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Abstract

Over the past decade, the AdS/CFT correspondence has proven to be a remarkable
tool to study various properties of strongly coupled field theories. In the context of the
holography, Ryu and Takayanagi have proposed an elegant method to calculate entangle-
ment entropy for these field theories. In this thesis, we use this holographic entanglement
entropy to study a candidate c-theorem and entanglement entropy for singular surfaces.

We use holographic entanglement entropy for strip geometry and construct a candidate
c-function in arbitrary dimensions. For holographic theories dual to Einstein gravity, this c-
function is shown to decrease monotonically along RG flows. A sufficient condition required
for this monotonic flow is that the stress tensor of the matter fields driving the holographic
RG flow must satisfy the null energy condition over the holographic surface used to calculate
the entanglement entropy. In the case where the bulk theory is described by Gauss-Bonnet
gravity, the latter condition alone is not sufficient to establish the monotonic flow of the c-
function. We also observe that for certain holographic RG flows, the entanglement entropy
undergoes a ‘phase transition’ as the size of the system grows and as a result, evolution of
the c-function may exhibit a discontinuous drop.

Then, we turn towards studying the holographic entanglement entropy for regions with
a singular boundary in higher dimensions. Here, we find that various singularities make
new universal contributions. When the boundary CFT has an even spacetime dimension,
we find that the entanglement entropy of a conical surface contains a term quadratic in
the logarithm of the UV cut-off. In four dimensions, the coefficient of this contribution is
proportional to the central charge c. A conical singularity in an odd number of spacetime
dimensions contributes a term proportional to the logarithm of the UV cut-off. We also
study the entanglement entropy for various boundary surfaces with extended singularities.
In these cases, extended singularities contribute through new linear or quadratic terms in
logarithm only when the locus of the singularity is even dimensional and curved.
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Chapter 1

Introduction

The Standard Model of particle physics describes three of the four fundamental forces of the
nature. Since its development in 1960’s and 1970’s, the standard model has been tested
extensively at particle accelerators over the succeeding period. Although the Standard
Model falls short of being a complete theory of all the fundamental forces, the successful
predictions of this theory, especially in precision tests carried out at the LEP and SLC
facilities, has firmly established it as the low-energy limit of any unified theory, that may
also include gravity [1].

The theoretical structure of the standard model mainly consists two disjoint theories:
quantum chromodynamics (QCD) that describes strong interactions and the Glashow-
Salam-Weinberg (GSW) electroweak theory that describes electromagnetic and weak in-
teractions [2, 3, 4]. At the energy scales above 100 Gev, both electromagnetic and weak
interactions are unified in a single theory with SU(2)×U(1) symmetry. At this unification
scale, the matter content (fermions) and force mediators of the theory are massless. As a
result of the spontaneous symmetry breaking of SU(2) × U(1), the scalar takes the non-
zero vacuum expectation value and the fermions, gauge vector bosons and Higgs boson gain
mass. Finally in the low energy effective theory, we get electromagnetic force mediated by
the massless photon and weak force is mediated by the massive W+, W− and Z bosons.

Although the standard model has been the most successful model in explaining the
fundamental physics, there are several fronts where it seems incomplete. For example,
the standard model doesn’t explain the neutrino oscillations and a finite Higgs mass gives
rise to puzzles like the hierarchy problem and the problem of small cosmological constant.
More importantly, the underlying mathematical structure for the standard model is inad-
equate to describe the gravity. As the gravity couples with every bit of the stress energy

1



Introduction

tensor, one requires infinite counter terms to renormalize the theory. In other words, now
we know that the quantum mechanical version of the Einstein’s classical gravity, or its im-
mediate modifications are not renormalizable. Now given these difficulties, there is strong
motivation to find the correct theory of quantum gravity and we mention two particular
scenarios where quantum nature of gravity is important. First, at the early stage of the
universe, the spacetime was highly curved and to explain the big-bang, we will definitely
need the quantum gravity. Second, now there are stronger astronomical evidence that black
holes do exist in our universe [5], and we need a quantum mechanical theory of gravity to
understand these exotic objects.

One of the most intriguing puzzles about the black holes is the information paradox.
In 1970’s, Hawking used the semiclassical arguments to show that a black hole is not
completely black and it radiates [6]. The radiation takes place because of the spontaneous
creation of a particle anti-particle pair and as a result, mass of the black hole reduces.
If this process continues long enough, it is expected that eventually the black hole will
disappear. Now if all that comes out of the black hole is the thermal radiation, all the
information about the matter dumped in the black hole will be lost after it evaporates.
This loss of information actually threatens the fundamental quantum determinism which
says that information about a quantum system evolved under the unitary operators is
always conserved. In this context, the idea of black hole entropy is introduced, which says
that the black hole entropy is proportional to the area of the black hole horizon [7]. As the
inside regime of any black hole is inaccessible, it is expected that the information about
the degrees of freedom of the black hole is stored on its horizon at a scale of the Planck
length. This interpretation led to the beautiful idea of holography in field theories, which
means that all the degrees of freedom of any region lies on the boundary that surrounds it.
Now simultaneously, in slightly different developments, it is noted that the von Neuman
entanglement entropy in field theories also follows the area law [8, 9]. This interesting
similarity in the black hole entropy and entanglement entropy has received much attention
and there is an open question if the black hole entropy is entanglement entropy [8, 9, 10, 11].
Hence, a deeper understanding of the black holes and the information paradox might not
only demand a theory of quantum gravity, but also we need to understand the nature of
the entanglement entropy.

Now let us return to the problem of quantizing the Einstein’s gravity. The key reason
that gravity is non-renormalizable is that we had assumed the fundamental particles to
be point particles. As a result, the loop diagrams are divergent and we need infinite
parameters to renormalize the theory. One of the possible solution of this problem can be
that the fundamental particles are not precisely the point particles but there is an internal
length scale associated with them. This simple idea is at the core of the string theory and
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one assumes that all the fundamental particles are nothing but the various excitations of
a single string. Now because of this internal length scale, as shown in figure 1.1, the loop-
diagrams in string theory will smear out rendering a renormalizable theory of quantum
gravity. Apart from that, string theory has also been a great source of remarkable ideas
which have enhanced our understanding of fundamental physics. Among all, one of the
most intriguing is the AdS/CFT conjecture, which has been studied extensively in the last
decade. This conjecture has been vigorously used to study various properties of the specific
class of strongly coupled field theories. As entanglement entropy plays a crucial role in
quantum field theories (QFT’s), it is natural to utilize the AdS/CFT correspondence to
understand it. Hence, in this chapter, we review basic idea of string theory, gauge-gravity
duality and entanglement entropy to lay the foundation for later chapters, where we use
holographic techniques to uncover some interesting properties of entanglement entropy.

This chapter is organized as follows: in section 1.1, we first give a brief review of
string theory which is aimed for the discussion of the AdS/CFT correspondence. For more
complete review, the interested reader may consult to [12, 13, 14, 15]. In section 1.2, we
discuss basic properties of the AdS geometry and introduce the AdS/CFT correspondence.
Then in section 1.3, we discuss RG flow and c-theorems in quantum field theories and
then explain how they are implemented in the AdS/CFT correspondence. In this section,
we also review the basic properties of the entanglement entropy in field theories and the
proposal by Ryu and Takayanagi [16] to calculate it using the holography. Finally in section
1.4, we briefly explain how rest of the thesis is organised.

(a) (b)

Figure 1.1: (Color Online) Panel (a) is a self-energy diagram for a fermion containing a
graviton in the loop. Panel (b) show how the vertices in this event will smear out removing
the UV divergences if we consider strings.
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1.1 Overview of string theory

The simplest model of string theory is the bosonic string model in the flat background,
which also plays the role of a useful tool in understanding its more complicated ver-
sions. The idea is to assume a one dimensional object, the string, propagating in the
D-dimensional space time. Then it will trace a two dimensional worldsheet and the action
for the string is naturally given by the area of the worldsheet. However, such an action is
hard to quantize and the equivalent but convenient action for bosonic string theory is the
Polyakov action [17]:

Iσ = − 1

4πα′

∫
d2σ

√
−hhαβ∂αXµ∂βX

νηµν . (1.1)

This action simply treats the spacetime coordinates as D free scalar fields on the two
dimensional worldsheet. Here σα = (τ, σ) are the coordinates on the worldsheet and hαβ is
the worldsheet metric, which is an independent dynamical variable. Further, Xµ are the
scalar fields from the worldsheet point of view and describe the embedding of worldsheet in
the D-dimensional Minkowski target space with metric ηµν . Finally, α

′ is the Regge slope
and it is related to the string tension T and string length scale ℓs by

T =
1

2πα′
=

1

2πℓ2s
. (1.2)

We further note that there are two local worldsheet symmetries of the Polyakov action,
namely the reparameterization invariance of coordinates (τ, σ), and the Weyl (or conformal)
invariance hαβ → e2w(τ,σ)hαβ. Now the quantization of the worldsheet theory gives rise to
various interesting phenomenon. First, one finds that for open string, i.e., string with
end-points, one can impose Dirichlet or Neumann boundary conditions on the boundary of
the worldsheet. For closed strings, the worldsheet does not have any boundary and fields
satisfy the (anti)periodicity conditions. Further, the preservation of conformal invariance
and the Lorentz symmetry implies that the spacetime has to be 26 dimensional. With
this 26-dimensional target space, one finds that the lightest modes of open and closed
strings are tachyonic. These tachyonic modes can be ignored in the further discussion
of the bosonic strings. As we will point out later, in the more realistic models of string
theory where we also have fermions, tachyons can be removed by truncating the theory in a
sensible way. The next high energy excitations of both open and closed strings are massless
and remarkably, some closed string modes turn out to be graviton in the 26-dimensional
target space. Now, similar to quantum field theories, we expect the strings to interact.
The description of the interaction between the strings is only breaking and fusing into each
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other by a local interaction of the worldsheet as shown in figure 1.2. Further, using the
operator-state correspondence of the two-dimensional conformal field theory on the string
worldsheet, one can find a local vertex operator in the worldsheet theory corresponding
to each asymptotic state of the string. Now similar to field theories, one can use these
vertex operators in the path integral to calculate the string scattering amplitudes. In
the perturbative framework, similar to Feynman diagrams, one needs to sum over all the
worldsheet topologies with all vertex operators of incoming and outgoing string states. In
the end, using the conformal symmetry of the worldsheet, the calculation of the string
scattering amplitudes boils down to finite dimensional integrals over the ‘moduli space’ of
the worldsheet.

(a) (b)

Figure 1.2: (Color Online) This figure shows examples of string interactions. In panel
(a), two closed strings fuse to make one closed string. In panel (b), first two open string
combine into one open string and then a closed string breaks and joins with the open
string.

We can further consider the strings in curved D-dimensional background spacetime.
Then in (1.1), we need to replace ηµν with the curved metric Gµν in the target space. As
graviton is one of the states of the string, we can say that in some sense, spacetime is a
coherent background of string states. Now if gravity background makes its appearance in
the worldsheet action, it makes sense to include the backgrounds of other massless string
states too. So using the form of the vertex operators for various massless closed string
excitations, with Euclidean signature on the worldsheet metric, one can generalise the
action for bosonic strings (1.1) to [18, 19]

Iσ =
1

4πα′

∫
d2σ

√
h
[(
hαβGµν(X) + iǫαβBµν(X)

)
∂αX

µ∂βX
ν + α′RΦ(X)

]
. (1.3)
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Here Xµ are spacetime coordinates, R is the worldsheet Ricci scalar and Gµν is the metric
in the target space. Further Bµν is the two-form Kalb-Ramond field and Φ is the dilaton.
These are the massless excitations of a closed oriented string which we are considering.
Further, ǫαβ is antisymmetric tensor on two-dimensional worldsheet and it is normalized
such that ǫτσ = 1/

√
h. Note that here we are focusing only on the low energy excitations.

In this limit, we assume that the gravity is weakly curved and if background curvature is
controlled by the distance scale L, then the dimensionless coupling ℓs/L ≪ 1, where ℓs is
the string length. In this regime, perturbative theory is a useful tool and we can ignore the
high energy states of the strings in (1.3). While all this happens in the two dimensional
worldsheet theory, one can find the low energy effective action for strings in target space
and it turns out to be

I =
1

2κ20

∫
d26X

√
−Ge−2Φ

(
R− 1

12
HµνλH

µνλ + 4 ∂µΦ∂
µΦ

)
. (1.4)

Where R is the Ricci scalar in the target space, Hµνλ = ∂µBνρ + ∂νBρµ + ∂ρBµν and κ0
is the coupling constant of order κ0 ∼ gsℓ

12
s , where gs is the string coupling and ℓs is the

string length. Note that here κ0 is not fixed by the field equations and can be changed
by the field redefinition of Φ. Now remarkably, the first few terms in effective action (1.4)
gives the Einstein’s gravity in D = 26 dimensional spacetime. It can be further seen
through the scattering diagrams of strings that dilaton Φ is related to the string coupling
by gs = e〈Φ〉, where 〈Φ〉 is the background (or expectation) value of the dilaton. So in
string theory, different backgrounds will have different string coupling and in this sense,
string coupling is a dynamical variable which is fixed by the theory itself. Further, our
one dimensional objects, the strings, are charged under two-form field Bµν . We will soon
see that in superstring theory, there are even higher form fields and that will give rise
to higher dimensional charged objects, namely the Dirichlet branes. Finally, we wrap up
this discussion of bosonic strings by reminding the reader that the effective action (1.4) in
target space is recovered under two approximations: First, all the background fields vary
slowly on the string length scale, e.g., ℓs∇Φ/Φ ≪ 1, and hence at leading order, strings
are treated as point particles. So the length of the string is one of the parameters in the
perturbative expansion of quantum corrections. Second, we expect that the background
values of the fields and string coupling are also small and the stringy corrections are also
treated perturbatively. Finally, we emphasize the importance of the conformal symmetry
of the worldsheet theory by mentioning that the equations of motion for fields in target
space can also be recovered from the trace anomalies of the worldsheet CFT. In this way,
the equations of motion for various fields in action (1.4) are nothing but the beta function
for the various couplings in the worldsheet theory. So in recovering the Einstein’s gravity
in 26 dimensions from the simplest model of string theory, the diffeomorphism and Weyl
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scaling of worldsheet play a crucial role.

To introduce spacetime fermions in the spectrum of the string theory, we need to intro-
duce fermions in the worldsheet theory. Now there are two main formalisms to introduce
fermions in supersymmetric worldsheet theory: the Ramond-Neveu-Schwarz (RNS) for-
malism and the Green-Schwarz (GS) formalism. Although we find five different, consistent
superstring theories through different formalisms, various dualities among these string the-
ories suggest that they are all various limits of a single M-theory. Here, we will discuss
some details about the RNS formalism of superstring theory because they result in type
IIA and IIB string theories, which are more relevant to our discussion of gauge-gravity
duality.

In RNS formalism, the two dimensional worldsheet theory contains as many Majorana
spinors ψA(τ, σ) as the dimension of the target space. Here A runs over the target space
dimensions D. Now similar to scalar fields on worldsheet of open strings, we need to
impose the boundary condition on the edges. For closed strings, the boundary condition
will take the form of the periodicity condition. In both cases, Lorentz invariance allows
two types of boundary or periodicity conditions on the spinor fields. One can either have
ψ(τ, 0) = ψ(τ, σ0) or ψ(τ, 0) = −ψ(τ, σ0). Here σ0 = π for open string worldsheet and
σ0 = 2π for closed string worldsheet. These two boundary conditions will give rise to
two types of independent oscillators, namely the Ramond sector and the Neveu-Schwarz
sector of the oscillators. As a results of these periodicity or anti-periodicity conditions, the
fermionic oscillators in Ramond sector, i.e., for ψ = ψ, will have integer frequencies and
in Neveu-Schwarz sector, i.e., for ψ = −ψ, will have half integer frequencies.

In an open string, the right and left moving modes are not independent and hence,
a particular fermion can be either a Ramond or a Neveu-Schwarz mode. After quantiza-
tion, the spectrum of the worldsheet fermions in Ramond sector contains the zero modes,
which actually do not contribute in the energy, and hence the ground state is degenerate.
Interestingly, these degenerate ground states in the Ramond sector are organized into a
spacetime spinor in the target space. On the other hand, the Neveu-Schwarz sector of the
fermions in an open string does not have any zero modes in the spectrum. The situation
is more interesting in the closed strings. In this case, the left and right moving oscilla-
tors are independent and hence a closed string contains the following mixed sectors: R-R,
R-NS, NS-R or NS-NS. Further, the preservation of the conformal invariance in the quan-
tized worldsheet theory implies that now the target space is 10-dimensional. However, the
spectrum of NS-NS sector in this theory contains the tachyons, which is indeed a problem
with this formalism. To further construct a consistent theory, one needs to utilize Gliozzi-
Scherk-Olive (GSO) projection of states [20], which eliminates half of the states and also
ensures the spacetime supersymmetry in the target space.

7



Introduction

The idea behind the GSO projection is to use the chirality and the number of fermions
in consecutively Ramond and Neveu-Schwarz sectors to find a consistent truncation of
the theory. In Neveu-Schwarz sector, after projecting the states under a ‘fermion number
operator’, only the states with odd numbers of fermionic oscillator excitations survive. As
tachyonic state in NS sector has zero fermion number, this state is removed. Similarly in
Ramond sector, one projects the states under a ‘chirality’ operator. In this case, the choice
of positive or negative chirality is just a matter of choice for open strings. However in closed
strings, there are two independent modes and one can perform the GSO projection on both
right and left moving modes independently. Now if we take the opposite GSO projection
on the Ramond sectors of left and right moving modes, the spinors have the opposite
chirality and it is called type IIA theory. Also, we can take the same GSO projection on
the left and right moving modes of closed strings and now spinors have the same chirality.
This is called the type IIB theory. Note that as a result of GSO projection, type IIA is a
non-chiral spacetime theory and type IIB is a chiral spacetime theory.

In both type IIA and IIB string theories, the massless bosonic content comes from the
R-R and NS-NS sectors. In the NS-NS sector, we find the usual dilaton, graviton and the
two-form Kalb-Ramond field for both type IIA and IIB theories. However, the content
in R-R sector will depend on the chirality of the theory and it will be different for type
IIA and IIB. In both theories, the R-R sector can be decomposed into representations of
SO(9, 1) which are antisymmetric form field potentials with n indices. In type IIA, we
have n = 1, 3, 5, 7, 9 and in type IIB theory we have n = 0, 2, 4, 6, 8. This implies that in
10-dimensional IIA and IIB theories, there are consequently odd and even form potentials.
In case of bosonic string theory, we discussed that open strings (one dimensional objects)
were charged under a two-form field, namely the B-field. Similarly, we find that there
are extended objects in the superstring theory, namely the (p + 1)-dimensional Dirichlet
branes (Dp-branes), which are charged under these new R-R forms. In IIA theory, there
are form potentials with 1, 3, 5, 7 and 9 indices and hence theory contains Dp-branes with
p = 0, 2, 4, 6 and 8. Similarly, IIB has form potentials with 0, 2, 4, 6, 8 indices and contains
Dp-branes with p = 1, 3, 5, 7 and 9.

The support for the existence of the higher dimensional extended objects also comes
from the black hole radiation, that we discussed earlier. The Hawking radiation will result
in the reduction of the mass of the black holes and it will eventually reach to extremal
limit. In this limit, the black hole has the minimal mass compatible with the charges
and there is no Hawking radiation. Further, the supergravities have black hole and black
brane solutions which have R-R charges. As Hawking radiation carries away only mass
but not charge, the remnant will also carry R-R charge. Hence, it is expected that the full
quantum theory of gravity must carry the objects which will source the R-R fields and can
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describe the complete process of the black hole evaporation. One remarkable result in this
direction is the black hole state counting using the D-branes for a specific class of black
holes [21]. The idea is to begin with a supersymmetric black hole, which will be equivalent
to strongly coupled D-branes when the entropy is evaluated using the Bekenstein-Hawking
formula. Now at weak coupling, the D-branes can be viewed as bound states of minimally
charged BPS solitons, and one can topologically count the degeneracy of these states. As
the number of states will not change from going back to strong coupling, this result for
number of states also applies to the black hole. Remarkable, the state counting using this
idea is found to match with the Bekenstein-Hawking entropy which follows the area law.

Apart from that, the D-branes arise naturally in the discussion of the open strings. We
can have open strings states whose ends satisfy the Dirichlet boundary conditions along
the directions orthogonal to a Dp-branes and Neumann boundary condition in rest of the
directions. Then the end of the open string can only move along the Dp-brane and various
open string excitations will determine the location and shape of this Dp-brane. It is more
explicit in this picture that the D-branes are charged dynamical objects and similar to
the strings, D-branes respond to the background fields. The dynamics of the D-branes
can be described by the world-volume action which involve the background fields acting
as the generalized field dependent couplings. In bosonic string theory, the only surviving
fields in the low energy limit are the massless open string states. For this case, the Dirac-
Born-Infeld (DBI) action describing a Dp-brane moving in the background created by the
massless closed string modes Gµν , Bµν and Φ is given by

Sp = −Tp
∫
dp+1ξ e−Φ

√
−det(γab + 2πα′Fab +Bab) , (1.5)

where Tp is the tension and ξa are the coordinates describing the Dp-brane. Further, γab
and Bab are the pull-back of the spacetime metric on the worldvolume and the two-form
field Bµν in spacetime:

γab = Gµν
∂Xµ

∂ξa
∂Xν

∂ξb
and Bab = Bµν

∂Xµ

∂ξa
∂Xν

∂ξb
. (1.6)

Finally, Fab = ∂aAb − ∂bAa is the field strength for the gauge field Aa, which is one of
the massless open string excitations and lives on the Dp-brane. There are other massless
open string excitations which are fluctuations of the D-brane in the orthogonal directions,
e.g., φI in eq. (1.7). In (1.5), dilaton appears because all physics arise at the open string
tree-level processes and dilaton governs the coupling between them. Further, other fields
appear as a combination of 2πα′Fab +Bab, which preserve the spacetime gauge invariance.
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The situation becomes much more interesting when we have a stack of N overlapping
Dp-branes and want to understand their dynamics. We find that the low energy limit of
a stack of Dp-branes is a super U(N) Yang-Mills theory. Note that we can label the end
points of the open strings by the Chan-Paton factors which are the boundary terms in
the worldsheet action and do not contribute to the energy. However, these Chan-Paton
factors keep track of the information of which Dp-brane the string is ending on and using
these, the massless fields on the brane could be naturally combined into N ×N Hermitian
matrices. Then the gauge symmetry takes the form of U(N) symmetry from a stack of
N overlapping Dp-branes. Now the leading two-derivative bosonic part of the low-energy
action describing a stack of N Dp-brane takes the following form

IN = −(2πα′)2Tp

∫
dp+1ξ Tr

(
1

4
FabF

ab +
1

2
Daφ

IDaφI − 1

4

∑

I 6=J

[φI , φJ ]2

)
, (1.7)

where gauge field (Aa)
m

n have extra indices for U(N) and Fab = ∂aAb − ∂bAa + i[Aa, Ab].
Further, Daφ

I = ∂aφ
I + i[Aa, φ

I ], where φI is in the adjoint representation of the gauge
group and the over all coefficient in front of the Yang-Mills term is coupling 1/g2YM. Further,
the complete action for the dynamics of a stack of N Dp-branes will take the form of a
supersymmetric U(N) Yang-Mills theory. This remarkable result is at the foundation of
the gauge-gravity duality and we will discuss it in some detail in the next subsection.

1.2 The AdS/CFT correspondence

After a quick stroll through the superstring theory, we turn towards the bold conjecture by
Maldacena [22]. In its original form, the conjecture says that the N = 4 super Yang-Mills
theory is equivalent to the type IIB string theory on AdS5×S5. The motivation for the
conjecture come from the dynamics of a stack of D-branes in different limits which we will
discuss in detail. However, here we take a brief detour to review some basic properties of
the AdS space which are crucial to the gauge-gravity duality.

1.2.1 The AdS space

The Anti-de Sitter (AdS) space is a maximally symmetric space with negative curvature.
It is the simplest solution of the Einstein-Hilbert action for gravity with a negative cosmo-
logical constant. For this gravity, we can write the following action in (d+ 1)-dimensional

10



Introduction

spacetime:

I =
1

16πGd

∫
dd+1x

√−g
(
R +

d(d− 1)

L2

)
, (1.8)

where Gd is the gravitational constant in (d+ 1) dimensions and we follow the convention
that metric has ‘mostly positive’ signature. Also, we have normalized the cosmological
constant term such that the length scale L will be AdS radius. The AdS space is the
simplest solution of the vacuum Einstein equations

Rµν +
d

L2
gµν = 0 . (1.9)

As AdS space is maximally symmetric, we also have

Rµνσρ = − 1

L2
(gµσgνρ − gµρgνσ) . (1.10)

Further to describe the (d+ 1)-dimensional AdS space, we can consider its embedding
into a pseudo-Euclidean (d + 2)-dimensional space with coordinate ya and metric ηab =
diag(−,+, . . . ,+,−), where a = 0, 1, . . . , d+ 1. In this space, the line element is invariant
under the Lorentz-like group SO(2, d). Now we can define the AdS space by

(y0)2 −
d∑

i=1

(yi)2 + (yd+1)2 = L2 , (1.11)

which is both homogeneous and isotropic and has the isometry group SO(2, d). The global
coordinates (τ, ρ,Ωi), which cover the hyperboloid (1.11) once, are defined by

y0 = L cosh(ρ) cos(τ) , yd+1 = L cosh(ρ) sin(τ) , (1.12)

yi = L sinh(ρ) Ωi

(
i = 1, . . . , d;

∑

i

Ω2
i = 1

)
, (1.13)

where ρ ≥ 0 and τ ∈ [0, 2π). The metric for (d + 1)-dimensional AdS space is the metric
induced on the surface (1.11) and in global coordinates, it becomes

ds2 = L2
(
− cosh2(ρ)dτ 2 + dρ2 + sinh2(ρ) dΩ2

d−1

)
, (1.14)

where dΩ2
d−1 represents the line element on unit (d−1)-sphere. The isometry group SO(2, d)

of AdS has the maximal compact subgroup SO(2)×SO(d). It is apparent from the above
metric that the SO(2) part represents the translation along the τ direction and SO(d)
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gives rotation of Sd−1. So in principle, these are closed time-like curves along τ direction,
as it has a topology of S1. Now to obtain a causal spacetime, we can unwrap the S1 by
taking τ ∈ (−∞,∞). This will give us the universal covering of the hyperboloid and it will
be referred by AdSd+1 in our discussion of the AdS/CFT correspondence. Further, there
is an another useful set of coordinates (u, t, ~x) which are defined as

y0 =
1

2u

(
1 + u2(L2 + ~x2 − t2)

)
, yd+1 = Lu t ,

yi = Luxi (i = 1, . . . , d− 1) , (1.15)

yd =
1

2u

(
1− u2(L2 − ~x2 + t2)

)
,

where u > 0 and ~x ∈ R
d−1. With these coordinates, the metric takes the following form

ds2 = L2

(
du2

u2
+ u2(−dt2 + d~x2)

)
. (1.16)

In this form of the metric, the subgroups ISO(1, d− 1) and SO(1, 1) of isometry SO(2, d)
are apparent. Here, ISO(1, d− 1) is the Poincare transformation on (t, ~x) and SO(1, 1) is

(t, ~x, u) → (λt, λ~x, u/λ) , λ > 0 . (1.17)

As we will see below, this scaling is identified with the dilatation in the conformal symmetry
group of R1,d−1 in the AdS/CFT correspondence. Further, the coordinates (u, t, ~x) are
called the Poincare patch and they actually cover only one half of the hyperboloid (1.11).
One way to see it from (1.15) is that now we only cover the range y0 ≥ −y2d+1/2uL

2. To
understand it further, we use the Penrose diagram of AdSd+1. In the metric (1.14), we
introduce the coordinate θ related to ρ by tan(θ) = sinh(ρ), where 0 ≤ θ < π/2. Then,
the metric takes the following form

ds2 =
L2

cos2 θ

(
−dτ 2 + dθ2 + sin2(θ)

∑

i

dΩ2
i

)
. (1.18)

Now we can ignore the conformal factor in front of the metric and find that the geometry
is conformally mapped to R × Sd. Note that we have 0 ≤ θ < π/2, so only half of the
sphere of Sd is part of the AdS. We have drawn this geometry in 1.3 where θ = 0 is the
north pole of Sd and θ = π/2 is equator. In figure 1.4, we have also shown the Poincare
patch, which only covers part of the hyperboloid.

Now we briefly discuss the particles and fields in the AdSd+1 space. We can learn
some simple properties of the AdS space by studying its causal structure using the Penrose
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Figure 1.3: (Color online) This figure shows the Penrose diagram for AdSd+1, which is
mapped on one-half of R× Sd. As 0 ≤ θ ≤ π/2, only half of the sphere is mapped. In the
cylinder, the axes is mapped to θ = 0 and surface is mapped to θ = π/2. We have also
shown the geodesics of a massive (blue) and massless (red) particles. A massive particle
never reach the boundary and oscillates around θ = 0. However, a massless particle can
reach the boundary is finite time and bounce back if proper boundary condition is set.
Note that for both massless and massive particles, the time period of oscillation is same.

diagram 1.3. The AdSd+1 can be conformally mapped to R × Sd and in this geometry, a
massive particle moving along the geodesic never reaches the boundary of the AdS. In fact,
it performs an oscillatory motion around θ = 0 = ρ as shown in figure 1.3. Note that the
Penrose diagram of AdS space is a cylinder. Hence, with respect to an observer moving
along its geodesic, a massless particles can go to the boundary and bounce back in finite
time if proper boundary conditions are set.

Further, in our discussions below, we will be particularly interested in gravity coupled
to a scalar field. In this case, if the critical points of the scalar potential yield a negative
cosmological constant, the background geometry will be AdS for each such stationary
point. The stability of the system demands that the conserved energy functional of the
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(a) (b)

Figure 1.4: (Color Online) Panel (a) shows the Poincare patch in Penrose diagram of the
AdSd+1. As shown in figure 1.3, AdSd+1 can be conformally mapped on R × Sd and cross
section of the cylinder is half of the sphere Sd. The region of the cylinder in red color is
the Poincare patch and it only covers part of the AdSd+1. In panel (b), we again show
the Penrose diagram of AdSd+1 where now every point represents a unit Sd−1. Here, the
triangle is the Poincare patch.

field theory is positive for a suitable space of fluctuations, namely for those the energy
integral converges. When this stability condition is translated to condition on the mass
of the scalar, it requires that the scalar mass squared may be tachyonic but the value
is bounded below [23, 24, 25]. This stability condition is known as the Breitenlohner-
Freedman (BF) bound on the mass of the scalar and is given by

m2 ≥ − d2

4L2
. (1.19)

In the context of the AdS/CFT correspondence, this condition will be related to the di-
mension of the operator on the CFT side and we will return to it when we will discuss the
RG flows in holography.
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1.2.2 The gauge-gravity duality

After a brief discussion of the properties of the AdS space, now we will discuss the basics
of the gauge-gravity duality and set up the AdS/CFT dictionary. Before we make some
general statements about this duality, it will be interesting to discuss the specific case for
field theories in four spacetime dimensions. Here our review is very brief and interested
readers can find many more details in [26, 27].

To begin with, let us consider the type IIB string theory in flat ten-dimensional
Minkowski space with a stack of N coincident D3-branes. The D3-branes will extend
in a (3 + 1)-dimensional hyperplane in the full (9 + 1)-dimensional space. In this system,
there are two types of excitations: Closed string excitations in the empty space around the
D3-branes and the open string excitations of the D3-branes. At the energy scales lower
than the string scale 1/ℓs, we can integrate out the massive excitations and only massless
modes for open and closed strings will survive in the effective field theory. As discussed in
the section 1.1, the massless open string excitations in low energy limit will be described
by a U(N) gauge theory and in particular for D3-branes, it will be N = 4 supersymmetric
U(N) Yang-Mills. So the effective action for this system will be following:

S = Sclose + Sopen + Sinteraction , (1.20)

where Sclose describe the massless closed string modes which is the ten dimensional type IIB
supergravity. Note that in general, we also have additional higher derivative corrections
in this action but these will be dropped in the low energy limit. The second term Sopen

describes the D3-branes dynamics and it is defined on the (3+1)-dimensional worldvolume.
It contains the N = 4 super-Yang-Mills lagrangian and the higher derivative corrections
in string length ℓs. Finally, Sinteraction describes the interaction between the closed string
modes in the bulk and D-branes, and the coupling between these is proportional to gsα

′2,
where α′ = ℓ2s. So in the low energy limit, e.g., ℓs → 0, these massless open and closed
string modes decouple.

Now we can take the low energy limit by keeping all the dimensionless parameters,
string coupling gs and N fixed, and sending the string length ℓs → 0. In this limit, we can
see that the interaction lagrangian between the bulk and the brane excitations will drop out
and the long distance (low energy) modes of gravity will become free. Simultaneously, all
the higher derivative corrections to brane action will vanish and we will be left with the pure
N = 4 SYM in four spacetime dimensions, which is known to have conformal symmetry.
So in the low energy limit, we have two decoupled systems: A free supergravity in ten
dimensions and four dimensional superconformal field theory. Now, we can further take
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the strong coupling limit by increasing gs. Then, we get a strongly coupled superconformal
theory with large ‘t Hooft coupling, i.e., λt = gsN ≫ 1.

We can also consider this system from a different point of view. As the D-branes are
massive charged objects, they can act as source for various supergravity fields. So a closed
string moving beside a stack of N D3-branes can interact as shown in the figure 1.5. For
this interaction, the effective coupling is gsN , where N comes from the fact that open string
can end on any of the N D-branes. Here, we assume that gs is small and we can work in
the perturbative framework. However, if N become very large such that N ≫ 1/gs, the
effective coupling becomes large and perturbative treatment is insufficient. So we integrate
out the D-brane contribution and then are left with the full non-linear supergravity fields
around D-brane. Effectively, now the closed strings propagate in the ten dimensional
curved spacetime and as gs is still small, they can be treated perturbatively.

Figure 1.5: This diagram shows how a closed string passing beside a stack of N D-branes
interacts with it. The Chan-Paton factor at the tip of the open strings keep track of the
information on which D-brane they are ending.

By integrating out the contribution of N D3-branes, we get a specific supergravity solu-
tion. We assume that the world volume is described by the coordinates xµ = (t, x1, x2, x3)
and the transverse directions are yi with i = 1, . . . , 6 and

∑
i(y

i)2 = r2. If the D3-branes
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are put at the origin of the transverse space, the supergravity solution is given by

ds2 =
1√
f(r)

(
−dt2 + dx21 + dx22 + dx23

)
+
√
f(r)(dyi)2 , (1.21)

F5 = (1 + ∗)dt dx1 dx2 dx3 df−1 ,

f = 1 +
L4

r4
, L4 = 4πgsℓ

4
sN ,

where F5 is the five-form flux and ∗ represents the Hodge dual. Also, (dyi)2 = dr2 + r2dΩ2
5

and dΩ2
5 is metric over unit S5. In this solution, as gtt depends on r, the energy of an object

E measured by an observer at a fixed r will be red-shifted with respect to the energy E∞

measured by an observer at infinity. The relation between E and E∞ is:

E∞ =
E

(f)1/4
, (1.22)

which means that any object near r = 0 will appear to have a very low energy for the ob-
server at infinity. Now we take the low energy limit in the background described by (1.21).
From the point of view of the observer at infinity, there are now two types of low energy
excitations. First, we have the massless excitations propagating in the asymptotically flat
region which will have very large wavelength. Second, all kind of excitations can be taken
very close to the horizon r = 0 and for an observer at infinity, they will appear massless.
Now again, the first type of excitations with very large wavelength will decouple from
the second type of excitations when the wavelength becomes much larger than the brane
throat. So in the low energy limit, once again we are left with two decoupled systems:
one is the free bulk supergravity and second is type IIB closed strings in the near horizon
region of the geometry.

To take the low energy limit, we keep all the dimensionful quantities fixed and take
ℓs → 0. We want to have the arbitrary excited string states in the throat region (near
r = 0). So we keep the energy of these excitations in terms of string units fixed and
that will mean that Eℓs ∼ constant. In the field theories, the energy is measured by the
observer at the infinity. From (1.22), the energy of the excitations in the throat geometry
for the observer at infinity becomes E∞ ∼ Er/ℓs. If we also want to keep it fixed, we need
to take the limit r → 0 in (1.21) keeping r/ℓ2s fixed. This will imply that r ≪ L and we
find that the throat geometry becomes

ds2 =
r2

L2

(
−dt2 + (dx1)2 + (dx2)2 + (dx3)2

)
+ L2dr

2

r2
+ L2dΩ2

5 , (1.23)

that is AdS5×S5.
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Remarkably, both in first and second approach of taking the low energy and large N
limits for the stack of D3-branes, we recover two decoupled systems. In first case, we get a
free ten-dimensional supergravity and N = 4 super Yang-Mills theory. In second case, we
recover the same ten-dimensional supergravity and the classical AdS5×S5 geometry. Now
the Maldacena conjecture is that we can drop the supergravity from both of the cases and
in the large N limit, the N = 4 SYM is equivalent to the AdS5×S5 geometry. In fact,
in the strongest form of the conjecture, which we assume here, it says that N = 4 U(N)
SYM in (3 + 1) dimensions is equivalent to a type IIB superstring theory in AdS5×S5 for
all values of N and gYM.

Schematically, we can summarize the above discussion in the following flow chart:

N coinciding D3-branes,
open and closed strings
(gsN ≪ 1, N ≫ 1)

N = 4 U(N) SYM in (3 + 1)
(gsN ≪ 1)

+
free SUGRA in (9 + 1)

SUGRA solution
with closed strings
(gsN ≫ 1, gs ≪ 1)

�� ��

�� ��

N = 4 U(N) SYM in (3 + 1)
(gsN ≫ 1)

�� ��

�� ��

Closed strings in AdS5×S5

(gs ≪ 1)

Low energy limit

α′ → 0
//

Strong coupling limit

(increase gs)

Integrate out

open strings

��

Strong coupling limit

(increase gs)
Drop SUGRA

��

Low energy and near horizon limit

α′ → 0 , r → 0 , r/α′ fixed

Drop free SUGRA in (9 + 1)

//

KS

The AdS/CFT
correspondence

��

Now having discussed the proposal for the conjecture, we will make the AdS/CFT
dictionary more concrete. Here we will begin with the symmetries of the both of the
theories. Essentially, the U(N) group is equivalent to the free U(1) vector multiplet times
an SU(N) gauge group. In case of D-branes, the U(1) part is related to their centre of
mass motion and in the supergravity solution, it is related to the massless modes which live
between the region connecting the bulk and the throat. Hence the r → 0 region will only
be describing the SU(N) part of the group. Explicitly, the number of the color charges
N on the field theory side is related to the flux of the five form Ramond-Ramond field
strength on the S5,

N =

∫

S5

F5 . (1.24)
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Further, the AdS space has SO(4, 2) group of isometries. On the field theory side, we
have the same symmetry from the conformal group in (3 + 1) spacetime. So the fact
that the field theory is conformal translates to the idea that the dual gravity is AdS.
On field theory side, we have superconformal group and hence, we have twice the usual
number of supersymmetry generators. Equivalently on the gravity side, the number of the
supersymmetries is twice that of the full solution (1.21) containing the asymptotic region.
Further, the SU(4) R-symmetry group of the field theory is related to the rotation along
S5, that has SO(6) symmetry.

Now we can also relate various parameters on the both sides of the duality. From the D-
brane dynamics, we recover that the Yang-Mills coupling in the field theory, gYM is related
to the string coupling gs by gs = g2YM. Note that in the field theory, gYM can be small.
However, from the ‘t Hooft counting, it can be seen that the effective coupling in the field
theory is ‘t Hooft coupling λt = g2YMN . Further, the string length ℓs is not an independent
parameter in the theory. Here the relevant parameter is its ratio with the AdS radius L,
which is related to the ‘t Hooft coupling by L4/ℓ4s = 4πλt. This relation can further be
extended to include ten-dimensional Newton’s constant G(10) = 8π6ℓ8sg

2
s

1. We can also see
that the perturbative description of the field theory is reliable when λt ∼ L4/ℓ4s ≪ 1 and
the classical description of gravity is reliable when AdS radius L is very large compared
to the string scale ℓs, i.e., λt ∼ L4/ℓ4s ≫ 1. The gauge gravity duality is a strong-weak
duality in the sense that strongly coupled field theory is dual to a classical gravity and
weakly coupled field theory is dual to a strongly coupled string theory.

Further, the duality between the AdS spaces and CFT’s is conjectured to extend to
certain other dimensions as well. There are supergravity constructions which will generate
AdSd+1 geometries with d = 2, 3 and 6 and these are proposed to be dual to d-dimensional
CFT’s (for example see [26] and references there in). Further, we can go beyond the empty
AdS vacuum space, and we can have all kinds of processes and topologies in asymptotically
AdS spaces which will be dual to various deformations of the boundary CFT. These ideas
actually expand the applicability of the AdS/CFT correspondence to a much wider class
of field theories and particularly allow us to construct RG flows. On the boundary, a larger
scale will be related to the larger depth in the bulk gravity. We can view this, for example,
for the geodesics which begin from the boundary and then bounce back. Then for wider
scale, which is the distance between the beginning and ending points, these geodesics will
probe deeper regions of the dual gravity. In this sense the ultraviolet regime of the gravity,
which is the region near r = 0, is dual to the infrared degrees of freedom of the field theory.
Similarly, the asymptotic region of the AdS space will correspond to the UV fixed point

1For a setup where the ten-dimensional bulk geometry is AdS5×S5, five-dimensional Newton’s constant
G(5) in AdS5 is related to 10-dimensional Newton’s constant by G(5) = G(10)/Volume(S5) = G(10)/π3L5.
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of the field theory. Hence, the extra radial dimension in the dual gravity is considered the
energy scale of the boundary field theory and in particular, can be used as the direction of
the RG flow. Now we can place a scalar potential along the radial direction of the gravity
and if the mass of the scalar is tachyonic in the asymptotic region, it will give us a RG
flow triggered by a relevant operator. We will discuss these issues in more detail below.

Further, all the fields in the gravity are dual to some operators in the field theory. We
can place the boundary field theory at some IR cut-off r = rc of the gravity, where r is
the radial direction of the AdS. Then the value of the bulk fields at this IR cut-off of the
gravity will source various dual operators in the field theory. For example, we can consider
a scalar field φ in the bulk gravity and it has a value φ0 at a cut-off r = rc. Then φ0

will source the dual operator O in the boundary field theory which is at some UV scale.
The magic of the AdS/CFT conjecture comes in the play in calculating the correlation
functions of such operators. The idea is that, the partition function for the CFT is dual
to the partition function of the string theory in the bulk. So we have

〈e−
∫
φ0O〉CFT = Zstring(φ, φ0) , (1.25)

where φ is a solution of the equation of motion for the scalar field in gravity with the
boundary condition φ(rc) = φ0. Now in the large N and ‘t Hooft coupling limit, the
gravity becomes classical and we can make the saddle point approximation for the gravity
action. Then we recover that the generating functional of the CFT is dual to the classical
gravity action in the bulk with large N and ‘t Hooft coupling corrections:

WCFT = − log〈e−
∫
φ0O〉CFT = Sclassical gravity +O

(
1

N2

)
+O

(
1

λt

)
. (1.26)

Using this generating functional, one can calculate various correlation functions for the
dual field theories. More interestingly, these ideas can be used to study various real-
time phenomenon and transport properties of the strongly coupled field theories which are
otherwise inaccessible by the existing theoretical tools.

At this point, we close the discussion of the AdS/CFT correspondence and discuss some
other ideas like the RG flows, c-theorems and entanglement entropy. In the next section,
we will also explain in some detail how these ideas are implemented in the AdS/CFT
correspondence.
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1.3 RG flows, c-theorems and Entanglement entropy

in QFT

The renormalization group (RG) is a remarkable framework to study quantum field theo-
ries. In the Wilsonian approach to RG flow, we get the effective field theory at a particular
energy scale by integrating out the high energy degrees of freedom. The effect of integrat-
ing out these degrees of freedom is taken into account by the couplings of the field theory
and hence they flow with the energy scale. So in the parameter space of the coupling
constants, every point will describe the field theory for a specific energy scale. Further,
in the space of couplings, we can have stationary points under the renormalization group
flow, i.e., derivative of the couplings with respect to the energy scale (namely the beta
functions) vanish. These are known as the fixed points of the theory and because of the
vanishing beta functions, corresponding theories will have conformal symmetry.

Further, we can categorize different operators according to their behavior along the RG
flow. Depending on their scaling behaviour along the flow, an operator can be relevant,
irrelevant and marginal. If the theory flows under a RG flow, then the magnitude of the
observable related to an operator can either be always increasing, decreasing or a mixed
behavior. In case the magnitude of an operator increases, this observable will be needed
to describe the IR theory and hence it is a relevant operator. However, if the observable
decrease along the RG flow, in the IR regime, this operator will be insignificant for the
macroscopic behavior of the theory. Hence it will be called an irrelevant operator. For
marginal operators, the coupling constant is independent of energy scale and hence their
behaviour can fall in both of the categories along the flow.

Now, the field theories we are actually interested in resemble with the QCD and they
are conformal field theories at very high energy. In other words, we have a UV fixed point
in the theory. If the UV theory is perturbed by a relevant operator, the RG flow will drive
the theory to a new IR fixed point. For a long time, intuitively it is known that such RG
flows are irreversible. Note that in the Wilsonian approach to the renormalization group,
as we flow to the IR theory, the higher energy degrees of freedoms are integrated out. So
clearly we expect that there should be some measure to count these degrees of freedom
which will also constrain the direction of the flow. Mathematically this idea goes by the
name of the c-theorem by which we mean: In the coupling space of a field theory, one can
define a c-function such that it decreases monotonically along the RG flow from a UV to
an IR fixed point. So far we have found consistent c-theorems in d = 2 and 4 dimensional
field theories which we will discuss in the section 1.3.2. However in the next subsection,
we discuss how RG flows are implemented in the AdS/CFT correspondence, which are
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extensively used to get insight into c-theorem in various dimensions.

1.3.1 Holographic RG flows

In the AdS/CFT correspondence, a field theory is dual to a gravity theory in a background
with one extra dimension. The extra spatial dimension is interpreted as the energy scale
related to the RG flow of the boundary field theory. In this case, the region of the gravity
theory deep in the interior of the AdS space is dual to the IR regime of the field theory.
Similarly, the far asymptotic region of AdS is dual to the UV regime of the field theory.
To realize the RG flow in the AdS/CFT correspondence, let us consider a CFT on the
d-dimensional boundary. Let us assume that it is perturbed by a relevant operator O
and the RG flow drives it to an IR fixed point. To realize this situation in the AdS/CFT
correspondence, we consider the simplest example where operator O is dual to the scalar
field φ in the dual gravity. We can further simplify the system and assume that this
scalar is minimally coupled to the gravity and has a scalar potential. Such a system will
permit consistent solutions for the scalar field in the gravity which will only depend on the
radial direction of the bulk geometry. Now these radial solutions will actually represent
the RG flows of the CFT triggered by the operator O. The bulk geometry at a fixed radial
coordinate will be dual to the boundary field theory at a particular point along the RG
flow and the fixed points of the flow will be at the stationary points of the scalar potential.

To study RG flow solutions in more detail, let us consider the following action for the
bulk gravity:

I =
1

2ℓd−1
P

∫
dd+1x

√−g
[
R− 1

2
(∂φ)2 − V (φ)

]
, (1.27)

where R is the Ricci scalar for the (d + 1)-dimensional gravity and V (φ) is the scalar
potential. In the action (1.27), the cosmological constant term has been absorbed into the
scalar potential and we assume that V (φ) has various critical points where the potential
energy is negative, i.e.,

V (φi) = −d(d− 1)

L2
α2
i where

∂V

∂φ

∣∣∣∣
φ=φi

= 0 . (1.28)

Here L is some convenient scale while the dimensionless parameters αi distinguish the
different fixed points of the boundary theory. Now, with an appropriate choice of the bulk
potential, O will be a relevant operator at that UV fixed point and an RG flow can be
triggered by perturbing the UV CFT with this operator. So in holography, the non-trivial
radial profile of the scalar, which will connect two of the critical points, will describe this
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RG flow. Note that at fixed points (1.28), the gravity vacuum is simply AdSd+1 with
curvature scale given by L̃2 = L2/α2

i .

Further, to consider solutions describing holographic RG flows, we begin by writing the
scalar and gravitational equations of motion as

∇2φ− δV

δφ
= 0 , (1.29)

Rab −
1

2
Rgab = Tab . (1.30)

Also, the stress tensor for the scalar field is given by

Tab =
1

2
∂aφ ∂bφ− 1

2
gab

(
1

2
(∂φ)2 + V (φ)

)
. (1.31)

Now we make the ansatz that the bulk geometry describing the RG flows will be of the
following form:

ds2 = e2A(r) ηij dx
idxj + dr2 , (1.32)

where radial evolution of the geometry is entirely captured by the conformal factor A(r). At
a fixed points where the geometry is AdSd+1, the conformal factor is simply A(r) = rαi/L
where L/αi is the AdS curvature scale. Implicitly, we will assume that asymptotic UV
boundary is at r → ∞ while the IR part of the solution corresponds to r → −∞. Hence for
an RG flow between two fixed points as described above, the metric (1.32) approaches that
of AdSd+1 in both of these limits. For nontrivial RG flows, we also include a simple ansatz
for the scalar: φ = φ(r). In particular then, this ansatz maintains Lorentz invariance in the
boundary directions. Now with above metric and scalar ansatz, there are two nontrivial
components of the gravitational equations (1.30):

d(d− 1)A′2 = 2Tr
r , (1.33)

2 (d− 1)A′′ + d(d− 1)A′2 = 2Tt
t . (1.34)

Here prime denotes a derivative with respect to r. Using eq. (1.31), we find the following
components of stress-energy tensor

Tr
r =

1

4
(φ′)2 − 1

2
V (φ) , (1.35)

Ti
j = − δi

j

(
1

4
(φ′)2 +

1

2
V (φ)

)
. (1.36)
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With the present ansatz, the equation of motion for the bulk scalar (1.29) becomes

φ′′ + d A′ φ′ − δV

δφ
= 0 . (1.37)

Here, the three equations of motion above are not all independent. For example, one
can derive eq. (1.34) by differentiating eq. (1.33) and then substituting in eqs. (1.33) and
(1.37). Taking the difference of eqs. (1.33) and (1.34), we find that the null energy condition
becomes

Tt
t − Tr

r = (d− 1)A′′ ≤ 0 . (1.38)

Now for equations (1.33–1.37), a simple set of explicit solutions can be constructed
by using the approach developed for brane-world phenomenology in [28, 29]. The key
idea is to consider a special class of scalar potentials that can be defined in terms of a
‘superpotential’ and then express the solution in terms of this superpotential. First, we
write the scalar potential in terms of a superpotential W (φ) as follows:

V (φ) = 2 (d− 1)2
(
δW

δφ

)2

− d(d− 1)W 2 . (1.39)

With a potential of this form, the equations of motion above can be re-expressed as first
order equations:

φ′ = −2 (d− 1)
δW

δφ
,

A′ = W . (1.40)

Given these first order equations, we may now solve for the metric (1.32) and the scalar
profile in quadratures.

As we pointed out earlier, it will depend on the scalar potential if the operator O
is either relevant or irrelevant in the UV. The dimension of an operator in the CFT is
related to the mass of the scalar field around the critical point describing the asymptotic
AdS geometry and hence by changing V (φ), we can make the operator relevant. For
a minimally coupled massive scalar field, i.e., V (φ) = −m2φ2/2, if we assume that the
solution near the boundary r → ∞ is given by

φ ≃ e−∆ r/LUV , (1.41)

then we find following two values of ∆ from equations of motion [30]

∆± =
d

2
±
√(

d

2

)2

+m2L2
UV . (1.42)
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Here LUV is the AdS radius of the bulk metric in the asymptotic limit, i.e., A(r) = r/LUV

asymptotically. Now we will expect that the solution near the boundary is of the form
φ ≃ φ(+)e−∆+r/LUV +φ(−)e−∆−r/LUV . Now if m2 > 0, we have ∆− < 0 and this mode grows
asymptotically. In the AdS/CFT correspondence, the coefficient of the ‘slowly decaying’
part of the solution, i.e., the coefficient of e−∆−r/LUV for m2 > 0, will behave as a source on
the boundary. In (1.26), this mode is used to calculate the two point function of operator
O. Also for m2 > 0, the dimension of the operator will be ∆+ and the other piece, i.e.,
the coefficient φ(+) will be related to the expectation value 〈O〉.

Now a relevant operator in the boundary theory will be of dimension ∆ < d. Form2 > 0,
the dimension of the operator ∆+ > d. So to have a relevant operator on the boundary
theory, we need to allow the scalar mass to be tachyonic. In AdS space, the negative mass
squared is allowed but it is bounded below by the Breitenlohner-Freedman (BF) bound
m2 ≥ −d2/4L2

UV , as discussed in section 1.2.1. With this lower bound on the scalar mass,
we find that the allowed dimensions of the operator is ∆+ > d/2. However, the unitarity
condition in CFT bounds the dimension of the operator from below by ∆ > (d − 2)/2.
On the gravity side, this bound is achieved by allowing the alternative quantization in the
following range [31]

− d2

4
≤ m2 ≤ −d

2

4
+ 1 . (1.43)

In this range, both of the solutions with scaling dimension of the operator ∆ = ∆± are
valid and there are two different quantization of the scalar field in AdS, related to two
admissible boundary conditions [23, 24, 25]. For range (1.43), the bulk gravity is dual to
two different CFT’s. In one of them the corresponding operator has the dimension ∆+ and
in another ∆−. Now in range (1.43), we have (d − 2)/2 ≤ ∆− ≤ d/2 and in this way, we
achieve the allowed bound on the dimension of the operator in the CFT.

By tuning the scalar potential, we can change the mass of the scalar field in the UV.
As the scalar mass is related to the dimension of the dual operator, we make it relevant or
irrelevant by controlling the scalar potential. In the UV, the mass of the scalar is given by

m2 = −∂
2V

∂φ2

∣∣∣
r→∞

, (1.44)

and for m2 > 0, the dimension of the dual operator is ∆+ > d. In this case, the operator
is irrelevant. However for tachyonic mass squared, m2 < 0 and we find that both ∆± < d.
Hence, for this range the operator O is a relevant operator. Clearly, we can tune the mass
of scalar potential to construct the desired RG flows.
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1.3.2 C-theorems

In this section, we briefly review the ideas of the c-theorems in field theories. As discussed
earlier, let us assume that we have a theory with a UV fixed point and if perturbed with
a relevant operator, the theory flows to a new IR fixed point. In the Wilsonian approach
to the RG flow, this will correspond to integrating out the high-energy degrees of freedom
and we expect that this loss of degrees of freedom will make the RG flow irreversible. This
complete scheme is manifested in the idea of a c-theorem, which says that there is a certain
c-function made out of the couplings of the theory, which will decrease monotonically along
the RG flow from the UV to the IR fixed point.

In constructing such a c-function in even dimensions, the conformal anomalies have
played a vital role. It has been long know that when an even dimensional conformal
field theory is placed in a curved background, the trace of the stress-energy tensor does not
vanish and we get trace anomalies [32, 33, 34]. For a CFT in even d-dimensional spacetime,
the trace anomaly is given by

〈T µ
µ 〉 =

∑

n

BnIn − 2(−)d/2AEd , (1.45)

which defines the central charges A and Bn. Here In and Ed are Weyl invariant curvature
terms, which are constructed from the background geometry. In particular, Ed is the Eular
density in d dimensions and In can be written in terms of Weyl tensors. Note that in (1.45),
we have ignored a scheme dependant conformal invariant total derivative. For d = 2, 4 and
6, we find that trace anomalies will define one, two and four central charges.

In [35], Zamolodchikov proved that there exists a positive definite function c2, which
decreases monotonically along the RG flows. At the fixed points of the RG flow, this
function is stationary and coincides with the central charge c of the Virasoro algebra of the
associated CFT. A direct consequence for any RG flow connecting two such fixed points is
then that

[ c ]UV ≥ [ c ]IR . (1.46)

In deriving this result, Zamolodchikov only used simple properties like renormalizability,
unitarity and existence of translational and rotational symmetries in the theory. As a
generalization to higher dimensions, Cardy proposed that the central charge associated with
A-type trace anomaly, i.e., the coefficient A in eq. (1.45), should decrease monotonically
along RG flows for QFT’s in any even number of dimensions [36]. This proposal coincides
with the c-theorem in d = 2 as the central charge c is related to the our expression for
trace anomaly (1.45) by c = 12A. Cardy’s conjecture was extensively studied in d = 4
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and a great deal of support was found with nontrivial examples. In [37], Osborn derived
Cardy’s conjecture for a perturbative fixed points. There, dimensional regularization was
used on the non-linear sigma model to define the renormalized composite operators and
this approach generalized the Zamolodchikov’s proof to d = 4 perturbative fixed points.
Further, Cardy’s conjecture was also found to be true in some non-perturbative cases, in
particular in supersymmetric gauge theories [38, 39, 40, 41]. In [38, 39], an exact expression
for the flow of central charge A between two conformal fixed points was derived in N = 1
supersymmetric theories in the conformal window. These calculation explicitly showed
that central charge a does satisfy the c-theorem and we have aUV ≥ aIR. Also, counter
examples were found where the other central charge c is such that cUV ≤ cIR, showing that
there is no c-theorem for the central charge c.

Recently, a remarkable new proof of this c-theorem was presented for any four-dimensional
RG flow connecting two conformal fixed points [42, 43]. This result draws on earlier work
involving the spontaneous breaking of conformal symmetry [44] and bounds on couplings
in effective actions [45]. It remains to determine, however, how much more of the structure
of two-dimensional RG flows carries over to higher dimensions.

Further, it remains to be understood if the c-theorems also extend to odd dimensions
and higher even dimensions. Recently, there have been strong indications that entangle-
ment entropy might be a useful tool in identifying the relevant central charges of the CFT
which will satisfy consistent c-theorems. We will discuss these ideas in greater detail in
chapter 2 but in next section, we review some basics of entanglement entropy and how
holography can be used to calculate it.

1.3.3 Entanglement entropy

Entanglement is a quantum mechanical phenomenon in which the quantum states of two or
more objects have to be described with reference to each other, even though the individual
objects may be spatially separated. Thus it is possible to prepare a bipartite system in a
pure state such that the observations performed on one part of the system are correlated to
the observations on the other part, in spite of the fact that both subsystems are causaly dis-
connected. One of the measures of the quantum entanglement is the entanglement entropy,
which is given by the von Neumann entropy of a density matrix describing a subsystem.
To define entanglement entropy, let us consider a spin lattice at zero temperature. This
system will be described by the pure ground state |Ψ〉, if the ground state is not degenerate.
For this case, the density matrix is given by ρ = |Ψ〉〈Ψ|. Now, we bipartition the system
into two subsystems A and its complement B. To calculate entanglement entropy of the
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subsystem A, we find the reduced density matrix ρA by tracing out the degrees of freedom
in subsystem B:

ρA = trB(ρ) . (1.47)

Now, the entanglement entropy (EE) for subsystem A is defined as

SA = −trA(ρA log ρA) . (1.48)

Here, we note that if the density matrix is a function of time, entanglement entropy is
defined at a fixed time. Also, if we calculate EE for a complete system in a pure state,
i.e., ρ = ρA, we find that SA = 0. Note that generalization of EE to quantum mechanical
systems at finite temperature only requires the use of the thermal density matrix ρ ∼ e−H/T ,
where T is the temperature and H is the total Hamiltonian.

In a quantum field theory (QFT) on d-dimensional spacetime, we can define a subsystem
by partitioning the space into V and its compliment V̄ on a constant time slice. As shown
in the figure 1.6, both of these regions are separated by the entangling surface ∂V . Now
similar to (1.47), we can find the density matrix for the region V , namely ρV , by integrating
out the degrees of freedom in region V̄ . In terms of ρV then, the von Neumann entropy
becomes

SV = −trV (ρV log ρV ) . (1.49)

It is important to note that von Neumann entropy is divergent in continuum theories.
Hence, we regulate the entanglement entropy (EE) by using a length scale δ, which acts as
a UV regulator. Then, typically the leading order term in EE is proportional to the area
of the entangling surface ∂V :

SV = γ
Area [∂V ]

δd−1
+ subleading terms . (1.50)

Here γ is a dimensionless constant and it depends on the field theory under consideration.
As the entanglement entropy depends on the geometry of the entangling surface, it is also
called the geometric entropy. Further, EE satisfies the strong subadditivity condition which
says that, if we have two subsystems V1 and V2

SV1
+ SV2

≥ SV1 ∩ V2
+ SV1 ∪ V2

. (1.51)

Note that because of this condition, the entanglement entropy of a composite system can
be less than the summation of EE of its parts.

In general, the calculation of EE in quantum field theories is a tedious task. However,
these calculations are significantly simplified by using the so called replica trick [11]. In this
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(a) (b)

Figure 1.6: (Color Online) Panel (a) shows how the field theory background is bipartitioned
into regions V and V̄ . Panel (b) shows how can we introduce a UV cut-off to regulate the
entanglement entropy.

approach, one considers n copies of the background geometries. Then, the entangling region
V is removed from these copies by cutting the background geometry on the entangling
surface ∂V . Further, the edges of these n copies along the cut on the entangling surface
∂V are sewed cyclically to make a single n-fold cover of the background, which excludes
the entangling region V . Now the trace of the nth-power of density matrix trV (ρ

n
V
) for the

region V can be found by using the path integral over this n-fold geometry. For that, one
needs to glue the fields analytically when they pass from one sheet to another and this
geometry contains a conical singularity with angular excess 2π(n − 1) at the entangling
surface ∂V . Now trV (ρ

n
V
) can be used in

SV = − ∂

∂n
trV (ρ

n
V
)
∣∣
n=1

= − ∂

∂n
log trV (ρ

n
V
)
∣∣
n=1

, (1.52)

to calculate the EE. Note that we have normalised ρV such that trV (ρV ) = 1, for which the
above expression is true.

For entanglement entropy of region surrounded by smooth entangling surface, it can be
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seen that in general the structure of divergence is following

S =
pd−2

δd−2
+
pd−4

δd−4
+ . . .+

{
p1
δ
+ p0 +O (δ) for odd d ,

p2
δ2

+ p0 log
(
ℓ
δ

)
+O(1) for even d .

(1.53)

In this expression, the terms which depend on the UV cut-off are proposed to have a geo-
metric structure and they are expected to depend on various contractions of the curvatures
of the entangling surface [46, 47]. For example, pd−2 is typically proportional to the area of
entangling surface ∂V . As the cut-off dependant contribution comes from small wavelength
degrees of freedoms, it is expected that such terms will only depend on the geometry of the
entangling surface. Now we can consider a specific class of entangling surfaces, which can
be scaled by a single macroscopic length scale ℓ. Then in (1.53), we should have pi ∼ ℓi to
match the dimensions for all the UV divergent terms. Note that in general, quantum field
theories can have various dimensionful coupling constants and we can construct dimen-
sionless quantities by combining them with length scale ℓ. Now there is a bold proposal
[46] that for such scalable surfaces, if we write pi = ciℓ

i, ci’s are independent of ℓ in (1.53).
So the dimensionless coefficients ci’s do not depend on the dimensionless terms build out
of dimensionful couplings of the field theory and ℓ. In this sense, along the RG flow, the
terms ci = pi/ℓ

i for such specific surfaces will depend only on the UV theory. We can
further note that in (1.53), p0 is the cut-off independent universal term. What it means
is that if we change the cut-off δ → xδ′, the term p0 will not get any contribution from
x. Being independent of UV cut-off, this term is of significant physical importance. As we
will later see that our discussions will be focused on studying the properties of this term.

Further, in even dimensional conformal field theories, the logarithmic contribution can
be considered to arise from the gravitational trace anomalies. It is seen from both the
heat kernel method and the holographic studies that contribution of entangling surface
to gravitational trace anomalies will fix the coefficient of the logarithmic divergence. If
we focus on specific class of entangling surfaces, for which the subspace orthogonal to the
entangling surface has an axial symmetry, this contribution can be calculated exactly [48].
For such specific entangling surfaces with single length scale ℓ, the extrinsic curvature is
zero. Then as proposed in [49, 50], we can take derivative of the trace anomaly (1.45) for
region V with respect to the Riemann tensor Rµνρσ to find the logarithmic term in EE:

Slog = log(ℓ/δ)

∫

∂V

dd−2x
√
h

[
2πǫijǫkl

∑

n

Bn
∂In
∂Rij

kl

− 2(−)d/2AEd−2

]
. (1.54)

Here integration is over the d − 2 dimensional entangling surface ∂V and ǫij are the two
dimensional volume form in the space transverse to ∂V . Now the above expression is not
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complete for the most general entangling surfaces. What is missing in this expression are
the extrinsic curvature dependent terms and some other intrinsic curvature terms for d > 4,
both of which are set to zero by the axial symmetry of the entangling surface. In d = 4
dimensional CFT’s these terms have been found using the conformal symmetry and the
holographic entanglement entropy and they are given by [51]

Slog = log(ℓ/δ)
1

4π

∫

∂V

d2x
√
h

[
c

(
C ijklǫijǫkl −K ı̂ b

a K
ı̂ a
b +

1

2
K ı̂ a

a K
ı̂ b
b

)
− 2 aR

]
. (1.55)

Here C ijkl is the Weyl tensor and h is the induced metric on the surface ∂V . Further a and
c are the central charges of the CFT and R is the Ricci scalar for the intrinsic geometry
on ∂V . K ı̂ a

b is the extrinsic curvature of the embedding related to the orthogonal vector
nı̂a. As there are two orthogonal vectors for this surface, ı̂ = 1, 2.

We have pointed out that calculation of EE is a tedious task in general. However, there
is a very elegant proposal in the context of the AdS/CFT correspondence which allow us
to calculate EE for strongly coupled field theories. In the next section, we review this
proposal by Ryu and Takayanagi [16] in some detail.

1.3.4 Holographic entanglement entropy

In [16, 52], Ryu and Takayanagi conjectured a simple method of calculating EE in the
boundary field theory using the AdS/CFT correspondence. They proposed that EE for
a region V in the boundary CFT is given by the area of the minimal area surface v,
which extends in the bulk gravity and coincides with the entangling surface ∂V at the AdS
boundary

S(V ) =
2π

ℓd−1
P

min
v∼V

[A(v) ] . (1.56)

Here A(v) is the area of the surface v and v ∼ V means that surface v is homologous to
V as shown in figure 1.7. The symbol ‘min’ indicates that one should extremize the area
functional over all such surfaces v and evaluate it for the surface yielding the minimum
area. Note that this procedure minimizes the area of the surface when we are working
with Euclidean signature of the metric. In Minkowski signature of the metric, one can find
other ‘saddle points’ and although this area is extrema, it need not to be minimum. Also,
above equation is for EE at a fixed time and assumes that the bulk physics is described by
(classical) Einstein gravity and we have adopted the convention ℓd−1

P = 8πGN . Hence the
functional which is extremized on the right-hand side of eq. (1.56) matches the standard
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expression for the horizon entropy of a black hole. So for region V in d dimensional CFT,
eq. (1.56) reduce to

S(V ) =
2π

ℓd−1
P

∫

v

dd−1x
√
h , (1.57)

where integration is over the surface v and hab is the induced metric on this surface. Note
that we have cut the surface v somewhere close to the boundary and this will appear as the
UV cut-off in the dual theory. So the UV cut-off will appear in the limits of the integrations
in (1.57).

Figure 1.7: The boundary field theory is bipartitioned into regions V and V̄ . The EE for
region V is given by the area of homologous minimal area surface v which extends in the
bulk gravity.

This remarkably simple proposal has passed extensive consistency tests. The EE (1.56)
was shown to satisfy the strong subadditivity condition (1.51) with a very elegant proof
given by Headrick and Takayanagi [53] (also see [54] for initial study). Further, the leading
order term in EE (1.56) follows the well known area law with

S(V ) ≃ Ld−1

GN

A(∂V )

δd−2
+ . . . , (1.58)

where A(∂V ) is the area of the d − 2 dimensional entangling surface ∂V measured in the
background metric of the CFT. Also, here δ is a UV regulator that we get by stopping the
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surface v in the asymptotic limit along the radial direction of AdS. The holographic EE
(1.56) also recovers the known results for d = 2 CFT’s on a circle. In [55] (and references
therein), the EE for a two-dimensional critical system has been studied and it is found
that for CFT on a system of finite size L0

S(ℓ) =
c

3
log

(
L0

πδ
sin

(
πℓ

L0

))
, (1.59)

where c is the central charge and ℓ is the subsystem for which the EE is being calculated.
If this CFT is perturbed by a relevant operator then RG flow will drive it to a gapped
fixed point in the IR. At this fixed point, in the large ℓ limit, the EE is given by

Sℓ =
c

6
log

(
ξ

δ

)
, (1.60)

where ξ is the correlation length in the IR theory [56]. Remarkably, all of these results can
be derived by the holographic EE (1.56) in proper gravitational dual [16]. Further, as we
saw in (1.54), the logarithmic contribution for entanglement entropy in even dimensional
CFT’s contain various central charges of the theory. The calculation of EE (1.56) for
various geometries on the boundary theory has shown precise consistency with eq. (1.54)
and (1.55). Finally, there has been attempts for explicitly proving the holographic en-
tanglement entropy. In [57], an explicit proof of (1.56) was attempted using the replica
trick. As pointed out around (1.52), in this method the n-fold geometry will have a conical
singularity. Now without the knowledge of the full string theory in the bulk gravity, it is
hard to work with it in a controlled way [58]. So in [59], a different approach is being used
to prove the holographic formula for EE for spherical geometry. There the boundary CFT
was mapped to a hyperbolic geometry using a conformal mapping, which also maps the
vacuum state of former to a thermal state in later geometry. In this hyperbolic geometry,
the thermal entropy (that is now the black hole entropy in AdS/CFT) is evaluated using
the AdS/CFT and found to match with holographic formula (1.56).

All the above consistency checks put the Ryu-Takayanagi prescription for holographic
EE on the strong footing and it can be confidently used to study strongly coupled field
theories. However, the above formula (1.56) is for CFT’s dual to Einstein gravity. For these
theories, all the central charges are same since there are no extra parameters in the gravity
theory. So one needs to expand the parameter space of the couplings by introducing higher
derivative corrections in the action and in that case, the central charges will begin to be
distinguished. The simplest set of higher derivative terms arise in the Lovelock gravity
where various Euler densities appear as higher derivative interactions in the gravity theory
[60, 61]. In [48, 62], authors have generalized the definition of holographic EE (1.56) to the
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Lovelock gravities. Here we focus on adding only the four derivative Gauss-Bonnet term
in the gravity action and in d+ 1 dimensions, it is given by

I =
1

2ℓd−1
P

∫
dd+1x

√−g
[
d(d− 1)

L2
+R +

λL2

(d− 2)(d− 3)
X4

]
, (1.61)

where
X4 = RabcdR

abcd − 4RabR
ab +R2 . (1.62)

For this action, one can try to guess the expression for EE and it turns out that it is not just
the Wald entropy [63, 64, 65]. The consistency checks in this case, on which Wald entropy
fails, are that it does not produce the precise dependence of universal term on the central
charges expected for a CFT. Note that for EE in four dimensional CFT’s, we already know
the universal term (1.55). However, the correct formula for EE comes from the black hole
entropy in Lovelock gravity, which was proposed in [66]. Now the entanglement entropy
functional, which will be minimized, is given by

S =
2π

ℓd−1
P

∫

v

dd−1x
√
h

[
1 +

2λL2

(d− 2)(d− 3)
R
]

+
4π

ℓd−1
P

∫

∂v

dd−2x
2λL2

(d− 2)(d− 3)

√
h̃K . (1.63)

As shown in figure 1.7, this will give the entanglement entropy for region V and the
integrations are over the surface v and at its boundary ∂v. Note that to impose the UV
cut-off, we need to stop the surface v somewhere near the asymptotic boundary and this
process introduces the boundary ∂v. Further, h is the induced metric over the surface v
and R is the Ricci scalar for the induced metric and K is the extrinsic curvature at the
boundary ∂v. Finally, h̃ is the induced metric at the boundary ∂v. In eq. (1.63), the second
term, which is a boundary term, is the Gibbons-Hawking term in the functional to make
the variational principle consistent. By considering various entangling geometries, it has
been verified that holographic EE (1.63) produce the correct dependence on the central
charges of the theory [48], consistent with eq. (1.54). We will see in later sections that EE
for Gauss-Bonnet gravity is an extremely useful tool in our investigations.

1.4 Outline

The entanglement entropy, that we discussed in previous section, has emerged as an in-
teresting theoretical quantity for studies of quantum matter. For example, it allows one
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to distinguish new topological phases or different critical points [67, 68, 55, 69]. In the
context of the AdS/CFT correspondence, it is also used in characterizing new properties
of holographic field theories [70, 71, 72, 73], where it has been suggested that entangle-
ment entropy may play a fundamental role in the quantum structure of spacetime, e.g.,
[74, 75, 76, 77]. So given the huge importance of entanglement entropy, in this thesis, we
will take small steps towards answering following two major questions related to entangle-
ment entropy:

• Entanglement entropy is a non-local quantity that depends on various correlations
in QFT’s. Does this quantity contain information about the degrees of freedom of
field theory along the RG flows in Wilsonian sense?

• The physically relevant information about a QFT is hidden in the universal terms
of the entanglement entropy. So what are these universal terms for most general
entangling surfaces and in particular for singular entangling surfaces?

As discussed in section 1.3.2, c-theorems are extremely important mathematical ideas
which constraint the direction of the RG flows. However, our knowledge of the existence
of consistent c-theorems is restricted only to selected even dimensional field theories. Note
that although there is a proposal that the central charge A defined by the gravitational
trace anomalies (1.45) satisfies a consistent c-theorem, it has been proven only in d = 2
and 4-dimensional field theories. The natural hurdle in extension of the c-theorems to
odd dimensions is that there are no gravitational trace anomalies and hence there is no
standard method to identify the central charge which might satisfy a c-theorem.

Guided by previous work on holographic c-theorems, which we review in section 2.1, in
chapter 2 we use the entanglement entropy to construct a sensible candidate c-function in
arbitrary dimensions and study it under holographic RG flows. Our proposed c-function is
constructed from the EE for a strip or a slab geometry in arbitrary dimensions. It is UV
regulator independent and found to flow monotonically along the RG flows in field theories
dual to Einstein gravity, if the matter field satisfies the null energy condition in the bulk
gravity. By studying the explicit examples, we also discover a very interesting behaviour
of the EE. We find that for a strip in arbitrary dimensions, EE goes through a ‘first order
phase transition’ in specific RG flows when the width of the strip, which is also the IR
scale in the system, is varied. In some sense, these phase transitions signify a discontinuous
change in the correlations of the field theory when energy scale is varied in certain smooth
RG flows. Now, we know that for Einstein gravity, the central charges of the dual CFT
are same. Hence, a better check of our c-theorem will be to study it in the settings where
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central charges of the CFT can be distinguished. So this c-function is further studied in
the Gauss-Bonnet gravity and we find that now, the null energy condition is not a sufficient
condition for the monotonic flow of the c-function.

Over the years, EE for quantum field theories has been studied extensively for the re-
gions bounded by smooth entangling surfaces. This has helped us identify certain universal
terms in EE and understand their geometric structure. For some cases, it is also known
how these universal terms encode the field theory data, e.g., the central charges of even
dimensional CFT’s. However, very little is known about the EE for surfaces with conical
or other kind of singularities. Chapter 3 will be aimed at understanding the EE for regions
bounded by a singular entangling surface. The EE for a kink in d = 3 dimensional field
theory is known to contain a logarithmic divergence [78, 79]. We extend this result to
conical singularities in arbitrary dimensions. For a cone in even dimensional field theories,
the universal term is now quadratic in logarithmic divergence. However, for a cone in odd
dimensional field theories, the universal term is linear in logarithm. We further study the
EE for singular surfaces for CFT’s dual to Gauss-Bonnet gravity. The idea is to under-
stand the structure of the universal contribution in terms of the central charges of the
CFT. For four-dimensional field theories, we find that the conical singularity contributes
in the universal term through the central charge c, which is defined by the gravitational
trace anomalies. We also study the EE for surfaces, which contain a singularity that is
extended on a certain set of points, namely on the locus of the singularity. Through various
examples, we conclude that such extended singularities contribute in universal term of EE
with new linear or quadratic logarithmic terms only when the locus of the singularity is
even dimensional and curved.

Finally in chapter 4, we summarise our results and discuss future directions. Chapter
2 has a (marginally) successful attempt to construct a c-theorem using the holographic
entanglement entropy and chapter 3 is a study of the EE for various singular surfaces.
Both of these projects are just the tip of the icebergs and various interesting questions still
remains to be answered.

Published material

The research presented in this thesis has either been published or submitted or going
to be submitted to scientific journals. These papers have been a collaborative effort of
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Chapter 2

Holographic entanglement entropy
and RG flows

As discussed in section 1.3.2, Zamolodchikov [35] showed that renormalization group (RG)
flows of two-dimensional quantum field theories were governed by a remarkable underlying
structure. There exists a positive definite function c2, which decreases monotonically along
the RG flows connecting two fixed points and

[
c
]
UV

≥
[
c
]
IR
. (2.1)

More recently, Casini and Huerta [80, 81] developed an elegant reformulation of Zamolod-
chikov’s c-theorem in terms of entanglement entropy in two dimensions. In their construc-
tion, the c-function was defined as

c2 = 3 ℓ
dS(ℓ)

dℓ
, (2.2)

where S(ℓ) denotes the entanglement entropy for an interval of length ℓ. Then it follows
that dc2/dℓ ≤ 0 from the strong subadditivity property of entanglement entropy, as well
as the Lorentz symmetry and unitarity of the underlying QFT. Therefore, as the QFT
is probed at longer distance scales, i.e., one increases ℓ, this c-function (2.2) decreases
monotonically. Further, for a two-dimensional CFT, the entanglement entropy is given by
[55, 82, 83]

SCFT =
c

3
log( ℓ/δ) + c′ , (2.3)

where c is the central charge, δ is a short-distance regulator and c′ is a non-universal
constant (independent of ℓ). Hence c2 = c at RG fixed points.
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Further, Cardy [36] generalized the two-dimensional c-theorem with a conjecture that
the central charge associated with A-type trace anomaly – see eq. (1.45) – should decrease
monotonically along RG flows for QFT’s in any even number of dimensions. As we will
review below, support for Cardy’s generalized c-theorem was also established using the
AdS/CFT correspondence [84, 85, 86, 87, 88]. One of the advantages of the investigating
RG flows in a such holographic framework is that the results are readily extended to
arbitrary dimensions. In particular then, the analysis of holographic RG flows identified a
certain quantity satisfying an inequality analogous to eq. (2.1) for any dimension, that is,
for both odd and even numbers of spacetime dimensions. Since the trace anomaly is only
nonvanishing for even d, a new interpretation was required for odd d. Ref. [87, 88] identified
the relevant quantity as the coefficient of a universal contribution to the entanglement
entropy for a particular geometry in both odd and even d. These holographic results
then motivated a generalized conjecture for a c-theorem for RG flows of odd- and even-
dimensional QFT’s. For even d, this new central charge was shown to precisely match
the coefficient of the A-type trace anomaly [87, 88] and so this conjecture coincides with
Cardy’s proposal. For odd d, it was shown that this effective charge could also be identified
by evaluating the partition function on a d-dimensional sphere [59] and so the conjecture
is connected to the newly proposed F-theorem [89, 90, 91, 92].

The above developments motivated the work in this chapter, which examines the con-
nections between entanglement entropy and RG flows in a holographic framework. Earlier
work in this direction can be found in [62, 47, 93]. Here, we make a simple generalization
of the c-function in eq. (2.2) to higher dimensions and then use a holographic framework to
examine its behaviour in RG flows. We are able to show that subject to specific conditions,
the flow of the c-function is monotonic for boundary theories dual to Einstein gravity. In
examining specific flow geometries, we also find that the entanglement entropy undergoes a
‘first order phase transition’ as the size of the entangling geometry passes through a critical
value. That is, in our holographic calculation, there are competing saddle points and the
dominant contribution shifts from one saddle point to another at the critical size.

An overview of this chapter is as follows: In section 2.1, we review the standard deriva-
tion of holographic c-theorems with both Einstein gravity and Gauss-Bonnet gravity in
the bulk. We stress that in either case, the monotonic flow of the c-function requires that
the matter fields driving the holographic RG flow must satisfy the null energy condition.
In section 2.2, we discuss the holographic entanglement entropy for the ‘strip’ or ‘slab’
geometry and construct a c-function which naturally generalizes eq. (2.2) to higher dimen-
sions. In section 2.3, we show that for an arbitrary RG flow solution in Einstein gravity,
this c-functions decreases monotonically if the bulk matter fields satisfy the null energy
condition. Section 2.4 considers explicit examples of holographic RG flows and demon-
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strates that in certain cases, the entanglement entropy undergoes a ‘phase transition.’ As
a result, the c-function exhibits a discontinuous drop along these RG flows. In section 2.5,
we examine holographic RG flows with Gauss-Bonnet gravity and there, we find that the
null energy condition is insufficient to constrain the flow of our c-function to be monotonic.
We conclude with a brief discussion of our results and future directions in section 2.6. In
section 2.7, we provide additional details about calculations and results in this chapter.
Section 2.7.1 presents certain technical details related to the discussion in section 2.3. In
the section 2.7.2, we discuss holographic RG flow solutions in Gauss-Bonnet gravity. Fi-
nally, section 2.7.3 describes the construction of a bulk theory for which the holographic
flow geometries examined in section 2.4 would be solutions of the equations of motion.

2.1 Review of holographic c-theorems

Here we begin with a review of the holographic c-theorem as originally studied by [84, 85,
86] for Einstein gravity. These references begin by constructing a holographic description
of RG flows, which we discussed in detail in section 1.3.1. The simplest case to consider is
(d+1)-dimensional Einstein gravity coupled to a scalar field described by the action (1.27).
We also assume that similar to (1.28), the potential V (φ) has various critical points where
the potential energy is negative. At these critical points, the geometry is AdSd+1 and their
curvature scale is given by L̃2 = L2/α2

i .

Now in the context of the AdS/CFT correspondence, the bulk scalar above is dual to
some operator O and the fixed points (1.28) of the scalar potential represent the critical
points of the boundary theory. In particular then, with an appropriate choice of the bulk
potential, O will be a relevant operator for a certain fixed point and so an RG flow will
be triggered by perturbing the corresponding critical theory by this operator in the UV.
Of course, the holographic description of this RG flow is that the scalar field acquires a
nontrivial radial profile which connects two of the critical points in eq. (1.28). The bulk
geometry for this solution can be described with a metric of the following form [84, 85, 86]

ds2 = e2A(r) ηij dx
idxj + dr2 . (2.4)

Here, the radial evolution of the geometry is entirely encoded in the conformal factor A(r).
At a fixed point where the geometry is AdSd+1, the conformal factor is simply A(r) = r/L̃
where again L̃ is the AdS curvature scale. Implicitly, we will assume that asymptotic UV
boundary is at r → ∞ while the IR part of the solution corresponds to r → −∞. Hence
for an RG flow between two fixed points as described above, the metric (2.4) approaches
that of AdSd+1 in both of these limits.
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Now following [84, 85, 86], we define:

ad(r) ≡
πd/2

Γ(d/2) (ℓPA′(r))d−1
, (2.5)

where ‘prime’ denotes a derivative with respect to r. Then for general solutions of the form
(2.4), one finds

a′d(r) = − (d− 1)πd/2

Γ(d/2) ℓd−1
P A′(r)d

A′′(r) (2.6)

= − πd/2

Γ(d/2) ℓd−1
P A′(r)d

(
T t

t − T r
r

)
≥ 0 .

Above in the second equality, Einstein’s equations were used to eliminate A′′(r) in favour
of components of the stress tensor.1 The final inequality assumes that the matter fields
obey the null energy condition [94]. Now given the usual connection between r and energy
scale in the CFT, eq. (2.6) indicates that a(r) is always increasing as we move from low
energies to higher energy scales. Further, if the flow function (2.5) is evaluated for an AdS
background, one finds a constant:

a∗d = ad(r)
∣∣
AdS

=
πd/2

Γ(d/2)

L̃d−1

ℓd−1
P

. (2.7)

Hence if we compare this constant for the UV and IR fixed points of the holographic RG
flow, we find the holographic c-theorem:

[
a∗d
]
UV

≥
[
a∗d
]
IR
. (2.8)

To make closer contact with the dual CFT, we recall the trace anomaly (1.45)

〈T i
i 〉 =

∑

n

Bn In − 2 (−)d/2AEd , (2.9)

which defines the central charges for a CFT in an even number of spacetime dimensions.
Each term on the right-hand side is a Weyl invariant constructed from the background
geometry. In particular, Ed is the Euler density in d dimensions while the In are naturally
written in terms of the Weyl tensor (as well as its covariant derivatives), e.g., see [95, 96].

1Note that for the scalar field theory in eq. (1.27), we have T t
t − T r

r = −(φ′)2/2 ≤ 0.
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Note that in eq. (2.9), we have ignored the possible appearance of a conformally invariant
but also scheme-dependent total derivative.

A holographic description of the trace anomaly was developed [97, 98] and can be
applied to the AdSd+1 stationary points in the present case (for even d). These calculations
show that a∗d, the value of the flow function at the fixed points, precisely matches the A-
type central charge in eq. (2.9), i.e., a∗d = A for even d [87, 88]. Hence with the assumption
that the matter fields obey the null energy condition, the holographic CFT’s dual to
Einstein gravity satisfy Cardy’s conjecture of a c-theorem for quantum field theories in
higher dimensions [36]. Of course, one must add the caveat that for these holographic
CFT’s, i.e., those dual to Einstein gravity, all of the central charges in eq. (2.9) are equal
to one another [97, 98]. Hence the holographic models (1.27) considered above can not
distinguish between the behaviour of A and Bn in RG flows.

It has long been known that to construct a holographic model where the various central
charges are distinct from one another, the gravity action must include higher curvature
interactions [99, 100]. In part, this motivated the recent holographic studies of Gauss-
Bonnet (GB) gravity [60, 61] — for example, see [101, 102, 103, 104, 105, 106, 107, 108, 109].
In section 2.5, we will extend our discussion of holographic RG flows to GB gravity with
the following action

I =
1

2ℓd−1
P

∫
dd+1x

√−g
(
R +

λL2

(d− 2)(d− 3)
X4 −

1

2
(∂φ)2 − V (φ)

)
, (2.10)

where
X4 = RabcdR

abcd − 4RabR
ab +R2 . (2.11)

As before, we again assume the scalar potential has various stationary points as in eq. (1.28),
where the energy density is negative. Note that for convenience, we are using the same
canonical scale L which appears for the critical points in eq. (1.28) in the coefficient of
the curvature-squared interaction in eq. (2.10). Hence the strength of this GB term is
controlled by the dimensionless coupling constant, λ. We write the curvature scale L̃ of
the AdS vacuum as L̃2 = L2/f∞ where the constant f∞ satisfies [87, 88]

α2
i − f∞ + λf 2

∞ = 0 . (2.12)

In general, eq. (2.12) has two solutions but we only consider the smallest positive root

f∞ =
1−

√
1− 4λα2

i

2λ
, (2.13)
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with which, in the limit λ → 0, we recover f∞ = α2
i and L̃2 = L2/α2

i , as discussed above
for Einstein gravity. One would find that graviton fluctuations about the AdS solution
corresponding to the second root are ghosts [110, 111, 112] and hence the boundary CFT
would not be unitary. The theory (2.10) is further constrained by demanding that the
dual boundary theory respects micro-causality or alternatively, that it does not produce
negative energy fluxes [101, 102, 103, 104, 105, 106, 107, 108, 109, 113].

For our present purposes, the most important feature of GB gravity (2.10) is that the
dual boundary theory will have two distinct central charges. To facilitate our discussion
for arbitrary d ≥ 4, we would like to define two central charges that appear in any CFT
for any d – including odd d – and hence for our purposes, the trace anomaly is not a useful
definition of the central charges. Following [113, 87, 88], we consider:

CT =
πd/2

Γ(d/2)

(
L̃

ℓP

)d−1

[1− 2λf∞] , (2.14)

a∗d =
πd/2

Γ(d/2)

(
L̃

ℓP

)d−1 [
1− 2

d− 1

d− 3
λf∞

]
. (2.15)

The first charge CT is that controlling the leading singularity of the two-point function
of the stress tensor.2 The second central charge a∗d can be determined by calculating the
entanglement entropy across a spherical entangling surface [87, 88]. Using the results of
[115, 116], it was further shown [87, 88] that a∗d is the central charge appearing in the A-
type trace anomaly in even dimensions, i.e., a∗d = A in eq. (2.9). In terms of these central
charges, the micro-causality constraints, referred to previously, are conveniently written as
[113]

d(d− 3)

d(d− 2)− 2
≤ CT

a∗d
≤ d

2
. (2.16)

Now assuming the existence of bulk solutions describing holographic RG flows for the
GB theory (2.10),3 we can establish a holographic c-theorem following the analysis of
[87, 88]. We begin by constructing two flow functions [87, 88]:

ĈT(r) ≡ πd/2

Γ(d/2)

1

(ℓPA′(r))d−1

(
1− 2λL2A′(r)2

)
, (2.17)

ad(r) ≡ πd/2

Γ(d/2)

1

(ℓPA′(r))d−1

(
1− 2

d− 1

d− 3
λL2A′(r)2

)
. (2.18)

2Here, as in [114], we have normalized CT so that in the limit λ → 0, CT = a∗d. This choice is slightly

different from that originally presented in [113], i.e., CT|[113] = d+1
d−1

Γ(d+1)
πd CT|here.

3Section 2.7.2 includes a discussion of one approach to constructing such solutions.
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These expressions were chosen as the simplest extensions of eq. (2.5) which yield the two

central charges above at the fixed points, i.e., ad(r)|AdS = a∗d and ĈT(r)|AdS = CT — recall
that A(r) = r/L̃ for the AdS vacua. Now let us examine the radial evolution of ad(r) in a
holographic RG flow:

a′d(r) = − (d− 1) πd/2

Γ (d/2) ℓ d−1
P A′(r)d

A′′(r)
(
1− 2λL2A′(r)2

)
(2.19)

= − πd/2

Γ (d/2) ℓ d−1
P A′(r)d

(
T t

t − T r
r

)
≥ 0 .

Here, the equations of motion for GB gravity (see eq. (2.143)) have been used to trade the
expression in the first line for the components of the stress tensor appearing in the second
line. As before with Einstein gravity, we assume the null energy condition applies for the
matter fields for the final inequality to hold. In eq. (2.10), the matter contribution is still
a conventional scalar field action and so just as before Tt

t−Tr
r = −(φ′)2/2 ≤ 0. With this

assumption, it then follows4 that ad(r) evolves monotonically along the holographic RG
flows and we can conclude that the central charge a∗d is always larger at the UV fixed point
than at the IR fixed point. Hence we recover precisely the same holographic c-theorem
found previously with Einstein gravity, namely,

[
a∗d
]
UV

≥
[
a∗d
]
IR

(2.20)

One can also consider the behaviour of ĈT along RG flows

ĈT
′(r) = − (d− 1) πd/2

Γ (d/2) ℓ d−1
P A′(r)d

A′′(r)
(
1− 2

d− 3

d− 1
λL2A′(r)2

)
(2.21)

but there is no clear way to establish that ĈT
′(r) has a definite sign. Hence this holographic

model (2.10) seems to single out a∗d as the central charge which satisfies a c-theorem.
This result has also been extended to holographic models with more complex gravitational
theories in the bulk:5 quasi-topological gravity [87, 88], general Lovelock theories [118, 119],
higher curvature theories with cubic interactions constructed with the Weyl tensor [87, 88]
and f(R) gravity [118]. The result is also established for holographic models where the
RG flow is induced by a double-trace deformation of the boundary CFT [120]. Given the
relation a∗d = A in even dimensions, these holographic results support Cardy’s proposal

4We note that some additional arguments are needed to ensure that there are no problems withA′(r) < 0
for odd d [87, 88].

5Similar results were also found to apply in the context of cosmological solutions [117].
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[36] that the central charge A (rather than any other central charge) evolves monotonically
along RG flows. However, it is even more interesting that these results suggest that a
similar behaviour also occurs for the central charge a∗d in odd dimensions. Further while
the original field theory definition of a∗d involved a calculation of entanglement entropy
[87, 88], it was shown that the same charge can also be identified by evaluating the partition
function on Sd [59]. Hence the exciting new field theoretic results of [89, 90, 91, 92] provide
further evidence for the same c-theorem in odd dimensions.

In any event, a key requirement for the holographic c-theorem to hold for Einstein
gravity (2.8) or for GB gravity (2.20) is that the matter fields obey the null energy condition.
Of course, this holds when these gravitational theories are coupled to a simple scalar
field, as in eqs. (1.27) and (2.10), this constraint is trivially satisfied. However, phrasing
the constraint in terms of the null energy condition allows for more general scenarios
for the matter fields driving the holographic RG flow. We should add that the same
constraint also ensures the holographic c-theorem holds for all of the extensions of the
bulk gravity theory mentioned above. We might mention that violations of the null energy
condition quite generally lead to instabilities [121, 122] and so it is a natural constraint
to define a reasonable holographic model. In the following, we will also see that the same
constraint can be related to the monotonic flow of a holographic c-function defined in terms
of entanglement entropy.

2.2 Holographic entanglement entropy and a c-function

Before beginning our holographic analysis, we must first identify a candidate c-function
using entanglement entropy for d ≥ 3. Recall that [80, 81] identifies such a c-function for
two-dimensional quantum field theories as

c2 = 3 ℓ
∂S

∂ℓ
(2.22)

where S is the entanglement entropy for an interval of length ℓ on an infinite line. As
described above, using the result (2.3) for the entanglement entropy of d = 2 CFT’s, one
finds c2 = c at any fixed points of the RG flows, i.e., eq. (2.22) yields the central charge
of the underlying CFT at the fixed points. We would like to emulate this construction in
higher dimensions. However, one should recall that in general the entanglement entropy for
field theories in higher dimensions will contain many (non-universal) power law divergences
depending on the geometry of the entangling surface, e.g., see eq. (1.53). Hence we expect
a simple derivative with respect to some scale characteristic of the entangling surface will
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typically yield a result which depends on the cut-off. While there may be various strategies
to avoid this outcome – see further discussion in section 2.6 – here we take the following
simple approach: First we note that, at the fixed points, the power law divergences are
geometric in origin and all but the leading area-law terms vanish if the geometries of the
background and the entangling surface are both flat. Hence we consider a ‘strip’ or ‘slab’
geometry, where the entangling surface consists of two parallel flat (d–2)-dimensional planes
separated by a distance ℓ in a flat background spacetime. The entanglement entropy (of a
CFT) then takes the simple form [16, 52]

SCFT = αd
Hd−2

δd−2
− 1

(d− 2)βd
Cd
Hd−2

ℓd−2
, (2.23)

where αd and βd are dimensionless numerical factors and H is a(n infrared) regulator
distance along the entangling surface – we assume that H ≫ ℓ. That is, Hd−1 is the area
for each of the planes comprising the entangling surface and so the first contribution in
eq. (2.23) is simply the usual area law term. The coefficient of the second finite term is
proportional to a central charge in the underlying d-dimensional CFT, which we denote
Cd. Hence we can isolate this central charge by writing

Cd = βd
ℓd−1

Hd−2

∂SCFT

∂ℓ
. (2.24)

Hence we are naturally lead to consider the quantity

cd = βd
ℓd−1

Hd−2

∂S

∂ℓ
(2.25)

as a candidate for a c-function along the RG flows, so that cd = Cd at the fixed points
of the flow. We will identify the precise value of the coefficient βd with our holographic
calculations below — see eq. (2.30). Comparing eqs. (2.22) and (2.25), we can view the
latter expression as the simplest generalization of the two-dimensional c-function (2.22) to
higher dimensions. At the outset, we wish to say that we will find below that will only
be able to prove that this candidate c-function actually decreases monotonically along
RG flows for holographic models with Einstein gravity in the bulk. However, another
goal in the following analysis is to connect the behaviour of this c-function defined using
holographic entanglement entropy with the standard discussions of holographic c-theorems
[84, 85, 86, 87, 88]. We should also mention that eq. (2.25) was previously suggested as a
c-function in [52].
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2.2.1 Holographic entanglement entropy on an interval

In this section, we derive some of useful results to evaluate eq. (2.25) for holographic RG
flows in following sections. The holographic models in sections 2.3 and 2.4 will be described
by Einstein gravity in the bulk, while we will consider GB gravity [60, 61] in section 2.5.

The seminal work of Ryu and Takayanagi [16, 52] provided a holographic construction
to calculate entanglement entropy which we discussed in detail in section 1.3.4. In the
d-dimensional boundary field theory, the entanglement entropy between a spatial region
V and its complement V̄ is given by (1.56) in the (d+1)-dimensional bulk spacetime.
In [62, 48], the expression (1.56) was extended to holographic theories dual to GB gravity
(2.10) in the bulk. The new prescription still extremizes over bulk surfaces v which connect
to the entangling surface at the asymptotic boundary, however, the entropy functional to
be extremized becomes (1.63). Note that now expression of EE contains the Ricci scalar
of the induced geometry over the surface v and the extrinsic curvature of the boundary
∂v at the asymptotic cut-off surface. We apply this expression only for d ≥ 4 since it is
only for these dimensions that the GB interaction (2.11) contributes to the gravitational
equations of motion.

x

ℓ

ℓ - ϵ

r = ∞
r = rc

r = rm

r = -∞

1

H

V

∂V

v

Figure 2.1: (Colour Online) The strip V in the asymptotic boundary, with the minimal
surface v in the bulk ending on ∂V . The entangling surface ∂V consists of two flat (hy-
per)planes positioned at x1 = ℓ/2 and x1 = −ℓ/2. A regulator length H is introduced to
limit the extent of these planes along the remaining directions.

Now let us begin to consider evaluating the holographic entanglement entropy for a
general RG flow. As in the previous section, we assume the bulk metric takes the form
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given in eq. (2.4). Then the boundary geometry is simply flat space and we define the
entangling surfaces as follows: First recall that the entangling surface divides a Cauchy
surface (e.g., the constant time slice, x0 = t = 0) into two regions. As described above,
we wish to consider an interval of length ℓ and so we introduce two flat (hyper)planes at
x1 = ℓ/2 and x1 = −ℓ/2, as shown in figure 2.1. We also introduce a regulator length H
to limit the size of the two planes along the x2,3,··· ,d−1 directions, e.g., we can imagine the
boundary is periodic in these directions with length H ≫ ℓ. Hence the area of either plane
is Hd−1, as described at eq. (2.23). In calculating the holographic entanglement entropy,
we consider bulk surfaces that end on the entangling surface as r → ∞, as shown in figure
2.1. With the ‘slab’ geometry described here, the radial profile of these surfaces will only
be a function of the coordinate x = x1. We will write the profile as r = r(x, w = ℓ) where
w indicates the width of the interval which sets the boundary condition, i.e., in the present
case, x → ℓ/2 as r → ∞. Of course, the holographic calculations are only well-defined if
we introduce an asymptotic cut-off surface as some r = rc. The position of this surface
is related to a short distance cut-off in the boundary theory, i.e., rc = L̃ log(L̃/δ). The
radial profile will define another useful UV scale ǫ with rc = r(x = (ℓ − ǫ)/2, w = ℓ), i.e.,
the profile intersects the cut-off surface r = rc at x = (ℓ − ǫ)/2. Another useful scale in
the bulk surface is the minimal radius rm which it reaches in the bulk, which appears as
rm = r(x = 0, w = ℓ).

Given the background metric (2.4) and our ansatz r(x, ℓ) for the profile of the bulk
surface, we find that eq. (1.63) reduces to the following simple expression

S =
2π

ℓd−1
P

∫

m

dd−1x
e(d−2)A

(
e2A + (1 + 2λL2A′2) ṙ2

)
√
e2A + ṙ2

. (2.26)

where ṙ = ∂r/∂x and A′ = dA/dr. Now one may treat the above expression as an action
which is varied to find a second-order differential equation to determine the profile r(x, ℓ).
However, since the integrand above has no explicit dependence on the coordinate x, the
following is a conserved quantity along the radial profile6

Kd(ℓ) ≡ e−dA (e2A + ṙ2)3/2

e2A + (1− 2λL2A′2) ṙ2
. (2.27)

This leaves us with a first-order equation for the profile, which should be easier to solve. In
principle then, our goal is to solve for r(x, ℓ) in a given holographic RG flow geometry, i.e.,
for a specific conformal factor A(r), and then substitute the solution back into eq. (2.26)
to calculate the entanglement entropy.

6If we denote the integrand in eq. (2.26) as L, then Kd(ℓ)
−1 = L − dL

dṙ
ṙ.
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Before going on to consider the entanglement entropy and c-function for RG flow ge-
ometries, let us first examine the results when the bulk geometry is simply AdS space, i.e.,
at a fixed point of the flow where the boundary theory is conformal. Recall that for the
AdS vacuum A(r) = r/L̃. Let us begin by setting λ = 0 and considering the results for
Einstein gravity in the bulk.7 The case of three-dimensional AdS or a d = 2 boundary
CFT is special since the entanglement entropy yields a logarithmic UV divergence

SCFT =
4 πL̃

ℓP
log

(
ℓ

δ

)
. (2.28)

If we recall that the central charge of the boundary CFT is given by c = 12π L̃/ℓP, we see
that this expression precisely reproduces the expected result (2.3) for the entanglement
entropy of a two-dimensional CFT. Next turning to Einstein gravity with d ≥ 3, the
entanglement entropy for the interval is given by [16]

SCFT =
4π

d− 2

L̃d−1

ℓd−1
P

(
H

δ

)d−2

− 2d π(d+1)/2

(d− 2)

(
Γ( d

2(d−1)
)

Γ( 1
2(d−1)

)

)d−1
L̃d−1

ℓd−1
P

(
H

ℓ

)d−2

. (2.29)

Here we see the general structure given in eq. (2.23) with two terms, a power law divergence
proportional to (H/δ)d−2 and a finite contribution proportional to (H/ℓ)d−2. Next for
λ = 0, both of the central charges in eqs. (2.14) and (2.15) are identical and we use this
fact to define Cd in eq. (2.23) for Einstein gravity: Cd(λ = 0) ≡ πd/2/Γ(d/2) (L̃/ℓP)

d−1 =
CT = a∗d. As described previously then, we can extract this central charge from the above
entanglement entropy using eq. (2.24), which yields

Cd = βd
ℓd−1

Hd−2

∂SCFT

∂ℓ
with βd =

1√
π 2d Γ(d/2)

(
Γ( 1

2(d−1)
)

Γ( d
2(d−1)

)

)d−1

. (2.30)

Hence we have identified the precise value of βd (for d ≥ 3) which appears as the coefficient
in eq. (2.25) of the c-function.

Finally let us apply the above formulae to calculate holographic entanglement entropy
with the strip geometry for the boundary CFT dual to the AdS vacuum in GB gravity
(2.10). To simplify the final results, it is convenient to first treat r as the independent
variable, in which case to fix the profile of the bulk surface, we must determine x(r). Next

we choose a new radial coordinate τ = K−1/(d−1) e−r/L̃ and define h ≡ e2r/L̃ (∂rx)
2. Note

7Note that in this case, the AdS curvature is given by simply L̃ = L.
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that as r → ∞, τ → 0 and further one can show at r = rm, τ = 1. Now with these choices,
eq. (2.27) becomes

τ d−1 (1 + h)3/2√
h (1− 2λf∞ + h)

= 1 . (2.31)

In general, this equation yields three roots for h(τ) and the relevant solution is the real
root which can be continuously connected to the λ = 0 solution: h = τ 2(d−2)/(1− τ 2(d−2)).
Now it is straightforward to see that the entanglement entropy (2.26) can be written as

SCFT =
4π

d− 2
(1 + 2λf∞)

L̃d−1

ℓd−1
P

(
H

δ

)d−2

− 4π

d− 2
(1 + 2λf∞)

L̃d−1

ℓd−1
P

(
H

ℓ

)d−2

× Id−2

[
1 + (d− 2)

∫ 1

0

dτ

τ d−1

(
1− 1 + 2λf∞ + h

(1 + 2λf∞)
√
1 + h

)]
, (2.32)

where I ≡
∫ 1

0
dτ

√
h. Then applying eq. (2.30), we can express the central charge in the

finite contribution as8

Cd(λ) = 4πβd (1 + 2λf∞)
L̃d−1

ℓd−1
P

Id−2

×
[
1 + (d− 2)

∫ 1

0

dτ

τ d−1

(
1− 1 + 2λf∞ + h

(1 + 2λf∞)
√
1 + h

)]
. (2.33)

Regrettably, we do not have a closed analytic expression for Cd(λ) in terms of the two
central charges CT and a∗d. Hence we have numerically evaluated the above expression and
plotted Cd(λ)/a∗d as a function of CT/a

∗
d in figure 2.2a for several values of d. Note that

in this figure, Cd(λ)/a∗d = 1 at CT/a
∗
d = 1 for all of the values of d since this corresponds

to λ = 0 or Einstein gravity in the bulk. From these curves, we can infer that Cd(λ) is
a complicated nonlinear function of both CT and a∗d. We can also illustrate this fact as
follows: In the vicinity of λ ≃ 0 or CT ≃ a∗d, we can make a linearized analysis of eq. (2.33)
to find

Cd(λ) = Cd(0)
(
1 +

3(d− 1)

2
λ+O(λ2)

)
= CL(λ) +O(λ2) (2.34)

8Note that analogous results were given for the case d = 4 in [62]. However, we note that the calcu-
lations presented there did not include the ‘Gibbons-Hawking’ surface term in eq. (1.63) and hence their
expressions do not match those presented here. However, we have verified numerically that the effective
central charge in [62] agrees with eq. (2.33) when d = 4. We also observe that the leading divergent term
in eq. (2.32) is proportional to CT while without the ‘Gibbons-Hawking’ term, this term is proportional
to a∗d.
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where

CL(λ) ≡
(d− 1)(d− 2)

2
CT +

d(d− 3)

2
a∗d . (2.35)

Here, we have defined CL(λ) as the linear combination of the two central charges in
eqs. (2.14) and (2.15) which yields an O(λ) expansion which precisely matches that for
Cd(λ). Next, we consider the ratio of Cd(λ) and CL(λ) over the full (physical) range of
λ. Since CL(λ) can vanish in this range, it is convenient plot the ratio CL(λ)/Cd(λ) as a
function of CT/a

∗
d, as shown in figure 2.2b. This figure illustrates even more dramatically

our previous observation that Cd(λ) is a complicated nonlinear function of both CT and
a∗d. At this point, let us add that since Cd(λ) 6= a∗d, the central charge identified in [87, 88]
as satisfying a c-theorem, we might not expect that our new effective central charge Cd(λ)
will always flow monotonically in holographic RG flows for general λ.
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Figure 2.2: (Colour Online) Panel (a) plots Cd(λ)/a∗d as a function of CT/a
∗
d for GB gravity,

while panel (b) is a plot of CL(λ)/Cd(λ) as a function of CT/a
∗
d. Note that both Cd(λ)/a∗d =

1 = CL(λ)/Cd(λ) at CT/a
∗
d = 1 which corresponds to Einstein gravity in the bulk (i.e.,

λ = 0). Each curve runs over the physically allowed range of CT/a
∗
d for the given value of

d — see eq. (2.16) for more details.

2.3 Holographic flow of c-function with Einstein grav-

ity

In this section, we examine the behavior of the c-function (2.25) in a general holographic
RG flow dual to Einstein gravity. We will first discuss the flow of the c-function in d = 2
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and then generalize it to arbitrary dimensions.

For d = 2, the bulk theory is three-dimensional Einstein gravity coupled to, e.g., a scalar
field with a nontrivial potential, as described in section 2.1. Our holographic expression
(2.26) for the entanglement entropy of a strip can be written as

S =
4π

ℓP

∫ ℓ−ǫ

2

0

dx
√
ṙ2 + e2A . (2.36)

Note that the integration above runs over half of the range, i.e., x ∈ [ 0, (ℓ− ǫ)/2 ]. Further
the conserved charge (2.27) simplifies to

K2(ℓ) = e−2A(r)
√
ṙ2 + e2A . (2.37)

To calculate dS/dℓ, we note that ṙ = ṙ(x, ℓ) and A = A(r(x, ℓ)), i.e., the profile of the
extremal surface implicitly depends on the strip width ℓ. If we vary S with respect to ℓ,
keeping the UV cut-off r = rc fixed, we will get two contributions: one coming from change
in the limits of the integration and second from change in the solution r(x, ℓ). We write
them as

dS

dℓ
=

4 π

ℓP

1√
ṙ2 + e2A(r)

[
1

2

(
1− dǫ

dℓ

)
(ṙ2 + e2A(r)) + ṙ

∂r

∂ℓ

] ∣∣∣∣∣
x= ℓ−ǫ

2

, (2.38)

where we have used the equation of motion for r(x, ℓ)

r̈ − A′
(
2ṙ2 + e2A

)
= 0 , (2.39)

to cancel the bulk contribution. Since the UV cut-off rc is fixed while performing the
variation, we get some extra constraints between ṙ = ∂xr and r′ = ∂ℓr at the asymptotic
boundary. Taking variation of relation r( ℓ−ǫ

2
, ℓ) = rc with respect to ℓ, we get

[
ṙ(x, ℓ)

2

(
1− dǫ

dℓ

)
+
∂r(x, ℓ)

∂ℓ

]

x= ℓ−ǫ

2

= 0 . (2.40)

Substituting this relation, as well as eq. (2.37), into eq. (2.38) gives us following expression
for dS/dℓ:

dS

dℓ
= − 4π

ℓPK2(ℓ)

1

ṙ

∂r

∂ℓ

∣∣∣∣
x= ℓ−ǫ

2

. (2.41)

In the above relation, the partial derivatives of r(x, ℓ) are evaluated near the asymptotic
boundary. To further simplify this expression, we use the Fefferman-Graham expansion
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near the boundary [95, 96]. In terms of the radial coordinate r, this expansion takes the
form [47]

ds2 = dr2 + e2r/L̃ f(r) ηij dx
i dxj , (2.42)

where
f(r) = 1 + a1φ

2
0 e

−2αr/L̃ + a3φ
3
0 e

−3αr/L̃ + · · · . (2.43)

In this expansion, L̃ is the AdS radius in the UV region (i.e., as r → ∞) and α = d −∆
where ∆ is the conformal weight of the operator dual to the bulk scalar field. Near the
boundary, the coordinate r is very large and hence it is sufficient to work with only the
leading order term in the expansion (2.43). Although A(r) has a complicated profile deep
inside the bulk, near the boundary it will have the simple form

A(r) = r/L̃ . (2.44)

For this A(r), eq. (2.37) can be re-expressed as the following equation of motion: dx/dr =

e−2r/L̃/
√
K2

2 − e−2r/L̃. The latter is easily integrated to yield the following solution

x− ℓ

2
= L̃

√
K2

2 − e−2r/L̃ − L̃K2 . (2.45)

where the integration constant was chosen so that x→ ℓ/2 as r → ∞. Next we differentiate
the above solution with respect to x and ℓ to find ṙ and ∂r/∂ℓ, treating that K2(ℓ) as a
function of ℓ – see section 2.7.1 for further details. Taking the limit r → ∞ in ratio of
∂r/∂ℓ and ṙ appearing in eq. (2.41), we find that

1

ṙ

∂r

∂ℓ

∣∣∣∣
x=ℓ/2

= −1

2
. (2.46)

This relation not only simplifies eq. (2.41) but also ensures that the first derivative of S
is indeed finite for all RG flow solutions. Using this relation in eq. (2.41), we arrive at
following elegant form of the c-function (2.22) for arbitrary RG flow backgrounds:

c2 = 3 ℓ
dS

dℓ
=

6π

ℓP

ℓ

K2(ℓ)
. (2.47)

The next step is to show that this c-function increases monotonically along holographic
RG flows. Implicitly, the extremal bulk surfaces v on which we are evaluating the Ryu-
Takayanagi formula (1.56) extend to infinite r at x = ±ℓ/2 and pass through a minimum
r = rm at x = 0. The latter radius gives us an indication of which degrees of freedom the
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entanglement entropy is probing, i.e., for smaller values of rm, we expect the entropy and
c2 responds more to the IR structure of the RG flow. Hence in the following, we will study
behavior of c2 as a function of the turning point radius rm and we wish to establish the
‘c-theorem’ as dc2/drm ≥ 0 – at least for background geometries that satisfy appropriate
constraints.

Comparing to the field theory construction of [80, 81], we note that there the c-theorem
was formulated as dc2/dℓ ≤ 0. Naively, this result matches with the holographic inequality
which we wish to establish since we expect that as the width of the strip increases, the
minimal area surface will explore deeper regions in the bulk geometry. The two inequalities
would be rigorously connected if we could prove a second inequality dℓ/drm ≤ 0 for consis-
tent holographic models. However, as we will see in the next section, in fact this inequality
does not hold for all extremal surfaces. However, we will still find dc2/dℓ ≤ 0 in all cases
of interest. The violations of the previous inequality are associated with unstable saddle-
points which do not contribute to the physical entanglement entropy. Hence, in section
2.4, we will find that the behaviour of the entanglement entropy in general holographic RG
flows provides a richer story than might have been naively anticipated.

Returning to the flow of the c-function, we note that at the minimum of the bulk
surface, we will have r(0, ℓ) = rm and ṙ(0, ℓ) = 0. Hence considering eq. (2.37) at this
turning point, we find

K2(rm) = e−A(rm) . (2.48)

Here it is natural to treat this constant of the motion as a function of rm, rather than ℓ.
We will also work with width of the strip ℓ as function of rm. Then combining eqs. (2.47)
and (2.48) yields

dc2
drm

=
6π

ℓPK2(rm)

(
dℓ

drm
+ A′(rm) ℓ

)
. (2.49)

Now to express ℓ in terms of rm, we begin with the relation

ℓ

2
=

∫ ℓ/2

0

dx =

∫ ∞

rm

dr

ṙ
=

∫ ∞

rm

dr
e−2AA′

√
K2

2 − e−2A

1

A′
. (2.50)

Here in the final expression we have used eq. (2.37). Now above, we will apply integration
by parts using ∫

dr
e−2AA′

√
K2

2 − e−2A
=
√
K2

2 − e−2A . (2.51)

to find that

ℓ = 2L̃K2 + 2

∫ ∞

rm

dr
A′′

A′2

√
K2

2 − e−2A , (2.52)
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where we have used eq. (2.44) to evaluate A′(r) at r = ∞. Further we can differentiate
this expression with respect to rm to get

dℓ

drm
= −2L̃A′(rm)K2 − 2A′(rm)

∫ ∞

rm

dr
A′′

A′2

K2
2√

K2
2 − e−2A

. (2.53)

Now substituting eqs. (2.52) and (2.53) into eq. (2.49), we find

dc2
drm

= −12 πA′(rm)

ℓPK2(rm)

∫ ∞

rm

dr
A′′

A′2

e−2A

√
K2

2 − e−2A

= −12 πA′(rm)

ℓPK2(rm)

∫ ℓ

0

dx
A′′

A′2
, (2.54)

= −12 πA′(rm)

ℓPK2(rm)

∫ ℓ

0

dx
1

A′2

(
T t

t − T r
r

)
≥ 0 .

In the second line, we have used eq. (2.37) to convert the integration over r to one over x. In
the last line, we have used Einstein’s equations to replace A′′ by the components of the stress
tensor. As for the discussion of holographic c-theorems in section 2.1, the final inequality
assumes that the bulk matter fields driving the holographic RG flow satisfy the null energy
condition. The latter ensures that the integrand is negative. The overall inequality also
requiresK2(rm) > 0 and A′(rm) > 0. The first condition is obvious from eq. (2.48) while the
second can be established as follows: Given the null energy condition, it follows that A′′ ≤ 0
which means that A′ is everywhere a decreasing function of radial coordinate r. Implicitly,
we are assuming the bulk geometry approaches AdS space asymptotically, i.e., the dual
field theory approaches a conformal fixed point in the UV. Hence with r → ∞, we see the
minimal value of A′ is A′ = 1/L̃, where L̃ is the asymptotic AdS scale. Since this minimal
value is positive, it must be that A′ is positive everywhere along the holographic RG flow.
Hence dc2/drm is positive and our two-dimensional c-function increases monotonically along
the RG flow if the bulk matter satisfies the null energy condition.

We now turn to proving the monotonic flow of the c-function (2.25) for higher dimen-
sions. The required analysis is a straightforward extension of the above calculations with
d = 2. In particular, one finds that eq. (2.47) generalizes to

cd =
2 π βd

ℓd−1
P

ℓd−1

Kd(ℓ)
, (2.55)

with d boundary dimensions. The conserved quantity (2.27) is now given by

Kd = e−dA(r)
√
ṙ2 + e2A(r) . (2.56)
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We have relegated the detailed derivation of eq. (2.55) to section 2.7.1. However, we can
see from this result that all the complexities of determining the c-function boil down to
evaluating the conserved charge (2.56) for the minimal area surface. We might note that
we can evaluate this expression at the minimal radius (where ṙ = 0) to find

Kd(rm) = e−(d−1)A(rm) , (2.57)

which generalizes eq. (2.48) to general d.

Combining eqs. (2.55) and (2.57), we further find

dcd
drm

=
2 (d− 1)π βd ℓ

d−2

Kd

(
dℓ

drm
+ A′(rm) ℓ

)
. (2.58)

To express ℓ in terms of rm, eq. (2.50) now becomes

ℓ

2
=

∫ ℓ/2

0

dx =

∫ ∞

rm

dr

ṙ
=

∫ ∞

rm

dr
A′ e−dA(r)

√
K2

d − e−2(d−1)A

1

A′
, (2.59)

where the last expression follows by using eq. (2.56). To make further progress, we observe
that

∫
dr

A′ e−dA(r)

√
K2

d − e−2(d−1)A
= −e

−dA

dKd
2F1

[
1

2
,

d

2(d− 1)
;
3d− 2

2(d− 1)
;
e−2(d−1)A(r)

K2
d

]
(2.60)

= e−(d−2)A
√
K2

d − e−2(d−1)A − e−(d−3)AK2
d√

K2
d − e−2(d−1)A

2F1

[
1

2
,− d− 2

2(d− 1)
;

d

2(d− 1)
;
e−2(d−1)A(r)

K2
d

]
.

We have presented the second expression above to illustrate that this result is simply an
extension of eq. (2.51) for general d but in the following, we will use the more compact
expression given in the first line. With eq. (2.60), we can integrate by parts in eq. (2.59)
to find

ℓ =
2
√
πK

1/(d−1)
d

dA′(rm)

Γ
(

3d−2
2(d−1)

)

Γ
(

2d−1
2(d−1)

) (2.61)

−2

∫ ∞

rm

dr
A′′

A′2

e−dA

dKd
2F1

[
1

2
,

d

2(d− 1)
;
3d− 2

2(d− 1)
;
e−2(d−1)A(r)

K2
d

]
.
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Differentiating this result with respect to rm and making various simplifications yields

dℓ

drm
= −2

√
πK

1/(d−1)
d

d

Γ
(

3d−2
2(d−1)

)

Γ
(

2d−1
2(d−1)

) − 2A′(rm)

∫ ∞

rm

dr
A′′

A′2

e−dA

√
K2

d − e−2(d−1)A
(2.62)

+2A′(rm)

∫ ∞

rm

dr
A′′

A′2

e−dA

dKd
2F1

[
1

2
,

d

2(d− 1)
;
3d− 2

2(d− 1)
;
e−2(d−1)A(r)

K2
d

]
.

Now substituting eqs. (2.61) and (2.62) into eq. (2.58), we find

dcd
drm

= −4 π(d− 1)βd ℓ
d−2A′(rm)

ℓd−1
P Kd(rm)

∫ ∞

rm

dr
A′′

A′2

edA√
K2

d − e−2(d−1)A

= −4 π(d− 1)βd ℓ
d−2A′(rm)

ℓd−1
P Kd(rm)

∫ ℓ

0

dx
A′′

A′2
(2.63)

= −4 πβd ℓ
d−2A′(rm)

ℓd−1
P Kd(rm)

∫ ℓ

0

dx
1

A′2

(
T t

t − T r
r

)
≥ 0 .

The steps here are essentially the same as in our analysis of eq. (2.54) with d = 2. The
key requirement for the final inequality to hold is that the bulk matter fields driving the
holographic RG flow must satisfy the null energy condition. With this assumption then,
dcd/drm is positive and our d-dimensional c-function increases monotonically along the RG
flow for holographic boundary theories dual to Einstein gravity in the bulk.

2.4 Explicit geometries and Phase transitions

In this section, we consider some simple bulk geometries describing holographic RG flows.
This allows us to explicitly demonstrate that the c-function (2.25) indeed flows monotoni-
cally for boundary field theories dual to Einstein gravity. However, we will also find that
for some RG flows, there is a ‘first order phase transition’ in the entanglement entropy as
the width of the strip ℓ passes through a critical value. Technically, denoting the behaviour
in the entanglement entropy as a phase transition is inappropriate – after all, the system
itself, i.e., the state of the boundary field theory, does not change at all. However, as
we will see below, in our holographic calculation of the entanglement entropy, there are
competing saddle points and the dominant saddle point shifts at a critical value of the
width. Of course, this behaviour is reminiscent of that seen in holographic calculations
describing thermodynamic phase transitions [123, 124, 125] and so we adopt the nomen-
clature ‘phase transition’ to convey this picture. The phase transition is first order and

57



Holographic entanglement entropy and RG flows

so the entanglement entropy is continuous at the critical width ℓt, however, the derivative
dS/dℓ is discontinuous at this point. As a result, the c-function drops discontinuously at
the phase transition.

Implicitly, we are assuming that the holographic RG flows studied below are solutions of
Einstein gravity and hence the entanglement entropy is determined by eq. (1.56). Explicitly,
our RG flow geometries take the form given in eq. (2.4) and so are defined by giving the
conformal factor A(r). Here we note that in all of the examples we consider, A′′(r) ≤ 0 and
so the geometry could solve Einstein’s equations with matter fields satisfying the null energy
condition. In section 2.7.3, we consider one approach to constructing an appropriate scalar
field theory that could realize the latter. In any event with A′′(r) ≤ 0, the holographic
c-theorem of section 2.3 will be satisfied. That is, dcd/drm ≥ 0 or alternatively, the c-
function decreases monotonically as the corresponding extremal surface extends deeper
into the bulk geometry, as will be shown below.

In general, we will consider arbitrary values of the boundary dimension in the following.
However, to begin, we consider a very simple example of a step flow and the discussion will
be limited to the case d = 2, i.e., a three-dimensional bulk. The step profile consists of two
AdS geometries with different curvature scales are patched together at some finite radius.
With such a simple profile, the behaviour of the entanglement entropy and the c-function
can be determined analytically. Our analysis with d = 2 is easily extended to higher d but
we do not present the results here. In the subsequent subsection, we also examine smooth
profiles describing an holographic RG flow and allow for arbitrary d. However, numerical
analysis is required to understand the behaviour of the entanglement entropy for these
smooth profiles.

2.4.1 Step profile

We limit the discussion here to three-dimensional gravity and consider a bulk geometry9

which patches together two AdS regions with different curvatures at some finite radius
r = r0. Using the metric ansatz in eq. (2.4), the conformal factor A(r) is given by

A(r) =

{
AIR(r) =

r− r0
LIR

+ r0
LUV

for r ≤ r0
AUV (r) =

r
LUV

for r ≥ r0 ,
(2.64)

where LUV and LIR correspond to the AdS radius in the UV and IR regions, which we
denote as AdSUV and AdSIR in the following. The constant term added to A(r) in the

9Various aspects of the flow of entanglement entropy in this example was also studied in [93] for d = 2,
3 and 4.
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IR region ensures that the conformal factor is continuous at r = r0. Of course, it is not
differentiable there and some stress energy with δ-function support would be required to
make this geometry a solution of Einstein’s equations. As discussed in previous sections,
there is a conserved quantity (2.37) which plays an important role in determining to the
entanglement entropy and the c-function. Clearly, there are two classes of minimal area
surfaces in this geometry, namely those that stay only in AdSUV and those that penetrate
deep enough into the bulk so that the minimal radius rm is in AdSIR. In either case,
the conserved quantity K2 is given by eq. (2.48) and hence we have KUV = e−AUV (rm) for
rm ≥ r0 and KIR = e−AIR(rm) for rm ≤ r0. To regulate the entanglement entropy, all of
these surfaces are terminated at a large cut-off radius r = rc in the UV region.

To find the minimal area surface, we will solve eq. (2.37) for x = x(r). First, we can
invert the latter equation to find

dx

dr
=

e−2A(r)

√
K2

2 − e−2A(r)
. (2.65)

Above we have discarded the root with an overall minus sign because we will only consider
the branch of solutions covering the interval x ∈ [0, ℓ/2] in the following, for which dx/dr ≥
0. For the minimal surfaces that stay entirely in AdSUV , we can easily integrate (2.65) to
find

x = LUV

√
K2

UV − e−2r/LUV , (2.66)

using AUV as given in eq. (2.64). The integration constant is chosen here so that x = 0 at
r = rm, which also implies that

ℓ = 2LUVKUV = 2LUV e
−rm/LUV . (2.67)

As noted above, this solution is valid for rm ≥ r0, which implies ℓ ≤ ℓ2 where

ℓ2 ≡ 2LUV e
−r0/LUV . (2.68)

Next we turn to the second class of minimal area surfaces, which penetrate into AdSIR.
In this case, we have K2 = KIR = e−AIR(rm) with the turning point rm in AdSIR. We divide
the relevant solutions of eq. (2.65) in two parts: xIR(r) ∈ [0, xt] describes the portion of
the extremal surface in AdSIR and xUV (r) ∈ [xt, ℓ/2] represents the part in AdSUV . Here
we have defined the transition point xt such that xt = xIR(r0) = xUV (r0). Now integrating
eq. (2.65) with the appropriate conformal factor (2.64) for each segment, we find

xIR = LIR

√
K2

IR − e−2AIR(r)

xUV = LUV

√
K2

IR − e−2AUV (r) +
ℓ

2
− LUVKIR . (2.69)
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Above, the integration constants were chosen so that xIR = 0 at r = rm and xUV = ℓ/2 as
r → ∞. Combining these solutions at xIR(r0) = xUV (r0) = xt, we find

xt =
LIR

LUV − LIR

(
LUVKIR − ℓ

2

)
, (2.70)

ℓ = 2LUVKIR − 2(LUV − LIR)
√
K2

IR − e−2r0/LUV . (2.71)

Here we have ensured that the solution (2.69) is continuous at r = r0 but the first derivative
is also continuous at this transition point because of the form of eq. (2.65) and the continuity
of the conformal factor. Implicitly, eq. (2.71) gives the relation between ℓ and rm since
KIR = e−AIR(rm). As the physically relevant quantity in the boundary theory is ℓ, we invert
this relation to find the following two solutions for KIR:

KIR± =
LUV ℓ± (LUV − LIR)

√
ℓ2 − 4LIR(2LUV − LIR)e−2r0/LUV

2LIR(2LUV − LIR)
. (2.72)

Above, both of these roots provide real solutions for ℓ ≥ ℓ1 with

ℓ1 ≡ 2
√
LIR(2LUV − LIR) e

−r0/LUV . (2.73)

It is also useful to define r1, the value of the minimum radius at ℓ = ℓ1, for which we find

e−r1/LIR ≡ LUV√
LIR(2LUV − LIR)

e−r0/LIR . (2.74)

Now the root KIR+ is a monotonically increasing function of ℓ over the range ℓ1 ≤ ℓ ≤ ∞
and for any ℓ in this range, there is a consistent solution for the extremal surface. The
corresponding values of the minimal radius are r1 ≥ rm ≥ −∞. Now the second root
KIR− decreases for ℓ ∼ ℓ1, however, it is an increasing function for large values of ℓ. KIR−

has a single minimum at ℓ = ℓ2, i.e., precisely the width defined in eq. (2.68) for the
discussion of solutions remaining entirely in AdSUV . At this minimum, KIR− takes the
value e−AIR(r0) = e−r0/LUV . We find that KIR− yields a consistent solution for the extremal
surface as long as ℓ1 ≤ ℓ ≤ ℓ2. However, for ℓ > ℓ2, the solutions corresponding to KIR−

are inconsistent, e.g., dx/dr is not positive throughout the range x ∈ [0, ℓ/2]. We note
that for the consistent solutions, while ℓ runs from ℓ1 to ℓ2, the minimum radius of these
surfaces rm increases from r1 to r0. That is, in contrast to the previous two families of
solutions, here we have dℓ/drm > 0!

Hence the following picture has emerged for the extremal surfaces: Beginning with
the minimal radius in the range ∞ > rm ≥ r0, there is a family of extremal solutions
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which remain entirely in AdSUV . As can be seen from eq. (2.67), the width ℓ increases
monotonically as rm decreases, reaching the maximum ℓ = ℓ2 when rm = r0. Below this
point, we make a transition to a new family of solutions which begin to penetrate into
AdSIR. For r0 ≥ rm ≥ r1, the relevant family of extremal surfaces corresponds to the
branch with KIR−. In this regime, ℓ actually decreases as rm continues to decrease, i.e.,
dℓ/drm > 0. When rm reaches r1, as given in eq. (2.74), ℓ = ℓ1 and we make another
transition to the third family of extremal surfaces. These solutions correspond to the
branch with KIR+. In this regime r1 > rm > −∞, ℓ again increases monotonically as rm
decreases. Figure 2.3 illustrates this behaviour for all three families of extremal surfaces.
Now for any particular value of the turning point radius rm, we see there is unique extremal
surface. However, if we consider the solutions as a function of the strip width ℓ, there is
a unique solution for ℓ < ℓ1 and ℓ > ℓ2. In the intermediate range ℓ1 ≤ ℓ ≤ ℓ2, there are
in fact three possible extremal surfaces for any given width. Given three possible saddle
points, we are instructed in eq. (1.56) to find the extremal surface with the minimum
area in order to evaluate the entanglement entropy. This situation with multiple saddle
points is also the typical scenario that one encounters in the holographic description of a
thermodynamic phase transition [123, 124, 125] and in fact, we will find the latter extends
to the present situation. That is, we see below that the entanglement entropy undergoes
a ‘first order phase transition’.

Hence having found the solutions for the extremal surfaces, we will present an entropy,
i.e., S = 2πA(v)/ℓP, for each of these surfaces. But, of course, in the intermediate regime
described above, the true entanglement entropy is given by the solution which minimizes
this quantity. Let us begin with the solutions (2.66) which remain entirely in AdSUV . For
this case, the entropy turns out to be

SUV =
4πLUV

ℓP
log

(
ℓ

δ

)
+O(δ) . (2.75)

Here the result is expressed in terms of a short-distance cut-off in the boundary theory δ,
which is related to the radial cut-off by10

rc = LUV log (LUV /δ) . (2.76)

Now let us consider the extremal surfaces given by eqs. (2.69) to (2.72), which penetrate

10This matches the standard cut-off zmin = δ in Poincaré coordinates where the AdS metric takes the
form ds2 = (L2

UV /z
2)
(
ηijdx

idxj + dz2
)
– e.g., see [59].
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Figure 2.3: (Colour Online) This plot illustrates the behaviour of ℓ as a function of rm
for all three families of extremal surfaces. The red, blue and green portions of the curve
correspond to the contributions coming from SIR(KIR+), SIR(KIR−) and SUV , respectively.
In particular, we see that dℓ/drm ≤ 0 for SIR(KIR+) and SUV , while dℓ/drm ≥ 0 for
SIR(KIR−). For this plot, we chose LUV = 1, LIR = 0.1 and r0 = 0.

into AdSIR. For this case, the calculation of entanglement entropy results

SIR =
4π

ℓP

∫ xt

0

dx
√
e2AIR(r) + ṙ2 +

4π

ℓP

∫ (ℓ−ǫ)/2

xt

dx
√
e2AUV (r) + ṙ2 (2.77)

=
2πLIR

ℓP
log

[
LIRKIR + xt
LIRKIR − xt

]
+

2πLUV

ℓP
log

[
4LUVKIR − ǫ

4LUVKIR − ℓ+ 2xt

ℓ− 2xt
ǫ

]
.

We convert the cut-off ǫ above to δ using r(x = (ℓ− ǫ)/2, ℓ) = rc, which yields

ǫ ≃ δ2

LUVKIR

. (2.78)
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Using this relation, we can write

SIR =
4πLUV

ℓP
log

[
2LUVKIR

δ

]
+

2πLIR

ℓP
log

[
LIRKIR + xt
LIRKIR − xt

]

−2πLUV

ℓP
log

[
4LUVKIR − ℓ+ 2xt

ℓ− 2xt

]
. (2.79)

This result is valid for both of the roots KIR± given in eq. (2.72).

Now as described above, the UV family of solutions (2.66) provide the unique extremal
surface for any ℓ < ℓ1 and hence the entanglement entropy is given by S = SUV in
this regime. Similarly, for ℓ > ℓ2, the extremal surface is again unique and hence the
entanglement entropy is given by S = SIR(KIR+). In the intermediate regime ℓ1 ≤ ℓ ≤ ℓ2,
we have three extremal surfaces and we must identify which of these yields the minimal
entropy. In particular, we always find SIR(KIR+) ≤ SIR(KIR−) and hence the branch with
KIR− never plays a role in determining the physical entanglement entropy. Therefore the
latter is found by comparing SUV and SIR(KIR+). It turns out that these two entropies
are equal for some critical width ℓt with ℓ1 ≤ ℓt ≤ ℓ2. Further SUV > SIR(KIR+) for ℓ > ℓt
and SUV < SIR(KIR+) for ℓ < ℓt. Hence we find that, the entanglement entropy for the
step profile (2.64) is given by

S =

{
SUV (ℓ) for ℓ ≤ ℓt
SIR(KIR+(ℓ)) for ℓ ≥ ℓt ,

(2.80)

with ℓt defined by SUV (ℓt) = SIR(KIR+(ℓt)). In particular, we observe that the entangle-
ment entropy exhibits a first order phase transition at the critical width ℓ = ℓt. Further,
we note that at transition, S(ℓ) is continuous but not differentiable. We have illustrated all
of this behaviour in figure 2.4, which plots S(ℓ)− S(ℓ2) versus log(ℓ/ℓ2) for specific values
of the parameters, LUV , LIR and r0, defining the profile.11

Given the entanglement entropy (2.80), we turn to the calculation of the c-function
defined in eq. (2.22). We could proceed here by explicitly differentiating the various ex-
pressions above, e.g., eq. (2.79), with respect to ℓ to determine c2. However, this calculation
only verifies the final result which was already determined in our general analysis in section
2.3, namely eq. (2.47). In fact, this result applies for all three families of extremal surfaces
and so we have

c2 =





6π
ℓP

ℓ
KUV

from SUV
6π
ℓP

ℓ
KIR−

from SIR(KIR−)
6π
ℓP

ℓ
KIR+

from SIR(KIR+) ,

(2.81)

11Since S(ℓ) diverges as δ → 0, we plot the difference S(ℓ)− S(ℓ2) which is independent of δ.
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Figure 2.4: (Colour Online) This plot illustrates the entropy for all three families of ex-
tremal surfaces as a function of the width of the strip ℓ. The green curve corresponds to
SUV ; the red, to SIR(KIR−+); and the blue, to SIR(KIR−). The phase transition occurs
at ℓ = ℓt where the red and green curves cross. For this plot, we have chosen LUV = 1,
LIR = 0.5 and r0 = 0.

where KUV = ℓ/(2LUV ) and KIR± are given in eq. (2.72). Figure 2.5a plots c2 as a function
of the turning point radius – or rather erm/LUV . We see that dc2/drm ≥ 0 everywhere in the
figure, which is again in keeping with the expectations of our general analysis in section
2.3. However, because of the phase transition, not all values of rm are relevant for the
c-function (2.22) evaluated on the physical entanglement entropy (2.80). In figure 2.5a,
the region between the vertical dashed lines is excluded and the physical c-function jumps
discontinuously between the values at the points labeled A and B. This behaviour is also
illustrated in figure 2.5b where the c-function in eq. (2.81) is plotted as a function of the
ratio ℓ/ℓt. The phase transition at ℓ = ℓt again takes c2 between the points labeled A and
B, which now lie on the same vertical dashed line in this figure. That is, at this critical
value of the strip width, the c-function drops from the value given by SUV (on the green
curve) to that given by SIR(KIR+) (on the red curve). Again this discontinuity arises
because of the first order nature of the phase transition, i.e., the entanglement entropy is
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continuous but not differentiable at this point. If we consider only the physical values of
c2, then we also find dc2/dℓ ≤ 0 in keeping with the general expectations of field theory
analysis of [80, 81]. Of course, figure 2.5b also illustrates that dc2/dℓ > 0 on the branch
associated with KIR−. However, as emphasized above, this family of saddle points is not
relevant of the physical entanglement entropy (2.80). The ‘unusual’ behaviour of the c-
function on this branch arises because dℓ/drm ≥ 0 for this family of solutions. Given the
behaviour illustrated by this simple example, it seems likely that in general any branch of
extremal surfaces with the latter property will correspond to unstable saddle points which
are not physically relevant.
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B

0.5 1.0 1.5 2.0 2.5
e-rm�LUV
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(a) (b)

Figure 2.5: (Colour Online) Panel (a) plots the c-function (2.81) as a function of e−rm/LUV .
This plot clearly illustrates that c2 decreases monotonically as rm decreases, in accord
with the analysis of section 2.3. However, the region between the vertical dashed lines
is excluded by the phase transition in the entanglement entropy. Rather the physical c-
function jumps from the point labeled A to that labeled B. Panel (b) plots the c-function
with respect to ℓ/ℓt. One can see that c2 is multi-valued in the region ℓ1 ≤ ℓ ≤ ℓ2, as
noted in eq. (2.81). Again at ℓ = ℓt, the c-function drops discontinuously between the
points labeled A and B. The red, blue and green portions of both curves correspond to the
contributions coming from SIR(KIR+), SIR(KIR−) and SUV , respectively. For this plot, we
chose LUV = 1, LIR = 0.1 and r0 = 0.

2.4.2 Smooth profiles

The simple example in the previous section has alerted us to the possibility that the
entanglement entropy S(ℓ) may experience a phase transition with respect to changing the
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strip width ℓ. However, one should worry that this result is an artifact of the artificial
shape of the step profile in eq. (2.64). Hence we consider some smooth profiles in this
section and examine to what extent this phase transition survives for these more realistic
holographic RG flows. Again our definition of the holographic entanglement entropy is
given in eq. (1.56) and so implicitly we are assuming that the bulk geometry is a solution
of Einstein’s equations. In section 2.7.3, we consider the scalar field theory that would
be necessary to realize the latter. In this section, we will consider arbitrary values of the
boundary dimension d.

Let us first consider a smooth flow between the UV and IR fixed points with the
following conformal factor

eA(r) = er/L
(
2 cosh(r/R)

)−γ
, (2.82)

Notice that A(r) ≃ r/L−γr/R in the limit r → +∞ and A(r) ≃ r/L+γr/R for r → −∞.
Hence the geometry approaches AdS space in both of these limits with

1

LUV

≡ 1

L
− γ

R
and

1

LIR

≡ 1

L
+
γ

R
. (2.83)

The parameter R controls the sharpness of the transition in the holographic flow between
the UV and IR fixed points while the change in the AdS scale is controlled by the com-
bination γ/R. In the limit R → 0 with γ/R fixed, we would recover a step profile of the
form given in eq. (2.64).

To proceed further in examining the possibility of a phase transition, we used the
analysis presented in previous sections and examined the extremal surfaces numerically for
the above holographic flow profile. First, using eq. (2.56), the equation determining the
shape of the extremal surfaces is reduced to a first order equation,

dx

dr
=

e−dA(r)

√
K2

d − e−2(d−1)A(r)
. (2.84)

as appears in eq. (2.65) for d = 2. Then families of surfaces are easily constructed as a
function of the turning point radius rm using eq. (2.57). Numerically integrating from the
turning point out to the asymptotic region, we can then determine ℓ(rm).

Let us add a few more details about the numerical analysis: Near r = rm, one finds
that x ∼ √

r − rm and hence eq. (2.84) is singular precisely at r = rm, the putative starting
point of our numerical integration. So to simplify the numerical analysis, we define

y(r) =
√
r − rm x(r) , (2.85)
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for which the equation of motion (2.84) becomes

dy

dr
=

y

2(r − rm)
+

√
r − rm e

−dA(r)

√
K2

d − e−2(d−1)A(r)
. (2.86)

With this new coordinate, y ∼ (r−rm) near r = rm and the right hand side of the equation
of motion (2.86) is finite. To set the initial conditions, we use eq. (2.86) to find the leading
terms in a series expansion of y(r) in r− rm. Now we can numerically integrate eq. (2.86)
out from the turning point r = rm to large asymptotic values of r and find the strip width
ℓ using the relation

ℓ = lim
r→∞

2 y(r)√
r − rm

. (2.87)

Now as discussed previously, the appearance of a phase transition is directly related to
the appearance of a regime where dℓ/drm > 0. Figure 2.6 illustrates that such behaviour
still arises for a range of parameters in the smooth profile (2.82). However, as shown in the
figure when R grows (holding γ/R fixed), this region decreases and eventually dℓ/drm < 0
for all values of rm. That is, there exists a critical value Rc such that, for R < Rc there is a
first order phase transition while for R > Rc, we observe a smooth cross-over. At precisely
R = Rc, there is a single point where dℓ/drm = 0 and the slope is otherwise negative. In
this case, the phase transition would be second order.

Of course, one can go beyond the above analysis to identify the precise point where the
phase transition occurs given specific values of the parameters in eq. (2.82) which produce
a regime where dℓ/drm > 0. Hence for some range of the width ℓ, there will be multiple
surfaces which locally extremize the entropy functional (2.120). Determining which surface
provides the dominant saddle point requires carefully regulating the entanglement entropy
and comparing the values of finite parts of entropy for the competing saddle points. This
analysis is essentially the same as in section 2.4.1, however, in the present case with a
smooth conformal factor, the profile x(r) and the entropy integral are evaluated numeri-
cally. We will not present any of these results here.

Let us now turn to the asymptotic expansion of the profile (2.82) and compare it to
the Fefferman-Graham (FG) expansion given in eqs. (2.42) and (2.43). We find that

f(r) =
(
1 + e−2r/R

)−γ ≃ 1− γe−2r/R + . . . . (2.88)

which yields α = LUV /R in eq. (2.43). Now as described in section 2.1, the natural
holographic interpretation of this flow would be that the UV fixed point is perturbed by a
relevant operator, which would be dual to by a scalar field in the bulk theory. However, as
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Figure 2.6: (Colour Online) Plot of strip width ℓ as a function of erm/LUV for various values
of the profile width R. With small R, there is a regime where dℓ/drm > 0. However, for
large R, dℓ/drm < 0 everywhere. There is a critical value Rc for which dℓ/drm reaches
zero at a single point and is otherwise negative. The plot was prepared using the smooth
profile (2.82) with L = 0.66 and γ = 0.5R, as well as d = 2. These parameter values yield
LIR = 0.5 and LUV = 1.

discussed in section 2.7.3, applying this interpretation to the bulk solution yields an upper
bound on the parameter α appearing in the FG expansion (2.43), i.e., α ≤ d

2
+ 1. This

bound then becomes a constraint on R, the width of the holographic profile (2.82). That
is,

R ≥ 2LUV

d+ 2
. (2.89)

Previously we found that the smooth holographic RG flows described by eq. (2.82) will
still yield a first order phase transition in the entanglement entropy provided the width is
sufficiently small, i.e., R ≤ Rc. Hence the lower bound given in eq. (2.89) creates a certain
tension. Namely, if Rc does not satisfy this lower bound, it seems likely that the phase
transition is still an artifact of the artificial shape of the profile in eq. (2.82). We examine
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this question in figure 2.7a, where we have plotted (d + 2)Rc/2LUV for different values of
LUV /LIR. The bound (2.89) implies that (d+ 2)R/2LUV > 1 and as the figure illustrates,
the latter can only be satisfied for sufficiently large d, i.e., d ≥ 6. Hence the possibility of
a phase transition is called into question for the physical dimensions d = 2, 3, 4.
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Figure 2.7: (Colour Online) Panel (a) plots (d+2)Rc

2LUV
as a function of LUV

LIR
for various dimen-

sions with the two-parameter conformal factor (2.82). Eq. (2.89) implies (d+2)Rc

2LUV
> 1 for a

consistent interpretation of the holographic RG flow. Panel (b) plots (d+2)Rc

2LUV
as a function

of LUV

LIR
for the three-parameter conformal factor (2.90) with σ = 5× 10−4.

Now the profile (2.82) was constructed to give a simple example which would smooth
out the step potential studied in the previous subsection. One can easily generalize this
profile to include more independent parameters and study the effect on the phase transition.
Hence as another simple example, we consider the following conformal factor

eA(r) = er/L
(
e2r/R + 2σ + e−2r/R

)−γ/2
. (2.90)

Of course, if one chooses σ = 1, this profile reduces to the previous one in eq. (2.82).12

Hence the AdS scales in the UV and IR limits are again given by eq. (2.83) with the new
expression. However, in this case, the sharpness of the transition between the asymptotic
UV and IR geometries is effectively controlled by both R and σ. Given this new profile,
we can readily extend the previous analysis to find in which parameter regime (R, σ) the
entanglement entropy undergoes a phase transition. We do not present any details but a

12With the choice σ = 0, eq. (2.90) also reduces to eq. (2.82) upon substituting R → 2R and γ → 2γ.
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qualitative observation is that Rc becomes larger with smaller values of σ. Now considering
the FG expansion in this case, the metric function in eq. (2.43) becomes

f(r) =
(
1 + 2σe−2r/R + e−4r/R

)−γ/2
= 1− γ σ e−2r/R + . . . . (2.91)

Hence we still have α = LUV /R and the lower bound in eq. (2.89) remains unchanged.
Hence, as shown in figure 2.7b, we find that Rc can now satisfy this bound for d ≥ 3. Our
expectation is that by further embellishing the form of the holographic RG flow profile,
we can also find realistic geometries, i.e., geometries satisfying eq. (2.89), which produce
a phase transition in the entanglement entropy for d = 2 as well.

2.5 Holographic flow of c-function with GB gravity

In this section, we return to examining the general behaviour of the c-function (2.25)
in holographic RG flows but now where the bulk geometries are solutions of GB gravity
(2.10).13 As noted in section 2.2.1, the calculation of holographic entanglement entropy in
GB gravity requires that we extremize the entropy functional given in eq. (1.63) [48, 62].
Evaluating this functional for the strip geometry yields the expression in eq. (2.26). The
extremal surfaces are again characterized by a conserved quantity which now takes the
form given in eq. (2.27). The latter is most simply evaluated by considering the turning
point of the extremal surface where r = rm and ṙ = 0 so that eq. (2.27) yields

Kd(rm) = e−(d−1)A(rm) , (2.92)

precisely as was found before for Einstein gravity.

Recall that with Einstein gravity, we found a simple relation between Kd and dS/dℓ
– see eq. (2.131). In the following, we will show that this same relation extends to GB
gravity. To simplify the discussion, we denote the integrand in eq. (2.26) as L and then
Kd can be expressed as

1

Kd(ℓ)
= L − dL

dṙ
ṙ . (2.93)

Now we vary the entanglement entropy functional (2.26) with respect to the width of the
strip ℓ to find

dSGB

dℓ
=

4πHd−2

ℓd−1
P

[
1

2

(
1− dǫ

dℓ

)
L
∣∣∣
x= ℓ−ǫ

2

+

∫ ℓ−ǫ

2

0

dx

(
δL
δr

∂r

∂ℓ
+
δL
δṙ

∂ṙ

∂ℓ

)]
. (2.94)

13We refer the interested reader to section 2.7.2 for a brief discussion describing the explicit construction
of such solutions.
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Note that there is an extra overall factor of 2 above to since we are only integrating over
half of the bulk surface, i.e., from the turning point (x, r) = (0, rm) to the boundary
(x, r) = ((ℓ− ǫ)/2, rc). Now surfaces extremizing eq. (2.26) will satisfy

δL
δr

=
∂

∂x

(
δL
δṙ

)
. (2.95)

Further eq. (2.40) still applies in the present analysis and so allows us to express (1−dǫ/dℓ)
in terms of derivatives of the profile r(x, ℓ). With both of these expressions, we are able to
simplify eq. (2.94) to take the form

dSGB

dℓ
=

4πHd−2

ℓd−1
P

[
−L
ṙ

∂r

∂ℓ

∣∣∣
x= ℓ−ǫ

2

+

[
dL
dṙ

∂r

∂ℓ

] ℓ−ǫ

2

x=0

]

= − 4πHd−2

ℓd−1
P Kd(ℓ)

1

ṙ

∂r

∂ℓ

∣∣∣∣
x= ℓ−ǫ

2

. (2.96)

Here the boundary term at x = 0 vanishes because ṙ = 0 there. Eq. (2.93) was then used
to simplify the remaining terms with Kd(ℓ). We note that precisely the same expression
as above appeared in the analysis of dS/dℓ with Einstein gravity – see eq. (2.125).

The next step is to show that the ratio 1
ṙ
∂r
∂ℓ

has the same simple boundary limit as found
previously in eq. (2.130) with Einstein gravity. The analogous procedure would call for
solving eq. (2.27) to find ṙ. However, in the present case, we would find a cubic equation
in ṙ2 and which would in general have six distinct roots. The relevant root would be that
which in the limit λ → 0 is continuously connected to the solution (2.129) found with
Einstein gravity. While it is possible to carry out this procedure analytically, it is not very
illuminating. Rather we note that we are interested in the behaviour near the asymptotic
boundary where the geometry approaches AdS space and the conformal factor takes the
form A(r) = r/L̃. Now it is sufficient to expand near the boundary where eA is very large
and the leading contribution to ṙ becomes

ṙ ≃ edr/L̃Kd (1− 2λf∞) . (2.97)

This equation is easily solved to yield x(r) near the boundary. Of course, the integra-
tion constant is chosen to satisfy the boundary condition x(r → ∞) → ℓ/2. Using this
asymptotic solution for the profile of the extremal surface, it is easy to confirm that

1

ṙ

∂r

∂ℓ

∣∣∣∣
x=ℓ/2

= −1

2
, (2.98)
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as desired. Note that this relation is independent of the GB coupling λ.

Substituting eq. (2.98) into eq. (2.96), we arrive at

dSGB

dℓ
=

2πHd−2

ℓd−1
P

1

Kd(ℓ)
, (2.99)

which precisely matches the expression (2.131) found with Einstein gravity. It seems that
this result is quite general. The first key ingredient is, of course, the conserved quantity
(2.93). The other necessary ingredient is that the asymptotic geometry approaches AdS
space, which seems sufficient to produce the simple expression in eq. (2.98). Hence we
expect that the expression (2.99) should be general to all cases with these two basic features.

Next, we turn to the flow of c-function (2.25) as we change the minimum radius rm of
the extremal surfaces, as considered for Einstein gravity in section 2.3. Given eq. (2.99),
our starting point for the c-function (2.25) is precisely the same as in eq. (2.55), i.e.,

cd =
2 π βd

ℓd−1
P

ℓd−1

Kd(ℓ)
, (2.100)

Hence using eq. (2.92), we find

dcd
drm

=
2 π(d− 1)βdℓ

d−2

ℓd−1
P Kd

(
dℓ

drm
+ A′(rm) ℓ

)
. (2.101)

Following our previous analysis, we express ℓ in terms of rm with

ℓ

2
=

∫ ∞

rm

dr

ṙ
=

∫ ∞

rm

dr
1

A′

A′

ṙ
. (2.102)

However, in the present case, it is not possible to use the explicit root from eq. (2.27) for
ṙ and perform the integral. Hence we define

F (r, rm) = −
∫ ∞

r

dr
A′

ṙ
, (2.103)

and use integration by parts in eq. (2.102) to write

ℓ

2
=

[
1

A′
F (r, rm)

]∞

rm

+

∫ ∞

rm

dr
A′′

A′2
F (r, rm)

= −F (rm, rm)
A′(rm)

+

∫ ∞

rm

dr
A′′

A′2
F (r, rm) . (2.104)
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In eq. (2.103), we have chosen the above limits on integration because the integrand van-
ishes at the asymptotic boundary r = ∞. Further, the dependence on rm in eq. (2.103)
comes from ṙ(x, rm). We should remind the reader that in the following discussion, our
independent parameters are the profile r(x, ℓ) and rm. Now differentiating eq. (2.104), we
find

1

2

dℓ

drm
= −1

ṙ

∣∣∣∣
rm

− 1

A′(rm)

∂

∂rm
F (r, rm)

∣∣∣∣
rm

+

∫ ∞

rm

dr
A′′

A′2

∂

∂rm
F (r, rm) . (2.105)

The first term above arises since ∂F (r, rm)/∂r = A′(r)/ṙ but note that this term should
be evaluated slightly away from r = rm since ṙ = 0 there. This potential divergence will
be canceled below by a contribution which is revealed in the second term below. Now
substituting eqs. (2.104) and (2.105) into eq. (2.101), we find

dcd
drm

=
4 π(d− 1)βd ℓ

d−2

ℓd−1
P Kd

(I1 − I2) , (2.106)

where

I1 =

∫ ∞

rm

dr
A′′

A′2

∂

∂rm
F (r, rm) + A′(rm)

∫ ∞

rm

dr
A′′

A′2
F (r, rm)

= −A′(rm)

∫ ∞

rm

dr
A′′

A′2

[∫ ∞

r

dr̃
A′(r̃)
˙̃r2

(
˙̃r + (d− 1)Kd

∂ ˙̃r

∂Kd

)]
(2.107)

and

I2 =
1

ṙ

∣∣∣∣
rm

+
1

A′(rm)

∂

∂rm
F (r, rm)

∣∣∣∣
rm

+ F (rm, rm)

=
1

ṙ

∣∣∣∣
rm

−
∫ ∞

rm

dr
A′

ṙ2

(
ṙ + (d− 1)Kd

∂ṙ

∂Kd

)
. (2.108)

In writing these expressions, we have used ∂ṙ/∂rm = (∂ṙ/∂Kd)(dKd/drm), as well as
eq. (2.92). Now considering the local expression for Kd in eq. (2.27), we calculate ∂ṙ/∂Kd

keeping r fixed. Similarly, we can differentiate eq. (2.27) with respect to x, which yields
an expression involving r̈. We find that these two quantities are related by the following:

ṙ A′

(
ṙ + (d− 1)Kd

∂ṙ

∂Kd

)
= r̈ + 4λL2A′A′′ ṙ2Q (2.109)

where

Q ≡ ṙ2 + e2A

ṙ2 (1− 2λL2A′2) + e2A(1 + 4λL2A′2)
. (2.110)
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We now use eq. (2.109) to express eqs. (2.107) and (2.108) as

I1 = −A′(rm)

∫ ∞

rm

dr

ṙ

A′′

A′2
− 4λL2A′(rm)

∫ ∞

rm

dr
A′′

A′2

[∫ ∞

r

dr̃
A′(r̃)A′′(r̃)

˙̃r
Q(r̃)

]
,

I2 = 4λL2

∫ rm

∞

dr
A′A′′

ṙ
Q , (2.111)

where we have used
∫
dr r̈/ṙ3 = −

∫
dx ∂/∂x(1/ṙ) = −1/ṙ. Now inserting these expression

(2.111) into eq. (2.106) and then integrating by parts, we arrive to following result

dcd
drm

= −4 π(d− 1)βd ℓ
d−2A′(rm)

ℓd−1
P Kd(rm)

∫ ∞

rm

dr
A′′

ṙA′2

(
1− 4λL2A′2Q

)

= −4 πβd ℓ
d−2A′(rm)

ℓd−1
P Kd(rm)

∫ ℓ

0

dx
1

A′2

(
T t

t − T r
r

) 1− 4λL2A′2Q

1− 2λL2A′2
(2.112)

Here we used the GB equations of motion, i.e., eq. (2.143), to replace A′′ by various
components of the matter stress tensor. Note that the final result matches that in eq. (2.63)
when λ = 0. However, with λ 6= 0, it is clear that the null energy condition alone (which
ensures T t

t − T r
r ≤ 0) is insufficient to enforce a definite sign for dcd/drm. Rather we

must also be able to make a clear statement about the positivity of the last factor in the
integral, i.e.,

1− 4λL2A′2Q

1− 2λL2A′2
=

ṙ2 (1− 6λL2A′2) + e2A

(1− 2λL2A′2)(ṙ2 (1− 2λL2A′2) + e2A(1 + 4λL2A′2))
. (2.113)

As described above, one could use eq. (2.27) to express ṙ2 in terms of the conserved charge
Kd and the conformal factor A, however, the resulting expression for eq. (2.113) is lengthy
and unilluminating. In the limit of small λ we observe that eq. (2.113) becomes

1− 4λL2A′2Q

1− 2λL2A′2
≃ 1− 2λL2A′2 + · · · . (2.114)

Hence it is not clear what simplification one might expect in eq. (2.112). However, this
result is still suggestive in that it is easy to see that the right hand side is positive as long
as λ < 0. Unfortunately, examining the full expression in eq. (2.113), we see that this
simple condition does not quite guarantee that this factor is positive. Thus while we have
an expression for dcd/drm in GB gravity, we are not able to make a simple statement of
the conditions that are necessary to ensure that the c-function flows monotonically along
holographic RG flows.
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2.6 Discussion

With eq. (2.25), we constructed a simple extension to higher dimensions of the c-function
(2.22) considered in ref. [80, 81] for two-dimensional quantum field theories. As described in
section 2.2, while the entanglement entropy itself contains a UV divergence, this expression
(2.25) is finite and, at conformal fixed points, yields a central charge that characterizes the
underlying conformal field theory, as had been noted previously in [62, 52]. In section 2.3,
we examined the behaviour of this c-function in holographic RG flows in which the bulk
theory was described by Einstein gravity. In particular, we were able to show that the flow
of the c-function was monotonic as long as the matter fields driving the holographic RG
flow satisfied the null energy condition. As reviewed in section 2.1, the latter condition
was precisely the constraint that appears in the standard derivation of the holographic
c-theorem [84, 85, 86, 87, 88].

We observe that if the bulk geometry is such that it ‘slightly’ violates the null energy
condition over a ‘small’ radial regime, the integral in eqs. (2.54) or (2.63) would remain
positive and hence the flow of our c-function would still be monotonic. That is, we only
need the null energy condition to be satisfied in some averaged sense. Hence the null
energy condition is a sufficient but not a necessary condition for the monotonic flow of
the c-function (2.25). Thus there is less sensitivity to the bulk geometry is the present
construction of a holographic c-theorem using the entanglement entropy than in the original
discussions [84, 85, 86]. It is intriguing that when expressed as an integral over the boundary
direction x, eq. (2.63) weights the contributions of the bulk stress tensor more or less equally
for each interval δx in the strip. However, when the integral is expressed as an integral over
the radial direction, the integrand includes an extra factor or 1/ṙ, which diverges at the
minimum radius rm of the holographic surface (but the integral remains finite). Hence in
the holographic flows, the c-function responds sensitively to changes in the geometry near
this radius in the bulk – a result that can be seen in the explicit flows discussed in section
2.4. Hence given the holographic connection between radius in the bulk and energy scales
in the boundary theory, it seems clear that the flow of this c-function is most sensitive to
the lowest energy modes probed by the entanglement entropy.

Our result for the monotonic flow of c-function in section 2.3 refers to the derivative
dcd/drm, i.e., changes in cd as we change the minimum energy scale probed by the entan-
glement entropy. To describe the flow of cd completely in terms of the boundary theory, we
would actually like to establish dcd/dℓ ≤ 0, i.e., the c-function decreases monotonically as
we increase the width of the strip for which the entanglement entropy is evaluated. In this
case, we would be using the width ℓ as a proxy for the relevant energy scale along the RG
flow. The desired result can be established in the present holographic framework, however,

75



Holographic entanglement entropy and RG flows

as discussed in section 2.4, one must be careful to restrict attention to the physical saddle
points in evaluating the entanglement entropy. We showed there that extremal surfaces
can arise for which dℓ/drm > 0 and hence dcd/dℓ > 0. However, these saddle points do not
contribute when one evaluates the holographic entanglement entropy with eq. (1.56) since
they are never the minimum area surface. Rather the appearance of these ‘unstable’ saddle
points signals a first order ‘phase transition’ in the entanglement entropy. As a result, cd
drops discontinuously at some critical value ℓt of the width of the strip and the monotonic
‘flow’ of the c-function is preserved.

While we have only illustrated this behaviour with specific examples in section 2.3, it
seems clear that the physical entanglement entropy will never be determined by such saddle
points. In particular, if we are studying a holographic RG flow between two AdS geometries,
we will always find dℓ/drm < 0 when rm is well into either of these two asymptotic regions.
Hence as argued in section 2.4.2, if extremal surfaces arise for which dℓ/drm > 0, it
indicates that there are a number of competing saddle points in the corresponding regime.
First ℓ(rm) is a single-valued function since the conserved charge (2.27) dictates that there
is a unique surface for each value of rm. Hence if we assume this is a smooth function,
there will always be (at least) three competing saddle points when dℓ/drm > 0. It then
becomes inevitable that there will be a phase transition in the corresponding regime of ℓ.
Further we note that

dS

drm
=
Hd−2

ℓd−1

cd
βd

dℓ

drm
. (2.115)

The first two factors above are positive definite and hence the sign of dS/drm is controlled
entirely by dℓ/drm. Given this result, it is straightforward to argue that the behaviour
illustrated in figure 2.4 is in fact generic. That is, the phase transition goes between the
two branches for which dℓ/drm < 0. Hence we have argued that given dcd/drm ≥ 0, it also
follows that dcd/dℓ ≤ 0 for RG flows dual to Einstein gravity.

One may be concerned that the phase transitions noted above are an artifact of choos-
ing a background geometry in the bulk which is unphysical in some way. However, with our
analysis in section 2.4 and section 2.7.3, we argued that the phase transitions can arise for
holographic backgrounds that have a natural interpretation as an RG flow in the boundary
theory, but also for backgrounds where the interpretation seems to be more exotic. While
this interpretation was explicitly shown to apply in examples of phase transitions with the
boundary dimension d ≥ 3, constructing further examples to extend this result to d = 2
does not seem difficult. However, we note that these phase transitions are undoubtedly
effect of the large N limit which is implicit in our constructions. However, it may still
be that similar behaviour, i.e., rapid transitions in the entanglement entropy, persists in
the RG flows of more conventional physical systems. In any event, it would be interesting
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to better understand these phase transitions in the holographic systems. Such a transi-
tion seems to indicate that quantum correlations in underlying degrees of freedom change
dramatically at some particular energy scale in the RG flow.

It is worthwhile noting that phase transitions in the holographic entanglement entropy
of the kind found here and in [46] for RG flows also arise in a variety of other holographic
constructions. The simplest example is to consider the case where the entangling surface
contains two disjoint regions. When the two regions are relatively close together, saddle
point determining the holographic entanglement entropy will be a single connected bulk
surface. However, as the two regions are moved apart, there is a phase transition to a sec-
ond saddle point consisting of two separate bulk surfaces [58]. A similar phase transition
was also found in considering the holographic entanglement entropy of the strip geometry
for a bulk background corresponding to a confining phase of the boundary theory [54, 70].
There is a strong similarity between the results for these confining theories and the present
RG flows since the phase transition again arises as the width to the strip passes through
some critical value and results in a discontinuous drop in the central charge cd. Further, in
both cases, the phase transition can be interpreted as being produced by a rapid and dras-
tic restructuring in the correlations of the low energy degrees of freedom (in comparison
to high energy correlations). Similar results were also found for other entangling geome-
tries, i.e., a circular surface in three-dimensional confining boundary theory [126]. Finally
similar phase transitions in the entanglement entropy have also been found in holographic
superconductors as the temperature is varied [127] and in the time evolution of holographic
quantum quenches [128].

In section 2.5, we considered extending our results to holographic models where the
gravitational theory in the bulk is Gauss-Bonnet gravity (2.10). While it is straightfor-
ward to construct an expression (2.112) for dcd/drm in GB gravity, it is evident that the
null energy condition is not sufficient to guarantee a monotonic flow of the c-function.
Unfortunately, eq. (2.112) does not lend itself to a simple statement of the conditions that
would necessary to ensure that the c-function flows monotonically along holographic RG
flows in these models. Further insight into this question may be provided by examining ex-
plicit holographic RG flows. In section 2.4, we assumed that the holographic backgrounds
were solutions of Einstein gravity and hence the entanglement entropy is determined by
eq. (1.56). We could just as easily assume that the same backgrounds are solutions of GB
gravity and examine the behaviour of the c-function defined by eq. (1.63). In particular, it
would be interesting to see if there are violations of the monotonic flow of the c-function
in certain parameter regimes.

Of course, it may not be a surprise that the monotonic flow of the c-function (2.25)
is not directly connected to the null energy condition in GB gravity. As described in
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section 2.1, an important feature of this theory is that at conformal fixed points, the dual
boundary theory has two distinct central charges, given in eqs. (2.14) and (2.15). Using
the null energy condition, ref. [87, 88] established that the charge denoted a∗d would satisfy
a c-theorem in these holographic models. However, in section 2.2, we found that the c-
function (2.25) actually corresponds to a nonlinear combination of both central charges.
Hence as we noted at the outset, it was improbable that a simple holographic c-theorem
could be established for GB gravity with the present construction. Setting holography
aside, it is known that for four-dimensional quantum field theories, there is no possible
(linear) combination of the two central charges, c = CT and a = a∗d, that can satisfy a
c-theorem other than a alone [39].

Of course, GB gravity only provides an interesting extension of the usual holographic
framework for d ≥ 4. For smaller values of d, the curvature-squared interaction (2.11)
does not contribute to the gravitational equations of motion because of the topological
origin of this term. It may be of interest to study the behaviour of our c-function for
other gravity theories with higher curvature interactions for d = 2 and 3. Interesting
families of holographic models were considered with higher curvature theories of the three-
dimensional gravity in [129, 130, 131]. A defining feature of these theories was that the
dual d = 2 boundary theory should exhibit a c-theorem. Hence these models may provide
an interesting holographic framework to examine the RG flow of c2. However, the work of
[80, 81] indicates that this flow must be monotonic for any unitary and Lorentz invariant
quantum field theory and so confirming this result here would really be a test that these
holographic models define reasonable boundary theories.

Our construction of the c-function (2.25) can be applied quite generally, i.e., outside of
the context of holography. While the RG flow of cd is not expected to be monotonic in a
generic setting, we observe that the flow can be constrained somewhat following the analysis
of [80, 81]. In particular, let us define a new (dimensionful) function of the following form
in arbitrary d:

ĉd ≡ cd
ℓd−2

=
βd
Hd−2

ℓ
dS

dℓ
. (2.116)

Of course, for d = 2, we have ĉ2 = c2. In any event, we can apply directly the analysis
of [80, 81] to show that dĉd/dℓ ≤ 0 for any d. There, the authors considered unitary
and Lorentz invariant field theories and used sub-additivity of the entanglement entropy
to show that ĉ2 is a monotonically decreasing function as ℓ increases. In particular, they
considered two specific surfaces b and c with a relative boost, as shown in figure 2.8.
Further a and d chosen as constant time surfaces in some frame so that they are Cauchy
surfaces whose causal development corresponds to the intersection and union of the causal
development of the original two boosted surfaces. By construction the surfaces a, b and
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c just touch the boundary of the causal development of d on either end. Two important
observations are: First, if we are evaluating the entanglement entropy for these segments
in the Lorentz invariant vacuum state, then it should only depend on the proper length of
the corresponding interval. Second, the entanglement entropy of any of these surfaces will
be the same as for any other Cauchy surface of the corresponding domains since the time
evolution is assumed to be unitary. Now the authors of [80, 81] show that sub-additivity
of the entanglement entropy of these regions imposes the following relation

S(b)− S(a) ≥ S(αb)− S(αa) , (2.117)

where they introduce the ratio of the proper lengths α = c/a = d/b ≥ 1. Now if the relative
boost is taken to be small, this relation implies that ℓ dS/dℓ = c2/3 = ĉ2/3 must decrease
with increasing ℓ. Now these elegant arguments can also be applied without change in
considering the entanglement entropy for the strip geometry in arbitrary dimensions, as
long as the boundaries of the strip are orthogonal to the boost direction. That is, the
segments a, b, c and d in figure 2.8 now represent the orthogonal cross-section of four
specific strips. Hence with the previous arguments, we will recover the relation (2.117) for
arbitrary dimensions. This implies that with the strip geometry in arbitrary dimensions,
we have dĉd/dℓ ≤ 0 — the same observation was made in [54]. While we cannot conclude
that the original c-function (2.25) must decrease with increasing ℓ, using eq. (2.116), we
find an upper bound on the rate at which cd could increase:

ℓ
dcd
dℓ

≤ (d− 2) cd . (2.118)

This bound applies to any d-dimensional quantum field theory, subject to the provisos of
Lorentz invariance, unitarity and sub-additivity of entanglement entropy.

An important feature of the entanglement entropy (2.23) for the strip geometry is that
it contains a single divergent term which is independent of the width ℓ. As a result of
this simple structure, the single derivative in eq. (2.25) produces a UV finite or regulator
independent c-function. Now for a general smooth entangling surface, the structure of the
divergent contributions to the entanglement entropy at a conformal fixed point is more
complicated, as given by (1.53),

S =
pd−2

δd−2
+
pd−4

δd−4
+ . . .+

{
p1
δ
+ p0 +O (δ) for odd d ,

p2
δ2

+ p0 log
(
ℓ
δ

)
+O(1) for even d ,

(2.119)

where δ is the short distance cut-off (and ℓ is some IR scale). Of course, to produce a
dimensionless entanglement entropy, the coefficients pn must have dimension lengthn. At
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a

c b

d

Figure 2.8: Here the boosted surfaces b and c are drawn with time and space on the vertical
and horizontal axes, respectively. The casual development of the strips d and a contain
the union and intersection of the causal development of b and c. The causal development
for each of these surfaces is outlined with dashed lines.

a conformal fixed point, this dimensionful character is provided by scales arising from the
geometry of the entangling surface and the background spacetime. For example, the first
term yields the celebrated area law with pd−2 ∝ A, where A is the area of the entangling
surface. If we move away from a conformal fixed point, there will be additional dimensionful
couplings in underlying theory and the divergence structure of the entanglement entropy
can become substantially more complicated. For example, in a holographic setting, the
additional complications of relevant operators were illustrated in [47].

Of course, the conjecture by [87, 88] proposes that a central charge, which is identified
using the entanglement entropy, should satisfy a c-theorem (2.1) in higher dimensions . In
particular, the prescription there specifies that the entangling surface should be a (d–2)-
sphere of radius R in flat space.14 However the universal central charge was identified with
the dimensionless coefficient p0 which only appears at subleading order in eq. (2.119) for
d ≥ 3. Further since R is the only scale in the problem, one expects all of the preceding
coefficients are nonvanishing with pn = p̃nR

n for some dimensionless coefficients p̃n. Hence

14The applicability of this geometry to the c-theorem conjectured in [87, 88] follows from the results of
[59].
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a single derivative with respect to the radius of the sphere will not isolate the desired
coefficient in the entanglement entropy. Certainly a more sophisticated construction would
be needed to remove all of the potentially divergent terms along a general RG flow. In
fact, precisely such a construction was recently proposed in [46]. It would be interesting
to investigate this new proposal along the lines of the analysis in sections 2.3 and 2.5.
In particular, it would encouraging if the monotonic flow of the c-function identified with
this construction or a similar variant could be directly related to null energy condition in
holographic RG flows.

2.7 Supplementry material for Chapter 2

2.7.1 The c-function with Einstein gravity for d ≥ 3

In this section, we describe the details of the derivation of eq. (2.55), which is our starting
point for the discussion in section 2.3 of the holographic flow of the c-function in higher
dimensions. The analysis here is largely an extension of that given there for d = 2 to
an arbitrary d. For a d-dimensional boundary field theory, the holographic entanglement
entropy of the strip is given by

S =
4πHd−2

ℓd−1
P

∫ (ℓ−ǫ)/2

0

dx e(d−2)A(r)
√
ṙ2 + e2A(r) (2.120)

and the conserved charge (2.27) reduces to

Kd = e−dA(r)
√
ṙ2 + e2A(r) . (2.121)

Further, for a particular extremal surface, Kd = e−(d−1)A(rm) since at the turning point we
have r(0, ℓ) = rm and ṙ(0, ℓ) = 0.

Now we differentiate the entropy (2.120) with respect to the width ℓ while holding the
radial cut-off rc fixed. In doing so, we keep in mind that both the radial profile for the
surface and the cut-off in x are implicitly functions of the width ℓ, i.e., r = r(x, ℓ) and
ǫ = ǫ(ℓ). Hence we find

dS

dℓ
=

4 πHd−2 e(d−2)A(r)

ℓd−1
P

√
ṙ2 + e2A(r)

[
1

2

(
1− dǫ

dℓ

)
(ṙ2 + e2A(r)) + ṙ

∂r

∂ℓ

] ∣∣∣∣∣
x=(ℓ−ǫ)/2

, (2.122)
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where ṙ = ∂r(x, ℓ)/∂x. In simplifying dS/dℓ to produce the expression above, we have
used ṙ(0, ℓ) = 0 to eliminate the boundary terms at x = 0, as well as removing the bulk
variation using the equation of motion which follows from eq. (2.120),

r̈ − A′
(
d ṙ2 + (d− 1) e2A

)
= 0 . (2.123)

The cut-off ǫ is defined by the relation: r(x = (ℓ − ǫ)/2, ℓ) = rc. We can vary ℓ in the
latter expression while holding rc fixed, as in the variation in eq. (2.122), to find

[
ṙ(x, ℓ)

2

(
1− dǫ

dℓ

)
+
∂r(x, ℓ)

∂ℓ

] ∣∣∣∣∣
x=(ℓ−ǫ)/2

= 0 . (2.124)

This result was already presented in eq. (2.40). Using this expression and also eq. (2.121),
we can now simplify eq. (2.122) to take the form

dS

dℓ
= − 4 πHd−2

ℓd−1
P Kd(ℓ)

1

ṙ

∂r

∂ℓ

∣∣∣∣∣
x=(ℓ−ǫ)/2

. (2.125)

Further progress requires that we consider the bulk geometry in the far UV region,
which we assume approaches AdS space asymptotically with

A(r) = r/L̃ . (2.126)

Now recall that eq. (2.121) yields a simple expression for dx/dr, as presented in eq. (2.65).
With the simple conformal factor (2.126), this equation is easily integrated to yield

x− ℓ

2
= − L̃ e−dr/L̃

dKd(ℓ)
2F1

[
1

2
,

d

2(d− 1)
;
3d− 2

2(d− 1)
;
e−2(d−1)r/L̃

Kd(ℓ)2

]
, (2.127)

where we are imposing the boundary condition that x → ℓ/2 as r → ∞. We note that
the same hypergeometric function appears in eq. (2.60). This is not a coincidence because
in the present case A′ is simply a constant and so we are essentially performing the same
integration here as in eq. (2.60). Further note that this complicated expression reduces to
eq. (2.66) for d = 2. Taking the partial derivative of eq. (2.127) with respect to ℓ, we find

∂r(x, ℓ)

∂ℓ
= −1

2
edr/L̃

√
K2

d − e−2(d−1)r/L̃ (2.128)

+
L̃

(d− 1)Kd

dKd

dℓ

(√
K2

d − e−2(d−1)r/L̃

dKd
2F1

[
1

2
,

d

2(d− 1)
;
3d− 2

2(d− 1)
;
e−2(d−1)r/L̃

Kd(ℓ)2

]
− 1

)
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Now using eq. (2.121) with the conformal factor (2.126), we find

ṙ = edr/L̃
√
K2

d − e−2(d−1)r/L̃ . (2.129)

Then we consider the ratio of these two expressions and take the limit x→ ℓ/2 and r → ∞
to find

1

ṙ

∂r

∂ℓ

∣∣∣∣
x=ℓ

= −1

2
. (2.130)

Essentially this result indicates that with the limit rc → ∞, dǫ/dℓ vanishes in eq. (2.124).
Now substituting eq. (2.130) into eq. (2.125) yields

dS

dℓ
=

2 πHd−2

ℓd−1
P

1

Kd(ℓ)
. (2.131)

We use this simple form of derivative of entanglement entropy to produce the expression
for the c-function in eq. (2.55).

2.7.2 RG flow solutions for GB gravity

In section 1.3.1 of previous chapter, we discussed the RG flow in the AdS/CFT correspon-
dence, where dual gravity is Einstein gravity. Now, we are interested in holographic RG
flow solutions for the action (2.10) in which GB gravity is coupled to a scalar field, i.e.,

I =
1

2ℓd−1
P

∫
dd+1x

√−g
[
R +

λL2

(d− 2)(d− 3)
X4 −

1

2
(∂φ)2 − V (φ)

]
, (2.132)

where X4 is given by eq. (2.11). First, we will examine the equations of motion for holo-
graphic RG flows in some detail. This will allow us to explicitly verify the result used in
eq. (2.19) to prove the holographic c-theorem for GB gravity [87, 88]. Then we discuss a
simple approach to explicitly construct analytic solutions for GB gravity describing holo-
graphic RG flows. This construction is a simple extension of the ‘superpotential’ approach
developed for Einstein gravity in [28, 29]. This approach was already extended to GB
gravity with four boundary dimensions in [132] and here we provide the generalization to
arbitrary d ≥ 4.

In the action (2.132) above, the cosmological constant term has been absorbed into the
scalar potential and we assume that V (φ) has various critical points where the potential
energy is negative as in eq. (1.28). As described in section 2.1, for each of these critical
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points, there is an AdS vacuum solution where the curvature scale is given by L̃2 = L2/f∞
where L is some canonical scale appearing in the potential and the curvature squared
interaction while the (dimensionless) constant f∞ is given by eq. (2.13). To consider
solutions describing holographic RG flows, we begin by writing the scalar and gravitational
equations of motion as

∇2φ− δV

δφ
= 0 , (2.133)

Rab −
1

2
Rgab +

λL2

(d− 2)(d− 3)
Hab = Tab , (2.134)

where

Hab = RacdeRb
cde − 2RacRb

c − 2RacbdR
cd +RRab −

1

4
X4gab . (2.135)

Further the stress tensor for the scalar field is given by

Tab =
1

2
∂aφ ∂bφ− 1

2
gab

(
1

2
(∂φ)2 + V (φ)

)
. (2.136)

As in the main text, we consider the following ansatz for the metric:

ds2 = e2A(r) ηij dx
idxj + dr2 , (2.137)

For nontrivial RG flows, we also include a simple ansatz for the scalar: φ = φ(r). In partic-
ular then, this ansatz maintains Lorentz invariance in the boundary directions. Now with
these metric and scalar ansatz, there are two nontrivial components of the gravitational
equations (2.134):

d(d− 1)(A′2 − λL2A′4) = 2Tr
r , (2.138)

2 (d− 1)(1− 2λL2A′2)A′′ + d(d− 1)(A′2 − λL2A′4) = 2Tt
t . (2.139)

Again ‘prime’ denotes a derivative with respect to r. Using eq. (2.136), we find the following
components of stress tensor

Tr
r =

1

4
(φ′)2 − 1

2
V (φ) , (2.140)

Ti
j = − δi

j

(
1

4
(φ′)2 +

1

2
V (φ)

)
. (2.141)

With the present ansatz, the equation of motion for the bulk scalar (2.133) becomes

φ′′ + d A′ φ′ − δV

δφ
= 0 . (2.142)
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Of course, the three equations of motion above are not all independent. For example, one
can derive eq. (2.139) by differentiating eq. (2.138) and then substituting in eqs. (2.138)
and (2.142).

Taking the difference of eqs. (2.138) and (2.139), we find

Tt
t − Tr

r = (d− 1)(1− 2λL2A′2)A′′ , (2.143)

which is the result used to establish the holographic c-theorem for GB gravity in eq. (2.19).
Eqs. (2.138), (2.139) and (2.143) are written for GB gravity coupled to a general matter
field Lagrangian and as long as the matter sector satisfies the null energy condition, the
combination of components of Tab in eq. (2.143) are negative (or zero). In the particular
case considered here, i.e., the action (2.132) with a scalar field, we find T t

t−T r
r = −(φ′)2/2

and so the sign of eq. (2.143) is obvious.

Given eqs. (2.138–2.142), a simple set of explicit solutions can be constructed by ex-
tending an approach developed for Einstein gravity in [28, 29]. The key idea is to consider
a special class of scalar potentials that can be defined in terms of a ‘superpotential’ and
then express the solution in terms of this superpotential. This construction was extended
from Einstein gravity to GB gravity in five dimensions (i.e., d = 4) in [132] and here we
provide the generalization to arbitrary d ≥ 4. First, we write the scalar potential in terms
of a superpotential W (φ) as follows:

V (φ) = 2 (d− 1)2
(
δW

δφ

)2 (
1− 2λL2W 2

)2 − d(d− 1)W 2 (1− λL2W 2) . (2.144)

With a potential of this form, the equations of motion above can be re-expressed as first
order equations:

φ′ = −2 (d− 1)
(
1− 2λL2W 2

) δW
δφ

,

A′ = W . (2.145)

Given these first order equations, we may now solve for the metric (2.137) and the scalar
profile in quadratures. We note that the same equations appear in the construction of
domain wall solutions for ‘new massive gravity’ in higher dimensions [133]. The action
studied there differs from the GB action (2.132) by the addition of an action proportional
to the square of the Weyl tensor, i.e., − λL2

(d−2)(d−3)
CabcdC

abcd. This additional interaction
does not influence the equations of motion in the present setting because the metric ansatz
(2.137) for the holographic RG flows is conformally flat.
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2.7.3 Scalar potentials for section 2.4.2

In section 2.4.2, we analyzed the flow of the entanglement entropy in various bulk geome-
tries which were defined by specifying an explicit conformal factor, e.g., as in eq. (2.82).
Here we would like to show that these profiles can arise as solutions of Einstein gravity
coupled to a scalar field with an appropriate potential. In particular, we use the ‘superpo-
tential’ approach described in section 1.3.1 and at the end of the last section.

With λ = 0, the expression of scalar potential and equations of motion in terms of the
superpotential are give by (1.39) and (1.40). Now using these equations, we would like to
construct V (φ) given A(r). First from eq. (1.40), we find

A′′ =
δW

δφ
φ′ = −2(d− 1)

(
δW

δφ

)2

= − 1

2(d− 1)
(φ′)2 . (2.146)

Hence if we let φ = φUV at the critical point in the UV, i.e., φ(r → ∞) → φUV, then we
can write

φ(r) = φUV −
∫ ∞

r

dr̃ φ′(r̃) = φUV −
∫ ∞

r

dr̃

[
− 2(d− 1)A′′(r̃)

]1/2
. (2.147)

Similarly combining eq. (1.39) with eqs. (1.40) and (2.146), we may write the value of
potential along the flow as

V (r) = −(d− 1)A′′ − d(d− 1) (A′)2 . (2.148)

Given these two expressions, one can easily make a parametric plot of the potential V
as a function of φ, at least over the range of the scalar covered in the holographic flow.
Alternatively, if eq. (2.147) can be integrated analytically and inverted, i.e., one can write
r = r(φ), then eq. (2.148) will yield an analytic expression for V (φ). We use both of these
approaches to describe the potential corresponding to the conformal factors presented in
section 2.4.2.

Let us begin with the conformal factor given in eq. (2.82). In this case, it is straight-
forward to integrate eq. (2.147) with the result being

tan

(
π

2

φ

φUV

)
= er/R with φUV = π

√
2γ(d− 1) . (2.149)

We also note that at the far IR of the holographic flow, φ → 0 as r → −∞. Given this
expression (2.149) and the conformal factor (2.82), it is straightforward to calculate the
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superpotential W (φ) using eq. (1.40),

W (φ) =
1

L
+
γ

R
cos

(
π
φ

φUV

)
, (2.150)

and the potential V (φ) using eq. (2.148),

V (φ) =
(d− 1)γ

R2
sin2

(
π
φ

φUV

)
− d(d− 1)

[
1

L
+
γ

R
cos

(
π
φ

φUV

)]2
. (2.151)

Hence we have produced a analytic result for the scalar potential necessary to produce the
bulk geometry with A(r) as in eq. (2.82) as a solution of Einstein gravity. In figure 2.9,
the curve with σ = 1 illustrates the behaviour of the potential (2.151). Figure 2.10 also
shows the potential for various values of the parameters.

1 2 3 4 5 6 7
Φ

-15

-10

-5

VHΦL�ÈVHΦUVLÈ

Σ=.0005

Σ=.20

Σ=1

Figure 2.9: A parametric plot of V (φ)/|VUV| versus φ for eq. (2.152) with various values
of parameter σ. The other parameters in the potential are set to L = .40, R = .55 and
γ = .825, as well as setting d = 4.

Now let us consider the conformal factor given in eq. (2.90). Using the same equations
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as before, we now find

dφ

dr
=

2
√
γ(d− 1)

R

√
1 + σ cosh(2r/R)

σ + cosh(2r/R)
(2.152)

V (r) =
2γ(d− 1)

R2

1 + σ cosh(2r/R)

(σ + cosh(2r/R))2
− d(d− 1)

(
1

L
− γ

R

sinh (2r/R)

σ + cosh (2r/R)

)2

.

In this case, we were not able to analytically integrate φ′. However, it is straightforward
to perform a numerical integration and produce a parametric plot of the potential V as a
function of φ, as shown in figure 2.9. In this figure, the boundary dimension was chosen
to be d = 4 and the potential parameters are fixed as L = .40, R = .55 and γ = .825,
while σ is varied as indicated on the plot. The plot shows that qualitatively this potential
has the same shape as the analytic potential found for the previous conformal factor in
eq. (2.151) – recall that in fact, this new potential will agree with eq. (2.151) when σ = 1.
However, the new potential is becoming steeper as the parameter σ becomes smaller. The
plots only show the potential over the range relevant for the holographic RG flow, i.e.,
from φ = φIR = 0 to φUV. However, the full potential would be symmetric about both φIR

and φUV and so it would be periodic with a period ∆φ = 2(φUV − φIR). Further we note
that for the parameters chosen in figure 2.9, the entanglement entropy undergoes a phase
transition for σ = .0005 but there is no phase transition for either σ = .2 or 1.

While we were not able to produce an analytic expression for the full potential from
eq. (2.152), it is still possible to consider a perturbative expansion around the UV critical
point, i.e.,

V (δφ) = VUV +
1

2
m2

UV δφ
2 +

1

24
λUV δφ

4 + · · · , (2.153)

where δφ = φ−φUV. One can easily verify that there are no odd powers of δφ appearing in
this expansion. As an example, we note that the mass parameter above would be calculated
as

m2
UV =

δ2V

δφ2

∣∣∣∣
φ=φUV

=
1

φ′

d

dr

(
1

φ′

dV

dr

) ∣∣∣∣
r→∞

. (2.154)

The results for the first few parameter is the expansion (2.153) are:

VUV = −d(d− 1)

L2
UV

, m2
UV =

1

R2
− d

LUVR

λUV = −3d σ2 LUVR + d(2− 7σ2)LIRR− 8(1− 2σ2)LIRLUV

2(d− 1)σ2 (LUV − LIR)R3
, (2.155)
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where we are using the expressions in eq. (2.83) for LUV and LIR. Of course, the value of VUV

above corresponds to the expected value of the cosmological constant in the asymptotic AdS
geometry. We note that the mass parameter m2

UV is independent of the extra parameter σ
appearing in the conformal factor (2.90). Hence these first two parameters precisely match
those in the analogous expansion of the analytic potential in eq. (2.151), as is readily
verified. As shown in eq. (2.155), the additional parameter σ first makes its appearance
the quartic coupling λUV. In this case, one can still verify that λUV(σ = 1) matches
the analogous quartic coupling found in expanding the analytic potential (2.151) about
φ = φUV. To provide some qualitative insight for this quartic coupling, we add that
typically (e.g., for the parameters chosen in figure 2.9), λUV is negative for σ ∼ 1 but it
becomes positive for small values of σ (and diverges as σ → 0).

At this point, we would like to consider the holographic interpretation of these geome-
tries in more detail. Recall that the standard description begins with a discussion in the
boundary theory where a UV critical point is perturbed by some relevant operator O and
the latter triggers an RG flow to a new critical point in the IR. A natural assumption in
this discussion is that O is relevant, i.e., that it has a conformal dimension ∆ < d. Now
in the gravity description, as discussed in section 1.3.1, this operator is dual to the bulk
scalar φ and the conformal dimension is related to the scalar mass by the standard formula
m2

UVL
2
UV = ∆(∆− d) [26]. Inverting the latter relation yields two roots for ∆, i.e.,

∆± =
d

2
±
√
d2

4
+m2

UVL
2
UV , (2.156)

where the standard choice corresponds to ∆ = ∆+. The scalar will have two independent
solutions asymptotically [26],

φ ≃ e∆−r/LUV φ(–) + e∆+r/LUV φ(+) , (2.157)

where the coefficient of the more slowly decaying solution φ(–) corresponds to the coupling
for the dual operator while φ(+) is proportional to the expectation value 〈O〉.

Now turning to the scalar mass in eq. (2.155), we observe that the result can be written
asm2

UVL
2
UV = α(α−d) where α = LUV /R. Further by combining eq. (2.91) and φ′ ∝

√
−A′′

from eq. (2.146), we see that α is precisely the exponent controlling the asymptotic decay
of δφ. Now there are four regimes of α which we consider separately: (a) 0 < α ≤ d/2,
(b) d/2 < α < (d + 2)/2, (c) (d + 2)/2 < α < d and (d) d ≤ α. In the interval (a), the
holographic interpretation of the flow geometry precisely matches that described above.
That is, α = ∆− with ∆+ = d−∆− < d. Hence the dual operator is relevant and leading
contribution in the asymptotic decay of δφ reflects the fact that corresponding coupling
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Figure 2.10: Plot of V (φ)/|VUV| versus φ/φUV for eq. (2.151) with various values of param-
eter LUV /R. The parameters in the potential are chosen to fix LUV = 1 and LIR = .25
and we set d = 4.

is nonvanishing in the boundary theory. In the intervals (b) and (c), we have instead
α = ∆+ < d and hence the interpretation is that O is relevant but the boundary coupling
for this operator vanishes. Rather holographic interpretation of the bulk solution is that
O has a nonvanishing expectation value in the UV, which then triggers the RG flow to a
new IR fixed point. Of course, this appears to be a somewhat unconventional description
of RG flows.15 We have distinguished the interval (b) with d

2
< α < d

2
+ 1 because in

the regime, one can imagine the standard interpretation of the bulk solution still holds
for the ‘alternate quantization’ of the holographic theory [31]. In the latter approach,
the roles of φ(–) and φ(+) are reversed and the dimension of the boundary operator is
given by ∆ = ∆−. Note that in these first three intervals (a), (b) and (c), we have
m2

UV ≤ 0 and m2
UV reaches its minimum value at α = d/2, where it coincides precisely

15Similar flows arising in a supergravity construction were studied in [134]. However, the flows described
there would all fall into the interval (b).
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with the Breitenlohner-Freedman bound [23, 24, 25], i.e., m2
UVL

2
UV = −d2/4. Finally in

the interval (d), we have α = ∆+ ≥ d and hence in this regime, O is no longer a relevant
operator. Rather we have an irrelevant (or marginal) operator again with a nonvanishing
expectation value which triggers the flow to a new fixed point in the IR. Note that with
α > d, m2

UV > 0 and the scalar potential must have a third extremum φ3 between the UV
and IR critical points where V (φ3) > VUV.

16 This extra extremum is distinguished from
the UV and IR critical points since by construction, the latter are critical points of the
superpotential, whereas the new critical point satisfies δV/δφ|φ=φ3 = 0 but δW/δφ|φ=φ3 6= 0.
The changing structure of the potential as LUV /R varies through these different regimes
is illustrated in figure 2.10. As already noted, the interpretation of the RG flows in cases
(c) and (d) in the boundary theory seems somewhat exotic. Hence one must worry that
the underlying holographic model for these constructions is unphysical in some way. For
example, it could be that for a consistent boundary CFT, once the dimension ∆ of the
operator is fixed, the quartic coupling in eq. (2.155) must be constrained in some way,
along the lines of various bounds found in [101, 102, 103, 104, 105, 106, 107, 108, 109] or
[135, 136, 137, 138, 139]. Alternatively, it could be that these background solutions are
simply unstable in the corresponding parameter regime. In any event, in the main text,
we focus our attention on the models in the intervals (a) and (b) for which the holographic
RG flows have a conventional interpretation – see the discussion around eq. (2.89).

To close this section, we note that one can also consider a perturbative expansion of
the scalar potential as in eq. (2.153) but about the IR critical point, i.e.,

V (δ̃φ) = VIR +
1

2
m2

IR δ̃φ
2
+

1

24
λIR δ̃φ

4
+ · · · , (2.158)

where δ̃φ = φ − φIR with φIR ≡ φ(r → −∞). As before, there are no odd powers of δ̃φ
appearing in eq. (2.158). The first few parameters in this IR expansion are:

VIR = −d(d− 1)

L2
IR

, m2
IR =

1

R2
+

d

LIRR

λIR = −−d (2− 7σ2)LUVR− 3d σ2 LIRR− 8(1− 2σ2)LIRLUV

2(d− 1)σ2 (LUV − LIR)R3
. (2.159)

As in the UV expansion, we see that the parameter σ first appears here in the quartic cou-
pling λIR. Hence one can easily verify that VIR and m2

IR precisely match the corresponding
couplings in the IR expansion of the analytic potential in eq. (2.151), while λIR matches
the quartic coupling in this expansion when σ = 1. Note that m2

IR > 0 and so the dual

16In fact, for LUV /R sufficiently large, one finds V (φ3) > 0.
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operator is always irrelevant at the IR critical point. The behaviour of the quartic coupling
is qualitatively the same as described above for λIR, i.e., it is typically negative for σ ∼ 1
and positive for σ ∼ 0.
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Chapter 3

Entanglement entropy for singular
surfaces

As discussed in section 1.3.3, the typical calculation of entanglement entropy in quantum
field theory begins by choosing a particular spatial region V and integrating out the degrees
of freedom in the complement V̄ . Then with the resulting density matrix ρV, one calculates:
SEE = −Tr (ρV log ρV). Unfortunately, this calculation generically yields a UV divergent
answer because the result is dominated by short distance correlations in the vicinity of
the boundary ∂V . However, if we regulate the calculation by introducing a short distance
cut-off δ, the entanglement entropy exhibits an interesting geometric structure [140, 46].
For example, with a QFT in d spacetime dimensions, this allows us to organize the results
as in (1.53):

SEE =
pd−2

δd−2
+
pd−4

δd−4
+ · · · , (3.1)

where each of the coefficients pi involves an integration over the boundary ∂V . In particular,
the first two coefficients may be written as

pd−2 =

∫

∂V

dd−2y
√
hh2 = h2 A∂V , (3.2)

pd−4 =

∫

∂V

dd−2y
√
h
[
h4,1 R+ h4,2K

ı̂
a
aK ı̂

b
b
]
. (3.3)

Of course, the leading term then yields the famous ‘area law’ result [8, 9]. The geometry
of the boundary becomes even more evident in the second coefficient pd−4 with the appear-
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ance of R and K ı̂
ab, the intrinsic Ricci scalar and the extrinsic curvature of this surface.1

The coefficients hi,a above will depend on the detailed structure of the underlying QFT.
In particular, we note that they may become functions of the cut-off through their depen-
dence on mass scales µi in the QFT since the latter will only appear in the dimensionless
combination µiδ, i.e., hi,a = hi,a(µiδ) [46]. The geometric character of the entanglement
entropy illustrated here naturally follows from the implicit choice of a covariant regulator
in the QFT and the fact that the UV divergences are local.

Unfortunately, the coefficients appearing in the expansion above are scheme dependent.
Clearly, if we shift δ → αδ, we find hi,a → ĥi,a = αi−dhi,a(αµiδ). Hence the regulator
dependence here comes both from the implicit dependence on mass scales in the QFT and
the ‘classical’ engineering dimension of the individual coefficients. Of course, the latter can
be avoided by carrying the expansion in eq. (3.1) to sufficiently high orders. In particular,
one may find a logarithmic contribution to the entanglement entropy

Suniv = cd log(δ/ℓ) (3.4)

where ℓ is some (macroscopic) scale in the geometry of ∂V . At this order in the expansion,
the coefficient cd is dimensionless. Further it may be natural to eliminate any intrinsic
scales in the QFT by focussing on fixed point theories of the RG flow.2 In this case,
shifting δ as above makes a finite shift in the entanglement entropy but cd is left unchanged.
Hence one expects that this coefficient contains universal information that characterizes
the underlying CFT. For example, from (1.55) in four dimensions, this universal coefficient
is simply given by [51]3

c4 =
1

2π

∫

∂V

d2y
√
h

[
c

(
K ı̂

a
bK ı̂

b
a − 1

2
K ı̂

a
aK ı̂

b
b

)
+ aR

]
, (3.5)

where a and c are the two central charges of the CFT. In principle then, this provides an
approach to determine these central charges. For example, calculating the entanglement
entropy for a sphere yields cd ∝ a, while only c appears for a cylinder [51].

The preceding discussion implicitly assumes that the boundary of the region in question
is smooth. The purpose of this chapter is to explore the effects of geometric singularities
in this ‘entangling surface’ ∂V . In part, our motivation comes from the observation that

1We are assuming here that the background geometry is simply d-dimensional flat space. Otherwise
additional contributions could appear in p4 involving the background curvature.

2Universal terms may also appear in other circumstances, either as a finite contribution, e.g., [67, 68, 69]
or when explicit mass scales are present [141, 47].

3Again, we are assuming that the background geometry is flat.
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in three dimensions, if the boundary contains corners or kinks, the corresponding entan-
glement entropy will contain additional logarithmic contributions [78, 79]

Skink = k3(∆θ) log(δ/L) , (3.6)

where ∆θ is the opening angle of the kink – see figure 3.1. As a function of ∆θ, coefficient
k(∆θ) satisfies certain simple properties [78, 54]. In particular, k3(∆θ = π) = 0 since the
∂V becomes a smooth surface when the angle is set to π. If the QFT is in a pure state,
we have SEE(V ) = SEE(V̄ ) and so k3(∆θ) = k3(2π −∆θ) in this case. Further in examples
[78, 79, 54], one finds for a small opening angle: k3(∆θ → 0) ∝ 1/∆θ. However, we must
add that the precise universal information contained in k3(∆θ) remains to be understood.

A natural question is to ask whether similar contributions arise for singular entangling
surfaces in higher dimensions. If yes, we can ask what the geometric dependence of these
new terms is. Further, if we focus on CFT’s, we might ask if the coefficients in these con-
tributions have a simple dependence on the central charges, analogous to that in eq. (3.5).
Now using the AdS/CFT framework for entanglement entropy in section 1.3.4, we may
begin to address these questions. In fact, using the standard calculation of holographic
entanglement entropy, the logarithmic contribution (3.6) associated with a kink in three
dimensions has already been identified in [54]. More generally, this approach allows us to
easily study boundary CFT’s in a variety of dimensions and further the geometric structure
of the entanglement entropy becomes readily evident in holographic calculations [47, 48].
In the following then, we use holography to study some simple singular entangling surfaces
in higher dimensions and we find a variety of new universal contributions. While these are
just first steps towards a full understanding of these universal terms, our results indicate
a rich geometric structure for the entanglement entropy of singular surfaces.

The remainder of this chapter is organized as follows: In the next section, we give a brief
overview of our calculations and summarize our main results. In section 3.2, we consider
entangling surfaces with a conical singularity for boundary CFT’s with d = 4, 5 and 6.
In these cases, the singularity in the geometry of the entangling surface is confined to a
single point and so we broaden our calculations to consider extended singularities in section
3.3. There we find that the appearance of universal terms in the entanglement entropy
depends on the dimension and the curvature of the singular locus. Section 3.4 presents
calculations of holographic entanglement entropy for singular surfaces in boundary CFT’s
which are dual to the Gauss-Bonnet gravity. These calculations allow us to examine the
dependence of the universal terms on the central charges of the underlying CFT. In section
3.5, we briefly discuss our results and consider future directions. Section 3.6 contains
supplementary material for this chapter. Section 3.6.1 describes an alternate calculation
of the entanglement entropy associated with a conical singularity. In particular, we make
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a conformal transformation from Rd to R × Sd−1 and so the conical entangling surface
becomes a cylinder in the latter background. In section 3.6.2, we give certain details for
lengthy calculations presented in sections 3.2, 3.3 and 3.4.

3.1 Singular entangling surfaces and summary of re-

sults

In the sections 3.2, 3.3 and 3.4, we will describe in detail various holographic calculations of
the entanglement entropy for certain singular surfaces. Each of these calculations is quite
lengthy and individually they are not very enlightening. Hence in this section, we provide
an overview of these calculations and a summary of our results. We begin by describing
the kinds of singular entangling surfaces which we will consider.

Let us go back to eq. (3.6) for three dimensions. In this case, the entangling surface is
a one-dimensional curve and the ‘singular surface’ would be one containing a kink or a cor-
ner where the direction of the tangent vector changes discontinuously at a point. We can
characterize this behaviour by saying that the geodesic curvature of the curve contains a
δ-function singularity. In higher dimensions, the entangling surface is a (d−2)-dimensional
submanifold which divides into two a time slice of the d-dimensional background spacetime.
In this case, the natural extension of geodesic curvature is the extrinsic curvature of these
surfaces. However, a distinct feature characterizing the geometry of these higher dimen-
sional surfaces is now their intrinsic curvature. Of course, for a fixed background, these
two curvatures will be related to each other (and the background curvature) through the
Gauss-Codazzi equations. However, it is worth noting that in discussing singular surfaces,
we might consider singularities in either the extrinsic curvature or the intrinsic curvature.
In particular, as we show with simple examples below, it is possible to construct surfaces
where the intrinsic curvature is everywhere smooth while the extrinsic curvature is singular.
The other possibility which we consider is when both the extrinsic and intrinsic curvatures
have singularities.4 In either case, the examples which we consider below contain δ-function
singularities. That is, in all of our examples, the curvatures characterizing the entangling
surface are finite and smooth everywhere, except for a particular locus or subset of points.

In considering such singular entangling surfaces, we introduce an intuitive nomenclature
to simplify the discussion: kink, cone and crease. Examples of each are illustrated in figure

4We will assume the geometry of the background is everywhere smooth in the following. Combined
with the Gauss-Codazzi equations, this assumption rules out the possibility that the extrinsic curvature
may be smooth while the intrinsic curvature is singular.
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(a) (b) (c)

Figure 3.1: (Colour Online) Panel (a) shows a kink in constant Euclidean time tE slice in
d = 3. Panel (b) shows the cone c1. Panel (c) shows the crease k ×R1.

3.1. To explain these terms, it suffices to consider evaluating the entanglement entropy
in flat d-dimensional background Rd. With Euclidean signature, the metric can then be
written in ‘cylindrical’ coordinates as

ds2 = dt2E + dρ2 + ρ2
(
dθ2 + sin2 θ dΩ2

n

)
+

m∑

i=1

(
dxi
)2

(3.7)

where dΩ2
n denotes the round metric on a unit n-sphere. Hence we have d = 3+n+m. The

entangling surface will be a (d − 2)-dimensional geometry embedded in this background
(on a surface of constant tE).

The natural model of a kink is then given in d = 3 (n = 0 = m) as the union of two
rays: k = {tE = 0, ρ = [0,∞), θ = ±Ω}. With this choice of angles, the opening angle
between the two rays is ∆θ = 2Ω. Similarly, our prototype for a cone is given in d = 3+ n
as the surface: cn = {tE = 0, ρ = [0,∞), θ = Ω}. Hence with this construction, we are only
considering cones with a spherical cross-section Sn. We define a crease to be the higher
dimensional extension of either of these singular surfaces where we take the direct product
of a kink k or a cone cn with some other manifold. With the flat background (3.7) above,
the natural extension of the previous constructions gives the crease k × Rm in d = 3 +m
or a conical crease cn ×Rm in d = 3 + n+m.
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In a certain sense the kink is simply a lower dimensional version of a cone, i.e., k =
c0. However, we prefer to distinguish these two classes to highlight the difference in the
singularities noted above. If we consider the crease k × Rm, the intrinsic geometry of this
submanifold is smooth everywhere including ρ = 0 and in fact for the construction above,
the intrinsic curvature vanishes everywhere. On the other hand, the extrinsic curvature
contains a δ-function singularity at the tip of the kink, i.e., ρ = 0. Again for the above
construction, the extrinsic curvature vanishes everywhere away from this singularity. Now
considering the conical crease cn × Rm, one finds that both the intrinsic and extrinsic
curvatures have δ-function singularities at the tip of the cone, i.e., ρ = 0. For the prototype
constructed above, the intrinsic curvature vanishes away from this singular point but the
extrinsic curvature is nonvanishing.

In our calculations of the entanglement entropy, it will also be useful to consider the
CFT in a background of the form R3+n × Sm, for which we write the metric as

ds2 = dt2E + dρ2 + ρ2
(
dθ2 + sin2 θdΩ2

n

)
+R2 dΩ2

m . (3.8)

This allows us to consider creases of the form k×Sm or cn×Sm. With these geometries, the
intrinsic curvature of the entangling surface is nonvanishing everywhere but in particular,
the geometry of the singular locus is now Sm.

Now after this description of our singular surfaces, we briefly explain our holographic
calculations and the results. We use the AdS/CFT correspondence to calculate the holo-
graphic entanglement entropy for a boundary CFT with the above singular entangling
surfaces. In different calculations, we use the following bulk geometries:

ds2 =
L2

z2

(
dz2 + dt2E + dρ2 + ρ2

(
dθ2 + sin2 θdΩ2

n

)
+

m∑

i=1

(
dxi
)2
)
, (3.9)

ds2 =
L2

z2

(
dz2 + f1(z)

[
dt2E + dρ2 + ρ2

(
dθ2 + sin2 θdΩ2

n

)]
+ f2(z)R

2 dΩ2
m

)
. (3.10)

Here L is the AdS curvature scale and z is the radial coordinate with the asymptotic
boundary at z = 0. Of course, eq. (3.9) is just AdSd+1 where d = 3 + n+m as above and
with a flat boundary metric written in the coordinates given in eq. (3.7). The geometry
in eq. (3.10) approaches AdSd+1 asymptotically with the curved boundary metric given
in eq. (3.8). However, because this boundary geometry is not conformally flat, the bulk
geometry is not purely AdSd+1 and the functions, f1 and f2, must be determined by
evaluating the gravitational equations of motion. With these bulk metrics, (3.9) and (3.10),
we can readily calculate the holographic entanglement entropy for the kink, cone or crease
geometries described above.
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To calculate the holographic entanglement entropy, we use the prescription by Ryu and
Takayanagi [16, 52], discussed in section 1.3.4. The details of our holographic calculations
of the entanglement entropy for kinks, cones and creases are given in the following sections.
As expected, these calculations contain a variety of divergences that must be regulated.
However, we pay particular attention to the question of whether there are new singular
contributions associated with geometric singularity in the entangling surface. Further, in
certain cases, we find that the singularity produces new universal contributions. Table 3.1
summarizes our results.

d Background Geometry of Crease Crease Expected New
spacetime entangling surface dimension curvature Divergences Divergences

3 R3 k 0 – 1/δ log(δ) ∗

4 R4 c1 0 – 1/δ2 , log(δ) log2(δ) ∗

5 R5 c2 0 – 1/δ3 , 1/δ log(δ) ∗

6 R6 c3 0 – 1/δ4 , 1/δ2 , log(δ) log2(δ) ∗

>3 Rd k ×Rd−3 d− 3 flat 1/δd−2 1/δd−3

4 R3 × S1 k × S1 1 flat 1/δ2 1/δ
5 R3 × S2 k × S2 2 curved 1/δ3 , 1/δ 1/δ2 , log(δ) ∗

6 R3 × S3 k × S3 3 curved 1/δ4 , 1/δ2 1/δ3 , 1/δ
6 R4 × S2 k × (R1 × S2) 3 curved 1/δ4 , 1/δ2 1/δ3 , 1/δ
5 R5 c1 ×R1 1 flat 1/δ3 , 1/δ log(δ)/δ
6 R6 c1 ×R2 2 flat 1/δ4 , 1/δ2 , log(δ) ∗ log(δ)/δ
7 R7 c1 ×R3 3 flat 1/δ5 , 1/δ3 , 1/δ log(δ)/δ3

5 R4 × S1 c1 × S1 1 flat 1/δ3 , 1/δ log(δ)/δ

6 R4 × S2 c1 × S2 2 curved 1/δ4 , 1/δ2 , log δ log2(δ) ∗

7 R4 × S3 c1 × S3 3 curved 1/δ5 , 1/δ3 , 1/δ log(δ)/δ3

6 R6 c2 ×R1 1 flat 1/δ4 , 1/δ2 , log(δ) ∗ 1/δ
7 R7 c2 ×R2 2 flat 1/δ5 , 1/δ3 , 1/δ 1/δ2

6 R5 × S1 c2 × S1 1 flat 1/δ4 , 1/δ2 , log(δ) ∗ 1/δ
7 R5 × S2 c2 × S2 2 curved 1/δ5 , 1/δ3 , 1/δ 1/δ2 , log(δ) ∗

Table 3.1: Summary of the divergent terms for various singular surfaces from our holo-
graphic calculations. Here d is the spacetime dimension of the CFT background, which
can be both flat or curved. The ‘expected’ divergences are those which can arise with a
smooth entangling surface – see discussion in the introduction. The ‘new’ divergences are
produced by the singularity in the surface and vanish when the surface is smooth, i.e.,
Ω = π/2. Any universal terms are marked with a ‘∗’ – see the discussion in the main text.
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As described above, if the entangling surface has a kink in d = 3, there is a new universal
contribution (3.6) to the entanglement entropy. We review the holographic calculation of
[54] which reveals this result in section 3.2. These calculations are extended to creases
of the form k × Rm in section 3.3 and there we find no universal contribution, i.e., no
log δ term, for these cases. However, we note that in this case the locus of the singularity,
i.e., the tip of the crease, is flat. The results become more interesting if this locus is
curved. If the singular locus is curved but odd-dimensional, we again find no logarithmic
contribution. However, if the singular locus is both curved and even-dimensional, we find
that the entanglement entropy of the crease contains a log δ contribution. While we have
a limited number of explicit examples of this behaviour, i.e., the case of k×S2, it suggests
to us that generally for creases of the form k × Σ2m, there are new universal terms of the
form

Suniv ∼
∫

Σ

d2my
√
h [Rm] log δ (3.11)

where Σ is the singular locus on the entangling surface and [Rm] represents some curvature
invariant containing m powers of the curvature on this submanifold.

We also consider entangling surfaces with conical singularities in section 3.2. In this
case, if the boundary CFT lives in an odd-dimensional spacetime, i.e., cn with n even, we
find that the singularity contributes a log δ term to the entanglement entropy. However, for
an even-dimensional boundary theory, i.e., cn with n odd, we find that the new universal
contribution actually diverges as log2δ. However, we note, and explain in detail in section
3.5, that part of this log2δ contribution can be identified with the ‘smooth’ contribution
given in eq. (3.5). That is, part of this divergence should be associated with correlations
away from the singularity and so depends on details of the smooth part of the geometry
away from the tip of the cone. However, we also argue part of the contribution is associated
with the singularity itself and so should still be expected to arise for more general situations,
independent of this smooth geometry. Given that our boundary field theory is a CFT, we
might ask if the coefficients of these new universal contributions are simple functions of
the central charges. As a step in this direction, we work with Gauss-Bonnet gravity in the
bulk in section 3.4, as this allows us to begin to distinguish the boundary central charges,
e.g., see [114]. In the case of even dimensions, we see that the coefficient of the log2δ
contribution is proportional to a particular central charge, i.e., for d = 4, it is c. However,
for odd dimensions, the log δ term does not yield any such simple result.

The holographic calculations are also extended to consider conical creases of the form
cn × Rm or cn × Sm in section 3.3. For these cases, we find that the nature of universal
contributions again depends on the dimension of both the full spacetime and the singular
locus, as well as the curvature of the latter. In particular, if both of these dimensions
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is even and the locus is curved, e.g., c1 × S2, then a log2δ term arises. Alternatively,
if the background is odd-dimensional but the locus is even-dimensional and curved, e.g.,
c2 × S2, then a log δ contribution appears. In any other cases, the singularity does not
contribute any universal terms of this form to the entanglement entropy. Our results again
suggest the appearance of universal contributions of the form given in eq. (3.11) for odd-
dimensional theories, while similar terms with a log2δ divergence seem to be present for
even-dimensional CFT’s.

In discussing these results, we need to be careful about an important point. As we have
illustrated with eq. (3.5), in even dimensional CFT’s, the smooth part of the entangling
surface will already produce a universal term proportional to log δ. Hence, as noted in
our description of the results for cones, we must distinguish this term from universal
contributions associated with the singularity. Other cases where this issue arises include:
c1 ×R2, c2 ×R1 and c2 × S1. All of these examples are in six dimensions where we do not
have the analog of the d = 4 expression in eq. (3.5). So while a detailed comparison is not
possible, in considering the corresponding holographic calculations in detail, we see that
the coefficient of the log δ receives contributions at all values of the radius ρ and that there
is no singularity at ρ = 0. Hence we can clearly infer that this contribution is coming from
the smooth part of the geometry and the singularity is not making a universal contribution
to the entanglement entropy.

To close this section, let us note that for many of the examples in table 3.1, there were
no logarithmic terms in the entanglement entropy. In some of those cases, it may still be
that the finite contribution exhibits some universal behaviour but we did not investigate
this possibility here.

3.2 EE for singular embeddings

In this section, we will study entanglement entropy (EE) with singular entangling surfaces
in a flat background for holographic CFT’s which are dual to Einstein gravity. The simplest
case in this category is the kink in d = 3 dimensional CFT. It is already known that EE
for a kink has a logarithmic divergence [78, 79]. This calculation for holographic EE was
first done by Hirata and Takayanagi in [54]. So before calculating EE for cones in higher
dimensions, we briefly review this case.

We begin with {d, n,m} = {3, 0, 0} in metric (3.9). Then the kink in the boundary
is defined by ρ ∈ [0, H] and θ ∈ [−Ω,Ω], where H is the IR cut-off. The holographic
entanglement entropy for this geometry is given by (1.56), that is the area of the minimal
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area surface which hangs in the bulk and is homologous to the kink on the boundary. We
assume that the induced coordinate for the minimal area surface are (ρ, θ) and the radial
coordinate z = z(ρ, θ). Now we can find the induced metric hµν over the surface and the
entanglement entropy is given by

S3

∣∣
k
=

2π

ℓ2P

∫
dρ dθ

√
h =

2π

ℓ2P

∫
dρ dθ

L2

z2

√
ρ2 + ρ2z′2 + ż2 , (3.12)

where z′ = ∂ρz and ż = ∂θz. Here we point out that the EE for entangling surface ∂V
in d-dimensional field theory will be represented by Sd

∣∣
∂V

. Now we can easily find the
equation of motion for z(ρ, θ). From scaling symmetry of the AdS space and the fact that
there is no other scale in the problem, we can say that

z = ρ h(θ) , (3.13)

where h(θ) is such that h→ 0 as θ → ±Ω. After using this ansatz, the entropy functional
reduces to

S3

∣∣
k
=

4πL2

ℓ2P

∫ H

δ/h0

dρ

ρ

∫ Ω−ǫ

0

dθ

√
1 + h2 + ḣ2

h2
, (3.14)

where we have introduced the UV cut-off at z = δ, ḣ = dh/dθ and defined h0 such that
at θ = 0, h(0) = h0. Note that ḣ(0) = 0 and h0 is the maximum value of h(θ). Also, ǫ
is a function of ρ defined using (3.13), such that at z = δ, h(Ω − ǫ) = δ/ρ. Further, the
substitution of ansatz (3.13) in equation of motion for z(ρ, θ) gives

h(1 + h2)ḧ+ 2ḣ2 + (h2 + 1)(h2 + 2) = 0 . (3.15)

For this equation of motion, we can easily see that there exists a quantity K which is
conserved along θ translation and is given by

K =
1 + h2

h2
√
1 + h2 + ḣ2

=

√
1 + h20
h20

, (3.16)

where we have used ḣ(0) = 0 and h(0) = h0 to get the expression on the right hand side.
Now plan is to convert θ integral in (3.14) to integral over h and then separate the divergent
part in the integral. We also make the coordinate transformation to y =

√
1/h2 − 1/h20,

where y → ∞ as we approach the boundary. After this coordinate transformation, the
integrand has following divergence in the limit y → ∞:

√
1 + h20(1 + y2)

2 + h20(1 + y2)
∼ 1 +O

(
1

y3

)
. (3.17)
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So now we can write EE as

S3

∣∣
k

=
4πL2

ℓ2P

∫ H

δ/h0

dρ

ρ

∫ √
(ρ/δ)2−1/h2

01

0

dy

(√
1 + h20(1 + y2)

2 + h20(1 + y2)
− 1

)

+
4πL2

ℓ2P

∫ H

δ/h0

dρ

ρ

√
ρ2

δ2
− 1

h201
, (3.18)

which can be simplified to give

S3

∣∣
k
=

4πL2

ℓ2P

(
H

δ
− q3(Ω) log

(
H

δ

)
+O(δ)

)
, (3.19)

where q3(Ω) is

q3(Ω) =

∫ ∞

0

dy

[
1−

√
1 + h20(1 + y2)

2 + h20(1 + y2)

]
. (3.20)

Note that q3(Ω) is the cut-off independent term in the EE for the kink. After this quick
review of the calculations by Hirata and Takaynagi, we turn towards the cone in higher
dimensions where we will see log2δ divergence for even d.

3.2.1 Cone in d = 4, 5 and 6 CFT

In this section, we will calculate EE for cone cn in some even and odd dimensional space-
time. We will give detailed calculations for c1 in d = 4 and discuss the final results for c2
and c3 in d = 5, 6 dimensional CFT’s5. However, in the beginning of the calculations, we
will keep the discussion general for arbitrary d.

With m = 0 in the bulk metric (3.9), we can define the cone geometry by θ ∈ [0,Ω]
and ρ ∈ [0, H], where H is the IR cut-off for the geometry. Now, we define the minimal
area surface, that gives the entanglement entropy, by coordinates (ρ, θ,Ωn) where Ωn are
coordinates on sphere Sn in (3.9). As for the cone cn, we have a rotational symmetry
SO(n + 1) along the sphere Sn, the radial coordinate z will depend only on θ, i.e., z =
z(ρ, θ). Then, the induced metric is given by

h =




L2

z2
(1 + z′2) L2

z2
z′ ż

L2

z2
z′ż L2

z2
(ρ2 + ż2)

L2 ρ2

z2
sin2 θ gab(S

n)


 , (3.21)

5The cone in d = 4 CFT is also discussed in [142].
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where ż = ∂θz, z
′ = ∂ρz and gab(S

n) represents the metric over unit Sn. We also regulate
the minimal area surface by stopping it at the UV cut-off z = δ. Now the entropy functional
becomes

Sd

∣∣
cd−3

=
2π Ld−1Ωd−3

ℓd−1
P

∫
dρ dθ

ρd−3 sind−3(θ)

zd−1

√
(ρ2 + (∂θz)2 + ρ2(∂ρz)2) , (3.22)

where Ωd−3 is the surface area of the unit (d − 3)-sphere. Note that here we have used
n = d− 3. From this entropy functional, we can find the equation of motion for z(ρ, θ).

0 = ρ2 sin(θ)z
(
ρ2 + ż2

)
z′′ + ρ2 sin(θ)z

(
1 + z′2

)
z̈ − 2ρ2 sin(θ)zżz′ż′

+(d− 1)ρ2 sin(θ)
(
ż2 + ρ2

(
1 + z′2

))
+ z(d− 3) cos(θ)ż

(
ż2 + ρ2

(
1 + z′2

))

+ρz sin(θ)z′
(
(d− 1)ż2 + (d− 2)ρ2

(
1 + z′2

))
(3.23)

To proceed further, we use the scaling symmetry of the AdS background. As the back-
ground geometry is scale invariant and the only scale in our discussion is ρ, solution of
z(ρ, θ) should be of the following form

z(ρ, θ) = ρ h(θ) , (3.24)

where h(θ) is a function of θ such that as θ → Ω, h → 0. Also at θ = 0, z achieves
its maximum value and we have ḣ(0) = dh/dθ|θ=0 = 0. We also define h0 such that
h0 = h(θ = 0). Now to extract the cut-off independent term, first we change the integration
over θ to integration over h:

Sd

∣∣
cd−3

=
2π Ld−1Ωd−3

ℓd−1
P

∫ H

δ/h0

dρ

ρ

∫ δ/ρ

h0

dh
sind−3(θ)

ḣhd−1

√
1 + h2 + ḣ2 . (3.25)

Now the plan is to make the integral over h finite. To do so, we find the solution of sin(θ)
and ḣ near the boundary and then see how the integrand diverges in the limit h → 0.
Then, we subtract the terms up to order 1/h in the integrand of (3.25) to make it finite.
At this step, we will find that it is convenient to write the asymptotic solution for sin(θ)
for each d ≥ 4 separately. Hence, now we work case by case.

First, we consider d = 4 and find ḣ and sin(θ) in terms of h in the asymptotic limit,
where h → 0. To do so, we make a change of variable y = sin θ and invert (3.23) into
equation of motion for y = y(h). Using ḣ =

√
1− y2/y′(h) and ḧ = −(yy′2+(1−y2)y′′)/y′3,

we find that

0 = h
(
1 + h2

)
y
(
1− y2

)
y′′ − yy′

(
3 + h2 +

(
3 + 5h2 + 2h4

)
y′2
)
+ 2hy2

(
1 +

(
1 + h2

)
y′2
)

−h
(
1 +

(
1 + h2

)
y′2
)
+
(
3 + h2

)
y3y′ − hy4 , (3.26)
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where y′ = dy/dh and y′′ = d2y/dh2. We can solve this equation of motion perturbatively
near the boundary and find that

y = sin(Ω)− 1

4
cos(Ω) cot(Ω)h2+

(
1

64
(3− cos(2Ω)) cot2(Ω) csc(Ω) log(h) + y0

)
h4+O(h6) ,

(3.27)
where we have used y(θ = Ω) = y(h = 0) = sin(Ω). In the above expression, y0 is a
constant and its value is fixed by using the fact that y(h) has an extrema at h = h0.
Further, this solution also contains log(h), which will appear in solutions for even d. As a
next step, we find ḣ(θ) near the boundary in terms of h. For that, we define f(h) = ḣ(θ)
and write (3.26) as

0 = h
(
1 + h2

)
yff ′ + h

√
1− y2f 3 +

(
3 + h2

)
yf 2

+h
(
1 + h2

)√
1− y2f +

(
3 + 5h2 + 2h4

)
y . (3.28)

Now using (3.27) we can solve this equation near the boundary and find

f(h) = −2 tan(Ω)

h
− 1

2
h(3− cos(2Ω)) csc(2Ω) log(h) + f0h+ . . . , (3.29)

where f0 is a constant. Now using (3.27), (3.29) and d = 4 in integrand of (3.25), we find
that for small h

sin θ

ḣh3

√
1 + h2 + ḣ2 ∼ −sin(Ω)

h3
+

cos(Ω) cot(Ω)

8h
+O(h) . (3.30)

This implies that the h integral in the entropy functional has only divergences coming from
first two terms in the limit h→ δ/ρ. We can separate these divergent terms and for d = 4,
write the entropy functional (3.25) in the following form

S4

∣∣
c1

=
4 π2 L3

ℓ3P
(I1 + I2) . (3.31)

where

I1 =

∫ H

δ/h0

dρ

ρ

∫ δ/ρ

h0

dh

[
sin θ

ḣh3

√
1 + h2 + ḣ2 +

sin(Ω)

h3
− cos(Ω) cot(Ω)

8h

]
,

I2 = −
∫ H

δ/h0

dρ

ρ

∫ δ/ρ

h0

dh

(
sin(Ω)

h3
− cos(Ω) cot(Ω)

8h

)
.

If we series expand I1 in terms of UV cut-off δ, we find that leading term is of order log(δ).
To see that, we use (3.30) and find that in I1, integration over h is actually finite if we set

105



Entanglement entropy for singular surfaces

the upper limit h = 0. As all the subleading terms will be of higher order in powers of δ,
we find that

I1 = − log(δ)

∫ 0

h0

dh

[
sin θ

ḣh3

√
1 + h2 + ḣ2 +

sin(Ω)

h3
− cos(Ω) cot(Ω)

8h

]
+O(δ0) . (3.32)

Simultaneously, we can evaluate I2 and find that

I2 =
H2 sin(Ω)

4δ2
− 1

16
cos(Ω) cot(Ω) log(δ/H)2 (3.33)

+

(
1

8
cos(Ω) cot(Ω) log(h0) +

sin(Ω)

2h20

)
log(δ/H) +O(δ0) .

Now using (3.32) and (3.33) in (3.31), we find the complete structure of divergences in the
entanglement entropy for cone:

S4

∣∣
c1

=
4 π2 L3

ℓ3P

[
H2 sin(Ω)

4δ2
− 1

16
cos(Ω) cot(Ω) log(δ/H)2 + q4 log(δ/H) +O(δ0) + . . .

]
,(3.34)

where

q4 =
1

8
cos(Ω) cot(Ω) log(h0) +

sin(Ω)

2h20

+

∫ h0

0

dh

[
sin θ

ḣh3

√
1 + h2 + ḣ2 +

sin(Ω)

h3
− cos(Ω) cot(Ω)

8h

]
.(3.35)

So we find that EE for a cone in d = 4 CFT has a double logarithmic term. We can
notice from expression of I2 that one of the log terms comes from integration over h and
then second from integration over ρ. Here, first integration over h or θ actually brings us
close to the cut-off at the smooth part of the entangling surface. Further, when second
integration over ρ is performed, we approach to the singularity. This idea is consistent with
the fact that in EE for even dimensions, we get a logarithmically divergent term according
to [51].

Now, as a next step, we generalize our discussion to cones in higher dimensions. First,
we calculate EE for cone in d = 5 CFT. In this case the calculations proceeds similar to
the d = 4 and the complete expression for the EE is given in the section 3.6.2. However,
we find that that cut-off independent term is the coefficient of log δ divergence and it is
given by

Slog
5

∣∣
c2

=
8 π2 L4

ℓ4P
q5 log(δ/H) , (3.36)
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where

q5 = −4 cos2(Ω)

9h0
+

sin2(Ω)

3h30

+

∫ h0

0

dh

[
sin2(θ)

ḣ h4

√
1 + h2 + ḣ2 +

sin2(Ω)

h4
− 4 cos2(Ω)

9h2

]
. (3.37)

We further draw this universal term in figure 3.2. There, log |qd| is plotted as a function of
log(sinΩ) for d = 3 and 5. In the limit Ω → 0, we see that log |q5| asymptotes to a straight
line with slop −1. This implies that for small Ω,

q5 ∝
1

Ω
. (3.38)

Finally for d = 6, we find that the cut-off independent term is

Slog2

6

∣∣
c3

=
4 π3 L5

ℓ5P

9 cos(Ω) cot(Ω)(31− cos(2Ω))

8192
log (δ/H)2 . (3.39)

It is straight forward to see from (3.25) that all the even dimensions will produce a log2δ
divergence. For even dimensions, the number of powers of h in the denominator is odd.
When separating the divergences, similar to (3.30), it will produce a 1/h factor. This term
integrated over h and then over ρ, similar to I2, will produce a log2δ divergence. Of course
these results will persist in field theories in curved backgrounds and for dual gravities with
higher derivative curvatures. We will discuss these examples in sections 3.3 and 3.4.

3.3 EE for extended singularities

In this section, we will calculate the entanglement entropy for various creases. Obviously
the crease can have two types of locus of singularities: flat or curved. By studying these
examples, we will argue that the contribution from the singularity will be non-zero only if
the locus is even dimensional and curved.

In the first subsection, we will study creases with a flat locus of singularity. We will see
that in this case, we don’t find any new logarithmic divergence coming from the singularity.
The geometries we will be considering are kinks k ×R1, k ×R2 and cone c1 ×R2.

In second subsection, we will mainly consider the singular geometries of the form k×Sm

and cn × Sm. In these cases, a generic calculation for arbitrary curvature is tedious. So
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d = 3

d = 5

-4.0 -3.5 -3.0 -2.5 -2.0 -1.5 -1.0 -0.5
logHsinWL

-4

-2

2

4

logÈqd È

Figure 3.2: (Color online) We have drawn log |qd| as a function of log(sinΩ) for d = 3 and 5.
In the limit Ω → 0, it is known that log |q3| = − log(sinΩ)+ . . . [54]. For d = 5, we observe
similar behavior and find that for small Ω, the linear fit is log |q5| = − log(sinΩ)− 2.1 .

we will work in certain limits where curvature of the locus of singularity is very small
and show how the leading order terms behave in these cases. In the calculations, we will
use following approach: If the curvature of the locus is related to 1/R1, then in the limit
R1 → ∞, the boundary geometry will become flat. Now we make R1 finite but keep it
very large and, calculate the leading order corrections to EE in this limit. In this process,
we will find that leading correction to EE, in a proper normalization, will be of order
O(1/R2

1) but not O(1/R1). Now, this approach has one more advantage. As we are going
to argue now, for some simple background geometries like R3 × S2, the coefficient of the
logarithmic term at order 1/R2

1 will be the complete contribution from the kink. We will
note in our calculations that the only dimensionful quantities in the problem will be R1,
the UV cut-off δ and the IR cut-off H. As the coefficient of the logarithmic divergence
should be dimensionless and if we series expand it in terms of 1/R1, the numerator can
either be δ or H. So the new logarithmic contribution will be of the form

Snew = R2
1

(
C0

R2
1

+O
(
δ2

R4
1

)
+O

(
H2

R4
1

)
+ . . .

)
log(δ) . (3.40)

In this case, the terms with δ in the numerator are not UV cut-off invariant and terms with
H in the numerator are not really the contribution from the kink. That is because H is
the scale of the bulk part of the entangling surface and a term arising from the singularity
should be independent of it. So we only need to focus on the leading order correction which
is precisely the contribution from the singularity. This issue will again be discussed when
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we rigorously calculate EE in section 3.3.2.

Let us summarize our strategy for the calculations here: for cases where boundary
theory is on curved background, we use the Fefferman-Graham expansion to find the dual
gravity near the boundary. For flat boundary, we don’t need to go through this step.
Then, we calculate the entanglement entropy for the kinks and use the Fefferman-Graham
expansion to separate the logarithmic divergence from the singularities. We will see that
first few terms of the Fefferman-Graham expansion will be sufficient to find the leading
order corrections to the logarithmic divergences in the limit R1 → ∞. To begin with, we
will calculate EE for some singular geometries with flat locus in the next subsection.

3.3.1 EE for singularity with a flat locus

In this section, we will calculate entanglement entropy for following two types of geome-
tries6: k × Rm and cn × Rm. We will particularly see EE for cases where n = 1, 2 and
m = 1, 2, 3.

3.3.1.1 Crease k ×Rm

In this section, we will work in the dual Einstein’s gravity with bulk metric (3.9) and
n = 0. The crease k×Rm geometry is given by θ ∈ [−Ω,Ω], ρ ∈ [0,∞] and xi ∈ [−∞,∞].
We pick (ρ, θ, xi) as the induced coordinates over the minimal area surface and the radial
coordinate is z = z(ρ, θ). Now the induced metric becomes

h =




L2

z2
(1 + z′2) L2

z2
z′ż

L2

z2
z′ż L2

z2
(ρ2 + ż2)

L2

z2

. . .
L2

z2



, (3.41)

and the EE is given by

Sd

∣∣
k×Rd−3 =

2π Ld−1H̃d−3

ℓd−1
P

∫
dρ dθ

1

zd−1

√
(ż2 + ρ2(1 + z′2)) , (3.42)

6The EE for wedge k ×R1 is also calculated in [142].
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where ż = ∂θz, z
′ = ∂ρz and we have substituted m = d − 3. We have also imposed an

IR cut-off such that xi ∈ [−H̃/2, H̃/2]. From this functional, we can find the equation of
motion for z(ρ, θ) and it turns out to be

0 = ρz
(
ρ2 + ż2

)
z′′ + ρz

(
1 + z′2

)
z̈ − 2ρzżz′ż′

+ż2((d− 1)ρ+ 2zz′) + ρ2((d− 1)ρ+ zz′)
(
1 + z′2

)
(3.43)

Now, in the limit h→ ∞, ρ is the only scale in the problem. Hence, using scaling symmetry
of AdS, we can argue that

z = ρ h(θ) . (3.44)

Using this in (3.42), we find that

Sd

∣∣
k×Rd−3 =

4π Ld−1H̃d−3

ℓd−1
P

∫ H

δ/h0

dρ

ρd−2

∫ δ/ρ

h0

dh
1

ḣhd−1

√
ḣ2 + h2 + 1 , (3.45)

where we have put the UV cut-off at z = δ and defined h0 = h(0). Further, we have used
(3.44) to find the limits of the integrations and the extra factor of two comes from changing
the range of the integration from θ ∈ [−Ω,Ω] to θ ∈ [0,Ω]. Using (3.44) in (3.43), we find
the equation of motion for h

h(1 + h2)ḧ+ (d− 1)ḣ2 + h4 + dh2 + (d− 1) = 0 . (3.46)

In this case, although it is not explicit, we can find a constant along the θ translation from
(3.46). It is straight forward to see that

Kd =
(1 + h2)(d−1)/2

h(d−1)
√
ḣ2 + h2 + 1

=
(1 + h20)

(d−2)/2

h
(d−1)
0

(3.47)

is a conserved quantity and it satisfies the equation of motion. Now we can use (3.47)
to separate the divergences in the EE (3.45). Using the fact that h decreases near the
boundary and hence ḣ should be negative, we find

ḣ = −
√
1 + h2

√
(1 + h2)d−2 −K2

d h
2(d−1)

Kd hd−1
. (3.48)

Using this in integrand of (3.45), in the limit h→ 0, we find that

√
ḣ2 + h2 + 1

ḣhd−1
∼ − 1

hd−1
− 1

2
K2

d h
d−1 +O(hd+1) . (3.49)
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Now in (3.45), we can add and subtract 1/hd−1 in the integrand and write

Sd

∣∣
k×Rd−3 =

4π Ld−1H̃d−3

ℓd−1
P

[
H

(d− 2)δd−2
− 1

(d− 3)h0δd−3
+O(δ0) + I1

]
, (3.50)

where

I1 =

∫ H

δ/h0

dρ

ρd−2

∫ δ/ρ

h0

dh

(√
ḣ2 + h2 + 1

ḣhd−1
+

1

hd−1

)
.

In (3.50), first few term are coming from h and ρ integration of 1/hd−1. To find the
divergences in I1, first we represent the integrand by J(h) and from (3.49), J(h) ∼ hd−1 as
h→ 0. We perform the integration by parts and write I1 as

I1 = − 1

(d− 3)Hd−3

∫ δ/H

h0

dh J(h)− δ

(d− 3)

∫ H

δ/h0

dρ

ρd−1
J(h)

∣∣
h=δ/ρ

= − 1

(d− 3)Hd−3

∫ δ/H

h0

dh J(h)− δ

(d− 3)
I2 . (3.51)

Now to separate the divergences in I2, we make a change of variable from ρ to q = δ/ρ and
then Taylor expand the terms around δ = 0:

I2 = − 1

δd−2

∫ δ/H

h0

dq qd−3J(q)

= − 1

δd−2

[∫ 0

h0

dq qd−3J(q) +
δ

H

(
qd−3J(q)

)
q=δ/H

+ . . .

]

= − 1

δd−2

∫ 0

h0

dq qd−3J(q) + (O)(δ3) . (3.52)

In the above expression, the integral over q is finite because from (3.49), qd−3J(q) ∼ q2d−4

for small q. Combining (3.50)-(3.52), we can write

Sd

∣∣
k×Rd−3 =

4π Ld−1H̃d−3

ℓd−1
P

[
H

(d− 2)δd−2
(3.53)

+

(∫ 0

h0

dq qd−3J(q)− 1

h0

)
1

(d− 3)δd−3
+O(δ0)

]
.

Remarkably, we find that as soon as we add a flat locus to the kink, the log divergence
disappears. However, there is a new divergent term of order 1/δd−3 which does not arise
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in smooth entangling surfaces. This clearly shows that logarithmic contribution from the
crease depends on the curvature of the locus of the singularity. Further, there can be
a logarithmic term from the smooth part of the entangling surface in even d. However,
the entangling surface in k × Rm is flat apart from the singularity and such contributions
vanish. This example clearly shows that when the locus is flat, there is no contribution
from the singularity. However, we will see ahead that as soon as we turn on the curvature
of the locus, the logarithmic divergence will appear only for the cases where locus is even
dimensional.

3.3.1.2 Crease cn ×Rm

In this section, we will calculate EE for the geometries cn×Rm. Although such a calculation
can be extended for general n and m, we will particularly focus on n = 1, 2 and m = 1, 2.
To begin with, we consider the metric (3.9) for the dual gravity with arbitrary m. The
conically singular geometry cn × Rm is given by ρ ∈ [0,∞] and θ ∈ [0,Ω] in gravitational
dual (3.9). We assume that the induced coordinates over the minimal area surface are
(ρ, θ,Ωn), where Ωn are coordinates over unit sphere Sn. As we have rotational symmetry
over the sphere Sn, the radial coordinate for the minimal area surface will be given by
z = z(ρ, θ). Now, the induced metric over the surface is

h =




L2

z2
(1 + z′2) L2

z2
z′ż

L2

z2
z′ż L2

z2
(ρ2 + ż2)

L2ρ2 sin2(θ)
z2

gab(S
n)

L2

z2

. . .
L2

z2




, (3.54)

where gab(S
n) represents the metric over the unit sphere Sn and the EE is given by

Sd

∣∣
cn×Rm

=
2π Ld−1H̃mΩn

ℓd−1
P

∫
dρ dθ

ρn sinn(θ)

zd−1

√
(ż2 + ρ2(1 + z′2)) , (3.55)

where Ωn is the area of the unit n-sphere, ż = ∂θz and z′ = ∂ρz. Note that we have
integrated over the xi’s and used the IR cut-off xi ∈ [−H̃/2, H̃/2]. Now for this case, the
equation of motion becomes

0 = ρ2z
(
ρ2 + ż2

)
z′′ + ρ2z

(
1 + z′2

)
z̈ − 2ρ2zżz′ż′ + (d− 1)ρ2

(
ż2 + ρ2

(
1 + z′2

))
(3.56)

+z
(
d′ cot(θ)ż3 + (d′ + 2)ρż2z′ + d′ρ2 cot(θ)ż

(
1 + z′2

)
+ (d′ + 1)ρ3z′

(
1 + z′2

))
.
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Once again, here we can use the scaling arguments and say that

z(ρ, θ) = ρ h(θ) . (3.57)

Then, EE reduces to

Sd

∣∣
cn×Rm

=
2π Ld−1H̃mΩn

ℓd−1
P

∫ H

δ/h0

dρ

ρd−n−2

∫ δ/ρ

h0

dh
sinn(θ)

√
ḣ2 + h2 + 1

ḣ hd−1
, (3.58)

and equation of motion for h becomes

0 = h(1 + h2)ḧ+ n cot(θ)hḣ3 + (d+ nh2 − 1)ḣ2 + n cot(θ)h(1 + h2)ḣ

+(n+ 1)h4 + (d+ n)h2 + d− 1 . (3.59)

In (3.58), we have changed the integration from θ to over h. We have also introduced the
UV cut-off z = δ and defined h0 = h(0).

Now we set n = 1 and d = 5 (that also mean that m = 1), and calculate EE for the
singular surface c1 × R1. First, we need to find y = sin(θ) near the boundary in terms of
h. For that, we invert the equation of motion (3.56) and get

0 = h
(
1 + h2

)
y
(
1− y2

)
y′′ − 2

(
2 + 3h2 + h4

)
yy′3 (3.60)

−h
(
1 + h2

) (
1− 2y2

)
y′2 −

(
4 + h2

)
y
(
1− y2

)
y′ − h

(
−1 + y2

)2
.

Now solving this equation perturbatively near the boundary, we get the solution

y = sin(Ω)− 1

6
h2 cos(Ω) cot(Ω)− 1

432
h4(19− 5 cos(2Ω)) cot2(Ω) csc(Ω) +O(h5) , (3.61)

where we have used that at h = 0, y(0) = sin(Ω). Further, we can define ḣ(θ) = f(h) and
write the equation (3.59) in the form

0 = h
(
1 + h2

)
yff ′ + h

√
1− y2f 3 +

(
4 + h2

)
yf 2

+h
(
1 + h2

)√
1− y2f + 2

(
2 + 3h2 + h4

)
y , (3.62)

where y′ = dy/dh. Using y from (3.61) and solving this equation near the asymptotic
boundary, we find

f = −3 tan(Ω)

h
+

1

3
h(8− cos(2Ω)) csc(2Ω) + f0h

2

− 1

216
h3(435− 404 cos(2Ω) + 52 cos(4Ω)) csc3(Ω) sec(Ω) +O(h4) , (3.63)
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where f0 is a constant which is fixed by the condition f(h0) = 0. Now it is straight forward
to see that near the boundary

sin(θ)
√

1 + h2 + ḣ2

ḣh4
∼ −sin(Ω)

h4
+

cos(Ω) cot(Ω)

9h2
− 1

18
cos(Ω) cot(Ω) + . . . , (3.64)

and we can use it to make h integral in entropy functional finite. So we write EE as

S5

∣∣
c1×R1 =

4 π2 L4H̃

ℓ4P

[
H2 sin(Ω)

6δ3
+

cos(Ω) cot(Ω)

9δ
log(δ/H) (3.65)

+
2h20 cos(Ω) cot(Ω) (1− log(h0))− 9 sin(Ω)

18h20δ

+

∫ H

δ/h0

dρ

ρ2

∫ δ/ρ

h0

dh

(
sind′(θ)

√
ḣ2 + h2 + 1

ḣhd−1
+

sin(Ω)

h4
− cos(Ω) cot(Ω)

9h2

)
+O(h0)

]
,

where we have already performed the integrations over some terms. Now let us call the
term with integration I1 and the integrand J5(h). Then, near the boundary J5(h) ∼ O(h0).
Now using integration by parts, we can write

I1 =

∫ H

δ/h0

dρ

ρ2

∫ δ/ρ

h0

dhJ5(h)

= − 1

H

∫ δ/H

h0

dhJ5(h)− δ

∫ H

δ/h0

dρ

ρ3
J5(h)|h=δ/ρ

We further make the coordinate transformation ρ = δ/q and Taylor expand the second
term in δ:

I1 = − 1

H

∫ δ/H

h0

dhJ5(h) +
1

δ

∫ δ/H

h0

dq qJ5(q)

= − 1

H

∫ 0

h0

dhJ5(h) +
1

δ

∫ 0

h0

dq q2J5(q)−
δ

18H3
cos(Ω) cot(Ω) +O(δ) , (3.66)

where we have used (3.64) to get the final expression. Combining (3.65) and (3.66), we
can write

S5

∣∣
c1×R1 =

4 π2 L4H̃

ℓ4P

[
H2 sin(Ω)

6δ3
+

1

δ

∫ 0

h0

dq qJ5(q) +
cos(Ω) cot(Ω)

9

log(δ/H)

δ

+
2h20 cos(Ω) cot(Ω) (1− log(h0))− 9 sin(Ω)

18h20δ
+O(δ0)

]
, (3.67)
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Note that in the above expression, we have a new divergence of the form log(δ/H)/δ which
does not arise in EE for smooth entangling surfaces. This term should be a contribution
from the singularity. Further, we note that as soon as we add a one-dimensional locus to
the conical singularity, both double log and logarithmic divergences disappear. Recall that
in the previous case for cone c1 in d = 4, i.e., eqn. (3.34), we got a double log and log
terms.

We can easily generalize the above calculations to the crease c1 × R2. For this case,
the integrand near the boundary and complete expression for EE are given by (3.254) and
(3.255). Once again we find a divergent term of the order log(δ/H)/δ in EE. Also, now
the cut-off independent term is

Slog
6

∣∣
c1×R2 =

4 π2 L5H̃2

ℓ5P

3(13− 19 cos(2Ω)) cot2(Ω) csc(Ω)

8192H2
log(δ/H) . (3.68)

Note that for singular geometry c1 × R2 in d = 6, we only have log divergence instead of
log2δ as compared to the cone c1 in equations (3.34). Also, recall that in (3.39), we saw
that a cone without a locus, c3 in d = 6 gives a log2δ divergence. In (3.68), this log2δ term
disappears because of flat locus we have added. We will see in section 3.3.2.2 that as soon
as the curvature of the locus turned on, the log2δ divergence will reappear in (3.186) in
d = 6. In (3.68), the logarithmic contribution can be attributed to the fact that in even
dimensions, the entangling surface has a logarithmic divergence. We can explicitly verify
that logarithmic term in (3.68) comes from integration over 1/h in expansion (3.254). As ρ
need not to be near the singularity, this contribution is from smooth part of the entangling
surface. Further, it is straight forward to find that for cone c1 × R3 in d = 7 dimensional
CFT, the EE has no double log or log divergence. Which is expected because for entangling
surface in odd d, there is no logarithmic divergence and as the locus is odd dimensional
and flat, there should not be any logarithmic contribution from the singularity either.

We can further extend these calculations for the case n = 2 and m = 1, 2. For crease
c2 × R1, we find that the universal term in EE is a logartihmic divergence and it is given
by

Slog
6

∣∣
c2×R1 =

8 π2 L5H̃

ℓ5P

(7− 9 cos(2Ω)) cot2(Ω)

256H
log(δ/H) . (3.69)

We also find a new contribution from the singularity at the order 1/δ. In c2 × R1, the
locus of the singularity is odd dimensional and hence singularity doesn’t contribute in the
universal term. However, smooth part of the entangling surface contributes through a log
in d = 6 and this is the contribution (3.69). It can be verified that this log term arise from
integration over h away from the singularity. Further, we can also calculate EE for crease
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c2 × R2 and find that there is a new divergence from singularity of order 1/δ2. However,
there is neither a log nor a log2 term in EE. Note that for crease c2 ×R2, the locus of the
singularity is even dimensional but flat. So singularity does not contribute through a log
term. However, as we will see in (3.191) that for a curved locus, we get a log contribution.

3.3.2 EE for singularity with curved locus

In this subsection, we will consider several singular embeddings which have a curved locus.
As soon as the curvature of the locus is turned on, the double log and log terms from
singularity will make appearance. In this section, we will consider the creases k × Σ and
cn × Σ, where locus Σ will take the form Sm or Sm−p × Rp. These cases will be slightly
more involved and hence we will do two things: first, we will always work in the limit
where curvature of the locus is very small and we will do the calculations perturbatively.
In certain cases, we will see that these perturbative calculations are sufficient to pick out
the complete contributions from the singularity. Second, for calculations in this section,
we will foliate our minimal area surface in different way. In all the previous cases, the
induced coordinates on the minimal area surface were (ρ, θ, . . . ) and we assumed that the
radial coordinate z = z(ρ, θ). However, we will find that it is more convenient to do the
calculations in a coordinate system where bulk radial coordinate z is one of the induced
coordinates on the minimal area surface and we have ρ = ρ(z, θ). We have shown in figure
3.3, how these different induced coordinates foliate the minimal area surface in the bulk.
Note that the new set of induced coordinate (z, θ, . . . ) are not the well-defined coordinates
on the boundary as ρ = ρ(z, θ) will be multivalued for z = 0 and θ = ±Ω. However, until
unless we put the UV cut-off, we find that ρ = ρ(z, θ) is a well-behaved function and we
can work with it. Now, in the next subsection we will begin with the geometries k×Σ and
then we will move on to conical singularities cn × Σ.

3.3.2.1 Crease k × Σ

In this section, we will mainly consider the geometries k× S2, k×R× S2 and k× S3. We
will see that singularities with even dimensional locus will contribute through a logarithmic
term.

To begin with, let us consider d = 5 CFT on background R3 ×S2. Before we construct
the singular entangling surface in this geometry and calculate holographic EE, we need to
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(a) (b)

Figure 3.3: Panel (a) shows how minimal area surface is foliated when we have the induced
coordinates (ρ, θ, . . . ) and minimal area surface is given by z = z(ρ, θ). Panel (b) shows
the foliation of the minimal area surface when induced coordinates are (z, θ, . . . ) and we
have ρ = ρ(z, θ). Note that z = zm is the maximum value of z on the surface such that
ρ(0, zm) = H.

find the dual gravity. So we begin with the action for six-dimensional dual Einstein gravity

I6 =
1

ℓ4P

∫
d6x

√−g
[
20

L2
+R

]
, (3.70)

for which, the equation of motion is given by

Rµν −
10

L2
gµν = 0 . (3.71)

Now we ansatz that the bulk metric, which has the boundary R3 × S2, is of the form

ds2 =
L2

z2
(
dz2 + f1(z)

(
dt2 + dρ2 + ρ2dθ2

)
+ f2(z)R

2
1 dΩ

2
2

)
, (3.72)

where dΩ2
2 = dξ20 + sin2(ξ0)dξ

2
1 represents the metric over two-sphere and, f1 and f2 are

functions of the radial coordinate. Here R1 is the radius of the sphere on the boundary
and in the limit R1 → ∞, we recover the flat boundary. To find f1 and f2, we use the
Fefferman-Graham expansion near the boundary z = 0. The idea is to insert the ansatz
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(3.72) in the equation of motion (3.71) and then solve it near z = 0 to find

f1 = 1 +
z2

12R2
1

+
17z4

576R4
1

+ . . . and

f2 = 1− z2

4R2
1

− 5z4

192R4
1

+ . . . . (3.73)

Knowing the dual geometry near the boundary, we can calculate EE for the geometry
k × S2. On the boundary, this geometry is defined by ρ ∈ [0, H] and θ ∈ [−Ω,Ω], where
H is the IR cut-off. Now to define the minimal area surface, we use slightly different
coordinates compared to the previous sections. We choose the induced coordinates to be
(z, θ, ξ0, ξ1) and because of the rotational symmetry on the sphere, ρ = ρ(z, θ). Although,
ρ(z, θ) is not a well defined function at the boundary z = 0 but we can definitely work with
it until we impose the UV cut-off and assume that the boundary is at some finite z = δ.
With this coordinate choice, the induced metric becomes

h =




L2

z2
(f1ρ

′2 + 1) L2f1
z2
ρ̇ρ′

L2f1
z2
ρ̇ρ′ L2f1

z2
(ρ̇2 + ρ2)

L2f2 R2
1

z2
L2f2 R2

1

z2
sin2(ξ0)


 , (3.74)

where ρ̇ = ∂θρ, ρ
′ = ∂zρ and hence, the entanglement entropy is given by

S5

∣∣
k×S2 =

8 π2L4R2
1

ℓ4P

∫
dz dθ

√
f1f2
z4

√
ρ̇2 + ρ2(1 + f1ρ′2) . (3.75)

We can easily find the equation of motion of ρ(z, θ) to be

0 = 2zf1f2ρ
(
ρ2 + ρ̇2

)
ρ′′ + 2zf2ρ

(
1 + f1ρ

′2
)
ρ̈− 4zf1f2ρρ̇ρ

′ρ̇′ (3.76)

+2zf1f
′
2ρρ

′
(
ρ̇2 + ρ2

(
1 + f1ρ

′2
))

− f2

(
4zρ̇2 + ρ (8f1 − 3zf ′

1) ρ̇
2ρ′

+2zρ2
(
1 + f1ρ

′2
)
− ρ3ρ′

(
3zf ′

1 − 8f 2
1ρ

′2 − 2f1
(
4− zf ′

1ρ
′2
)) )

,

where ρ̈ = ∂2θρ, ρ
′′ = ∂2zρ and ρ̇′ = ∂z∂θρ.

As discussed earlier, we will be working in the approximation R1 → ∞. In this approx-
imation, we will find that leading order correction to the EE will be of the order O(1/R2

1).
To show this, first we need to find the form of the solution ρ(z, θ) in this approximation.
For that, we make following ansatz:

ρ(z, θ) =
z

h(θ)
+
z2

R1

g2(θ) +
z3

R2
1

g3(θ) + . . . . (3.77)
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This ansatz is made on the basis of the available dimensionful quantities in the problem.
Now we are going to argue that in the following expansion, the θ dependent functions g2n
are zero. To see that, we insert the ansatz (3.77) in the equation of motion for ρ(z, θ) and
find following equations of motion for h, g2 and g3:

h
(
1 + h2

)
ḧ+ 4ḣ2 +

(
1 + h2

) (
4 + h2

)
= 0 , (3.78)

h2
(
1 + h2

)2
g′′2 + 2h

(
7 + 2h2

) (
1 + h2

)
ḣg′2

+g2

(
14ḣ2 − 2h4(8− ḣ2)− h6 − 31h2 − 16

)
= 0 , (3.79)

h2
(
1 + h2

)2
g̈3 + 4h

(
4 + h2

) (
1 + h2

)
ḣġ3

−g3
(
h6 + h2

(
35− 2ḣ2

)
+ 4

(
5− 6ḣ2

)
+ 2h4

(
8− ḣ2

))
= S1 , (3.80)

where S1 is given by

S1 =
1

12h

(
8 + 7h4 + 3ḣ2 + h2

(
15 + 7ḣ2

))
(3.81)

+
2h

(1 + h2)

(
h2
(
1 + h2

)
2
(
4 + h2

)
g′2

2 + 2h
(
8 + 7h2 + h6

)
ḣg2g

′
2

+
(
h2
(
32− 15ḣ2

)
+ h6

(
8 + ḣ2

)
+ 2h4

(
15 + ḣ2

)
+ 2

(
5 + 8ḣ2

))
g22

)
.

Note that here we have arranged the equations of motion such that on the left hand side, we
have the homogeneous part of the equation and on the right hand side, we have the source
terms. So S1 is source for g3 and in (3.81), terms in first line come from the corrections to
f1 and f2, and terms in last two lines are second order in g2. We also note that in (3.79)
and (3.80), we have used equations of motion to eliminate the second derivatives of h and
g2. Now we notice following points: first, the corrections to f1 and f2 are of even powers
of 1/R1 and hence they only source g2n+1’s. Second, g2n are sourced only by g2i’s, where
i < n. Third, in flat boundary, precisely in the limit R1 → ∞, we have h 6= 0 and g2 = 0.
So above arguments conclude that as we make R1 finite, only g2n+1(θ)’s will be turned on
and all the g2n = 0, which clearly are solution of these equations of motion.

Now to separate the logarithmic divergence in entanglement entropy, first let us write
ρ = ρ0(z, θ) + ρ1(z, θ)/R

2
1, where ρ0 = z/h(θ) and ρ1 is higher order corrections for large

R1. Using this and (3.73) in (3.75), and keeping only the leading order terms in R1, we
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find that

S5

∣∣
k×S2 =

8 π2L4R2
1

ℓ4P

∫ δ

zm

dz

∫ Ω−ǫ

−Ω+ǫ

dθ

[√
ρ̇20 + ρ20 (1 + ρ′0

2)

z4
(3.82)

−(ρ̇0 (5z
2ρ̇0 − 24ρ̇1)− 24ρ0ρ1 (1 + ρ′0

2) + ρ20 (5z
2 + 4z2ρ′0

2 − 24ρ′0ρ
′
1))

24z4R2
1

√
ρ̇20 + ρ20 (1 + (ρ′0)

2)

]
,

where δ is the UV cut-off and ǫ = ǫ(z) is defined such that ρ(z,Ω− ǫ) = H and further, zm
is defined such that ρ(zm, 0) = H or ǫ(zm) = Ω. We can also insert this ansatz in (3.76)
and find the equation of motion for ρ0 and ρ1 by series expanding it in terms of R1. In the
second term of (3.82), we can convert ρ′1 and ρ̇1 into ρ1 using the integration by parts and
then use equation of motion for ρ0 to simplify the coefficient of ρ1 to zero. This process
will leave us with some boundary terms and we find that

S5

∣∣
k×S2 =

4 π2L4R2
1

ℓ4P

∫ δ

zm

dz

∫ Ω−ǫ

−Ω+ǫ

dθ

[√
ρ̇20 + ρ20 (1 + (ρ′0)

2)

z4
(3.83)

− (5ρ̇20 + ρ20 (5 + 4ρ′0
2))

24R2
1z

2
√
ρ̇20 + ρ20 (1 + (ρ′0)

2)
+

∂

∂θ

(
ρ̇0ρ1

R2
1z

4
√
ρ̇20 + ρ20 (1 + (ρ′0)

2)

)

+
∂

∂z

(
ρ20ρ

′
0ρ1

R2
1z

4
√
ρ̇20 + ρ20 (1 + ρ′0

2)

)]
.

Now we can insert the ansatz ρ0 = z/h(θ) and ρ1 = z3g3(θ) and simplify the functional to

S5

∣∣
k×S2 =

16 π2L4R2
1

ℓ4P

∫ δ

zm

dz

∫ h1c

h0

dh

ḣ

[√
1 + h2 + ḣ2

z3h2
− 4 + 5h2 + 5ḣ2

24R2
1zh

2
√
1 + h2 + ḣ2

]

−14 π2L4

ℓ4P

∫ δ

zm

dz

z

g3ḣ√
1 + h2 + ḣ2

∣∣∣∣
θ=Ω−ǫ

, (3.84)

where we have changed the integration limits from (−Ω,Ω) to (0,Ω) and also changed the
integration variable to h(θ). Note that the boundary term with derivative with respect to z
turns out to zero up to leading order. We have also defined h0 = h(0) and h1c(ρ) = h(Ω−ǫ)
and used h′1(0) = 0 in getting the boundary terms.

Now to separate the logarithmic divergences, we consider all the contributing factors
one by one. We will see that the first term in the first line of (3.84) will not contain any
logarithmic divergence. The second term and the boundary terms will contain logarithmic
divergence. Note that we also need to be careful and consider the divergences coming from
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the limits of the integrals. To begin with, we first study the behavior of h and g3 near the
asymptotic boundary. The equations of motion for h and g3 are given by (3.78) and (3.80)
with g2 = 0. Now similar to (3.47), we find that equation of motion for h can be integrated
once to get

K5 =
(1 + h2)2

h4
√
1 + h2 + ḣ2

, (3.85)

where K5 is a constant and it can be further related to h(0) using ḣ(0) = 0.

To extract the logarithmic divergence, we will only need the asymptotic behavior of
h and g3. Hence we solve g3 in terms of h in asymptotic limit, where h is small. To do
so, we use (3.80) and change the variable from θ to h by expressing g̈3(θ) = d2g3/dθ

2 and
ġ3(θ) = dg3/dθ in terms of g̈3(h) = d2g3/dh

2 and ġ3(h1) = dg3/dh. We further use (3.85)
to express h1′(θ) in terms of K5 and h. Finally, the equation of motion for g3(h) becomes

0 = 12h3
(
1 + h2

)
2
(
h8K2

5 −
(
1 + h2

)
3
)
g̈3 + 12h2

(
h8
(
1 + h2

) (
16 + 5h2

)
K2

5

−4
(
1 + h2

)
4
(
3 + h2

) )
ġ3 − 12h

(
2
(
1 + h2

)
3
(
12 + h2 + h4

)

−h8
(
44 + 17h2 + 3h4

)
K2

5

)
g3 +

(
1 + h2

)
3
(
3 + 7h2

)
+ 5h8K2

5 . (3.86)

Now this equation has two solutions when we solve it perturbatively in the limit h → 0.
The leading terms of these solutions go like 1/h3 and 1/h8. However, g3 must be such that
ρ is finite in the limit h→ 0 and δ → 0. As g3 appears at order δ

3 in (3.73), it can only go
like 1/h3. Hence, one of the constants, which is the coefficient of 1/h8, is fixed to zero. As
a result, the asymptotic solution turns out to be

g3 =
b3
h3

+
1 + 88b3
56h

+
4 + 72b3

189
h− 4 + 72b3

693
h3 + . . . , (3.87)

where b3 is a constant such that g3(θ) has an extrema at θ = 0.

Before we begin discussing divergences of various terms, we find the series expansion
of h1c in terms of the UV cut-off δ. As h1c = h(Ω− ǫ) and z = δ at the cut-off, we can use
(3.77) and perturbative solution (3.87) to find following series expansion for h1c

h1c(δ) =

(
1

H
+
b3H

R2
1

)
δ +

(1 + 88b3) δ
3

56HR2
1

+
(4 + 72b3) δ

5

189H3R2
1

+O(δ6) . (3.88)

Note that we have kept only leading corrections in R1 at any order in δ.
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Now we return to (3.84) and analyze the divergences for each term. First, we use (3.85)
in the integrand of first two terms of (3.84) and find that in the asymptotic limit

√
1 + h2 + ḣ2

ḣh2
∼ − 1

h2
− 1

2
K2

5h
6 +O(h8) (3.89)

5ḣ2 + 5h2 + 4

24ḣ h2
√

1 + h2 + ḣ2
∼ − 5

24h2
− K2

5h
6

16
+O(h8) . (3.90)

So we can make the integrands finite by organizing the terms in following form

I1 =

∫ δ

zm

dz

z3

∫ h1c

h0

dh

√
1 + h2 + ḣ2

ḣh2

=

∫ δ

zm

dz

z3

∫ h1c

h0

dh

[√
1 + h2 + ḣ2

ḣh2
+

1

h2

]
+

∫ δ

zm

dz

z3

(
1

h1c
− 1

h0

)
(3.91)

= I ′1 + I ′2 , (3.92)

and

I2 =

∫ δ

zm

dz

z

∫ h1c

h0

dh
5ḣ2 + 5h2 + 4

24ḣh2
√

1 + h2 + ḣ2

=

∫ δ

zm

dz

z

∫ h1c

h0

dh

[
5ḣ2 + 5h2 + 4

24ḣh2
√
1 + h2 + ḣ2

+
5

24h2

]
+

∫ δ

zm

dz
5

24z

(
1

h1c
− 1

h0

)
(3.93)

= I ′3 + I ′4 . (3.94)

In (3.92), I ′1 and I ′2 represent the first and second integrals in (3.91). Similarly in (3.94),
I ′3 and I ′4 are the first and second integrals in (3.93). Now first we consider I ′1. We
differentiate it with respect to the UV cut-off δ and look for 1/δ divergent terms. After
taking the derivative, we find

dI ′1
dδ

=
1

δ3

∫ h1c(δ)

h0

dh

[√
1 + h2 + ḣ2

ḣh2
+

1

h2

]

=
1

δ3

∫ 0

h0

dh

[√
1 + h2 + ḣ2

ḣh2
+

1

h2

]
+

1

δ2
dh1c(δ)

dδ

[√
1 + h2 + ḣ2

ḣh2
+

1

h2

]

h=h1c(δ)

+ . . .

=
1

δ3

∫ 0

h0

dh

[√
1 + h2 + ḣ2

ḣh2
+

1

h2

]
− K2

5

2H5

(
1

H2
+

7b3
R2

1

)
δ4 +O(δ6) , (3.95)
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where we have Taylor expanded the integrand in the second line and in the third line,
we have used (3.85) and (3.88) to find the leading order divergence. Here we don’t have
any term of order 1/δ and of log(δ)/δ, which come consecutively from divergences of order
log(δ) and log(δ)2 in I ′1.

Similar to I ′1, we can take a derivative of I ′2 with respect to δ and use (3.88) to find

dI ′2
dδ

=

(
1− b3H

2

R2
1

)
H

δ4
− 1

h0δ3
− 1 + 88b3

56R2
1

H

δ2
− 4 + 72b3

189R2
1H

+O(δ) . (3.96)

So we find that I1 doesn’t have any logarithmic divergence. We can use similar steps to
find

dI ′3
dδ

=
1

δ

∫ 0

h0

dh

[
5ḣ2 + 5h2 + 4

24ḣh2
√
1 + h2 + ḣ2

+
5

24h2

]

−K
2
5

H5

(
1

16H2
+

7b3
16R2

1

)
δ5 +O(δ6) (3.97)

dI ′4
dδ

=
5H

24δ2

(
1− b3H

2

R2
1

)
− 5

24h0

1

δ
+O(δ0) (3.98)

We can also use the same procedure on the boundary term and find that

d

dδ

∫ δ

zm

dz

z

g3ḣ√
1 + h2 + ḣ2

∣∣∣∣
θ=Ω−ǫ

=
b3H

3

δ4

(
1− 3b3H

2

R2
1

)
(3.99)

+
(1 + 88b3)H (−4b3H

2 +R2
1)

56R2
1δ

2

+

(
4 + 72b3
189H

− (27 + 16b3 (521 + 17100b3))H

84672R2
1

)

+O(δ) .

So from (3.95) - (3.99), we can find the logarithmic divergence in the EE for k × S2

geometry:

Slog
5

∣∣
k×S2 =

16 π2L4

ℓ4P

(
−
∫ 0

h0

dh

[
5ḣ2 + 5h2 + 4

24ḣh2
√

1 + h2 + ḣ2
+

5

24h2

]
+

5

24h0

)
log(δ) . (3.100)

From (3.95) - (3.99), we also notice a divergence of order 1/δ2 in EE which does not
appear in EE for smooth entangling surfaces. Note that such a term also appeared in EE
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for k ×Rm in (3.53). We further notice that logarithmic contribution in (3.100) is of next
to the leading order for large R1. As we are working in odd dimensional space-time, there
is no logarithmic contribution from the surface itself.

Now we turn to our next example. Having seen the logarithmic contribution from a
even dimensional curved locus, now we consider odd dimensional locus. We will calculate
the entanglement entropy for k×S3 geometry in CFT on R3×S3. For this case, the locus is
S3 and we will see that there will be no log contribution from the singularity. However, as
the CFT is in even dimensional space-time, we should be getting a logarithmic contribution
coming from the entangling surface. In this case, the metric for the dual geometry is given
by

ds2 =
L2

z2
(
dz2 + f1(z)

(
dt2 + dρ2 + ρ2dθ2

)
+ f2(z)R

2
1 dΩ

2
3

)
, (3.101)

where dΩ2
3 = dξ20 + sin2(ξ0)dξ

2
1 + sin2(ξ0) sin

2(ξ1)dξ
2
2 is the unit three-sphere and f1 and f2

are following

f1 = 1 +
3z2

20R2
1

+
69z4

1600R4
1

+ . . . ,

f2 = 1− 7z2

20R2
1

− 11z4

1600R4
1

+ . . . . (3.102)

Once again we choose the induced coordinates on the minimal area surface to be (z, θ, ξ0, ξ1, ξ2)
and assume ρ = ρ(z, θ). Then the induced metric over the minimal area surface will be
given by

h =




L2

z2
(f1ρ

′2 + 1) L2f1
z2
ρ̇ρ′

L2f1
z2
ρ̇ρ′ L2f1

z2
(ρ̇2 + ρ2)

L2f2 R2
1

z2
L2f2 R2

1

z2
sin2(ξ0)

L2f2 R2
1

z2
sin2(ξ0) sin

2(ξ1)



,

(3.103)
where ρ̇ = ∂θρ, ρ

′ = ∂zρ and now the entanglement entropy is given by

S6

∣∣
k×S3 =

4 π3L5R3
1

ℓ5P

∫
dz dθ

√
f1f 3

2

z5

√
ρ̇2 + ρ2(1 + f1ρ′2) . (3.104)
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We can easily find the equation of motion for ρ(z, θ) to be

0 = 2zf1f2ρ
(
ρ2 + ρ̇2

)
ρ′′ + 2f2ρ

(
z + zf1ρ

′2
)
ρ̈− 4zf1f2ρρ̇ρ

′ρ̇′ (3.105)

+3zf1ρf
′
2ρ

′
(
ρ̇2 + ρ2

(
1 + f1ρ

′2
))

− f2

(
4zρ̇2 + ρ (10f1 − 3zf ′

1) ρ̇
2ρ′ + 2ρ2

(
z + zf1ρ

′2
)

−ρ3ρ′
(
3zf ′

1 − 10f 2
1ρ

′2 + 2f1
(
−5 + zf ′

1ρ
′2
)) )

,

where ρ̈ = ∂2θρ, ρ
′′ = ∂2zρ and ρ̇′ = ∂z∂θρ. Once again, we can write ρ = ρ0 + ρ1/R

2
1 and

keep only the leading order correction to the entanglement entropy. We can further series
expand the equation of motion (3.105) to get equation of motion for ρ0 and ρ1. We find
that, using these equations of motion and integration by parts, the entropy functional can
be simplified to

S6

∣∣
k×S3 =

4 π3L5R3
1

ℓ5P

∫ δ

zm

dz

∫ Ω−ǫ

−Ω+ǫ

dθ

[√
ρ̇20 + ρ20 (1 + ρ′0

2)

z5

− 3 (6ρ̇20 + ρ20 (6 + 5ρ′0
2))

40R2
1z

3
√
ρ̇20 + ρ20 (1 + ρ′0

2)
+

∂

∂θ

(
ρ̇0ρ1

R2
1z

5
√
ρ̇20 + ρ20 (1 + ρ′0

2)

)

+
∂

∂z

(
ρ20ρ

′
0ρ1

R2
1z

5
√
ρ̇20 + ρ20 (1 + ρ′0

2)

)]
. (3.106)

Further, we can substitute ρ0 = z/h(θ) and ρ1 = z3g3(θ). The equations of motion for h
and g3 from (3.105) becomes

h
(
1 + h2

)
ḧ+ 5ḣ2 +

(
1 + h2

) (
5 + h2

)
= 0 , (3.107)

h2
(
1 + h2

)
2g̈3 + 2h

(
9 + 11h2 + 2h4

)
ḣġ3

−g3
(
25 + 45h2 + 21h4 + h6 −

(
27− h2 + 2h4

)
ḣ2
)

= S1 , (3.108)

where source terms for g3 are

S1 =
3
(
10 + 19h2 + 9h4 + (4 + 9h2) ḣ2

)

20h
. (3.109)

Here, as in (3.47), we can integrate the equation of motion for h once and write it as

K6 =
(1 + h2)

5/2

h5
√
1 + h2 + ḣ2

, (3.110)
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where K6 is a constant and we can relate it to h0 by using ḣ(0) = 0. We can further
simplify (3.106) to

S6

∣∣
k×S3 =

8 π3L5R3
1

ℓ5P

(
I1 +

I2
R2

1

+
I3
R2

1

+
I4
R2

1

)
, (3.111)

where

I1 =

∫ δ

zm

dz

∫ h1c

h0

dh

ḣ

√
1 + h2 + ḣ2

z4h2
, (3.112)

I2 = −
∫ δ

zm

dz

∫ h1c

h0

dh

ḣ

3
(
5 + 6h2 + 6ḣ2

)

40R2
1z

2h2
√
1 + h2 + ḣ2

, (3.113)

I3 = −
∫ δ

zm

dz

z2
g3ḣ√

1 + h2 + ḣ2

∣∣∣∣
Ω−ǫ

, (3.114)

I4 = −
∫ δ

zm

dz

z2

∫ h1c

h0

dh

ḣ

g3

h
√
1 + h2 + ḣ2

. (3.115)

Note that the last term I4 is not being integrated over z. That’s because h1c(z) appears
in the limit of θ integral. Now, we can use (3.110) in (3.108) to find following equation of
motion for g3 in terms of h:

0 = 20h3
(
1 + h2

)
2
(
h10K2

6 −
(
1 + h2

)
4
)
g̈3 + 20h2(1 + h2)

(
h10
(
18 + 5h2

)
K2

6

−
(
1 + h2

)
5
(
13 + 4h2

) )
ġ3 + 20h

(
h10
(
52 + 19h2 + 3h4

)
K2

6 (3.116)

−
(
1 + h2

)
4
(
27− h2 + 2h4

) )
g3 + 3

(
1 + h2

)
4
(
4 + 9h2

)
+ 18h10K2

6 .

This equation can be solved perturbatively for small h near the asymptotic boundary. We
find that this second order equation of motion has two different solutions which go like
1/h3 and 1/h9. As ρ is finite at the boundary, the solution can go only with power 1/h3.
So the solution near the boundary becomes

g3(h) =
b3
h3

+
3 + 140b3

80h
+

3 + 36b3
64

h− 1 + 12b3
96

h3 +
5 + 60b3
1536

h5 + . . . , (3.117)

where constant b3 is fixed by the condition that ġ3(h0) = 0. We use this in ρ = z/h+z3g3/R
2
1

and evaluate it at z = δ, ρ = H and h = h1c(δ). By inverting the relation and keeping
only leading order terms in R1, we find

h1c(δ) =

(
1

H
+
b3H

R2
1

)
δ +

(3 + 140b3) δ
3

80HR2
1

+
(3 + 36b3) δ

5

64H3R2
1

+O(δ6) . (3.118)
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Now we use this to separate logarithmic divergence. Using (3.110), we find that the
integrands in I1, I2, I3 and I4 are of following form for small h:

√
1 + h2 + ḣ2

ḣh2
∼ − 1

h2
− 1

2
K2

6h
8 +O(h9) ,

−
3
(
5 + 6h2 + 6ḣ2

)

40ḣh2
√

1 + h2 + ḣ2
∼ 9

20h2
+

3

20
K2

6h
8 +O(h9)

− g3ḣ√
1 + h2 +

(
ḣ
)

2

∼ b3
h3

+
3 + 140b3

80h
+

3

64
(1 + 12b3)h− 1

96
(1 + 12b3)h

3 +O(h5)

g3

ḣh
√
1 + h2 + ḣ2

∼ b3K
2
6h

6 +O(h7) . (3.119)

Using these relations, now we can make the integral over h finite and organize the terms
in following form

I1 =

∫ δ

zm

dz

z4

∫ h1c

h0

dh

(√
1 + h2 + ḣ2

ḣh2
+

1

h2

)
+

∫ δ

zm

dz

z4

(
1

h1c(z)
− 1

h0

)

= I ′1 + I ′2 , (3.120)

I2 = −
∫ δ

zm

dz

z2

∫ h1c

h0

dh




3
(
5 + 6h2 + 6ḣ2

)

40h2
√

1 + h2 + ḣ2
+

9

20h2


− 9

20

∫ δ

zm

dz

z2

(
1

h1c(z)
− 1

h0

)

= I ′3 + I ′4 . (3.121)

In (3.120), I ′1 and I
′
2 represent the first and second integral in the expression of I1. Similarly

in (3.121), I ′3 and I ′4 are the first and second integral in expression for I2. We can further
take derivative of I ′’s with respect to δ and then Taylor expand the integrals to get

dI ′1
dδ

=
1

δ4

∫ 0

h0

dh

√
1 + h2 + ḣ2

ḣh2
− K2

6 (9 b3H
2 +R2

1)

2H9R2
1

δ5 +O(δ6) , (3.122)

dI ′2
dδ

=
H

δ5

(
1− b3H

2

R2
1

)
− 1

h0δ4
− (3 + 140 b3)H

80R2
1δ

3
− 3 + 36 b3

64H R2
1δ

+O(δ0) , (3.123)

dI ′3
dδ

= − 1

δ2

∫ 0

h0

dh



3
(
5 + 6h2 + 6 ḣ2

)

40h2
√
1 + h2 + ḣ2


+

3K2
6 (9 b3H

2 +R2
1) δ

7

20H9R2
1

+O(δ10) , (3.124)

dI ′4
dδ

= − 9H

20 δ3

(
1− b3H

2

R2
1

)
+

9

20h0δ2
+

9 (3 + 140 b3)H

1600R2
1δ

+O(δ) . (3.125)
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Also, we can simplify the boundary terms in a similar fashion and find that

dI3
dδ

=

(
1− 3 b3H

2

R2
1

)
b3H

3

δ5
+

(
7 b3 +

3

20
− b3 (3 + 140 b3)H

2

5R2
1

)
H

4 δ3

+

(
3 + 36 b3
64H

− (9 + 1440 b3 + 26800 b23)H

6400R2
1

)
1

δ
+O(δ0) , (3.126)

dI4
dδ

= − 1

δ2

∫ 0

h0

dh
g3

h ḣ
√
1 + h2 + ḣ2

+O(δ5) . (3.127)

Now using (3.111) and (3.120)-(3.127), first we notice that there are new divergent terms
of order 1/δ3 and 1/δ which does not arise in EE for smooth entangling surfaces in d = 6.
We also find that the logarithmic divergence of the entanglement entropy are

Slog
6

∣∣
k×S3 =

8 π3L5R1

ℓ5P

(
0 +O

(
1

R4
1

))
log(δ) . (3.128)

Remarkably, the contribution to the logarithmic divergence at the leading order is zero. At
higher order, i.e., at order O (1/R4

1), there should be logarithmic contribution coming from
the bulk part of the entangling surface. According to [48], the logarithmic contribution
from four-dimensional entangling surface will have the coefficient of the form

∫
dx4C, where

C is a combination of various curvature squared terms. These terms will contribute with
1/R4

1 and so does the smooth part of the entangling surface. So up to leading order, there
is no logarithmic contribution from the singularity because the locus is odd dimensional.
We might ask if there can be any contribution from the singularity alone at higher order
in 1/R1. However, we discard such a possibility. It is easy to see that all the higher
order terms will be of even powers of 1/R1 and to make the coefficient dimensionless,
the only other available scale will be H. As H is related to the size of the surface, all
such contributions actually result from the contribution from the bulk surface and not the
singularity alone. Hence, we expect that there is no contribution from the singularity in
this case.

Next, we see one more example where odd dimensional locus doesn’t contribute to
logarithmic dimensions, in spite of non-zero curvature. We are going to consider k×R1×S2

geometry. We consider the background geometry for CFT to be R4 × S2. Then the bulk
metric for boundary R4 × S2 is given by

ds2 =
L2

z2
(
dz2 + f1(z)

(
dt2 + dρ2 + ρ2dθ2 + dx2

)
+ f2(z)R

2
1 dΩ

2
2

)
, (3.129)
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and f1 and f2 become

f1 = 1 +
z2

20R2
1

+
z4

100R4
1

+ . . . ,

f2 = 1− z2

5R2
1

− 7z4

800R4
1

+ . . . . (3.130)

The k × R1 × S2 geometry is given by θ ∈ [−Ω,Ω], x ∈ [−∞,∞] and ρ ∈ [0,∞]. We
put IR cut-offs on x and ρ directions such that x ∈ [−H̃/2, H̃/2] and ρ ∈ [ρm, H], where
ρm is related to the UV cut-off δ. We choose (z, θ, x, ξ0, ξ1) as induced coordinates on the
minimal area surface with ρ = ρ(z, θ). Then, the induced metric over the minimal area
surface will become

h =




L2

z2
(f1ρ

′2 + 1) L2f1
z2
ρ̇ρ′

L2f1
z2
ρ̇ρ′ L2f1

z2
(ρ̇2 + ρ2)

L2f1
z2

L2f2 R2
1

z2
L2f2 R2

1

z2
sin2(ξ0)



, (3.131)

where ρ̇ = ∂θρ, ρ
′ = ∂zρ and now the entanglement entropy is given by

S6

∣∣
k×R1×S2 =

8 π2L5R2
1H̃

ℓ5P

∫
dz dθ

f1f2
z5

√
ρ̇2 + ρ2(1 + f1ρ′2) . (3.132)

Note that here we have already performed integration over x. In this case, the equation of
motion for ρ(z, θ) becomes

0 = 2zf1f2ρ
(
ρ2 + ρ̇2

)
ρ′′ + 2zf2ρ

(
1 + f1ρ

′2
)
ρ̈− 2zf2

(
ρ2 + 2ρ̇2

)
ρ̇′ (3.133)

+2ρ (2zf2f
′
1 + f1 (−5f2 + zf ′

2))
(
ρ2 + ρ̇2

)
ρ′ − 2zf1f2ρ

2ρ′2

+f1ρ
3 (3zf2f

′
1 + 2f1 (−5f2 + zf ′

2)) ρ
′3 .

where ρ̈ = ∂2θρ, ρ
′′ = ∂2zρ and ρ̇′ = ∂z∂θρ. Once again, we can write ρ = ρ0 + ρ1/R

2
1 and

keep only the leading order correction to the entanglement entropy. We can further series
expand the equation of motion (3.133) to get equation of motion for ρ0 and ρ1. We find
that, using these equations of motion and integration by parts, the entropy functional can
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be simplified to

S6

∣∣
k×R1×S2 =

8 π2L5R2
1H̃

ℓ5P

∫ δ

zm

dz

∫ Ω−ǫ

−Ω+ǫ

dθ

[√
ρ̇20 + ρ20 (1 + ρ′0

2)

z5

− 3 (6ρ̇20 + ρ20 (6 + 5ρ′0
2))

40R2
1z

3
√
ρ̇20 + ρ20 (1 + ρ′0

2)
+

∂

∂θ

(
ρ̇0ρ1

R2
1z

5
√
ρ̇20 + ρ20 (1 + ρ′0

2)

)

+
∂

∂z

(
ρ20ρ

′
0ρ1

R2
1z

5
√
ρ̇20 + ρ20 (1 + ρ′0

2)

)]
. (3.134)

Further, we can substitute ρ0 = z/h(θ) and ρ1 = z3g3(θ). The equations of motion for h
and g3 from (3.133) becomes

h
(
1 + h2

)
ḧ+ 5ḣ2 +

(
1 + h2

) (
5 + h2

)
= 0 , (3.135)

h2
(
1 + h2

)
2g̈3 + 2h

(
9 + 11h2 + 2h4

)
ḣġ3

−g3
(
25 + 45h2 + 21h4 + h6 −

(
27− h2 + 2h4

)
ḣ2
)

= S1 , (3.136)

where source terms for g3 are

S1 =

(
10 + 19h2 + 9h4 + (4 + 9h2)

(
ḣ
)

2
)

20h
. (3.137)

Note that homogeneous part of the equations of motion for h and g3 are same as the case
of kink in R3 × S3. Similar to (3.47), we can further integrate the equation of motion for
h to get a conserved quantity

K6 =
(1 + h2)

5/2

h5
√
1 + h2 + ḣ2

. (3.138)

The simplified expression for the entanglement entropy then becomes

S6

∣∣
k×R1×S2 =

16 π2L5H̃R2
1

ℓ5P

(
I1 +

I2
R2

1

+
I3
R2

1

+
I4
R2

1

)
, (3.139)
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where

I1 =

∫ δ

zm

dz

∫ h1c

h0

dh

ḣ

√
1 + h2 + ḣ2

z4h2
, (3.140)

I2 = −
∫ δ

zm

dz

∫ h1c

h0

dh

ḣ

(
5 + 6h2 + 6ḣ2

)

40R2
1z

2h2
√
1 + h2 + ḣ2

, (3.141)

I3 = −
∫ δ

zm

dz

z2
g3ḣ√

1 + h2 + ḣ2

∣∣∣∣
Ω−ǫ

, (3.142)

I4 = −
∫ δ

zm

dz

z2

∫ h1c

h0

dh

ḣ

g3

h
√
1 + h2 + ḣ2

. (3.143)

Now we can convert the equation of motion for g3(θ) into equation of motion for g3(h) and
solve it perturbatively near the boundary in the limit h→ 0. We find that

g3 =
b3
h3

+
1 + 140b3

80h
+

1

64
(1 + 36b3)h−

1

288
(1 + 36b3)h

3+
(5 + 180b3)h

5

4608
+O(h5) , (3.144)

where constant b3 is fixed by the condition ġ3(h0) = 0. Using this in ρ = z/h + z3g3/R
2
1

and evaluating at z = δ, ρ = H and h = h1c(δ), we find

h1c(δ) =

(
1

H
+
b3H

R2
1

)
δ +

(1 + 140b3) δ
3

80HR2
1

+
(1 + 36b3) δ

5

64H3R2
1

+O(δ6) . (3.145)

Note that we have only kept the terms of order 1/R2
1 in the above expansion. Now for

small h, the integrands in Ii’s behave as

√
1 + h2 + ḣ2

ḣh2
∼ − 1

h2
− 1

2
K2

6h
8 +O(h9) ,

−

(
5 + 6h2 + 6ḣ2

)

40ḣh2
√

1 + h2 + ḣ2
∼ 3

20h2
+

1

20
K2

6h
8 +O(h9) , (3.146)

− g3ḣ√
1 + h2 +

(
ḣ
)

2

∼ b3
h3

+
1 + 140b3

80h
+

(1 + 36b3)

64
h− (1 + 36b3)

288
h3 +O(h5) ,

g3

ḣh
√
1 + h2 + ḣ2

∼ b3K
2
6h

6 +O(h7) .
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Using these, we can make θ integrals in I1 and I2 finite by separating the divergences:

I1 =

∫ δ

zm

dz

z4

∫ h1c

h0

dh

(√
1 + h2 + ḣ2

ḣh2
+

1

h2

)
+

∫ δ

zm

dz

z4

(
1

h1c(z)
− 1

h0

)

= I ′1 + I ′2 , (3.147)

I2 = −
∫ δ

zm

dz

z2

∫ h1c

h0

dh




(
5 + 6h2 + 6ḣ2

)

40h2
√

1 + h2 + ḣ2
+

3

20h2


− 3

20

∫ δ

zm

dz

z2

(
1

h1c(z)
− 1

h0

)

= I ′3 + I ′4 . (3.148)

In (3.147), I ′1 and I ′2 are first and second integrals in I1 and similarly in (3.148), I ′3 and I ′4
represent first and second integrals in I2. Now we can further differentiate Ii’s with respect
to δ and Taylor expand the expressions to separate the divergences

dI ′1
dδ

=
1

δ4

∫ 0

h0

dh

√
1 + h2 + ḣ2

ḣh2
− K2

6 (9b3H
2 +R2

1)

2H9R2
1

δ5 +O(δ6) , (3.149)

dI ′2
dδ

=
H

δ5

(
1− b3H

2

R2
1

)
− 1

h0δ4
− (1 + 140b3)H

80R2
1δ

3
− 1 + 36b3

64HR2
1δ

+O(δ0) , (3.150)

dI ′3
dδ

= − 1

δ2

∫ 0

h0

dh




(
5 + 6h2 + 6ḣ2

)

40h2
√

1 + h2 + ḣ2


+

K2
6 (9b3H

2 +R2
1) δ

7

20H9R2
1

+O(δ10) ,(3.151)

dI ′4
dδ

= − 3H

20δ3

(
1− b3H

2

R2
1

)
+

3

20h0δ2
+

3 (3 + 140b3)H

1600R2
1δ

+O(δ) . (3.152)

Also, we can simplify the boundary terms in a similar fashion and find that

dI3
dδ

=

(
1− 3b3H

2

R2
1

)
b3H

3

δ5
+

(
1− 4b3H

2

R2
1

)
H(1 + 140b3)

80δ3

+

(
1 + 36b3
64H

− (1 + 480b3 + 26800b23)H

6400R2
1

)
1

δ
+O(δ0) , (3.153)

dI4
dδ

= − 1

δ2

∫ 0

h0

dh
g3

hḣ
√

1 + h2 + ḣ2
+O(δ5) . (3.154)

Using (3.139) and (3.147)-(3.154), we find new divergence of order 1/δ3 and 1/δ, and the
universal term in the entanglement entropy

S6
log
∣∣
k×R1×S2 =

16 π2L5H̃

ℓ5P

(
0 +O

(
1

R2
1

))
log(δ) . (3.155)
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Once again, we find that leading contribution in logarithmic divergence disappears, which
is consistent with the fact that there is no contribution from the singularity with odd
dimensional locus. In the next subsection, we will consider some more geometries with
conical singularities to push our hypothesis.

3.3.2.2 Crease cn × Σ

In this section, we will calculate EE for conical singularities of the form cn × Sm. We
will mainly consider following singular geometries: c1 × S1, c1 × S2, c1 × S3, c2 × S1

and c2 × S2. The case with {n,m} = {1, 1} will turn out to be trivial and it will be
straightforward to see that there is no new contribution to the log2δ or log divergence. For
{n,m} = {1, 2}, we will find that there is a log2δ contribution in EE which had disappeared
when the locus was taken to be flat in (3.68). For {n,m} = {1, 3}, we will see that there
is no log2δ contribution from the singularity as the locus is odd dimensional. Finally for
{n,m} = {2, 1} and {2, 2}, we will find that entanglement entropy contains a logarithmic
divergence. In {n,m} = {2, 1}, this contribution is actually coming from the smooth part
of the surface as d = 6 and logarithmic contribution from the trace anomaly is non-zero.
In {n,m} = {2, 2}, the logarithmic contribution comes from the singularity and this is
consistent with the idea that for even dimensional curved locus, the singularity in odd d
will contribute through a logarithmic divergence.

To begin with, we consider the simplest case with m = 1. In this case, the background
geometry for the CFT is R4 × S1. Then, the dual bulk geometry is given by

ds2 =
L2

z2
(
dz2 + f1(z)

(
dt2 + dρ2 + ρ2dθ2 + ρ2 sin2(θ)dφ2

)
+ f2(z)R

2
1 dξ

2
0

)
, (3.156)

where f1 = 1 + O(1/R6
1) and f2 = 1 + O(1/R6

1). For this bulk, we consider the singular
surface given by θ ∈ [0,Ω], φ ∈ [0, 2π] and ρ ∈ [0, H]. For the minimal area surface which
gives us the entanglement entropy, we assume that ρ = ρ(z, θ). Then, EE is given by

S5

∣∣
c1×S1 =

4 π2L4R1

ℓ4P

∫
dz dθ

sin(θ)ρf1
√
f2

z4

√
ρ̇2 + ρ2(1 + f1ρ′2) , (3.157)

where ρ̇ = ∂θρ and ρ′ = ∂zρ. Using this, we can find the equation of motion for ρ(z, θ) to
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be

0 = 2zf1f2 sin(θ)ρ
2
(
ρ2 + ρ̇2

)
ρ′′ + 2zf2 sin(θ)ρ

2
(
1 + f1ρ

′2
)
ρ̈ (3.158)

−4zf1f2 sin(θ)ρ
2ρ̇ρ′ρ̇′ + 2zf1f2ρ

2 (−2 sin(θ)ρ+ cos(θ)ρ̇) ρ′2

+f1 sin(θ)ρ
4 (3zf2f

′
1 + f1 (−8f2 + zf ′

2)) ρ
′3 + 2zf2

(
cos(θ)ρ̇

(
ρ2 + ρ̇2

)

− sin(θ)ρ
(
2ρ2 + 3ρ̇2

) )
+ sin(θ)ρ2 (4zf2f

′
1 + f1 (−8f2 + zf ′

2))
(
ρ2 + ρ̇2

)
ρ′ .

As the conical singularity has a one dimensional locus, we expect that there will be no
logarithmic contribution from the singularity. Now we substitute ρ = ρ0+ρ1/R

2
1 in (3.157)

and find the leading order correction to the entanglement entropy. However, when we
use the equation of motion for ρ0 and simplify the entropy functional, the contribution
depending on the coefficients of leading order terms of f1 and f2 will vanish because f1 =
1 + O(1/R6

1) and f2 = 1 + O(1/R6
1). So we find that simplified expression has following

form

S5

∣∣
c1×S1 =

4 π2L4R1

ℓ4P

∫
dz dθ

[
sin(θ)ρ0
z4

√
ρ̇20 + ρ20(1 + ρ′0

2) (3.159)

+
1

R2
1

∂

∂θ

(
ρ0ρ̇0ρ1

z4
√
ρ̇20 + ρ20 (1 + ρ′0

2)

)
+

1

R2
1

∂

∂z

(
ρ30ρ

′
0ρ1

z4
√
ρ̇20 + ρ20 (1 + ρ′0

2)

)]
.

Now we can insert the ansatz ρ0 = z/h(θ) and ρ1 = z3g3(θ) in the functional and find that

S5

∣∣
c1×S1 =

4 π2L4R1

ℓ4P

[ ∫ δ

zm

dz

z2

∫ h1c(z)

h0

dh

ḣ

sin(θ)
√

1 + h2 + ḣ2

h3
(3.160)

− 1

R2
1

∫ δ

zm

dz
g3 sin(θ)ḣ

h
√
1 + h2 + ḣ2

∣∣∣∣
h1c(z)

+
1

R2
1

∫ δ

zm

dz

∫ h1c(z)

h0

dh

ḣ

g3 sin(θ)

h2
√
1 + h2 + ḣ2

]
.

Also from (3.158), the equations of motion for h and g3 reduces to

0 = ḧh
(
1 + h2

)
sin(θ) + cos(θ)hḣ3 +

(
4 + h2

)
sin(θ)ḣ2 (3.161)

+ cos(θ)
(
1 + h2

)
hḣ+ 2

(
2 + 3h2 + h4

)
sin(θ)

0 = h2
(
1 + h2

)
2 sin(θ)g̈3 + h

(
1 + h2

) (
2
(
8 + 3h2

)
sin(θ)ḣ (3.162)

+ cos(θ)h
(
1 + h2 + 3ḣ2

))
ġ3 −

(
2
(
1 + h2

) (
10 + 8h2 + h4

)
sin(θ)

+3
(
8 + 3h2 + h4

)
sin(θ)ḣ2 + 2 cos(θ)h

(
4 + h2

)
ḣ3
)
g3 .
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Now, we find that g3 is not sourced by h and hence, a homogeneous solution g3 = 0
will be the exact solution for this case. This implies that excluding the first term in the
above expression, all the other terms will vanish. As g3 is zero, there will not be any new
contribution to the limits of the integrations either. This result is consistent with the idea
that singularity will contribute in EE only if the locus is curved and even dimensional.

As a next example, we consider the singular geometry c1 × S2 in CFT background
R4 × S2. For this case, the bulk metric is given by

ds2 =
L2

z2
(
dz2 + f1(z)

(
dt2 + dρ2 + ρ2dθ2 + ρ2 sin2(θ)dφ2

)
+ f2(z)R

2
1 dΩ

2
2

)
, (3.163)

where dΩ2
2 = dξ20 + sin2(ξ0)dξ

2
0 is metric over unit two-sphere and

f1 = 1 +
z2

20R2
1

+
z4

100R4
1

+ . . . ,

f2 = 1− z2

5R2
1

− 7z4

800R4
1

+ . . . . (3.164)

Now the entanglement entropy is given by

S6

∣∣
c1×S2 =

16 π3L5R2
1

ℓ5P

∫
dzdθ

f1f2 sin(θ)ρ
√
ρ̇2 + ρ2 (1 + f1ρ′2)

z5
, (3.165)

and equation of motion for ρ(z, θ) becomes

0 = 2zf1f2 sin(θ)ρ
2
(
ρ2 + ρ̇2

)
ρ′′ + 2zf2 sin(θ)ρ

2
(
1 + f1ρ

′2
)
ρ̈− 4 z f1f2 sin(θ)ρ

2ρ̇ ρ′ ρ̇′

+2z cos(θ)f2ρ̇
(
ρ̇2 + ρ2

(
1 + f1ρ

′2
))

+ sin(θ)ρ
(
− 2 zf2(2 ρ

2 + 3ρ̇2)

+2 ρ (2 z f2f
′
1 + f1(−5 f2 + z f ′

2)) (ρ
2 + ρ̇2)ρ′ − 4 z f1f2ρ

2ρ′2

+f1ρ
3 (3 z f2f

′
1 + 2 f1 (−5 f2 + z f ′

2)) ρ
′3
)
. (3.166)

Now we can plug in the ansatz ρ = ρ0 + ρ1/R
2
1 in the entropy functional and equation

of motion. We can Taylor expand the entropy functional in R1 and keep the leading
correction. In this leading correction, we can use the integration by parts and the equation
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of motion for ρ0 to simplify the entropy functional to

S6

∣∣
c1×S2 =

16 π3L5R2
1

ℓ5P

∫ δ

zm

dz

∫ Ω−ǫ

0

dθ

[
sin(θ)ρ0
z5

√
ρ̇20 + ρ20 (1 + ρ′0

2)

−sin(θ)ρ0 (6ρ̇
2
0 + ρ20 (6 + 5ρ′0

2))

40R2
1z

3
√
ρ̇20 + ρ20 (1 + ρ′0

2)
− ∂

∂z

(
sin(θ)ρ30ρ

′
0ρ1

z5R2
1

√
ρ̇20 + ρ20 (1 + ρ′0

2)

)]

+
16 π3L5

ℓ5P

∫ δ

zm

dz
sin(θ)ρ0ρ̇0ρ1

z5
√
ρ̇20 + ρ20 (1 + ρ′0

2)

∣∣∣∣
θ=Ω−ǫ

. (3.167)

We can further use ρ0 = z/h(θ) and ρ1 = z3g3(θ) and find that

S6

∣∣
c1×S2 =

16 π3L5R2
1

ℓ5P

[
I1 +

I2
R2

1

+
I3
R2

1

]
, (3.168)

where

I1 =

∫ δ

zm

dz

z3

∫ h1c(z)

h0

dh
sin(θ)

√
1 + h2 + ḣ2

ḣ h3
, (3.169)

I2 = −
∫ δ

zm

dz

z

∫ h1c(z)

h0

dh
sin(θ)

(
5 + 6h2 + 6ḣ2

)

40 ḣ h3
√

1 + h2 + ḣ2
, (3.170)

I3 = −
∫ δ

zm

dz

z

g3 sin(θ)ḣ

h
√
1 + h2 + ḣ2

∣∣∣∣
h=h1c(z)

. (3.171)

Note that term with derivative with respect to z in (3.167) vanishes. Now using the above
ansatz in (3.166), we can also find the equations of motion for h and g3. For these equations,
we can make a change of variable from θ to y = sin(θ) and find

0 = y(1− y2)h(1 + h2)ḧ+ (1− y2)2hḣ3 + y(1− y2)(5 + h2)ḣ2 (3.172)

+(1− 2y2)h(1 + h2)ḣ+ y(1 + h2)(5 + 2h2)

S1 = y(1− y2)h2(1 + h2)2g̈3 + h
( (

1− 2y2
)
h
(
1 + h2

)2

+6y
(
1− y2

) (
3 + 4h2 + h4

)
ḣ+ 3

(
1− y2

)2
h
(
1 + h2

)
ḣ2
)
ġ3 (3.173)

−
(
y
(
1 + h2

) (
25 + 21h2 + 2h4

)
− 3y

(
1− y2

) (
9 + 2h2 + h4

)
ḣ2

−2
(
1− y2

)2
h
(
4 + h2

)
ḣ3
)
ġ3 ,
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where S1 is the source terms and it is given by

S1 =
y (1 + h2) (10 + 9h2) + 4y (1− y2) (1 + 2h2) ḣ2 + (1− y2)

2
hḣ3

20h
. (3.174)

Now to separate the logarithmic divergence, we want to find the asymptotic behavior
of integrand in terms of h, where h → 0. So we invert equation (3.172) using ḧ(y) =
−((1− y2) y′′ + yy′2)/y′3 and ḣ(y) =

√
1− y2/y′, where on the right hand side we have

y = y(h) and y′ = dy/dh. We can also change the independent variable in (3.109) from y
to h. Apart from previous two relations, we also use

ġ3(θ) = ġ3(h)

√
1− y2

y′

g̈3(θ) =

√
1− y2

y′
d

dh

(
ġ3(h)

√
1− y2

y′

)
. (3.175)

Finally, we can rewrite (3.172) and (3.173) as

0 = h
(
1 + h2

)
y
(
1− y2

)
y′′ −

(
5 + 7h2 + 2h4

)
yy′3 (3.176)

−h
(
1 + h2

) (
1− 2y2

)
y′2 −

(
5 + h2

)
y
(
1− y2

)
y′ − h

(
1− y2

)2

S2 = h2
(
1 + h2

)2
y
(
1− y2

)
y′g̈3 + h

(
1 + h2

) (
2h
(
1− y2

)2
(3.177)

+
(
13 + 5h2

)
y
(
1− y2

)
y′ −

(
1 + h2

) (
5 + 2h2

)
yy′3

)
ġ3 +

(
2h
(
4 + h2

) (
1− y2

)2

+3
(
9 + 2h2 + h4

)
y
(
1− y2

)
y′ −

(
1 + h2

) (
25 + 21h2 + 2h4

)
yy′3

)
g3 ,

where now ġ3 = dg3/dh and

S2 =
h (1− y2)

2 − 4 (1 + 2h2) y (1− y2) y′ − (1 + h2) (10 + 9h2) yy′3

20h
. (3.178)

Now we can try to solve these equations perturbatively in terms of h near the boundary,
where h is small. As y = sin(Ω) at h = 0, we find the solution

y = sin(Ω)− cos(Ω) cot(Ω)

8
h2 +

1

512

(
2 csc(Ω)− 7 csc3(Ω) + 5 sin(Ω)

)
h4 + . . . . (3.179)

Using this in (3.177) and solving it perturbatively, we find that

g3 = − 1

20h
+

1 + csc2(Ω)

96
h log (h) + b3h+ . . . , (3.180)
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where b3 is a constant and it is fixed by the condition ġ3(0) = 0. Now, we evaluate the
expression ρ = z/h + z3g3/R

2
1 at z = δ, ρ = H and h(z) = h1c. In this relation, we use

(3.180) and invert it to find

h1c =
δ

H
− δ3

20HR2
1

+
(96b3 + (1 + csc2(Ω)) log(δ/H)) δ5

96H3R2
1

+O(δ6) . (3.181)

Now, we can use (3.179) and (3.180) in integrands of I1 and I2 to find their behavior near
the boundary:

sin(θ)
√
1 + h2 + ḣ2

ḣh3
∼ −sin(Ω)

h3
+

3 cos(Ω) cot(Ω)

32h

−3h(13− 19 cos(2Ω)) cot2(Ω) csc(Ω)

4096
+O(h3)

sin(θ)
(
5 + 6h2 + 6ḣ2

)

40ḣh3
√
1 + h2 + ḣ2

∼ −3 sin(Ω)

20h3
+

cos(Ω) cot(Ω)

64h

−h(67− 157 cos(2Ω)) cot2(Ω) csc(Ω)

81920
+O(h3) .(3.182)

Using these, we can make the integrations in I1 and I2 finite and write in the form

I1 =

∫ δ

zm

dz

z3

∫ h1c(z)

h0

dh

[
sin(θ)

√
1 + h2 + ḣ2

ḣh3
+

sin(Ω)

h3
− 3 cos(Ω) cot(Ω)

32h

+
3h(13− 19 cos(2Ω)) cot2(Ω) csc(Ω)

4096

]

+

∫ δ

zm

dz

z3

(
sin(Ω)

2

(
− 1

h21c
+

1

h20

)
+

3

32
cos(Ω) cot(Ω) log(h1c/h0)

+
3 (h20 − h21c) (13− 19 cos(2Ω)) cot2(Ω) csc(Ω)

8192

)

= I ′1 + I ′2 , (3.183)
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and

I2 = −
∫ δ

zm

dz

z

∫ h1c(z)

h0

dh

[sin(θ)
(
5 + 6h2 + 6ḣ2

)

40R2
1ḣh

3
√

1 + h2 + ḣ2
+

3 sin(Ω)

20h3
− cos(Ω) cot(Ω)

64h

+
(67− 157 cos(2Ω)) cot2(Ω) csc(Ω)h

81920

]

+

∫ δ

zm

dz

z

(
3 sin(Ω)

40

(
1

h20
− 1

h21c

)
+

cos(Ω) cot(Ω)

64
log(h0/h1c)

−(h20 + h21c) (67− 157 cos(2Ω)) cot2(Ω) csc(Ω)

163840

)

= I ′3 + I ′4 . (3.184)

In (3.183) and (3.184), I ′1 and I ′2 are first and second integrals in I1 and I ′3 and I ′4 are first
and second integrals in I2. Now we can take derivatives of I ′i’s with respect to δ, and then
Taylor expand the terms to find:

dI ′1
dδ

=
1

δ3

∫ 0

h0

dh

[
sin(θ)

√
1 + h2 + ḣ2

ḣh3
+

sin(Ω)

h3
− 3 cos(Ω) cot(Ω)

32h

+
3h(13− 19 cos(2Ω)) cot2(Ω) csc(Ω)

4096

]

+
3 (csc(Ω) + 11 csc3(Ω) + 3 csc5(Ω)− 15 sin(Ω))

8192H4
δ log(δ/H) + . . . ,

dI ′2
dδ

=
H2 sin(Ω)

2δ5
+ · · · − csc(Ω) + sin(Ω)

96R2
1

log(δ/H)

δ
+O(1/δ) ,

dI ′3
dδ

= −1

δ

∫ 0

h0

dh

[sin(θ)
(
5 + 6h2 + 6ḣ2

)

40R2
1ḣh

3
√

1 + h2 + ḣ2
+

3 sin(Ω)

20h3
− cos(Ω) cot(Ω)

64h
(3.185)

+
(67− 157 cos(2Ω)) cot2(Ω) csc(Ω)h

81920

]
+O(δ3) ,

dI ′4
dδ

= −3H2 sin(Ω)

40δ3
− cos(Ω) cot(Ω)

64

log(δ)

δ
+O(1/δ) ,

dI3
dδ

= −H
2 sin(Ω)

20δ3
+

(3− cos(2Ω)) csc(Ω)

192

log(δ)

δ
+O(1/δ) .

Now using (3.183)-(3.185) in (3.168), we find that the double log contribution in the EE
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becomes

Slog2

6

∣∣
c1×S2 = −π

3L5 cos(Ω) cot(Ω)

8 ℓ5P
log(δ)2 . (3.186)

Note that there are other contribution to the double log term but they are of higher order
in R1. As the only other dimensionful quantity in the problem is the IR cut-off H, these
terms will be of the form O(H2/R2

1). Interestingly, all such terms, which scale with H
are contributions from the smooth part of the entangling surface. Hence (3.186) is the
complete contribution from the singularity alone. In section 3.3.1.2, we saw that there was
no such double logarithmic term when the locus of the singularity was either flat or it is
odd dimensional. Hence, (3.186) is also consistent with the idea that similar to (3.11),
generically the contribution from the singularity should be of the following form

Suniv ∼
∫

Σ

d2my
√
h [Rm] log(δ)2 . (3.187)

Here Σ is the 2m-dimensional locus of the singularity and [Rm] is the curvature invariants
with m powers of the curvatures.

Having seen the appearance of the log2δ divergence for even dimensional curved locus,
now we turn towards odd dimensional locus. So we consider EE for geometry c1 ×S3. For
this case, the calculations proceed in a similar fashion and we find that, near the boundary
y = sin(θ) and g3 in terms of h are given by

y(h) = sin(Ω)− 1

10
cos(Ω) cot(Ω)h2 − (63− 17 cos(2Ω)) cot2(Ω) csc(Ω)h4

6000

+
(373 csc(Ω)− 1853 csc3(Ω)− 889 csc5(Ω) + 2369 sin(Ω))h6

450000
+O(h7) ,

g3(h) = − 1

12h
− h(39− 11 cos(2Ω)) csc2(Ω)

2250
+ b3 h

2 +O(h3) , (3.188)

where b3 is a constant and it is fixed by the condition that g3 has a minimum at θ = 0.
However, we will see that this constant is zero. If we calculate EE, we find that there is
no log2δ term but there is a log term in EE at the order next to the leading order in R1:

Slog
7

∣∣
c1×S3 = −8 π4L6R1

Hℓ6P
b3 sin(Ω) log(δ) . (3.189)

Now, we are going to argue that this logarithmic term is not coming from the singularity.
We can see that, if we set Ω = π/2, the conical singularity in the entangling surface disap-
pears. However, the logarithmic term in (3.189) is still non-zero. Hence, this contribution
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is actually coming from the non-singular part of the entangling surface. Further, as we are
considering the EE in odd dimensional CFT’s, there should not be any log term from the
smooth part of the entangling surface. Hence, the contribution (3.189) should be zero and
this is only if b3 = 0. This result further assures that a singularity with odd dimensional
locus does not contribute through a log or log2δ term.

We can further calculate EE for singularity c2×S1 in d = 6. In this case, the singularity
has an odd dimensional, curved locus which does not contribute in the universal term.
However, as d is even, we find that the smooth part of the surface contribute through a
log term and it is given by

Slog
6

∣∣
c2×S1 =

π3L5R1

ℓ5P

(7− 9 cos(2Ω)) cot2(Ω)

16H
log(δ/H) . (3.190)

Further, there is a new divergent term of the order 1/δ in this case. Note that this term
matches with the logarithmic term in EE for c2×R1 in (3.69). Finally, we give results for the
case where a conical singularity in odd dimensions have a curved, even-dimensional locus.
In background R5×S2, we can consider the singular geometry c2×S2 which contains a new
divergence of order 1/δ2. Further, in odd d the smooth part of the entangling geometry does
not contribute through a logarithmic term. However, a singularity will contribute through
a log(δ) term if the locus of the singularity is even dimensional and curved. Precisely this
is what we see in EE for c2 × S2 and find following universal term in EE

Slog
7

∣∣
c2×S2 =

32 π3L6

ℓ6P
log(δ)

[
−
∫ h0

0

dh

(L0

ḣ
− 7 sin2 Ω

60h4
+

cos2 Ω

25h2

)

+
7 sin2 Ω

180h30
− cos2 Ω

25h0

]
, (3.191)

where ḣ = dh/dθ and

L0 = −
sin2(θ)

(
7 ḣ2 + 7h2 + 6

)

60h4
√
ḣ2 + h2 + 1

. (3.192)

Note that similar to previous cases, h is defined such that ρ = z/h(θ) + z3 g3(θ)/R
2
1 and it

is the solution of following equation of motion

0 = h(1 + h2)ḧ+ 2 cot2(θ)h ḣ3 + 2
(
h2 + 3

)
ḣ2

+2 cot(θ)h1
(
1 + h21

)
ḣ+ 3

(
2 + 3h2 + h4

)
, (3.193)

with h0 = h(0). The log divergence (3.191) is a contribution from the singularity and it
is non-zero because the locus of the singularity is even dimensional and curved. So the
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examples in this section reaffirm that an extended singularity contributes in the cut-off
independent terms through log or log2δ terms only if its locus is even dimensional and
curved.

3.4 Universal terms and the central charges

In previous sections, we calculated the EE for various surfaces and found that singularity
produces new log and log2δ terms in the EE. As it has been seen that cut-off independent
coefficients contain central charges, it is natural to ponder what function of central charges
appear in these new cut-off independent contributions from the singularities. In the cases
being discussed, we have been working with CFT’s which are dual to the Einstein gravity.
For these CFT’s, all the central charges are equal and there is no way to distinct these in
the universal term of EE. To explore this question, we need to consider the dual geometries
which contain extra parameters and for which the central charges differentiate from each
other. Hence, in this case, we will calculate EE for some singular geometries in Gauss-
Bonnet gravities and take first step towards guessing the functional form of the log terms
in terms of central charges.

3.4.1 Singular embedding

In this section, we will discuss EE for cone geometry in d = 4, 5, 6 dimensional CFT’s. We
will first calculate the EE for d = 4 systematically and discuss the results for other cases.

For the Gauss-Bonnet gravity in (d+1)-dimensional space-time, the action is given by

Id =
1

2ℓd−2
P

∫
dd+1x

√−g
[
R +

d(d− 1)

L2
+

λL2

(d− 2)(d− 3)
X2

]
, (3.194)

where
X2 = RabcdR

abcd − 4RabR
ab +R2 (3.195)

is Euler density on two-dimensional submanifold. We have introduced L as a canonical
scale in the curvature-squared interaction so that strength of this term is controlled by λ,
a dimensionless coupling constant. Now in arbitrary d, we would like to use following two
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central charges of the CFT

CT =
πd/2

Γ(d/2)

(
L̃

ℓP

)d−1

[1− 2λf∞] , (3.196)

a∗d =
πd/2

Γ(d/2)

(
L̃

ℓP

)d−1 [
1− 2

d− 1

d− 3
λf∞

]
, (3.197)

where L̃ is the AdS radius of solutions of (3.194) in the asymptotic limit and it is given
by (3.200). These central charges were defined in [114] and has special significance in
arbitrary dimensions. The central charge CT controls the leading singularity of the two-
point function of the stress tensor and a∗d is shown to satisfy a holographic c-theorem in
arbitrary dimensions [87, 88]. Soon we will calculate the EE for various singular surfaces
and would like to see if the universal terms can be identified in terms of these central
charge.

Now in Gauss-Bonnet gravity, the holographic EE is given by [48, 62]

Sd =
2π

ℓd−1
P

∫
dd−1x

√
h

[
1 +

2λL2

(d− 2)(d− 3)
R
]
, (3.198)

where R is the Ricci scalar for the induced metric h. In five-dimensional space-time, the
AdS solution of action (3.194) is given by

ds2 =
L̃2

z2
(
dz2 + dt2 + dρ2 + ρ2dθ2 + ρ2 sin2(θ) dφ2

)
, (3.199)

where L̃ is the AdS radius and it is related to canonical scale L by the following relation

L̃2 = L2/f∞ where f∞ =
1−

√
1− 4λ

2λ
. (3.200)

Further, the central charges of the dual CFT defined by the gravitational trace anomalies
are given by

c = π2 L̃
3

ℓ3P
(1− 2λf∞) and a = π2 L̃

3

ℓ3P
(1− 6λf∞) . (3.201)

Note that in d = 4, these central charges precisely coincide with the central charges CT

and a∗4 defined in (3.196) and (3.197).
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Now the cone geometry is defined by ρ ∈ [0, H], θ ∈ [0,Ω] and φ ∈ [0, 2π]. We consider
the induced coordinates to be (ρ, θ, φ) and radial coordinate z = z(ρ, θ). For this case, the
induced metric becomes

h =




L̃2

z2
(1 + (∂ρz)

2) L̃2

z2
∂ρz∂θz 0

L̃2

z2
∂ρz∂θz

L̃2

z2
(ρ2 + (∂θz)

2) 0

0 0 L̃2

z2
ρ2 sin2(θ)


 . (3.202)

For this metric, the expression for Ricci scalar R in (3.198) contains the terms like ∂2ρz and
∂2θz. However, it is straightforward to see that the equation of motion is still second order.
This is because Gauss-Bonnet term is topological in nature. Further, We impose the UV
cutoff at z = δ and define ǫ(ρ) such that at θ = Ω− ǫ, z(ρ,Ω− ǫ) = δ. As the background
geometry has scaling symmetry and apart from ρ, there are no dimensionful quantities in
the problem, the solution for z should be of the following form

z = ρ h(θ) . (3.203)

Here h(θ) is a function such that h(Ω) = 0 and ḣ(0) = 0. Also, the maximum value of h(θ)
is h(0) = h0. By plugging this ansatz in equation of motion for z(ρ, θ), which we get by
applying the variational principle on entropy functional (3.198) with d = 4, the equation
of motion for h(θ) turns out to be

0 = h
(
1 + h2

) ((
1 + h2

)
sin(θ) (1 + 4λf∞) + 6λ cos(θ)hf∞ḣ+ sin(θ) (1− 2λf∞) ḣ2

)
ḧ

+cos(θ)h (1− 2λf∞) ḣ5 −
(
3 + h2

)
sin(θ) (−1 + 2λf∞) ḣ4

+2 cos(θ)h
(
1 + h2 + λ

(
1− 2h2

)
f∞
)
ḣ3

+3
(
1 + h2

)
sin(θ)

(
2 + h2 − 2λ

(
1 + h2

)
f∞
)
ḣ2

+cos(θ)h
(
1 + h2

)
2 (1 + 4λf∞) ḣ+

(
1 + h2

)
2 sin(θ)

(
3 + 2h2 (1 + λf∞)

)
. (3.204)

Further, we can simplify the entropy functional using this equation of motion and find that

S4

∣∣
c1

=
4 π2L̃3

ℓ3P

∫ H

δ/h0

dρ

ρ

∫ δ/ρ

h0

dh
sin(θ)L1

L2

, (3.205)
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where we have changed the integration from θ to h and

L1 =
(
1 + h2 + ḣ2

)(
sin(θ)

(
1 + h2 + ḣ2

)
− 2λf∞

( (
h2 cos(θ) cot(θ) + 4 sin(θ)

)
ḣ2

+2h3 cos(θ)ḣ+
(
2 + h2

)
2 sin(θ)

))
+ 4λ2f 2

∞

( (
h2 cos(θ) cot(θ) + 3 sin(θ)

)
ḣ4

−2h
(
3− h2

)
cos(θ)ḣ3 + h2

(
2 + h2 + 2 cos(2θ)

)
csc(θ)ḣ2 + 2h3

(
1 + h2

)
cos(θ)ḣ

+h4
(
1 + h2

)
sin(θ)

)
, (3.206)

L2 = h3ḣ
√
1 + h2 + ḣ2

(
sin(θ)

(
1 + h2 + ḣ2

)
+ 2λf∞

(
3h cos(θ)ḣ

+sin(θ)
(
2 + 2h2 − ḣ2

)))
.

Now we want to make h integrand in (3.205) finite. For that, we define y = sin(θ) and find
y and ḣ in terms of h near the asymptotic boundary. For that, we convert (3.204) into
the equation of motion for y with independent variable h. Solving this equation of motion
perturbatively, we find that near the boundary

y(h) = sin(Ω)− 1

4
h2 cos(Ω) cot(Ω)

+
1

64
h4 log(h)(3− cos(2Ω)) cot2(Ω) csc(Ω) + c0h

4 + . . . , (3.207)

where we have used the condition y(0) = sin(Ω) and c0 is a constant which is fixed by the
condition that y′(h0) = 0. We can now assume y = y(θ) and h = h(θ) in (3.207) and then
invert it to find

ḣ(θ) = −2 tan(θ)

h
− (3− cos(2Ω)) csc(2Ω)

2
h log(h)

−sec(Ω)
(
256c0 tan

2(θ)− 5 cos(2Ω) csc(Ω) + 7
)

16
h . . . . (3.208)

Now using (3.207) and (3.208), we can find that near the boundary

sin(θ)L1

L2

∼ −sin(Ω) (1− 6λf∞)

h3
+

cos(Ω) cot(Ω) (1− 2λf∞)

8h
+O(h) , (3.209)
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which can be used to write the EE as

S4

∣∣
c1

=
4 π2L̃3

ℓ3P

[
H2 sin(Ω) (1− 6λf∞)

4δ2
− 1

16
cos(Ω) cot(Ω) (1− 2λf∞) log2(δ/H) (3.210)

+

(
sin(Ω) (1− 6λf∞)

2h20
+

1

8
log(h0) cos(Ω) cot(Ω) (1− 2λf∞)

)
log(δ/H)

+

∫ H

δ/h0

dρ

ρ

∫ δ/ρ

h0

dh

(
sin(θ)L1

L2

+
sin(Ω) (1− 6λf∞)

h3
− cos(Ω) cot(Ω) (1− 2λf∞)

8h

)]
.

In the last term, the h integration is finite in the limit δ → 0 and hence the leading order
divergence is logarithmic. Hence, we write

S4

∣∣
c1

=
4 π2L̃3

ℓ3P

[
H2 sin(Ω) (1− 6λf∞)

4δ2
− 1

16
cos(Ω) cot(Ω) (1− 2λf∞) log2(δ/H)

+ log(δ/H)

(
sin(Ω) (1− 6λf∞)

2h20
+

1

8
log(h0) cos(Ω) cot(Ω) (1− 2λf∞)

+

∫ h0

0

dh

[
sin(θ)L1

L2

+
sin(Ω) (1− 6λf∞)

h3
− cos(Ω) cot(Ω) (1− 2λf∞)

8h

])

+O(δ0)

]
. (3.211)

Now we can compare the coefficient of the log2δ divergence with the central charge (3.196)
and find that

Slog2

4

∣∣
c1

= −CT

4
cos(Ω) cot(Ω) log2(δ/H) (3.212)

= − c
4
cos(Ω) cot(Ω) log2(δ/H) ,

where the second equation follow from (3.201). So we find that for EE of a cone in d = 4,
the singularity contributes in the universal term through the central charge CT. Here, we
should point out that only half of the above contribution is from the singularity. The
other half can be calculated using the contribution of the trace anomaly in EE, i.e., using
eq. (3.5). We discuss this point in more detail in section 3.5.

We can also calculate the EE for five-dimensional cone in Gauss-Bonnet gravity. For
this case, the action for bulk geometry is (3.194) with d = 5 and canonical scale L is related
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to L̃ by relation (3.200). Now the complete expression of entanglement entropy is given by
(3.257) and the universal term is

Slog
5

∣∣
c2

= −8 π2L̃4

ℓ4P

((
2 cos2(Ω) (2− 7λf∞)h20 − 3 sin2(Ω) (1− 4λf∞)

)

9h30

+

∫ h0

0

dh
L3

L4

)
log(δ/H) , (3.213)

where L3 and L4 are given by (3.258). In this case, we can further compare the universal
term with the central charges (3.196) and (3.197). However, we observe from expression
of L3 and L4 in (3.258) that there are terms of order O(λ2) in the universal term. This
implies that the expression (3.213) is not a simple function of the central charges CT and
a∗5 and in particular, it is not a linear function.

Further, we calculate the EE for cone in d = 6 and find that the cut-off independent
terms is log2δ and it is given by

Slog2

6

∣∣
c3

=
12 π3L̃5 cos(Ω) cot(Ω)

ℓ5P

(
93− 190λf∞

8192

− 3− 2λf∞
8192

cos(2Ω)

)
log2(δ/H) . (3.214)

We have given the complete expression of EE in the section 3.6.2 in eqn. (3.259). In
this expression, we would like to compare the Ω independent coefficients with the central
charges of the CFT. So there are two terms, (93 − 190λf∞) and (3 − 2λf∞), which we
can express in terms of CT and a∗6. Using equations (3.196) and (3.197), we find that the
universal terms in EE for c3 can be written as

Slog2

6

∣∣
c3

=
3 cos(Ω) cot(Ω)

1024

[
(90CT + 3 a∗6)

− (6CT − 3 a∗6) cos(2Ω)

]
log2(δ/H) . (3.215)

Now in d = 6, we do not know the precise expression of the contribution of the trace
anomaly to EE, i.e., d = 6 generalization of (3.5). Hence, now we can not distinguish the
contribution from the trace anomaly with the contribution from the singularity in (3.215).
Hence, we can not say what part of the universal term comes from the singularity and
particularly, we can not confirm if singularity contributes only through the central charge
CT.

147



Entanglement entropy for singular surfaces

3.4.2 Singularity with a curved locus

In this section, we will repeat the calculation of EE for geometry k × S2 in d = 5 CFT,
which is dual to the Gauss-Bonnet gravity. For this case, the bulk action and EE are given
by (3.194) and (3.198). We further consider the metric ansatz

ds2 =
L̃2

z2
(
dz2 + f1(z)

(
dt2 + dρ2 + ρ2 sin2(θ)

)
+R2

1f2(z)dΩ
2
2

)
, (3.216)

where dΩ2
2 is metric over the two-sphere. Further, similar to (3.200), L̃2 = L2/f∞ where

f∞ = (1−
√
1− 4λ)/2λ. Here f1 and f2 are functions of z and one can use the Fefferman-

Grahm expansion to find their values near the boundary.

Now, to calculate EE, we first use Fefferman-Grahm expansion and find that

f1(z) = 1 +
z2

12R2
1

+
z4(51− 58λf∞)

1728R4
1(1− 2λf∞)

+ . . . ,

f2(z) = 1− z2

4R2
1

− z4(15− 2λf∞)

576R4
1(1− 2λf∞)

+ . . . . (3.217)

Once again, we choose the parametrization ρ = ρ(z, θ) and similar to (3.74), we can find
the induced metric for the entropy functional. Here, we restrain to give the complete
expression for the entropy functional but the important point to note is that now there are
terms with higher derivatives, like ρ′′, ρ̈ and ρ̇′ in the entropy functional. However, in spite
of this, the equation of motion for ρ(z, θ) is still second order and that is because of the
topological nature of the Gauss-Bonnet terms. Now we can simplify the entropy function
by inserting the ansatz ρ = ρ0 + ρ1/R

2
1 and then series expending it for large R1. We find

that up to the leading order, the EE is given by

S5

∣∣
k×S2 =

16 π2L̃4R2
1

ℓ4P

∫ δ

zm

dz

∫ Ω−ǫ

0

dθ

(
L0(ρ0) +

1

R2
1

(
LN(ρ0) + Lf (ρ0, c1, c2) (3.218)

+ρ′1L1(ρ0) + ṙ ḣL2(ρ0) + ρ̈1L3(ρ0) + ρ1L4(ρ0) + ρ̇1L5(ρ0) + ρ1L6(ρ0)
))

,

where L0(ρ0) is the term which comes from the limit R1 → ∞ in the original lagrangian.
The term LN(ρ0) is a new term which doesn’t appear for λ = 0 case. This term comes
from the contribution of sphere in the Ricci scalar in (3.198). The term Lf (ρ0, c1, c2)
is the term which is independent of ρ1 and comes from the leading order corrections in
f1 = 1 + c1z

2/R2
1 and f2 = 1 + c2z

2/R2
1, where c1 = 1/12 and c2 = −1/4. Further, terms
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with L1(ρ0)-L6(ρ0) are independent of c1 and c2 and are linear in ρ1, as it is written. Now,
we can write

ρ′1L1 = ∂z(L1ρ1 − L′
1ρ1) + L′′

1ρ1 ,

ρ̇′1L2 = ∂z(L2ρ̇1)− ∂θ(L′
2ρ1) + L̇1

′
ρ1 ,

ρ̈1L3 = ∂θ(L3ρ̇1)− ∂θ(L̇3ρ1) + L̈3ρ1 ,

ρ1L4 = ∂z(L4ρ1)− L′
4ρ1 ,

ρ̇1L5 = ∂θ(L5ρ1)− L′
5ρ1 , (3.219)

where prime and upper dot denote the partial derivative with respect to z and θ. Using
these in (3.218), we write

S5

∣∣
k×S2 =

16 π2L̃4R2
1

ℓ4P

∫ δ

zm

dz

∫ Ω−ǫ

0

dθ

(
L0(ρ0) +

1

R2
1

(
LN(ρ0) + Lf (ρ0, c1, c2)

+ρ1(L′′
1 + L̇2

′
+ L̈3 − L′

4 − L̇5) + ∂z(L1ρ1 − L′
1ρ1 + L2ρ̇1 + L4ρ1)

))

+
16 π2L̃4

ℓ4P

∫ δ

zm

dz
(
−L′

2ρ1 + L3ρ̇1 − L̇3ρ1 + L5ρ1

)
θ=Ω−ǫ

, (3.220)

where the coefficient of the ρ1 vanishes from the equation of motion of ρ0 and we have
performed the integration over θ in terms in the last line. Note that we can not integrate
over z in any term as ǫ = ǫ(z) and both θ and z integrations don’t commute. Now we
further insert the ansatz ρ0 = z/h(θ) and ρ1 = z3g3(θ) in the above entropy functional
and in the equations of motion for ρ0 and ρ1 to find the equations of motion for h and g3.
Once again, we restrain to give the complete expression of the equations of motion as they
are not very illuminating. Similar to (3.84), at this stage we find that the terms with the
partial derivative with respect to z vanish. Finally, the entropy functional reduces to

S5

∣∣
k×S2 =

16 π2L̃4R2
1

ℓ4P

∫ δ

zm

dz

∫ h1c(z)

h0

dh

ḣ

(
L̂0(h)

z3
+

1

R2
1

L̂N(h) + L̂f (h, c1, c2)

z

)

+
16 π2L̃4

ℓ4P

∫ δ

zm

dz
L̂B|θ=Ω−ǫ

z
, (3.221)

where we have defined L0 = L̂0(h)/z
3, LN = L̂N(h)/z, Lf = L̂f (h, c1, c2)/z and expres-

sions for L̂’s are given by (3.262) in section 3.6.2. Now we can solve the equations of motion
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for h and g3 near the asymptotic boundary to find

ḣ = −a1
h4

− 2a1
h2

− a1 +
h4 (1− 6f∞λ)

2a1 (1− 2f∞λ)
− h6 (1− 10f∞λ)

2a1 (1− 2f∞λ)
+ . . . , (3.222)

g3 =
b3
h3

+
9− 26f∞λ+ 792b3 (1− 2f∞λ)

504h (1− 2f∞λ)
+

4h (3− 11f∞λ+ 54b3 (1− 2f∞λ))

567 (1− 2f∞λ)
+ . . . ,

where a1 and b3 are constants which are fixed by ensuring that both h and g3 have extrema
at θ = 0. Note that here a1 is related to a quantity which is conserved along the θ
translation similar to (3.85). Using these solutions near the boundary, we first find the
value of h1c(z) at the UV cut-off z = δ. To do that, we use the above solutions in the
ansatz ρ = z/h+ z3g3/R

2
1 and inverting the relations iteratively, we find

h1c(δ) =

(
1

H
+
b3H

R2
1

)
δ +

(9− 26f∞λ+ 792b3 (1− 2f∞λ)) δ
3

504HR2
1 (1− 2f∞λ)

+
4 (3− 11f∞λ+ 54b3 (1− 2f∞λ)) δ

5

567H3R2
1 (1− 2f∞λ)

+ . . . . (3.223)

Note that above relation reduces to (3.88) for λ = 0. Now we use (3.222) to study the
behavior of integrands in (3.221) near the asymptotic boundary, where we have h→ 0 :

L̂0

ḣ
∼ −1− 4f∞λ

h2
+O(h4) ,

L̂N + L̂f

ḣ
∼ 15− 68f∞λ

72h2
+O(h2) . (3.224)

Using these, similar to (3.91) and (3.93), we can make the integrands in (3.262) finite. We
can break the terms in following components

I1 =

∫ δ

zm

dz

z3

∫ h1c(z)

h0

dh

(
L̂0

ḣ
+

1− 4f∞λ

h2

)
, (3.225)

I2 = −
∫ δ

zm

dz

z3

∫ h1c(z)

h0

dh
1− 4f∞λ

h2
, (3.226)

I3 = −
∫ δ

zm

dz

z

∫ h1c(z)

h0

dh

(
L̂N + L̂f

ḣ
− 15− 68f∞λ

72h2

)
, (3.227)

I4 = −
∫ δ

zm

dz

z

∫ h1c(z)

h0

dh
15− 68f∞λ

72h2
, (3.228)
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and then take a derivative with respect to δ and find following series expansion:

dI1
dδ

=
1

δ3

∫ 0

h0

dh

(
L̂0

ḣ
+

1− 4f∞λ

h2

)
+O(δ4)

dI2
dδ

=

(
1− b3H

2

R2
1

)
H (1− 4f∞λ)

δ4
− 1− 4f∞λ

h0δ3

−H (1− 4f∞λ) (9− 26f∞λ+ 792b3 (1− 2f∞λ))

504 (1− 2f∞λ)R2
1δ

2
+O(δ0)

dI3
dδ

= −1

δ

∫ 0

h0

dh

(
L̂N + L̂f

ḣ
− 15− 68f∞λ

72h2

)
+O(δ5) (3.229)

dI4
dδ

= −
(
1− b3H

2

R2
1

)
H (15− 68f∞λ)

72δ2
+

15− 68f∞λ

72h0δ
+O(δ0)

d

dδ

∫ δ

zm

dz
L̂B|θ=Ω−ǫ

z
=

(
1− 3b3H

2

R2
1

)
b3H

3 (1− 4f∞λ)

δ4

+

(
1− 4b3H

2

R2
1

)
H (1− 4f∞λ) (9− 26f∞λ+ 792b3 (1− 2f∞λ))

504 (1− 2f∞λ) δ2

+O(δ0) .

Note that we have done the same with the boundary term in (3.221) too. Using these
relations, we can read off the logarithmic term in the EE, which is given by

Slog
5

∣∣
k×S2 =

16 π2L̃4

ℓ4P

(∫ 0

h0

dh

(L̂N + L̂f

ḣ
− 15− 68f∞λ

72h2

)

+
15− 68f∞λ

72h0

)
log(δ/H) , (3.230)

where L̂N and L̂f are given by (3.262). Now we can try to compare this cut-off independent
term with the central charges (3.196) and (3.197). However, by looking at the expression
of L̂N and L̂f , we find that there are terms of order O(λ2). Hence the universal term is
not a simple (and particularly linear) function of the central charges.

Now, it would have been interesting to further investigate the universal term for the
geometry c1×S2. In this case, the singularity has a even dimensional, curved locus and we
will get a log2δ divergence. So it would have been very interesting to see if this contribution
from the locus is a specific central charge. However, this calculate is tedious and demands
more patience and ingenuous simplifications.
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3.5 Discussion

In this chapter, we have used holography to study entanglement entropy for various singular
surfaces in higher dimensions. In particular, in section 3.2.1, we considered cones in various
dimensions. For c2 = R+×S2 in d = 5, we found that an additional universal contribution
appears:

Suniv = kd(Ω) log(δ/L) , (3.231)

where Ω is the opening angle of the cone, as shown in figure 3.1. While the expression for
the coefficient k(Ω) is left implicit in eq. (3.36), we showed that it satisfies the required
properties: (a) kd(Ω = π/2) = 0 since the entangling surface is actually a flat plane for
this angle and (b) kd(Ω) = kd(π − Ω) since the entanglement entropy of the CFT ground
state is identical for the density matrix describing the degrees of freedom inside or outside
of the cone. Further we found that kd(Ω → 0) ∝ 1/Ω as in (3.38). Our expectation is
that this behaviour extends generally to cones for odd-dimensional theories. That is, the
entanglement entropy acquires a universal contribution of the form given in eq. (3.231) for
a cone cd−3 = R+ × Sd−3 in any odd d.

Further we add that in eq. (3.36), the coefficient k5 is proportional to L4/ℓ4P which can
be identified with a central charge in the dual boundary CFT. However, with Einstein
gravity in the bulk, all of the central charges in the five-dimensional boundary theory are
identical and so in section 3.4.1, we extended the calculation to Gauss-Bonnet gravity in
the bulk, which allows us to distinguish at least two such central charges, as described
there. However, given the result for k5(Ω) implicit in eq. (3.213) and (3.258), it appears
that this coefficient is a complicated nonlinear function of both central charges. It may
in fact be that this coefficient is not determined by the central charges alone – this would
then be similar to the results found for Renyi entropies in [114].

The case of even dimensions was particularly interesting. In section 3.2.1 with d = 4
and 6, we found that a cone yields a universal contribution of the form:

Suniv = k̂d(Ω) log
2(δ/L) , (3.232)

where Ω is again the opening angle, as shown in figure 3.1. Again we believe this is a generic
result for even-dimensional theories. In our holographic examples, the coefficient functions
have a relatively simple form, as shown in eqs. (3.34) and (3.39). Hence for these examples,
it is straightforward to verify that k̂d(Ω) satisfies the same properties as described for kd(Ω)
in the previous paragraph. From these results, we also see that k̂d(Ω → 0) ∝ 1/Ω, which
parallels the behaviour known for k3 in eq. (3.6). Further, in section 3.4.1, using Gauss-
Bonnet gravity, we were able to verify that this coefficient is proportional to the central
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charge (3.196) which controls the leading singularity of the two-point function of the stress
tensor. In particular, for d = 4, we have a simple result (3.212) which yields

k̂4 = − c
4

cos2 Ω

sinΩ
. (3.233)

We might note that with even d, there are also contributions proportional to a single
power of log δ/L, however, these terms are no longer universal. Rather the corresponding
coefficient will vary if the details of the cut-off (or the macroscopic scale L) are changed
because of the presence of the log2 δ/L term – see further discussion below.

Recall that the trace anomaly in an even-dimensional CFT gives rise a universal contri-
bution in the entanglement entropy with a smooth entangling surface [52, 51, 143, 87]. In
particular, if we consider a four-dimensional CFT in a flat background, this contribution
takes the form given in eq. (3.5). Given this explicit expression, it is interesting to compare
this contribution for a conical entangling surface c1 in d = 4 to the universal term (3.212)
found in our holographic calculation.

Figure 3.4: (Colour Online) The illustration shows regulated cone c̃1, where the tip is
replaced by a spherical cap.

Of course, eq. (3.5) is only expected to apply for a smooth entangling surface and so
cannot be applied directly to the cone c1. Hence our approach is to construct a ‘regulated
cone’ c̃1 by cutting off the cone at some ρmin and replacing the tip with a spherical cap of
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radius r = ρmin tanΩ, as shown in figure 3.4. Hence c̃1 provides a smooth model of the
desired conical entangling surface to which we can apply eq. (3.5) and we can consider the
limit ρmin → 0 to recover the result for the singular surface c1. Hence working first with
finite ρmin, it is relatively straightforward to show that eq. (3.5) yields7

Suniv = − c
2

cos2 Ω

sinΩ
log(δ/L) log(ρmin/L) + 2 a (1− sinΩ) log(δ/L) . (3.234)

Unfortunately the first term will diverge if we take the limit ρmin → 0. However, if the
underlying CFT has been regulated with the cut-off δ, it should not be able to resolve any
features in geometry at shorter distances. Hence it is natural to consider the limit ρmin → δ
which yields

Suniv = − c
2

cos2 Ω

sinΩ
log2(δ/L) + 2 a (1− sinΩ) log(δ/L) . (3.235)

With this construction, the universal contribution (3.5) contains terms proportional to both
log2(δ/L) and log(δ/L). The most surprising aspect of this result is that the coefficient
of the leading term is almost identical to the holographic result in eq. (3.212). However,
there is a mismatch by a factor of two.8 Our interpretation of this result is that with the
conical entangling surface c1, part of the log2(δ/L) divergence should be associated with
correlations across the smooth part of the entangling surface away from the singularity.
The above calculation then suggests a pile up of short distance correlations in the vicinity
of the tip. However, the full accumulation of correlations near the tip of the cone does not
have (precisely) the form expected from the ‘smooth’ expression (3.5). Hence a part of this
universal contribution should be thought of as intrinsic to the singularity at the tip of the
cone itself.

As already noted, if we examine our holographic entanglement entropy for c1 in eq. (3.34),
we also find a term proportional to log(δ/L). The angular dependence of the correspond-
ing coefficient is different from that for the log2(δ/L) term and so one might envision
that certain universal aspects can still be extracted from this coefficient. For example, in
eq. (3.235), the second central charge a appears in the log(δ/L) term and so one might
hope to extract this charge by studying the entanglement entropy for cones with various
opening angles Ω. However, we wish to emphasize that this log(δ/L) contribution is sim-
ply not universal in the presence of the log2(δ/L) term. For example, let us return to our

7On the conical portion of c̃1, R = 0 while the only nontrivial component of the extrinsic curvature

is K θ̂
φφ = ρ sinΩ cosΩ. On the spherical cap, R = 2/r2 while the combination of extrinsic curvatures in

eq. (3.5) vanishes.
8This observation was also made in [142]. We also note that the same result appears in an alternate

calculation of the holographic entanglement entropy presented in section 3.6.1. There the mismatch can
be regarded as an anomaly resulting from a singular conformal transformation.
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regulated model of cone above where we argued it was natural to take the limit ρmin → δ
for the radius of the spherical cap. The latter was motivated by observing that δ is a short
distance cut-off in the underlying CFT and so the latter can not resolve any geometric fea-
tures involving shorter distance scales. However, let us note that the radius of the spherical
cap was r = ρmin tanΩ and so even if we set ρmin = δ, for small Ω, the cap is effectively
much smaller than the short distance cut-off. Hence one might instead choose

ρmin =

{
δ for Ω > π/4 ,
δ

tanΩ
for Ω ≤ π/4 .

(3.236)

While such a choice leaves the log2(δ/L) term unchanged, the coefficient in the log(δ/L)
contribution acquires a complicated new angular dependence. We have presented this dis-
cussion simply to illustrate that all of the details (including the angular dependence) of
the coefficient of the log(δ/L) can be expected to depend on the precise choice of the regu-
lator in the calculation of the entanglement entropy. While eq. (3.236) gives an illustrative
example, we might observe that the same regulator in the holographic calculations is far
more subtle. The analog of eq. (3.236) would be ρmin = δ/h0 in section 3.2.1.

We also extended our holographic analysis to consider creases or extended singularities
in section 3.3. Examining the examples summarized in table 3.1, we find that the crease of
the form k×Rm or cn ×Rm creates no new universal contributions.9 However, in general,
we found that creases can contribute additional universal terms, but singular locus must
have an even dimension and must be curved. These results suggest that these new universal
contributions to the entanglement entropy take the form given in eq. (3.11) with a log δ
divergence in odd dimensions and log2δ in even dimensions. These results indicate that
there is a rich variety of new geometric contributions to entanglement entropy that can be
associated with singular entangling surfaces. However, our analysis only considered simple
families of singularities and does not suffice to reveal the full geometric structure of these
universal terms. It would, of course, be interesting to consider more general singularities,
e.g., a crease of the form k × R1 but where the opening angle varies along R1 or where
R1 was not entirely straight. Another step towards a clearer picture of these geometric
coefficients would be to carry out the holographic calculations using the Fefferman-Grahm
expansion [95, 96] to compute entanglement entropy along the lines discussed in [47].

In part, our motivation for these studies was the possibility that these new universal
contributions may be used to identify the central charges of the underlying CFT. Recently

9Let us re-iterate that we are ignoring certain cases here, e.g., c1 ×R2, where a log δ term appears but
it can be attributed to the smooth part of the entangling surface. We also do not consider the possibility
that the finite contributions may exhibit some new universal behaviour.
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there has been a great deal of interest in using entanglement to identify central charges
that obey a c-theorem, in particular for odd spacetime dimensions, e.g., see [46, 142, 87, 88,
144, 145]. In this regard, our results only point towards a clear result for even dimensions,
namely that the coefficient of the log2δ contribution is proportional to a particular central
charge. Unfortunately, this central charge CT is not the one expected to satisfy a c-
theorem.10 However, our holographic result seems particularly simple and so it may be
that there is a general derivation for any CFT, perhaps connected to the trace anomaly as
for the universal terms identified for smooth surfaces [52, 51, 87, 143]. In odd dimensions,
our results in section 3.4.1 indicate that the universal terms associated with singularities
in the entangling surface will be complicated nonlinear functions of many parameters in
the underlying CFT. Here it must be said that we refer to these contributions as universal
since they will be independent of the details of the UV regulator and so should characterize
properties of the underlying CFT (or QFT more generally). However, the precise nature
of the information contained in these terms remains to be understood. A similar result
was found for Renyi entropies of spherical entangling surfaces in [114].

It would also be interesting to study these universal contributions to entanglement
entropy in non-holographic theories. In particular, one might consider heat kernel methods
for free field theories for simple surfaces, e.g., along the lines of [141, 146]. We have
been informed [147] that similar log2δ terms have been found in the entanglement entropy
for surfaces with a conical singularity in non-holographic calculation. It would also be
interesting to further investigate the Renyi entropy for the singular entangling surfaces
[114].

3.6 Supplementry material for chapter 3

3.6.1 Conformal transformations and EE for cd−3

In this section, we consider an alternate approach to calculating the entanglement entropy
associated with a conical singularity. In particular, we begin by performing a conformal
transformation which takes Rd to R × Sd−1. Under such a conformal transformation,
the conical entangling surface cd−3, considered in sections 3.1 and 3.2, becomes simply a
uniform cylinder R× Sd−3 in the latter background. The analogous mapping was applied
to calculating the cusp anomaly for a Wilson loop with a sharp corner in N=4 SYM, e.g.,

10Setting holography aside, it was shown that for four-dimensional QFT’s, there is no possible (linear)
combination of the two central charges, CT and a = a∗d, that can satisfy a c-theorem apart from a alone
[39].

156



Entanglement entropy for singular surfaces

see [148]. In this case, calculating the cusp anomaly becomes problem of determining the
quark-antiquark potential on a three-sphere. In fact, the holographic calculation of the
leading result corresponds to determining an extremal surface in the bulk with a ‘kink’
boundary condition and so precisely it matches the calculation of the holographic EE for
a kink in d = 3 [149, 148].

Note that in the background geometry R × Sd−1, the time coordinate is compactified
and the length of the cylinder is along R. Then we would like to calculate EE using the
simple cylindrical geometry and in particular, to see if we get the same log δ and log2 δ
terms that appeared in our previous calculations. The key feature in these calculations is
that the entangling surface R× Sd−3 now has an infinite length along the R direction and
so this length must be regulated to properly account for the logarithmic divergences, as we
will discuss bellow in section 3.6.1.1 when we calculate the holographic EE. We first discuss
desired conformal transformation in the CFT and then we consider how this transformation
is implemented with a coordinate transformation in the dual bulk spacetime.

In the flat background (3.8) with {n,m} = {d − 3, 0}, we can make the coordinate
transformations tE = r cos ξ and ρ = r sin ξ and find following metric

ds2 = dr2 + r2(dξ2 + sin2 ξ (dθ2 + sin2 θ dΩ2
d−3)) . (3.237)

In these coordinates, the cone geometry discussed in section 3.1 translates to the surface:
cd−3 = {r = [0,∞), ξ = π/2, θ = Ω}. We can further perform the coordinate transfor-
mation r = LeY/L, and a Weyl transformation to remove the overall factor e2Y/L from
the resulting metric. After these transformations, we find background geometry becomes
R× Sd−1 with the metric

ds2 = dY 2 + L2(dξ2 + sin2 ξ (dθ2 + sin2 θ dΩ2
d−3)) , (3.238)

where Y ∈ [−∞,∞]. Further, the conical entangling surface above is now mapped to a
cylinder of infinite length, i.e.,

cd−3 = {Y = (−∞,∞), ξ = π/2, θ = Ω} . (3.239)

Next we discuss the coordinate transformation in the bulk geometry which implements
the conformal transformation between the two boundary metrics in eqs. (3.237) and (3.238).
We begin with the standard description of (Euclidean) AdSd+1 as a hyperbola embedded
in the following (d+ 2)-dimensional Minkowski space

ds2 = −dU2 + dV 2 + (dX1)2 + · · ·+ (dXd)2 = −dU2 + dV 2 + dR2 +R2dΩ2
d−1 , (3.240)
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where in the second expression, we introduced polar coordinates on the space spanned by
the X i. Now the AdS geometry is defined by the hyperbola

− U2 + V 2 + ( ~X)2 = −U2 + V 2 +R2 = −L2 . (3.241)

We can solve this constraint by writing U =
√
R2 + L2 cosh(Y/L) and V =

√
R2 + L2 sinh(Y/L),

in which case the induced metric on this surface becomes

ds2 =
1(

1 + R2

L2

)dR2 +

(
1 +

R2

L2

)
dY 2 +R2

[
dξ2 + sin2 ξ (dθ2 + sin2 θ dΩ2

d−3)
]
, (3.242)

where we have written dΩ2
d−1 = dξ2 + sin2 ξ (dθ2 + sin2 θ dΩ2

d−3). Of course, we recognize
this metric as (Euclidean) AdSd+1 in global coordinates and this geometry is dual to the
boundary CFT with the background metric (3.238). Alternatively, to get the bulk metric
dual to eq. (3.237), we write R = rL/z and U + V = L2/z and eq. (3.241) yields U − V =
z + r2/z. With these coordinates, the induced metric on the hyperbola becomes

ds2 =
L2

z2
(dz2 + dr2 + r2dΩ2

d−1) , (3.243)

which matches the ‘Poincaré patch’ metric (3.9) with r2 = t2E + ρ2. Clearly, the boundary
metric matches the desired form given in eq. (3.237). This bulk metric (3.243) was used in
our calculation of the holographic EE for the cone in section 3.2. So now we calculate the
same EE using the cylindrical geometry in bulk metric (3.242).

3.6.1.1 EE for cylinders

In this section, we will calculate the holographic EE for cylindrical entangling surface
R× Sd−3 on the background R× Sd−1 for d = 3, 4 and 5. As we will see, the calculations
here are closely related to those already presented in section 3.2. We find that the coefficient
of the universal log δ term matches our previous results for d = 3 and 5. In d = 4, the
universal term is a log2 δ contribution but we find the coefficient in the following does not
give a precise match with that in eq. (3.212) from our previous calculation. In fact, the
log2 δ term here shows the same mismatch by a factor of two that we found in eq. (3.235)
from considering the contribution of the trace anomaly on a regulated conical surface. We
will show that this difference in the holographic results come from choosing different UV
cut-offs in the different coordinate systems. Although these cut-offs are natural in the
particular coordinate system in which they are chosen, they produce different coefficients
of the log2 δ divergence.
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Now we begin with a general discussion for a d-dimensional CFT background R×Sd−1

and later focus on the specific cases with d = 3, 4 and 5. The cylindrical entangling surface
in the boundary is given in eq. (3.239). However, to produce a finite result, the length
the cylinder must be regulated which we do by restricting Y ∈ [Y−, Y+], where Y− and Y+
are cut-offs to be fixed below. Now the holographic EE is calculated by first finding the
minimal area surface hanging into the bulk geometry with metric (3.242) and if we define
this surface by coordinates (Y, θ,Ωd−3), we will have a radial profile R(θ) = Lg(θ). In
particular, note that R(θ) is independent of Y because we have translational symmetry
along this direction. The only scale in the geometry is L, which also coincides with the
radius of the sphere Sd−1 on the boundary. With this ansatz, the holographic EE is given
by

Sd|cylinder =
2 π Ld−2 Ωd−3

ℓd−1
P

∫ Y+

Y−

dY

∫ Ω−ǫ

0

dθ gd−3(sin θ)d−3
√
ġ2 + g2 + g4 , (3.244)

where ġ = dg/dθ and Ωd−3 represents the area of the unit (d − 3)-sphere. Further, ǫ is
related to the UV cut-off in the theory. Note that a natural way to choose UV cut-off for
cylinder should keep ǫ independent of Y – the coordinate along the length of the cylinder.
So a natural UV cut-off for the minimal area surface can be R = L2/δ, which will fix ǫ
such that g(Ω− ǫ) = L/δ.

To compare this expression (3.244) with our previous results, we need to relate the
quantities for the cylinder with the quantities for the cone discussed in section 3.2. First
we note that from the coordinate transformation taking us from eq. (3.242) to eq. (3.243),
we have ρ = r and R = r L/z = ρL/z. In previous calculation of the holographic EE
in eq. (3.14) or (3.25), we used the ansatz z = ρ h(θ). Hence, above relation implies
that R = L/h(θ). Comparing with our ansatz above, we see that g(θ) = 1/h(θ) and
h(Ω− ǫ) = δ/L. Now we turn to consider the cut-offs in the coordinate Y . First note that
these are independent of our UV cut-off on the radial coordinate, i.e., R = L2/δ. As after
the conformal transformation, we want cylinder to become a cone in Rd, Y− and Y+ should
be controlled by cut-offs in ρ appearing in eq. (3.25). We use the coordinate transformation
Y = L log(ρ/L), as given above eq. (3.238), and from the range ρ ∈ [δ/h0, H] in eq. (3.25),
we find that Y− = L log(δ/h0L) and Y+ = L log(H/L). Using all these results, we can now
rewrite eq. (3.244) as

Sd|cylinder =
2 π Ld−1Ωd−3

ℓd−1
P

∫ H

δ/h0

dρ

ρ

∫ δ/L

h0

dh
sind−3(θ)

ḣ hd−1

√
ḣ2 + h2 + 1 . (3.245)

At first sight, this expression is identical to eq. (3.25) found in the previous calculation.
However, we should notice that there is a crucial difference. Namely, the upper limit of
integration over h here is a fixed constant while in eq. (3.25), it is a function of ρ.
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Now we consider cylinder in different dimensions one by one. In eq. (3.244), we first
take d = 3 to consider a cylinder dual to a kink in R3. Note that in this case θ ∈ [−Ω,Ω]
and we will also have an extra factor of two coming from change of limit of integration. We
can further use the variable y =

√
1/h2 − 1/h20 as around eq. (3.17) and follow the steps

in section 3.2. Finally, we find that for d = 3, eq. (3.245) will produce

S3|cylinder =
4πL2

ℓ2P

[
L

δ
log(H/δ) +

L

δ
log(h0)− q3(Ω) log(H/δ) + . . .

]
, (3.246)

where q3 is given by (3.20). We note that the universal term in EE for cylinder matches
with the one in the kink. However, now the leading order divergence is different and
contains an extra factor of log(h0H/δ). Of course, these divergent terms are not expected
to be universal.

In part, the aim of the present calculations is to show that our ‘universal’ terms are
independent of the details of the choice of regulator. Here we chose the natural cut-
off adapted to the new coordinates after the conformal transformation in the boundary
geometry (or a coordinate transformation in the bulk geometry). While the entire structure
of the divergent contributions was not unchanged, our universal logarithmic term matched
the previous calculations. Note that in eq. (3.245), if we would have used z = δ as the UV
cut-off, using R = ρL/z, we would have had g(Ω − ǫ) = ρ/δ = 1/h(Ω − ǫ). In this case,
eq. (3.245) (with an extra factor of two) would have become

S̃3|cylinder =
4πL2

ℓ2P

∫ H

δ/h0

dρ

ρ

∫ δ/ρ

h0

dh

√
ḣ2 + h2 + 1

h2ḣ
, (3.247)

precisely matching with eq. (3.14). However, choosing the new radial coordinate R to be
a function of ρ (or more clearly Y ) would not have been a natural UV cut-off in this case.
Although we have found that for d = 3, the universal term in eqs. (3.246) and (3.14) match,
this will not be the case in d = 4 which we discuss next.

For a cylinder in a CFT on R × S3, the EE is given by eq. (3.245) with d = 4. Now
following the calculations and steps in section 3.2.1, we find that

S4|cylinder =
4π2L3

ℓ3P

[
L2 sin2 Ω

2 δ2
log(H/δ) +

L2 sin2 Ω

2 δ2
log(h0)

−cosΩ cotΩ

8
log2(δ/H) +O(log(δ))

]
. (3.248)

We can compare eqs. (3.248) with (3.35) and clearly see that the universal term is off by
a factor of two. However, this log2 δ contribution precisely matches with the contribution
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from the trace anomaly as given in eq. (3.235). Here we can see that the new universal
contribution from the singularity discussed in eq. (3.212) is not invariant under conformal
transformation of coordinates. In eq. (3.245), if we had chosen the UV cut-off on R =
ρL/z = Lg(θ) to be z = δ, the upper limit of integration would have been δ/ρ, instead of
δ/L. In that case, the results for the holographic EE here would have precisely matched
our previous results for the cone c1.

Here we would note that singularities appear in two places here. Of course, there is the
geometric singularity in the entangling surface c1. However, the conformal transformation
taking us from the flat metric (3.237) to the cylindrical metric (3.238) is also singular at
precisely the same point, i.e., this transformation maps the origin in Rd to Y → −∞ in
R × Sd−1. Hence it seems this transformation is ‘anomalous’ in that it does not preserve
the coefficient of the universal contribution to the entanglement entropy. This effect is
somewhat reminiscent of the anomaly that arises in mapping a straight Wilson line in N=4
SYM to a circular Wilson loop, both in R4. While the former has a vanishing expectation
value, the expectation of the latter yields a nontrivial result [149, 150].

As a final example, we give the EE for a cylinder in R × S4. In this case, we insert
d = 5 into eq. (3.245) and follow the steps in section 3.2.1 to find that

S5|cylinder =
8π2L4

ℓ4P

[
L3 sin2 Ω

3 δ3
log(H/δ) +

L3 sin2 Ω

3 δ3
log(h0)−

4L cos2 Ω

9 δ
log(H/δ)

−4L cos2 Ω

9 δ
log(h0) + q5 log(δ/H) +O(δ0)

]
, (3.249)

where q5 precisely the same as given in eq. (3.37). Hence in comparing eqs. (3.249) and
(3.36), we clearly see that the universal logarithmic term for a cylinder in R× S4 matches
with that for cone c2. However, as compared to EE for c2 in (3.250), there are again new
non-universal divergences, which take the form log(δ)/δ3 and log(δ)/δ.

We conclude this section by saying that although we have studied examples in d = 3, 4
and 5, we expect that the log2 δ term for cone cd−3 in even d is not invariant under the
conformal mapping from flat space to a cylinder. However, for odd d, the log δ term will
be invariant under the corresponding conformal transformation.

3.6.2 Intermediate quantities for calculation of EE

In this section, we mention various intermediatory steps in calculation of EE.
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3.6.2.1 EE for cone c2 in d = 5

S5

∣∣
c2

=
8 π2 L4

ℓ4P

[
H3 sin2(Ω)

9δ3
− 4H cos2(Ω)

9δ
+ q5 log(δ/H) +O(δ0)

]
, (3.250)

where q5 is given by (3.37). The h(θ) in (3.37) is solution of following equation of motion

h(1 + h2) sin(θ)ḧ+ 2h cos(θ)ḣ3 + 2 (2 + h2) sin(θ)ḣ2

+2h (1 + h2) cos(θ)ḣ+ (4 + 7h2 + 3h4) sin(θ) = 0 . (3.251)

3.6.2.2 EE for cone c3 in d = 6

S6

∣∣
c3

=
8 π3 L5

ℓ5P

[
H4 sin3(Ω)

16δ4
− 27H2 cos2(Ω) sin(Ω)

128δ2

+
9 cos(Ω) cot(Ω)(31− cos(2Ω))

8192
log (δ/H)2

+

(
q6 +

sin3(Ω)

4h40
− 27 cos2(Ω) sin(Ω)

64h20
(3.252)

−9 cos(Ω) cot(Ω)(31− cos(2Ω)) log(h0)

4096

)
log (δ/H)

+O(δ0)

]
,

where q6 is given by

q6 =

∫ h0

0

dh

[
sin3(θ)

ḣh5

√
1 + h2 + ḣ2 +

sin2(Ω)

h5
− 27 cos2(Ω) sin(Ω)

32h3

+
9 cos(Ω)(31− cos(2Ω)) cot(Ω)

4096h

]
. (3.253)
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3.6.2.3 EE for conical singularity c1 ×R2 in d = 6

For this case, the integrand in EE behaves as

sin(θ)
√

1 + h2 + ḣ2

ḣh5
∼ −sin(Ω)

h5
+

3 cos(Ω) cot(Ω)

32h3
− 3(13− 19 cos(2Ω)) cot2(Ω) csc(Ω)

4096h

+
cot2(Ω) csc3(Ω)(−375 + 348 cos(2Ω)− 45 cos(4Ω)− 128b3 sin(2Ω) + 64b3 sin(4Ω))

32768
h log(h)

+O(h) , (3.254)

near the boundary. Using this, we find that EE is given by

S6

∣∣
c1×R2 =

4 π2 L5h2

ℓ5P

[
H2 sin(Ω)

8δ4
+

3 cos(Ω) cot(Ω) log(δ)

64δ2

+
3h40(13− 19 cos(2Ω)) cot2(Ω) csc(Ω) + 384h20 cos(Ω) cot(Ω) (1− 2 log(h0))− 4096 sin(Ω)

16384h20δ
2

− 1

2δ2

∫ h0

0

dq q2J6(q) +
3(13− 19 cos(2Ω)) cot2(Ω) csc(Ω) log(δ)

8192H2
+O(δ0)

]
, (3.255)

where

J6(h) =

(
sin(θ)

√
1 + h2 + ḣ2

ḣh5
+

sin(Ω)

h5
− 3 cos(Ω) cot(Ω)

32h3

+
3(13− 19 cos(2Ω)) cot2(Ω) csc(Ω)

4096h

)
. (3.256)

3.6.2.4 EE for cone c2 in CFT dual to Gauss-Bonnet gravity

For five-dimensional cone R+ × S2 in CFT dual to the Gauss-Bonnet gravity, the entan-
glement entropy turns out to be

S5

∣∣
c2

=
8 π2L̃4

ℓ4P

[
H3 sin2(Ω) (1− 4λf∞)

9δ3
− 2H cos2(Ω) (2− 7λf∞)

9δ
(3.257)

−
((

2 cos2(Ω) (2− 7λf∞)h20 − 3 sin2(Ω) (1− 4λf∞)
)

9h30
+

∫ h0

0

dh
L3

L4

)
log(δ/H)

+O(δ0)

]
,
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where

L3 = 3 sin4(θ)
(
1 + h2 + ḣ2

)2
+ 4λ2f 2

∞

(
h4
(
2 + 3h2 + h4

)
sin4(θ)

+4h3
(
2 + 3h2 + h4

)
cos(θ) sin3(θ)ḣ

+h2
(
4 + 6h2 + 3h4 +

(
8 + 9h2 + 3h4

)
cos(2θ)

)
sin2(θ)ḣ2

−h
(
4− h4 −

(
4 + 3h2 + h4

)
cos(2θ)

)
sin(2θ)ḣ3

+
(
h4 cos4(θ)− 3h2 cos2(θ) sin2(θ) + 6 sin4(θ)

)
ḣ4
)

−2λ sin3(θ)f∞

(
1 + h2 + ḣ2

)(
−4h cos(θ)ḣ+ sin(θ)

(
6 + 5h2 + 9ḣ2

))

L4 = 3h4ḣ
√

1 + h2 + ḣ2
(
sin2(θ)

(
1 + h2 + ḣ2

)
+ 2λf∞

( (
2 + 3h2 + h4

)
sin2(θ)

+h
(
2 + h2

)
sin(2θ)ḣ+

(
h2 cos2(θ)− sin2(θ)

)
ḣ2
))

. (3.258)

3.6.2.5 EE for cone c3 in CFT dual to Gauss-Bonnet gravity

For cone R+ × S3 in d = 6 dimensional CFT, which is dual to Gauss-Bonnet gravity, the
EE is given by

S6

∣∣
c3

=
4 π3L̃5

ℓ5P

[
H4 sin3(Ω) (3− 10λf∞)

48δ4
− H2 cos2(Ω) sin(Ω) (27− 86λf∞)

128δ2

+
3 cos(Ω) cot(Ω) ((93− 190λf∞)− (3− 2λf∞) cos(2Ω))

8192
log(δ/H)2

+
1

12288h40

[
− 27h40 cos(Ω)(31− cos(2Ω)) cot(Ω) log (h0)− 5184h20 cos

2(Ω) sin(Ω)

+3072 sin3(Ω)− 2λf∞

(
9h40 cos(Ω)(−95 + cos(2Ω)) cot(Ω) log (h0) (3.259)

−8256h20 cos
2(Ω) sin(Ω) + 5120 sin3(Ω)

)
+

∫ h0

0

dh (L5 − L′
5)
]
log(δ/H)

+O(δ0)

]
.

164



Entanglement entropy for singular surfaces

Here L5 and L′
5 are terms which come from making the h integrand in original expression

of EE finite and these are given by

L5 =
L5N

L5D

with (3.260)

L5N = sin θ

[
12λ2f 2

∞h
8 sin4 θ + 48λ2f 2

∞ cos θ h7 sin3 θ ḣ

+24λf∞ cos θ sin3 θ h ḣ
(
1 + (1− 5λf∞) ḣ2

)

+6λ f∞h
5 sin(2θ) ḣ

(
sin2 θ + 2λ f∞

(
5 sin2 θ + 2 cos2 θ ḣ2

))

+λ f∞h
3 sin2 θ ḣ

(
6 sin2 θ (3 + ḣ2) + 2λ f∞

(
18 sin2 θ − (1 + 17 cos(2θ))ḣ2

))

+2λ f∞h
6
(
3 sin4 θ + λ f∞

(
14 sin4 θ + 9 sin2(2θ) ḣ2

))

+2 sin4 θ
(
20λ2f 2

∞ḣ
4 + 3 (1 + ḣ2)2 − 8λ f∞(1 + 3 ḣ2 + 2 ḣ4)

)

+h2 sin2 θ

(
12 sin2 θ (1 + ḣ2) + 4λ2f 2

∞ḣ
2
(
7 + 17 cos(2θ)− 9 cos2 θ ḣ2

)

−λ f∞
(
24 sin2 θ + (17− 23 cos(2θ))ḣ2 + 6 cos2 θ ḣ4

))

+h4
(
6 sin4 θ + λ f∞ sin2 θ

(
1 + cos(2θ) + 6ḣ2

)

+4λ2f 2
∞

(
4 sin4 θ + 3 (5 + 8 cos(2θ)) sin2 θ ḣ2 + 3 cos4 θ ḣ4

))
]
,

L5D = 6h5ḣ
√

1 + h2 + ḣ2
(
3λ f∞h

4 sin2 θ + 9λ f∞ cos θ sin θ h ḣ+ 6λ f∞ cos θ sin θ h3ḣ

+sin2 θ
(
1 + ḣ2 + 2λ f∞

(
2− ḣ2

))
+ h2

(
sin2 θ + λf∞

(
7 sin2 θ + 3 cos2 θ ḣ2

)))

and

L′
5 = −sin3 Ω (3− 10λ f∞)

3h5
+

cos2 Ω sinΩ (27− 86λf∞)

32h3

−3 cosΩ cotΩ (93− 3 cos(2Ω) + 2λ (−95 + cos(2Ω))f∞)

4096h
. (3.261)

Note that in the asymptotic limit, h→ 0 and L5 = L′
5 +O(h).
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3.6.2.6 EE for k × S2 in CFT dual to Gauss-Bonnet gravity

The values of L̂’s in eqn. (3.221) are following:

L̂0 =
1

h2
√
1 + h2 + ḣ2

(
(1− 2f∞λ) ḣ2 + (1− 2f∞λ)h2 + 4f∞λ+ 1

)

×
[ (

1− 6f∞λ+ 8f 2
∞λ

2
)
ḣ4 + 2

(
1− 5f∞λ+

(
1− 6f∞λ+ 8f 2

∞λ
2
)
h2
)
ḣ2

+
(
1− 6f∞λ+ 8f 2

∞λ
2
)
h4 + (2− 10f∞λ)h

2 − 4f∞λ+ 1

]
,

L̂N =
2f∞λ

√
1 + h2 + ḣ2

3h2

L̂f =
−1

72h2 (1 + h2)
(
1 + h2 + ḣ2

)
3/2
(
(1− 2f∞λ) ḣ2 + (1− 2f∞λ)h2 + 4f∞λ+ 1

)

×
[
5
(
3− 10f∞λ+ 8f 2

∞λ
2
) (

1 + h2
)
ḣ6 +

(
42− 26f∞λ− 56f 2

∞λ
2

+3
(
29− 80f∞λ+ 64f 2

∞λ
2
)
h2 + 15

(
3− 10f∞λ+ 8f 2

∞λ
2
)
h4
)
ḣ4

+
(
39 + 8f∞λ+ 48f 2

∞λ
2 +

(
123− 172f∞λ+ 64f 2

∞λ
2
)
h2

+3
(
43− 110f∞λ+ 88f 2

∞λ
2
)
h4 + 15

(
3− 10f∞λ+ 8f 2

∞λ
2
)
h6
)
ḣ2

+5
(
3− 10f∞λ+ 8f 2

∞λ
2
)
h8 +

(
57− 140f∞λ+ 112f 2

∞λ
2
)
h6

+
(
81− 146f∞λ+ 120f 2

∞λ
2
)
h4 +

(
51− 72f∞λ+ 48f 2

∞λ
2
)
h2 − 16f∞λ+ 12

]

L̂B = z
(
−L′

2ρ+ L3ρ̇− L̇3ρ+ L5ρ
)

(3.262)

= −
2f∞λhġ3 + 2f∞λh

3ġ3 + (1− 2f∞λ) g3h
2ḣ+ g3ḣ

(
1 + 6f∞λ+ (1− 4f∞λ) ḣ

2
)

(
1 + h2 + ḣ2

)
3/2

.
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Chapter 4

Conclusion

The AdS/CFT correspondence has provided a remarkable tool to study various properties
of the strongly coupled field theories in the large N limit. Over the years, there has been
efforts to make this duality more precise and find the exact gauge/gravity dictionary. In
this context, the proposal by Ryu and Takayanagi [16] has provided us with an elegant
tool to calculate entanglement entropy in strongly coupled field theories. As discussed
in section 1.3.4, this proposal has been tested extensively on various known results and
explicit proofs are also given for certain cases [57, 59]. Now using these holographic ideas,
we have studied some interesting features of entanglement entropy in quantum field theory.

In chapter 2, we have constructed a UV regulator independent c-function (2.25) from
the entanglement entropy for strip geometry in arbitrary dimensions. In [80, 81], the c-
function (2.22) was considered for two dimensional field theories and our c-function is its
simple extension to higher dimensions. As discussed in section 2.2, although the EE for
a strip is UV divergent, our c-function (2.25) is finite and at the conformal fixed points,
yields the central charge that characterizes the underlying CFT. In section 2.3, we have
examined the behaviour of this c-function in holographic RG flows, in which the bulk theory
is described by Einstein gravity. Here, we show that our c-function flows monotonically
if the matter field driving the RG flow satisfies the null energy condition. Recall that
this condition is precisely the constraint that appears in the standard derivation of the
holographic c-theorem [84, 85, 86, 87, 88].

We also observe that if the null energy condition is violated over a ‘very small’ radial
regime, the integral in eqs. (2.54) or (2.63) would remain positive and hence the flow of our
c-function would still be monotonic. So our c-function requires the null energy condition
to be satisfied only in an averaged sense. Hence the null energy condition is a sufficient
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but not a necessary condition for the monotonic flow of the c-function (2.25).

To show the monotonic flow of c-function in section 2.3, we make use of the derivative
dcd/drm, i.e., changes in cd as we change the minimum energy scale probed by the entan-
glement entropy. However, to establish the monotonic flow of the c-function completely
in boundary theory, one needs to prove that dcd/dℓ ≤ 0, i.e., the c-function decreases
monotonically as we increase the width of the strip for which the entanglement entropy
is evaluated. This result can be established in the holographic framework. However, as
discussed in section 2.4, one must be careful to restrict attention to the physical saddle
points in evaluating the entanglement entropy. There we showed that in calculation of
EE, extremal surfaces can arise for which dℓ/drm > 0 and hence dcd/dℓ > 0. However,
these saddle points should be discarded when one evaluates the holographic entanglement
entropy with eq. (1.56) since they are not the minimum area surface. In fact, the ap-
pearance of these ‘unstable’ saddle points introduce a first order ‘phase transition’ in the
entanglement entropy. As a result, the c-function cd drops discontinuously at some critical
value ℓt of the width of the strip and the monotonic behavior of the c-function is preserved
along the flow.

Further, in section 2.4 and section 2.7.3, we have discussed the phase transitions in
more detail to convince ourselves that these are not an artifact of choosing background
geometry in the bulk which is unphysical in some way. We have argued that such phase
transitions can arise in holographic backgrounds which have a natural interpretation as an
RG flow in the boundary theory. Although we have shown this interpretation explicitly in
examples of phase transitions with the boundary dimension d ≥ 3, we expect the results
to extend to d = 2.

In section 2.5, we studied the c-function (2.25) in holographic models where the gravita-
tional theory in the bulk is Gauss-Bonnet gravity (2.10). In this case, it is straightforward
to construct an expression (2.112) for dcd/drm in GB gravity, where it is evident that the
null energy condition is not sufficient to guarantee a monotonic flow of the c-function. Un-
fortunately, eq. (2.112) can not be expressed as a simple statement of the conditions that
are necessary to ensure the monotonic flow of the c-function along holographic RG in these
models. As discussed in section 2.6, further insight into the behavior of c-function (2.25)
may be provided by examining explicit holographic RG flows in Gauss-Bonnet gravity. In
particular, it would be interesting to see if there are violations of the monotonic flow of
the c-function in certain RG flows.

It may not be a surprise that the monotonic flow of the c-function (2.25) is not ensured
by the null energy condition in GB gravity. As reviewed in section 2.1, an important
feature of this theory is that at conformal fixed points, the dual boundary theory has two
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distinct central charges, given by eqs. (2.14) and (2.15). Using the null energy condition,
ref. [87, 88] established that the charge denoted a∗d would satisfy a c-theorem in these
holographic models. However, in section 2.2, we found that the c-function (2.25) actually
corresponds to a nonlinear combination of both central charges. Hence it will not be
reasonable to expect that a simple holographic c-theorem could be established for GB
gravity with the present construction.

Recently, in four dimensional field theories, it has been showed that the central charge a∗d
given by (2.15) satisfies a c-theorem [87, 88]. Through study of holographic entanglement,
it is also known that this central charge appears as the universal term in EE for spherical
entangling surface [52]. Hence, it will be interesting to see if one can construct a finite c-
function from the EE of spheres and determine if it satisfies a consistent c-theorem. Given
the generalised form of EE in (1.53), a ‘refined entanglement entropy’ is defined for arbitrary
dimensions in [46]. Similar to our c-function (2.25), this refined EE contains derivatives
with respect to macroscopic scale of the entangling surfaces and is independent of UV
regulator for specific scalable entangling surfaces. Further, it was proposed [46], and later
proved in [145], that in d = 3 dimensional field theories, this refined EE for sphere flows
monotonically along the RG flows. However, in d = 4 dimensional field theories, a counter
example is given which shows that refined EE for sphere does not behave monotonically
[46]. Now, it will be interesting to study the refined EE in detail along the line of chapter
2. It still remains to be understood if the flow of refined EE for a sphere in d = 3 field
theories is related to the null energy condition in the holographic RG flows. Further, using
holography, it will be interesting to understand why in d = 4, the refined EE for sphere
does not flow monotonically.

As we have seen in chapter 2 and in the original studies on c-theorems [84, 85, 86, 87, 88],
the null energy condition in the bulk gravity is a very useful condition. In the bulk gravity,
although it refers to the stability of the system, its precise interpretation on the field theory
side is still unknown. Further, the Cardy’s conjecture has been proved in d = 4 dimensional
field theories [42], however the key ideas in this proof don’t extend to d = 6 [151]. So even
if Cardy’s conjecture is true in all the even dimensions, a generalized proof behind these
theorems, which extends in all the even dimensions, is still elusive. Given the significant
progress in holography on c-theorems, now it might be very useful to find the precise
gauge-gravity dictionary for the null energy condition in the bulk. If we can understand
the precise interpretation in the boundary field theory of the null energy condition in the
bulk, it might help to extend the proof of c-theorems in other dimensions.

In chapter 3, we have used holography to study EE for various singular entangling
surfaces in higher dimensions. In particular in section 3.2, we calculated EE for cones in
various dimensions. For d = 5, we find that a new universal contribution (3.36), which is
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linear in logarithm, appears. It is further shown in (3.38) that similar to a kink in d = 3,
the universal term goes like 1/Ω for Ω → 0, where Ω is the opening angle of the cone as
shown in fig. 3.1. Now it is expected that this behavior extends to higher dimensions where
a cone cd−3 = R+×Sd−3 in any odd d acquire a universal contribution of the form (3.231).
In section 3.2.1, we have also studied the EE for cones in d = 4 and 6. Here we found that
a cone yields a universal contribution of the form (3.232), which is quadratic in logarithm.
Again, we believe that this is a generic result for even-dimensional field theories. For even
dimensions, as shown in eqs. (3.34) and (3.39), now the coefficient has relatively simple
expression. Also, similar to odd dimensions, for small opening angle Ω, the coefficient goes
as 1/Ω.

Further, in section 3.4.1, we calculate EE for cones in Gauss-Bonnet gravity. There,
we were able to verify that the universal term in EE for a cone in d = 4, which is given by
(3.212), is proportional to the central charge (3.196) which controls the leading singularity
of the two-point function of the stress tensor. For d = 5, we learn from (3.213) that the
universal term is a non-linear function of the central charges. However, for a cone in d = 6,
once again the universal term (3.215) is linear in central charges (3.196) and (3.197).

In section 3.5, we also discussed that for cones in even dimensional field theories, there
are also contributions proportional to a single power of log δ/L. However, these terms are no
longer universal. In fact, this logarithmic contribution depends on the way the singularity
of the cone is regularized in calculation of holographic entanglement entropy. Now note
that the trace anomaly in an even-dimensional CFT produce a universal contribution in
the entanglement entropy with a smooth entangling surface [52, 51, 143, 87]. For d = 4, we
find that the contribution of trace anomaly (3.235) in the universal term for the cone is only
half of (3.212). Hence, we expect that part of the log2(δ/L) divergence is associated with
correlations across the smooth part of the entangling surface away from the singularity.
However, another part of this universal contribution should be intrinsic to the singularity
at the tip of the cone itself.

Now an interesting observation here is that the universal term (3.212) for a cone in
d = 4 and the contribution from the trace anomaly (3.235) have the same Ω dependence
apart from a factor of two, where Ω is the opening angle for cone. As we yet do not know
the geometric structure of contribution of a conical singularity in universal term, it will be
interesting to know if the contribution of the singularity and of trace anomaly are actually
the same apart from an overall constant factor. For that, it will be interesting to calculate
universal term in holographic EE for a singular entangling surface of the form R+ ×Σd−3,
where Σd−3 is a geometry which is topologically equivalent to a sphere Sd−3, and compare
it with the contribution from the trace anomaly.
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Conclusion

Further in section 3.3, we extended our holographic analysis to consider creases or
extended singularities. Using our results summarized table 3.1, we find that the crease of
the form k × Rm or cn × Rm creates no new universal contributions. However, in general,
we found that creases can contribute additional universal terms, but singular locus must
be curved and have an even dimension. These results suggest that these new universal
contributions to the entanglement entropy take the form given in eq. (3.11) with a log δ
divergence in odd dimensions and log2δ in even dimensions. These results indicate that
there is a rich variety of new geometric contributions to entanglement entropy that can
be associated with singular entangling surfaces. However, our analysis in this thesis is
not sufficient to reveal the full geometric structure of these universal terms. It would be
interesting to consider more general singularities, e.g., a crease of the form k × R1 but
where the opening angle varies along R1 or where R1 was not entirely straight. Another
direction to understand these geometric coefficients is to do holographic calculations using
the Fefferman-Grahm expansion [95, 96] to compute entanglement entropy along the lines
discussed in [47].

Finally, it will be interesting to study these new universal terms for entanglement
entropy in non-holographic theories. One might also consider heat kernel methods for free
field theories for simple surfaces, e.g., along the lines of [141, 146]. Some results [147]
that non-holographic models do produce a log2 δ term in EE for conical singularity have
already emerged. Further, it would also be interesting to investigate the Renyi entropy for
the singular entangling surfaces [114].
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