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ABSTRACT: Random tensor networks provide useful models that incorporate various im-
portant features of holographic duality. A tensor network is usually defined for a fixed
graph geometry specified by the connection of tensors. In this paper, we generalize the
random tensor network approach to allow quantum superposition of different spatial ge-
ometries. We setup a framework in which all possible bulk spatial geometries, characterized
by weighted adjacient matrices of all possible graphs, are mapped to the boundary Hilbert
space and form an overcomplete basis of the boundary. We name such an overcomplete ba-
sis as holographic coherent states. A generic boundary state can be expanded in this basis,
which describes the state as a superposition of different spatial geometries in the bulk. We
discuss how to define distinct classical geometries and small fluctuations around them. We
show that small fluctuations around classical geometries define “code subspaces” which are
mapped to the boundary Hilbert space isometrically with quantum error correction proper-
ties. In addition, we also show that the overlap between different geometries is suppressed
exponentially as a function of the geometrical difference between the two geometries. The
geometrical difference is measured in an area law fashion, which is a manifestation of the
holographic nature of the states considered.
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1 Introduction

The holographic duality [1-3] was proposed as a duality between quantum gravity in d + 1
dimensions and quantum field theory in d dimensions. The correspondence was originally
proposed between the partition function and correlation functions of the two theories. The
large N limit of the boundary quantum field theory corresponds to the bulk semiclassical
limit (the limit of small Newton constant Gx). The role of quantum entanglement in
holographic duality was explicitly reflected by the Ryu-Takayanagi formula [4] and its
generalizations [5-8], which relates entanglement entropy of a boundary region to area of
extremal surfaces. The relation of entropy and area motivated the proposal that tensor
networks may provide a “microscopic” framework for understanding holographic duality [9,
10]. Tensor networks, or projected entangled pair states (PEPS) is an approach to construct
entangled quantum many-body states [11-16]. For a graph (see figure 1), the corresponding
PEPS is obtained by first preparing an EPR pair for each link, and then projecting all qubits
at the same vertex to a pure state specified by the tensor at that vertex. This procedure
leads to a many-body state of the remaining qubits living at the end of dangling legs of
the network. The advantage of the tensor network description is that the entanglement
structure of the state is encoded explicitly in the geometry of the network. In particular,



Figure 1. An example of random tensor network.

the entanglement entropy of each region A is bounded by the minimal number of links that
separate A and its complement, multiplied by log D with D the bond dimension of each
tensor. This is the analog of RT formula.

To use tensor networks to understand holographic duality, a key question is what
states correspond to semiclassical bulk geometry. As we learn in holographic duality,
such states must satisfy various conditions [17, 18], such as the negative tripartite mutual
information [19]. Various tensor network models [20-23] have been proposed to incorporate
desired features of holographic duality. Among them, the random tensor networks [23]
are shown to realize many features of holographic duality naturally, including the RT
formula with quantum corrections, and the quantum error correction property of the bulk-
boundary holographic mapping [24]. However, there are holographic properties that are
not reproduced by tensor networks, such as the Renyi entropy behavior [8, 25]. There
are also obviously many other open questions that have not been addressed in the tensor
network framework.

Among the open questions, an essential one is how to describe quantum superposition
of different geometries, as is required for a quantum gravity theory. This is also a necessary
step towards understanding Einstein equation and graviton excitations in the bulk. In this
paper we make a small progress along this direction by setting up a framework for describing
quantum superposition of tensor network states on arbitrary geometries. We generalize the
random tensor network approach in ref. [23] and define a linear map between geometries in
the bulk and quantum states on the boundary. A geometry is described by the adjacient
matrix a,, of a weighted (unoriented) graph (with fixed number of vertices and arbitrary
connectivity), which is defined as a basis vector [{azy}) in the bulk. The linear map defined
by random tensors then maps each such basis state to a quantum state |¥ [{az,}]) on the
boundary, which is the holographic state that is dual to this geometry. With this linear map



it is straightforward to take superpositions between different geometries. We prove that for
a fixed size of the boundary, a large enough number of bulk vertices make such a mapping
an isometry from the boundary to the bulk. In other words, |¥ [{as,}]) parameterized by
the weighted adjacient matrix as, form an overcomplete basis of the boundary, such that
each state in the boundary Hilbert space can be mapped to a quantum superposition of
different geometries. Due to the analog of boson coherent states (as will be elaborated more
in later part of this paper), we name this basis of states “holographic coherent states”.

Furthermore, this formalism allow us to consider small fluctuation around a classical
geometry, and show that such small fluctuations for a “code subspace”[24] which is mapped
to the boundary isometrically. (The precise meaning of “classical geometry” and “small
fluctuation” will be given later. In short, a classical geometry means all nonzero entries
of the weighted adjacient matrix a,, are large, while small fluctuations correspond to
Qgy — Qgy + 0agy With dazy < agy.) Such small fluctuations can be considered as low
energy states of the bulk quantum fields. The existence of bulk-boundary isometry in such
subspaces guarantees that small fluctuations at different links of the graph are independent
physical degrees of freedom. In other words, bulk locality emerges in such subspaces
even if the whole bulk theory is intrinsically nonlocal. In addition, the bulk-boundary
isometry satisfies the local reconstruction properties known in holographic duality. The
structure of a boundary-to-bulk isometry in the whole boundary Hilbert space and a bulk-
to-boundary isometry in code subspaces has been proposed as “bidirectional holographic
code” in ref. [22], which is schematically summarized in figure 2.

As an overcomplete basis, states |V [{ayy,}]) for different geometry a,, do not corre-
spond to orthogonal states of the boundary. However, we show that the overlap between
different geometries are exponentially suppressed in the large N limit. This is similar to or-
dinary boson coherent states that are used in mean-field approximation of superfluids and
superconductors. Different coherent states are not orthogonal. But because their overlap
is exponentially small, it is physically meaningful to consider them as physically different
states, and therefore consider the condensate wavefunction as a physical order parameter
field. An interesting difference of the geometrical states from ordinary coherent states
is that the overlap between two states has a “holographic” behavior. If two geometries
azy and by, are distinct in a region R and identical outside I, we prove that the overlap
(U [{awy }]| O [{bsy}])] is upper bounded by e~°"l with  the area of a minimal surface
bounding region R. c¢ is a constant determined by the entanglement entropy contributed
by each link crossing the boundary. The area law form of the overlap is a manifestation
of the fact that the states |V [{asy}]) are consistent with the holographic principle — the
fact that the physical degrees of freedom in a region R are bounded by their area rather
than volume.

The remainder of the article is organized as follows. In section 2 we present the general
setup of our approach. In section 3 we study the condition of boundary-to-bulk isometry.
In section 4 we investigate the definition of classical geometries and the code subspaces with
bulk-to-boundary isometry. In section 5 we study the overlap between different classical
geometries to show that distinct geometries are almost orthogonal. Finally, the conclusion
and further discussions are given in section 6.
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Figure 2. Illustration of the structure of bidirectional holographic code defined by RTN. An
isometry is defined from the boundary Hilbert space Hp to bulk Hilbert space H; which maps
each state in Hp to a superposition of geometries. In the code subspace Hg which consists of
subspaces of small fluctuations around different classical geometries, an isometry is defined from
bulk to boundary.

2 General framework

We begin with a brief overview of the random tensor networks proposed in ref. [23]. For
a graph, such as the one in figure 1, one first prepares a EPR pair of two qudits for each
link, denoted by |zy). Then the RTN is defined by projecting all qudits on the site x to a
random pure state |V,). If each qudit has dimension D, and site x has k neighbors, |V,) is
a random unit vector in a D*-dimensional Hilbert space. The probability distribution of
|V.:) is uniform, which means |V,) and U |V,) has the same probability for any unitary U.
Alternatively, one can define |V;) = U |0) with U a Haar random unitary operator and |0)
a fixed reference state. For a graph G, the RTN state is expressed as

We) =T Val ] low) (2.1)

z (ry)eG

with the (zy) € G runs over (unoriented) edges in the graph G.

From the definition of RTN; it is natural to see how to generalize this formalism to
include superposition of different geometries (graphs)—The link state [],,\cq [zy) can be
replaced by superpositions of such states on different graphs. To make this well-defined,
one needs to modify the definition slightly to make sure the Hilbert space dimension of
each vertex is identical for different graphs. This can be easily achieved by defining some
auxiliary states on links that are absent in G. For each (zy) ¢ G, define a state |zy), =
|z)q |y), which is a direct product state and is orthogonal to |zy). Adding such direct
product states do not change the entanglement structure of the system. Then if we replace
[ypea lzv) by iy ea l29) Hizy ec 129)o, the dimension of each site is DV~ if the total
number of vertices is V. Therefore the random states |V,) can be chosen in a Hilbert
space of dimension DV ~! independent from G. Denote |Pg) = iyea l29) Higea 129)0
as the “parent state” before projection, then the superposition of two geometries G, G’
correspond to a boundary state a|¥q) + b|Wq) = [[, (Va|[a|Pg) +b|Pg)]. In other
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Figure 3. Illustration of the random tensor network on a complete graph with link states. Each
bulk link is a three-leg tensor Lg 5, and each vertex is a random tensor. The blue links are maximally
entangled EPR pairs. The network defines a linear map between bulk link states (red lines) and
boundary states (blue lines).

words, now we have a linear map between different graphs G corresponding to different
EPR pair configurations (in the same Hilbert space) to different boundary states.

Motivated by the discussion above, we consider a more general situation and define the
following tensor network. Consider a complete graph with V' vertices, in which Vg of them
are labeled as “boundary” vertices, and the rest of them V, = V — Vg are bulk vertices.
For each pair of vertices x,y (v # y), we define a three-leg tensor L2 shown in figure 3,
with a =0,1,2,...,Dr —1 and o, 3 = 1,2,...,D.! This tensor defines an isometry from
index a to indices af. In other words, states

lazy) = L7 |a), [B), (2.2)

are orthonormal, i.e. (byy| azy) = dap. (Obviously this requires D, < D?) The link
variables a;, can be considered as specifying a weighted graph. Since we want the weight
azy to label entanglement in state |a,,), we can require the entanglement entropy between
x and y to be an increasing function of a.,. For example, to be specific we can require

Sz (agy) = azylogd, with azy =0,1,...,Dp — 1, dPr=t =D (2.3)

which means a,, is the number of EPR pairs across the link, each with dimension d. The
maximal az, corresponds to a maximally entangled state.

In addition, each boundary vertex is connected with a EPR pair state |xX); which
entangles a qudit at vertex x with one at the boundary physical site X. Then for each
configuration az, = 0,1,2,..., D — 1, an RTN is defined by

19 {aay})) = [T Vel I T lawy) [ ] 12X) 5 (2.4)
T TH#Y T

If we only want to incorporate superposition of RTN on different graphs, the simplest
choice will be D; = 2, in which case a qubit at each link determines whether the link is

!Similar link variables have been introduced in perfect tensor networks in ref. [26] for a different but
related purpose.



connected (entangled) or not. However, it is more convenient to introduce a larger Dy,
which makes it possible to define “small” fluctuations around a classical geometry, as will
be discussed in section 4.

The definition (2.4) defines a linear map from the bulk Hilbert space Hj, spanned
by the link qubits (with dimension D‘L/(Vfl)/ 2) to the boundary Hilbert space Hp (with
dimension DV#), which maps the basis states [], 2y lazy) to [¥[{azy}]). We denote this
map by M : Hy, — Hp:

M (W) = [T Vel %0 [ [ 12X) 5 (2.5)
x x

The Hermitian conjugate operator M : Hp — H, defines a linear map from the boundary
Hilbert space to the bulk Hilbert space. This pair of maps M and MT can be viewed as a
holographic mapping that builds a correspondence between states (on the boundary) and
geometries (in the bulk). It is straightforward to generalize the random average technique in
ref. [23] to the current setup, which is how we will investigate properties of this holographic
mapping in the following sections.

3 Boundary-to-bulk isometry

In this section, we will study the holographic mapping from boundary to bulk, and show
that it is an isometry under certain conditions. This result demonstrates that tensor
network states |W [{az,}]) for all configurations {a.,} forms an overcomplete basis of the
boundary Hilbert space, so that any boundary state can be expanded in this basis.

We summarize the result first. The isometry condition requires

pp =D 19 {asy}]) (¥ [{asy}]| o< T (3.1)

{azy}
Eq. (3.1) is true if the following two conditions are satisfied,
2log D
V-1 3.2
( ) > Toe Dy, (3.2)
| Tr [p?ﬁg ® hl ‘2 <Tr [p;@;g ® g] Tr [p?ﬁh@ h], Vg #he S, (3.3)

Eq. (3.2) can be trivially satisfied if V' > 1, while keeping log D/log Dy, to be O(1).
Eq. (3.3) is the property of the density matrix, whose details will be elaborated in the
section 3.2 and appendix A.

If we view the tensor network in figure 3 as an entangled state between boundary and
bulk link qudits, the isometry condition is equivalent to the statement that the reduced
density matrix pp is maximally mixed. To study pp we study its second Renyi entropy

2
s _ Trlew] (3.4)

Tr [p5)°

Similar to ref. [23], we study the random average of the numerator and denominator

separately, and then study their fluctuations. When the fluctuation is small, we have

(2) —— R
e 8" ~Tr [p}]/Tr lpB]*.




3.1 The random-averaged isometry condition

A commonly used trick in writing the Renyi entropy is to write

Tr [p] = Tr [Xppp © pp] = Tr [(X5 @ Iy) (pB © pB)) (3.5)

with pp = |V [{agy}]) (¥ [{azy}]| the density matrix of the whole system, and Xp the
swap operator acting on two-copies of the system which permutes the two copies in B
region. More explicitly, if we denote an orthonormal basis of B region as |n)p, then
Xp |n)p ® ') = ) ® ) .

For the state defined in eq. (2.4), pp is

pB = trp <H\Vac> <Vx|> [ pay ® [T 1eX) g (e X1 (3.6)

TFy z
1 Dy—1
with pgy = — QAxy) \Qx 3.7
Pzy Dy GZ:% ‘ y> < y| ( )
Therefore
®2
Tr [pQB] =Tr (XB ® H Vi) <Vx|®2) H Pry @ H 2 X) g (2 X|p
x x;éy x
®2
= Cil Z Tr XBUR H Pxy ® H ‘xX>B <xX’B (3'8)

RCbulk TH#Yy T

Here we have used the mathematical fact that the random average |V;) <Vx\®2 x I RL,+ X,
with X, the swap operator defined in the same way as Xpg, acting on all qudits at site x.
The normalization constant C' = (D2V—2 + DV_l)Vb (DQV + DV)VB.

The right-hand side of eq. (3.8) is a sum over the purity of the state [, pzy @
[, 12X)p (#X|5 for different regions B U R, with R running over all 2V subsets of the
V vertices. Since this state is simple, with only bipartite entanglement between different
sites, the purity can be explicitly computed. In the same way as in ref. [23], the sum
can be expressed as a partition function of a classical Ising model, with an Ising spin
sz = 1 defined on each site. Each spin configuration corresponds to a region I2| which is
defined as the spin s = —1 domain. The action of the Ising model A [{s;}] is defined such

®2
that e—Als<} — Ty |:XBUR¢ (Hx;ﬁy Poy @[, |2X) 5 <:):X\B> ] Since the state on the

righthand side only contains bipartite entanglement, the Ising model action only contains
one-body and two-body terms:

J h 1
A{sz}] = —3 E (sp8y —1) — 5 E Sz + §1ogD E Sz (3.9)
Ty x z€eB
V-1 1 1
e T —-(g® (2) _ g2
5 log Dy, J = sy 2logDL 5 (Sx + S S )

with A =




Figure 4. Illustration of a spin configuration with n, = ng = 1. The spins are —1 for all sites
with a thick red circle, and +1 elsewhere. The dashed line is the domain wall across which the spin
changes sign. The contribution to the action comes from three kinds of links, those within the spin
down region (black thick line), those between opposite spins (pink thick line) and those connecting
the spin up boundary sites to the boundary (blue thick line). These three contributions correspond
to Aj 2.3 in eq. (3.10) respectively.

Here 0 < s, < log D is the second Renyi entropy of site x in the state p,, i.e. e7% =
trx(trypmy)Q, and the Ising coupling J is half of the second Renyi mutual information
between sites x,y in the mixed state p;,. The last term in the action sums over the Vg
boundary sites.

The Ising model problem is simpler than that for a generic RTN in ref. [23] because
all pairs of z,y are coupled equally. Consequently, all V} bulk vertices are equivalent, and
all Vp boundary vertices are equivalent. The action is therefore only a function of two
integers, the number of down spins in the bulk vertices n, € [0, V3], and the number of
down spins in the boundary vertices ng € [0, Vg].

A{s:}] = A(ny,np) = A1 + As + A3
A = log DL(nb + nB)(nb +np — 1)/2,
AQZSb(nb—{—TLB) (V—’I’Lb—’I’LB), AgZIOgD(VB—TLB) (3.10)
The three terms Aj 2 3 are contributions of links within region R, links between R and its

complement, and links from R to the boundary, respectively, as is illustrated in figure 4.
With the action A(ny, np), eq. (3.8) becomes

Vi Vi
Tr [p%] = C~! zb: EB: Vs Ve e~ Amons) (3.11)
B ny np

np=0npg=0

For large V4, Vg, this sum is dominated by the biggest term, which corresponds to the
minimum of S (ny,np) = A(ny,np) — log <Vb> — log (VB). One can show that

np, np



S (ny, np) reaches its minimum in the large Vj, Vp limit at one of the corners in region
ny € [0,V3], np € [0, Vp]. A detailed explanation can be found in appendix A.1. The same
analysis applies to the denominator Tr [pB]2, and the only difference is in the boundary
term Ag.

Vi 1%
Tr[pp])* = C! S5 (Vo) (VB s
pB)° = > o ) Lo | € (3.12)

nb:0 TLBZO

with ./Zt =A; + Ay + ./Ztg and Ag =nglogD.
The isometry condition is satisfied if the dominant configuration for both the numerator
and the denominator is given by np = n; = 0, which requires

Vv -1
logDL(z) > Vplog D (3.13)
Ve(Ve —1
logDLM + V3V > Vglog D (3.14)

Condition (3.13) is simply a requirement that the bulk Hilbert space dimension D‘L/(V_l)/ 2

is larger than that of the boundary (DV?). Condition (3.14) requires that the link state
pzy is sufficiently entangled. In term of coupling J = s, — %log Dy, the condition (3.14)
requires

1 V-1
J>—(logD — log Dy, (3.15)
Wy 2

Condition (3.13) and (3.14) are easy to satisfy. If we take the limit V4, Vg — oo with
the ratio Vg /V fixed, and keep D, Dy, to be O(1), all conditions will be trivially satisfied.

The isometry condition (3.1) allows an expansion of an arbitrary boundary state |®)
in this basis: [®) = Z{amy} W [{aay}]) (¥ [{azy}]| @) = Z{aw} ¢ [{aay}] [V [{azy}]). This
wavefunction is the analog of Wheeler-de Witt wavefunction [27] of quantum gravity, al-
though here we are only taking superpositions of spatial geometries.

3.2 Fluctuations

As we discussed earlier, the calculation of Tr [pQB] only tells us the average of second
Renyi entropy if the fluctuation is small. The fluctuation can be studied by computing

—\2
(Tr [p%] 2) — <Tr [,02B]> . As has been shown in ref. [23], the random average of a quantity

like (Tr [pQB]Q), which is quartic in pp, can be expressed as a partition function of a statis-
tical model with a pseudo-spin g, at each site taking values in the 4-element permutation
group Sy. In general, any quantity in the form of Tr [@Ok}, with operator Oy acting on
k copies of the system,? is mapped to a partition function of a model with pseudo-spins in
k-element permutation group Sg. Similar to the Ising model analyzed above, the statistical
models for higher £ is also defined on a complete graph, which simplifies the problem. In

2For example, Tr [p’i;] which determines the k-th Renyi entropy can be written as Tr {p®kCAk] with
Car the cyclic permutation of the k copies of systems in A region.



appendix A we analyze these pseudospin models and obtain sufficient conditions for fluc-

—2
tuations such as <Tr [p23]2> —Tr [p2B] to be controlled. For bounding the fluctuation of
the second Renyi entropy calculation, the sufficient conditions are the following:

2log D
V-1)> log%L (3.16)
2
‘Tr [,0;@;9 ® h} ‘ < Tr [p%;g ® g} Tr {p?jh ® h} , Vg # h € Sk (3.17)

with & = 4 in the second equation. More details of the derivation will be given in ap-
pendix A. It is not difficult to see that conditions (3.16) and (3.17) imply the conditions we
obtain earlier in eq. (3.13) (3.15). Condition (3.16) can be easily satisfied in large volume
V. Condition (3.17) imposes addition constraints to the choice of states |a,y) and pgy, but
is also not hard to satisfy, as we will discuss in more details in appendix A. We also give
an explicit example of |asy) in appendix A.3 which satisfies condition (3.17) for general k.

4 Bulk-to-boundary isometry in code subspaces

Since the bulk basis |V [{azy}]) is generically overcomplete, the mapping from bulk to
boundary defined by our random tensor network is not injective. However, holographic du-
ality requires that small fluctuations around a classical geometry are independent physical
states on the boundary. For example, if we consider a dilute gas of gravitons in the bulk,
the total degree of freedom of the gas is proportional to volume. Gravitons at different
bulk locations should be dual to independent degrees of freedom on the boundary, since
graviton creation/annhilation operators should be mapped to independent operators on
the boundary by the dictionary of holographic duality. This requirement means that there
should be a bulk-to-boundary isometry in the subspace of such small fluctuations. The
bulk small fluctuations are mapped to a subspace of the boundary Hilbert space, named
as the “code subspace”[21, 24]. Each geometry corresponding to a configuration a = {azy}
defines a code subspace H¢[a]. The mapping of such small fluctuations to the boundary
should satisfy the following local reconstruction property: each region on the boundary
A corresponds to a minimal surface v in the bulk that is homologous to it. The region
enclosed by AU#4 is the entanglement wedge E4.% A bulk operator acting in the subspace
of small fluctuations (the code subspace) in the bulk region E4 can be reconstructed in
boundary region A. Since each bulk point can be enclosed by the entanglement wedges
of different boundary regions, information in the bulk can be recovered from different
boundary regions, making the bulk-boundary map in the code subspace a quantum error
correction code [24]. The bulk-boundary isometry and local reconstruction is illustrated in
figure 5.

In the following we will explain how our formalism of fluctuating geometry allows the
definition of small fluctuations and code subspaces. In section 4.1, we obtain the condition
of code subspaces in which global reconstruction (i. e. bulk-to-boundary isometry) can be

3More precisely, E4 here is the intersection of the entanglement wedge and the spatial slice. Since we
will always be dealing with a spatial slice, we neglect this difference and call E4 the entanglement wedge.
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Figure 5. (a) Illustration of the bulk-boundary map defined in the code subspace. The mapping
from the whole bulk subspace to the boundary is an isometry. Furthermore, the local reconstruction
property requires that degrees of freedom in E which is the entanglement wedge of A can be
reconstructed in A, which means an isometry is defined from E4 to A for arbitrary states in E
and A. (b) A small region in the bulk (orange disk) can be reconstructed in different boundary
regions such as A, B.

defined. A sufficient condition is given in eq. (4.7) and (4.8). In section 4.2, we discuss the
condition of local reconstruction on a subregion of the boundary.

4.1 Classical geometry and the code subspace

Each configuration {a,,} corresponds to a “geometry” (i.e. a weighted graph), but if as,
takes arbitrary values, one cannot define what fluctuations are considered “small”. With a
large link variable dimension Dy, one can define a classical geometry as one with all non-
trivial links (asy # 0) contributing a large entropy o Dy, and then define small fluctuations
as fluctuations of a,, that are small compared to Dy..

For concreteness, we pick a value of link variable ag with 0 < Dzo_l < 1, and take the

ag

limit Dy, D — oo with 5% fixed. We define a classical geometry by a state |¥ [{aqy}])

with all a,y equal to either ag or 0.* For such states, we can define an adjacient matrix K
with K,y = 0,1, such that a;y, = Kyao.

Now define a range of small fluctuation A < ag. In the limit D; — oo, A is kept
finite. Then we define small fluctuations around the classical geometry K., aq as all states

|V [{azy}]) satisfying

{amye[ao—A,ao—i-A], if Ky =1 (4.1)

azy € [0,2A], if Kyy=0

41t is straightforward to generalize the following discussion to states with different ag on different links
as long as all of them are taken to infinity with the ratio ao/(Dr — 1) fixed.

- 11 -
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Figure 6. Illustration of small fluctuations around a classical geometry. In the classical geometry,
the black thick lines and grey thin lines are connected links with a;, = a¢ and disconnected links

with az, = 0, respectively. The fluctuations are encoded by fluctuation of link quantum number a
around the classical value in a small range.

This range of as, defines a subspace of the bulk, which is mapped to the boundary by
the random tensor network. The definition of the classical geometry and small fluctuation
subspace is illustrated in figure 6.

To study whether the bulk-boundary map is an isometry, we carry the same calcula-
tion as in section 3 to evaluate the second Renyi entanglement entropy between bulk and
boundary. An isometry is defined if the bulk subspace is maximally entangled with the
boundary. The calculation is exactly parallel to that in section 3, except that the bulk link
state pgy in eq. (3.6) is replaced by

( A
1 .
PL=9x +1 5a Z_A lag + dazy) (ao + dagy|, if Ky =1
Pr = 1 :;1 (4.2)
P2= 5 Z |6azy) (0agy|, if Kpy=0
\ azyzo
The Ising action is changed correspondingly to
A[{sz}] = Ao [{sz}] + A [{sz}]
AO [{Sx}] = _? Z (sty - 1) + 5 IOgD Z Sy
(my)GK -’EEB
Jo he
Al =2 X -2 "
(xy)#£K z
with ho = log (2A + 1),
1

Here Ji2 are half the Renyi mutual information of the states p;2 on the connected and
the disconnected links respectively.
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In the limit of J; > Jo, log D — oo with h¢ and A finite, A is the leading term in
the action, and §.A is a subleading correction.

The analysis of this action is essentially the same as the original RTN case in ref. [23].
The boundary term prefers s, = —1, while the bulk pinning field h¢ prefers s, = +1. Isom-
etry condition is satisfied in the limit log D — oo, J; — oo if the lowest action configura-
tion is s, = —1 everywhere, which corresponds to an entropy hcoV = w log(2A+1) =
log (dimH¢). In order for this configuration to have the lowest action, one requires that

creating any spin up domain R costs a positive action. Denoting the action of a spin con-

figuration with s, = +1 in R and s, = —1 elsewhere as Apg, the isometry requirement is
Ar — Ay = (J1 — J2) |OR| + J2|R| (V — |R))
+log D|RN B| — h¢|R| > 0, VR C bulk (4.4)

where the first two terms are action cost from the two-body interaction terms, the third
term is the action cost from boundary pinning fields, while the last term is the action
saved by the external field term h¢c. |R| is the number of vertices in R and |OR)| is the
number of links connecting R and its complement in graph K (excluding the boundary
links). |OR N B| is the number of links connecting R with boundary, i.e. the number of
boundary sites in R.

For sufficiently large Ji, log D and finite J2, he, condition (4.4) is satisfied. To
obtain a more explicit understanding on the requirements, in the following we derive a
sufficient condition which guarantees that the isometry condition (4.4) is satisfied for all
classical geometries. Denote N and M as the number of interior sites and boundary
sites in R, respectively, such that |R| = N + M and |[RNB| = M. The action cost
AA = Ar — Ay is a function of N, M and the graph dependent parameter |OR|. If we are
considering a particular given graph, |0R| is not independent from N and M. However,
simplification occurs when we require condition (4.4) to hold for all R and for all classical
geometries. By varying the graph, one can always vary |0R| of a given region R in the range

[O, (N+M)(‘2/_N_M)} ). Therefore we can view the action cost AA as a function of three

independent variables N, M, |0R|. This simplified the problem of minimizing AA, because
the function in eq. (4.4) does not have local minimum in term of N, M and |0R|. Thus
the minimum can only occur at corners of the parameter space. Given that J; — Jo > 0,
the minimum always occurs at |[OR| = 0, in which case AA= Jo (N + M) (V — N — M)+
Mlog D — h¢(N + M). Evaluating AA at the four corners N =0 or V;, and M =0 or Vp
leads to two nontrivial conditions:

V(v -1
AA(V,, V) >0 = VglogD > (2) log(2A + 1) (4.5)
WV —1
AA(V,,0) >0 = JoWVE > M log (2A + 1) (4.6)
In summary the two sufficient conditions are
-1
log D > viv-1) log(2A + 1) (4.7)
2Vp
-1
Ja > V-1 log(2A + 1) (4.8)
2Vp
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Physically, the first condition (4.7) is simply the requirement that the bulk code subspace
has smaller dimension than the boundary. The second condition requires that even weak
links with coupling J2 provide strong enough entanglement to propagate information from
bulk to boundary isometrically. It should be noted that condition (4.7) requires D to grow
exponentially with volume V' (if we fix the ratio Vz/V'). This is necessary since the bulk
code subspace dimension grows with (2A + 1)V (V=1/2 Besides, eq. (4.8) only requires .J
to be a O(1) number in this limit. If we consider a limit V' — oo with large but finite D, it
will be impossible to faithfully represent all link variable fluctuations da,, to the boundary.
However, it is probably still possible to define a code subspace with lower bound dimension,
which contains bulk excitations with a low enough density. (An example of such kind of
code subspace was discussed in ref. [22].) Such a code subspace which is not a direct
product of Hilbert spaces of each link is probably closer to the code subspace in AdS/CFT,
consisting low energy bulk quantum field theory excitations.

4.2 Local reconstruction properties

Now we further investigate the local reconstruction properties of the bulk-boundary isom-
etry. The local reconstruction requirement can be phrased in an entanglement entropy
calculation. In the old setup of tensor networks with fixed geometry, shown in figure 5,
one can view the bulk-boundary map as a quantum state that contains four partitions
A, A Ey4, E~. The requirement that A contains all information about F4 is equivalent to
the statement I(E4 : A) = S (Ea) + S(A) — S(E4A) = 0. In the following we will evaluate
the second Renyi entropy version of the mutual information. In the large D limit when the
fluctuation of Renyi entropies are small, we expect the von Neumann entropy to be equal
to the Renyi entropy. Before proceeding, we would like to note that in the current setup
the bulk degrees of freedom are defined on links, so that the bulk Hilbert space do not
factorize into different regions. For a boundary region A, one can define an entanglement
wedge F 4, such that all links with both ends contained in F4 can be reconstructed from
A. In the following we will demonstrate that under certain conditions, the region enclosed
by a boundary region A and the minimal surface v4 homologous to A is the entanglement
wedge E 4. This is illustrated in figure 7.

Since we need to compute Renyi entropy of regions including both bulk and boundary,
we should not trace over bulk link variables to obtain a reduced density matrix p.,. Instead
we treat the whole RTN with bulk and boundary indices as a state, and map the second
Renyi entropy calculation to an Ising model partition function. All dangling ends of the
tensor network in bulk and boundary correspond to fixed external spins that couple to the
dynamical Ising spins defined on bulk vertices. We denote the dynamical Ising spins as s;,
and the external spins as my on the boundary and mg, on bulk links. s,,mx,m,, all take
values of +1. When we compute the Renyi entropy of a bulk region F4 and a boundary
region A, the external spins are defined as

-1, XeA —1, xzy € Ey (4.9)
m = _ m = .
X +1, X ¢ A’ i +1, zy ¢ Ex
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A

Figure 7. Illustration of the entanglement wedge of a boundary region A. The vertices with
red circles are the entanglement wedge E 4, enclosed by A and the minimal surface v4. The code
subspace that can be locally reconstructed in region A are labeled by links with both ends in E4,
marked by red bulk lines. (For clarity we have only drawn a few of the unconnected (grey) links.)

For small fluctuations around a graph K considered here, we have

mzconst. Z o—Als2}]

{sz=%£1}
Jl JQ
Al{ss}] = Y Z (s2sy —1) — D) Z (s2sy — 1)
(zy)eK (zy)¢ K
1 1
—QIOgDa;smmX — zlog (2A + 1)I2ymxy (52 + sy) (4.10)

J1 and Jy are the same as in eq. (4.3). The earlier calculation of the entropy of entire
boundary in eq. (4.3) corresponds to the special case myy = +1, Vz,y and mx = —1, VX.
The constant prefactor is not important as it is the same for all configurations, and does not
affect normalized quantities such as Tr [p?% ,]/Tr [p Aub]Q

. Similarly, Tr [pa]? and Tr [py)?
can be computed by the same action with different boundary conditions.

The mutual information is determined by the correlation between external spins me-

diated by the dynamical spins. We denote the effective action A_z = —logTr [,o%u EJ as
the effective action with boundary condition (4.9), with —— labeling the sign of external
spin in A and E4 respectively. Similarly Ae_f;r = —logTr [p%], Ajﬁ_ = —logTr {p%A], and
AL =Tr [p]? is the normalization constant. Then
— 2 2 2 _ _ _
IO(By: A) = 82+ 52— 892~ Ay + Ag - AL - A (4.11)

is determined by the “energy cost” of the external spins in A and E4 being anti-parallel.
The requirement of zero mutual information is equivalent to the requirement that the two
external spins are completely uncorrelated. It is easy to see that this is true in the limit
we consider, with Ji,log D — oo and Jo, A finite. In this limit, the spin configuration
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s, is completely determined by boundary external spins my, and thus (2 (Eq:A) =0.
For finite Ji,log D, the local reconstruction condition depends on more detailed properties
of the classical geometry. Although it is possible to write down some sufficient condition
by taking J; and log D to be very large, we feel these conditions are not so useful to
include here.

5 Overlap between different classical geometries

In the discussion above we have shown that each classical geometry labeled by a graph
K is accompanied with a code subspace that satisfies bulk-boundary isometry and local
reconstruction properties. The next question is whether the code subspaces for different
classical geometries are truely independent subspaces of the boundary Hilbert space. Since
the basis |¥ [{ayy}]) is over-complete, different geometries are generically not orthogonal,
but in the following we will show that states in the code subspace of different classical
geometries have exponentially small overlap.

For this purpose we study the overlap Cop = (¥ [{azy}]| ¥ [{bsy}]) between two generic
geometries ag, and bg,. Using the definition (2.4) we have

Cap =D VPTr [T IVa) (Val T bey) (| (5.1)
z TFy

Carrying the random average one obtains
Cp =D V=DVe=VVss (5.2)

It is essential to go to the second order and study the fluctuation around the average value,

so that we evaluate |C’ab|2:

’Cab’2 = DB Ty H Va) <Vm‘®2 H [bay) (aay| @ |aay) (bay
T zFy

_ D72VBQ*1 Z Tr XR H |bxy> <6ny| & |a1’y> <b1’y‘
RCbulk T#y

= Q_l Z TI‘ XR H |bxy> (amy| ® |a:l:y> <bxy’ D_|RmB| (53)
RCbulk TH#Y

with = (DVfl + DQ(V*U)VZ’ (DV + DQV)VB. To simplify this expression we can write
Xr = XpXior with Xior the swap of all bulk vertices. Xio; will simply permute |b,,) and
lazy). Relabel R by R we obtain

Cal* =71 > Tr | Xg [ laay) {aay| @ [bay) (bey| | DIFEIVE

RCbulk o
0 Y T [paRpl]’%} DIBNBI-Vz (5.4)
RCbulk
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Here pf; is the reduced density matrix of [[,, |azy) (azy| in region R, and similarly for
p%. If we consider the term with R the entire bulk, Tr [p%p%] = |{a| b) | = 84 is the
inner-project of the two bulk states. Roughly speaking, we can consider all other terms as
corrections to the overlap induced by the bulk-boundary map that is not injective.

The overlap Tr [p%plj%] is nonzero only if a,y, = by, for all x,y € R. Denote the set
of R that satisfy this property as C. To obtain an upper bound of the overlap, we use
the inequality

~1(s@m+sP(m)

a 212 2
Tr [pR,olI’%} < \/Tr [p%] T [ph] =€ (5.5)
where S a?b) (R) are the second Renyi entropy of states |azy) and |by,) in region R. Therefore
CaP <0'Y o~ (52 (R+5 (7)) —log D(Vis—|ROB) (5.6)
ReC

To understand the physical meaning of eq. (5.6), we evaluate it in several situations.

1. The diagonal element. If ayy = byy Vx,y, R can be any subset of the bulk, and
the dominant term in the sum is given by R = entire bulk. Also in this case, the
inequality takes the equal sign. If we take the classical geometry discussed in this
section, with Ji,log D — 00, we can ignore the contribution of other terms, and
obtain C2, ~ Q1. Therefore

aa —
2
Caa

% = 1+ DY) M (14 DY)V m D VDY (5.7)
aa

The ratio is close to 1 in the limit of large volume since VD'~V and VgD~V are
much smaller than 1. In other words, the fluctuation of the norm of state |¥ [{azy}])

is exponentially suppressed, which justifies the computation of ]C’ab|2 without first

normalizing the two states.

2. Completely distinct states. If we consider two completely distinct states such that

apy # bgy Vz,y, then the only contribution comes from R = (), and |Cab|2 =

QO 1D"VE = \/@C&bD_VB. In other words, the overlap between these states, af-
ter normalization, is the inverse of boundary Hilbert space dimension DY%. This is
equal to the average overlap between two completely random states in the boundary

Hilbert space dimension.®

3. Two states different in IR. Now we study a nontrivial example. In holography all
geometries considered are asymptotically anti-de Sitter space in UV (the region near

® Apparently, when the bulk volume V is large enough so that the basis |¥ [a.,]) is very overcomplete,
some of them will have a significant overlap. This fact, however, does not appear in the calculation of

averaged overlap |Cyp|?. The higher moments |Cyp|** shall be able to reveal the effect of extremely large
V', which we postpone to future works. We would like to thank Lenny Susskind for helpful discussion on
this problem.
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|a) |b)

Figure 8. Two graphs with identical edges in the UV region (grey) and different edges in IR
(orange) and between the two regions. The overlap of these two states are upper bounded by
eq. (5.6), with |OR|, = [OR|, = 8.

the boundary) and are generically different in IR. For example we may consider two
geometries, one with a black hole in IR and one without black hole. As a toy model
of this situation, we can consider two geometries that are identical in a UV region
R,, bounding the boundary, and distinct in the IR region, as is illustrated in figure 8.
We assume a,, and b,, are completely distinct if z or y are outside region R,,, so
that all regions contributing to the overlap are R,, or its subsets. In this case the
dominant contribution to eq. (5.6) is given by the R C R,,, that has minimal averaged

entropy % (SL(LQ)(R) + 5(52)(]%)). If both geometries are classical geometries with all

connected links a,, = ag, the entropies satisfy area law Sc(fg (R) = s0|0R],, with so
the entropy contributed by each link state |ag). |OR|,, denotes the area (number
of links crossing the boundary of R) in graphs of a,b respectively. In summary we
obtain for two classical geometries a, b

‘Cab‘Q
\/Caa Coy”

where R is chosen to minimize the averaged area. For example if we consider two

o~ 2 (10R|,+|0R],) (5.8)

IN

geometries with and without a black hole, and assume that the geometry to be
identical in UV until a certain distance to the horizon, then |OR)| ap > Apm is bounded
by the area of black hole horizon, so that the overlap is upper bounded by e °BH .
More generally, the overlap is bounded by the entropy of the minimal area surface
that enclose the region where the two geometries are (macroscopically) distinct.

From our definition of code subspace, it’s clear that if two classical geometries are
distinct at a link zy, the small fluctuations agy, + day, are still distinct from by + dbyy.

Therefore the overlap upper bound for \Cab\2 between two classical geometries a, b also

applies to any pair of states from the code subspaces of a and b. Consequently, if we choose

n

Y the code subspaces H¢y, of each of them are

a set of macroscopically distinct geometries a
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almost orthogonal subspaces of the boundary Hilbert space. One can define a bigger code
subspace Heo = &, Hg, such that the bulk-boundary isometry is still well-defined in the
bigger code subspace. In the bigger code subspace H¢, operators that can be reconstructed
on a boundary region A form an algebra with nontrivial center, a structure that has been
investigated in ref. [28]. More specifically, for example one can define an area operator
LA = ®s,l, which takes eigenvalue s, in each code subspace H¢y,. s, is the number of
connected links between E4 and its complement. Similar structure has been explicitly
constructed in the perfect tensor networks [21] by introducing link degrees of freedom [26].

We would like to comment a bit more on the mapping between bulk and boundary op-
erators. A generic bulk operator in this code subspace has the form ¢ = )" P,¢,P,, with
P, the projection operator onto n-th code subspace H¢,,, and ¢,, an operator acting only in
that subspace. If we denote the linera map from boundary to bulk as M, a local operator
¢n in the code subspace of geometry ay,, is mapped to a boundary operator M " Pyén Py M.
Although the bulk-boundary mapping is linear and isometric, one can consider P,M as
the linear map restricted to a code subspace, which is “state-dependent”[29]. Locality in
the bulk can only be defined in a code subspace around a given classical geometry, and the
local operators in a code subspace (such as an operator ¢,, that only slightly changes a,,
value for one link) is actually an operator P,¢u, P, in the large bulk Hilbert space. The
“state dependence” of operator correspondence in each code subspace is encoded in the
support of the operator in the bulk Hilbert space, specified by P,.

6 Conclusion and discussions

In conclusion, we have shown that the random tensor network states on all graphs form an
overcomplete basis of the boundary Hilbert space, which we name as holographic coherent
states. A generic boundary state is mapped to a superposition of geometries. The semi-
classical geometries are defined as small fluctuations around reference classical geometries
with strongly entangled edges. We show that small fluctuations around a classical geometry
form a code subspace, the states in which are mapped to the boundary isometrically, with
local reconstruction properties. Furthermore, we show that states in the code subspaces
of two different classical geometries are almost orthgonal to each other, with their overlap
decaying exponentially as a function of the minimal area surface that covers the bulk region
in which the two bulk geometries are distinct.

The holographic coherent state basis has a lot of similarity to the coherent state basis
of a boson field. If we consider a complex boson field described by a |¢>\4 theory, the
coherent state basis |¢(z)) is an overcomplete basis of the system, with which one can
write a path integral representation of the partition function. The action of the system
may have multiple local minima, for example configurations with and without vortices.
Around each local minimum one can expand the action in small fluctuations, A [¢. + d¢] ~
A+ %%5¢5¢' The quantization of such fluctuations are low energy quasiparticles such
as superfluid phonons. The Hilbert space of such quasiparticle excitations is a “low energy
subspace” of the entire Hilbert space. Different classical minima |¢c1(x)), |¢c2(z)) are not
exactly orthogonal, but the overlap of macroscopically different states are exponentially
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suppressed. Therefore one can view the low energy excitations associated with each of
them as physically independent subspaces.® There are two key differences between the
holographic coherent states we consider and the boson coherent states. Firstly, the overlap
in the former case is suppressed by exponential of the minimal area covering the distinct
region, while that in the latter case is suppressed by exponential of the volume of the
distinct region, which can be viewed as a manifestation of holographic principle. Secondly,
in the gravity case, locality in the bulk is only defined in the code subspaces, which can
be seen in the fact that the log of Hilbert space dimension log(dim(H¢)) is proportional to
the volume of the bulk, while that of the total Hilbert space log(dim(H)) is proportional to
the boundary. On comparison, in ordinary boson coherent state case both quantities are
proportional to the volume of the system.

There are a lot of open questions along this direction. For a given boundary Hamilto-
nian, a natural problem is to use the holographic coherent states as variational wavefunc-
tions. The geometry described by a,, can be used as a “mean-field order parameter” that
is optimized by minimizing the energy. The difficulty of this approach is the random aver-
age, which introduces the ambiguity of a local unitary transformation and therefore mixes
states with very different energy. In principle, this problem can be solved in the following
procedure. For each given geometrical state |a) = |V [{asy}]), one can consider all local
unitary transformations [[%cpux |a), with uy € SU(D), and variationally determine ux
by minimizing energy. Denote the minimal energy in this class of states as E [a], we can
then minimize energy to determine the optimal bulk geometry as,. It is not clear whether
such a variational procedure is technically feasible. We will reserve that to future works.

Another natural question is how to obtain the bulk equation of motion — the analog
of Einstein’s equation. By writing the boundary dynamics into a path integral in the
geometrical basis, one can in principle obtain a bulk action. Is the Einstein equation or
its analog the saddle point equation if the bulk action? Will such saddle point equation
be related to previous entanglement approaches to Einstein equation [31-36]. Yet another
interesting question is whether a similar area-law bound of state inner product exists in
general relativity, where the inner product between two states is defined by a path integral
with these states as boundary conditions [37, 38]. It is interesting to compare our results
with other recent discussions about the overcompleteness of the geometry basis. [39-41]

Acknowledgments

We would like to acknowledge helpful discussions with Ahmed Almheiri, Patrick Hayden,
Aitor Lewkowycz, Don Marolf, Sepehr Nezami, Leonard Susskind and Michael Walter.
This work is supported by the National Science Foundation through the grant No. DMR-
1151786 (ZY), and the David and Lucile Packard Foundation (XLQ).

®Tt is interesting to note that the ¢* theory example appeared in a related discussion in ref. [30] about
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A Fluctuations and higher Renyi entropies

In section 3, we make the following approximation in the calculation of the second Renyi

—_— ®)

(2) Tr p2 e~ AminlM]

e 5 75l o) (A.1)
Tr[pp]? — Aol

min

entropy.

where h1, ho denote the boundary field conﬁguratlon for the calculation of Tr[p%], Tr[ps]%.
This calculation is valid if the fluctuation around the minimum is small [23]. Formally,

2
r 2 . .
the following conditions should be satisfied <T([2’;B[]] — 1> < 1, which can be achieved
e~ “'min!™1

by requiring

Tr[pB] ? Tr[p%P

min min

Amm [h’l]

Here we have used that Tr[p2B] > e since at finite temperature the partition

function receives contributions from all spin conﬁgurations, not just the minimal energy

configuration. Similarly for the calculation of Tr [pB]2 one can require % -1«

e min

1. Thus the calculation of the fluctuation requires the random average over four copies
of the density matrix. Similarly, when calculating the kth Renyi entropy, we need to

calculate Tr [p’fg] which involves k copies of the density matrix. For example Tr [p‘}g] and

Tr [,023] ? are both average of 4 copies of density matrices, with different boundary conditions

which specify the contraction of indices. More explicitly they can be written as Tr [,0‘}3] =

Tr {p h(1234)} and Tr [pQB] =Tr {p h(12)(34)] with h5234) the cyclic permutation acting

on 4-copies of B, and h( ) the permutation of 12 and 34 acting on the same region.

12)(34

Therefore in general we can evaluate the random average of k copies of density matrix
with an arbitrary boundary condition, and study how to control its deviation from the con-
tribution of the dominant configuration. The k copy quantity with most general boundary

condition can be expressed as

70 =12 |7 [ hX]
XeB
= > J[1 [pf?fgigy} I [ﬂ%’fvagihx} (A.3)

gLEeSy ©y r€B
with boundary permutations hx € Si defining the boundary conditions. We label the
permutation group elements as g&, i = 0,1,2,...,k!—1, with ¢ = I, the identity operator.
The averaged entanglement quantity is mapped to a partition function of a Sj statistical
mechanical model defined on the complete graph.
In the following we will prove that the fluctuation of such quantities with general
boundary conditions is bounded if the following sufficient conditions are satisfied:

(V —1)log Dr, > 2log D (A.4)
Tr(pSrgha) Tr(pSrglgl) > |Tr(pSrghgl)|?, Vi # j (A.5)
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In section A.1, we bound the fluctuations based on conditions (A.4) and eq. (A.5). In
section A.2, we propose a stronger condition of the density matrix that implies eq. (A.5).
In section A.3, we construct the an explicit example in spin system and show that eq. (A.4)
and eq. (A.5) are satisfied.

A.1 General results

In this section, we prove that eq. (A.4) and eq. (A.5) are sufficient to bound the fluctuations
and to guarantee that higher Renyi entropies are close to the maximum.
First we rewrite eq. (A.5) as

L%(k) + LY (k) — 2LY (k) > 0 (A.6)
where .
LI (k) = =5 (log Tr(p) gi1,) + log Tr(pS Log]) — log (e gi}) ) (AT)

Next, it is straightforward to show that eq. (A.5) implies L¥(k) > 0, i # 0, a condition
we will use to bound the fluctuation. If we take j = 0, eq. (A.5) means

L%(k) + LK) — 2L(k) > 0 (A.8)

Since pyy is normalized. L%(k) = L(k) = 0. Thus L¥(k) > 0.

Now we calculate the partition function in (k > 2) replica with an arbitrary boundary
condition. Using permutation symmetry between vertices in the complete graph, eq. (A.3)
can be rewritten as

— A(ny.my Vp! VB!
Z(k) — A(ni,m;) A9
1 Z ¢ no!n1!-~-nkg,1!m0!m1!---mkg,ll ( )

{ni},{mi}
A(ng,m;) ZJ” n; +m;) (nj +m;) +Z nﬁ—mZ (ni+m; — 1) —i—E:B"mZ
i>7 7
with
JU = —logtr (p?jgigﬁ B = —logtr <p%]§Rg;h) LU = (JO 4 J% — J)/2

Zm’ZVb Zmi:VB

where n;(m;) is the number of bulk(boundary) points occupied by the group element g*;
Vp(VB) is the total number of bulk(boundary) points; hx = h fixes the boundary condition.
Then we replace ng = Vj, — 2221 ni, mo = Vg — Zizl m;. Since J% = 0, we have

A(nz,mz) = Z J9 (nz + mz) (nj + mj) + Z Jio (nz + mz) Vi + Ve — Z(n] + mj)
i>52>1 1>1 7>1

+Z nﬁ—mz )(ni +m; — 1) —|—ZBlm,
i>1 7
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g g Jit
=Y —(ni+m) L (nj+my) + ) <<Vb +VB) LY + (Vo + Vp — 1>2> n;
i,j>1 i>1

g Jit .
+Z ((VZ,JFVB)L“ + W+ Ve — 1)7 + B* —BO> m; + B'Vp (A.10)
i>1

In the large Vj, Vp limit, we treat n; and m; as continuous variables to decide where
F(ni,m;) = —A(ni,mi) — > ;logn! — . logm;! reaches its maximum. We use Stirling
formula and calculate the second derivatives of this function

M= | M Mo (A.11)
My Ms;

- 52 O 1

o F(n, =9t _ Y _

1 8?21872] (n“ mj) n; no

M= & F(nj,my;) = 2LY

2 8n18m] T

g 52 04 1

(- F(n: N—9rw _ Y _

57 Omom; (ms, my) m; Mg

Now we show that F' does not have local minimum away from the corners of the parameter
space. A local minimum requires M to be a negative definite matrix, so to prove that F' does
not have local minimum one just needs to show that M is not negative definite anywhere
away from the corners. A corner of the parameter space (labeled by n;/Vi, m;/Vp) is
defined by having one n; = Vj, m; = Vg and all other numbers vanishing. Therefore for
any point away from these corners, there are either two numbers n;, n; of order V3, or two
numbers m;, m; of order V. Let’s assume there are n;, n; of order V}, since the discussion
with m;, m; is exactly in parallel. This includes the following two cases:

e If ng is of O(1), then there are two n;, nj with 4, j > 0 of order O(V3). Define a vector
¥ whose ith element is 1, jth element is —1 and all others are 0. Obviously,

, - . 1 1
o' Mv=2(L"+ LV —209) - — — — (A.12)
n; nj

Since L% + LW — 2L% > 0, and n;, nj are O(V3), vI Mv > 0. So M is not negative
definite and there is no local maximum in this case away from the corners.

o If ng is of O(V4), then there is at least another n; being O(V4). We choose ¢ whose
only non-zero element is 1 at the ith element. Thus

11
v My =2L% — — — — (A.13)

n; N
Since L¥ > 0 is O(1) and ng, n; is O(V3), v Mv > 0.

Therefore we conclude that eq. (A.5) is the sufficient condition that guarantees F'(n;, m;)
does not have local minimum away from the corners.
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The next step is to compare the value of F'(n;, m;) of each corner solution and bound
the near corner solutions. The corner solutions are categorized as

L4 Sng,m(): ng = Vp, mo = Vp,
F(Sngmo) = —BVp (A.14)

® Snimo: i = Vi, 1 > 1, mg = Vg,

F(Sp, me) = —B°Vp — WVBL* — (V — 1) 5 (A.15)
® Sngm;: Mo =V, mj = Vg, j > 1,
F(Spgm,) = =BV — WVL¥ — (V- 1) Jj;VB (A.16)
. Sni,mj: n;=Vy, mj =Vp, 1,5 > 1,
F(Sp,m;) = =BV — WV (L" + L7 —2L7) — (V — 1)M (A.17)

2

Firstly, we notice that F(Sygm,) > F(Sn,me) is always true, because L > 0 is
assumed and J¥ = log Dy, (k: — X(gi)) > 0, where x(g) denotes the number of cycles in a
permutation g.

Secondly,

F(Sno,mo> - F(Sno,mj)

= Vplog D (k= x((g")"'h) = (k = x(h))) + VBVL" + (V = 1) Jj;VB

> —Vglog D (k—x((¢')™") + (V — 1)% log Dy, (k—x((¢")™")) (A.18)

In the inequality, we use L > 0, and the triangle inequality of d(g,h) = k — x(g~'h),
which is equal to the minimal number of transpositions (i.e., permutations that exchange
only two indices) required to write a permutation g~'h. d(g,h) defines a distance on
Sk, which satisfies the triangle inequality d(g,I) + d(I,h) > d(g,h) [23]. Thus eq. (A.4)
(V —1)log Dg, > 2log D is a sufficient condition for F'(Sygmq) > F(Sngm,)-

Thirdly,

F(Sno,mo) - F(Sm,mj)
= Vglog D (k' —x((¢")g?) — (k - X(ga))) + VBVy(L¥ + LV — 2L7)

TN R R
=10 P Vb -1
> Vilog D (k= x((¢)"¢") = (k= x(9”)) + (V = 1) log Dy, (k = x((¢") ™)
> ~Vglog D (k—x((¢")™1)) + (V - 1)% log Dy, (k= x((¢") ™)) (A.19)
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where in the first inequality, we use J* > 0 and L¥ + L7 — 2L% > (0. In the second
inequality, we use the triangle inequality of k — x((¢%) "'¢’) again. Thus if eq. (A.4) holds,
we also have F'(Sygmg) > F(Sn;m;)-

In fact, we can make tighter bounds in F'(Sy mg) —F(Sn;m;) and F'(Sngme) —F(Sng,m,)
if we do not simply discard L" or L*" + L77 — 2L"%. However, using condition eq. (A.4) has
the advantage that it does not depend on k and the details of the link state.

)

Finally, we can bound Zi(k by analyzing the configurations near the corners. We
have shown that when eq. (A.4) and eq. (A.5) are satisfied, all other corner solutions are
exponentially small compared with the dominating corner S, .,,, and the exponent is
suppressed by —IC*XT(QJ)VB ((V —=1)log D, — 2log D). Thus the next biggest configuration

is at the neighborhood of the corner solution Sy, m,. In fact we can bound all configurations
(V—1)log DL—QIOgD]
2

that are finite distance away from Sy, m, by C - exp [— , where C' is a

O(1) number. Thus we obtain that

Z{" < BV <1 + O(VBV)HLexp [—

(V—1)log Dy — 210%17]) (A.20)

2

where (VV;)¥~! is the total number of configurations of F(n;, m;).

We conclude that if eq. (A.4), (A.5) are satisfied, the fluctuation is controlled and all
higher Renyi entropies are close to Vplog D. Thus there is an isometry from the boundary
to the bulk.

A.2 A sufficient condition for eq. (A.5)

In this section, we provide a sufficient condition that deduces eq. (A.5), which helps to
clarify what density matrices satisfy this equation. In a basis |a,) = Hle ‘a@ of the
k-copied Hilbert space, density operators and permutation operators are written as

o8 = (o5), .., (o) @ 18)) (el @ (3 (A21)
¢ = (97)asla) (8] (A.22)
One can rearrage the indices and write
Tr |55 0593] = () (05F) wis $as = (g1 197) (A.23)
5o = (5) ., (o) @ 1)) (B @ (3, (A24)
97) = (@)asla) @ 18),  {g'| = (9)aplal® (5] (A.25)
where in the last step, we have used the fact that the matrix elements gfh 5 in the product

%k qg. gé] becomes an inner product between states

Therefore eq. (A.5) follows from Cauchy-Schwarz inequality if

basis are real. In this representation, Tr [p
19') . |¢7) with metric g5
ﬁ%’“ is Hermitian and positive semi-definite for all k. Thus we conclude that a sufficient but
not necessary condition for eq. (A.5) is that p,, is Hermitian and positive semi-definite.
This condition is not necessary since eq. (A.5) is only required for permutation operators

and does not need to hold for general operators.
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A.3 An explicit example of states |azy)

In this section, we provide an explicit example of link states |a,,) and prove that condition
(eq. (3.17) is satisfied. We define the state |J) as a SU(2) singlet formed by two spins each
carrying spin J representation:

N M
7)) =

%\/Zf—kl

with J =0,1,..., Dy — 1 labeling the link states. The Hilbert space of each site is a direct
sum of different representations H, = @?éo_ 'H,. States with different J obviously are
orthogonal. (A subtlety is that the entropy of state |.J) is log (2J + 1), so that we should
think the link variable a o log (2J + 1) if we still want a to label the entropy across the

\J, M J,— M) (A.26)

link. This does not affect any discussion here.) The density matrix p,, is given by

1
S N (A.27)

If one directly obtains gz, in eq. (A.24) for p,,, the resulting p,, is Hermitian but not
positive semi-definite. However, we can prove p,, satisfies condition (A.5) by defining a
unitary operator on the y site

uy = (~1)M|J,—M) (J, M| (A.28)

JM

The density matrix in the new basis is
Dp—1

— t 1
Oy = UyPayly =

|
M; J, M) (J,N: J,N A2
Dy —1 JZ 2J+1A;V‘J’ 3 J, M) (J, N3 J, N (A.29)

Since u?k commutes with permutation operators g;, we have Tr [a;?yk gL gﬂ =Tr [p%’f q. gi} .
For o, the corresponding operator &,, defined in eq. (A.24) is
e |

92 =D, 1 JZ_:O 2T + 1

1
J,M;J,N)(J, M;J, N| =t I
A;V’ A =95 B, DT

(A.30)
with I; an identity matrix of the size (2J +1)% x (2J + 1)?. Obviously &, is diagonal and
positive definite, so that we prove o, and therefore p,, satisfy eq. (A.5).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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