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Abstract. For an arbitrary complex linear semisimple Lie group G, we consider
Hopf algebras of the deformations of the formal and algebraic functions on G.
The Hochschild and cyclic homology of these Hopf algebras are computed when
the value of the deformation parameter is generic.
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1. Introduction

According to Gelfand, the category of locally compact topological spaces is
equivalent to the category of commutative C*-algebras. Also, the category of affine
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schemes of finite type over a field is equivalent to the category of finitely generated
algebras over the field. Since the study of commutative algebras is the same as
that of spaces, it is reasonable to interpret the study of non-commutative algebras
as studying some “non-commutative spaces,” and try to generalize the methods
for spaces to be applicable to algebras. Cyclic (co)homology [8, 44, 14, 27] generalizes
the de Rham cohomology to the non-commutative case, and it is sometimes
referred to as non-commutative differential geometry.

In this paper we compute the Hochschild and cyclic homology of quantum
groups, ie., the quantized rings of functions on semi-simple Lie groups. This is
interesting in several aspects. First it enriches the study of non-commutative
differential geometry. Even though cyclic homology had been invented as
generalized differential geometry and has found many applications, there is still a
lack of interesting examples. Previously the only quantum spaces (in the spirit of
Manin [31]) whose cyclic homologies were known were non-commutative tori
[8, 43], quantum affine spaces [32] and SU,(2) [33]. However quantum groups
[11, 21] present some of the most interesting examples of non-commutative spaces.
Quantized universal enveloping algebras, which are more or less dual to what we
are studying in this paper, were discovered in the course of studying integrable
systems. They have been shown to have intimate relations with many other areas
of mathematics and physics, e.g., link invariants [23]}, conformal field theories
[1, 34, 30]. But most of what we know about quantized universal enveloping
algebras concerns their representations, and their relations with other fields are
simply observed without being explained. The knowledge of the structure of
quantum groups is likely necessary to understand all these. A study of
non-commutative differential geometry will provide much needed insight into the
geometrical and topological properties of quantum groups.

The main phenomenon concerning the Hochschild and cyclic homology of
quantum groups is the following. As is well-known, any deformation of the
multiplicative structure of the algebra of functions on a manifold gives rise to a
Poisson structure on the manifold; the symplectic leaves of this Poisson structure are
in many senses good analogues of the “points of the non-commutative spectrum”
of the deformed algebra. It has been established in several works that the
non-commutative algebraic geometry of quantum spaces is very close to the
geometry of “the space of symplectic leaves,” i.e., the geometry of the quasi-
classical limit of the quantum spaces, if the value of the deformation parameter is
generic. We should mention the work of S. Levendorski, Y. Soibelman and L.
Vaksman [26, 41, 42] which asserts that the set of unitary representations of the
quantized ring of functions on a compact semisimple Lie group is naturally
isomorphic to the set of symplectic leaves of the Poisson structure. Also the
approach to non-commutative algebraic geometry suggested by A. Rosenberg
seems to give analogous results (in computed examples) [36]. Recall that the
Hochschild homology of the algebra of algebraic functions on a non-singular affine
variety is isomorphic to the space of differential forms on the variety. Thus the
Hochschild homology of quantum groups may be viewed as the space of quantized
differential forms. Our main result is that when the value of the deformation
parameter is generic this Hochschild homology is equal to the space of “forms”
on the “space of symplectic leaves” of the Poisson structure. The structure of
symplectic leaves is of course well-known. When G is a compact Lie group with
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maximal torus T, the Poisson structure on G descends to the one on G/T, and its
symplectic leaves are the Bruhat cells [39]. When G is complex semi-simple the
answer is similar.

Note that while the Hochschild homological dimension of C[G] is of course
the dimension of the group, the analogous dimension for the quantized C[G] is
the rank of the group. As has been mentioned by A. Connes, this phenomenon
might give a more appropriate version of his approach to the various models of
filed theory as “non-commutative Yang-Mills models” because when the
Hochschild homological dimension drops, we get rid of various divergences [9].

Note also that the Hochschild and cyclic homology of the rings which are
deformations of the commutative rings is a very interesting subject. In all reasonable
cases the same phenomenon takes place: the non-commutative geometry is
isomorphic to the geometry of the quasi-classical limit, for example, the
(pseudo)differential operators on a manifold {2, 4, 461, universal enveloping algebra
[15, 22], and non-commutative tori [8, 43]. But the explicit form of this
isomorphism is highly non-trivial. For the ring of differential operators on a
manifold, this explicit isomorphism implies the Riemann—-Roch theorem; for the
ring of symbols of pseudo-differential operators, the analogous statement is very
likely to imply the index theorem [16, 46]. We hope that these statements are the
partial cases of a conjectural generalized Riemann—Roch theorem which measures
the “non-triviality” of the isomorphism of Hochschild and cyclic homology of
the quasi-classical limit and that of the quantum limit. In this respect, the quantum
groups {or rather the quantum homogeneous spaces) may provide another
non-trivial partial case.

The paper is organized as follows. In Sect. 2 we recall the definition and basic
properties of Hochschild and cyclic homology. Here we give a new complex for
computing the Hochschild homology of Hopf algebras. Section 3 describes the
quantum groups we are going to study. The rest of the paper is mainly devoted
to the computation of the Hochschild homology of quantum groups. In Sect. 4
we introduce a spectral sequence, which converges to Hochschild homology
of quantum groups. Its E? term is the Brylinski homology of the group regarded
as a Poisson manifold. It is then identified with Lie algebra homology of g*,
the dual of the Lie algebra g of the corresponding group G of the quantum group,
with coefficient in the functions on G. The geometrical meaning of the action is
given, and it is shown that it is related to the standard Lie algebra action on some
very simple induced representations. We compute this Lie algebra homology for
both formal and algebraic functions in Sect. 5. We then show in Sect. 6 that for
both formal and algebraic cases the spectral sequence of Sect. 4 is degenerate at
E?. This means the quantum limit is determined by the quasiclassical limit. Thus
the Lie algebra homology actually yields the Hochschild homology. After this the
cyclic homology is readily obtained. In Appendix A we give some of our conventions
about the calculus on Lie groups. Appendix B contains various explicit calculations
for G =SL(2,C).

We are grateful to J. L. Brylinski, A. Connes, V. G. Drinfeld, B. Enriquez,
E. Getzler, M. Goulian, N. Yu. Reshetikhin for helpful discussions. We are especially
indebted to W. Schmid for consultation on the n-homology of Harish—-Chandra
modules. In our first draft there was a gap in the proof of the degeneracy of a
spectral sequence. We wish to express our deep gratitude to J. Block and E. Getzler
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for pointing that out to us. P. F. would like to thank A. Jaffe for his encouragement
and support.

2. Definitions of Hochschild and Cyclic Homology

Here we recall the definitions and basic properties of Hochschild and cyclic
homology [8, 44, 14, 27]. Let 4 be an associative algebra over a commutative unital
ring k, k< A. In this paper k =C, or C((h)), the ring of Laurent series. The
Hochschild homology of A, denoted by HH (A), is defined to be the homology of
the following complex

b b b
0 Co(A) — Cy(A) — Cy(A) ¢ -, 2.1)
where C,(4) = A®"**, and b:C,(4)— C,_,(A) such that

n—1

b(ao®a1®-..®a")= z (_1)ia0®a1®...®aiai+1®...®an
i=0

+(—1)"a,0,®a,® - ®a,_,. 2.2)

The cyclic homology of A, denoted by HC,(A), is defined to be the total
homology of the following double complex

ColA) = C,(A) = Co(A) = --.

b b
Co(A)e— Ci(A)— ---, (2.3)

where B:C,(A)— C, ,(A) such that

Ba,®a,® - ®a,)= Z (——1)ni(1®ai®"'®an®a0®"'®ai—1
i=0

+(-1)'4® - ®a,Q4Q - ®a;., ®1). (24

If k=C((h)) and A is h-adically complete, then by the tensor product we will
always mean h-adically completed tensor product.

Let X be a non-singular affine variety, 4 = C[X], 2"(X) the n-forms on X,
H?2o(X) the n™ de Rham cohomology of X. The following result is well-known.

Lemma (2.1).
1) (Hochschild—-Kostant—Rosenberg) HH (A) = 2"(X),
2) HC,(A) = Q"(X)/dQ" (X))@ Hp ((X) @ Hp* ® -+

This shows that in the commutative case the cyclic homology measures the de
Rham cohomology of the space, thus the name “non-commutative differential
geometry.”

We are especially interested in certain Hopf algebras. Let us recall
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Definition (2.2). A Hopf algebra A over k is a k-bimodule A together with morphisms
m, i, A,¢, S,

ARA A A®A,
A5k A, (2.5)
A5 4,

such that they satisfy the following axioms:

1. Associativity:
AQA®A 0 4®A
m(m®1)=m(1@m), j1®m lm ; (2.6)

ARA — A

2. Unit:

m(i@)=m(1®)=1, A4 —— A4 ; 2.7

3. Coassociativity:

(A®1)A=(1® 4) 4, JA lz@l ; (2.8)
ARA 22 AR A® A
4. Counit:
I1®¢
AQA—— ARk
P
@) A=(1@ed=1, A —— A ; 2.9)
A




486

5. Connection Axiom:

A'm=(m@m) 0,3 (4® 4),

P. Feng and B. Tsygan

where 6,5 means the permutation between the second and the third variables,

6. Antipode:

AS=(S®S)c A,

Sm=mo(S®S),

mE®)A=m(1®S)yA=izg,

ARA — 4
AR A
ARARAR A a5 (2.10)
ARARA®A "5 A A
N

A —— A

JA
A® A 4, (2.11)
A
ARA—— 3 A®

ARA —— 4

JS@S

ATA s, (2.12)
ARA — 4

A® A A® A

[A lm

A— k— " 4 2.13)

|- -

1®S
AR A AR A

We will call m,i, A, ¢, S, respectively, the product, unit, coproduct, counit, antipode
of Hopf algebra A. We usually omit the symbol m,i when there is no confusion.

Example (2.3). Let G be complex algebraic group, g its Lie algebra, U(g) the
universal enveloping algebra, C[G] the algebraic functions on G.

Ul(g) is made into a Hopf algebra by

Vxeg,

g(x) =

S(x) =

AX)=1R@x+x&® 1,

0,

—X.

(2.14)
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C[G] is made into a Hopf algebra by

VfeClGl, g,heG, (Af))g,h)= f(gh),
(S Ng) = fle),
SUN@G=flg™H, (2.15)

where e is the identity of G.

The formal functions on G in the vicinity of identity, C/(G), can be viewed as
a Hopf algebra dual to the universal enveloping algebra U(g).

We now give a new complex for Hochschild homology of Hopf algebras.’ Let
m,,m, denote respectively the natural right, left multiplications of 4 on A4, ie.,
m,(a)b = ba, m(a)b = ab. Define a right action of 4 on A4 by

pla) = (m,®m)(1 ® S)A(a). (2.16)

This obviously defines a right action since 4 is algebra homomorphism and S is
antihomomorphism. To be more specific,

pla)x = Z asxa;, (2.17)

where A(a) =Y a,®a;, and &° = S(a).
Consider the folowing complex (C.(A), d).

0+ Cold) e C,(A) e CoA) = -, (2.18)
where d:C,(4)— C,_,(A), such that

day®a, Q- ®a,)=p(a)a,Ra,® - ®a,
n—1
+ 2 (- )ap® - ®a,0,4,® - ®a,
i=1

]

+(=1)ea,)a®a, @ - ®a,-;. (2.19)

It is straightforward to check that d =0, thus it indeed defines a complex. Note
that in this paper we also use d to denote the exterior derivative on G. We hope
there is no confusion as to which d we are referring to.

Define ¢:C,(A4)— C,(A) by

Ex®a®b® - ®c)= Y & bBaEx®a®b® - ®c, (2.20)
e

Lsdyrees

where A(a) =) a,®d, etc.

! This complex might have been known to other people, but we are unable to locate it in the
literature other than [13]
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Proposition (2.4).
1) &:C(4) > C,(A),
2) &d =b¢, ie., the following diagram is commutative,

04— Co(A) = Cy(A) = C(A) = -.-
4 4 14

d d d
0 CofA) +— c(A) +— Cy(A) e ---
Proof. 1) We define &': C,(A)— C,(A), by
Cx®a®b® - ®c)= Y &b &x®@a,®b;Q - ®c.

ij.....k

We claim that &-& =¢-&=1. Let us check it for n =1, the general case can be
shown similarly. Denote A(a) = ZA ® B;, A*(a)=(1 ®A)(a) =(A® 1)(a) = Za ®
b;®c;, then,

£-E(x®a)= (23 x®A) Sbex®a,
=Zs Bj)x®Aj—x®Zs(Bj)Aj=x®a,

where we have used m(S®1)-A=¢, and (¢® 1) A= 1. Thus & & = 1. Similarly,
&f=1
2) Again we only check the n=1 case.

Edx®a)= f(Z BixA;— s(a)x) = Z BixA;— ela)x,
and ’ ’
b-é(x®a)= b(z Bjx@Aj> =) Bix4;— (ZAij.)x =Y BixA;— &a)x.
j j J J

Wegeté-d=dé R

Note that (2.16, 2.17) is the standard complex for the functor Tor,. We have
Corollary (2.5).

HH,(A) = H,(C.(A),d) = Torj(A, k),

where A is considered as a right A-module via p defined in (2.15), and k is considered
as a left A-module via the counit e.

It is this new complex that we are going to use for computing the Hochschild
homology of quantum groups. The new functorial interpretation will be helpful
later in Sect. 6.

3. Quantum Groups

By quantum group we mean the Hopf algebra (over C[[h]]) of the formal
deformation of the functions on a group. We will start with a connected, complex,
semi-simple Lie group G and consider the formal deformation of formal functions
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C/(G) and algebraic functions C[G], resulting in respectively quantum formal
group CJ(G) and quantum algebraic group C,[G]. The data we need for the formal
deformation is a Poisson Lie group structure on G, which we refer to as the
quasiclassical limit of quantum groups. Dually this is equivalent to specifying a
Lie bialgebra structure on g, the formal deformation of which results in the
quantized universal enveloping algebra U ,(g).

We start with a description of the quasiclassical limit of quantum groups. Much
of what we state here can be found in [12, 28].

Definition (3.1). A Lie group G is called a Poisson Lie Group if it is a Poisson manifold
such that the group multiplication G x G— G is a Poisson map, where G X G is
equipped with the product Poisson structure. The Poisson structure is specified by
a bivector field n, the Poisson tensor,

{frg} =<mdf ndg), Vf, geC*(M). (3.1)

A map ¢:M—>N between two Poisson manifolds is a Poisson map if

{({b*f’ d)*g}M = {f’g}zw

Definition (3.2). Let g be a Lie algebra over C,g* its dual. We say that (g) is a
Lie bialgebra if there is a Lie algebra structure on g* such the map 6:g— N’g
dual to the Lie bracket [,]: N*g* —»g* is a 1-cocycle with the adjoint action of g
on Ng.

The following theorem states the relations between Poisson Lie groups and Lie
bialgebras.
Theorem (3.3). [11]
1) Let G be connected and simply connected, then there is one to one correspondence
between Poisson Lie group structures on G and Lie bialgebra structures on g

2. Let G be connected and semi-simple, then every Poisson Lie group structure on G
has the following form:

n(g) =1+R —r,R, (3.2

where Re A’g =~ A*TGle), geG, |, and r, are push-forward maps of left and right
translations, and R is such that

(R,R):=[R'%,R']+[R'%,R®] + [R'*,R*]e A
is invariant under adjoint action of g. (3.3)
The corresponding Lie bizlgebra (g,0) is given by
do(x)=ad, (R), Vxeg, (3.4)

where ad is adjoint action. Condition (3.3) ensures the dual map of (3.4) satisfies
Jacobi identify.

3. For the Lie bialgebra (g, g*) there is a unique Lie algebra structure on the vector
space g@® g* such that

(a) g, g* are Lie subalgebras,

(b) The symmetric bilinear form {,> on g@®g* given by

Xy yX + Y0 =<x1, Y20 +{x2, 910, VYXy,%€8, and y,,y,eg*

is invariant,
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The Lie algebra structure on g@® g* is given by
[x,y]= —ad¥(y) + ad}(x), Vxeg, yeg¥, (3.5)

where ad* is the coadjoint action. This Lie algebra will be denoted by g xg* as in
[28]. (g, g*, g xg*) is called Manin triple.

We now describe the Lie bialgebras we are going to study. First of all, a few
words about notations.

G is a connected, complex, semi-simple Lie group, g its Lie algebra, K is a
compact real form of G, with Lie algebra k, 7, the complex conjugation of g with
respect to k, B(,) the Killing form of g, h a Cartan subalgebra of g, @ the root

system of (g,h), @* a choice of positive root system. Let g = h@(@ g“) be the

ac®
root space decomposition of g. For each ae @ we may choose E,eg’ and H,eh,
such that [19]

(a) B(Ea’ E[i) = 5(1, —p> [Ea= E——a] = Ha;

(b) B(H,,H)=a(H), ¥Heh;

(€) [EnEgl=0if a+ p¢D, a+ f#0;

(d) [E, Eg]l =N, 3E, .5 if «+ pe®, where N,, are non-zero real constants
such that N_, _;=~—N,,; also N,,=N, =N, , whenever a,f,yed,
at+pf+y=0;

(C) TO(Ea) = E-a’ rO(Ha) = _Ha'

Consider the complexification of g,g. = C®rg = g@® g as R vector space. We
choose the complex structure J on g@® g to be such that J(x, y) = (J,x, Joy), where
Jo is the complex structure of g. We identify g as a real form of g.:g,g®g,
x—(x,7,X). The complex conjugation of g, with respect to g is o(x, y) = (15¥, ToX).
Obviously k @ k —, g ® gis the compact real form of g, the corresponding complex
conjugation is 1(x,y)=(1oX,79y) The Cartan involution is 0=10=o07,
0(x, y) = (y,x). The Iwasawa decomposition of g. is g. =k . Pa P n, where

k.= {(x,x)|xeg} > g,
a. = {(x, ~x)|xeh}, (3.6)

nc = {(X’Y)1xen—yyen+},
and nt = @ g**
a>0
Let t. = {(x,x)|xeh}. Then h, =t @a_ is a Cartan subalgebra of g.. For every
ac®d(g, h), we have o', a’c @(g,, h,), such that

ol(H, —H)=o(H, H) = a(H),
oX(H, —H)= —a*(H,Hy=a(H), YHch. (3.7)

Actually g‘:' = C(E,,0), and g:z = C(0, E_,). This obviously exhausts all the roots
of (g., h,). We say the root o, i = 1,2 is positive if and only if « is positive. @(g,,a,)
and @ *(g.,a.) are those of (g, h,) restricted to a,, they coincide with @, @ *, but
with multiplicity 2. Note with this choice of @* (g, a.), n, corresponds to negative
roots. Let

p= 3y w p= ) oi=12 p,= Y (3.8)

ac®* (g,h) ae®* (g,h) ac®* (gc,a0)
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we have natural identification p, = p' + p?, specifically,

pa(HaH)=Os pa(Ha_H):zp(H) (39)
Lemma (3.4). The bilinear form {,> on g, ~ g ® g defined by
e yih(x,¥2)0 = %(B(xuxz) —B(y,y,)) (3.10)

identifies a, @ n, with k¥,

Proof. It is straightforward, we simply give the dual bases. Let o;, j=1,2,...,rk g,
be the simple roots, by = B(H, , H,,), bj“k1 the matrix element of (by)™'. H;, E .,
where o >0, is a basis for g. The following are the bases of k, and a,®n,, and
they are dual to each other:

kc: ac®nc:
(H,,H,) (b Hy, —by ' Hy) (3.11)
(Ea: Ea) (2E Tar 0)
(E—mE—a) (07_2Ea)

where «a>0. W

Lemma (3.5). The Lie bracket of g*~a ®n, [,]: A’g*—g* induces a map
5:g— N*g of the following form:

o(x)=ad (R), VYxeg, (3.12)
and
1
R=— Z E,AE_,. (3.13)
a>Q

The proof is left to the reader. We write down the map o here:
o(H;)=0,

1 1
5(Ea) = *Ea A Haz T A Z Nﬂ,)'Eﬂ A EY’
2 2ﬂ,y>0,/j+y=a
1 1
SE_ )= E nHy—5 ¥ NpEynE

py>0.p+ty=a

(3.14)

~

where a > 0.
Lemma (3.6). For any xeg=~k. c g, yeg*~a . ®n, g,

[x, y]:= —(ad3(y) — ad}(x)), (3.15)
coincides with the Lie bracket of g. =k @ a D n,.

Proposition (3.7).
1) ke, a.®ng,g.) is a Manin triple;
2) (G,m), n(g) =R —ruR, for geG, is a Poisson Lie group.

Definition (3.8). A Poisson Hopf algebra is a commutative Hopf algebra with a
compatible Poisson bracket, i.e., {a,bc} = b{a,c} + {a,b}c. We also have the dual
object, co-Poisson Hopf algebra.
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Theorem (3.9). [11]
1) The Lie bialgebra structure (g, ) induces a unique co-Poisson Hopf algebra
structure on U(g);

2) The Poisson Lie group structure (G, ) induces a unique Poisson Hopf algebra
structure on C[G], and on C/(G); C/(G) is dual to U(g).

This gives the quasiclassical limit of our quantum groups.

Definition (3.10). A quantization of Poisson Hopf algebra A, over C is a Hopf
algebra A over C[[h]] such that

(@) A/hA = A, as Hopf algebra over C,

(b) A is a free C[[h]]-module,

(c) Va, beA, (ab—ba)/hmod (h)={amod (h), bmod(h)}, where {,} is the
Poisson bracket of A,.

The notion of quantization of co-Poisson Hopf algebra is similar.

Theorem (3.11). [11] The co-Poisson Hopf algebra (U(g),8) has a unique
quantization U ,(g).

This is the quantized universal enveloping algebra of Drinfeld and Jimbo
{11, 211

C(f)rollary (3.12). The Poisson Hopf algebra (C/(G),n) has a unique quantization
4;(G).

Theorem (3.13). The Poisson Hopf algebra (C[ G, n) has a quantization A,[G].

Definition (3.14). Let CJ(G) be the h-adic completion of AJ(G)® ¢y, C((h)) and
C,LG] the h-adic completion of A,[G] ® ¢y €M)

See [31, 29, 35] for more discussion of C,[G]. It is called quantum coordinate
algebra there. For the purpose of this paper we do not need an explicit construction
of C,[G].

Example (3.15). G =SL{2,C), g =5l(2,C).
U,(g) is a Hopf algebra generated by H,E™, E~ via

[H.E;]=tE.,
ohH _ o~ hH
[E+,E—}=7_F,

AH)=1®H+H®I,
AE,)=E,Qexp(3hH) +exp(—3hH)QE,,
eH)=0, &E,)=0,
S(Hy=—~H, S(E.)=—e¢™E,. (3.16)
C,[G] is a Hopf algebra generated by a,b,c,d via

ab=e¢""a, ac=e "ca, db=e"bd, dc=-¢e"cd,
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bc=cb, ad—da=(e™"—eMbc, ad—e "bc=1,

(0 o) 2ol ) o1

where ~ indicates matrix multiplication,
gay=ed)=1, eb)=¢lc)=0,
S(a)=d, Sd)=a, Sb)=—eb, S(c)=—e""c.

4. A Spectral Sequence

We start the computation of the Hochschild and cyclic homology of quantum
groups in this section. Our major technical tool is the spectral sequence.

First a remark about notation. Note we have natural identification Ko~ G.
In this and the next section we will use K to denote the complex Lie group G
and reserve G for the real Lie group structure of G. All Lie algebras are complex
Lie algebras and we will use the identification g >k, g* = a, @ n, without further
notice.

We will denote quantum group C{(K ¢), or C,[K ] by 4 and the corresponding
undeformed Hopf algebra by A,. The h (Planck constant) introduces a natural
filtration in the Hochschild complex. The associated spectral sequence has
EY =HH(A). In this section we identify E2 as Lie algebra homology
H,(g*, Ao).

Note as vector space over C, 4 = C((h))®@cA,, therefore

Co(A) = A®cmy A ®cumy* OcumyA = C((h) ®c CulAo) 4.1)
as C vector space. The Planck constant introduces the filtration
C(A)>hC (A) > h*C (A)> -, 4.2)

which obviously makes (C.(4),d) into a fiitered complex. Intuitively we can
write d = dy + hd; + h*d, + --- and the filtered complex as

' do . do ' dy
Co(Adg) «— Ci(Ag) «— C,(4g) « -

hd, hy h'j‘/
d,

hCo(Ag) X hC,(Ag) > hC(Ag) > .- -

hfli/

h? Co(Ao)

4.3)

Actually d,, is well-defined only when d, + hd, + --- + "~ 'd,_, = 0. That is exactly
the situation when we use d;,d, as it is in general for spectral sequence.
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It is quite obvious that d, reduces all the computation to that of A,, thus
E}k = H_(C.(A),d,) is simply the Hochschild homology of A,. From Hochschild—
Kostant-Rosenberg theorem we have

Lemma (4.1).
E, = HH,(Ao) = 2"(K¢),

where the differential forms take algebraic or formal coefficients.
The main result of this section is the following theorem.

Theorem (4.2).
E: = Hn(g*a AO)’

i.e., the E? term is the Lie algebra homology of g* =~ a @ n, with coefficient in A,.
For any Xeg®*, the action of X on Ay is

a(X) = 6o(X) + pa(X),

where p, is the half sum of the positive restricted roots and oy(X) coincides with the
infinitesimal left translation of X eg* < g, on

Ao = {feC' (G| f(ge¥) = e ®f (g), VgeGe Xeg*).

Here C'(G¢) denotes either C/(G¢) ( formal functions) or C{G ) (rational functions
on G ¢ which are regular on K ¢ AN ¢) depending on whether A is formal or algebraic
functions on K.

The rest of the section is for the proof of this theorem. We will identify the
complex (E!,d,) as the complex for the Lie algebra homology H,(g*, A,), and
then give the geometrical meaning of the g* action on A,. Let us introduce a few
notations. I,,a=1,2,...,dimg, is a basis for g; J* the dual basis; X fz(X ") the left
(right) invariant vector fields on K¢ such that X!(e) = X"(e) = I ; o}(w?) the left
(right) invariant 1-forms on K¢ such that wj(e) = wi(e)=J. A,S,¢ denote the
coproduct, antipode, and counit of A; Ay, Sy, &, those of Ay; x*y the product in 4
and xy that of A,. We identify 4 =~ C((h))®cA4, as vector space over C.

Lemma (4.3). V f,, fi€Aq,dy:E} — E has the form

d1(fo® 1) = = (XLf )Y = 1) fo, (4.4)

where
Yfo=<{m ol ndfy), 4.5)
Jo=Lm,dw}). (4.6)

Proof. Let A(f1)=ZAJ-®Bj, since s(f1)=ZAj®Bj. we have
d(fo® f1)=p(f1)fo—e(fD)fo :ZBj*fO*Aj_ZAj*Bj‘*fO
=ZBj*(f0*Aj'— Aj*fo)_Z(Aj*B;_B;*Aj)*fO

=h 2 b {fo.a;} —h Z {a;, b} fo + o(h?),
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where Ay(f,) = Z a;®b;. d, is the h linear term of this. Thus we get

d(f0®fl Z{apfo}b _fOZ{apb } (47)

Note on Lie group we have df = of(X! f) = w#(X" f). Therefore
Z bj."{aj, fo} = Z {mwp Adfo X (X a; ) P =(Y%) Z(X )bj"(g)

1
=(Y'fo) Y lim (e g)~ag)bg ")

= (Yfo)lim - (fl(e”“) f1(@) = (XL f )Y o),
where we have used b(g) = by(g '), and Z a;(g)b,(h) = f,(gh). On the other hand,
Z{a,, b} =<(mw’ Ao >Z(X a;)(X5b%),
where
;(Xzaj)(Xij-") = Z Jim tls-(a,-(e"“g) —a@)bg~ ")~ big™"))

=2, lim — f (efee ) — fi(e"s) — fule™*™) + £1(e))

j Ls=0ts
= (X, X, 1))
Thus
g{% b} = (mwp A ol XXX f1)(e) = 3<m wp A o) }(X[ X} — X[ X7) f(e)

= =3[0 A O} XX 1 f1)(e) = — {m, dew} (XL f 1) e),
where [1,,1,] = f¢,1., and we have used [X7, X}]= — f¢, X", dwi =11, &® A &P,
|

Lemma (4.4).
[o(J*), 0(J")] = a([J% J*])
where o(J°) = Y® — f*, so ¢ defines a representation of g* on A,.

Proof. It is simple calculation. We remark that [Y*, Y?] = 12" Y¢, where A% is the
structure constant of g*, is equivalent to the requirement that the Poisson bracket
defined by {f|, f,} = (n,df, A df,) satisfies Jacobi identity. W

Consider the Lie algebra homology of g* with coefficients in A4,, H,(g*, A4,),
where g* acts on A, via g. It can be computed by the standard complex

dge dge -
00— Age— A, Rg¥— A, ® N°g*¥— ..., 4.8)
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where dg.: 4, @ A'g* > 4, ® A" lg* is such that
dg*(f@h AV A AY,)

=Y A=D"To()f @y A AP A Y,
i=1

+ Z (_1)i+j_1f®[yi’yj]yl A A AP A Y 4.9)

i<j

And we have seen that EZ = H (E!,d,), with E, = HH (A)= Q"(A))= A, ® A'g*.
Define a map n:HH ,(Ay)— A, ® A"g* by

W(f0® Z (— 1)l(s)fs(1)®fs(2)® ®fs(n)>

seSn

=(=1)fo®(df1)(e) A ([df2)(e) A - A (df,)e)), (4.10)

where S, is the permutation group, I(s) is the length of the permutation, ¢ is the
identity of the group K.

Lemma (4.5).

1) The following diagram is commutative
dge dgs 5 . e
00— A, «— A, @g* — A,@ N°gFe— .-
dy d dy
O0«— HHy(Ap)«— HH(Ag)«— HH,(Ap) < -

2) 1 introduces an isomorphism of complexes.

Proof. 1) Suffice it to check for n=2. We will use °
. h
h linear part of d.

Ndi(fo®f1®f—fo®f,® f1)

d for d, since d, is the
h=0

0
2’7'% . dfo®f1®f,— fo®f,®f1)
0
271'% - ) fo® f2—fo® fixf2+e(f2) fo® [y

— () fo®S1+ [o® foxfi —e(f1) [o® [2)
=d (/6@ 1)@ f2—di(/o® [ f1— [o®{[1, f2})
= o((df1)(e)) fo®(df2)(e) — a((df2)(e) fo ®(df 1 )(&) + fo @[y, f2})e).
This will equal dpn(fo® f1® f, — fo® f,® f1), provided

@{f1, f2})(e)=[(df 1 )(e), (df2)(e)]. (4.11)
Actually,
@{f1, f21)e)= i X {mdfy A df)(e)
=0 Lymdfy ndf2)(e) + oin, £, (dfy A df3))(e).
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The second term vanishes since n{e) =0, and (£, m)(e) =ad, (R) = d(1,), thus

@{f1, [2})e) = J*C8(1,),(df )(e) A (df2)(e)> = J*< Lo, [(df1)(e), (df2)(e)]>
= [df1)(e),(df,)(e)].

2) Actually n=TI"-¢, where ¢ is the isomorphism between the new and the
standard complexes for the Hochschild homology of Hopf aigebras as
defined in (2.18), and I" is the Hochschild-Kostant—Rosenberg isomorphism

r :HH,,(AO);Q”(AO) in Lemma (2.1), given explicitly by

r( Z (—I)I(S)f0®fs(1)®fs(z)®"’®fs(n)>=f0df1 /\dfz A /\dfm (412)

seSy

S, is the permutation group and I(s) is the length of the permutation. B
We therefore have proven the first part of the main theorem.
Proposition (4.6).
E}=H,(g* A,), where g* acts on Ay by o as in Lemma (4.4).

Remark. 1n [3] Brylinsky defines a complex associated with any Poisson manifold.
We remark that the complex (E.,d,), which we have identified with the standard
complex of the Lie algebra homology H ,(g*, 4,), is isomorphic to the Brylinsky
complex associated with the Poisson Lie group (K¢, ). This is most evident if we
use the standard complex for the Hochschild homology.

We will now give the geometrical meaning of the action ¢ of g* on A,. Recall
that our Lie bialgebra (g, g*, g xg*) is (k.,a,®n., g.), and the corresponding local
double Lie group [28] (G, G*,G xG*)is (K¢, AcN¢, G¢). We observe that Y* is the
right dressing action [28,39] of the Poisson Lie group (G, ). By a result of Lu and
Weinstein, we have the following

Lemma (4.7) [28]. Y coincides with the infinitesimal left translation of J°eg* c g,
on the open K orbit of the G¢ homogeneous space G¢/AcN . Therefore the Y*
action on A, coincides with the left translation by g* c g¢ on

Ao = {feC (Gl f(gh) = f(g),VgeGc, heG*}, (4.13)

where C'(G¢) denotes either CY(G¢) or C/(G¢) depending on whether A, is algebraic
or formal functions on K.

Lemma (4.8). The zeroth order term of o can be written as
Sh=(mdoty = 2CHL — HY, 0%, (4.14)

where H.,, H » are respectively left, right invariant vector fields on K ¢ such that they
coincide at the identity with

1
H,=3 > H, 4.15)
a>0

Proof. Recall R= Y E, A E

a>0

therefore

-

n=) XiAXL — Y XTAXT

a>0 a>0
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Use
X AY,do)=X{Y,w)— Y{X,w)—<[X,Y],w), 4.16)
we have

Z <Xi A Xl—a’dwf> = Z <Hiﬁa)‘:>a

a>0 a>0

Z XIAX" dwl) = Z H,0f>. B
a>0 a>0Q

Lemma (4.9).
1) VYeg*~a . ®n,,

2H, Yo =pu(Y) (4.17)
2) VXegcgc, and we)= Yeg* cgc,
2<H,, @, )(e') = py(e ¥ Ye'), (4.18)

where p, is thought of as a linear form on g.=k.®a . @®n, which only takes
non-zero value on a.

Proof. 1) Since both sides are zero when Y is in n., we only need to check for
a,. With g~k we have H,=(H,,H ). Thus V (H, — H)ea,, we get

2{(H,,H,),(H, — H)) = 24(B(H,,,H)— B(H,,, - H))
=2p(H) = p,({H, — H)).

2CH! @, >(e*) = 2{Ad,x (H,), Y
= 2(H,, Ad2x(Y)) = p,(Ad%(Y).

Now observe that if we consider X, Y as in g xg* then the g* part of e ¥ Ye'¥
coincides with Ad%x(Y). Actually,

ady(Y):=[X, Y] = — ad%(Y) + ad¥(X),

with ad}(Y)eg*, ad}(X)eg and g is a subalgebra, thus the g* part of adyad,(Y)
is from ady(—ad¥(Y)) which in turn is adfad}(Y). Continue this argument, we
see that the g* part of (ady)" (Y) is (—1)"(ad})"(Y). Therefore the g* part of

Ad, (V)= T (=1L @y ()
18 o
T () = AdEL(Y)
Since p, is zero on g, we have
Pa(Ad%x(Y)) = pu(Ad, x(Y)). W

Let us write the action of g* as

g=04+ Py, (4.19)
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where

go(J*) =Y — 2<H;, wly. (4.20)
As a result of Lemma (4.7) and Lemma (4.9), we have the following

Proposition (4.10). The o, action on A, coincides with the left translation by
g*¥~a @®n.eg, on

Ao = {feC(G )| flge¥) = e ®f(g),VgeGe, X eg*), (4.21)
where C'(G) denotes either CH(Gc) or C/(Ge).

Proof. Note the o, is a differential operator on G with holomorphic coefficients,
it is enough to consider its action on the formal power series at the identity.
Lemma (4.7) ensures the vector field part. For the zero order part, on the one hand,
Lemma (4.9) gives p,(— Ad,..x(Y)) for a point g =¢* in the neighborhood of
identity. On the other hand, the left translation of Y acts as (— Y)g=g(—g~'Yyg),
the g* part contributes a constant, which according to (4.21) is p,(— Ad, x(Y)).
The two actions agree to all powers of t. W

This is the geometrical interpretation of the action of g* on functions on G.
We thus have proven the second of the main theorems. We end this section with
the following simple observation.

Lemma (4.11). Let V be a representation of g* = a,®n,, then H (g*, V) is the total
homology of the following double complex

d d
0e— VR Aa,«— VRn® Aa,«— V® A’n.® A%a ¢ -

l d” d” a”
d v d L

4

0«— V®a, «— V®n®a «— V®An®a, « (4.22)
jvd” ar da”
p \ p L P
00— — V®n, — V® A*n, — -

where

d = d@ﬂ)@ 1, d'=(— 1)*d(at,v® Avng 4.23)

d gy, denotes the standard boundary operator for Lie algebra homology as defined
in (4.9), and a. acts on A*n, by ad.

This is due to the fact that g* is the semi-direct product of a, and n.. The proof
is straightforward.
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5. The Lie Algebra Homology

In the previous section we have identified the E? of the spectral sequence leading
to the Hochschild homology of quantum groups with the Lie algebra homology
of g* with coefficients in A,. In this section we will compute this Lie algebra
homology. Here we will have to treat the formal and algebraic functions separately.

5.1. Formal Functions. Recall that we have the identification:
C/(K) = {feCl(Ge)l f(ge*) =D f(g),VgeG e, X eg*} (5.1)

on which g and g* act by infinitesimal left translation I I extends naturally to a
left action of U(g) on C/(K), and the pairing

(x, fr=0Ux)f)e), VxeUg), feC/(Kc) (5.2)

identifies C/(K¢) as the dual of U(g). The induced Hopf algebra structure on
C/(K ) is the usual one except the coproduct is A= cA4,, where A, is the usual
coproduct and ¢ is the permutation (had we chosen the infinitesimal right
translation in defining the pairing the induced coproduct of C/(K ) would have
been the usual one).

The universal enveloping algebra is naturally filtered

{1} =U(g)oc U@ = U(g), = - = U(g), = Ulg), (5:3)

where U(g), consists of those which involve product of no more than n elements of
g. This induces a natural filtration on the dual space C’/(K¢),

C/(K)=Cl(Kc)o2 C/(K ) 2 CIK )y 2 2 Cl(K) = ¢, (54)
where C/(K¢), vanishes on U(g), _, .

Proposition (5.1.1). Vyeg*, feC/(K),, we have a(y)feC/(Kc),. Therefore the
complex C.(g*,C/(K¢)) is a filtered complex.

Proof. VxeU(g),, we want to show that <{x,a(y)}f > = 0. Note that 0 =1+ p, and
!l actually extends to a left action of U(g,) of V. Since x,yeU(g.) and
()&= (=r(f)e)= — pa(y)f(e), we have:

6,05 =< U) + paON S = Uxy) fle) + paWI(x) f(e) = U(xy) f(e),

where the second term is zero by assumption. Note that for formal functions the
constant term is unimportant while for algebraic functions that term is vital. Suffice
to show I(xy) f(e) = 0 for x =x,x,--x,, with x;eg. Recall [x;, y] = ad} (x;) — ad} ().
We use this to move yeg* to the left in I(x,x,---x,y). Whenever y'eg* appears
on the far left we can replace it by a number (— p,(y')). It is clear that we eventually
have I(xy) f(e) = l(x,) f(e) and x,e€U(g),. Thus I(xy)f(e) =0. Also it is easy to see
that the leading term of x, is ad}(x). H

As a corollary of the above proof we have:
Corollary (5.1.2). For feC/(K¢),/C/(K(),. ;»x€U(g),, we have
$x,0(y) ) = <ad}(x), ). (5.5)
Note that C/(K(),/C/(K¢),,, =(U(g),/Ulg)y = (S"(g)y = S"(g*), where S
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denotes the n'™® symmetric power. Therefore the E' of the spectral sequence of
the filtered complex C.(g*, C/(K ¢))is H(g*, S"(g*)), where g* acts on S™(g) by ad.

Proposition (5.1.3).
Hp(g*’ S"(g*)) = Sn(ac) ® /\"ac.

Proof. We compute this Lie algebra homology by the double complex as in
Lemma (4.11). Note that a, acts on both A*n. and S"(g*) semisimply with
non-positive weight. Thus if we compute the a.-homology first we immediately
see that the spectral sequence is degenerate at the first term and yields the above
result. W

Note that we have a natural morphism of the filtered complexes

¢ :C.(C/(K ), g%) - C.(C/(T(), a), (5.6)
which induces a morphism of the associated spectral sequences
b4 E"(g¥)— E'a,). (5.7

The above proposition simply says that ¢ induces an isomorphism at E*, so it
also induces an isomorphism at E*. Note that all the filtrations considered in this
subsection are complete, thus we can apply the comparison theorem (see, for example,
[20] chapter 8) to conclude

Theorem (5.1.4).
H,(g* C/(K ) = C/(To)® A"a = Q(T¢). (5.8)

Note that we have completeness of filtration in (5.4) because we are dealing
with formal functions. The analogous statement is false for algebraic functions.
This is the reason for us to treat formal and algebraic functions separately.

5.2. Algebraic Functions. Now we do not have a nice filtration for C[K ] as we
have for C/(K ), so we have to look for other ways to compute the Lie algebra
homology for algebraic functions. First of all we notice the following

Lemma (5.2.1). ¢ and o, commute with the right translation by the Cartan subalgebra
of g

Proof. Right translation corresponds to the action of left invariant vector field.
VHeh, notice that [H',w,]=0 and ad,(R)=0, it is obvious that we have
[H',6(J*)] = 0. This should also be obvious from the geometric interpretation of
the actions ¢ and g,. W

For algebraic functions on K¢, the infinitesimal right action of the Cartan
subalgebra acts semi-simply, with the eigenvalues ranging over the weight lattice
A of (g, h). We have the decomposition

CIKc1=PV,, 5.9

AeA

and because of the previous lemma we have

H,(g*,C[Kc]) = D H,(g* V). (5.10)

AeA
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We can identify ¥V, as
Vi {feCYG)l flge*) = e “ 7P Nf(g),VgeGc, X eh ®n.},  (5.11)

where h, = t. @ a_,t, is the Cartan subalgebra of k, = g, 4 is a linear functional on
t. extending trivially to that on h.®n,,p, is a linear functional on a,®n, =~ g*
extending to that on h, @ n,; g* acts on V, by ¢ = 7, + p, and 6, has been identified
with the infinitesimal left translation.

We notice the close relationship between our V, and induced representation
[25] for real Lie group G. Let U, be a (T,a,)-module such that T acts by ¢* and
a, acts trivially. The induced representation for G is defined as

continuous

Ind‘T}AN(UA)={f:G—————>C

flge¥)y=e X ((g) YgeG, Xeh@n}, (5.12)

where 4 is real linear on t and complex linear on t, extends naturally to h.®n; p,
is real linear on a and complex linear on a., extends naturally to h.®n.; and G
acts by left translation

@f)h)=fg 'h), VYg,heG. (5.13)

The Lie algebra of G acts by infinitesimal left translation, which extends naturally
to an action of the complexified Lie algebra g.. Note in (5.12) the minus sign in
front of p, is due to the fact that our n. corresponds to the negative restricted roots.

Here we use TAN to denote the minimal parabolic subgroup instead of the
standard M AN since we want to emphasize the fact that M:= Z (a.) = T (because
G is also complex). Since G,K are real forms of G¢, K we have natural
homomorphism from ¥, to Ind%,,(U,). Actually ¥V, is identified with the
Harish—Chandra module [18,25] of Ind§ ,,(U,).

We thus have reduced the computation of the E? of the spectral sequence
converging to the Hochschild homology of the quantum algebraic groups to the
computation of Lie algebra homology of a, @ n, with coefficient in Harish—Chandra
modules V, for A€ A the weight lattice of (k, t.). We will also think of 4 as a linear
functional on h, = t.®a_ with 4|, = 0. As for the formal functions we will use the
double complex (4.22) to compute the Lie algebra homology, but this time we
compute the n.-homology first. The n.-homology of Harish-Chandra modules
has been extensively studied for its importance in representation theory [6,18].
But unfortunately the n.-homologies of Harish—Chandra modules are not explicitly
known in general. What makes life much easier for us is the following. First of all
G has a complex structure G =~ K and TAN is a minimal parabolic subgroup.
Secondly we only consider those induced representations Ind$ (U ) such that a,
acts on U, trivially. As we will see this simplifies the computation a great deal.
Thirdly even in our special cases we do not need a full knowledge of n.-homology
of Harish—-Chandra modules. H ,(n, V,) is only the E* term of the spectral sequence
associated with the double complex (4.22), its E? term is H,(a., H.(n., V,)), so we
may forget about those of n_.-homology on which a_ acts with non-zero (generalized)
eigenvalues.

Let us first recall some facts about Harish—Chandra modules.

Lemma (5.2.2) [5]. Any Harish-Chandra module is finitely generated over U(n,).
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Lemma (5.2.3) [18]. The m.-homology of any Harish—-Chandra module is a
Harish—Chandra module for M A (which in our case is T A).

So n.-homology of Harish—-Chandra module is finite dimensional, and
decomposes into Jordan cells under the action of t,® a.. We define the generalized
eigenspace with generalized eigenvalue pea? to be the largest subspace on which
x — u(x) acts nilpotently for all xea.. Note T acts semisimply on C[K] and V,,
thus also acts semisimply on H (n,, V). But in general a, does not act semisimply
on V, so we expect some non-trivial Jordan cells in H,(n., V) with respect to the
action of a,.

Definition (5.2.4) [18]. Let V be a Harish—Chandra module for G, then vea¥ is a
homology exponent of H,(n., V) if HH (n., V), # 0, where

H . (n, V), = generalized (v — p,) eigenspace of H,(n., V). (5.14)

A leading homology exponent is one that cannot be expressed as the sum of another
homology exponents and a non-zero sum of negative restricted roots, i.e., leading
homology exponents are the largest ones with respect to the obvious partial order
induced by the positive restricted roots.

The shift by p, is to make the notation compatible with Harish—Chandra’s
labelling of the infinitesimal characters of Z(g,), the minus sign in front of p, is
determined by the fact that our n, corresponds to the negative restricted roots.

Note that we are only interested in those of H,(n., V) on which a, acts
nilpotently via ¢ =g, + p,, 1.€., a, acts by generalized eigenvalue (— p,) via gy.
Recall that o, is the natural geometrical action, thus we are only interested in the
homology exponent zero.

Lemma (5.2.5) (Schmid’s Vanishing Theorem [ 18, 38]). Let v be a leading homology
exponents, then H,(n,, V), =0, unless n=0.

The best we can hope now is that zero is the leading homology exponent. Then
only Hy(n,, V;) contributes to the a.-homology, therefore the spectral sequence of
the double complex (4.22) is degenerate at E?, i..,

H,((a.®n,V,)=E*~E>=H,(a, Hyn,V,)2C*® A"a,, (5.15)

where I(4) is the number of irreducible Jordan cells in Hy(ng, V;)o. Actually zero
is a leading exponent (thus the unique one) as a consgquence of the following
lemma, which also gives the dimension of Hy(a., V,),.

Lemma (5.2.6) (Osborne’s Conjecture [18]). Let V be a Harish—Chandra module
of G, @x(V) the global character, then

Z (-_ 1)p @TA(Hp(nca V))

ov 5 , 5.16
6l )I(TA) nG Z(_l)l’@“(/\”nc) (TA)™ NG’ ( !

p

where G’ is the set of the regular semisimple elements of G. (TA)™ is specified as
Jollows:
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(TA)™ =interior, in T A, of the set

{geTA Z(—I)PQTA(/\”nc)(ga);O,VaeA”}, (5.17)
14

where A~ is the negative Weyl chamber cut out by the positive restricted root system.

A~ ={acAleX(a) <0, Vaec @ (g, a,)}.

The restriction to G’ is to avoid certain singularities in the global character,
and the restriction to (T A)™ is to avoid complicated sign conventions. Actually
every T A-character is completely determined by its restriction to (TA)” NG'. We
remind the reader that the above formulation is for our case in which G has a
complex structure. In general one should write M A4 in the place of TA.

The global character of induced representations is known. See, for example,
[25,45]. It is especially simple in our case.

Y et®t

weW

2= O (A™n)

where tae(TA)” nG', W the Weyl group of (k, t.).

One immediately sees that zero is the leading homology exponent. Indeed,
according to Schmid’s vanishing theorem there is no cancellation in the alternating
sum on the right-hand side of (5.16) for the leading homology exponents, so they will
show up on the right-hand side. But zero is the only exponent one can count on the
left-hand side of (5.16). Another immediate consequence is

dim (Hqy(n, V,)o) = | W| = the order of the Weyl group. (5.19)

O6(V3)(ta) =

(ta), (5.18)

Therefore when 4 is regular, i.e., w,A=w,J, if and only if w, = w,, there are
no non-trivial Jordan cells and we get I(A) = |W|. When 1 is singular there might
be non-trivial Jordan cells and we will see there are. The last lemma we are going
to quote from representation theory is the Frobenius reciprocity theorem which
will help us pin down Hy(n., V,).

Lemma (5.2.7) (Frobenius Reciprocity Theorem [5]). Let V be a Harish—Chandra
module for G,U_ , be a (T,a.)-module such that T acts by character ¢ and a, acts
by veak. Then we have

Hom(K.gc)(V’ IndgAN(Ua,v)) = Hom(T,lce ac)(HO(ncﬂ V)’ Ua-,v)' (520)

The isomorphism in the reciprocity theorem is given as follows. For
®eHom . (V,IndF, (U, )), define

¢ VU, ., &)= D)(e), Vvel. (5.21)

It is easy to see that peHom ;. , o, (Ho(m,, V), U, ) and @is uniquely determined
by ¢.

Note the right-hand side of (5.20) only counts the irreducible Jordan cells of
t.®a,, but t. acts semisimply so it only counts those of a,. This is exactly what
we are interested in for a_-homology. Now we need to know the dimension of the
space of the intertwining operators between our ¥, and Ind§ (U ..,), weW. It
is known that this is one ([25] Theorem (14.13),(14.43)). So the number of the
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irreducible Jordan cells in Hy(n,, V), is the number of the elements in the orbit
generated by W through 4 in the weight lattice A. This number I(4) is smaller than
| W| when [ is singular and there are indeed non-trivial Jordan cells. We thus have
the following

Proposition (5.2.8).
H,(g* V)= C'"® Ara,,

where I(4) is the number of elements on the orbit generated by Weyl group W(g,h)
through A in the weight lattice A(g,h).

Remark. When we identify the (E!,d;) with the Lie algebra homology in Sect. 4,
we find that g* acts on C[G] by a(J%) = Y*— f* where Y* is the usual dressing
transformation and f* is a multiplication operator. This f* plays an unimportant
role in computation of homology for formal functions. Actually one can replace
o with 6™(J%) = Y* — yf°, yeC, and get the same Lie algebra homology. But it is
absolutely crucial for the algebraic functions. Different values of y would change
the homology drastically. Incidentally the computation is the easiest for y=1
since f“ provides first of all the right modification for the normalization of
induced representations, and secondly the right shift to be compatible with
Harish—Chandra’s labelling of infinitesimal characters. The first is responsible for
our representations being induced from U , with v =0. The second enables us to
concentrate on the homology exponent zero.

Let H =T A be the complex Cartan subgroup of K¢, N; be the normalizer of
H in K¢~ G. For its close resemblance to the functions on the normalizer, we
denote

CINg1=@PC'P Q,INg1=C[NI® A"a,. (5.22)

AeA
As a corollary of the previous proposition we get the main result of this subsection.
Theorem (5.2.9).
H,(g* C[Kc]) = C[Ns1® A"a. = O[N] (5.23)

We thus obtain the Lie algebra homology for the algebraic case by applying
a series of results from representation theory. Note the answer is different from
that of the formal case. There we get differential forms on the unquantized maximal
torus (with formal coefficients of course), here we have those differential forms (with
algebraic coefficients) which are closely related to the normalizer of T¢ in K.

The Lie algebra homology is the E? of the spectral sequence of Sect. 4 which
converges to the Hochschild homology of quantum groups. The convergence
problem will be addressed in the next section.

6. Hochschild and Cyclic Homology of Quantum Groups

In this section we show that the spectral sequence leading to the Hochschild
homology of quantum groups is degenerate at E*. We take this as evidence that
the properties of quantum groups are determined by the quasiclassical limit since
E? is the homology of the Brylinski complex associated with the Poisson Lie group
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(G, 7). We also compute the cyclic homology in this section, which is relatively
easy after we obtain the Hochschild homology. Note K= G.

6.1. Quantum Formal Groups. It is well known that in the quantized universal
enveloping algebra U ,(g) the Cartan subalgebra is not quantized, i.e, there is a
natural Hopf algebra homomorphism

¥:U(h) ®cC((h) — Un(®). (6.1)
This induces a homomorphism of Hopf algebras
¥:C/(G) - C/(H)®cC((h), (6.2)

and morphism between the complexes (2.16) for their Hochschild homologies, thus
also induces morphisms between the associated spectral sequences. For
C/(H)®cC((h)) the spectral sequence is trivial and we have E' @ E*x~ ...~
E* = Q/(H), where Q, denotes the differential forms with formal coefficients.
Proposition (5.1.4) shows the ¥ induces an isomorphism for the second term in
the spectral sequence. Note the filtration induced by the Planck constant is
complete because we are considering formal deformation (i.e., the value of
parameter in quantum group is generic). By comparison theorem we have the
following

Theorem (6.1.1). ¥ induces an isomorphism for the Hochschild homology, ie.,
HH,(C}(G) = Q{(H)® C((h)), (6.3)
where H is the Cartan subgroup of G.

The Hochschild homology may be considered as the E' term of the spectral
sequence associated with the double complex for the cyclic homology. The above
theorem shows that ¥ induces an isomorphism for the E' term. Again by
comparison theorem we have

Theorem (6.1.2). ¥ induces an isomorphism for the cyclic homology between CL(G)
and C/(H)® C((h)), i.e.,

HC,(C{(G)) = (2(H)/d2; '\ H)® HC,(C)RC((h), n=0,12,..., (64)
where H is the Cartan subgroup of G.

This concludes our computation for the Hochschild and cyclic homology of
quantum formal groups and we find that they are the same as those of the ring
of the formal functions on the complex Cartan subgroups.

6.2. Quantum Algebraic Groups. This subsection is mainly devoted to the proof?
that the spectral sequence leading to the Hochschild homology is also degenerate
at E? for the algebraic case.

In the formal case the E* term turns out to be that of the Cartan subgroup.
Since the Cartan subgroup is unquantized, the comparison theorem immediately
yields the Hochschild and cyclic homology in the formal case. But now the E*

2 The proof in our first draft was incomplete, as was pointed to us independently by J. Block
and E. Getzler
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term is related to the normalizer of the Cartan subgroup. Since there is no
unquantized normalizer in quantum algebraic groups, it is not obvious that we
have degeneracy at E? as in the formal case. However one does expect the spectral
sequence associated with the Planck constant to be degenerate at E2 As the
philosophy of quantization goes, everything should be determined by its
quasiclassical limit, in other words, nothing new happens beyond the first term in
the deformation. In terms of spectral sequence the quasiclassical limit is taken care
of by (E =1|<’ d,). If nothing is new beyond that, one expects that the spectral sequence
is degenerate at EZ2

We first reduce the proof of E2 = E* to that of E2 > EY. The following lemma
is a special case of a Grothendieck theorem about the superposition of functors.

Lemma (6.2.1). Let A, B be associative algebras, M' left A-module, M right A-module;
¢:A— B algebra homomorphism. Then there is a spectral sequence with
E}, = Tor}(Tor{(M, B), M'),
Ey =Tor{, (M,M"),

i+j

(6.5)

Proof. Consider the following double complex

ldn ldu ld"
d d

MRA’®B)OM «— (MRA’®B)®BAM «— (MRA*®B)®B* @M’

2 o #

’

MRARB)RM «— (MRARB)®BAM «— (MRARB)®B @M’

§ ! ’

’ ’

MO®BOM «— (M®B®BOM «— MOB®B@M

(6.6)
where

d=(—1Yds(M®A"Q@B,M’), d"=d,M,B)®1

and d,M,M’) denotes the boundary operator of the standard complex for
Tor;‘(M, M"). 1t is easy to check that this really is a double complex. We can
compute the associated spectral sequences. If we compute the vertical complex
first, we get

E? = Tor{(Tor}(M, B), M").

Alternatively we can compute the horizontal complex first. Note M ® A"® B is a
free B-module. Therefore

Torf> o MRA"®B,M')=0,
and
Tor’(M® A"Q@B,M')=(M® A"Q@ B)QyM' =M A"Q M’.
We see the spectral sequence is degenerate and

Ey=Torf, (M,M'). W
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From now on, A = C,[G], B=C,[H], ¢:4— B is induced by the Hopf algebra
imbedding Uh,)— U,(g). M'=C((h)) =k as a left A-module via the counit ¢,
M =C,[G] as a right 4-module via p, ie.,

pla)p = ¥ azba,
j

where A(a)=Zaj®&j and s indicates the antipode. Note as Hopf algebra

7
C,[H]=C[H]®C((h). Recall that Tor;ﬁ‘(M, k) is the Hochschild homology of
the quantum group C,[G] as proved in Proposition (2.4).

Lemma (6.2.2). Denote the double complex (6.6) by T orﬁ(f or;’(M, B), k) and the
standard complex for Tor, by Jor,. There is a quasi-isomorphism of complexes

Torl(Torf(M,B), k)~ Tor2 (M ®,B,k).

Proof. Obviously there is a natural complex map. Note the quasi-classical limit
of the double complex (6.6) is exactly the double complex (4.22) that computes the
Lie algebra homology H,(g* C[G]). The lemma simply follows from the fact
that the second term of the spectral sequence of the double complex (4.22)
Ef; = H{a., Hn.,C[G])) is non-vanishing only when j=0. B
Proposition (6.2.3). The spectral sequence leading to the Hochschild homology of
C,[G] is degenerate at E?, ie.,

HH(C,[G]) = H(g*, C[G]) ® C((h)),
if and only if

HH,(G,[G)) = H,(g*, CLG) @ C((h).
Proof. By the previous lemma we have two complexes quasi-isomorphic For each
complex we can consider the spectral sequence induced by the Planck constant.
Obviously their E? terms are isomorphic. So one is degenerate at E? if and only
if the other one is. For the complex For}(M ®,B, k), it is easy to see that the
spectral sequence is degenerate at E? if and only if

Hy(g*, C{G]) = M ® k.

Thus the lemma. W

The main result of this subsection is the following

Theorem (6.2.4).
Ho(g*, C[G])®@ck = M ® 4k, 6.7)
where M = A =C,[G], and A acts on M by p.

The proof will be divided into a series of lemmas. Proposition (6.2.3) and
Theorem (6.2.4) together assert that the spectral sequence induced by the Planck
constant for the Hochschild homology is indeed degenerate at EZ.

In computing the Lie algebra homology H,(g* C[G]) we use the fact that
the g* action on C[G] commutes with the infinitesimal right translation by the
Cartan subalgebra h,. We decomposes C{G] according to this right translation

C[G] = C‘B Vis

ieA
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where A is the weight lattice, and we get
H,(g* C[Gl)= D H.g* V).

AeA

We observe that this decomposition also holds at the quantum level. Recall the
Cartan subalgebra is not quantized. We define an action of U(h,) on M in the
following way:

rN =3 fi<Tx), VfeM, xeUf,), (6.8)

where A(f)=) f j®fj, and {, is the natural paring between C[G] and U,(g).

J
Apparently the classical limit of this action is the infinitesimal right translation.
Since C,[G] is the deformation of C[G], we have

M=@M,.

AeA
The following Lemma asserts that M, is also a right 4-module via p.
Lemma (6.2.5). The actions of U(h.) and C,[G] on M commute.
Proof. Consider arbitrary Heh,,aeC,[G], f e M. 1t follows from the definition that

r(H)(f1/2) = r(H)(f ) f2 + fir(H)(f>).

Therefore
r(H)p@)(f) — playr(H)(f) = X [r(H)(@}) fa; + &} fr(H)(a;)],
where A(a) = Y. a,®4,. Denote J
J (A9 4(@) = (1@ HA(@) = £ b O ®

Note for C,[G] we have A(s(a)) =(s®s)P,,A(a), where P, is the permutation
operator. It then follows that

[r(H), p(@)}(f) = Zk: (H,e,+¢pdfb=0. &

As a consequence of the lemma, (6.7) is equivalent to
Ho(g* V) ®ck=M,;® k. (6.9)

Recall that (EZ); = H(g*, V;) has dimension |0, |. We denote the orbit in A through
A generated by the Weyl group W by @, and the number of distinct weights on
the orbit by [@,]. This provides an upper bound for the dimension of
(EQ)i=M,®4k. Since M@k~ A/[A,A], we can get a lower bound on that
dimension by constructing traces over A. The main theorem is proved if we can
show that the lower bound is also {@,]. The following several lemmas are about
constructing and counting the traces over A.

Lemma (6.2.6). Let a,b,c,d be the generators of C,[SL,] as in Example (3.14).
There are two families of traces for C,[SL,], denoted by 1¢,15, where n is an integer
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and n#0 for ©i. The following are the only non-zero values of the traces:
(H)n>0

e n+kdk - sk n+ky (___q)k‘HI > ()
1@ )=1, b )—W, k=0, (6.10)
) n<0
ef k jk—ny __ S(hk—n ky __ (_q)k .
Tn(a d )—— 1, Tn(b C )—m, k__Z_O, (611)
—q
(3) n=0
e(@d) =1, k=0 (6.12)
0

where q = e”.

We use the elements of the Weyl group W = {e, s} to label the families of traces.
The naturalness of this notation will become clear later. The proof of this lemma
is straightforward and is given in Appendix B. Note the lemma proves the main
theorem for C,[SL,].

In general, the family of traces associated with the identity of the Weyl group
is simply constructed as follows. Recall that the Cartan subalgebra is not quantized.
The natural imbedding

Uth,) ®cCL[h]] = Ug)

induces the Hopf algebra homomorphism

n:C,[G] - C,[H] = C[H]®cC((h). (6.13)
Note
C[H] =@ C[H],
AeA
and C[H], is one-dimensional. Choose a basis { f, } for CLH] such that f,eC[H];.
Let {f*} be the dual basis. Define

6= f¥mC,[G] -k (6.14)

This is the family of traces associated with the identity of the Weyl group. We see
that the unquantized Cartan subgroup contributes to EJ.

In quantizing the universal enveloping algebra [11,21], one chooses a Cartan

subalgebra and a set of simple roots «,,,,...,,. For every simple root «;, there
is a Hopf algebra imbedding

U(sly) = Uy(g)
which induces a Hopf algebra homomorphism
n;:C,[G] - C,[SL,]. (6.15)

Consider an arbitrary element w of the Weyl group. Let w =5, s;, -+ 5;, be a minimal
representation for w. Here [=l(w) is the length of w. s; is the simple reflection
associated with the simple root ;. Define, for arbitrary A€ A, n;n,---n; # 0, a linear
functional

¥ (ny,n,, ..., ) C[G] =k
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” (g, Ny, n) = (T T, @ @ T 1w, ® ) A, (6.16)
where A =(A®1---®1)---(4® 1)A:C,[G] —»C,,[G]@’(””.
Lemma (6.2.7). t%(ny,n,,...,n) is a trace. It vanishes identically unless
n = A(H,),
n_y=Msi(H, ), 6.17)
ny = Als;s aSh_ *8;,(H;))
When ny,n,,...,n are thus fixed, 5 = t3(n,,n,,...,n) takes non-zero values only

on M ,. Different elements of Weyl group give linearly independent traces.

Proof. Since A, n; are algebra homomorphisms and ¢, 7, are traces, (6.16) definitely
defines a trace for C,[G]. Note

T (r(H)()) = AH)T5(f), VHeh,, feM=C,[G],
we have

T, 0y, m)(r(H)(f)) = AH)TS (15 m)(f):

Thus 3 vanishes on M, ,.
To get the constraints (6.17), we notice that U(h,) also acts from the left on
C,[G). Explicitly, for any HeU(h,), feC,[G],

H)) =L S B T, (6.18)

where A(f) =) f j®)7j. It follows from the definition that
j

(r(H)®@ DA(S) = (1 @ UH)A(S). (6.19)
The constraints on n;,,...,n; follow from the observation
UH)(S)) = T (HY)), (6.20)
and
T UHNS ) = it (H))). (6.21)

Recall that C,[G] is spanned by the matrix elements of the finite dimensional
representations of U,(g). We always assume that Uth,) is diagonalized in these
representations. Since t$ is non-zero only on the diagonal matrix elements for
which the left and right actions of U(h,) are the same, we get (6.20). To get (6.21),
we observe that there is the g-analogue of the Weyl group as defined in [24].
Denote the g-analogue of s; by w;, which generates the g-Weyl group. These w;’s
act on the representations of U,(g). One can easily check that for C,[SL,] the
matrix elements with non-zero trace 7, i.e., b™c", are on the diagonal when
multiplied by the w. This gives us

o H)(S)) = 7 mylr(wiHw; ().
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But the g-Wey! group action on h, coincides with that of the ordinary Weyl group,
ie.
wiHw ' = s,(H).

Thus follows (6.21).

It is obvious that t¥ is not identically zero when A satisfies the constraint (6.17)
with n;.--n,; #0. From the above argument, it is also clear that 7% is non-zero
only on the subspace of M; corresponding to the weight w(A) under the left action
of h,. The linear independence of the traces thus follows immediately. W

We have constructed families of traces labeled by the elements of the Weyl
group. We remark that they are intrinsically related to the Levendorski—-Soibelman—
Vaksman modules [41,42,26] labeled by the Weyl group and Cartan subgroup.
Informally, the relation is as follows. One can take the formal traces from these
modules when |g| < 1. Unfortunately they do not all vanish on the commutant
[A, A]. The reason is that certain elements of A= C,[G] are represented by
operators which are not of the trace class. What saves the day is that we can use
weight space decomposition to pin down the bad components of the formal traces.
The good ones are exactly t¥ with constraints on 4 as stated in the previous lemma.
More on this in Appendix B.

Our next job is to count how many we W provide traces to an arbitrary fixed
Ae A. The previous lemma tells us what M, will be provided a trace by a particular
weW. Let us first reformulate this in a more geometrical way.

Fix a AeA, and a minimal representation w=s, s;,---s;,. Let P, (4) denote the
ordered set of weights {4,4,_,,..., 4,44}, where

A=A A =si(h), k=121

We call this the path associated with the pair (4, w) (with a chosen minimal
representation for w). We say the path has stationary pointsif 4, = 4, _ | for some k.

Lemma (6.2.8). Let P (1) and P (%) be two paths corresponding to two choices of
minimal representations for w. Then P () has stationary points if and only if P’ (1)
has.

Proof. Let us look at the different parts of the two paths. They come from the
non-trivial Coxeter relations

(sis)y"i=e, i#],

where

n
m.=———--",
Y arccos( /a;;a,/4)

and (a;;) is the Cartan matrix. For any 4, the sequence s;(4), s;5/(4), ..., (s;5,)™/(4)
form a closed path. Assume 4 is fixed by s;, then it is easy to see that its opposite
point on the closed path is fixed by s;. If 4 is a stationary point on P,(4) then
either 4 or the opposite point of 1 is on P, (A). Thus P, (4) also has stationary
points. W

(6.22)

We say w is maximal relative to A if P, (%) does not have stationary points. Of
course this property is independent of the choice of minimal representation for w.
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Corollary (6.2.9). weW provides a trace t; for M, if and only if w is maximal
relative to A.

Proof. From the Lemma (6.2.7), w provides traces to all integral weights except
those on the union of the following set of hyperplanes:

0= /‘{‘(Hiz)>
0= /l(siz(Hih 1))7

0= Asys;,_, - si,(H)).

(6.23)

This is equivalent to
0=<{4 9,7,
0= sy (Ao, D,

0= <5i25i3"'si,(/1), o, Vs

where {,> denotes the inner product in the weight space. The above equations
mean 4, is fixed by s;,. The claim is proved. M

Lemma (6.2.10). For any A€ A, the number of Weyl group elements that are maximal
relative to A equals to |0,|, the number of points on the orbit O, generated by the
Weyl group W through A.

Proof. We first construct a cell complex @, whose vertices are the points on 0O,.
Two distinct vertices are connected by an edge if they are transformed into each
other by a simple reflection s;. We attach a face to every closed path corresponding
to a non-trivial Coxeter relation (6.22) such that the boundary of the face is the
closed path. We also choose a base point A, which is either in the fundamental
domain (when A is regular) or on the boundary of the fundamental domain (when
4 is singular). The base point is of course unique for every orbit. We claim that
(0, is connected and simply connected.

Let us construct another cell complex W. The vertices are the elements of the
Weyl group. There is an edge between w, and w, if w, = 5;w, for some j. For every
closed path corresponding to a non-trivial Coxeter relation, a face is assigned
whose boundary is the closed path. We choose the identity e to be the base point.
By definition W is connected and simply connected. Note the stabilizer subgroup
W, of 4, is of the Weyl group type and the associated cell complex W, is connected
and simply connected. The homotopy fibration

W= W0, (6.24)
induces the homotopy exact sequence
oy (W) = 711(035) = (W) = (W) = 16(05,) .
From this we immediately get
11(00) = 0 = 1o(0,). (6.25)

Thus @ , 18 connected and simply connected.
For any AeA, the Weyl group can be viewed as a union of cosets W, ,, labeled
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by the points ’e@,. The elements in W,,, transform 4 to A'. Since @, is simply
connected, there is only one element in each coset that is maximal relative to A.
Thus the total number of maximal elements relative to 4 is |@,|. The lemma is
proved. B

Proof of Theorem (6.2.4). We have reduced the proof to that of
Ho(g*, V) ®ck= M, ® k.

Since Hy(g* V,) has dimension |&,|, this provides an upper bound for the
dimension of M,;® k. The above lemma provides a lower bound which is also
|0,]. This means elements of EZ all survive to EY. The theorem is proved. W

In summarizing, we have
Theorem (6.2.11). The Hochschild homology of the quantum algebraic group is
HH,(C,[G]) = 2,[Nc1®C((h)),
where Q,[Ng] is defined in (5.22).

The last thing we are going to compute in this paper is the cyclic homology
of the quantum algebraic groups. This is now fairly easy when we know the
Hochschild homology. Recall HC (A4) is computed by the double complex

b b b
Co(A) «— C;(A) «— Co(A) ¢+ ---

Lk

Co(A)e— Ci(A) — ---

B

B .

Co(A) e -+

where b and B are defined at the beginning of Sect. 2.
The Hochschild homology is only the E' term of the spectral sequence
associated with the double complex. The complex for E? is

0 0 0
HHy«—HH, «— HH,« ---

0 0
HHye— HH, — - . (6.26)
[B
0
HHye— -

As is well-known from [10, 17], the derivation of r(H), Heh, on A induces the
operation of Lie derivative

Fy:HH (A)— HH (A)
and
iy:HH,—~HH,_ (A)



Hochschild and Cyclic Homology of Quantum Groups 515

such that
Biy+iy B=9%y. (6.27)

From this one sees immediately that B is exact on all weight components of ¥,
except zero. Hence the only contributions to E? (except for the top row in (6.26))
is from 4 =0. Recall

HH,(A) > H,(g*, C[G])= D H,(g* V).
i

Note that H,(g*, V,) is one dimensional and is represented by f = constant. So
except for the contributions from the top row in (6.26) we can identify the total
homology of the double complex (6.26) with the invariant differential forms on
the Cartan subgroup H. The contribution from the top row is simply

QN G]/df),_l[N ¢J- Tt is also easy to see the spectral sequence is degenerate at
E?. The following theorem is now obvious.

Theorem (6.2.12). The cyclic homology for the quantum algebraic group is

HC,(C,[G])x(@2,IN)/dR, ,[Ns1® Hig X(To) @ Hig {(Tc)® -+ ) ® C((h)),
(6.28)
where f),,[NG] is defined in (5.22).

This concludes our computation for the Hochschild and cyclic homology of
quantum algebraic groups. We found that they are determined by the quasiclassical
limit.

Appendix A.

We explain some of our conventions for the calculus on Lie groups.

Let I,,a=1,2,...,dimg be the basis for the Lie algebra g, which is identified
with the tangent space at the identity e; f¢, the structure constant, J* the dual
basis, X!, X7 the left, right invariant vector field on G such that X o=X(e)=1;
wf, w? the left, right invariant 1-form with w{(e) = w;(e) = J,,. Repeated index always
means sumimation.

First of all,

(X, X, 1= foX
[X0 X = —faX0 (A1)

Both X!(g) and X"(g) span the tangent space at g, they can be transformed into
each other as

Xi(9)=(Ad,)0 X (9), X'(g)=(Ad,-.);X}(9); (A2)
and similarly,

wf = (Ad%. Jio®, o= (Ad} )} (A.3)

re

Let &y denote the Lie derivative corresponding to the vector field X, then
‘zngfv:beXi’ ngXrb:O’

i L (A4)
Lo Xy=—f4XL £,X,=0,
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and from <{X!,0?) = (X", 0> = °, we have

b __ c ¢ b __
Lo =— Lo, £, .0 =0,
¢ b _ fc r “ b __
£ o] = [0 &L o) =0. (A.5)

The adjoint action is defined to be
{dy,ad} (J9)) =<ad;, I,,J, ie.
ad} (J) = f5,J" (A.6)
The exterior derivative d acts as
df = w}(X\f) = wf(XL1),
dwt = — f2 ol A o,
dwf = [ ol A of. (A7)
The (infinitesimal) left translation of g on C*(G) is

1
D f(g)= — Zx.flg)=lim ;(f(e"’g) — f(9) (A.8)

Appendix B. Example G =SL,

The quantum algebraic group structure is as discussed in Sect. 3, specifically in
Example (3.14). So we will not repeat those definitions.

B.1. The Quasiclassical Limit. We start with the computation of H,(g*, CLG]).
1/1 1 1 1

H=- 0 , EL == 0 , E_ == 00 is a basis for g, I° L*,L™ the

0 -1 2\0 O 2\1 0

dual basis for g*. The action of g* on C[G] as defined in Proposition (4.4) is as
follows:

0y _ (58 a>

a(l’y= —bc(N +2) <b6b+cac
+ 1 a

a(L )=5ab(N+2)-b&, (B.1)
- 0

o(L™)= —%cd(N+2)+c;

a

where N=ai+b£+cﬁ+di.
da 0b Oc od
We choose a basis for C[G] as follows
X, yni=a?bibey, p,qeZ, nz0, (B.2)
where a?:=d7F, b%:= ¢ ?if p,q <0. On this basis we get

O-(LO)X = - (lql + zn)Xp‘q,n - fp,q,nXp,q,n+ 1°

pgn
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qunXp+1.q+1,n pz0, ¢20
+ qunXp+1q+1n+1 PZO, q<0
20'(L )Xp,q,n: ¥ 0 >0 ,
qunXp+1q+1n+1+gpqn ptlg+ti,n p< , 4=
qunXp+1q+1n+2+gpq,,X,,+1q+1,,+1 p<0, q<0
qunXp 1,9— 1n+2+gpanp 1,q—1,n+1 p>0’ q>0
fPG"XII 1,9~ 1n+1+gpanp 1,q—1,n p>0a Q§0
—20(L)X, ,n= SO aE
qunXp 1g-1l,n+1 PEY, g>
qunXp Lg—1,n p=0, ¢g=0
(B.3)
where £, =Ipl+lql+2n+2g,, ,=~pl+]ql +2n+2.
Note
ClG1=@QV. Vi= @ CIX,,,]) (B.4)
ieZ p—qg=inz0

and V, is invariant under the action of g* as expected.

H,(g*,V,)is computed by the double complex given in Lemma (4.11), and we
choose to compute the nc-homology first. Note {L*,L™] =0, this again can be
computed by a double complex. The calculation is straightforward and we simply
write down the result here.

Case 1. 1=0
H,n,Vy)=0, n>0,
Hy(n,, Voy=C[1]®C[bc]. (B.5)
a. acts on Hgy(n,, V) non-semisimply,
(L)1 = — 2,
a(L%)bc = — 2bc — 4(bc)* = — 26(L*)dc = 0. (B.6)
Therefore

Ho(g*, Vo) = C[1],
H,(g* Vo)=C[bc®L’ +2dc®L*]. (B.7)
Case 2. A=p~g>0
Hl(“c’ V},) — C[a(l/2)+ 10(1/2)— 1 ®L— + a(/l/Z)— lc(/l/Z)+ 1 ®L+ ],
Ho(n,, V,)=C[a*]1® C[c*1® C[a"?c¥?]. (B.8)

. . A A . .
Of course terms involving 5 are there only when 5 makes sense, i.e., is an integer.

Even when they exist, a, acts with non-zero eigenvalue. So they do not survive to
be in the g*-homology. On the other hand

a(I%)a* = ~ (A + 2)a*(bc) = — 20(L")a* e =0,
a(I®)c* = — de* — (A + 2)cMbc) = 26(L _)ac* ' ~ 0. (B.9)
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Thus
Ho(g*,V;) = CLa*1®C[c*],
Hi@V)=C[a*®L° +2a* 1c@L"1®C[*DI° —2ac* '®L ] (B.10)
Case 3. 4 <0 is similar to case 2.
B.2. The Traces for the Quantum Algebra. We want to check that the linear
functionals defined in Lemma (6.2.6) are indeed traces, i.e., they vanish on the
commutators [C,[SL,],C,[SL,1]. By Proposition (2.4), the commutator of a Hopf

algebra A is the same as the image of A under the right action of 4 via p. So we
only need to check that the linear functionals in Lemma (6.2.6) vanish on

p(t;;)(Cy[SL,]), where (¢,)) = <Z Z) are the generators of C,[SL,]. Recall

p(tij)f = Z S(tkj)ftik’

(Ca)-Ce )

where we denote g = e". We have

p(b)(akbmcn) — q—k(l . qk+m+n+2)(ab)(akbmcn)

p(b)(dkbmcn):(l _ qm+n+2—k)dk—-1bm+lcn + q1—2k(1 __qk+m+n+2)dk—1bm+zcn+l
p(c)(akbmcn) — (1_qk~m——n—2)ak~1bmcn+l +q2k—1(1 _q~k~m—n—2)ak—1bm+ 1Cn+2
PA@D" e = gH(1 — g7~ 2)(de)(d b"c")
p(a)(akbmcn)zqm+nakbmcn_qk-l(1 _qk+m+n+2)akbm+1cn+1

p(a)(dkbmcn)_: qm+ndkbmcn__q—k—l(l _qk+m+n+2)dkbm+lcn+1

p(d)(akbmcn) =q—-m—nakbmcn_ qk+1(1 __qu—m—n—Z)akbm+ Icn+1

p(d)(dkbmcn): q—m—ndkbmcn_q—k+ 1(1 _q‘k—m—n—Z)dkbm+ 16‘"+1. (Bll)

and

From this it is easy to see the tracial properties of the linear functionals in
Lemma (6.2.6).

The family of traces t{ is easy to understand. They correspond to the
unquantized Cartan subgroup. How to understand the 5,7 # 0?7 The answer is
that while 7} corresponds to the point-like symplectic leaves, 7} corresponds to
the extended symplectic leaves in the Poisson Lie group (SL,, 7). In [42] Soibelman
and Vaksman construct irreducible modules for C,[SU(2)] corresponding to the
symplectic leaves of the Poisson Lie group SU(2). They work with the compact
quantum group and we work with the complex quantum group. The difference is
not important in the discussion here. For the trivial symplectic leaves corresponding
to the Cartan subgroup, they get one-dimensional representations. This provides
the family of traces t¢. For the non-trivial symplectic leaves, the corresponding
Levendorski—Soibelman—Vaksman modules are infinite dimensional. Specifically,
they are

H,={eg,ey,...},
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with the module structure given by
dey=0, ae,=e,,,, be=aq", ce,=pq%, (B.12)

where aff = — q. From this module we can get formally the following “trace,” with
the only non-zero value given by

amﬁn

" =——"— mn20. (B.13)
1—¢q

But this is not really a trace on C,[SL,], since

t(ad ~da)=(q ' ~ q)t,(bc)= —q * #0.
This is due to the fact that a,d are not of “trace class.” The way out of this difficulty
is to look at the weight decomposition of z,,

T,= Y, o'

neZ

We find that t},n#0 are traces and 7} is not a trace. As we have seen in
Subsect. 6.2, this weight space decomposition proves to be very effective in the
general case.

B.3. The Results. As we remarked in Subsect. 6.2, the construction of the traces
in the previous subsection actually shows that the spectral sequence is degenerate
at E? for C,[SL,]. Thus

HH,(C,[G]) = H,(g* C[G)) ® C((h)). (B.14)

As for the cyclic homology, the direct computation is actually not hard to
carry out for quantum SL,. Corresponding to the new complex for the Hochschild
homology (2.16), there is a new double complex (C,(A),d,D) for the cyclic
homology, where D = &' B¢ just as d = &'bé. We consider the spectral sequence
associated with this new double complex whose E' term is the Hochschild
homology. Since only HH, and HH, is non-zero, the double complex for the E?
becomes

0« Ho(g* C[G])«— H (g* C[G])

DZ
Ho(g* C[G])— H,(@g*C[G]) (B.15)
Ho(g*, C[G]) e -

where D,(f) =Y. F;®f;+ @ V=Y [;®(df(e) with A(f) =Y f;® f;.

It is easy to calculate

Dy(a")=Ua*®L° +2a* le®@L"),
Dy(c}) = M@ L0+ — 2ac* @ L"), (B.16)
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Therefore we get
Ho(g*, C[GD)®C((h)) n=0
HC,(C,[G]) = | Hpy(Tc)®C((h) n=135,... (B.17)
Hig(To)® C((h) n=24,6,...

as expected.
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