl denotes the set of irreducible words starting with a,;ax;, where j =2,3, k=2,3 and [ =1,2.

e The Hilbert series of Bim)7 Afkm), and M B, are denoted by Q&m), P,k(m)7 and PJ(\;) (t) respectively. It is

. k 2 2
obvious that P/i(zzi—l) = Pg(l), where P2(1) =15
Note that as Béi?m;gl = {asi} x A5} x {az1} and Py} = 53 » hence Q:(g)-m;sl = 1% :

Now we construct a linear system for reducible words in M By.

Proposition 3.2 The following equalities hold for reducible words in M By .
4 3
1) Qé(ll)~21;31 = ﬁ;

4 3
2) Qz(;1)-21;41 = 1t7—t7
4 4
3) Q4(11).21-32;41 = ‘(17t)t(172t)7
4 3
4) Qé(ll)~21;43 = ﬁ;

4

4
5) Qz(ll)-21;42 = -0z’

4 3
6) Q4(11).31;41 = ﬁ;

4 3
7) Q512)32;42 = ﬁ ’

4 3
8) QA(12)-31;41 = ﬁ;
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Proof Using simply the decomposition of words we have:

4 ' 2 .. 4 3
1) B§1?21;31 = {a41ag1a31} = {au} x Aél) x {az1} implies Qé(ll)~21;31 = ﬁ
3

2) Bﬁ?21;41 = {a41a£T1a41} = {asu} x Aézl) x {as1} gives us Qz(é).21;41 = 1%,5

3) The decomposition Bﬁ?21,32;4l = {a41a5 ' W(32)as } = {asn} x Aézl) X A:(é) x {a41} gives the Hilbert series
4 4

Qz(u).21431;41 = (l—t)t(ﬁ

. . 3

4) Bﬁ?21;43 = {as1ayas3} = {an} x Agl) x {aq3} implies Qz(é)-21;43 = ﬁ

5) The decomposition Bﬁ?zlm = {aqaba53 asn} = {asn} x Aézl) X A% x {a41} gives the Hilbert series
4 4

Qz(;1)-21;42 = (137,5)2

6) Bz(é?:nm = {ananW(31)au} = {an} x A} x {axn} implies Qﬁ:ﬂ;zﬂ = .

4 r 3 . . 4 3
7) Bi2?32;42 = {a42a32+1a42} = {as2} x AETQ) x {as2} implies Q4(12)-32;42 = ﬁ

8) Biysran = {aan W (31)an} = {an} x AF x {an} implies Q3.1 = 155 - O

Next we construct a linear system for canonical forms in M By .

Proposition 3.3 The following equalities hold for irreducible words in M By .

3
4 4
D P = e R R

3
4 4
2) P3(2) = 115215(17L ;Pii));

3
3) B =2 1+ L P,
1=
3
4 4 4
4) P =t +tP{ + %Pél?ﬂ,

2
5) PO =t+ty

2
4 4
Pi + X Pl

3
6) Py =t+t> Py,
=1

4 4 2 4
7) szl?sl = tPi’)(l) - LPA&) ’

1—2t
4 4 2 4
8) Pz§2~)31 = tP?El) - 1372,5134(1) ’

4 4 2 54
9) Pz§2~)32 = tPS(Q) - ﬁpzfz) ’
4 4 2 54 2 4 3 4 2 54
10) Pél?Ql = tP2(1) - 1t7_tP?El) - 132,5sz1) - (12,5)2 P4(2) - 1t7_tP4(3)-

Proof We compute the Hilbert series inductively. Here we use the series of the irreducible words of M B,
which we have computed in [1]. The series are: P?Ef) = 15, Pzg’) =5, PQ(f) = % If U denotes the

disjoint union of sets, then using the GSB of M B4 and the decomposition of words we have:
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1) AY = A9 (Ag? X AEﬁ’) U (Ag;? x Afé)) U (Ag? x AE@)) . This gives us

3
PO = (13RO p

i=1

3
t (4)
— (1 +21P4i )
2) Af = A U (A x AD) U (A x 4Q) U (Af) x AL) implies

4 ARG
Py = <1+ZPAL )P:’Ez)

! (1+23:P(4))
—2t o)

3) AL = A U (A5 < AD) U (A5 < AS) 1 (45 x A%Y) implies

4
Py

3
(1+ PP

=1

t(1—20) "
1t <+ZP‘“>'

The set Afé) consists of all the words starting with the generator as;. Therefore, the set {a4;} x Afé) is a subset
of Afé) consisting of all the words starting with a2,. We apply this concept in the proofs of (4), (5), and (6).
4) The set Afé) is a disjoint union of the sets {as1}, {as1} x Aﬁ)7 Aﬁ)_m, and Az(é).m» ie. Afﬁ) = {an} U

({a41} X Aﬁ)) L Aé(é)ﬂ U Aﬁ),?,l. Therefore, we have

3
4 4 4
Pil) = t+th£1) + ZPAL(L)M'
i=2

Similarly, we have
5) Afé) = {ag} U ({a42} X Ag)) U ({a42} X AE:?) U Az(é),gl L Ag)& implies
2 2
4 4 4
P4(2) = t+tzpii) JrZPAEQ??)i'
i=1 i=1

6) AY = {ass}U ({a43} x AE;?) L ({a43} x Afé)) L ({a43} x Afé)) implies

3
4 4
P =t+ty_ P,
i=1
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7) Az(é)?,l = {0,41} X AZ(’>41:) AN (341‘31;41 X41 Al(é)) implies

t2
P& _p@) _ p@
41-31 3 31 1—9¢ 41
8) A5142)31 = {a42} X Agi) AN (B42.31;41 X41 Afé)) 1mphes
P _pw o
42:31 31 1 _op 41°
9) Aé(é)32 = {a42} X Agé) AN (342.32;42 X492 Az(é)) implies
P _pw o
42-32 32 1—92¢ 42 -

10) Aé(é),gl = {a41} x Aé‘i) ~ [(341-21;41 X41 Aﬁ)) LI(By1-21531 X 31 A;(ﬁ)) L (Bu1.21,43 X 43 Az(é,)) U (Bu1.21;42 X 42 Az(f;)):|

implies
2
1_

t2

2 ) t
1—1t

3
p@w _
o1 —at (1-1)

4 4 4
Pél?m:tpz(l)* gpziz)*

4
tpig).

Theorem 3.4 The Hilbert series of the braid monoid M By in band generators is given by

1
(1 —1t)(1 — 5t + 5t2)

4
Py () =

Proof Solving the system of linear equations constructed in Proposition 3.3 we get PQ(;L) = WM’

(4) _ t (4) _ t (4) _  t—2¢? 4) 1=t 4) -2t
Py = s Pse = mmse s Pav = T a2’ = v5ime s Pas’ = 1505 - Therefore, we have

the Hilbert series of the braid monoid M B, as

2 3
4 4 4 4
() = 1420+ > PP+ R
i=1 j=1
1
(1 —1t)(1 — 5t +5t2)°

Corollary 3.5 The growth rate of braid monoid M By (in Birman—Ko-Lee generators) is 3.618.

Proof By partial fractions we have B v ; V5 The only term that contributes

1 _ 1
(1—t)(1—5t+5t2) — 1-—t 1_5—2\/5t —#t

in approximation of the series is 1—¥’§ﬁt and 1—;{iﬁt = \/5(1 + %t + (5'2/5)2152 + ) Therefore, the

growth function is a,(:l) = \/5(5+Tﬁ)k and hence the growth rate of M By is 5+2‘/5 (approximately equal to
3.618). The growth rate of M Bj is 2. O
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