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Abstract

Near-superradiant scattering of charged scalars and fermions by a near-extreme Kerr-
Newman black hole and photons and gravitons by a near-extreme Kerr black hole are
computed as certain Fourier transforms of correlators in a two-dimensional conformal
field theory. The results agree with the classic spacetime calculations from the 1970s,
thereby providing good evidence for a conjectured Kerr-Newman /CFT correspondence.
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1 Introduction

It was recently conjectured that near-extreme Kerr black holes are holographically dual to
certain two-dimensional (2D) conformal field theories (CFTs) [[]. This is known as the
Kerr/CEFT correspondence. If correct, this means that all the properties of near-extreme
Kerr - classical or quantum - can be derived from a computation in the dual CFT. The
conjecture was motivated by the fact that, given several apparently benign assumptions, a
careful analysis of the properties of diffeomorphisms acting near the horizon actually implies
that the near-extreme Kerr microstates are those of a 2D CFT. The analysis further produces
the central charge of the CFT as ¢ = 12J/h where J is the angular momentum. The spectrum
of the CFT is deduced from the spectrum of elementary particle in nature.

Both quantum and classical evidence in favor of the conjecture have emerged. On the
quantum front, assuming the validity of the Cardy formula, the CFT microstate degeneracy
reproduces the macroscopic Bekenstein-Hawking entropy[fll, B, B]. On the classical front,
scattering of perturbations near the superradiant bound by a near-extreme Kerr black hole
can be holographically computed from correlation functions in the dual CFT. These were
found to reproduce [ in full detail the rather complicated expressions derived in the early
70s (6. B, 0. -

While near-extreme Kerr black holes are of direct and significant astrophysical interest, in
order to better understand the structure of the duality it is also of interest to consider more

general types of black holes embellished by extra charges, fields and dimensions. Comparisons



of gravity and CFT computations for these more general objects have in all cases corrobo-
rated (generalizations of) the proposed correspondence [f], including for Kerr-Newman|[Q].
This universality is expected because, at heart, the correspondence rests simply on properties
of diffeomorphisms. In this paper, we consider the scattering of charged scalars and fermions
from a near-extreme Kerr-Newman black hole, as well as fields of spin 1 and 2 by a neutral
Kerr black hole.f] Perfect agreement between the CFT and gravity computations is found.
A natural quantity to compute is the absorption probability P,s. In the regime of interest,
the wave equation is solved in the near-horizon region and the “far” asymptotically flat region
and then matched along their common boundary. P, gets a contribution from each region.
In the dual CFT picture, the near region is removed from the spacetime and replaced by
a CFT glued along the boundary. It is therefore the near region contribution alone which
we expect to be reproduced by the CFT. The classical formula for this contribution can be
extracted from the early papers [f, [, [l B, [dJ. A massive, charge e, spin s = 0, 1 field with
energy w and angular momentum m scattered against a Kerr-Newman black hole with mass

M and charge () has near-region absorption probability

(T (" — (1)

near

0G4 8- s )P0 + 8 +itn - )P, (1)

abs F(26>2
where
k= 2Mw — e (1.2)
w—mfy —ed
n =
27TTH

Here 27Ty, Qy, ® are the surface gravity, angular velocity and electric potential of the hori-
zon and we consider the near-superradiant-bound near-extreme scaling limit Ty — 0 with
n fixed. (3, given below, is related to a separation constant that depends on s and must be
determined numerically. For a massless spin s = 1,2 field scattered against a Kerr black
hole, exactly the same formula applies, but with e = ) = ® = 0. In this paper we will show
that these formulae are all Fourier transforms of the CFT correlation functions, in agreement
with the Kerr-Newman/CFT correspondence.

The present paper should be viewed as an extension of []] which treats only the case
of neutral scalar scattering by neutral Kerr, but gives more detailed explanations and dis-
cussions. In sections 2 and 3 we review classical Kerr-Newman geometry and the relation
of spacetime scattering amplitudes to CF'T correlators. Section 3, 4 and 5 then match the
appropriate spacetime and CFT amplitudes for charged scalars on Kerr-Newman, charged

fermions on Kerr-Newman and massless spin one and two on Kerr respectively. Appendix

IThe wave equation for arbitrary spin and charge on Kerr-Newman has not been solved.



A presents the near-horizon limit of the Teukolsky master equation and appendix B treats
the generalization to magnetic charges.
As this work was nearing completion we received the preprint [I3] which has substantial

overlap with section 4, and also contains other generalizations.

2 Macroscopic geometry

2.1 Kerr-Newman geometry

The metric of a Kerr-Newman black hole with mass M, angular momentum J = aM, and

electric charge @ is

o A e P a1 > 2 oy )
ds® = p2(dt asin® 0de)” + Adr + p=do +p2 sin“f (adt — (r* +a”)d¢) , (2.1)
where

A = (#*+a®) —2M7 +Q*, (2.2)

p° = 7 +a*cos’h .

The gauge field and field strength are

A= (47— gin? 0do) . (2.3)
2
2 02 cos2 R .
po Q0 ¢ ) (dt — asin® ed¢) A di
0
2Qr 0 . .
— QLEOS sin 0d6 A (adt — (P + az)d¢> :
P
There are horizons at
re =M+ /M2 —a?—Q?, (2.4)
and the entropy, Hawking temperature, angular velocity of the horizon, and electric potential
are
A
S = Zea = 7(r2 + a?) (2.5)
ry —T-
Ty = ————
" 47(r? + a?)
a
Qp = ——
" r? +a?
P — Qry
2 +a?

We also define the dimensionless Hawking temperature
Ty —1_

TTH =

(2.6)

T+



2.2 NHEK-Newman geometry

The extreme black hole has ry = r_ = M. Following [[[3, [[(], we define new coordinates
=tro/\, (2.7)

with 7§ = r2 + a®. Taking A\ — 0, the near horizon geometry is
ds? = T(0) | —r2ae2 + - 1 42| + 1(0)(do + brat)? 2.8
7 =T(0) | —ridt” + —5 +db”| +7(0)(do + brdt)” (2.8)

where

') = ri+a*cos®d (2.9)
(r2 +a?)?sin’ 0

r2 + a? cos? 0

2ary
ri+a?’

The near-horizon isometry group is enhanced to U(1), x SL(2, R)r generated by

1 ¢2

K1:8¢, I_Q:@t, I_Q:t@t—r&,, KQJ,:(ﬁ‘FE

b
)&t —tr@r — ;Q;, .

Below, in the discussion of spinors, we will use the Newman-Penrose formalism [[4], which
involves a null tetrad e = (I* n* mt,m*). mt is complex with m = m* and the non-
vanishing inner products are

[-n=-m-m=-1. (2.10)

Slightly generalizing the near-horizon tetrad of [, in the basis (¢, 7,6, ¢) we use

1 b
" = (=,1,0,—— 2.11
(2107 2.11)

where
po =14 +iacost . (2.12)



2.3 Extremal thermodynamics
The first law of thermodynamics for Kerr-Newman is
TydS = dM — QudJ — ®dQ . (2.13)

At extremality, Ty = 0, so extremal variations satisfy dM = QgdJ + ®d(Q). In this case the

first law reads

1
where
2 2
_rita
T, = 1T (2.15)
Q3
e = oy

According to the Kerr/CFT correspondence, T7, is the left-moving temperature of the dual
2d CFT.

3 Microscopic scattering

We will consider the scattering of various fields off the Kerr and Kerr-Newman black holes.
According to the Kerr-Newman/CFT correspondence, a bulk field ¥ is dual to a CFT op-

erator O, and the scattering cross section for ¥ is related to the CFT two-point function

G, @]

G(t+,t7) = (O'(t",17)0(0)) , (3.1)
where ¢+ are the coordinates of the 2d CFT. From Fermi’s golden rule, the absorption cross
section is

Py ~ / dttdte Rl Tl [Q(HE — e tT —ie) — G(tT et +ie)] . (3.2)

At left and right temperatures (7y,Tg) in chemical potentials (ur, ugr), an operator with

conformal dimensions (hy, hg) and charges (qr, qr) has two-point function

2h 2h
G ~ (_1)hL+hR 1t ’ 1Tk " elaLpLtt +iqrprt” (3.3)
sinh(7Tpt+) sinh(7Trt™) ’

determined by conformal invariance. Performing the integral in (B.2),

Pabs -~ TghL_lT}%hR_l (67uDL+7rJJR + e—mDL—mDR) |F(hL +iLTJL)|2|F(hR +iLTJR)|2 ’ (3‘4)



where
o — W —qLpL D — WR — qRUR
L onT, 0 f omTn

The two-point function (B.]]) has a branch cut, and as a result, one must find a way to fix

(3.5)

the choice of relative sign between the two exponentials in (B.4)). While there may be a way
to do this from first principles we will simply fix the sign by matching the computations.
The result (B.4) is easily generalized to include more chemical potentials by further shifts in
the frequencies (B.5).

We will refer back to (B-4) throughout the paper to compare our bulk computations to
the CF'T result under various circumstances. In order to make the comparison, we must
specify the temperatures and chemical potentials, and for each field the conformal weights,

charges, and momenta (wr,wg).

4 Charged scalar
We first consider a scalar field
U = Mo R () SE(0) (4.1)

with charge e and mass p in the Kerr-Newman geometry (B.I]). The case @ = ¢ = 0 was
considered in [fJ]. The generalization to include magnetic charges is given in appendix B.

The wave equation separates into the angular part

1 . 2/ 2 2 i 2 m? Ciny _
Sineag(sm 00y) + Ky — a*(w* — p”) sin” 6 2 d So(0) =0, (4.2)
and the radial part
0, (A0 Ry) + VoRy =0 (4.3)
with
H2
Vo = —K;+2amw+ N P2 (7% + a?) (4.4)

H = w(®+a®) —eQr—am .

K, is a separation constant determined numerically by regularity at # = 0, 7. Defining

r—=r4
r = o (4.5)
w—m8y —ed
27TTH
k = 2riw—e@ ,




this becomes

r(x+15)R"+ 22 + )R + VoR =0 (4.6)
with
Vo = —K;+2amw + o 1 (ri(z+1)* +a?) (4.7)
r2a(x + 1) +
H = riwr?+r kx+nrgry/2 .

We will work in the regime with
H<l, Mw-—mQy—ed) K1 (4.8)

with n finite. That is, we consider fields with momentum near the superradiant bound

w ~ mfly + ed scattered by near-extreme black holes.

4.1 Near region

With x < 1, the wave equation is
r(x+75)R"+ 2r +75)R 4+ Viyewrd R =10 (4.9)

with

(kx + nTp /2)?
x(r + 7o)

This is the wave equation on the near horizon geometry in thermal coordinates. It is a special

Vnear = _Ké + 2amw + - M2(T_2|_ + az) . (410)

case of the NHEK master wave equation solved in the appendix. The solution ingoing at

the horizon is
, i x gnik 1 1 x
Ry =x 2" —+1 oy -+ B —ik, - —pB—ik, 1 —in,—— (4.11)
TH 2 2 TH
where )
62:K5+Z—2amw—k2+u2(ri+a2) . (4.12)
Since we are working in the regime ([[.§) to leading order in 7y, here 3 and k can be evaluated
at extremality and at the superradiant bound w = mQy + e®. We will only consider the

case of real 8 > 0. (Imaginary 3 modes require more care, as in [{].) For x > 7y,

R = Aa™ 47 4 Ba ™30 -
with
A — i I'(23)r(1 —in) (4.14)
H T(3+8—ik)T(E+8—i(n—k)) |
B = 7zt [(=26)L(1 —in)

Note that for real § and 74y < 1,
B« A. (4.15)



4.2 Scattering amplitude

The full scattering cross section can be computed easily by solving the wave equation in
in
near*

the far region z > 75 and matching to R However, we will need only the near horizon

contribution in order to match to the CFT. From the full absorption probability

fabs

Pabs = fz 5

(4.16)

the near horizon contribution is defined by stripping off the magnitude of the source at the

boundary x = xp,
near __ Pabs

(e = wp)

where ¥ is normalized to have unit incoming flux and 7y < zp < 1. The normalization

(4.17)

can also be accounted for by using the manifestly near-region formula

fabs
near — % 4.18
abs |\I/(£L' _ xB)|2 ( )

The wavefunction ([.11]) is normalized to have unit flux at the horizon, so using B < A,
near 1
abs ‘ A|2

72 sinh(7n)

T(23)? |F(%—l—ﬁ+il{:)|2|r(%+ﬁ—l—z’(n—k))|2 . (4.19)

4.3 Conformal weight

The boundary value of the field ¥ acts as a source for a CF'T operator O with left and right

conformal dimensions
Lo=h,, Ly=hg. (4.20)

hr is determined by the SL(2, R)r isometry of the near horizon geometry. In [f], hg for
a scalar was derived by organizing solutions to the near horizon wave equation into repre-
sentations of the isometry group. Here we will use a different argument, which is quicker
because we have already solved the wave equation.

On the near horizon geometry (2-§), the zero mode of SL(2, R)p is

Lo =t0; — 10, . (4.21)
This generates the scale transformation

t—Ct, r—( M. (4.22)



From (fT3), the leading behavior of a scalar near the boundary is
O ~ (I)O(tu b, (9)7”_%—'—’6 ) (423>
so under the scale transformation,
1
Dy — D277 (4.24)

Therefore conformal invariance implies that ®; can act as the source for a boundary operator
with scaling dimension
1
hr = 3 +43. (4.25)

4.4 Comparison to CFT

We can now compare the gravity result (.19) to the CFT result (B.4). To relate the two,

we take

1
hi = hr=5+0, (4.26)
M? + a?
= Ty = ———
wr m, L 47TJ )
Q3
Hp = _§7 qr = €,
pr = Qg , qr=m.

hr was derived above, and h;, = hpg is the natural choice for a scalar. wy, was derived in [[l, ],
Ty, and py, were derived in (R.15), and since py, is the electric potential, g, = e. Finally, the
right-moving temperature and quantum number are defined by equating the near-horizon

and asymptotic Boltzmann factors [[I]

_w=—mQy —e®  wp—qrUr WL —qLiL

= = : 4.27
" 27Ty onTn | 2n1% (4.27)
To leading order, the quantity k defined in ([L.F) that appears in the gravity result can
be written
k= 2riw—eQ@ (4.28)
_ m—epg
a 27TTL
= (‘DL )
and from ([f.27),

Putting this all together, and choosing the undetermined relative sign in (B.4) to be
negative, the gravity and CFT results agree.



5 Charged fermion

We now consider a Dirac fermion v with charge e and mass p scattered by a Kerr-Newman
black hole. The wave equation on Kerr was separated by Chandrasekhar [[7, R1] and ex-
tended to Kerr-Newman by Page [[§]. Writing 1 = (P4, Q4)7, the Dirac equation is

V2(Vpp —ieApp )PP +iuQh = 0 (5.1)
V2(Vpp +ieApp)QP +iuP; = 0.

Write the wavefunctions
w = <_P17 P07 QOla Qll) (52)

—iwitimé [ _ R, g Roy5y RSy pg
¢ B 2’ » y4vlo 1
L V2(F —iacosf)  V2(F + iacosf) 273

where R, = R,(7) and S, = S%(6). Defining
1
Ls= 0+ 2s(mesch —awsinf) + 5 cot 6 , (5.3)

the angular equations are

1
_ Ag+2 L) = 4
L v COSHES + Ay + 2sapcosf| S;(0) =0, (5.4)

where A, is a separation constant. The radial equation is

2ispuA

AT50; (A0 R, O:Rs+V.R, =0 5.5
with
H? —2is(fF — M)H 1. Ay —iMpu
= 2 e A .
Vs A T2t )R, o (56)
H
+4ZSCU’TA’ — 2i$€Q — /Xg—,ui%wﬁ — M2f2 — A? .

This can be rewritten

2isryxp(z + 7y )

R.+V,R,=0. 5.7
Ap—2isry (1 +2x)p st (5:7)

z(x +71y)RI+ (14 s)(2x + ) R, +

The relative normalization of the radial components is determined by

1 1H
Ri=——0——|R_

10

=



5.1 Near region

When z < 1, in the regime ({.§), the radial equation is
r(x+15)R! + (1+ 8)(2x + 75) R, + V] R, =0 (5.9)

with

(kx +n7g/2)? —is(2x + 1) (kx + n1y /2)

Vnear’ —
s x(x + 7H)

+5(2s + 1) + 2isk — p*r2 — A7 . (5.10)
From the appendix, the ingoing solution is
0 x et —h)
R, = Ny xz'27° (— + 1) (5.11)

TH

1 1
P (248 —s—ik - —pB—s—ik1—s—in ——
2 2 TH

where
B =N — K+’ (5.12)

The relative normalization N J/N_ 1 s fixed by E.9),

N iy
N—Z B 27“+(1Aé iZZ”#) . (5.13)
5.2 Scattering amplitude
With the fermion flux defined by [[[9,
]—":A|R%|2— |R_%|2, (5.14)
the absorption probability is
Pups = ];b . (5.15)

(A positive overall constant in F has been absorbed into the normalization of S, 1 .) As for
scalars, we can extract the near horizon contribution to the absorption probability without

solving the far region wave equation:

fabs
prear 2 5.16
abs ‘\II(SL’B)P ( )

¥ is the source at the boundary of the near horizon region,

THLrp L1, (517)

11



We choose the leading coefficient of either R 1 or 1 as the source. Due to (B-13), they have
the same magnitude near the boundary, so any linear combination gives the same answer.

Computing the absorbed flux at the horizon where R_1 — 0, we find

1
2

VAR, (0)P

abs ~ 2
e

72 cosh(mn)

T(23)? |F(5+ik)|2|r(%+ﬁ+i(n—k‘))|2 : (5.18)

5.3 Conformal weight

We will now determine the right-moving conformal dimension hg of the spinor operator O
dual to a bulk fermion. As in Section [£.J, we need the scaling of the wavefunction 1 near

the boundary under
Ly =t0, — 10, . (5.19)

Expanding (p.I1]) for = > 7y, we see that a fermion in the near horizon geometry (2.§)

behaves near the boundary as

Y e erttind (214G, (0), 195 (6),175,(6), 17475, (6)) (5.20)

N

where w,qq comes from the coordinate transformation to the near horizon. Since we only
need the scaling behavior, all relative coefficients have been dropped.

The Lie derivative of a fermion along a Killing vector £ is
1
Lo =V — 0"V (5.21)

where Vi) = (8M + iwwwab) ¢ with w,*, the spin connection. The gamma matrices are

0 odhn " m+
f}/u = \/5( 5.,LLA’B %B ) ) O-ZB’ = ( ) ) (522>

m*  n*

with 6% = —ea#Te, ¢g; = 1. The Newman-Penrose tetrad (I,n,m,m) was given in (2.11).
Setting & = L and using (5.20), we find near the boundary

‘Cﬁw = (% - /6 - 7;("‘Jneart)'lyb . (523)

Therefore the boundary value of v is a source for a CF'T operator of dimension

hR:%+ﬁ. (5.24)

12



5.4 Comparison to CFT

We now compare the gravity result (b.1§) to the general CFT scattering amplitude (B.4).
For the left- and right-moving temperatures, potentials, and quantum numbers, we choose
the same identifications as for scalars in (.26£.27). The only difference is that now

hy =8, hR=%+ﬁ. (5.25)

hgr was derived above, and |hg —hp| = % is natural for fermions. Choosing the undetermined
sign in (B.4) to be a plus, the near horizon contribution to fermion scattering is exactly
reproduced by the dual CFT.

6 Photons and gravitons

The electromagnetic and gravitational perturbations of Kerr-Newman do not decouple [21],
P7. Therefore in this section we specialize to the uncharged Kerr black hole, for which the
problem was solved by Starobinsky and Churilov [@, [{] and Press and Teukolsky [B, §, [L1].
We will review their macroscopic derivation of the scattering amplitude, then compare to

the microscopic CF'T result.
The radiative fields
Wy = e WM GLOV R (7) (6.1)

which are related to the field strength and Weyl tensor for spin-1 (s = 41) and spin-2
(s = £2) perturbations respectively, satisfy the Teukolsky equations

1
sin 6

214219 0
m? + s> + 2ms cosf a’w?sin? 0 — 2aws 0089) St=0 (6.2)

sin’ @

Dp(sin 00S%) + (Kg -

H? — 2is(? — M)H
A

A0, (ASH&:RS) + ( + diswr + 2amw + s(s + 1) — Kf) R,=0.

(6.3)
The detailed relation between 15 and the field perturbations ¢, A,, h,, will be given below

in Section p.5. We normalize the angular modes so that

/desine(sf)2 =1. (6.4)
The relative normalization of +|s| and —|s| radial modes is determined by

DM R_ = =Ry (6.5)

13



with
D = 0 —iH/A (6.6)
Bil? = (K" = 2amw)® + damw — 4a’w?
Bo]* = (Qf + damw — 4a’w?) [(Qr — 2)* + 36amw — 36a"w’]
+(2Q, — 1)(96a*w?® — 48awm) + 144w*(M?* — a?)
Qe = Ke@ — 2amw .

In terms of x = f;:*, the radial equation is
r(x +7g)R + (s +1)2x +75)R, + V,R, =0 (6.7)
with
vV o= (rowz? + 2rywr + nt /2)? —is(2x + 7o) (riwz? + 2r wr + nTy /2) (6.8)

x(z+7H)
+4ir ws(l+ ) + 2amw + s(s + 1) — K .

6.1 Near region

For z < 1, the radial equation is ((.7) with

(mx +ntg/2)? —is(2x + 75 ) (mx + nTy /2)

vnear —
s x(z + 71y)

+2ims +m* +s(s+1) — K; , (6.9)

where we have replaced 2r,w and 2aw by the leading order value m. This is the NHEK
master equation considered in the appendix ([A.T]), with ingoing solution

" Hg=m)=s 1 1
R = g7'27" (i+1) o[y (—+6—s—z’m,——ﬂ—s—im,l—s—in,—i) ;

TH 2 2 TH
(6.10)
where )
62=Z+K§—2m2. (6.11)
6.2 Far region
For x > 7y, the radial equation is
2’R" 4 (s + 1)2zR. + VIR, = 0 (6.12)
with
m2
VSf‘":—Kf+m2+T(x+2)2+imsx+s(s+1) . (6.13)

The solution is

1 , 1
Ré‘ar — Ax—§+ﬁ—se—zmx/2 1F1 (5 _|_6 — 3 —i—im, 1 + 2577[771;(;) —+ B(ﬂ — —6) . (614)

14



6.3 Matching

In the matching region 74y < *r < 1,
Rl — Ag=3+P=% 4 Bg=379—5 (6.15)

Comparing to the large-x expansion of R}, we find

_ F(zﬂ)r(l — 85— Zn) 1in_ g
4= F(%vhﬁ—i(n—m))F(%+5_S_Z’m)TH (6.16)

B - L(=28)I'(1 —s—in) 3
D(3-B—iln—m)L(3—B—s—im) "

2 2

~iZ+8

6.4 Scattering

The absorption probability is the rate of absorbed energy per unit incoming energy,

dE s/ dt
Pups = ——70— . 1
A, /dt (6.17)
Writing the asymptotic behavior of the field near infinity
R—Hs| = Y;niv_l_im + .- (6.18)
and near the horizon
R+|s\ = Y;bsi_i%_s + e (6.19)
the absorption probability is
Yaps |
Pabs = Fs Y—Zb (620)

F; is a spin-dependent ‘flux factor’ that comes from the energy-momentum tensor used to
define (6.17). The derivation appears in [, [L1] and will not be repeated here; the result is

Nty

Fo=—— (scalar, s = 0) (6.21)
m
F = T (photon, s = 1)
n
3
F, = % (graviton, s = 2) .

Reading off Y, from (B.10) and Y;, from the asymptotics of (5.14), the final answer is

26-1,,2-25 ITL+ B+i(m—n)PT(5 + 8 —s+im)*[T(5 + B+ s +im)|?

I(268)2T(1 + 28)2T(1 — s + in)? ’
(6.22)

Pabs = Fse”m(mTH)

with the positive s taken for each spin.
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Schematically, the near horizon contribution is

near dE abs / dt

~ 6.23
abs ‘\II(SL’ _ xB>|2 ( )

where W is the ‘source term’ for a CFT operator at the boundary x = xp. For scalars and
fermions, we took the source to be proportional to the leading part of the wave function. For
s = 1,2, the radial functions R, are related to the photon field strength and gravitational
Weyl tensor, and the proper definition of ¥ depends on the details of the coupling between
bulk and boundary fields. Here we simply assume that the source is proportional to Rys(zg).

Then the near horizon contribution to the absorption probability isf]

near 7',2{6 sinh(7n)

1 1
abs ™ F(Qﬁ)g |F(§—l—ﬁ—s+zm)|2|F(§+ﬂ+z(n—m))|2 . (624)

6.5 Field perturbations

We have computed the radial functions R,(7), but in order to compare to the CFT we will
need the scaling behavior of the actual fields ¢, A, and h,, near the boundary. For a scalar,
the relationship is trivial, ¢ = e‘iw£+im‘2’R0(f)S£(9), but for |s| = 1,2 the conversion from R
to the field perturbations is more involved.

Following Teukolsky [f], the Newman-Penrose tetrad in Boyer-Lindquist coordinates, in
the basis (£, 7,6, (ﬁ), is

72 + a? a 1
"= (——,1,0,— "= 2+ a? —A,0 6.25
( AT ’A) o 2(72 + a2 cos? ) (% +d%—A,0,0) - (6:25)

1 1
mt = tasinf,0,1,—— | .
V2(7 + ia cos 6) ( sm@)

The Teukolsky wave functions
by = e I SL OV R (7) (6.26)

are related to the electromagnetic field strength F),, and the Weyl tensor C,,,,, by [{

b = Eultm (6.27)
vy = (F—iacos)’F,,m*n"

Py = = Cupl'm”l’m°
Yo = (7 —iacos 9)4Cuypgn”m*”npm*” )

2The fact that this does not depend on whether we pick R4 or R_|, for the source comes from the
relative normalization of the two perturbations, determined by (@,@)
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On Kerr, these relations were inverted by Chrzanowski BJ]. In terms of the Newman-Penrose

spin coefficients

a,B,7,p,€,m, (6.28)
and the differential operators
D=1"9,, & =m"9,, (6.29)

the inversion formulae with our normalizations are

hw = (= L6 +a+33" —79) (6" +43" + 377) — mym,, (D — p*)(D +3p")  (6.30)
+lmyy (D +p = p") (0" + 48" +37) + (6" + 33" —a —7 — 7°)(D + 3p")])
4 it
X —R_o(7)S5(0)e~wiime
By
9 o
Ay = = (=l (6" + 28"+ 7))+ m (D +p")] §R_1(f)5f(9)e_“’t+lm¢ :
1
From (B.17), the radial wave functions behave near the boundary as
Ry~ Ax73t07s 4o (6.31)

Plugging in the Kerr spin coefficients from [[j], we find the leading behavior of the fields for
T < x < 1 in the basis (£, z, ¢, 0),

A, ~ O<$%+B’I—%+B’I—%+ﬁ’x—%+ﬁ> : (6.32)
(6.33)

The metric perturbation (£.33) was first derived in [IJ] from a near-horizon standpoint.

6.6 Conformal weight

Next we need the right-moving conformal weight hr of the operator O dual to a spin-1 or
spin-2 field. The derivation is identical to that for scalars in Section [£.3, except that we need
to account for tensor indices on the source.

Consider a tensor field near the boundary,
U= W(t,0,0)r* + - (6.34)
with tensor indices suppressed. Under the scale transformation ({.29),
Uy — Yo otde—dr (6.35)
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where d; is the number of ¢ indices and d, is the number of r indices on the component of
U under consideration. Therefore ¥, can act as the source for a boundary operator with

scaling dimension

hp=1+a—d, +d . (6.36)
Using the field perturbations (6.3, p.33) in conjunction with (6.34, p.36), we find that all

components give the same scaling behavior
1
hr = §+ﬁ , (6.37)

for |s| = 0,1,2. (Note, however, that 5 depends implicitly on s through the separation

constants.)

6.7 Comparison to CFT
The gravity result (6.24) agrees with the CFT result (B.4) if we choose
1 1
he=5+06. hi=3+B8-1s. (6.38)

The temperatures, potentials, and quantum numbers are as for scalars ([.26, f.27), except
in this section we set e = ) = ® = 0, so there is no left-moving potential. hr was derived

above, and as expected, |hg — hp| = |s|.
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A Near-horizon master equation

We commonly encounter radial wave equations of the form
r(z+1)R' +(1+s)2x+74)R +VR=0, (A1)

with .
v (ax + bry)* — is(2x + 74) (az + b1) ) (A2)
N z(x + TH) ’ '

This is the finite temperature NHEK analog of the Teukolsky master equation ([6.3) for spin-s

perturbations on Kerr. The solutions are

5 X —s+i(b—a) 1 . 1 . . .
Ry =x"|—+1 o Fy ——ﬁ—l—z(?b—a),§+ﬁ—|—z(26—a),1+8+22b,——

’TH 2 7-I{
' —s+i(b—a) 1 1
Ry = 77 S oY —%—ﬁ—s—z’a,——ﬂ—s—ia,l—s—%b,—i
TH 2 2 TH
(A.3)
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where )
52:1+c+2ais—a2+8(8+1). (A.4)

B Magnetic charge

In this appendix we compute the scattering of a scalar with electric and magnetic charges
(Ge, gm) against an extreme dyonic Kerr-Newman black hole with charges (Qe, @.,). We
find that in the CFT, this corresponds to turning on an additional chemical potential for
left-movers.

By electromagnetic duality, this process is equivalent to scattering a scalar with charges
(e = /q% + ¢, 0) against a black hole with charges

Ql@ — l qu@ + QQO
( Q;n ) B € ( QeQm _Qer ) ’ (B1>

The dyonic Kerr-Newman metric is obtained by replacing Q% — Q2 + Q2 in (21)), and the

first law of thermodynamics at extremality (.14) becomes

]‘ / /
dS = - (dJ = peQe = Q) (B.2)
L
Q2+ on
:ue,m - Qeﬂn 2J b

with 77, unchanged.
Adding magnetic charge to the black hole, the scattering computation on the gravity side
is modified as follows. The angular part of the scalar wave equation (f.3) becomes [24]
1 (m —eQ’, cosf)?

Sineag(sin 009) + Ky — a*(w? — p?) sin? 0 — 2 g

— 2aweQ),, cos 9] S§0) =0,

(B.3)
which alters the separation constant K,, and therefore the conformal weight % + (. The
radial equation is identical to (.3E.GF.7) with the replacement

k= 2riw—eQ, (B.4)
1

= ﬁ (m — Gelte — qum) )

where in the second line we have used the duality rotation (B.T]) to give magnetic charge to
the scalar. Summarizing, the final result for the scattering cross section ([.19) is identical,
but with modified 3 and k.

In the CFT, we now have two left-moving chemical potentials (., j,,) for the charges
(Ges gm)- Following the steps in Section [[.4 with this one modification, we then find perfect
agreement between gravity and the CFT.
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