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( h o , h) - BOUNDEDNESS OF THE SOLUTI ONS

OF DI FFERENTI AL SYSTEMS WI TH I MPULSES

Abst r act

G. K . KULEV AND D. D . BAI NOV

I n t he pr esent paper t he quest i on of boundedness of t he sol ut i ons of sys-

t ems of di f f er ent i al equat i ons wi t h i mpul ses i n t er ms of t wo measur es i s

consi der ed . I n t he i nvest i gat i ons pi ecewi se cont i nuous auxi l i ar y f unct i ons

ar e used whi ch ar e an anal ogue of t he cl assi cal Lyapunov' s f unct i ons . The

i deas of Lyapunov' s second met hod ar e combi ned wi t h t he newest i deas

of t he t heor y of st abi l i t y and boundedness of t he sol ut i ons of syst ems of

di f f er ent i al equat i ons .

1 . I nt r oduct i on

Syst ems of di f f er ent i al equat i ons wi t h i mpul ses r epr esent a nat ur al appar a-

t us f or mat hemat i cal si mul at i on of r eal pr ocesses and phenomena st udi ed i n

bi ol ogy, physi cs, cont r ol t heor y, et c . For i nst ance, i f t he popul at i on of a gi ven

speci es i s r egul at ed by some i mpul si ve f act or s act i ng at cer t ai n moment s, t hen

we have no r easons t o expect t hat t he pr ocess wi l l be si mul at ed by r egul ar con-

t r ol . On t he cont r ar y, t he sol ut i ons must have j umps at t hese moment s and t he

j umps ar e gi ven bef or ehand . Mor eover , t he mat hemat i cal t heor y of t he syst ems

of di f f er ent i al equat i ons wi t h i mpul ses i s much r i cher t han t he r espect i ve t heor y

of syst ems wi t hout i mpul ses . That i s why i n t he r ecent year s t hi s t heor y i s an

i mpor t ant f i el d of numer ous i nvest i gat i ons ( [ 1] - [ 7] ) .

The usage of cl assi cal Lyapunov' s f unct i ons i n t he st udy of t he st abi l i t y and

boundedness of t he sol ut i ons of syst ems of di f f er ent i al equat i ons wi t h i mpul ses

vi a Lyapunov' s second met hod const r i ct s t he pl i abi l i t y of t he met hod . The f act

t hat t he sol ut i ons of such syst ems ar e pi ecewi se cont i nuous f unct i ons shows

t hat i t i s necessar y t o i nt r oduce anal ogues of Lyapunov' s f unct i ons whi ch have

di scont i nui t i es of t he f i r st ki nd . The i nt r oduct i on of such f unct i ons mal ces t he

appl i cat i on of Lyapunov' s second met hod f or syst ems wi t h i mpul ses much mor e

ef f i ci ent ( [ 1] - [ 6] ) .

I n t he pr esent paper t he boundedness of t he sol ut i ons of syst ems of di f f er -

ent i al equat i ons wi t h i mpul ses i n t he t er ms of t wo measur es i s st udi ed . I n t he

The pr esent i nvest i gat i on i s par t i al l y suppor t ed by t he Mi ni st r y of Cul t ur e, Sci ence and

Educat i on of Peopl e' s Republ i c of Bul gar i a under Gr ant 61 .



22 6

	

G. K. KULEV, D. D . BAI NOV

i nvest i gat i ons pi ecewi se cont i nuous Lyapunov' s f unct i ons ar e used whi ch ar e
combi ned by t he newest i deas of t he t heor y of st abi l i t y and boundedness of t he

sol ut i ons of syst ems of di f f er ent i al equat i ons .

The mai n r esul t s gener al i ze t heor ems of Yoshi zawa [ 8] and Har a, Yoneyama,
Sai t oh, Hi r ano [ 9] .

Consi der t he f ol l owi ng syst em of di f f er ent i al equat i ons wi t h i mpul ses

wher e f E . C[ f f 8+ x Rn, Rn
] , TR E C[ Rn, R] , I R E C[ Rn, Rn] and Ox/ t =r R( x) _

x( t +)
-

x( t _) .

Let t ú E R+ and xo E Rn . Denot e by x( t ; t ú, xo) t he sol ut i on of syst em ( 1)

whi ch sat i sf i es t he i ni t i al condi t i on x( t ó ; t ú, xo) = xo and by J+ ( t o, xo) denot e
t he maxi mal i nt er val of t he f or m ( t o, w) i n whi ch t he sol ut i on x( t ; t o, xo) i s
def i ned .

The sol ut i ons x( t ) = x( t ; t ú, xo) of syst em ( 1) ar e pi ecewi se cont i nuous f unc-

t i ons wi t h poi nt s of di scont i nui t y of t he f i r st l ci nd, Le . at t he moment t R when
t he i nt egr al cur ve of t he sol ut i on meet s t he hyper sur f ace

t he f ol l owi ng r el at i ons hol d

2 . Pr el i mi nar y . not es and def i ni t i ons

x = f ( t , x) , t : ~ TR( x) ;

Ox/ t =t R( z) = I R( x) ,

aR = { ( t , x) E R+ X
Rn : t = TR( X) }

X( t - ) = x( t R) , Ox/ t =t R = x( t R) - x( t _ ) = I R( x( t R) ) .

Hencef or t h we shal l al ways assume t hat f or al l x E Rn t he f ol l owi ng r el at i ons
ar e val i d

0 < TI ( x) - < T2 ( x) < . . . < TR( x) < . . . and l i m - r R( x) = 00
R- oo

and t he i nt egr al cur ve of any sol ut i on x( t ) = x( t ; t ú, xo) of syst em ( 1) meet s

each hyper sur f ace vR at most once [ 7] .

I n t he f ur t her consi der at i ons we shal l use t he f ol l owi ng cl asses of f unct i ons :

K= { u E C[ R+, R+] : o i s st r i ct l y i ncr easi ng and u( 0) = 0}

CK =. { u E C[ f 8+, R+ ] : Q( t , ) E K f or any t E R+ }

r = { hEC[ R+xRn
, R+ ] : i nf zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� h( t , x) =0 f or anyt El R+ }
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Def i ni t i on 1 . Let h o , h E 1' . We say t hat t he sol ut i ons of syst em ( 1) ar e :

a) ( ho, h) - equi bounded i f

( Va > 0) ( Vt o E R+) ( 3, a = p( t o, a) > 0) ( Vxo E
Rn, ho( t o, xo) < a)

( Vt > t o) : h( t , x( t ; t o, xo) ) < / ~ .

b) ( h o , h) - uni f or ml y bounded i f t he number 0 of a) does not depend on

t o E R+ .

c) h- ul t i mat el y bounded f or bound B i f

( V( t o, xo) E R+ x Rn ) ( 3T =T( t o, xo) > 0) ( Vt > t o +T)

h( t , x ( t ; t o, xo ) ) < B.

d) ( ho, h) - equi - ul t i mat el y bounded f or bound B i f

( Va > 0) ( Vt o E R+) ( 3T = T( t o, a) > 0) ( Vxo E Rn , ho( t o, xo) < a)

( Vt > t o + T) : h( t , x( t ; t o , x o ) ) < B.

e) ( h o , h) - uni f or ml y ul t i mat el y bounded f or bound B i f t he number T of
d) does not depend on t o E R+ .

Def i ni t i on 2 . Let t he f unct i on A : R+ - - - > R+ be measur abl e . We say t hat

A( t ) i s i nt ezyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� r al l y posi t i ve i f f l A( t ) dt = co whenever I - U[ ai , oi ] , al < / o; <
i =1

al +1 and Ni - a¡ >_8>0 .

We shal l i nt r oduce t he cl ass Vo of pi ecei wse cont i nuous auxi l i ar y f unct i ons

whi ch ar e an anal ogue of Lyapunov' s f unct i ons [ 3] .

Let 7- 0( x) = 0 f or x E
Rn . Consi der t he set s

GR = { ( t , x) E I R+ X Rn : 7- R- 1( X) < t < TR( x) } and

Def i ni t i on 3 . We say t hat t he f unct i on V : R+ x Rn - + R+ bel ongs t o t he
cl ass Vo i f V( t , x) i s cont i nuous i n G, l ocal l y Li pschi t z cont i nuous wi t h r espect

t o x i n any of t he set s GR and f or ( t o, xo) E Q' R, R = 1, 2, . . . t her e exi st t he
l i mi t s

V( t ~ , xo) =

	

l i m

	

V( t , x)

	

,

	

V( t ó , xo) =

	

l i m

	

V( t , x)
( t , x) - ( t o, xo)

	

( t , x) - i t o, xo)
( t , x) EGR

	

( t , x) EGR+1

and, mor eover , t he equal i t y V( t o , xo) = V( t o, xo) hol ds .

Let V E Vo . For ( t , x) E G def i ne t he f unct i on

00

G= UGR

R=1

U( 1) ( t , x) = l i mSup 1 [ V( t + h, x + h f ( t , x1) - V( t , x) ] .
h_o+ h

00
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f or t : ~ t R wher e t R = TR( x( t R) ) .

Let h, ho E I ' and V, WE Vo .

	

For t he sake of br evi t y of t he f or mul at i on

of t he mai n r esul t s we shal l make a l i st of some condi t i ons t o be used i n t he
f or mul at i on of t he subsequent t heor ems .

A. I f f or t he sol ut i on x( t ; t o, xo) of syst em ( 1) t her e exi st s bo > 0 such t hat

h( t , x( t ; t o, xo) ) _< bo < oo f or each t E T+( t o, xo) , t hen x( t ; t o, xo) i s def i ned i n
t he i nt er val ( t o, oo) .

B1 . The f unct i on V i s h- r adi al l y unbounded .

B2 . V( 1) ( t , x) < 0 f or ( t , x) E G.

B3 . V( 1 ) ( t , x) < - CV( t , x) f or ( t , x) E G wher e C > 0 i s a const ant .

B4 .

	

V( l ) ( t , x) < - A( t ) C( h( t , x) ) f or ( t , x) E G wher e A( t ) i s i nt egr al l y

posi t i ve and C E K_
B5 . V( 1 ) ( t , x) < - C( W( t , x) ) + A( t ) O( V( t , x) ) f or ( t , x) E G wher e C( y) i s

nonnegat i ve and cont i nuous i n R and

( 2)

	

l i mi nf C( y) > 0

A( t ) i s nonnegat i ve and cont i nuous i n R+ and

We shal l not e t hat i f x = x( t ) i s a sol ut i on of syst em ( 1) , t hen

V( 1 ) ( t , x( t ) ) = D+V( t , x( t ) ) = l i msup 1 [ V( t - } - h, x( t + h) ) - V( t , x( t ) ) ]
n- o+ h

Def l ni t i on 4 . Let ho, h E I ' . The f unct i on V E Vo i s cal l ed :

a) h- r adi al l y unbounded i f t her e exi st s a f unct i on a E K, a( y) - > oo as

y - - > oo and such t hat V( t +, x) > a( h( t , x) ) f or ( t , x) E i 8 + x Rn .

b) ho- decr escent i f t her e exi st b > 0 and a f unct i on b E K such t hat
V( t +, x) <_ b( ho( t , x) ) f or ho( t , x) < b .

c) weakl y h o - decr escent i f t her e exi st ó > 0 and a f unct i on b E CK such

t hat f r om ho( t , x) < b i t f ol l ows t hat V( t +, x) < b( t , ho( t , x) ) .

- y- 00

100' ,

A ( t ) dt < co

O( u) i s posi t i ve and cont i nuous i n U8 and

5)

10, >0

du

O( u)

B6 . Ther e exi st s a const ant K such t hat

V( t , x) >Kf or any( t , x) ER+xR'

B7 . V( t +, x + I R( x) )
< V( t , x) f or ( t , x) E UR, R= 1, 2 . . . .
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C1 . j Wl l l ( t , x) j < p( t ) w( W( t , x» f or ( t , x) E G wher e p( t ) i s nonnegat i ve
and cont i nuous i n R+ and

t

( 6)

	

p( T) d- r <_ m( t - s) f or t >_ s >_ 0
9

wher e m( y) E K and w( u) i s posi t i ve and cont i nuous i n I FB and

° °
( 7F)

	

du
= oo .

w( u)

C2 . Wt l l ( t , x) < p( t ) w( W( t , x) ) f or ( t , x) E Gwher e p( t ) and w( u) ar e t he
f unct i ons of condi t i on C1 .

C3 . Ther e exi st s a f unct i on m E K such t hat f or t >_ s >_ 0 and f or any

pi ecewi se cont i nuous i n [ s, t ] f unct i on u( T) wi t h poi nt s of di scont i nui t y of t he
f i r st ki nd t R such t hat t R = TR( u( t R) ) at whi ch u( T) i s cont i nuous f r om t he

l ef t , t he f ol l owi ng i nequal i t y hol ds

( 8)

	

J t
W( 1) ( - r , u( , r ) ) d- r 1 < m( t - s) .

s

Theor em 1 . Le¡ condi t i on ( A) hol d and f unct i on V E Vo exi si f or whi ch

condi t i ons Bl , B2 and B7 hol d. Then t he sol ut i ons of syst em ( 1) ar e :

Pr oof . Si nce V i s h- r adi al l y unbounded, t hen t her e exi st s a f unct i on a E
K, a( y) - - > oo as y - - > oo and such t hat

C4 . W( t +, . x + I R( x) ) = W( t , x) f or ( t , x) E oR.

C5 . W( t , x) i s h- r adi al l y unbounded .

3 . Mai n r esul t s

1 . ( ho, h) - equi bounded i f V i s weakl y ho- decr escent .

2 . ( ho, h) - uni f or ml y bounded i f V i s ho - decr escent .

V( t + , x) > a( h( t , x) ) f or ( t , x) E R+ x Rn

1 . I f V i s weakl y ho- decr escent , t hen t her e exi st óo > 0 and a f unct i on
b E CK such t hat

( 10) ,

	

V( t +, x) < b( t , ho( t , x) ) f or ho( t , x) < 6o

Let a > 0 and t o E R+( a < 6o ) be gi ven . Choose f 3 = f i ( t o , cY) > 0 so t hat

( 11)

	

a( 0) > b( t o, a)
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Let xo E Rn , ho( t o, xo) <_ a and l et x( t ) = x( t ; t o, xo) . Set v( t ) =

V( t , x( t ) ) . Si nce V( t , x) i s l ocal l y Li pschi t z cont i nuous i n any of t he set s GR,

t hen f r om B2 i t f ol l ows t hat D- 1- v( t ) <_ 0 f or t E J+ ( t o, xo) , t 9~ t R wher e

t R = TR( x( t R) ) . Fr omB7 i t f ol l ows t hat v( t R) < v( t R) . That i s why t he f unc-

t i on v( t ) i s decr easi ng i n t he i nt er val J+( t o , xo) . Then f r om ( 9) , ( 10) and ( 11)

we get

a( h( t , x( t ) ) < v( t +) < v( t ) < v( t ó) < b( t o , ho( t o , xo) ) < b( t o , a) < a( 0)

f or t E J+( t o, xo) whi ch i mpl i es t hat h( t , x( t ) ) < , i .

	

Fr om condi t i on ( A) i t

f ol l ows t hat J+( t o, xo) = ( t o, oo) .

Thus 1, i s pr oved .

2. I f V i s ho- decr escent , t hen ( 10) and ( 11) hol d f or some f unct i on b E K
i ndependent of t . Hence t he number Qcan be chosen i ndependent of t o and so

t hat f or ho( t o, xo) <_ a we have h( t , x( t » < 0 . Thi s shows t hat t he sol ut i ons of

syst em ( 1) ar e ( ho, h) - uni f or ml y bounded .

Theor em 1 i s pr oved .

Cor ol l ar y 1 . Let condi t i on ( A) hol d and f unct i on UE Vo exi st whi ch i s h-

r adi al l y unbounded and such t hat ú( j ) ( t , x) _< A( t ) O( U( t , x) ) f or ( t , x) E Gwher e

¡ he f unct i on A( t ) i s nonnegat i ve and cont i nuous i n R+ and f 000 A( t ) dt < oo and

O( u) i s posüi ve and cont i nuous i n H and
f oo

du/ «u) = oo,

U( t +, x + I R( x» < U( t , x) f or ( t , x) E oR, R= 1, 2 . . . .

Then ¡ he sol ut i ons of syst em ( 1) ar e :

1 . ( ho, h) - equi bounded i f U i s weakl y ho- decr escent .

2 . ( ho, h) - uni f or ml y bounded i f U i s ho- decr escent .

Pr ooL. I t i s i mmedi at el y ver i f i ed t hat t he f unct i on

V( t , x) = exp ~- J t
A( s) ds + ~P( U( t , x) ) } , ( t , x) E R+ x Rn ,

JJJ0

wher e $( u) = f o du/ O( u) sat i sf i es t he condi t i ons of Theor em 1 .

Theor em 2 . Let condi t i on ( A) hol d and a f unct i on V E Vo exi st whi ch i s

weakl y ho- decr escent and f or whi ch condi t i ons Bl , B3 and B7 hol d . Then t he

sol ut i ons of syst em ( 1) ar e ( h o , h) - equi - ul t i ma¡ el y bounded .

Pr oof . Fr omTheor em1 i t f ol l ows t hat t he sol ut i ons of syst em ( 1) ar e ( ho, h) -

equi bounded . Hence each sol ut i on x( t ) = x( t ; t o, xo) of ( 1) i s def i ned i n t he

i nt er val ( t o, oo) .
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Si nce V i s h- r adi al l y unbounded, t hen t her e exi st B > 0 and a E K, a( y) - >
oo as y - > oo such t hat

( 12)

	

V( t +, x) > a( h( t , x) ) f or h( t , x) > B

Si nce V i s weakl y h o - decr escent , t hen t her e exi st b o > 0 and b E CK such
t hat ( 10) hol ds .

Let a > 0 and t o E R+ be gi ven, x o E Rn be such t hat ho( t o, xo) <_ a and l et

x( t ) = x( t ; t o , x o ) . Fr om B3 and B7 we obt ai n

( 13)

	

V( t , x( t ) ) < V( t ó, x o ) exp[ - C( t - t o) ] f or t > t o .

Set T = T( t o, a) > c l n[ b( t o, a) / a( B) ] . Then f r om ( 12) and ( 13) i t f ol l ows

t hat f or t > t o + T t he f ol l owi ng i nequal i t i es hol d

Theor em 3 . Let condi t i on ( A) hol d and a f unct i ou V E Vo exi st whi ch i s

ho - decr escent and f or whi ch coudi t i ons Bl , B/ , and B7 hol d . Then t he sol ut i ons
of syst em ( 1) ar e ( ho, h) - uui f or ml y ul t i mat el y bounded .

Pr oof . Fr om Theor em1 i t f ol l ows t hat t he sol ut i ons of syst em ( 1) ar e ( ho, h) -

uni f or ml y bounded . Hence each sol ut i on x( t ) = x( t ; t o, xo) of ( 1) i s def i ned i n

t he i nt er val ( t o , oo) .

Si nce V i s h- r adi al l y unbounded, t hen t her e exi st R > 0 and a E K, a( y) - ~
oo as y - - ~ oo such t hat

( 14)

	

V( t + , x) > a( h( t , x) ) f ol . l a( t , x) > R

( 15)

	

V( t + , x) < b( ho( t , x) ) f or ho( t , x) < 6o .

Choose B >_ R so t hat a( B) > b( R) . Let a >_ R be gi ven . VVe shal l pr ove
t hat t her e exi st s T = T( a) > 0 such t hat f or any sol ut i on x( t ) = x( t ; t ú , xo) of
syst em ( 1) f or whi ch h o ( t o , x o ) < a and f or some ( E [ t o , t o + T] t he f ol l owi ng
i nequal i t y hol ds

( 16)

a( h( t , x( t ) ) < V( t +, x( t +) ) < V( T, x( t ) ) <

< V( t ó , x o ) exp[ - C( t - t o) ] < b( t o, ho( t o, xo) ) exp( - CT) < a( B)

Hence h( t , x( t ) ) < B f or t > t o +T.

Theor em 2 i s pr oved .

Si nce V i s ho- decr escent , t hen t her e exi st óo > 0 and b E K such t hat

ho«, x«) ) < R
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Suppose t hat t hi s i s not t r ue . Then f or any T > 0 t her e exi st s a sol ut i on

x( t ) = x( t ; t o, x o ) of ( 1) f or whi ch ho ( t o, x o ) < a and such t hat f or al l t E

[ t o , t o + T] we have

( 17)

	

ho( t , x( t ) ) > R

Fr om B4 and B7 i t f ol l ows t hat

t

( 18)

	

V( t , x( t ) ) - V( t o , xo) <
~

	

V( 1> ( s, x ( s) ) ds <
t o

But t he f unct i on V( t , x( t » i s monot onel y decr easi ng i n

Hence t her e exi st s t he l i mi t

( 19)

	

t l i m V( t , x( t ) ) = Vo > 0

Then f r om ( 15) , ( 17) , ( 18) and ( 19) we obt ai n

Fr om t he
t hat

Then

~~ A( t ) C( h o ( t , x( t ) ) dt < b( R) - Vo
t o

t o+T

	

b( R) - Vo + 1
~( t ) dt >

	

C( R)
0

t

-

	

A( s) C( ho( s, x( s») ds, t > t o
t o

t he i nt egr al ( t o, oo) .

i nt egr al posi t i vi t y of - A( t ) i t f ol l ows t hat t her e exi st s T > 0 such

J
00

	

f t o+T

b( R) - Vo >
1, o

A( t ) C( ho( t , x( t ) ) dt >

	

A( t ) C( ho( t , x( t ) ) dt >
t o

t o+T

>_ C( R)

	

A( t ) dt > b( R) - Vo + 1 .
t o

The cont r adi ct i on obt ai ned shows t hat t her e exi st s T = T( n) > 0 such t hat

f or any sol ut i on x( t ) = x( t ; t o, xo) of ( 1) f or whi ch ho( t o, xo) < a, t her e exi st s

( E [ t o, t o + T] such t hat ( 16) hol ds . Then f or t >_ ( ( hence f or any t > t o +T

t oo) t he f ol l owi ng i nequal i t i es hol d

a( h( t , x( t ) ) < V( t +, x( t +) ) < V( t , x( t ) ) < V«+ , x«+» <

< b( ho«, x«) ) < b( R) < a( B) .

Hence t he sol ut i ons of syst em ( 1) ar e ( ho, h) - uni f or ml y ul t i mat el y bounded

f or bound B .



( 21)

( 22)

( 23)
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Theor em4 . Le¡ condi t i on ( A) hol d and f unct i ons V, WE Vo exi st f or whi ch

condi t i ons B5, B6, B7, Cl , C! , and C5 hol d . Then :

1 . V i s h- r adi al l y unbounded.

2 . The sol ut i ons of syst em ( 1) ar e h- ul t i mat el y bounded .

3 . I f V i s weakl y ho- decr escent , t hen t he sol ut i ons of syst em ( 1) ar e ( ho, h) -

equi bounded .
4 . I f V i s ho - decr escent , t hen ¡ he sol ut i ons of syst em ( 1) ar e ( ho, h) - uni -

f or ml y bounded .

Pr oof .
1 . Assume t hat t he asser t i on i s not t r ue . Then t her e exi st s No > 0 such

t hat f or any y > 0 t her e exi st T E R+ and x E Rn f or whi ch h( 7- , -7) > y and

such t hat V( T+, x) < No .

Fr om ( 2) i t f ol l ows t hat t her e exi st Rl > 0 and ó > 0 such t hat f or any

y>Rl wehaveC( y) >6 .
Let L = ' O' > A( t ) dt and M= sup{ O( u) : K< u < <D - 1 ( oD( No) + L) wher e

<p ( u) = f o du/ O( u) .

	

-

Fr om C5 i t f ol l ows t hat t her e exi st s a f unct i on a E K, a( y) - > oo as y - - > oo
and such t hat

( 20)

	

W( t +, x) > a( h( t , x) ) f or ( t , x) E R+ x
Rn

Fr om ( 4) and t he condi t i on a( y) - > oo as y - - > oo i t f ol l ows t hat t her e
exi st s R2 > Rl such t hat a( R2) > Rl and

I Pa( R2)

	

dy

	

No - K+ ML

JR,

	

w( y) >
m

	

6

I n t he above assumpt i on we r epl ace y by R2 . As a r esul t we obt ai n t hat

t her e exi st t o E I R+ and x o E
Rn such t hat h( t o , x o ) > R2 and V( t ó , xo) < No .

Fr om condi t i on ( A) and f r om C5, Cl and C4 i t f ol l ows t hat t he sol ut i on

x( t ) = x( t ; t o, xo) of syst em ( 1) i s def i ned i n t he i nt er val ( t o, oo) .

Fr om B5 and B7 i t f ol l ows t hat Vt i ) ( t , x( t ) ) _< A( t ) O( V( t , x( t ) ) f or t 7É t R

wher e t R =TR( x( t R) ) and V( t +, x( t R) ) < V( t R, x( t R) ) , whence by i nt egr at i on
we obt ai n

(
~( V( t , x( t ) )

- ~( V( t ó ,
xo) )

< ~`

	

Vc~>S, x ( S) ) ds < L
t o «V( s, x( s»)

Hence K <_ V( t , x( t ) ) _< 4 - 1 ( - ¿( No ) - f - L) , whence we concl ude t hat

g5( V( t , x( t ) ) ) < Mf or t > t o .
Assume t hat W( t , x( t ) ) > Rl f or any t > t o .

	

Then f r om B5 and B7 i t

f ol l ows t hat

V( i ) ( t , x( t ) ) < - ó + MA( t ) f or t > t o , t : ~ t R

V( t R, x( t R) ) C V( t R, X( t R) ) ,



23 4

	

G. K . KULEV, D. D . BAI NOV

whence by i nt egr at i on we obt ai n

Then

( 24)

	

V( t , x( t ) ) < No - b( t - t o) + ML, t > t o .

But t he r i ght - hand si de of ( 24) t ends t o - oo as t - 4 oo and t hi s cont r adi ct s

B6 . Hence t her e exi st val ues of t > t o f or whi ch W( t , x( t ) ) <_ Rl . Fr om
condi t i on C4 i t f ol l ows t hat t he f unct i on W( t , x( t ) ) i s cont i nuous, hence t her e
exi st s ( > t o such t hat W«, x«) ) = Rl and W( t , x( t ) ) > Rl f or t E ( t o, ~) .

Si nce i nequal i t i es ( 22) and ( 23) ar e sat i sf i ed f or t E ( t o , ( ) , t hen

( 25)

	

V( ~, x«) ) < No - b( ( - t o) + ML

( 26)

	

( No - K+ ML) / 6 < ( - t o .

Fr om i nequal i t i es ( 25) and ( 26) we obt ai n t hat V«, x«» <
cont r adi ct s B6 . Thus asser t i on 1 i s pr oved .

2 . Suppose t hat t he sol ut i ons of syst em ( 1) ar e not h- ul t i mat el y bounded .
Then t her e exi st ( t o , x o ) E R+ x R' , a sol ut i on x( t ) = x( t ; t o , x o ) of ( 1) and

a sequence { ( R} such t hat ( R - - > oo as R - > oo and h«R, x«R) ) > a- ' ( R1)
wher e Rl i s t he const ant def i ned i n t he pr oof of asser t i on 1 . Fr om t he h- r adi al
unboundedness of Wwe obt ai n W( CR, x( CR) ) > Rl .

Fr om ( 2) i t f ol l ows t hat t her e exi st s Ro , 0 < Ro < Rl such t hat f or , y > Ro

have C( y) > z wher e 6 i s t he const ant def i ned i n t he pr oof of asser t i on 1 .

As i n t he pr oof of asser t i on 1 we can f i nd a sequence { r 7R} such t hat
- - > oo as R - - > oo and W( r I R, x( 77R) ) <_ Ro . Choose subsequences of t he

sequences { CR} and { ' 1R} whi ch we denot e agai n by { ( R} and { r 7R} , such t hat

77R < ( R < 77R+1 , r / R - oo as R - > oo and

we

i R

( 27)

t

	

¡ t

V( t , x( t ) ) - V( t o , xo) <-

J

	

V( 1) ( s, x ( s) ) ds < - s( t - t o ) +M
J

	

A( s) ds
t o

	

-

	

t o

Fr om ( 21) , ( 20) , condi t i ons C1 and C4 and ( 6) we obt ai n

( No - K+ ML

	

a( R2)

	

w( C, =( <) )
m

	

< f

	

d- y/ w( y)

	

I f

	

dy/ w( y)
b

	

R>

	

4V( t ú , xo)

<

	

co

	

W~ ( t '

	

( t ) ) dt

	

<

1, 0
p( t ) dt < m« - t o) .

( ( ( ) ) )

Hence

W( 11R, x( r ! R) ) = Ro, W( CR, x( CR) ) = R1

Ro < W( t , x( t ) ) < R, f or t E [ 71R, ( R]

K whi ch



( 28)

We shal l pr ove t hat

and ( 27) we obt ai n

Hence
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00

1: ( CR - ?I R) = 00

R=1

I ndeed, i f we supppose t hat ( SR - ?/ R) - + 0 as R- - > oo, t hen f r om C1, C4

0 <

	

f R,
dy <

	

¡ ~R

	

W( 1) ( t , x( t ) )
dt < m«R - r / R) - 0

JRo

	

%

	

J, R

	

W( W( t , x( t ) ) )

as R- > oo . The cont r adi ct i on obt ai ned shows t hat ( 28) hol ds .
I f we set M= sup{ gs( u) : I i < u < - P- 1( $( V( t ó , xo) +L) , as i n t he pr oof

of asser t i on 1 we can pr ove t hat g5( V( t , x( t ) ) ) _< Mf or t > t o . Then f r om B5
and B7 i t f ol l ows t hat

V«n, x( C. ) ) - V( t ó, xo) < ~~~ Ú~1) ( t , x( t ) ) dt <_

1, 0, n

C( W( t , x( t ) ) ) dt +ML .
t o

	

t o

n CR

V( C- , x«R) ) < V( t o , xo) -

	

C( W( t , x( t ) ) ) dt + 1VI L <

R=1 OR

< V( t o , x o ) + ML -
2

	

( CR - ?JR) .
R- 1

Fr om( 28) i t f ol l ows t hat t he r i ght - hand si de of l ast i nequal i t y t ends t o - 00

as n - - - > oo whi ch cont r adi ct s B6 . Hence t he sol ut i on of ( 1) ar e h- ul t i mat el y
bounded :

3 . Let V be weal dy ho- decr escent . Then condi t i on B5 and asser t i on 1
pr oved above show t hat t he condi t i ons of Cor ol l ar y 1 ar e sat i sf i ed . Hence t he
sol ut i ons of syst em ( 1) ar e ( ho, h) - equi bounded .

4 . i s pr oved i n t he same way .

Thus Theor em4 i s pr oved .

Theor em 5 . Let condi t i on ( A) hol d and f unct i ons V, WE Vo exi st f or whi ch

condi t i ons B5, B6, B7, C2, Cl , and C5 hol d . Then t he sol ut i ons of syst em ( 1)
ar e h- ul t i mat el y bounded .

I f , mor eover , V and War e weakl y ho- decr escent , t hen t he sol ut i ons of syst em
( 1) ar e ( ho, h) - equi bounded .

Pr oof . . Condi t i ons C2, C4 and C5 and ( A) i mpl y t he gl obal exi st ence of t he
sol ut i ons of syst em ( 1) .
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The h- ul t i mat e boundedness of t he sol ut i ons of ( 1) i s pr oved as i n t hé pr oof

of asser t i on 2 of Theor em 4 . That i s why we shal l pr ove onl y t he second par t

of Theor em 5 .

Suppose t hat t he sol ut i ons of syst em ( 1) ar e . not ( ho, h) - equi bounded . Then

t her e exi st ao > 0 and t o E R+ such t hat f or any / l > 0 t her e exi st s x E Ven

f or whi ch ho( t o, 1) < ao, a sol ut i on x( t ; t o, 7) of ( 1) and T > 0 such t hat

h( T, x( T ; t o, x) ) > f _
Let Rl , 6 and L be t he const ant s def i ned i n t he pr oof of Theor em4 .

Si nce V and War e weakl y ho- decr escent , t hen t her e exi st b, b 1

	

E CK

such t hat V( t + , x) <_ b( t , ho( t , x) ) and W( t +, x) <_ b 1 ( t , ho( t , x) ) .

	

Then f or

ho( t o, x) < ao we have V( t ó , x) < b( t o, ao) and W( t ó , E) < br ( t o, ao) . We set
N = max{ b( t o, ao) , br ( t o, ao) } and M= sup{ O( u) : K < u < d) - 1 ( ob( N) + L)

wher e <I >( u) = f , , d- y10( - y) .

Condi t i on C5 i mpl i es t he exi st ence of a f unct i on a E K, a( y) - - > oo as - y - + co
such t hat W( t +, x) > a( h( t , x) ) f or ( t , x) E R+ x Rn .

	

-

Fr om ( 4) and t he condi t i on a( y) - - > oo as y - > oo i t f ol l ows t hat we can
choose , do > a o such t hat a( , do) > N and

( 29)

whence i t f ol l ows t hat

m
(
N- K+ML) <

I N

	

dy

w( y)

We r epl ace i n t he above assumpt i on , 0 by Qo . As a r esul t we obt ai n t hat

t her e exi st s x o E Rn f or whi ch ho( t o, xo) _< a o , a sol ut i on x( t ) = x( t ; t o, x o )
of syst em ( 1) and t 3 > t o such t hat h( t 3, x( t 3) ) >_ l eo . Then W( t 3, x( t 3) ) >

a( h( t 3, x( t 3) ) ) > a( Qo) . Mor eover , i t i s cl ear t hat V( t ó , x o ) < N and W( t , xo)ó
<_ N.

Fr omcondi t i on C4 i t f ol l ows t hat t he f unct i on W( t , x( t ) ) i s cont i r l uous, hence

t her e exi st t 1, t 2, t o < t 1 < t 2 < t 3 such t hat W( t 1 , x( t 1) ) = N, W( t 2, x( t 2) )
a( f l o) and N < W( t , x( t ) ) < a( f o) f or t E ( t i , t 2) .

As i n t he pr oof of asser t i on 1 of Theor em4 i t can be pr oved t hat O( V( t , x( t ) ) )
< Nf or t > t o .

Then f r om condi t i ons B5 and B7 we obt ai n

V( t 2, x( t 2) ) - V( t o , xo) <
J t Z

V( 1 ) ( t , x( t ) ) dt < -

	

f t 2

C( W( t , x( t ») dt ,
t t

	

c u

( 30)

	

V( t 2, x( t 2) ) < N - ó( t 2 - t 1) + ML

Fr om condi t i ons C2 and C4 and f r om ( 29) i t f ol l ows t hat

m( N - K + ML ) <

	

¡ a( 00)

	

ad- 1 <

w( y)

<

	

, . t z

	

( 1) t ' xt ) ) ) dt
<

I t 2

1

	

p( t ) dt < m( t z - t i )
- Jt l W( W( t , x( t



whence we obt ai n
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( 31)

	

( N - K+ ML) / 5 < t 2 - t i

Fr om ( 30) and ( 31) we get t hat V( t 2, x( t 2) ) < K whi ch cont r adi ct s B6 .

Hence t he sol ut i ons of syst em ( 1) ar e ( h o , h) - equi bounded.

Theor em6 . Let condi t i on ( A) hol d and f unct i ons V, WE Vo exi st f or whi ch

condi t i ons B5, B6, B7, C3, C/ , and C5 hol d . Then asser t i ons 1, 2, 3 and 4 of

Theor em 4 ar e val i d .

Pr oof ..
1 . Suppose t hat V i s not h- r adi al l y unbounded . Then t her e exi st s No > 0

such t hat f or any y > 0 t her e exi st r E R+ and x E Rn such t hat h( - r , x) > y
and V( - r +, 7) < No .

Let RI , 5, L and Mbe t he const ant e def i ned i n t he pr oof of Theor em4 and

a E K, a( y) - - > oo as y - - - > oo be such t hat ( 20) hol ds .
Choose R2 > Rl so t hat

( 32)

	

a( R2 ) > R1 +m~
No - K+ML1

J5

Let t o E R+ and xo E Rn be such t hat h( t o, xo) > R2 and V( t ó , x o ) <_ No

and l et x( t ) = x ( t ; t o, xo) .
As i n t he pr oof of Theor em 4 i t i s pr oved t hat t her e exi st s ( > t o such

t hat W( ( , x( ( ) ) = Rl and W( t , x( t ) ) > Rl f or t E ( t o , ( ) and

( 33)

	

V«, x( ( ) ) : 5 No - 5( ( - t o) + ML .

Mor eover , W( t o , xo) >_ a( h( t o, xo) ) > a( R2) . Then f r om ( 32) and C3 i t

f ol l ows t hat

( No - K+ML)
m

	

5

	

< a( R2) - Rl < W( t ó , xo) - W( ( , x( ( ) ) <

Hence

( 34)

	

( No - K+ ML) / 5 < ( - t o .

<
I

	

f s

W~ 1 1( t , x( t ) ) dt

	

<I

	

m( ( - t o) .
- J t u

	

-

Fr om ( 33) and ( 34) i t f ol l ows t hat V«, x( ( ) ) < K whi ch cont r adi ct s B6 .

Hence V i s h- r adi al l y unbounded .

The pr oof of asser t i ons 2, 3 and 4 i s car r i ed out as i n t he pr oof of Theor em

4 .
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Theor em 7 . Let t he f ol l owi ng condi t i ons be f ul f i l l ed :

a) Condi t i on ( A) hol ds .

b) Ther e exi si f unct i ons V, WE Vo whi ch sat i sf y condi t i ons B5, B6, B7,

Cl , and C5 .

c) The f unct i on h i s l ocal l y Li pschi t z cont i nuous wi t h r espect l o x .

d) 1 l i msups- o+ 9 [ h( t +s, x+s f ( t , x) ) - h( t , x) ] j < p( t ) w( h( t , x) ) f or ( t , x) E
R+ x Rn, wher e t ( t ) and w( y) ar e ¡ he f unct i ons of condi t i on C1 .

Then t he asser t i ons 1- . 4 of Theor em 4 ar e val i d.

The pr oof of Theor em7 i s anal ogous t o t he pr oof of Theor em4 .

Theor em 8 . Le¡ t he condi t i ons of Theor em 7 hol d, condi t i on d) bei ng r e-

pl aced by condi t i on e) :

e) Ther e exi si s i n E K such t hat f or t >_ s >_ 0 and f or any pi ecewi se

cont i nuous i n [ s, t ] f unct i on u( r ) wi t h poi ni s of di scont i nui t y of t he f i r st

ki nd t R wher e t R = r R( u( t R) ) at whi ch i t i s cont i nuous f r om t he l ef t ,

t he f ol l owi ng i nequal i t y hol ds

t

~ f ,
{ l smso+p

s
[ h( r + s, u( 7- + s) ) - h( 7- , t c( T) ) ] } d7-	 < m( t - s)

Then asser t i ons 1- 4 of Theor em 4 ar e val i d .

The pr oof of Theor em8 i s anal ogous t o t he pr oof of Theor em 4 .

Ref er ences

1 .

	

A. M. SAMOI LENKO AND N. A. PERESTYUK, Di f f er ent i al equat i ons wi t h
i r r i pul se ef f ect , Vi sca Skol a, Ki ev, 1987 ( i n Russi an) .

2 .

	

D. D . BAI NOV, V. LAKSHMI KANTHAM AND P. S. SI MEONOVzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� " Theor y of

i mpul si ve di f j " er ent i al equat i ons, " Wor l d Sci ent i f i c, Si ngapor , New Jer sey,
London, 1989 .

3 .

	

P . S . SI MEONOV AND D. D . BAI NOV, St abi l i t y wi t h r espect t o par t of t he
var i abl es i n syst ems wi t h i mpul se ef f ect , J . Mat h . Anal . Appl . 117, no . 1
( 1986) , 247- 263 .

4 .

	

G. K . KULEV AND D. D . BAI NOV, Appl i cat i on of Lyapunov' s di r ect met hod
t o t he i nvest i gat i on of t he gl obal st abi l i t y of t he sol ut i ons of syst ems wi t h

i mpul se ef f ect , Appl . Anal . 26 ( 1988) , 255- 270 .

5 .

	

G. K . KULEV AND D. D . BAI NOV, On t he asympt ot i c st abi l i t y of syst ems
wi t h i mpul ses by t he di r ect met hod of Lyapunov, J . Mat h . Anal . Appl .
140, 2 ( 1989) , 324- 340 .



DI FFERENTI AL SYSTEMS WI TH I MPULSES

	

239

6 .

	

HI NZHI LI U AND V. LAKSHMI KANTHAM, St abi l i t y f or i mpul si ve di f f er ent i al
syst ems i n t er ms of t wo measur es, ( t o appear ) .

7 .

	

A. B. DI SHLI EV AND D. D . BAI NOV, Suf f i ci ent condi t i ons f or t he absence
of beat i ng i n syst ems of di f f er ent i al equat i ons wi t h i mpul ses, Appl . Anal .
18 ( 1985) , 67- 73 .

8 .

	

T. YOSHI ZAWA, St abi l i t y t heor y by Lyapunov' s second met hod, The Mat h .
Soc . of Japan, Tokyo, 1966. .

9 .

	

T . RARA, T . YONEYAMA, S . SAI TOH AND M. HI RANO, Rel at i on bet ween
ul t i mat e boundedness and r adi al l y unbounded Lyapunov f unct i on, Non-
l i near Anal ysi s : Theor y, met hods, appl i cat i ons 10, no . 5 ( 1986) , 471- 482 .

P. O. Box 45

1504 Sof i a

BULGARI A

Rebut el 2 de Juni j de 1989




