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1 Introduction and motivation

1.1 Introduction

The classical Holder inequality for the Lebesgue spaces on R™ is given by

(1.1.1) Ly, L, C Ly,
where
1 1 1
(1.1.2) 1<r<oo, 1<ry<o0 and —+ —=-<1.
™ D) T

Of course (1.1.1) is a short version of the pointwise multiplication inequality
(1.1.3) [ falLe (R < el f1Lr, (R™)]] - [lg] Loy (R,

where in that special case ¢ = 1 may be chosen. With exception of Subsection 1.2, all
spaces in this paper are defined on R™ . This justifies to omit R" in the sequel. One of
the main aims of the paper is to study the appropriate counterparts of (1.1.1) and (1.1.2)

for the spaces B, and F; . That means for a given smoothness s we are looking for

(1.1.4) B, B C B,

P1q1 " p2q2
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and

(1.1.5) P s © Ty

interpreted similarly as in (1.1.3). Recall that the spaces B;, and F, cover some well-
known spaces, such as the (fractional) Sobolev spaces, the classical Besov spaces, the
Holder-Zygmund spaces and the (inhomogeneous) Hardy spaces. These spaces have been
studied systematically in [24, 26]. Our interest in inequalities of type (1.1.4) and (1.1.5)
comes from some recent work on eigenvalue distributions of degenerate elliptic differential
operators, where (1.1.1), (1.1.4) and (1.1.5) play a decisive role. We refer to [5]. In Sub-
section 1.2 we outline roughly this motivation for (1.1.4) and (1.1.5). If we plot s against

1/p, see Fig.1, then the distinguished strip

S

Fig.1

1
(1.1.6) D: 0<p<oo, n(p—1)+<s<Z

plays a crucial role. The lines of slope n indicate embeddings with constant differential
dimension s — n/p. One of the main results of this paper reads as follows :
Let s,p1,p2 and p be given as indicated in Fig.1 and let 0 < ¢; < 00, 0 < ¢ < 00 and

0 < g < oo. Then
(i) (1.1.4) holds if and only if 0 < ¢; < ry, 0 < g2 < 79 and ¢ > max(qi, ¢2) and
(ii) (1.1.5) holds if and only if ¢ > max(q1,¢q2) -

In other words, the classical Holder inequality (1.1.1) which corresponds to the bottom

line s = 0 of the strip D in the way indicated in Fig.1 is shifted along the lines of slope n

2



to the level of smoothness s. This situation justifies to denote (1.1.4) and (1.1.5) under
the just sketched values of the involved parameters as Holder inequalities. As a special

case of (1.1.5) we have
Hy, H,, C H,

under the conditions indicated in Fig.1, where Hy = F, are the (fractional) Sobolev-
Hardy spaces. In accordance with the limiting cases in (1.1.1), (1.1.2) we pay some

attention to related limiting cases with respect to the strip D, that means

n 1
1.1.7 s=— and s=n(--1
(1.1.7) - -1

including especially the bottom line s = 0. These two limiting cases are connected with
Lo and Lp, respectively. Inevitable linked with Holder inequalities of type (1.1.4) and

(1.1.5) are sharp embeddings with constant smoothness s of type

S S S
B, C Fi C B,

and with constant differential dimension s — n/p. These embeddings correspond to the
horizontal lines and the lines of slope n in Fig.1, respectively. We give final answers in
these cases. In connection with the above sketched limiting cases (1.1.7) where Ly, and L,
make their natural appearance we complement the just mentioned two sharp embeddings
by sharp assertions under which the spaces B, and Fj are embedded in Lo, (which is
known) and in L!°¢, respectively. Of course, the latter can be rephrased as the search for
sharp conditions such that B, and I}, consist solely of regular distributions. Some of the
incorporated sharp embeddings are known, especially the “if”-parts. But we seal several
gaps, mostly related to the “only if”-parts.

The plan of the paper is the following. As mentioned above we provide in Subsection 1.2
motivations for inequalities of type (1.1.4) and (1.1.5). Section 2 contains the necessary
definitions and some preparations about paramultiplication. In Section 3 we present the
results about sharp embeddings : with constant smoothness, with constant differential
dimension, in Lo, and in LY. Section 4 deals with Holder inequalities. In Subsection
4.1 we describe the necessary conditions for s and 1/p such that we have (1.1.4) and
(1.1.5), see Fig.3a and Fig.3b. The cases of our interest correspond to the heavy lines. In

Subsection 4.2 we formulate the Holder inequalities, whereas Subsection 4.3 deals with the



indicated limiting cases. Finally Subsection 4.4 contains further results connected with
the shaded areas in Fig.3 covering the region of necessity for the inequalities (1.1.4) and
(1.1.5) treated in Subsection 4.1 . It comes out that this is also the region of sufficiency
with some peculiarities on the border lines. Proofs are presented in Section 5.

We wish to thank Dr. Jon Johnsen (Copenhagen). His critical remarks helped us to

improve the final version of this paper.

1.2 Motivation
Let €2 be a bounded smooth domain in R™. Let A be the Laplacian and let

Au(z) = a(x) (id — A) a(z) u(x) in €, y = 0

o0
be a degenerate elliptic differential operator with non-smooth coefficients related to the

Dirichlet problem. Assume that
Bu(z) = b(x) (id — A) ™' b(x) u(z) with b(x) = a ' (z) € L.(Q),

where 2 < n < r < oo, makes sense as the inverse of A. In accordance with well-
known classical assertions we obtained in [5] sharp assertions for the distribution of the
eigenvalues \; of A of type Ay ~ k%/™ based on two ingredients :

(i) Sharp assertions for the entropy numbers of the compact embeddings

, o s n n
id : Bp1q1(Q) — Bpqu(Q), §1——>8 — —, 81> S,
b1 Do
(and similarly with F; (€2) ),
(i) Sharp embeddings of type (1.1.1), (1.1.4) and (1.1.5).

To describe the flavour of this approach we start with Ls(£2), multiplication with

Sy

g |~
N[
< =
—
I

P Fig.2




b(z) brings us to L,(), where we used (1.1.1). Then we apply (id — A)~1. We ar-
rive at H2(Q). The embedding of H2(2) in L,(Q) is compact since the slope of the
corresponding line is steeper than n. Finally a second multiplication with b(z) brings us
back to Ls(£2). The compact embedding is the point where the entropy numbers come
in, whereas for the multiplications with b(x) one needs inequalities of type (1.1.1) in the
outlined case as sharp as possible. The interplay between the two ingredients is clear.
Necessary explanations and details, especially about the role played by the entropy num-
bers, may be found in [5]. It is not necessary to begin with Ly(€2) as the basic space. One
can start with other suitable spaces in Fig.2. Then the triangle in Fig.2 is shifted, say in
the distinguished strip D in Fig.1. Instead of the classical inequality (1.1.1) one has to
work with the Holder inequalities (1.1.4) and (1.1.5).

2 Definitions and preparations

2.1 Definitions

In general all functions, spaces, etc. are defined on the Euclidean n-space R™. So we
omit R" in notations. Further we shall use N to denote the set of natural numbers, N
to denote N U {0}, and a, instead of max(a,0).

Let S be the Schwartz space of all complex-valued rapidly decreasing infinitely differen-
tiable functions. By S” we denote its topological dual, the space of tempered distributions.

If ¢ € S then

Folw) = @m2[ eip@)ds, veR,
denotes the Fourier transform Fo of . As usual, F~1¢ means the inverse Fourier trans-
form of ¢. Both, F, F~! are extended to S’ in the standard way.

Let 1) € S be a non-negative function with

@.11) () = 1 if |z <1,
P(z) = 0 if |z| >3
We define
polz) = (x),
(2.1.2) p1() »(3) — ¥(x),
or(r) = (277 2), zeR", k=23,....



It follows
M
Z v Mr), M=01,...,

ngj(:l:) =1, ze€R",
(2.1.3) suppp; C {r: 271 < || <327} j=1,...,n,

and if

3 gi- i - : .
(2.1.4) 3 2770 <|x| <27 thenit holds ¢x(z) =0k, j=1,2,...; k=0,1,....
L, are the usual Lebesgue spaces on R" .

Definition 2.1.1. Let —co < s <00, and 0 < q < 0.

(i) If0<p< oo we put

1/q
Fy, = qfeS |fIF,l = (Z 24| F %'ff](-ﬂq) |Ly|| < o0

(usual modification if ¢ = 00).

(i) If 0 < p < oo we put

1/q
By, = (eSS fIByl= (Z 21| 7 @jff](')leHq) < 00
(usual modification if ¢ = o).

Remark 2.1.1. These types of spaces are studied systematically in [24, 26]. We always
assume that the reader is familiar with it. Recall some special cases :

F)y=1L, 1<p<oo (Lebesgue spaces),

Fso =W, s mnon-negative integer, 1 <p < oo (Sobolev spaces),
Fyo=H, 1<p<oo,s€R (fractional Sobolev spaces),
FO

po="hy, 0<p<oo (inhomogeneous Hardy spaces),

B;q, s>0,1<p<oo,1<qg<oo (classical Besov spaces),

w=C° s>0 (Holder-Zygmund spaces).



2.2 Pointwise multiplication

Let ¢ be the function defined in (2.1.1) and let {(;}32, be the corresponding system ( cf.
(2.1.2)). For brevity we put

filx) = F e (O)F F(9)] (x),

and
(2.2.1) fx) = FHpRPOFFO)(x), j=0,1,2,....

It is easily checked that lim;_, f7 5 f for any f € S’. Moreover, f7 is an entire analytic

function of exponential type. Hence, the product f7 - ¢/ makes sense for any j and any

f,g €S We define
(2.2.2) frg = limf/.g
j—oo

whenever this limit exists. Note that

L 4
frg = Jim (Z fj) <Z gk>
=0 k=0
oo k41

=3 294> Hd" Y Y fugs
=2 P

=S+ o+ (fe)  (put g, =0).

The advantage of such a decomposition is based on

(2.2.3) supp F (f*2gr) € {€:3-2F3 <lgl <1123
and
k+1
(2.2.4) supp F (D frg) C {€: €] 9.2}
j=k—1

Remark 2.2.1.  Recall the Fatou property of the underlying spaces. Let A;, denote
either Bs, or 5 . If {f7 ¢’}; is a Cauchy sequence in S’ with limit % and if

sup [| /7 ¢’ |4 [ = A < o0
J

then it follows h € A5, and ||h|4; || < c A, where ¢ is independent of f and g, cf. [7].
Remark 2.2.2. The operator

M. g — > [y

Jj=2



is called paramultiplication operator. Estimates for this operator are the heart of several
contributions to the problem of pointwise multiplication [24, 14, 30, 31, 32, 20, 21]. Fur-
ther they are of importance in microlocal analysis and in the theory of Calderon-Zygmund

singular integral operators [3, 16, 30, 31, 32].

The essence of the needed estimates are formulated in the following proposition, where

we make use of the abbreviation h., = L

Proposition 2.2.1.  Let0<p; <00, 0<py <00, 1/p=1/p1+1/ps and 0 < q < 0.
(i) Let0<p<oo. Then

1/q

o0 1/q 00
225) | (X1 [ (0] OF) 150 < ellnll | (32 [0OF) izl

where ¢ is independent of f and g (usual modification if ¢ = 00).

(i) Let 0 <p<oo. Then

_ 17
(2.2.6) W[w@:ﬁ]!M<CMXZWMMMWMMN

ifp>1and

1<5<

o 1/p
- " n(l—
|v[m6:fﬂruwcmw<2%“mmmmw%wmm)
(=—2

if p < 1, where ¢ is independent of f, g and k € Ny, (put f. =g, =0 ifr <0).
(ii)  Let0<p<ooands>n(;—1);. Then
ks | e "
lsup 2|7 [0 52" (£.9)] O] Ly

< ¢ max |[sup 2% [ fi] [Ly, | || sup 27 guss| | Ly,
—-1<5<1 k k

where ¢ 1s independent of f and g.

Remark 2.2.3. In the scalar case of (i), given by

I ok P2 ) C) 1Epll < el gl ma (g Ll

~1<5<1
also p = oo is admissible. Part (iii) is taken from [30], Theorem 3.7, complemented by
the use of the Hélder inequality with respect to 1/p = 1/p; 4+ 1/ps. Proofs of (i) and (ii)

will be given in Subsection 5.5.



3 Sharp embeddings

3.1 Embeddings with constant smoothness

Here “C” stands for continuous embedding. Recall that all spaces are defined on R™.

Theorem 3.1.1. (i) Lets€eR,0<p<00,0<q¢g<00,0<u<o0andd<v< 0.
Then
(3.1.1) B, CF, C B,

if and only if

(3.1.2) 0 <wu <min(p,q) and max(p,q) <v < 0.

(ii)) Let0<u<ooand0<v <oo. Then
(3.1.3) B),C L CB,

if and only if

O<u<l and v=o0.

(iii) Let 0 <u < oo. Then
(3.1.4) R, C L

if and only if

0<u<2.

Furthermore

(3.1.5) L ¢ FY .
(iv) Let0<u<ooand0<v<oo. Then
(3.1.6) B2, C Ly C BY,,

if and only iof

O<u<l and v=o0.

Remark 3.1.1. Let C be the space of all complex-valued bounded and uniformly con-
tinuous functions on R” normed in the usual way. In (3.1.6) one can replace Lo, by C.

Remark 3.1.2. By (3.1.1) we know F}  C B} . The assertion (3.1.5) shows that the

9



second inequality in (3.1.3) can not improved by replacing BY , by F7 .

Remark 3.1.3. The “if”-parts of the theorem are known, see [24], Proposition 2.3.2/2,
p.47, Proposition 2.5.7, p.89 and Theorem 2.5.8/1, p.92. In other words, we have to com-
plement these known assertions by the “only if”-parts and the proof of (3.1.5) .

3.2 Embeddings with constant differential dimension

Recall that s — n/p is called the differential dimension both of By and F, . It is a
characteristic number which plays a crucial role in the theory of these spaces, see, for

instance, Fig.1 and the accompanying remarks.

Theorem 3.2.1. (i) Let0<py<p<p <00, s€R,

n n
So— — =8— — =8 — —,
Po p P1

S

0<g<oo,0<u<ooand<v<oo. Then

(3.2.1) By, CF, C B

piv

of and only iof
(3.2.2) O<u<p<wv<oo

(ii)) Let0<p<p <oo,s€ER,

(3.2.3) S—— = ——
p P1

and 0 < g < oo. Then

(3.2.4) F;OO - F;llq.

(i)  Let0<p<1and0<q<oo. Then

n(i-1)
(3.2.5) By Ly

if and only iof
0<qg< 1

10



Remark 3.2.1. The “if”-part of (i) is due to Jawerth and Franke, see [10, 7], [24], p.131
and [25], p.191. Furthermore, (ii) is mentioned here for the sake of completeness, see [24],
Theorem 2.7.1, p.129. Of course, by the monotonicity of the Fy -spaces, oo in (3.2.4)
can be replaced by any positive number. As mentioned in the introduction, embeddings
in L; and L., deserve special attention. The L.,-counterpart of (3.2.5) will be described

in the next subsection.

3.3 Embeddings in L, and in L
The space C' has been defined in Remark 3.1.1.

Theorem 3.3.1. (i) Lets€ R, 0<p<oo and0 < g <oo. Then the following three
assertions are equivalent :

(a) Fy, C Lo,

(b) F,, CC,

(¢) eithers>ﬁors:ﬁand0<p§1.
p p

(ii)) Lets € R, 0<p<ooand0 < q<oco. Then the following three assertions are

equivalent :
(a) By, C L,
(b) B, CC,
(3.3.1) (¢) either s > Z ors = Z and 0 < ¢ <1

Remark 3.3.1. This theorem is known. We incorporate it both for sake of completeness
and because it will be of great service later on in this paper. A proof of (i) may be found
[7]. As far as (ii) is concerned we refer to [23], Theorem 1, p.133, see also [24], 2.8.3, p.146
and [25], 2.8.3, p.211 .

Remark 3.3.2. Let A} either B, or Fj . Then A is called a multiplication algebra
if

A, A, o,
where the multiplication of two distributions is given by (2.2.2). Part (i) of the theorem

can be complemented by

(d) F,. is a multiplication algebra.

11



A corresponding assertion for B is only “almost” true. More precisely : B, is a

multiplication algebra if and only if

(d) either s > with 0<p<oo

or s= with 0<p<oo and0<q< 1.

TIS 3

This assertion differs from (3.3.1) by the case s = 0, p = co. We refer to [7] and [23], see
also [24], 2.8.3 (with the indicated correction as far as the case s = 0, p = oo is concerned)
and [20], p.56 . The case Bgoq will be established in Remark 4.3.5 in the indicated way :
It is not a multiplication algebra. Although the study of multiplication algebras fits quite
well in the framework of our paper we shall not stress this point in the sequel. We are
mostly interested in multiplication with essentially unbounded function.

Of course, L¢ stands for the collection of all complex-valued functions which are locally

integrable in R™ . It is interpreted here as the set of all regular distributions on R"™ .

Theorem 3.3.2. (1) Lets€ R, 0<p< oo and 0 < q < oo. Then the following two

assertions (i1) and (iy) are equivalent :

() 3 C Ll

1
(3.3.2) (12) either 0<p<l1, s>n(--1), 0<q<o0,
p

or 1<p<oo, 5>0, 0<q< o0,

(3.3.3) or 1<p<oo, s=0, 0<qg<2

(ii)) Lets€R,0<p<ooand0 < q<oo. Then the following two assertions (ii1) and
(1i9) are equivalent :
(ii1) By, C LY*

.. . 1
(11) either 0 <p<oo, s>n(-—1),, 0<qg<oo,
p

1
or 0<p<1l, s=n(--1), 0<qg<l,
p

(3.3.4) or 1<p<oo, s=0, 0<gq<min(p,?2).

12



Remark 3.3.3. Ifs > n(% —1), then it is well-known that B, and F};, consist of regular
distributions. In other words, the interesting part of the theorem is the final classification

what happens in the limiting case s = n(% —1),.

We compare the above theorem with the sharp embeddings described in Subsections 3.1

and 3.2. The case p = oo plays a special role. Without going in details we mention
(3.3.5) B2, C F2, = bmo,

see [24], pp.37, 50, 93 for definitions and explanations. As far as the spaces FOOM are

concerned we refer also to [14, 8].

Corollary 3.3.1. (i) Lets€R,0<p<ooand(0<q<oo. Let Ay, be either B,
or F. . Then the following two assertions (i1) and (iz) are equivalent :
(i1) As, C LY
(3.3.6) (i2) AS, C Ly with p=max(1,p).
(ii) Lets € R and 0 < q¢ < oo. Then the following two assertions (iiy) and (iiy) are
equivalent :
(ii1) B3, C LY
(3.3.7) (1i2) B, C bmo.
Proof. Part (ii) is covered by (3.3.5) and the above theorem, especially (3.3.4). The

F-case of part (i) related to (3.3.2) follows from (3.2.4), (3.2.3) and (3.1.3) :

n(L-1)
The F-case related to (3.3.3) is clear since F), = Ly, 1 < p < 0o and
(3.3.8) FYy=h C L.

The B-case of part (i) follows immediately from the above theorem, (3.2.5), (3.1.1) and
(3.38). W

13



Remark 3.3.4. Let again Aj, be either B, or FJ and let
(3.3.9) AS, C Ly
Let 1 be a C*°-function with ¢ (x) = 0 near the origin and ¥ (y) = 1 if, say, |y| > 1. Let

& ,
mff(@] 6

be the inhomogeneous Riesz transforms, j = 1,...,n. Recall that the (inhomogeneous)

rjr f—F [w(é)

Hardy spaces h; = FﬂQ can also be characterized as the collection of all f € L; with

rif € Liif j =1,...,n, see [24], pp.93/94. Since r; A5 C A’ we can improve (3.3.9) by
A C .

In other words, if p = 1 then (3.3.6) can be strengthened by
A3, C ha.

Now (3.3.7) looks a little bit more natural since bmo = h/.
Remark 3.3.5. For better reference we formulate one consequence of Theorem 3.1.1,
Theorem 3.2.1, Theorem 3.3.2, Remark 2.1.1 (first item) and (3.3.8) once again. Let

s>0,0<p<ocand 0<qg<oo. If

1 1 s
1>-=-—-—>0.
r o p n
then holds
By, C L,
if and only if
0<qg<r.

A corresponding assertion for F holds without restrictions on g.

4 Holder inequalities

4.1 Necessary conditions for s and p

Let s e R,0<p <00, 0<pp <00, 0<p<o0, 0<q <00,0< g < o0 and

0 < g < 0o. We ask under which conditions

(4.1.1) B, B, C B

p1gq1 p2g2

14



and

(4.1.2) F*

p1q1

FS

Pp2q2

c E;

pq’

hold, where in case of (4.1.2) we assume, in addition, p; # 0o, ps # 0o and p # 0.

Theorem 4.1.1.  If either (4.1.1) or (4.1.2) hold under the indicated general conditions

for the parameters then

1 1 1 1 1
(4.13) max(—, 1)<t L
P1 P2 p P1 D2
1
4.1.4 2s >n(—+ — —1),,
( ) (pl b2 )+
and
1 1 1
(4.1.5) s>n(—+——-).

Remark 4.1.1. Of course, (4.1.5) can be rewritten as

n n n
§——=<8——+85——.
p b1 D2

is the differential dimension both of B;q and F;’q )

(4.1.6)

Recall that s — % In other words, the
differential dimension of the target spaces in (4.1.1) or (4.1.2) has to be less than or equal
to the sum of the differential dimension of the spaces on the left-hand sides of (4.1.1) and
(4.1.2). In the Figures 3a and 3b we summarized the above restrictions in dependence on

1 1 1 1 .
whether PRI 1or ot > 1. If one compares Figures 1,

- 1
- ’ =n(i-1
n s=n
Szfll ’ (p )
p, ’
" ,
,IA ,I
- ,/I /
P ,
— o A-d-ote '
n S A1 1 11
§==/1 VAN s=n(+4+L-1)
p ! AN A | | — ‘P1 P2 P
’ — A AT A
\,IL_4 - FAA Ay
7y A\ —— A
St S S S
S pm====2=3--F v )
A IIN A A szg(i+ifl)
A AN EY] B — 1 101 A A A [ /\ | P1 P2
/AN s=n(=—+-——2) 2 A B A N |
AT —_— Pl P2 P /A A Y A T /N |
/ fr N _ / / / ] 1 / \ ]
A A A N T ’ \
Y A A A , v
A ) 2 A ] ’ \
’ /,f ! A ) [ / \ !
A | B A (. ’ !
/110 | A Ay | | W
666 ® - & e e 6 6 e &
S S Liloq 1 1 11 1 1 1,1 1
L T2 7T P1 P2 P1 P2 P re r2 or p1 p2 p1 p2 p
3 1 1 1 .
Fig. 3a =t Fig. 3b

3a and 3b then we are mainly interested in those cases, where we have equality in (4.1.5)

and (4.1.6). This corresponds to the heavy lines in Figures 3a and 3b and in that case

15



(4.1.6) is identical with 1 = % + % in Fig.1 . The limiting cases (1.1.7) correspond to the
points A and B in Figures 3a and 3b, respectively. However in the final Subsection 4.4

we sketch briefly what happens inside of the shaded regions.

4.2 The main results

Recall that all the spaces are defined on R"™ . Furthermore, the Holder inequalities we
are looking for are characterized by the situation sketched in Fig.1 and indicated by the
heavy lines in Figures 3a and 3b. There is a significant difference between B-spaces and
F-spaces acting as pointwise multiplier spaces which can be clearly seen by the theorem

below and which will be prepared by the following proposition.

Proposition 4.2.1. Lets € R, 0 <p; <00, 0 < ps <00, 0<p<o0, 0<q <
00, 0 < ge <00 and0 < q<oo. Let
1 1 1 1 1
(4.2.1) =250, and —+ ="
T  p1 n P2 T1 P
Let independently

A? be either B? or F?

P2a2 P22 p2a2
and

AS, be either By, or Fj.
If
(4.2.2) By A C A
then
(4.2.3) G <711

Remark 4.2.1.  If one replaces the pointwise multiplier space By , by Fj  then the

restriction of type (4.2.3) simply does not occur, see the theorem below. As far as r is
concerned we refer to Fig.1. If 5 and r are defined in a similar way, then the second part

of (4.2.1) can be reformulated as

1 1 1

- )

T (&} T2
which coincides with Figures 1, 3a and 3b. However it is not assumed that the involved

spaces are characterized by the points within D, where D is given by (1.1.6).
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Theorem 4.2.1. Lets>0,0<p; <00, 0<pr <00, 0<p<oo, 0<q <00, 0<

g2 <00 and 0 < g < oco. Let

(4.2.4) :lzpll—;;>o, é:pi-jko and 7}1+7}2:i:;_2<1
(i)  Then holds

(4.2.5) B, B, C B,

if and only if

(4.2.6) O<q <7, 0<q@<ry and oo >q>max(q,q).

(i)  Then holds

(4.2.7) P, FL. C

if and only if

(4.2.8) 00 > ¢ > max(qi, ¢2).

Remark 4.2.2. Both (4.2.5) and (4.2.7) are the Holder inequalities in the distinguished
strip D in (1.1.6) we are looking for. The situation described in Fig.1 is the same as in
(4.2.4). Compared with Figures 3a and 3b condition (4.2.4) corresponds to the heavy
lines where the endpoints A and B are excluded. Furthermore, (4.2.4) is connected with
embeddings with constant differential dimensions, see Theorem 3.2.1 and the broken lines
in the Figures 3a and 3b ending at 1/ry, 1/r5, and 1/r.

Remark 4.2.3. One can try to mix B-spaces and F-spaces in (4.2.5) and (4.2.7). We

do not go into detail. By the above proposition it is quite clear what can be expected.

4.3 Two limiting cases

We discuss two limiting cases connected with the point A, Figures 3a and 3b and point

B in Fig.3a.

First we assume s = n/p;. In agreement with (4.2.1) we have
rr=o00 and py=p.

However it comes out that (4.2.3) is no longer the natural condition. In contrast to

Proposition 4.2.1 we have now to handle the B-spaces and the F-spaces separately.
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Proposition 4.3.1. (i) Let0<p; <00, 0<p<o0, 0<q <00, 0<qgs <00 and

0<q<oo. Let

(4.3.1) s = ;.

If

(4.3.2) B, B, CB,
then

(4.3.3) ¢ <1

(ii) Let0<pr <00, 0<p<o0,0<q <00,0<q <00 and0<q<oo. Lets be
given by (4.3.1). If

(434) Fpslql F;qQ C F;q
then
(4.3.5) p < 1.

Proof. If (4.3.2) holds then it follows by the same arguments as in [7], pp.38/39,
B3 . C L. Similarly if (4.3.4) holds then we have necessarily F?* =~ C L. Now (4.3.3),

p1g1 Piqa

respectively (4.3.5) follow immediately from Theorem 3.3.1. W

Theorem 4.3.1. Let 0 < p; < 00,0 < p <00, 0< ¢ <00,0< g < o0 and
0<qg<oo. Let
1 s 1

s:ﬁ and 0< —— —=—-< 1.
D1 b n r

(i)  Then holds
BS,. By C B,

p1q1 " Pq2

if and only if

0<1<1,0<q@p<r and oo >q>max(q,qs).

(i)  Then holds
FS o Fo, CF

p1q1 ~ Pq2

of and only iof

0<pi <1 and oo >q > max(q,qe).
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Remark 4.3.1. This theorem is connected with the points A in the Figures 3a and
3b. The formulation is chosen in such a way that it can be compared immediately with
Theorem 4.2.1. Instead of (4.2.6) with the expected 0 < ¢; < oo we have now 0 < ¢ < 1,

and (4.2.8) must now be complemented by 0 < p; < 1.

The second limiting case is connected with the point B in Fig.3a, that means with

1 1 1
s=0 and - =—+—<1.
b pP1 D2

Theorem 4.3.2. Let0< ¢ <00, 0< g <00 and 0 < g <oo. Let

11 1
= — 4+ <1

I1<p1<oo, 1<py<oo, and -
p D1 P2

Let independently

0 - 0 0
Ap1q1 be either Bp1Q1 or Fplql,

A be either B° or F©

P2q2 P2q2 p2q2

and

0 : 0 0
Ay, be either B, or F
(we assume A% = BY if py = o00). Then holds

P1q1 pr1q1

(4.3.6) A0 AC o AD

P1q1 P2q2

if and only if

(4.3.7) A) o C Ly, A, CLy, and L,C A,

Remark 4.3.2. We compare the above assertion with the classical Holder inequality
L, L, CL,.

Then the Theorem 4.3.1 states that, within the scales B, and F};, with s = 0, the classical

Holder inequality is not improvable.

As a consequence of Theorem 4.3.2, Theorem 3.1.1 and ng = L,, 1 < p < 0o, we obtain

the following corollary.
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Corollary 4.3.1. Let 0 < g <00, 0 < gy <00 and 0 < g < oo.
Let
1 1 1

l<pi<oo, 1<py<oo, and —-=—+—<1.
p P1 D2

(i)  Then holds
0 0 0
B, B, C B

p1q1 p2q2

if and only if
¢ <min(p1,2), ¢ <min(py,2) and ¢ > max(p,2).

(i)  Then holds
0 70 0
(4.3.8) ) o Foogw C Iy

P1q1 ~ p2q2
if and only if

<2 @<2 and q>2.

Remark 4.3.3. Incase 1 <p; <oo, 1 <py<ooand1l/p=1/p;+1/ps =1 Theorem
4.3.2 yields :  there do not exist ¢i, g2 and ¢ such that (4.3.8) holds. This follows from
(3.1.5).

Remark 4.3.4. Of special interest is also the situation in case p; = co. Let 1 < p <

00, 0 < ¢y <ooand 0 < ¢ <oo. By (4.3.7) and Theorem 3.1.1 we have

0 0 0
(4.3.9) B, BY C BY,

©0q1

if and only if
0<q <1 and p=g¢=2 (that means B, = L,.)

and
0 0 0
B qu C qu

00q1

if and only if
0<q <1, 1<p<oo and ¢=2 (that means F),=L,).

p

Hence, with the obvious exception of L, the space Lo, is not contained in the set of point-

wise multipliers of these spaces, which was proved earlier by [8]. (4.3.9) improves also
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some results of Bourdaud [4].

Not as a consequence of Theorem 4.3.2 but as a consequence of the proof of this theorem
one obtains the following corollary. Here by, denotes the closure of S in B, , equipped

with the same quasi-norm as B, .
Corollary 4.3.2. Let 0<q; <00, 0< g <0 and 0 < g < oo. Then holds

0 0 0
by Woqs © 0,

00q1 T 00q2

of and only iof

Do C Loor by, € Loo  and Lo C b2,

0oq1 00q2

Remark 4.3.5. Because of bgoq # L., one consequence of the corollary is the fact that
bgoq is not a multiplication algebra, c¢f. Remark 3.3.2. But this implies that also Bgoq can

not be an algebra with respect to pointwise multiplication.

4.4 Further results

We complement our previous considerations by collecting some further results, mostly
connected with the shaded areas in the Figures 3a and 3b. We refer also to Subsections 3.3
and 4.3, where we characterized the conditions under which B or FJ are multiplication

algebras.

Theorem 4.4.1. Let 0 < p; < 00,0 < py <00, 0 < ¢ < 00,0 < g2 < 00 and

0<q<oo. Let (s, %) be a point in the interior of the shaded areas in Figures 3a and 3b,

that means
1 1 1 1 1
(4.4.1) max(—, —) < - < — 4 —,
pP1 P2 p P11 P2
(4.4.2) 25 > (1 + L 1)
4. s>n(—+— — ,
D1 P2 *
and
1 1 1
4.4.3 s>n(—+ ———).
( ) (p1 D2 p>
Then holds
(444) B;ﬂh B1572!12 - B;q
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if and only if

(4.4.5) q > max(qi, g2)
and
(446) F;lql F;2q2 C F;q

if and only if
(4.4.7) q > max(qi, g2)-

In case of the B-spaces p; = 0o and py = 0o are admitted in (4.4.4).

Remark 4.4.1. We used the same notations as in Theorem 4.2.1 and it is immediately
clear that the above assertion complements that theorem, where we are now not restricted
to the strip D. The necessity of (4.4.5), resp. (4.4.7), is proved in [7].

Remark 4.4.2. The above theorem has a lot of forerunners. Without going into detail
we refer to [1], [2], [7], [9], [12], [13], [14], [15], [17], [20], [21], [22], [23], [24], [29], [30],
[31], [32], [33], [34].

Remark 4.4.3. Again let us cast a look on the Figures 3a and 3b. The results given
so far answer the question of the existence of inequalities of type (4.4.4) and (4.4.6) in
the interior of the shaded area (yes) and partly also on the boundary. Whereas on the
vertical lines the answer is again yes in any case, except maybe the points A and B itself
(these claims can be proved by suitable modifications of the proof of the above theorem
given in 5.7, cf. Remark 5.7.1) the answer on the horizontal line 2s = n(pi1 + p% — 1) may
be yes or no. A partly positive answer for the existence of (4.4.6) on this line is given by
[7]. A negative answer for the existence of (4.4.4) one obtains in case 1/¢; + 1/¢2 < 1 by
replacing the simple counterexample used in proof of (4.1.4) by a more sophisticated one,

cf. [11] or [18, Lemma 4.3.1/3].

5 Proofs

5.1 Proofs of the assertions in Subsection 3.1

Proof of Theorem 3.1.1. Step 1. Proofs of the “if”-parts of (i), (ii) and (iv) may be
found in [24], Proposition 2.3.2/2, p.46 and Proposition 2.5.7, p.89. The “if”-part of (iii)

is an immediate consequence of the identity FR2 = hy, cf. [24], Theorem 1, p.92. So in
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what follows we restrict ourselves to the “only if”-parts and to the proof of (3.1.5). W
Step 2. (Proof of (3.1.1)). First note that it will be sufficient to prove (3.1.1) in case
of a fixed s. By well-known lifting properties (cf. [24], Theorem 2.3.8, p.58) it can be
extended to arbitrary s afterwards.

Substep 2.1 . Let ¢» € S such that
7
(5.1.1) supp Fip C {€ : & <0, Z§|§\§2}.
For given complex numbers a; and e = (1,0,...,0) we put
) — Z ajei/\j<e,x> w(x)
=3

Then
E (F)(€ — Aje).

Choose \; =27 — 2, j =3,4,..., we arrive at

F oy Ff)(x) = a 5<% (),

where we have used (2.1.3), (2.1.4) and (5.1.1). Consequently we have

. 1/q
11 Fpll = ¢ (Z !aj\q)
=3

1/u
1f1Bpull = ¢ (g !ajlu) :

The monotonicity of the /,-norms gives

and

(5.1.2) u<qg<ow.

Substep 2.2 . We wish to prove the counterpart of (5.1.2) with p instead of ¢. For this
purpose we use local means, cf. [26], 1.8.4 and 2.5.3. Let ko, k° € S such that

supp ko C {y : |yl <1}, supp &" C {y : |yl <1}, Fho(0) #0, F&°(0) #0.

Define

k) = AV (Z ) ©)
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with V€ N. We introduce the local means by

(5.1.3) k(t, f)(z) :/k(y)f(x+ty) dy, t>0,

and similarly ko(t, f). Recall, for N large enough we have

0 1/u
(5.1.4)  [[fIBLl =~ Hko(l,f)(')\LpHJr(Z Qms“Hk(?m,f)(')\LpH“) -

m=1
Let ¢ € S be non-trivial with a compact support near the origin. Let ¢ be an integer,

then we have

K2, AYp) (@) = [ ANK(y) (AVe) (@ +2'y) dy
_ 92N /ko ) (AN ) (x + 2%y) dy = 272N /AQNkO(y) oz + 2%) dy.
In other words, we have

(5.1.5) k(25 ANp)(z)| < ey 272N teZ, NeN

and similarly

(5.1.6) ko (25, ANp) (2)| < ey 272N, ¢ eN,, N eN.
Now we put
(5.1.7) = > a; (ANp)(2(z — 27)),
7=0
with a; € C and, say, =/ = ¢(4,0,...,0) where ¢ > 0 is a suitable positive number. We

insert f in (5.1.3) and calculate
(5.1.8) B2, )OI Lp|I” = Z Ja[PI1R(27™, (AN ) (27(- = 27)))|L, |1,
7=0
where we used the construction of the local means and the fact, that the supports of the
terms of f have a sufficiently large distance from each other. For the term with j = m € N

we have

(5.1.9) 1627, (AYp)(2™ - —27a™))|Ly||P = 27" [|k(1, Ag)|Ly I,

where we may assume that the last factor on the right-hand side is positive. Of course
we have an obvious counterpart of (5.1.8) with ky(1, f) instead of £(27™, f) and of (5.1.9)
for the term 7 = m = 0. Hence, by (5.1.4) we have

mn

(5.1.10) B = e 3 2727 4"

m=0
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for some ¢ > 0. To prove the converse estimate we apply (5.1.5) with £ = j — m to the
corresponding term in (5.1.8), and (5.1.6) with ¢ = j to the ko-counterpart of (5.1.8). For
sake of convinience we put a; =0, for —j € N. Then (5.1.5) and (5.1.8) yield

k2™, F)L )P < ¢ 3|27 % ay|p 22N li-mlp

j
! —Z o po—ali-mlp ! =2 [uo—alji—m|u v/
< sup 2”7 a,P2 <Y (127 P a2
J J

for 0 < a < 2N and appropriate ¢ > 0 and ¢ > 0. We choose N and afterwards «
sufficiently large such that
(5.1.11) 2ms|[](27™ F)()| Lyt < ¢S 20 |27 gy 2 Alimmlu
J
with = a —|s| > 0. Now we insert (5.1.11) and its kg-counterpart in (5.1.4), change the

order of summation and arrive at the converse of (5.1.10). Hence we have
(5.1.12) £ B, ||" ~ i:jo 2|27 )"
On the other hand, by the localization property of F, (cf. [26], 2.4.7) we have
(5.1.13) [F1E P~ i) Ja P [(AY ) (27 - —272) |y |17

o

To estimate the last factors we use the counterpart of (5.1.4) for the F;, -space, see again

26], 2.4.6 . By (5.1.5), (5.1.6) and the same technique as above we have
(AN )@ - —27a) [ | ~ 20,

We insert this result in (5.1.13) and arrive at

(5.1.14) || F5|IP =~ io 2P (275" P

Now (3.1.1), (5.1.12) and (5.1.14) yield
u<p<uw.

Together with (5.1.2) this proves (3.1.2). W
Step 3. (Proof of (3.1.6)). Taking the characteristic function yq of the cube @ = {z :

lzg| <1, ¢=1,...,n} it is well-known that
(5.1.15) Xq € BY, <= q=o0, cf. [23], pp. 142-145.
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There the one-dimensional case is treated only but the general result can be deduced by
using some tensorproduct arguments. From the equivalence (5.1.15) it follows v = oc.
The remaining implication

B, CL, = u<l
can be derived from the existence of essentially unbounded functions in B2, u > 1 (cf.
23], pp. 134/135). This proves (3.1.6). M
Step 4. (Proof of (3.1.3)). The proof of (3.1.3) (“only if”-part) can be reduced to (3.1.6)

by using duality arguments. Suppose
B, CLic B}, forsome 1<u<oo and/or v < oo

then this would imply (cf. [24], 2.11.2, p.178)

1 1 1 1
Bgov/CLOOCBgou/7 *‘i‘*:*‘i‘*:l
u o u v v

This contradicts (3.1.6). Hence, (3.1.3) is proved. W
Step 5. (Proof of (3.1.4)). The proof of Fﬂq ¢ L1, ¢ > 1 we postpone to the proof of the
stronger implication

FRqCLlfC = ¢<2,

cf. Subsection 5.3. W
Step 6. (Proof of (3.1.5)). To prove (3.1.5) we apply again duality arguments. Let f}

be the closure of S in FY . Assume Ly C FY_ we conclude Ly C f} using the density

of S'in Ly. This yields
(5..16) (F.) = Foy C L,

cf. [14]. But this is false since FSOJ contains essentially unbounded functions. This can

be derived from the embedding
(5.1.17) ByP CFY,, 0<p< oo,

cf. again [14] and Theorem 3.3.1. W

Remark 5.1.1. To avoid the technical difficulties occurring in Substep 2.2 one can use

the following elegant argumentation. Let n > 2. If s is large enough then the trace on
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R" ! (~ z, = 0) makes sense. Suppose (3.1.1) then it follows
o1 s1 a1
Bypu" (R"™') C Bpp "(R"™) C By "(R"Y),

cf. [24], Theorem 2.7.2, p.132 . This proves u < p < v, unfortunately in case n > 2 only.

5.2 Proofs of the assertions in Subsection 3.2

Proof of Theorem 3.2.1. Step 1. The proof of (3.2.5) (“only if”-part) will be

postponed to the proof of the stronger implication

n(%—l) loc
Bpq C Ly = q¢<1,

given in Subsection 5.3. The “if”-part of (3.2.5) follows from

n(l_
qu(p Ve R

1,9

see [24], Theorem 2.7.1, and (3.1.3). Furthermore as pointed out in Remark 3.2.1 both
(i) and the “if”-part of (i) are known. W

Step 2. (Proof of the “only if”-part of (3.2.1)). Let f be given by (5.1.7). We put
b; = 2j(s_%)aj. Since s —n/p = so — n/py = s1 —n/p; we find by (5.1.12) and (5.1.14)

oo o0
LByl = Dol MABLIT = > byl
j=0 j=0

and
IFIE P = > o
=0

Then (3.2.1) impliesu <pandp<v. W

5.3 Proofs of the assertions in Subsection 3.3

Proof of Theorem 3.3.2. Step 1. The implications (i2) — (i1) and (iiy) — (iiy) are

known and follow directly from the sharper embedding

B;q C Lﬁv F;fq - Lﬁ? p= maX(lap)a
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(Theorem 3.1.1, Theorem 3.2.1, Remark 2.1.1 and the proof of Corollary 3.3.1). I
Step 2. Let p <1 and s =n(1/p —1). We shall prove

n(%—l)

(5.3.1) Bp? CL¥ = ¢<1.

Let ¢ be a non-vanishing C*° function with support near to origin and Fp(0) = 0. Let

(5.3.2) F=YN2"p@z—2), 2/ eR" 2! <1,
§=0

where we assumed that the functions ¢(27z — 27) have disjoints supports. Then (5.3.2) is

an atomic representation of f with

1/q
n(1-1) >
(5.3.3) [ f1Bp" || <c (Z |/\j‘q> < 0,
=0
see [8] or [26], 1.9.2 . On the other hand we have
M . ‘ A M
(5.3.4) IS A2 (@ =) L] =3 Agl, e A0,
=0 =0

If 1 < ¢ < oo, then we find numbers \; with (5.3.3) such that (5.3.4) diverges. Hence f
does not belong to Ly. This proves (5.3.1). W
Step 3. Let 1 < p < oco. We shall prove

Fz?q cLl* — g¢<2

Assume ¢ > 2. For technical reasons we switch temporarily to the one-dimensional
periodic case. Let T' be the 1-torus. Let {ax}r & lo. Immediately it follows:

(i) The lacunary series > ax €' belongs to FS (T*) if and only if {ax}y € I, (cf. [19],
3.5.1, 6.4.2).

(i)  f & L1(T"), hence is not a regular distribution on the 1-torus (cf. [6], 15.3.1 and
15.3.2).

This yields the result in the one-dimensional periodic case. The same argumentation

works in the general non-periodic case if we start with

g(ﬁ):f(%)'x(x)a x:(acl,...,xn).

Here x denotes a compactly supported C* function in R™ which is identically 1 in the

cube [—7, 7]". One can prove this claim by using the characterization of F;, spaces via
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local means with kernels having a product structure, cf. [26], 1.8.4. N
Step 4. Let 1 < p < oco. The same machinery as in the preceding step can be applied to
prove

B cI* — g<2 M

Step 5. Let 1 < p < oco. It remains to check
(5.3.5) By, cL* = 0<q<p.

We shall prove the existence of a singular distribution in ng, 1<p<q<oo.
Substep 5.1. Preparations. Let f be a smooth function, non-trivial, supported around
the origin and |f(x)| <1, [ f(x)dz =0. Let 0 > 1. Define
J
Ko = 0, k; =Y {H(log(l+1))~°
=1

Since o > 1 there exists a real number x with xK; — & if j — o0o. Further we put
Ri={z=(x1,....,0,) : Kjo1 <21 <kK;, 0<z, <1, {=2,...,n},

j=1,2,....
Next we subdivide R; in N; = 2/("=1)[2757 (log(j + 1)) 7] (| ] denotes the integer part)
cubes of side-length 277, centered at z7".

Substep 5.2. The announced singular distribution is given by
= Z Z log(j +1))7 f(27* (z — 277)).
j=1 r=1

To see this, first note, that 2/"/? f(2971(z — 297)) is an atom. More exactly, it is an
(Qjr,0,p)-atom (cf. [26], p.62), where Q;, is an appropriate cube with volume ~ 277"
and located around z7". Using the characterization of Besov spaces via atoms, due to

Frazier and Jawerth (cf. [26], Theorem 1.9.2, p.63) we obtain

7j=1

q/p
lg|B, ||‘1<CZ2 759 (log(j + 1))° (Z 1)

(e}
<e > T (log(j+ 1) < oo
j=1
since ¢ > p. Hence,

(5.3.6) geB), if 1<p<q<oo.
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By construction g has compact support. Furthermore

o

[ lsta |da:—Z/ Dlde Y- (loglj + 1)) R =3 7' = oo

J=1
Hence,

(5.3.7) g ¢ L.

The formulas (5.3.6) and (5.3.7) prove that g has the required properties, which gives
(5.3.5). N

5.4 Proofs of the assertions in Subsection 4.1

Proof of Theorem 4.1.1.  Step 1. (Proof of (4.1.3). The right-hand side of this
inequality was proved in [20], p.51. We prove the left-hand side and assume that (4.1.1)
holds. Then we have

(5.4.1) 1Bl < cllf1Bpyq i

for all f € B with a compact support, say, in the unit cube. Assume that f is non-

p1Q1

trivial and smooth and that

/xﬁf(x)dx:() for |B| < L.

If L is sufficiently large then 2705~ f(2iz) are atoms in By, see [26], 1.9.2. Then we
have

1£(2)1Bl ~ 2.

Similarly for By . . Then (5.4.1) yields 1/p; < 1/p. By (3.1.1) the assumption that (4.1.2)
holds yields a corresponding assertion of type (4.1.1). Hence we have again 1/p; < 1/p.
u

Step 2. (Proof of 4.1.4). The necessity of s > 0 is proved in [7]. So it remains to check
2s > n/p; +n/p2 —n. Let ¢, be the functions defined in (2.1.2). Consider the sequences

(542)  Hy@) =27 Flpi(a), Gyla) =272 Flpy(a), j=1,....

Obviously,
(5.4.3) \|H;|B;

H ~ 2j(28—(a1+a2)+2n—a—£)

G518,

p1q1 p2q2
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Let us assume 2s < n/p; +n/py —n. Then we may choose a; + ay < n such that

(5.4.4) 25 — (a1 +az) + 20— — — L =y,
pP1 P2

Next we consider the sequence (G, - H;)(¢), where ¢ is taken from S. We find
(G5 H)(@) = [ Gs(@) Hy(a) () da

= 27/(ertea) 22jn//901(7') p1(§ — 7) dr Fp(2€) dé.

We choose ¢ such that Fo >0, £ € R" and Fp(§) =1, |£| < 1. Then it follows
(G- Hy)(p)| = c2/n(ertes)

for some appropriate positive constant c. From the continuous embedding B,, C 5" (cf.
[24], Theorem 2.3.2, p.48) and (5.4.3), (5.4.4) we obtain a contradiction to (4.1.1). Since
(5.4.3) remains true if we replace the B-spaces by the F-spaces the same argumentation
works also in this case. W

Step 3. (Proof of (4.1.5)). Again we can make use of the sequences defined in (5.4.2).

Now it will be sufficient to take vy = a9 = 0. Observe that
(5.4.5) IG; - Hy| By || > 27 | F 7 s F(F ;- Flop)](2) Lyl

> 20022 2P| F o (i1 % 1)) (@) | L |-

Comparing (5.4.5) with (5.4.3) the necessity of (4.1.5) in case (4.1.1) follows. As in the

preceding step the same proof can be taken over to the case of the F-spaces. W

Remark 5.4.1. Let Azanl denote either B;lqlor F;lql and similar Afnqz and A‘;q. Without

any changes the above proof can be taken over to the more general problem whether

(5.4.6) As g As L C A,

P1q1 " "p2q2

holds or not. Then as above from (5.4.6) the necessity of (4.1.3)-(4.1.5) will follow.
Remark 5.4.2. There is a difference between (4.1.4) and (4.1.5). Whereas (4.1.5) is
necessary to keep the product in B, (4.1.4) saves the membership of the product to 5.

poo?
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5.5 Proofs of the assertions in Subsection 4.2

Proof of Proposition 4.2.1. For sake of simplicity we always assume n = 1. Otherwise
one has to modify the following in an obvious way.

Step 1. Preparations. We construct a smooth counterpart of Rademacher functions. To
this end, let gg be a C'*™ function supported near 1 and identical 1 in a certain neighbour-
hood of 1. Then we put g1(x) = go(x) — 0o(z — 1). Consequently [ o;(z)dx = 0. Next

we define gs(x) = p1(x) — o1(x — 2). This function g, has now two vanishing moments

/Qz(x)deO, /x@z(x)dxzfa:gl(x)dx—/(:1:—2) o1(x — 2)dx = 0.

Iteration of this construction yields a family of functions g, having the following proper-

ties:

supp o C [0,2" + 1],
(5.5.1) |For(€)] < e l€]¥, iflg] <1
and
(5.5.2) [For(§)] < en €], i1 <

for arbitrary K and suitable constants ¢y, cx x. Both k and K are at our disposal.

Step 2. We fix some k£ and denote the corresponding function g5 simply by p. In what
follows we investigate linear combinations of some scaled versions of this function.

Let ¢°(z) = 0(2°x), £ € N. Recall {¢}, }1 denotes the decomposition of unity defined in
(2.1.2) and 9 the function from (2.1.1). Let ® € S be a function with

supp ® C [—4,—-1/2]U[1/2,4] and ®(z)=1 on supp ¢;.

From (5.5.1) and (5.5.2) one derives

(5:5.3) [2() (Fo)@ W3 < w2l
and
(5.5.4) 10() (Fo) (2~ ) Wi < e 270

for any m > 0 and ¢,, does not depend on j € Ny and ¢ € Ny. Here a > 0 is at our

disposal. The Fourier multiplier theorem [24], 1.5.2 and (5.5.3) yield in case j > 0

(55.5) | F s Fol()|Lyll = 27 2| F Lo (€) @(€) Fo(276)] ()| Ly |
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< 2D (Fo) @)W IF Ll < ¢ 272l

where m has to be suffiently large. In case j = 0 one has to apply (5.5.4) instead of (5.5.3)
and obtains

(5.5.6) |7 oo FAOIL N < e27,

Both (5.5.5) and (5.5.6) lead to

(5.5.7) 2* | F s FOLy |l < c27) 970l

which may be assumed to be an equivalence if j = ¢. We introduce
L

(5.5.8) Mo (2) = > o' (x — xy),
=0

where the points x, are chosen such that of(- — x;) have disjoint supports (that is not
important in this step but it will be used later on). Next we wish to calculate ||\*|B; |-

We have
1~ o FAF ()| Ly ™)

> Jag ™ PN F " o F LM =37 Jag P F T [ F o' ()L [
7]

if L > j. Using (5.5.7) this leads to

20 A | iy FAL](2)| Ly 70

> Cl‘aj|min(1,l’) 2]‘(5—%) min(Lp) Co Z |ae|min(1,p)2€(s—%) min(L,p) g—alj—(| min(l,p)7
1]
where ¢; and ¢y are positive constants independent of 7 and ¢. This implies

1
¢ min(1,p,q)

I = min
”)\L|B;q‘|min(1,p74) > Cll <Z 2j(8—%)f1 ’aj‘Q)
=0

1 .
i - min(1,p,q)
o q/min(1,p)\ 4

—6,2 Z

J=0

Z |a€|min(1,p) 2@(5—%) min(1,p) 2—a\€—j\ min(1,p)
i

Choosing a large we may assume that the second term on the right-hand side can be

estimated from above by, say,

c (s 1
51 (Z 94 ( p)q|aj’q)
J
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Then we obtain
L 1/q
. 1
(5.5.9) H)\L|B;q|] > c (Z 2i(s=3)a \aj|q)
§=0
for an appropriate positive constant ¢. The reverse inequality to (5.5.9) can be derived in

a similar way, again based on (5.5.7). Hence we have

I 1/q
(5.5.10) IA“1B | ~ (Z ) mrq)
§=0

and the corresponding constants do not depend on L and the sequences {a;}; and {z,},.
Step 3. Let £ =0,..., L and let j > L. Then we can choose points t", r = 1,...c¢ 2/~ such
that supp ¢’(- —t") C {t : 0°(t) = 1} and the supports of ¢/(- —t") and ¢/(- —t™), r # m
have a mutual distance of at least ¢’277 for some positive numbers ¢ and ¢/. We put
) c21~t
W)= 3 P 1)
r=1
Such functions are studied in [28], for partial results see also [27]. By the Theorem on

p.183 in [28] it follows

4

iz | B, |~ 2775,

p2q2

I~ 1B,

242
Step 4. Of course, the results of Step 3 remains unchanged replacing o by ¢°(- — zf). We

put
L
(5.5.11) 1 () = bepj(x — 2b).
=0
Then all the ingredients have mutually disjoint supports. Moreover, from [28] we know

. . . L ¢ 1/p2
(5.5.12) HMJ|F;2q2|| ~ ||MJ|B;2q2H ~ 0Js (;: |27 72 bg|p2> .
=0

Step 5. We multiply A\* from (5.5.8) with g/ from (5.5.11). By construction
L
1 () N () =3 beag g (z — ).
=0
By (5.5.12) it follows

(5.5.13) e X~ e B3~ 2 (3 1 b
/=0

Step 6. Assume (4.2.2) holds, then by (5.5.13), (5.5.12) and (5.5.10) (with p; instead of
p and ¢; instead of q)

L

L , 1/p L , 1/p2 ) 1/q1
(5.5.14) <Z |2_§ by ae|P> < c (Z ’275 bdm) (Z 2@(8*5)‘11 |a£|q1>
/=0 =0

=0
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with ¢ independent of L and ay, b,. Let
_t _t
Be=2r2b, and oy =2 "1ay, see (4.2.1).

Applying (4.2.1) then (5.5.14) yields

L 1/p L p2 , 1/q1
<Z | Be Oée|p> <ec (Z |5e|p2> <Z |04z|q1> ~
(=0 £=0

=0

Let ﬁg = Oy = 1, then

1 141
Ly < ¢LisTm

and hence

from which (4.2.3) follows. M

To prove Theorem 4.2.1. we need Proposition 2.2.1. Therefore we start to prove Propo-
sition 2.2.1 first.
Proof of Proposition 2.2.1.  Step 1. (Proof of (i)). We shall use (2.2.3), (2.1.1),
(2.1.3) together with a Fourier multiplier assertion (cf. [24], Theorem 1.6.3, p.31). This
gives

1/q

0o 1/q o0
MQFMQWMW)mmw@wm@wm

Applying Holder’s inequality and

| sup @) Lpall < e[l f 1,

(cf. [24], p.37) we arrive at (2.2.5). W
Step 2. (Proof of (ii)). We shall apply the following identity
- ///
(55.15)  FlewF Qo (f Z Z FHorF (feve - graers))(@)-
(=—2 j=-1
Here we have used (2.2.4), (2.1.1) and (2.1.3). First, let p > 1. By the Michlin-Hérmander

Fourier multiplier theorem, the triangle inequality and Holder’s inequality we get

n

HFMQ:M]WKNZwaﬁm%%WMI

{=-2 j=-1
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< ¢ max Z [ Fsel Lpn Il ([ ghes | Lo |

-i<i<t,
This proves (2.2.6).
Let p < 1. Let £ > —2. Proposition 1.5.1 and Remark 1.5.2/3 in [24], p.25/28 give

IF 7 TonF (frre - arse)] () 1Ll < 27670 || fise - guel Lyl

Again we use (5.5.15). Hence

17 [ FE" (£.9)] OILIP < ¢ max Z |F ok F (fve - Gsess) )Ly |7

—1<5<1

< e e, Z 2G| i Ly P Nl L

This completes the proof of Proposmon 22.1. 1

Proof of Theorem 4.2.1. Step 1 (necessity part). After application of Proposition
4.2.1 it remains to prove ¢ > max(q;,g2). But this is stated in a more general context in
7. MW

Sufficiency part. Step 2 (proof of 4.2.5). Therefore we use the preparations made in
Subsection 2.2.

Substep 2.1 . Estimate of >, >2". Our assumptions in (4.2.4) and (4.2.6) imply the em-
beddings B; , C L,, and B;

p1gq1 Pp2q2

2.2.1 (i) to obtain

C L,,, cf. Remark 3.3.5. Hence, we may use Proposition

(5.5.16) 127 F o PO (£ ) Ol < € (27 g1 Lo ) [1F 1|
and
(5.5.17) 127 F o, P (. OIL | < e (2 151 Lonll) Niglhn .

Taking the ¢g-th power and summing up the desired estimates of 3" and 3" follow, where
we used h,, = L,, D B —and h,, = L,, D B}

Pig1 p2q2”°

Substep 2.2 . Estimate of . Let 1/t = 1/p; + 1/p,. We assume 0 < ¢ < min(1,t) =

Using Proposition 2.2.1 (ii) we derive

(5.5.18) 1" (1. 9)| B2

. - q/u
2ksq én(f—l
< c nax, > 2 ( > 2 “Nare - Grrers | Ll )

- k=0 {=—2
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< ¢ max Z 2!n(L=1)=29 Z 220 fip o Ly 1 | G4 L |-

—-1<5<1 Pt
Because of
1 1 1

(5.5.19) n(i SN =n( b=l 1) (cf (424)

and s > 0 we have 25 > n (l — 1) and hence the right-hand side can be estimated from
above by c || f|B5 ,,1?1l91B;,,, 119 In addition we have the embedding Bj* C Bg,. This
follows from Theorem 3.2.1 and (4.2.4), see also (5.5.19). This proves (4.2.5) in case
0 < ¢ < min(1,t). If ¢ > min(1,¢) one has to modify the above estimate by using the
triangle inequality in l;/,. (5.5.16)-(5.5.18) together with (2.2.2) prove (4.2.5). W

Step 3 (proof of (4.2.7)). Substep 3.1. Estimate of 3', 3. Because of F;  C L,, = hy,

and Fy, ., C L., = h,, without restrictions on ¢, gz, cf. Theorem 3.2.1 (ii) and Remark

2.1.1 (first item) we may apply Proposition 2.2.1 (i) to obtain

(5.5.20) IS DIERN < cllglEpgll 11 < ¢ Ngl gl 1F1F5 1

Here we have used in addition ¢ > ¢o. Similar one derives

1
(5.5.21) ||Z (f.9) | |< cllgl p2q2|| 1f] p1q1||

Substep 3.2. Estimate of >"". Again we put 1/t = 1/p; + 1/ps. As in Substep 2.2 we
know 2s > n (3 —1), cf. (4.2.4) and (5.5.19). This ensures the applicability of Proposition

2.2.1 (iii), we arrive at

" s
(5.5.22) ||Z (f>9)|F%2 | < cllfi p1q1|| 9] pzqz”

The embedding 2} C F;, (cf. Theorem 3.2.1 (ii) and (4.2.4)) complements the estimate
of ¥". Now (4.2.7) follows from (5.5.20)-(5.5.22). W

5.6 Proofs of the assertions in Subsection 4.3

Proof of Theorem 4.3.1. Concerning the sufficiency part one can follow the same
arguments as in proof of Theorem 4.2.1, where one has to use now Theorem 3.3.1. The
necessity part is covered by Proposition 4.3.1 and [7], where the last reference is used to

prove ¢ > max(qi, qz). M
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Proof of Theorem 4.3.2. We have to prove the “only if”-part only, c¢f. Remark 4.3.2.

Step 1. Let f € A) . and assume we have (4.3.6). Then the operator

191
Ty : g — f-g

is bounded from Agm into qu. Using Fourier multiplier assertions, cf. [24], Theorem

2.3.7, p.57 one derives that T}; yields a uniformly bounded family of those operators,
where f7 is given by (2.2.1).

Let g € L,,, then ¢* € L,, and ||g*|L,, | < c||g|Ly, | with ¢ independent of g and k. Note,
that the Fourier image of g* ¢2*®1 is concentrated near |€| &~ 2% if ¢ is large enough, cf.

(2.2.1) and (2.1.3). Let k > j, then the same is true in case of f7 g% e?*#1 Hence
j j ic2kx j ic2ka
(5.6.1) (17 g"|Lyll = ILfF7 g" e Ly || = || 7 g" e = | ARl

< cllf1Ap g g™ e Ay < el f1Ap Il Ig" e ™ Ly, .

2q2|| p1g1

Consequently we have

1F7 9" 1Lyl < e(f) 191 Lyl

for all g € L,,. Let j be fixed, then for £ tends to oo we get

17 gLl < e(f) 9] Lyl

using the Fatou lemma. By standard arguments we conclude f? € L,, and moreover, by

(5.6.1)
171 Ly, || < e(f) < el AR Il

Let 1 < p; < oo, then using again Fatou’s lemma we obtain f € L,,. The case p; = oo
can be covered by a Lebesgue point argument. If p; = 1, then || f?|L|| in the above
inequality can be replaced by || f7|hy||, cf. Remark 3.3.4. Then again by Fatou’s lemma
we obtain f € hy C L;. Hence

(5.6.2) A C Ly,
Step 2. It remains to check

0
(5.6.3) L, C AY,.
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We may assume ¢ < oo. In case ¢ = oo nothing more is to prove with the exception of
qu =F ROO. The latter case will be considered in Substep 2.5. Further, observe that Step
1 implies ¢ < o0.

Substep 2.1. Let A) = B) . and A) = B) . By duality (cf. [24], Theorem 2.11.2,

p.178) (4.3.6) leads to
0 0 0
A Bp’q’ C Bp/Qqé

P1q1

(we put ¢ = o0 if ¢ < 1). As in Step 1 this yields
0
(5.6.4) By C Ly.

Using either Bg,q, C Ly if and only if ¢/ < min(p',2), p# 1 or Bgoq, C Lo if and only if
¢ <1, (5.6.4) gives

L, C By, (cf. Theorem 3.1.1 and Theorem 3.3.2)

which is (5.6.3) in our case here.

Substep 2.2. Let A9 = F? and A = F? and assume p > 1 and p, > 1. To use the
duality argument is a little bit more complicated than in Substep 2.1. Temporarily we
restrict us to 1 < ¢ < oo and 1 < ¢ < oco. Under these conditions the duality argument

works, cf. again [24], Theorem 2.11.2, p.178 and we arrive at

0 0 0
A Fy, C Fpéqé.

P1q1

By Step 1 this implies

0
Fp/q/ C Lp/
which gives (5.6.3) by using again duality . If ¢ < 1 and/or ¢ < 1 then (4.3.6) yields

A BY CF

P191 T P2G2 pq’

cf. Theorem 3.1.1. By duality we find

E) o (Fp) C B

p1q1 Pods”

Step 1 gives
(Fp) C Ly.
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Using the monotonicity of the F-spaces with respect to ¢ (5.6.3) follows.
Substep 2.3. Let A) = F) ~and A) = F . The proof runs the same way as in Step 1

P2q2 Pp2q2

and Substep 2.2 if one takes into account

(F{{q)' = Fc?qu, , (1<q< 00),
and
(Flo,q),:Bgooo7 (O<qg 1)7

cf. [14, 8] and [24], p.180. Furthermore
ic2kx
lg* " |FL o [l = 119" | Booso | 2 9% | Lc

where the latter one follows from BY,, C FY, ., C BY ..

Substep 2.4. Let A) ~= FY, and A} = F}

P2q2 1,9

A% = B2 . We use that (4.3.6) implies

P1q1 00,91 °

with ¢ < oo. Then necessarily we have

(5.6.5) By, BY C FY,.

coq1 ~1,min(1,g2)

Now we can argue as in Substep 2.3.
Substep 2.5. It remains (5.6.5) with ¢ = co. Restricting to completions of S in the in-
volved spaces we may replace FROO by fﬂoo, see the end of Section 5.1. Then we can use

the arguments in (5.1.16) and (5.1.17) which disprove this possibility. B

Proof of Corollary 4.3.1. Theorem 3.1.1 and Corollary 3.3.1 imply
B,CL, < ¢<min(p,2) (1<p<o0)

and

FpCcL, < ¢<2 (1<p<o)

In view of these equivalences the corollary is a reformulation of Theorem 4.3.2. W

Proof of Corollary 4.3.2.  Our method in proving Theorem 4.3.2 depends on the

duality procedure. If we switch from B), to b))

bg» the closure of S in ng then the restriction

pe < 00 becomes superflous, cf. [24], Remark 2.11.2/2, p.180. The result is formulated as
a consequence of (5.6.2) and (5.6.3). W
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5.7 Proofs of the assertions in Subsection 4.4
Proof of Theorem 4.4.1. Step 1 (Proof of (4.4.4), sufficiency part). Substep 2.1 .

Estimate of >'(f,¢) and >"(f, g). Thanks to Proposition 2.2.1 we know

(5.7.1) 127 F o FCZ (F Lol < e (27 sl Lnll) 1 F 1R

where 1/p = 1/py+1/r;. Theorem 3.1.1, Theorem 3.2.1 tell us that we may apply (5.7.1)
with
1 1 1
(5.7.2) — (n — s) <— < —
+

1 D1

in the same way as in proof of Theorem 4.2.1 given in Subsection 5.5. Similar we obtain

(5.7.3) 127 F = o, P (. O Ll < e (27 (151 L 1) gl

and now 1/p = 1/p; + 1/r5 holds. As above we derive the restrictions for 1/ry
1 1 1
(5.7.4) - (” - s> <— <
+

(5.7.2) and (5.7.4) yield that (5.7.1) and (5.7.3) are applicable simultaneously if

1 1 1 1 1
(5.7.5) max < (n - s) + > < =< — 4 —.
73\ \Pi L by P P P2
But this is ensured by (4.4.1) and (4.4.3).

Substep 2.2. Estimate of >"'(f,g). Let 1/t = 1/p1 + 1/p,. We put min(1,¢) = u. Since
2s >n(L —1) (cf. (4.4.2)) we derive as in (5.5.18)

" s s s
D= (L lBigll < cllf1By,q, 1l 191850, 1l

Because of Bj¥ C By, (cf. Theorem 3.2.1 and (4.4.3), see also (5.5.19)) this proves the
desired estimate in case of >-"'(f, g). This completes the proof of (4.4.4). N

Step 2 (Proof of (4.4.6), sufficiency part). The proof is similar to that given in Step
1, cf. also the proof of Theorem 4.2.1 (ii) in Subsection 5.5. Proposition 2.2.1 (i) and

q > max(qi, ¢2) yield

/ S S S S
1D CF )l < cllglFp,g | 1f1he | < cllglEp,g 1 ILF1ES, |

and

" S S S S
1D (F Dl < clf1F g gl < e IF1E5 g, 1 g1 Fpg, |
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if (5.7.5) holds, which is guaranteed by (4.4.1) and (4.4.3). To estimate >."" we may apply
(5.5.22) once again. W

Remark 5.7.1. The proof shows that (4.4.4) and (4.4.6) remain valid not only in the
interior of the shaded area in Figures 3a and 3b, they are true also on the vertical lines
of the boundary, may be with exception of the endpoints (note that (4.4.1) is used only
to establish (5.7.5)). With the help of Theorem 3.1.1 and Theorem 3.2.1 one has to check
under which conditions < in (5.7.2), (5.7.4) and (5.7.5) can be replaced by <, cf. [11] and

[18] for a more detailed explanation.
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