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Abstract

Near-superradiant scattering of charged scalars and fermions by a near-extreme Kerr-
Newman black hole and photons and gravitons by a near-extreme Kerr black hole are
computed as certain Fourier transforms of correlators in a two-dimensional conformal
field theory. The results agree with the classic spacetime calculations from the 1970s,
thereby providing good evidence for a conjectured Kerr-Newman/CFT correspondence.
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1 Introduction

It was recently conjectured that near-extreme Kerr black holes are holographically dual to

certain two-dimensional (2D) conformal field theories (CFTs) [1]. This is known as the

Kerr/CFT correspondence. If correct, this means that all the properties of near-extreme

Kerr - classical or quantum - can be derived from a computation in the dual CFT. The

conjecture was motivated by the fact that, given several apparently benign assumptions, a

careful analysis of the properties of diffeomorphisms acting near the horizon actually implies

that the near-extreme Kerr microstates are those of a 2D CFT. The analysis further produces

the central charge of the CFT as c = 12J/~ where J is the angular momentum. The spectrum

of the CFT is deduced from the spectrum of elementary particle in nature.

Both quantum and classical evidence in favor of the conjecture have emerged. On the

quantum front, assuming the validity of the Cardy formula, the CFT microstate degeneracy

reproduces the macroscopic Bekenstein-Hawking entropy[1, 2, 3]. On the classical front,

scattering of perturbations near the superradiant bound by a near-extreme Kerr black hole

can be holographically computed from correlation functions in the dual CFT. These were

found to reproduce [4] in full detail the rather complicated expressions derived in the early

70s [5, 6, 7, 8].

While near-extreme Kerr black holes are of direct and significant astrophysical interest, in

order to better understand the structure of the duality it is also of interest to consider more

general types of black holes embellished by extra charges, fields and dimensions. Comparisons
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of gravity and CFT computations for these more general objects have in all cases corrobo-

rated (generalizations of) the proposed correspondence [9], including for Kerr-Newman[10].

This universality is expected because, at heart, the correspondence rests simply on properties

of diffeomorphisms. In this paper, we consider the scattering of charged scalars and fermions

from a near-extreme Kerr-Newman black hole, as well as fields of spin 1 and 2 by a neutral

Kerr black hole.1 Perfect agreement between the CFT and gravity computations is found.

A natural quantity to compute is the absorption probability Pabs. In the regime of interest,

the wave equation is solved in the near-horizon region and the “far” asymptotically flat region

and then matched along their common boundary. Pabs gets a contribution from each region.

In the dual CFT picture, the near region is removed from the spacetime and replaced by

a CFT glued along the boundary. It is therefore the near region contribution alone which

we expect to be reproduced by the CFT. The classical formula for this contribution can be

extracted from the early papers [5, 6, 7, 8, 11]. A massive, charge e, spin s = 0, 1
2

field with

energy ω and angular momentum m scattered against a Kerr-Newman black hole with mass

M and charge Q has near-region absorption probability

P near
abs ∼ (TH)2β (enπ − (−1)2se−nπ)

Γ(2β)2
|Γ(

1

2
+ β − s+ ik)|2|Γ(

1

2
+ β + i(n− k))|2 , (1.1)

where

k = 2Mω − eQ (1.2)

n =
ω −mΩH − eΦ

2πTH
.

Here 2πTH ,ΩH ,Φ are the surface gravity, angular velocity and electric potential of the hori-

zon and we consider the near-superradiant-bound near-extreme scaling limit TH → 0 with

n fixed. β, given below, is related to a separation constant that depends on s and must be

determined numerically. For a massless spin s = 1, 2 field scattered against a Kerr black

hole, exactly the same formula applies, but with e = Q = Φ = 0. In this paper we will show

that these formulae are all Fourier transforms of the CFT correlation functions, in agreement

with the Kerr-Newman/CFT correspondence.

The present paper should be viewed as an extension of [4] which treats only the case

of neutral scalar scattering by neutral Kerr, but gives more detailed explanations and dis-

cussions. In sections 2 and 3 we review classical Kerr-Newman geometry and the relation

of spacetime scattering amplitudes to CFT correlators. Section 3, 4 and 5 then match the

appropriate spacetime and CFT amplitudes for charged scalars on Kerr-Newman, charged

fermions on Kerr-Newman and massless spin one and two on Kerr respectively. Appendix

1The wave equation for arbitrary spin and charge on Kerr-Newman has not been solved.
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A presents the near-horizon limit of the Teukolsky master equation and appendix B treats

the generalization to magnetic charges.

As this work was nearing completion we received the preprint [12] which has substantial

overlap with section 4, and also contains other generalizations.

2 Macroscopic geometry

2.1 Kerr-Newman geometry

The metric of a Kerr-Newman black hole with mass M , angular momentum J = aM , and

electric charge Q is

ds2 = −∆

ρ2
(dt̂− a sin2 θdφ̂)2 +

ρ2

∆
dr̂2 + ρ2dθ2 +

1

ρ2
sin2 θ

(

adt̂− (r2 + a2)dφ̂
)2

, (2.1)

where

∆ = (r̂2 + a2) − 2Mr̂ +Q2 , (2.2)

ρ2 = r̂2 + a2 cos2 θ .

The gauge field and field strength are

A = −Qr̂
ρ2

(

dt̂− sin2 θdφ̂
)

, (2.3)

F = −Q(r̂2 − a2 cos2 θ)

ρ4

(

dt̂− a sin2 θdφ̂
)

∧ dr̂

− 2Qr̂a cos θ

ρ4
sin θdθ ∧

(

adt̂− (r̂2 + a2)dφ̂
)

.

There are horizons at

r± = M ±
√

M2 − a2 −Q2 , (2.4)

and the entropy, Hawking temperature, angular velocity of the horizon, and electric potential

are

S =
Area

4
= π(r2

+ + a2) (2.5)

TH =
r+ − r−

4π(r2
+ + a2)

ΩH =
a

r2
+ + a2

Φ =
Qr+

r2
+ + a2

.

We also define the dimensionless Hawking temperature

τH ≡ r+ − r−
r+

. (2.6)
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2.2 NHEK-Newman geometry

The extreme black hole has r+ = r− = M . Following [13, 10], we define new coordinates

r̂ = r+ + λr0r ,

t̂ = tr0/λ ,

φ̂ = φ+ ΩH
tr0
λ

,

(2.7)

with r2
0 = r2

+ + a2. Taking λ→ 0, the near horizon geometry is

ds2 = Γ(θ)

[

−r2dt2 +
dr2

r2
+ dθ2

]

+ γ(θ)(dφ+ brdt)2 , (2.8)

where

Γ(θ) = r2
+ + a2 cos2 θ (2.9)

γ(θ) =
(r2

+ + a2)2 sin2 θ

r2
+ + a2 cos2 θ

b =
2ar+
r2
+ + a2

.

The near-horizon isometry group is enhanced to U(1)L × SL(2, R)R generated by

K1 = ∂φ , K̄1 = ∂t , K̄2 = t∂t − r∂r, K̄3 =

(

1

2r2
+
t2

2

)

∂t − tr∂r −
b

r
∂φ .

Below, in the discussion of spinors, we will use the Newman-Penrose formalism [14], which

involves a null tetrad eµ
a = (lµ, nµ, mµ, m̄µ). mµ is complex with m̄ = m∗, and the non-

vanishing inner products are

l · n = −m · m̄ = −1 . (2.10)

Slightly generalizing the near-horizon tetrad of [15], in the basis (t, r, θ, φ) we use

lµ =

(

1

r2
, 1, 0,− b

r

)

(2.11)

nµ =
1

2Γ(θ)
(1,−r2, 0,−br)

mµ =
1√
2

(

0, 0,
−i
ρ∗θ
,

ρθ
√

γ(θ)Γ(θ)

)

,

where

ρθ = r+ + ia cos θ . (2.12)
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2.3 Extremal thermodynamics

The first law of thermodynamics for Kerr-Newman is

THdS = dM − ΩHdJ − ΦdQ . (2.13)

At extremality, TH = 0, so extremal variations satisfy dM = ΩHdJ + ΦdQ. In this case the

first law reads

dS =
1

TL
(dJ − µLdQ) , (2.14)

where [10]

TL =
r2
+ + a2

4πJ
(2.15)

µL = −Q
3

2J
.

According to the Kerr/CFT correspondence, TL is the left-moving temperature of the dual

2d CFT.

3 Microscopic scattering

We will consider the scattering of various fields off the Kerr and Kerr-Newman black holes.

According to the Kerr-Newman/CFT correspondence, a bulk field Ψ is dual to a CFT op-

erator O, and the scattering cross section for Ψ is related to the CFT two-point function

[16, 4]

G(t+, t−) = 〈O†(t+, t−)O(0)〉 , (3.1)

where t± are the coordinates of the 2d CFT. From Fermi’s golden rule, the absorption cross

section is

Pabs ∼
∫

dt+dt−e−iωRt−−iωLt+
[

G(t+ − iǫ, t− − iǫ) −G(t+ + iǫ, t− + iǫ)
]

. (3.2)

At left and right temperatures (TL, TR) in chemical potentials (µL, µR), an operator with

conformal dimensions (hL, hR) and charges (qL, qR) has two-point function

G ∼ (−1)hL+hR

(

πTL

sinh(πTLt+)

)2hL
(

πTR

sinh(πTRt−)

)2hR

eiqLµLt++iqRµRt− , (3.3)

determined by conformal invariance. Performing the integral in (3.2),

Pabs ∼ T 2hL−1
L T 2hR−1

R

(

eπω̃L+πω̃R ± e−πω̃L−πω̃R

)

|Γ(hL + iω̃L)|2|Γ(hR + iω̃R)|2 , (3.4)
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where

ω̃L =
ωL − qLµL

2πTL

, ω̃R =
ωR − qRµR

2πTR

. (3.5)

The two-point function (3.1) has a branch cut, and as a result, one must find a way to fix

the choice of relative sign between the two exponentials in (3.4). While there may be a way

to do this from first principles we will simply fix the sign by matching the computations.

The result (3.4) is easily generalized to include more chemical potentials by further shifts in

the frequencies (3.5).

We will refer back to (3.4) throughout the paper to compare our bulk computations to

the CFT result under various circumstances. In order to make the comparison, we must

specify the temperatures and chemical potentials, and for each field the conformal weights,

charges, and momenta (ωL, ωR).

4 Charged scalar

We first consider a scalar field

Ψ = e−iωt̂+imφ̂R0(r̂)S
ℓ
0(θ) , (4.1)

with charge e and mass µ in the Kerr-Newman geometry (2.1). The case Q = e = 0 was

considered in [4]. The generalization to include magnetic charges is given in appendix B.

The wave equation separates into the angular part

[

1

sin θ
∂θ(sin θ∂θ) +Kℓ − a2(ω2 − µ2) sin2 θ − m2

sin2 θ

]

Sℓ
0(θ) = 0 , (4.2)

and the radial part

∂r(∆∂rR0) + V0R0 = 0 (4.3)

with

V0 = −Kℓ + 2amω +
H2

∆
− µ2(r̂2 + a2) (4.4)

H = ω(r2 + a2) − eQr − am .

Kℓ is a separation constant determined numerically by regularity at θ = 0, π. Defining

x =
r̂ − r+
r+

(4.5)

n =
ω −mΩH − eΦ

2πTH

k = 2r+ω − eQ ,
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this becomes

x(x+ τH)R′′ + (2x+ τH)R′ + V0R = 0 (4.6)

with

V0 = −Kℓ + 2amω +
H2

r2
+x(x+ τH)

− µ2
(

r2
+(x+ 1)2 + a2

)

(4.7)

H = r2
+ωx

2 + r+kx+ nτHr+/2 .

We will work in the regime with

τH ≪ 1 , M(ω −mΩH − eΦ) ≪ 1 (4.8)

with n finite. That is, we consider fields with momentum near the superradiant bound

ω ∼ mΩH + eΦ scattered by near-extreme black holes.

4.1 Near region

With x≪ 1, the wave equation is

x(x+ τH)R′′ + (2x+ τH)R′ + VnearR = 0 (4.9)

with

Vnear = −Kℓ + 2amω +
(kx+ nτH/2)2

x(x+ τH)
− µ2(r2

+ + a2) . (4.10)

This is the wave equation on the near horizon geometry in thermal coordinates. It is a special

case of the NHEK master wave equation solved in the appendix. The solution ingoing at

the horizon is

Rin
near = x−

i

2
n

(

x

τH
+ 1

)
i

2
n−ik

2F1

(

1

2
+ β − ik,

1

2
− β − ik, 1 − in,− x

τH

)

(4.11)

where

β2 = Kℓ +
1

4
− 2amω − k2 + µ2(r2

+ + a2) . (4.12)

Since we are working in the regime (4.8) to leading order in τH , here β and k can be evaluated

at extremality and at the superradiant bound ω = mΩH + eΦ. We will only consider the

case of real β > 0. (Imaginary β modes require more care, as in [4].) For x≫ τH ,

Rin
near = Ax−

1

2
+β +Bx−

1

2
−β (4.13)

with

A = τ
1

2
−β−in/2

H

Γ(2β)Γ(1 − in)

Γ(1
2

+ β − ik)Γ(1
2

+ β − i(n− k))
(4.14)

B = τ
1

2
+β−in/2

H

Γ(−2β)Γ(1 − in)

Γ(1
2
− β − ik)Γ(1

2
− β − i(n− k))

.

Note that for real β and τH ≪ 1,

B ≪ A . (4.15)
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4.2 Scattering amplitude

The full scattering cross section can be computed easily by solving the wave equation in

the far region x ≫ τH and matching to Rin
near. However, we will need only the near horizon

contribution in order to match to the CFT. From the full absorption probability

Pabs =
Fabs

Fin

, (4.16)

the near horizon contribution is defined by stripping off the magnitude of the source at the

boundary x = xB,

P near
abs =

Pabs

|Ψ(x = xB)|2 (4.17)

where Ψ is normalized to have unit incoming flux and τH ≪ xB ≪ 1. The normalization

can also be accounted for by using the manifestly near-region formula

P near
abs =

Fabs

|Ψ(x = xB)|2 . (4.18)

The wavefunction (4.11) is normalized to have unit flux at the horizon, so using B ≪ A,

P near
abs ∼ 1

|A|2

∼ τ 2β
H sinh(πn)

Γ(2β)2
|Γ(

1

2
+ β + ik)|2|Γ(

1

2
+ β + i(n− k))|2 . (4.19)

4.3 Conformal weight

The boundary value of the field Ψ acts as a source for a CFT operator O with left and right

conformal dimensions

L0 = hL , L̄0 = hR . (4.20)

hR is determined by the SL(2, R)R isometry of the near horizon geometry. In [4], hR for

a scalar was derived by organizing solutions to the near horizon wave equation into repre-

sentations of the isometry group. Here we will use a different argument, which is quicker

because we have already solved the wave equation.

On the near horizon geometry (2.8), the zero mode of SL(2, R)R is

L̄0 = t∂t − r∂r . (4.21)

This generates the scale transformation

t→ ζt , r → ζ−1r . (4.22)
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From (4.13), the leading behavior of a scalar near the boundary is

Φ ∼ Φ0(t, φ, θ)r
− 1

2
+β , (4.23)

so under the scale transformation,

Φ0 → Φ0ζ
1

2
−β . (4.24)

Therefore conformal invariance implies that Φ0 can act as the source for a boundary operator

with scaling dimension

hR =
1

2
+ β . (4.25)

4.4 Comparison to CFT

We can now compare the gravity result (4.19) to the CFT result (3.4). To relate the two,

we take

hL = hR =
1

2
+ β , (4.26)

ωL = m , TL =
M2 + a2

4πJ
,

µL = −Q
3

2J
, qL = e ,

µR = ΩH , qR = m .

hR was derived above, and hL = hR is the natural choice for a scalar. ωL was derived in [1, 4],

TL and µL were derived in (2.15), and since µL is the electric potential, qL = e. Finally, the

right-moving temperature and quantum number are defined by equating the near-horizon

and asymptotic Boltzmann factors [1]

n =
ω −mΩH − eΦ

2πTH
=
ωR − qRµR

2πTR
+
ωL − qLµL

2πTL
. (4.27)

To leading order, the quantity k defined in (4.5) that appears in the gravity result can

be written

k = 2r+ω − eQ (4.28)

=
m− eµL

2πTL

= ω̃L ,

and from (4.27),

n− k = ω̃R . (4.29)

Putting this all together, and choosing the undetermined relative sign in (3.4) to be

negative, the gravity and CFT results agree.
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5 Charged fermion

We now consider a Dirac fermion ψ with charge e and mass µ scattered by a Kerr-Newman

black hole. The wave equation on Kerr was separated by Chandrasekhar [17, 21] and ex-

tended to Kerr-Newman by Page [18]. Writing ψ = (PA, Q̄
A′

)T , the Dirac equation is

√
2(∇BB′ − ieABB′)PB + iµQ∗

B′ = 0 (5.1)
√

2(∇BB′ + ieABB′)QB + iµP ∗
B′ = 0 .

Write the wavefunctions

ψ =
(

−P 1, P 0, Q̄0′, Q̄1′
)

(5.2)

= e−iωt̂+imφ̂

(

−R 1

2

S 1

2

,
R− 1

2

S− 1

2√
2(r̂ − ia cos θ)

,−
R− 1

2

S 1

2√
2(r̂ + ia cos θ)

, R 1

2

S− 1

2

)

where Rs = Rs(r̂) and Ss = Sℓ
s(θ). Defining

Ls ≡ ∂θ + 2s(m csc θ − aω sin θ) +
1

2
cot θ , (5.3)

the angular equations are

[

L−s
1

Λℓ − 2saµ cos θ
Ls + Λℓ + 2saµ cos θ

]

Sℓ
s(θ) = 0 , (5.4)

where Λℓ is a separation constant. The radial equation is

∆−s∂r̂

(

∆s+1∂r̂Rs

)

+
2isµ∆

Λℓ − 2isµr̂
∂r̂Rs + VsRs = 0 (5.5)

with

Vs =
H2 − 2is(r̂ −M)H

∆
+ 2s(s+

1

2
)

Λℓ − iMµ

Λℓ − 2siµr̂
(5.6)

+4isωr̂ − 2iseQ− µH

Λℓ − 2isµr̂
− µ2r̂2 − Λ2

ℓ .

This can be rewritten

x(x+ τH)R′′
s + (1 + s)(2x+ τH)R′

s +
2isr+xµ(x+ τH)

Λℓ − 2isr+(1 + x)µ
R′

s + VsRs = 0 . (5.7)

The relative normalization of the radial components is determined by

R 1

2

=
1

Λℓ + iµr̂

(

∂r̂ −
iH

∆

)

R− 1

2

. (5.8)
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5.1 Near region

When x ≪ 1, in the regime (4.8), the radial equation is

x(x+ τH)R′′
s + (1 + s)(2x+ τH)R′

s + V near
s Rs = 0 (5.9)

with

V near
s =

(kx+ nτH/2)2 − is(2x+ τH)(kx+ nτH/2)

x(x+ τH)
+ s(2s+ 1) + 2isk− µ2r2

+ −Λ2
ℓ . (5.10)

From the appendix, the ingoing solution is

Rs = Nsx
−i n

2
−s

(

x

τH
+ 1

)−s+i(n

2
−k)

(5.11)

2F1

(

1

2
+ β − s− ik,

1

2
− β − s− ik, 1 − s− in,− x

τH

)

where

β2 = Λ2
ℓ − k2 + r2

+µ
2 . (5.12)

The relative normalization N 1

2

/N− 1

2

is fixed by (5.8),

N 1

2

N− 1

2

=
1 − 2in

2r+(Λℓ + iµr+)
. (5.13)

5.2 Scattering amplitude

With the fermion flux defined by [19, 20]

F = ∆|R 1

2

|2 − |R− 1

2

|2 , (5.14)

the absorption probability is

Pabs =
Fabs

Fin

. (5.15)

(A positive overall constant in F has been absorbed into the normalization of S± 1

2

.) As for

scalars, we can extract the near horizon contribution to the absorption probability without

solving the far region wave equation:

P near
abs ∼ Fabs

|Ψ(xB)|2 . (5.16)

Ψ is the source at the boundary of the near horizon region,

τH ≪ xB ≪ 1 . (5.17)
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We choose the leading coefficient of either R 1

2

or R− 1

2

as the source. Due to (5.13), they have

the same magnitude near the boundary, so any linear combination gives the same answer.

Computing the absorbed flux at the horizon where R− 1

2

→ 0, we find

P near
abs ∼

|
√

∆R 1

2

(0)|2

|R± 1

2

(xB)|2

∼ τ 2β
H cosh(πn)

Γ(2β)2
|Γ(β + ik)|2 |Γ(

1

2
+ β + i(n− k))|2 . (5.18)

5.3 Conformal weight

We will now determine the right-moving conformal dimension hR of the spinor operator O
dual to a bulk fermion. As in Section 4.3, we need the scaling of the wavefunction ψ near

the boundary under

L̄0 = t∂t − r∂r . (5.19)

Expanding (5.11) for x ≫ τH , we see that a fermion in the near horizon geometry (2.8)

behaves near the boundary as

ψ ∼ e−iωneart+imφ
(

r−1+βS 1

2

(θ), rβS− 1

2

(θ), rβS 1

2

(θ), r−1+βS− 1

2

(θ)
)

, (5.20)

where ωnear comes from the coordinate transformation to the near horizon. Since we only

need the scaling behavior, all relative coefficients have been dropped.

The Lie derivative of a fermion along a Killing vector ξ is

Lξψ = ξµ∇µψ − 1

4
γµν∇µξνψ , (5.21)

where ∇µψ =
(

∂µ + 1
4
ωµabγ

ab
)

ψ with ω a
µ b the spin connection. The gamma matrices are

γµ =
√

2

(

0 σµ
AB′

σ̄µA′B 0

)

, σµ
AB′ =

(

lµ mµ

m̄µ nµ

)

, (5.22)

with σ̄µ = −ǫσµT ǫ, ǫ01 = 1. The Newman-Penrose tetrad (l, n,m, m̄) was given in (2.11).

Setting ξ = L̄0 and using (5.20), we find near the boundary

Lξψ = (
1

2
− β − iωneart)ψ . (5.23)

Therefore the boundary value of ψ is a source for a CFT operator of dimension

hR =
1

2
+ β . (5.24)
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5.4 Comparison to CFT

We now compare the gravity result (5.18) to the general CFT scattering amplitude (3.4).

For the left- and right-moving temperatures, potentials, and quantum numbers, we choose

the same identifications as for scalars in (4.26,4.27). The only difference is that now

hL = β , hR =
1

2
+ β . (5.25)

hR was derived above, and |hR−hL| = 1
2

is natural for fermions. Choosing the undetermined

sign in (3.4) to be a plus, the near horizon contribution to fermion scattering is exactly

reproduced by the dual CFT.

6 Photons and gravitons

The electromagnetic and gravitational perturbations of Kerr-Newman do not decouple [21,

22]. Therefore in this section we specialize to the uncharged Kerr black hole, for which the

problem was solved by Starobinsky and Churilov [6, 7] and Press and Teukolsky [5, 8, 11].

We will review their macroscopic derivation of the scattering amplitude, then compare to

the microscopic CFT result.

The radiative fields

ψs = e−iωt̂+imφ̂Sℓ
s(θ)Rs(r̂) , (6.1)

which are related to the field strength and Weyl tensor for spin-1 (s = ±1) and spin-2

(s = ±2) perturbations respectively, satisfy the Teukolsky equations

1

sin θ
∂θ(sin θ∂θS

ℓ
s) +

(

Ks
ℓ −

m2 + s2 + 2ms cos θ

sin2 θ
− a2ω2 sin2 θ − 2aωs cos θ

)

Sℓ
s = 0 (6.2)

∆−s∂r̂

(

∆s+1∂r̂Rs

)

+

(

H2 − 2is(r̂ −M)H

∆
+ 4isωr̂ + 2amω + s(s+ 1) −Ks

ℓ

)

Rs = 0 .

(6.3)

The detailed relation between ψs and the field perturbations φ, Aµ, hµν will be given below

in Section 6.5. We normalize the angular modes so that

∫

dθ sin θ(Sℓ
s)

2 = 1 . (6.4)

The relative normalization of +|s| and −|s| radial modes is determined by

D2|s|R−|s| =
B|s|

2|s|
R|s| (6.5)
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with

D = ∂r̂ − iH/∆ (6.6)

|B1|2 = (K
(1)
ℓ − 2amω)2 + 4amω − 4a2ω2

|B2|2 = (Q2
ℓ + 4amω − 4a2ω2)

[

(Qℓ − 2)2 + 36amω − 36a2ω2
]

+(2Qℓ − 1)(96a2ω2 − 48aωm) + 144ω2(M2 − a2)

Qℓ = K
(2)
ℓ − 2amω .

In terms of x = r̂−r+

r+
, the radial equation is

x(x+ τH)R′′
s + (s+ 1)(2x+ τH)R′

s + VsRs = 0 (6.7)

with

Vs =
(r+ωx

2 + 2r+ωx+ nτH/2)2 − is(2x+ τH)(r+ωx
2 + 2r+ωx+ nτH/2)

x(x+ τH)
(6.8)

+4ir+ωs(1 + x) + 2amω + s(s+ 1) −Ks
ℓ .

6.1 Near region

For x≪ 1, the radial equation is (6.7) with

V near
s =

(mx+ nτH/2)2 − is(2x+ τH)(mx+ nτH/2)

x(x+ τH)
+ 2ims+m2 + s(s+ 1) −Ks

ℓ , (6.9)

where we have replaced 2r+ω and 2aω by the leading order value m. This is the NHEK

master equation considered in the appendix (A.1), with ingoing solution

Rnear
s = x−i n

2
−s

(

x

τH
+ 1

)i(n

2
−m)−s

2F1

(

1

2
+ β − s− im,

1

2
− β − s− im, 1 − s− in,− x

τH

)

,

(6.10)

where

β2 =
1

4
+Ks

ℓ − 2m2 . (6.11)

6.2 Far region

For x≫ τH , the radial equation is

x2R′′
s + (s+ 1)2xR′

s + V far
s Rs = 0 (6.12)

with

V far
s = −Ks

ℓ +m2 +
m2

4
(x+ 2)2 + imsx+ s(s+ 1) . (6.13)

The solution is

Rfar
s = Ax−

1

2
+β−se−imx/2

1F1

(

1

2
+ β − s+ im, 1 + 2β, imx

)

+B(β → −β) . (6.14)

14



6.3 Matching

In the matching region τH ≪ x≪ 1,

Rfar
s → Ax−

1

2
+β−s +Bx−

1

2
−β−s . (6.15)

Comparing to the large-x expansion of Rnear
s , we find

A =
Γ(2β)Γ(1 − s− in)

Γ(1
2

+ β − i(n−m))Γ(1
2

+ β − s− im)
τ

1

2
−i n

2
−β

H (6.16)

B =
Γ(−2β)Γ(1 − s− in)

Γ(1
2
− β − i(n−m))Γ(1

2
− β − s− im)

τ
1

2
−i n

2
+β

H .

6.4 Scattering

The absorption probability is the rate of absorbed energy per unit incoming energy,

Pabs =
dEabs/dt

dEin/dt
. (6.17)

Writing the asymptotic behavior of the field near infinity

R+|s| = Yinx
−1−im + · · · (6.18)

and near the horizon

R+|s| = Yabsx
−i n

2
−s + · · · , (6.19)

the absorption probability is

Pabs = Fs

∣

∣

∣

∣

Yabs

Yin

∣

∣

∣

∣

2

. (6.20)

Fs is a spin-dependent ‘flux factor’ that comes from the energy-momentum tensor used to

define (6.17). The derivation appears in [7, 11] and will not be repeated here; the result is

F0 =
nτH
m

(scalar, s = 0) (6.21)

F1 =
mτH
n

(photon, s = 1)

F2 =
m3τH

n(n2 + 1)
(graviton, s = 2) .

Reading off Yabs from (6.10) and Yin from the asymptotics of (6.14), the final answer is

Pabs = Fse
πm(mτH)2β−1m2−2s |Γ1

2
+ β + i(m− n)|2|Γ(1

2
+ β − s+ im)|2|Γ(1

2
+ β + s+ im)|2

Γ(2β)2Γ(1 + 2β)2|Γ(1 − s+ in)|2 ,

(6.22)

with the positive s taken for each spin.
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Schematically, the near horizon contribution is

P near
abs ∼ dEabs/dt

|Ψ(x = xB)|2 (6.23)

where Ψ is the ‘source term’ for a CFT operator at the boundary x = xB. For scalars and

fermions, we took the source to be proportional to the leading part of the wave function. For

s = 1, 2, the radial functions Rs are related to the photon field strength and gravitational

Weyl tensor, and the proper definition of Ψ depends on the details of the coupling between

bulk and boundary fields. Here we simply assume that the source is proportional to R±s(xB).

Then the near horizon contribution to the absorption probability is2

P near
abs ∼ τ 2β

H sinh(πn)

Γ(2β)2
|Γ(

1

2
+ β − s+ im)|2|Γ(

1

2
+ β + i(n−m))|2 . (6.24)

6.5 Field perturbations

We have computed the radial functions Rs(r̂), but in order to compare to the CFT we will

need the scaling behavior of the actual fields φ, Aµ and hµν near the boundary. For a scalar,

the relationship is trivial, φ = e−iωt̂+imφ̂R0(r̂)S
ℓ
0(θ), but for |s| = 1, 2 the conversion from Rs

to the field perturbations is more involved.

Following Teukolsky [5], the Newman-Penrose tetrad in Boyer-Lindquist coordinates, in

the basis (t̂, r̂, θ, φ̂), is

lµ =

(

r̂2 + a2

∆
, 1, 0,

a

∆

)

, nµ =
1

2(r̂2 + a2 cos2 θ)

(

r̂2 + a2,−∆, 0, a
)

(6.25)

mµ =
1√

2(r̂ + ia cos θ)

(

ia sin θ, 0, 1,
i

sin θ

)

.

The Teukolsky wave functions

ψs = e−iωt̂+imφ̂Sℓ
s(θ)Rs(r̂) (6.26)

are related to the electromagnetic field strength Fµν and the Weyl tensor Cµνρσ by [5]

ψ1 = Fµν l
µmν (6.27)

ψ−1 = (r̂ − ia cos θ)2Fµνm
⋆µnν

ψ2 = = Cµνρσl
µmν lρmσ

ψ−2 = (r̂ − ia cos θ)4Cµνρσn
µm⋆νnρm⋆σ .

2The fact that this does not depend on whether we pick R+|s| or R−|s| for the source comes from the
relative normalization of the two perturbations, determined by (6.5,6.6).

16



On Kerr, these relations were inverted by Chrzanowski [23]. In terms of the Newman-Penrose

spin coefficients

α , β , τ , ρ , ǫ , π , (6.28)

and the differential operators

D = lµ∂µ , δ∗ = m∗µ∂µ , (6.29)

the inversion formulae with our normalizations are

hµν =
(

− lµlν(δ
∗ + α+ 3β∗ − τ ∗)(δ∗ + 4β∗ + 3τ ∗) −m∗

µm
∗
ν(D − ρ∗)(D + 3ρ∗) (6.30)

+l(µm
∗
ν) [(D + ρ− ρ∗)(δ∗ + 4β∗ + 3τ ∗) + (δ∗ + 3β∗ − α− π − τ ∗)(D + 3ρ∗)]

)

× 4

B2
R−2(r̂)S

ℓ
2(θ)e

−iωt̂+imφ̂

Aµ = −
(

−lµ(δ∗ + 2β∗ + τ ∗) +m∗
µ(D + ρ∗)

] 2

B1
R−1(r̂)S

ℓ
1(θ)e

−iωt̂+imφ̂ .

From (6.15), the radial wave functions behave near the boundary as

Rs ∼ Ax−
1

2
+β−s + · · · . (6.31)

Plugging in the Kerr spin coefficients from [5], we find the leading behavior of the fields for

τH ≪ x≪ 1 in the basis (t̂, x, φ̂, θ),

Aµ ∼ O
(

x
1

2
+β, x−

3

2
+β, x−

1

2
+β, x−

1

2
+β
)

, (6.32)

hµν ∼ O











x
3

2
+β x−

1

2
+β x

1

2
+β x

1

2
+β

x−
5

2
+β x−

3

2
+β x−

3

2
+β

x−
1

2
+β x−

1

2
+β

x−
1

2
+β











. (6.33)

The metric perturbation (6.33) was first derived in [15] from a near-horizon standpoint.

6.6 Conformal weight

Next we need the right-moving conformal weight hR of the operator O dual to a spin-1 or

spin-2 field. The derivation is identical to that for scalars in Section 4.3, except that we need

to account for tensor indices on the source.

Consider a tensor field near the boundary,

Ψ = Ψ0(t, φ, θ)r
α + · · · (6.34)

with tensor indices suppressed. Under the scale transformation (4.22),

Ψ0 → Ψ0ζ
−α+dt−dr (6.35)
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where dt is the number of t indices and dr is the number of r indices on the component of

Ψ under consideration. Therefore Ψ0 can act as the source for a boundary operator with

scaling dimension

hR = 1 + α− dt + dr . (6.36)

Using the field perturbations (6.32, 6.33) in conjunction with (6.34, 6.36), we find that all

components give the same scaling behavior

hR =
1

2
+ β , (6.37)

for |s| = 0, 1, 2. (Note, however, that β depends implicitly on s through the separation

constants.)

6.7 Comparison to CFT

The gravity result (6.24) agrees with the CFT result (3.4) if we choose

hR =
1

2
+ β , hL =

1

2
+ β − |s| . (6.38)

The temperatures, potentials, and quantum numbers are as for scalars (4.26, 4.27), except

in this section we set e = Q = Φ = 0, so there is no left-moving potential. hR was derived

above, and as expected, |hR − hL| = |s|.
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A Near-horizon master equation

We commonly encounter radial wave equations of the form

x(x+ τH)R′′ + (1 + s)(2x+ τH)R′ + V R = 0 , (A.1)

with

V =
(ax+ bτH)2 − is(2x+ τH)(ax+ bτH)

x(x+ τH)
− c . (A.2)

This is the finite temperature NHEK analog of the Teukolsky master equation (6.3) for spin-s

perturbations on Kerr. The solutions are

R1 = xib

(

x

τH
+ 1

)−s+i(b−a)

2F1

(

1

2
− β + i(2b− a),

1

2
+ β + i(2b− a), 1 + s+ 2ib,− x

τH

)

R2 = x−ib−s

(

x

τH
+ 1

)−s+i(b−a)

2F1

(

1

2
+ β − s− ia,

1

2
− β − s− ia, 1 − s− 2ib,− x

τH

)

(A.3)
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where

β2 =
1

4
+ c+ 2ais− a2 + s(s+ 1) . (A.4)

B Magnetic charge

In this appendix we compute the scattering of a scalar with electric and magnetic charges

(qe, qm) against an extreme dyonic Kerr-Newman black hole with charges (Qe, Qm). We

find that in the CFT, this corresponds to turning on an additional chemical potential for

left-movers.

By electromagnetic duality, this process is equivalent to scattering a scalar with charges

(e =
√

q2
e + q2

m, 0) against a black hole with charges
(

Q′
e

Q′
m

)

=
1

e

(

qeQe + qmQm

qeQm − qmQe

)

. (B.1)

The dyonic Kerr-Newman metric is obtained by replacing Q2 → Q′2
e +Q′2

m in (2.1), and the

first law of thermodynamics at extremality (2.14) becomes

dS =
1

TL
(dJ − µeQ

′
e − µmQ

′
m) (B.2)

µe,m = −Q′
e,m

Q′2
e +Q′2

m

2J
,

with TL unchanged.

Adding magnetic charge to the black hole, the scattering computation on the gravity side

is modified as follows. The angular part of the scalar wave equation (4.2) becomes [24]
[

1

sin θ
∂θ(sin θ∂θ) +Kℓ − a2(ω2 − µ2) sin2 θ − (m− eQ′

m cos θ)2

sin2 θ
− 2aωeQ′

m cos θ

]

Sℓ
0(θ) = 0 ,

(B.3)

which alters the separation constant Kℓ, and therefore the conformal weight 1
2

+ β. The

radial equation is identical to (4.5,4.6,4.7) with the replacement

k = 2r+ω − eQ′
e (B.4)

=
1

2πTL
(m− qeµe − qmµm) ,

where in the second line we have used the duality rotation (B.1) to give magnetic charge to

the scalar. Summarizing, the final result for the scattering cross section (4.19) is identical,

but with modified β and k.

In the CFT, we now have two left-moving chemical potentials (µe, µm) for the charges

(qe, qm). Following the steps in Section 4.4 with this one modification, we then find perfect

agreement between gravity and the CFT.
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