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ABSTRACT: According to holography, entanglement is the building block of spacetime;
therefore, drastic changes of entanglement will lead to interesting transitions in the dual
spacetime. In this paper, we study the effect of projective measurements on the Sachdev-
Ye-Kitaev (SYK) model’s thermofield double state, dual to an eternal black hole in Jackiw-
Teitelboim (JT) gravity. We calculate the (Renyi-2) mutual information between the two
copies of the SYK model upon projective measurement of a subset of fermions in one copy.
We propose a dual JT gravity model that can account for the change of entanglement due
to measurement, and observe an entanglement wedge phase transition in the von Neumann
entropy. The entanglement wedge for the unmeasured side changes from the region outside
the horizon to include the entire time reversal invariant slice of the two-sided geometry as
the number of measured Majorana fermions increases. Therefore, after the transition, the
bulk information stored in the measured subsystem is not entirely lost upon projection in
one copy of the SYK model, but rather teleported to the other copy. We further propose
a decoding protocol to elucidate the teleportation interpretation, and connect our analysis
to the physics of traversable wormholes.
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1 Introduction

The Anti de-Sitter/Conformal Field Theory (AdS/CFT) correspondence [1-4] is one of
the most promising frameworks for describing quantum gravity. Within AdS/CFT, and
more generally holography, quantum entanglement is deeply interconnected with spacetime
geometry, with the structure of boundary entanglement dictating the structure of space-
time [5—13]. It is therefore reasonable to expect that radical changes in the entanglement
structure of the boundary theory, such as those arising from a projective measurement
performed on a subsystem of the boundary, lead to radical modifications of both the dual
geometry and the way bulk information is encoded in the boundary theory. A comprehen-
sive description of this phenomenon in AdS3/CFT2 and related tensor network models was
recently given in [14] (see also [15] for earlier work). There, it was found that perform-
ing a projective measurement on a boundary subregion A teleports the bulk information
contained in A into the complementary unmeasured region A°. In particular, while the
projective measurement destroys the entanglement structure of A, much of the bulk infor-
mation encoded in A (i.e. much of the entanglement wedge of A) is not erased. Instead, if
the mesaurement outcome is known, this information becomes accessible from A€ after the
measurement, thanks to the pre-measurement entanglement resource between the two."

In this paper, we study a related question in lower-dimensional holography. We con-
sider two copies (the “right” and “left” sides) of the SYK model [16-21] in a thermofield
double (TFD) state [22-24], perform a projective measurement on a subset of M < N
Majorana fermions ¢ in the right side (where N is the total number of Majorana fermions
in each copy), and ask how such a measurement affects the dual two-sided black hole in
JT gravity [25, 26]. In particular, in analogy with the analysis of Kourkoulou and Malda-
cena [27],2 we employ the fermion parity M, = —i2¢9),_110x as our measurement operator.
Our results reduce to the ones obtained in [27] in the special case M = N, i.e. when all
the Majorana fermions are measured in the left side.?

To better understand how the bulk changes upon boundary measurement, we first
study the entanglement structure of the post-measurement state by computing the Renyi-
2 mutual information between the left side and the unmeasured fermions in the right
side. We find that it is always non-vanishing unless all the fermions in the right side are
measured. In other words, the left and right sides always remain entangled with each
other, independently of how many fermions are measured. This can be understood as a
consequence of the all-to-all interaction of the SYK model (see section 2.3).

We then study the holographic dual theory, JT gravity coupled to bulk matter. The
bulk matter is described by N copies of a CFT, which should be understood as the bulk dual
of the N Majorana fermions in the SYK model. The effect of a measurement performed

!For this reason, we should think of the projective measurement studied in [14] as postselection. We will
see in section 4 that knowledge of the measurement outcome is necessary to implement the teleportation
protocol in our SYK setup.

2See also [28] for a generalization to the complex SYK model.

3We also study two-sided measurement. See appendix C.



on a subset of M fermions in the left boundary® is to create an end-of-the-world (ETW)
brane in the left asymptotic region. In particular, such a brane is visible only to the
bulk matter dual to the M measured Majorana fermions, which are now described by a
boundary conformal field theory (BCFT) [29]. On the other hand, the brane is transparent
to the remaining bulk matter, dual to the N — M unmeasured fermions. In this model,
we reproduce the results obtained in the SYK model by computing the post-measurement
mutual information between the two sides via a prescription for the quantum extremal
surface formula proposed in [30] (and later discussed in [31]). This prescription states that
the entanglement wedge of a small number of Majorana fermions K < N is given by a
near-boundary region with spatial size of order ¢, where € is the UV cutoff of the bulk
theory. A complete analysis of this new prescription will be explored in future work [32].

Our JT gravity analysis shows that by increasing the number M of measured Majorana
fermions in the left boundary, the entanglement wedge of the right boundary can grow to
include not just the right asymptotic region, but extend beyond the black hole horizon to
include part of the left asymptotic region. Specifically, when the majority of the left Majo-
rana fermions are measured, i.e. M/N = m > m™*, a phase transition occurs such that the
entanglement wedge of the right system jumps to contain the entire time reversal symmetric
slice up to an ETW brane sitting near the left boundary. The transition can be interpreted
as a quantum teleportation process [14]: a projective measurement of most of the left system
teleports the bulk information it contains into the right system. Intuitively, this is possible
because in the TFD state, a large subset M ~ N of the left fermions is mostly entangled
with the right system, and very weakly entangled with the remaining N — M unmeasured
fermions on the left. This large entanglement resource between the two sides allows the
teleportation to take place. On the other hand, if only a small subset m < m* of the left Ma-
jorana fermions are measured, the bulk information contained in the M measured fermions
is teleported into the unmeasured N — M fermions in the same side. Therefore, the quantum
extremal surface is still located at the bifurcation point. See figure 1 for an illustration. We
also construct a simple toy model (see appendix E) using Haar random unitaries to show
that the critical value of M is determined by the pre-measurement entanglement between
the two sides. Specifically, if the entanglement between the two sides is large, information
can be teleported more easily and the transition occurs at a smaller value of m*.

We then proceed to make this bulk teleportation interpretation more precise. First,
we build a decoding operator able to reconstruct from the right system information that,
before the measurement, was contained in the left system. Crucially, the decoding operator
depends on the measurement outcome, as expected. This measurement-decoding protocol
can be understood as a quantum channel acting on the pre-measurement state. Second,
we study correlation functions between operators inserted in the two sides in this setup.
This quantity is closely related to teleportation fidelity. In the large-q limit (where g is the
number of directly interacting fermions, see section 2.1), we find that at low-temperature

“Note that in our JT gravity analysis we assume the measurement occurs in the left side unlike in the
SYK analysis (where it is performed in the right side). This is useful to make a direct comparison with the
analysis of Kourkoulou and Maldacena [27]. Clearly, given the symmetry of the TFD state, the two cases
are equivalent.
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(a) m < m.. (b) m > m..

Figure 1. Measurement-induced entanglement wedge transition. Two copies of the SYK model,
denoted by left and right sides, are in a thermofield double state, which is dual to a two-sided
eternal AdSs black hole. A subset of the left Majorana fermions are measured, as indicated by blue
dots. An end-of-the-world brane is created in the left asymptotic region by the measurement. The
entanglement wedge of all of the right Majorana fermions is indicated by the tan region. A small
gray segment on the left side indicates the cutoff region (see discussion in section 3.2). (a) When
the number of measured Majorana fermions is less than a critical value, M/N = m < m,, the
quantum extremal surface is located at the bifurcation surface. (b) When the number of measured
Majorana fermions exceeds a critical value, M/N = m > m,, the entanglement wedge includes
nearly the entire time reversal invariant slice. Note that the transition from (a) to (b) is a sharp
phase transition in the bulk von Neumann entropy calculation, while it is a crossover in the SYK
Renyi-2 entropy calculation; these are compared in figure 9.

the left-right correlation function is enhanced to nearly its maximum value by this quantum
channel. We also relate our results to traversable wormhole setups, where the measurement-
decoding channel effectively plays the role of the two-sided deformation that makes the
wormhole traversable [30, 33-36]. Finally, we provide an encoding method that reaches
nearly perfect fidelity in this teleportation protocol. By constructing such an explicit
decoding protocol, we put the teleportation and entanglement wedge transition induced by
projective measurements on a firmer ground.

The main advantage the lower-dimensional toy-models studied here is the large amount
of control we have on both sides of the duality. For instance, we are able to explicitly com-
pute quantities in a boundary theory (the SYK model) which can be regarded as a candidate
UV completion of the dual bulk theory. We can then compare the results with those ob-
tained in the dual gravitational system in the appropriate limits. On the other hand, thanks
to the simplicity of (1+1)-dimensional JT gravity, it is possible to analytically compute the
bulk generalized entropy in the presence of bulk matter. Both these features would be re-
markably cumbersome to obtain in higher-dimensional theories. Thus, the present analysis
allows us to explicitly realize and further extend the constructions described in [14], gain-
ing much additional insight into the physical processes taking place in both the boundary
and bulk theory when projective measurements are performed. Moreover, the generalized
entropy prescription proposed here is a first step towards a more general framework for
entanglement in setups that include non-unitary operations such as measurements.

The rest of the paper is organized as follows. In section 2 we define the SYK model and
its TFD state and describe the measurement procedure. We then compute the correlation



functions in the post-measurement state using Euclidean path integral techniques in the
saddle point approximation (analytically in the large-¢ limit and numerically for any value
of q). We then proceed to compute the post-measurement Renyi-2 mutual information
between the two sides using a similar path integral procedure. In section 3 we define the
bulk dual theory using JT gravity coupled to matter and study the effects of the projective
measurement on the geometry. We compute the post-measurement mutual information
between the two sides using the QES prescription and describe the entanglement wedge
phase transition and its interpretation in terms of bulk teleportation. In section 4 we study
the teleportation protocol and its fidelity in detail, and make the connection between our
results and traversable wormholes. In section 5 we draw our conclusions and discuss future
directions. Technical details of our analysis are contained in appendices A, D, F, and G.
In appendix E we give a simple toy model of the bulk teleportation using Haar random
unitaries. In appendix B we compare our results to the analysis of [27, 37]. In appendix C
we report SYK model results for a measurement performed on subsets of fermions in both
sides of the TFD state.

2 Partial measurement of a SYK thermofield double

In this section, we investigate the entanglement structure of a thermofield double state of
two copies of the SYK model (the “left” and the “right”) after a measurement is performed
on a subset of fermions in one of the two copies (which we will conventionally identify as
the “right”). A similar analysis for a measurement performed on a subset of fermions in
both sides is reported in appendix C. We start by defining the measurement operator and
describing a Euclidean path integral representation of the measurement procedure. We
then introduce the customary bilocal field formulation of the SYK model [17-20, 38] and
study the saddle point solution for the post-measurement system. Finally, we compute
the post-measurement Renyi-2 mutual information between the left and the remaining
(unmeasured) fermions on the right. We find that the mutual information decreases as we
increase the fraction of measured fermions, but is always non-vanishing unless all the right
fermions are measured. The analysis of the present section serves also as a benchmark
for the results obtained in the holographic dual description of section 3, where we find an
analogous behavior for the mutual information in JT gravity coupled to N copies of a CF'T.

2.1 Partial measurement and path integral

The SYK model is defined by the all-to-all interacting Hamiltonian
Hp) =i 3" Ty igiy - iy, (2.1)

11<...<lig
where ¥, =1,..., N denotes a Majorana fermion (satisfying {1;,v;} = d;; and z/);r =),
and J;, .4, gives the coupling between the Majorana fermions iy, ..., 44. Jj; .. 4, is a random
Gaussian variable with average and variance given by
q J2

S a2
k5l q—1’
1 gN

Jiryoiiqg =05 Jiy, g (2.2)

.y -
; Jit it

k

where J sets the overall interaction strength.



We are interested in studying the post-measurement properties of the TFD state of
two copies of the SYK model. The unnormalized TFD state, which is defined in a doubled
Hilbert space, is given by

ITFD) = e~ 1 HL+HR) | o) (2.3)

where 3 is a parameter representing the inverse temperature of the thermal system ob-
tained by tracing out one of the two sides, H;, = H[¢1], Hgr = H[iv)g] (with ¥7 and ¢
Majorana fermion operators on the left and right Hilbert space respectively), and |oco) is
the thermofield double state at infinite temperature defined by (¢ ; + itg,;)|oo) = 0 [23].

Given the thermofield double state (2.3), we now want to perform a projective mea-
surement on M of the N Majorana fermions in the right system. Inspired by the local
projective measurement considered in AdSs;/BCFTy [14, 15] that retains bulk geometry,
the measurement operator of interest here will be the fermion parity operator Mg j formed
by the 2k — 1 and 2k right Majorana fermions in analogy with the analysis of Kourkoulou
and Maldacena [27]:

Mp 1 = —i2VR 2k -1V R 2k (2.4)

where the factor of 2 accounts for the chosen normalization of the Majorana fermions and
we assume for simplicity that M is an even integer. Intuitively, if we divide Majorana
fermions on the right side in pairs (¥r2k—1, %R 2k)k=1,...,n/2 and identify each pair with a
complex fermion ¢g, the fermion parity (2.4) corresponds to the Pauli-Z operator o ;
for the k-th complex fermion on the right side. The raising and lowering operators for the
complex fermions are then

0fr =V2(Wrak1 T ir2) s Orp=V2(WRra2k-1 — iVR2K)- (2.5)

To perform a projective measurement on the first M fermions on the right side we must
measure the fermi parity (2.4) for k = 1,..., M /2. The measurement operators for different
k commute. The eigenvalues of each operator are r, = +1.° Therefore, the measurement
record is given by a string of binary numbers r = (r1,...,737/2). In our analysis below we
will study how properties of the post-measurement state change when varying the number
of measurement operators applied on the right side — given by M/2. More precisely,
since we are interested in studying the SYK model in the large- N limit (where it admits a
semiclassical bulk dual spacetime), we define m = M /N, take the large-N limit keeping m
fixed, and then vary the value of m.

Suppose we measure the fermion parity (2.4) for k = 1,..., M/2 in the TFD state (2.3)
and get a measurement outcome r = (71,...,7/2). The post-measurement state |Ry(m))
for the M measured right Majorana fermions is an eigenstate of all the M /2 fermion parity

opelrators:6

Mp | Re(m)) = | Re(m)), k=1,...,M/2. (2.6)

®Corresponding to a spin-up (r = +1) or spin-down (r, = —1) state for the complex fermion.
SWe take the post-measurement state for the M measured Majorana fermions to be normalized, i.e.

(Re(m)|Re(m)) = 1.



Using the raising and lowering operators introduced in equation (2.5), equation (2.6) can
be rewritten in the form

wRQk_l\Rr(m)) = —irka72k|Rr(m)>, k= 1, ey M/Q, (27)

which will be useful for identifying the correct boundary conditions in the path integral
formalism. Therefore, the full post-measurement (unnormalized) state of the two-sided
system can be obtained by inserting the projection operator |Ry(m))(Ry(m)|:

|We(m)) = (10 @ |Ry(m)) (Re(m)| ) [TF D) (2.8)

where we use 107™) to denote the identity operator acting on the unmeasured Majo-
rana fermions on the right side.” The Born probability of observing this state is p.(m) =
%. Note that the simultaneous eigenstates of all the fermion parity opera-

tors (2.4) for k =1,..., M/2 form a complete basis of the measured subspace, i.e.
> [Re(m)) (Re(m)| = 107, (2.9)

which leads to Y. pr(m) = 1, as expected.
Now that we have fully characterized the measurement operator and the post-

measurement state, we can compute the amplitude (¥, (m)|¥,(m)) using a Euclidean path
integral representation. Here, as above, the overline indicates averaging over the Gaussian
couplings (2.2). The amplitude can be written as

(Wr(m)|Wr(m)) = (TED| (| Re(m))(Re(m)]) |TFD)

2.10
= Trg [e PHR| Ry (m))(Ry(m)|] = /Dib@#, (210)

where in the second equality we used the properties of the TFD state (2.3), Trg denotes
the trace over the right system, and the action appearing in the Euclidean path integral is
given by®

9 q
—I= —/dTZ;%(T)@T%(T) +/d71d722q]{,ql (Z%(Tl)%(ﬁ)) - (21

The insertion of the projection operator |Ry(m))(Ry(m)| in the trace corresponds to the
following boundary conditions in the path integral:

VYor—1(0) = —irgthor(0), Yor—1(8) = irpar(B), k=1,...,M/2,

2.12
¢M+j(0):—¢M+j(5)a .7:177N_M ( )

where we inserted the projection operator at Euclidean time 7 = 0 (corresponding to the
right system). The boundary conditions for the measured Majorana fermions — i.e. ¥y

"Here we are omitting the identity operator which acts on all the Majorana fermions of the left side.
8Note that this action is valid only in the large-N limit, in which replica non-diagonal terms arising
when averaging over the gaussian couplings are suppressed by N1



T < [RA(m))R,(m)]

lrbl" izla"'aM ¢M+j,j:1,...,N—M
(a) (b)

Figure 2. Different boundary conditions for Majorana fields in the imaginary time contour. (a) The
measurement operator |Ry(m))(R,(m)| is inserted on the contour at 7 = 0, which is indicated by
two small triangles, for ¢;,7 = 1,..., M. (b) The conventional contour for ¥ yar,j =1,...,N — M.

with 1 < k < M — reported in the first line of equation (2.12) can be obtained from
equation (2.7) and its complex conjugate.” On the other hand, the unmeasured Majorana
fermions 9y, with M +1 < k < N satisfy the conventional anti-periodic boundary conditions
for fermionic fields, reported in the second line of equation (2.12). The boundary conditions
on the Euclidean time circle are illustrated in figure 2.

If m = 0 — which means no fermions are measured — the path integral clearly
computes the usual thermal partition function with inverse temperature g. On the other
hand, if m = 1 — which means that the whole right system is measured — the path
integral can be interpreted as preparing a Kourkoulou-Maldacena state [27] at 7 = (/2
(see appendix B).

It is now useful to introduce bilocal collective fields, in terms of which the equations
of motion derived in the saddle point approximation of the Euclidean path integral are
substantially simplified [17-20, 38]. The form of the boundary conditions (2.12) suggests
that we should introduce different types of bilocal fields. First, we introduce the “diagonal”
bilocal fields
M2 M2

Gu(m,m) = % > Pok—1(71)t2k—1(72), Gaa(m1,72) = % > k(1) Y2k (T2),
k=1 k=1
~ LY b)) (2.13)
Gias (1, 72) = Dty (1) arss (12). 2.13
33(TL,72) = 7 2 M+ (T1) Y0+ (T2

For later convenience, we also introduce the following “off-diagonal” bilocal fields (similar
to the ones introduced in [27]):

i o M/2 i M2
Gia(m,m2) = 57 > retor—1(T)Vk(r2),  Gai(m,m) = i > rethor(T1)Pok—1(72).
k=1 k=1

(2.14)

9The boundary conditions can be easily derived by noticing that the Euclidean path integral prepares
the ket state for the right system at 7 = 0 and the bra state for the right system at 7 = j.



In terms of these bilocal fields (the arguments of which are in the range 712 € (0, 3)), the
large- N action becomes

M/2 M/2

I = /dﬁde [ - ;( Z Yop—1(11) (0 — X11)hap_1(T2) + Z Yor(T1) (0 — Sg2)1por (12)
k=1 k=1
N
T Z ()0 — i33)¢j<72)> - % (]\24211@11 + %imém + (N — M)5333@33)
Jj=M+1
§ 5 ~ N q
+2q]{fql <J\24G11(7'1,72) + %Gm(ﬁ,m) + (N — M)G33(71,72)> ], (2.15)

where 0 = §(11 — 72)0r,, and we have introduced the Lagrange multiplier fields 211(71, T2),
Y9o(71,79) and X33(71,72) (which play the role of the self-energy). It is easy to check that
integrating out the Lagrange multiplier fields enforces the definitions (2.13) of the bilocal
fields.

Before deriving the equations of motion, it is useful to define a new Majorana field [37]

Xk (s) = {w%_l(s)’ O<s<p (2.16)

irgar(28 —5), B <s<2p.

In the rest of the present subsection and in the next subsection we denote by s coordinates
in the range (0,23) and by 7 coordinates in the range (0, 3). The advantage of introducing
this new field is that the boundary conditions (2.12) reduce to the conventional anti-periodic
boundary conditions for xx(s), i.e. xx(0) = —x%(28). In terms of the new field y(s) the
first line of equation (2.15) becomes

1 25 283

- 5 d$1 dSQXk(Sl) ((5(81 — 82)832 — i(sl, 82)) Xk(SQ), (2.17)
0 0

where we used r7 = 1 and introduced a compact notation for the self-energy Y (s1,52) (with
0< S1,2 < Qﬂ)

(2.18)

2 . Z~)11(517‘92) 0
2(51752) - [ 0 —222(25 - 5172B - 82)]

In this matrix notation, the range of the s; coordinates for the f)alm(sl, s9) element is
(a; —1)B < s; < a;f with a; = 1,2, for i = 1, 2, respectively. More explicitly, in(sl, S9) =
211(31, s2) with 0 < s1,s9 <  and §22(81,82) = —222(25 — 51,20 — s9) with 8 < 51,82 <
2. The ranges 0 < s1 < 8, B < so < 2B and B < s1 < 26, 0 < s9 < B correspond to the
(vanishing) off-diagonal elements §12(81, s9) and §321(31, S9), respectively.

Now both vj,7 =M +1,...,N and xi,k =1,..., M/2 satisfy the conventional anti-
periodic boundary conditions typical of fermionic fields. We can then integrate out the



Majorana fermions to get

I m 2 N
~+ = 5 logP! (0=3) + (1= m)log PEO — Sig3) (2.19)
1 R _ _
—/dT1d7'2§ (73211(;11 + %222G22 +(1- m)233G33)
J? ~ ~ ~ q
—|—/d7‘1d7‘22q <ZLG11 + %GQQ + (1 — m)Ggg) (2.20)

where Pf indicates the Pfaffian. Owing to the large N structure of the action, we can
derive the equations of motion in the saddle point approximation, which are given by the
Schwinger-Dyson equations (here and in the following we drop the ~to indicate on-shell
solutions)

A

A\ —1
G(Sl,SQ) = (6*2) (51,82), G33(7‘1,’7’2) = (8*233)_1(7'1,7'2), (221)

m m q-1 .
Yii(r,m) = J? (2G11(7'1,7'2) + 5G22(71,7'2) +(1— m)G33(7177'2)> , 1=1,2,3.

where we have introduced a compact notation for G analogous to the one introduced in
equation (2.18) for the self-energy:'’

. [ G11(s1,52) iGrals1, 26— 52) ] : (2.22)

G(SlaSQ) = ZG21(2ﬁ _ 51’52) —G22(2ﬁ — 51,208 — 52)

Note that for the off-diagonal components, éalaz (s1,82) with a1 # az, the matrix notation
introduced after equation (2.18) implies that the ranges of the s; and sa coordinates are
different (i.e. 0 < s1 < B, B < s2 < 20 for Gioand B < 51 < 28,0 < sy < 3 for @21). It is
not hard to see that G(s1, s2) = Z 22/1:/12 Xk(51)Xxk(52).

G and Gs3 are on-shell Green’s functions. In the next subsection, we will compute G
and Gss by solving the Schwinger-Dyson equations (2.21) analytically in the large-g limit
and numerically for any value of q.

2.2 Saddle point solution

The action (2.11) is O(N)-symmetric. In particular, it is invariant under the action of a
subgroup of O(N), the “Flip group” [27], the elements of which flip the sign of any number
of even-indexed Majorana fermions. In other words, the action of an element of the Flip
group is given by top_1 — op_1,%9r — —op for one or more given values of k with
1 <k < N/2. In terms of the complex fermions Uy, associated with pairs of Majorana
fermions, an element of the Flip group flips the sign of one or more spins. Note that both
the diagonal and the-off diagonal bilocal fields (2.13) and (2.14) are invariant under the
Flip group as well as the on-shell Green’s functions.

The invariance under the Flip group clearly implies that all our results are independent
of the measurement outcome r = (r1,...,75/2): the Flip group acting on any number of the

ONote that, although Sis diagonal, (0 — 2)71 is not, and therefore G contains off-diagonal components.

~10 -



first M Majorana fermions can map a given measurement outcome to any other measure-
ment outcome. One consequence of this invariance is that the on-shell solutions G (s1,52)
and G33(711,72) in our setup involving measurement are related to the thermal Green’s
function Gy, (71, 72). In fact, the on-shell Green’s function G11(71,72) can be written as

Gu(ri,m) z 2T [ P (g (g1 (m2) [Re(m)) (Bu(m)] ], (223)

where Z = Tr [e_BHM |Rs(m)>(RS(m)]} is the normalization factor, (1) = e/ [¥ITqpe=HI¥I7,
and T denotes imaginary time ordering. Using the invariance under measurement outcome,
we can then write

Gii(mi,m2) =

> <2M/2 ST [ PHUIT (g1 (m) k1 (72)) |Rr(m)><Rr(m)]]>
k

Z
Tr { T(¢2k71(7'1)w2k71(72))}
= Zk: Tr [e—PHI]

Tr e PHUIT (4i(1) i (72))
| Tr [e-PHIYI] | = Gun(m1,72)

SIS

SIS

(2.24)

2|~

where to go from the first to the second line we have used the complete-
ness relation for the measured subspace Z |Re(m))(Re(m)] = 1™ and
Z = ﬂ% > Tr {e_BHM |Rr(m))(Rr(m)|} = 2M/ Tr [e‘ﬂHW’]] The equality leading
from the second to the third line is true in virtue of the O(N) symmetry of the model. An
analogous relation can be obtained for Gy (71, 72) and Gs3(71, 72). Therefore, Gy;,i = 1,2, 3
are all given by the usual imaginary time correlation.

The Schwinger-Dyson equations (2.21) can then be rewritten in a simpler form'!

2
G= (=1 $(s1,50) = {]P(sl, 52)[2C (51, )7, (2.25)

where we defined J? = ¢J / 2¢-1 for later convenience and

P(s1,52) =0(8 —51)0(B — s2) +0(s1 — B)0(s2 — B). (2.26)
The boundary conditions now read
G(s,s) = %, @(31,32) = —G(SQ,Sl), G(sl +208,89) = —@(31,32). (2.27)
The first and second equations are a consequence of the commutation relations and the

definition of the time ordering operator, whereas the third condition implements the anti-
periodic boundary conditions for the fermionic field x(s).

We omit here and in the following analysis the equations for G33 and Y33, which can be solved in
complete analogy with the 11 component.
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Figure 3. The domain of the bilocal Green’s function G(si,s5). P(s1,ss) is nonzero in the
shaded regions I and IV. According to our matrix notation, é’n(sh s2) = G11(s1, 82) denotes the
Green’s function in region I, é21(817 82) = iG21(28 — 51, 82) denotes the Green’s function in region
11, élg(sl,SQ) = iG12(s1,28 — s2) denotes the Green’s function in region III, and Ggg(sl,SQ) =
—G92(20 — 51,28 — s1) denotes the Green’s function in region IV.

The Schwinger-Dyson equations can be solved analytically in the large-¢ limit [20].
Using the ansatz é(sl, S9) = éo(sl, $9) (1 + ég(sl, s9) + .. .), where we suppressed terms
of higher order in ¢ and introduced the bare propagator

A 1 | sgn(s1 — s2) -1
== 2.2
Go(s1, s2) 5 [ 1 sgn(s: 52)] ) (2.28)

the Schwinger-Dyson equations (2.25) at leading order in ¢ give an equation for
g(s1,s2) [20]:

A

351832 [Go(sl, 82)9(31, 82)] = jzp(sl, SQ)[QGA()<31, 82)]‘17169(51’52). (2.29)

Note that the measurement introduces a factor P(si,s2) on the right-hand side which is
not present in the conventional Liouville equation [20]. Given the expression (2.26) for
P(s1,s2), we can divide the domain into four regions as shown in figure 3. In region I and
IV, the Liouville equation (2.29) takes the form!?

s, 0s,9(s51, 52) = 2T %eI5152). (2.30)

The relationship (2.24) between the diagonal Green’s functions in our setup and the thermal
Green’s function implies that we can assume the diagonal elements of G(s1,s2) (i.e. the
Green’s function in regions I and IV) are time translation invariant. Therefore in region I
and IV, g(s1, s2) = g(s12) where s12 = s1—s2. The solution of the Liouville equation is then

siny } (2.31)

_ =2log | ——————
g1(s12) = giv(s12) 8 Lin(aISw\ +7)

where a = Jsiny and v is a constant to be determined by imposing the anti-periodic
boundary condition. At leading order in ¢ we then obtain the following result for the

12Here, we used the fact that ¢ is an even number in order for the Hamiltonian to be a bosonic operator.
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diagonal elements of G(s1, s2):

A . 1 sin )2/q
G11(s1,82) = Gaa(s1, s2) = —sgn(s _ . 2.32
s1.52) = G152 = gsenond) (o (2.32)
In regions II and III, the Liouville equation (2.29) takes the form 0s,0s,9(s1,52) = 0,
which is solved by the ansatz g(s1,s2) = fi(s1) + fa(s2). The form of fi(s1) and fa(s2)
can be obtained by matching the solutions for G(sl, s9) at the boundaries between regions
LIV and regions IT,IIL This yields the following off-diagonal elements of G(s1, s5):

N 1 sin y sin 7y 2/q
Gan(s1,52) = 2 <sin(a(51 —B) + ) sin(a(B — s2) + ’Y)> 7

N 1 sin y sin vy 2/a
Gha(s1,52) = 2 <sin(a(82 — B) + ) sin(a(B — s1) + 7)) .

(2.33)

Finally, imposing the anti-periodic boundary condition @(51 + 28, 52) = —@(51, s92), the
constant ~y is implicitly determined by
JpBsiny T«
v+ —5 =5 (2.34)
Note that our results for the off-diagonal Green’s function (2.33) are in agreement with
the m = 1 results of [27].

Alternatively, the Schwinger-Dyson equation (2.25) can be solved numerically by it-
eration for any value of q. Given that our results are independent of the measurement
outcome, we take for simplicity 7, = 1 for all k = 1,...,M/2. A comparison of the nu-
merical results with the large ¢ solution described above is shown in figure 4, where the
dots are numerical results and the gray curves are the analytical large-q solutions derived
above. Note that, as expected, the numerical solutions for the diagonal Green’s functions
of the measured Majorana fermions G11(71, 72), Goa(71, 72) and the ummeasured Majorana
fermions G's3(11, m2) are identical.

2.3 Mutual information

In order to set the stage for the holographic calculation carried out in section 3, we now
compute the post-measurement Renyi-2 mutual information between the left side and the
unmeasured Majorana fermions on the right side. The SYK mutual information computed
in the present subsection will serve as a benchmark to test our results for the holographic
mutual information, which will give us information about the effect of the measurement
on the wormhole dual to the SYK thermofield double state. The choice of computing the
Renyi-2 mutual information in the SYK setup rather than the Von Neumann mutual infor-
mation is due to the fact that it can be easily computed in the saddle point approximation
using a Euclidean path integral for two replicas of our system with appropriate boundary
conditions. The Renyi-2 entropy is also known to provide a good qualitative approximation
of the von Neumann entropy for the SYK model (see the discussion and comparison between
Renyi-2 entropy and von Neumann entropy from exact diagonalization [39] in ref. [40]).
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Figure 4. A comparison between numerical (represented by blue dots) and large-¢ analytical
(represented by gray curves) solutions for the diagonal components of the Green’s function. The
parameters are §J = 20, ¢ = 4. The imaginary time contour with length 3 is discretized into
100 intervals. (a) The unmeasured Majorana fermions’ Green’s function Gss(mi,72). (b) The
measured Majorana fermions’ Green’s functions G11(71,72), Gaa(71,72). Note that Gi1(71,72) =
Go2(11,72) = G33(71,72) as expected by the flip symmetry argument in equation (2.24). (c¢) The
measured Majorana fermions’ Green’s function Gap (711, 72).

This is confirmed by our comparison between the SYK Renyi-2 mutual information and
the holographic von Neumann entropy computed in the bulk dual setup in section 3.

As we discussed in the previous subsection, the unnormalized post-measurement state
of the two-sided system is |¥,(m)) given by (2.8), and the corresponding unnormalized
density matrix is Up(m) = |¥,(m))(¥,(m)|. Because |¥,(m)) is a pure state, we have
Sp(¥y(m)) = Sp(¥r(m)), and Spr(¥y(m)) = 0. Here S (Sg) denotes the entanglement
entropy of the left (right) side, and Sy g denotes the entanglement entropy of the full two-
sided system. Therefore, the mutual information is twice the entanglement entropy of the

left system
ILr(Yr(m)) = SL(We(m)) + Sr(Yr(m)) — SLr(¥r(m)) = 25L(¥r(m)). (2.35)

We focus our attention on the Renyi-2 entanglement entropy — denoted by
S (W, (m)). This can be obtained via numerical evaluation of a path integral for two
replicas of our system, with appropriate boundary conditions which we will derive below.

— 14 —



3B/2+6
38/2-6

Bl2+6
B2-6

(@i=1,...,M. (b)i=M+1,...,N.

Figure 5. Imaginary time contour 7 € (0,20) for the Euclidean path integral computing the
numerator of equation (2.36). The points 7 =0, 5+ 4, 5/2+ 6, 38/2+ § and 28 where boundary
conditions must be imposed are labeled in the figure. The twist operator inserted in the left
system is indicated by the dashed line. (a) The effect of the measurement operator on v;,i =
1,..., M is indicated by the triangles, corresponding to the second and third lines of the boundary
conditions (2.39). At the insertion point of the twist operator, the boundary conditions are given
by the first line of (2.39). (b) There is no measurement operator for ¢;,i = M +1,...,N. The
boundary conditions are then simply set by the first line of (2.39).

The Renyi-2 entropy of the left system is defined by

=5 () _ Trr [(Trr[Y(m)))%) (2.36)
(Tr[®(m)])®

where we used the fact that disorder-averaging the ratio is equivalent to disorder-averaging
the numerator and denominator separately up to 1/N-suppressed corrections. We have
also omitted the subscript r indicating the measurement outcome due to the invariance
under measurement outcome discussed above. In particular, in the following calculation
we set 1, = 1,k =1,..., M/2 for simplicity.

Equation (2.36) can be expressed in terms of Euclidean path integrals computing the
numerator and denominator separately. Because the Renyi-2 entropy involves the square
of the density matrix, we extend the imaginary time contour to 7 € (0,23) with 7 € (0, )
corresponding to the first replica and 7 € (3,253) corresponding to the second replica.
With a change of notation from the previous subsections, we consider the left system to
be at 7 = 0,/,25 (for the two replicas) and the right system where the measurement is
performed to be at 7 = (§/2,36/2. When computing the numerator of (2.36), a twist
operator must be inserted in the left system, setting anti-periodic boundary conditions
at 7 = 0,208 for the Majorana fermions with period 2/3; there is no twist operator for
the denominator. Additionally, as in the previous subsections, the measurement operator
inserted in the right side sets different boundary conditions for measured and unmeasured
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Majorana fermions. See figure 5 for a representation of the boundary conditions in the
path integral computing the numerator of (2.36).
The path integral for the numerator reads

Try, [(Trp[v / Dipe L, (2.37)
where the action is given by
2

23 1 28 28 J !
—J = _/0 dej: 5%(T)87%(T)+/0 dTl/O dTQW (XJ: ¢j(Tl)wj(72)) ) (2'38)

and the boundary conditions are

i O) = _¢z(25) Q;Z)z(B )

VYor—1 (é) = (_> s Y (5;) — ity (ﬁ+> k=1,...,M/2, (2.39)
o () () ()= (),

Here we used (+ as a shorthand notation to indicate that the quantity in parenthesis is
shifted by an infinitesimal positive number ¢ (for instance, 38+ /2 = 33/2 £ 6). The first
line of equation (2.39) is a consequence of the presence of the twist operator in the left

wl(ﬂJr) izlv"'7N7

system; the second and third lines are a consequence of the insertion of the measurement
operator (2.4) in the right side for k = 1,..., M/2 (see figure 5 for an illustration).
Similarly, the denominator of equation (2.36) can also be represented by a path integral
with the same action (2.38). The only difference is in the boundary conditions. In fact, the
absence of a twist operator implies that the boundary conditions for the denominator read

¥:(0) = —i(B-), Vi(B+) = —i(28), i=1,...,N,

Yok—1 (ﬂg) = (_> o Yokt <ﬂ2+) = —gg, (ﬁ+> k=1,...,M/2, (2.40)
hak—1 <§) <> s Yop—1 <3§+> = —ioy <3ﬂ+> k=1,...,M/2.

The next step is to rewrite the large-N action in terms of bilocal fields analogous to

the ones defined in equations (2.13) and (2.14), but with arguments in the range 712 €
(0,283). We can then derive and numerically solve the equations of motion in the saddle
point approximation for the numerator and denominator of equation (2.36), and compute
the corresponding on-shell actions Ium(m) and Igen(m). The details of this procedure
are reported in appendix A. Finally, the Renyi-2 mutual information in the saddle point
approximation is immediately given by Ig)%(\ll(m)) = 25(L2)(\I/(m)) = 2(Tpum(m) — Iqen(m)).

The result of the numerical evaluation of the Renyi-2 mutual information Ig)%(\ll(m)) =
Ig)%(lll(m)) /N is shown in figure 6. Note that the mutual information is finite for any value
of 0 < m < 1, i.e. for any size of the subset M of measured Majorana fermions. Only
when all Majorana fermions are measured (m = 1, corresponding to the analysis of [27],
see appendix B) does the mutual information vanish. In other words, the left and right
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Figure 6. Renyi-2 mutual information If})z(\ll(m)) between the left system and the unmeasured
Majorana fermions on the right side. m = M/N is the ratio of measured Majorana fermions on the
right side. The mutual information is always non-vanishing for m < 1, and vanishes only when the
whole right side is measured (m = 1).

systems always remain entangled, no matter how large the measured subsystem in the
right is. In the next section, we will find an analogous result by computing the holographic
entanglement entropy in the bulk dual theory (given by JT gravity coupled to N copies of
a CFT). This will allow us to give in section 4 a holographic interpretation of our results
in terms of bulk teleportation [14]: the effect of the partial measurement performed on
the right system is to teleport bulk information previously contained in the entanglement
wedge of the right system into the left system. We also observe a phase transition in the
behavior of the mutual information at large 8 from nearly flat to linearly decaying. In the
bulk dual picture, this corresponds to an entanglement wedge phase transition triggered
by the measurement, as we will describe in section 3.

3 Partial measurement in JT gravity

In this section, we explore the gravity dual of the SYK measurements considered above. In
particular, our dual system will be Jackiw-Teitelboim (JT) gravity coupled to bulk matter,
which we take to be described by N copies of a CFT (capturing the N Majorana fermions
in the SYK model). In this and the following sections, we switch the side that is being
measured; namely, we will measure the left side of the TFD. We can then calculate the
mutual information in the post-measurement state between the right side and remaining
fermions on the left side, this time using quantum extremal surface (QES) formula [11].
In particular, the bulk description (which relies on the location of the QES) will make
manifest the entanglement wedge of the right side and thus, in turn, demonstrate how
information about the center of the bulk will shift around, becoming encoded in different
boundary regions as a result of measurement. Specifically, when the number of measured
fermions remains small (m < 0.26), a significant amount of the left asymptotic region will
be encoded in the remaining (unmeasured) fermions of the left system. However, as the
number of measured fermions becomes large (m 2 0.26), the quantum extremal surface
will undergo a phase transition, and information about nearly all of the left side of the
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bulk will become accessible from the right side. As in [14], we refer to this as teleportation
of the bulk geometry, a notion which we will make more manifest in section 4 below.

Here, we start with a more in depth description of our bulk model in section 3.1, before
moving to the holographic description of partial measurement and a computation of the
mutual information in section 3.2. Specifically, we propose for the QES prescription that
the measured matter can be modeled by a boundary conformal field theory, as boundary
measurements create an end-of-the-world brane in the bulk that serves as a boundary for
the bulk conformal matter. Along with a comparison with the SYK results above, we find
strong agreement between the QES prescription and the SYK calculation.

3.1 JT gravity with matter CFT

The action for JT gravity coupled to matter CFTs is given by

I= IJT(97 ®) + In(9, X)

Lyr(g, @) = 167rG UdQCU\[R * 2/ ] (3.1)
~ mﬂGN Ud%\/gqﬁ(}z L 9) 42 /aM ¢ybdyK} ,

where ® = ¢+ ¢ is a dilaton field, with ¢ a small fluctuation around a uniform background

¢p. If we view this theory as coming from the dimensional reduction of a higher dimensional
theory, ¢g would denote the area of the black hole horizon at extremality (with ¢ giving the
area deviations for near extremal black holes), and is therefore related to ground state en-
tropy of an extremal black hole. The first line of the JT action is a purely topological term,
so that the dynamical part of the action comes solely from the second line of equation (3.1).
We take the matter action Ip/(g, x) to be given by N copies of a CFT with central charge
¢ (which we will take to be ¢ = 1/2 when comparing with the SYK results of the previous
section, as each Majorana fermion can be thought of as half of a Dirac fermion).
The resulting equations of motion read

R=-2,

1 (3.2)
Ty = p——m —— (VYo — V0 + g d),

where T}, is the stress tensor associated with the matter fields of I;. The metric of the
(Euclidean) eternal black hole is given by (see appendix D for a derivation)
ﬁ do? + dr?

(2 sinh? %TO' ’

where 7 is the imaginary time. In these coordinates, which cover one exterior portion of

ds* = (3.3)

the two-sided black hole, the horizon is located at ¢ — 0o, and the asymptotic boundary
is located at 0 = €. At the boundary, the induced metric satisfies the condition g = 6%,
and the dilaton field satisfies ¢(¢) = ﬂ. This leads to the dilaton profile,

1

¢() ¢7"Bm

(3.4)
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Figure 7. The doubled spacetime used to compute the bulk matter entropy. The boundary at
the center of the figure is transparent. The left-most boundary and the right-most boundary are
identified. o1 and —o5 denote twist operators inserted in the first and second copies of the black hole.

We will compute the entropy of a subset R of the boundary system via the quantum
extremal surface formula

S(R) = min{ezrcthen(U)}, (3.5)

i.e. the smallest, extremal value of Sgen, the generalized entropy, which is given by the
sum of the area of o (divided by 4G ) plus the bulk matter entropy in a region bound by
o. More explicitly, we compute the entropy by Sgen = %(1’\2 + Scrr(0), evaluated at an
extremal value of o, which we call the quantum extremal surface. In order to do this, we
need to first calculate the bulk entanglement entropy of some region extending out to the
boundary. We can do this by employing a “doubling trick,” as in [30]. The matter in the
spacetime will obey reflecting boundary condition at the asypmtotic boundary o = e. We
can related the bulk entropy in this space to the entropy on a cylinder — specifically, a
doubled space constructed by gluing together two copies of a black hole at their boundaries,
this time with transparent boundary conditions (with a left moving mode in one copy joined
to a right moving mode in the second copy). See figure 7 for a depiction.

In this doubled space, we can calculate the entropy of a bulk subregion (at ¢ = 0) by
inserting twist operators at points (o1, 0) in the first copy and (—o3,0) in the second copy.
The entanglement entropy of the matter is then given by (see appendix D)

¢ 4 sinh? %(Ul + 09)

Sdouble([_UQ) 01]) = 6 log

, 3.6
sinh %”01 sinh %rag (36)

where the subscript indicates the doubled theory. Therefore, in the original theory, a single
twist operator at (o,0) gives an entanglement entropy

1 c
SCFT(U) = §Sdoub1e([_07 JD = 5 log 2. (3.7)

Note that from (3.6), the entanglement entropy does not depend on the value of o.

If we consider the entanglement entropy of the full right system, the quantum extremal
surface will be at the bifurcation surface as determined by symmetry. The generalized
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Figure 8. A boundary CFT in the AdSs background. The right boundary is the conventional
AdS boundary. Boundary conditions associated with the projective measurement of part of the left
Majorana fermions are imposed at the left boundary. An ETW brane visible to M bulk fermions
is depicted in blue, where M is the number of fermions measured in the left side.

entropy is then given by
Po ¢r 2m  Nc

en — T~ ey —1 27
Sen = qax Yaon 5 T 6 18 .
_ b0 ¢ 2 '
iGNy 4Gy B

where in the first line, we have included N copies of the matter CF'T, and in the second

line for simplicity, we have defined 42°N = 42(;\] + % log 2. To make contact with the SYK

model, we note that the first term corresponds to the ground state entropy, and the second

term is a correction linear in temperature.

3.2 Measurement-induced entanglement wedge transition

With an expression for the bulk generalized entropy in hand, we can now investigate the
effect of performing a measurement on one side, and in particular, calculate the mutual
information between the two sides. We know that measuring the full left side will create
an end-of-the-world brane in the left asymptotic region [27] (and, of course, measuring
nothing will leave the bulk unchanged). We thus expect that a natural bulk dual to partial
measurement is the creation of an end-of-the-world brane in the bulk, but one only visible
to the bulk fields dual to the measured fermions. As such, we model the bulk matter for the
measured fields by a BCF'T living in the bulk, with their boundary at the end-of-the-world
brane. Thus, if we measure M Majorana fermions on the left side, we will have N — M
copies of a normal matter CF'T corresponding to the unmeasured fermions, and M copies
of a BCF'T corresponding to the measured fermions, as shown in figure 8.

To calculate the bulk entropy arising from the measured fermions, we insert a twist
operator for the BCFT at (o,0), which leads to the following entanglement entropy

C

2sinh %(20)
SpcrT(0) = — log ['B

— +logg = ¢ log2 +log g, (3.9)
sinh G0 6

6

where log g is the boundary entropy of the BCFT [29, 41].

—90 —



For M <« N, we do not expect the position of the quantum extremal surface to change
much. We can verify this by calculating the entanglement entropy of the right side,

®o Or 27 1

enlM) = 5 N-M M ,
SenM) =46y T 10y B rannZrg TN T M)Sorn(9) + Mor(o)
¢ by 2 (3.10)
0 r Y
= “T 1 Mlogg.
1Gy Tacy g TMesy

In the second line, because Scpr(o) and Sgepr (o) do not depend on the end point, we
find ¢ = oo as the location for the quantum extremal surface, as expected.

Because M < N, there will still be a large mutual information between the right side
and the unmeasured Majorana on the left after projection. Further, because the full state is
pure, the entanglement entropy of the unmeasured Majorana on the left side will be equal
to that of the right. As a consequence, the entanglement wedge of the left side will also
extend up to the bifurcation surface. As above, we include twist operators for all copies
of matter fields at the QES, including K = N — M copies of a CFT, and M copies of a
BCFT, yielding the same entropy as in (3.10).

We can also consider the opposite limit, when we measure a large number of Majorana
fermions, i.e., M ~ N (such that the remaining number of unmeasured fermions is small
K < N). To understand this limit, we invoke the bulk picture suggested in [30]: if we
have access to the remaining K < N unmeasured boundary Majorana fermions of the left
system, we expect to be able to reconstruct their dual bulk fields in a small region near
the boundary. In particular, the state of the fermions remains constant on time scales
~ 1/J. HKLL bulk reconstruction [42] then implies we can reconstruct the dual fields
in a small wedge near the boundary (the bulk domain of dependence of this boundary
timelike region). This wedge will have size on the order of the UV cutoff e ~ 1/J. As a
result, these fermions will have a bulk entropy associated to this UV bulk region. Since
the entanglement wedge is now at the UV cutoff, we take the QES to be empty (and hence
take the area contribution from the dilaton to be zero).

To compute the bulk entropy associated with the unmeasured fermions in the UV cutoff
region, we note that the reduced density matrix of the unmeasured Majoranas can be found
by projecting the thermal density matrix onto a fixed state. In the low temperature limit,
the thermal density matrix reduces the effective available space to a low energy subsector.
Therefore, the effect of measurement is constrained to that reduced low energy subspace
as well. Because the SYK model is chaotic, we expect the entanglement entropy of the
unmeasured fermions when K < N will be dominated by subsystem entanglement entropy
evaluated in the ground state, which is given by [43]

Suv \ (1052

1 - 3/2)
- — = . A1
1g aresin A , A=K/N (3.11)

where the second term originates from the nontrivial spectral density near the spectrum
edge in the SYK model [44].

With these two limits fairly well understood, in the intermediate regime (K ~ M),
we take the entropy to be given by Sqrs = min{Sgen, Suv}. While this bulk protocol
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may potentially seem ad hoc, we can justify the prescription by comparing it to the SYK
calculations done in section 2. As demonstrated in figure 9, we find a good match between
the two approaches. To make this comparison, we take

ﬂzg r :LC
4Gy 7Y aan  2nT

(3.12)

and logg = —101%2.13 Notice that since the full state is pure, the mutual information is

given by Irr = 25qQgs.

For Sy = 0.2324N, C = 0.28, ¢ = 0.5, and 57 = 50, the phase transition in the quan-
tum extremal surface occurs at A, =~ 0.72, see figure 9. Therefore, when M > m,N ~ 0.26 N
(with m, = 1 — A\,) Majorana fermions are measured in the left system, the information
about the bulk that would have been encoded in those fermions becomes available to the
right system, similar to [14]. In other words, we find that performing a projective measure-
ment on about a third of the left system is sufficient to allow us to teleport the information
about the left side of the bulk into the right boundary, except for a small wedge at the cutoff
of the left boundary. On the other hand, when a small number of fermions are measured,
ie. M < myN =~ 0.26N, the bulk information contained in the M measured fermions is
teleported into the unmeasured K = N — M fermions in the same side. Therefore, the
quantum extremal surface still sits at the bifurcation surface and the information about
the left side of the bulk can still be accessed from the unmeasured fermions in the left side.
An illustration of the entanglement wedge transition is shown in figure 10.

We will make efforts to better understand this transfer of bulk information by exploring
quantum teleportation and traversable wormholes in the next section.

4 Quantum teleportation

As noted in the previous section, when a sufficient number of boundary fermions are
measured (m > m*), the entanglement wedge of the right boundary jumps to contain
nearly the entire bulk (see figure 10 (b)). Consequently, almost all of the bulk (including
most of the left wedge) can be reconstructed solely from the right system. To make
this concrete, we can imagine releasing a particle on the left side at time t = —tp, then
measuring the left side at time ¢ = 0. The measurement will create an end-of-the world
brane in the bulk. However, this will not effect the particle, which will continue to fall into
the black hole, and in particular will not escape out to the right boundary, as illustrated in
figure 11 (a). To extract the information from the right side, we must construct a decoding
operator using information from the measurement. In the following section, we will see
that by applying such a decoding operator to the right side, we will be able to extract

13This value of the boundary entropy is determined by matching the SYK data. However, it is interesting
to observe that if we imagine the bulk matter is dual to N decoupled EPR states, then after one partner in
each EPR state is measured, the entanglement entropy for the other partner simply vanishes. This means
that the boundary entropy should cancel the bulk contribution to the entropy for the BCFT, which would
predict logg = —¢ log2 from (3.9). In the ¢ = 1/2 case of our interest, this gives exactly the value of the
boundary entropy obtained by matching the SYK result.
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Figure 9. Comparison of the Von Neumann mutual information computed in this section using the
QES prescription and the Renyi-2 mutual information compued in section 2.3 for the SYK model.
We choose the parameters So = 0.2324N, C = 0.28, ¢ = 0.5, and 8J = 50. The two results are in
good agreement. In the bulk calculation, the phase transition is sharp, while in the SYK calculation
it is smoothed out.

(a) (b)

Figure 10. Measurement-induced entanglement wedge transition. The tan color denotes the
entanglement wedge of the right side. (a) When a small subset of Majorana fermions is measured
in the left side, i.e. m < m,, the entanglement wedge of the right side is the right Rindler patch.
(b) When a large subset of Majorana fermions is measured in the left side, i.e. m > m,, the
entanglement wedge of the right side includes part of the interior and of the left Rindler patch.

the particle at ¢ = ¢ in the right side. This is simply a quantum teleportation protocol,
which can be used to explain the quantum information origin of the entanglement wedge
transition explored above. Unsurprisingly, this boundary teleportation protocol can be
related to a traversable wormhole in the bulk.'* In the following, we will first describe
the teleportation protocol in the SYK model, which is realized as a quantum channel,
and then calculate a left-right correlation function, (4.3), that is closely related to not
only the teleportation fidelity under such a quantum channel, but also traversability in
the dual picture. We will then show that the dual of this protocol provides a realization
of traversable wormhole from the left side. Finally, we consider an encoding method to
reach nearly perfect teleportation fidelity of an arbitrary qubit state.

1 Note that the wormhole will be traversable from only one side, similar to the analysis of [34].
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(a) (b)

Figure 11. The red line denotes the qubit that is inserted in the left side at time —t. (a)
Measurement is implemented at time ¢ = 0 in the left side, and it creates an end-of-the-world brane.
The qubit cannot escaped from the horizon to the right side. (b) Measurement is implemented at
time t = 0 in the left side, in the mean time, a decoding operator according to the measurement
outcome is implemented in the right side. This measurement-decoding protocol can extract the
qubit out from horizon to the right side at time .

4.1 Teleportation protocol

Motivated by the measurement-induced entanglement wedge phase transition studied
above, we want to construct a protocol to recover the information initially stored in the
left side from the right side after measurement, when the entanglement wedge extends up
to the left boundary. Before describing our protocol, we should note that similar telepor-
tation protocols have been discussed in refs. [30, 35, 45]. Nevertheless, in the previous
literature, instead of the measurement-decoding protocol normally associated with quan-
tum teleportation, a two-sided operator is implemented in the SYK model to render the
wormhole traversable. While it was argued that the two-sided coupling could be written in
terms of a measurement and decoding [34, 36, 46], the precise decoding protocol was not
studied in detail. For instance, in the SYK model, the two-sided operator has the form of
exp(i0 Y_; ¥ ri%R,i), which consists of a fermionic operator in the left and right side. Thus,
it is not possible to measure the fermionic operator and get an outcome.

Here, we investigate the usual measurement-decoding quantum teleportation protocol
using a measurement operator of the form 1y, 2191 21 acting on the left side. Since it
is a bosonic operator, we can get a measurement outcome and accordingly implement the
decoding operator in the right side.

The circuit version of figure 11 is shown in figure 12. The teleportation protocol
consists of three steps:

1. At time ¢t = —tg, an unknown state |¢) is inserted in the left side;

2. At time t = 0, a projective measurement is performed in the left side and a decoding

operator is implemented in the right side according to the measurement outcome;'”

15Here, we consider measuring the whole left side for simplicity. In general, measuring any subset of the
Majorana fermions exceeding the critical value m* (as suggested by the entanglement wedge transition)
will be enough. It would be interesting to determine the critical number of measured fermions needed for a
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Figure 12. The circuit of the teleportation protocol. In the left side, an unknown state [¢) is
inserted in the past —ty, and a measurement is applied at ¢ = 0. The projection is indicated by
the triangle with the measurement outcome 1. According to the measurement outcome, a decoding
operator, denoted by U, is implemented in the right side at the same time t = 0. After a time
evolution ty, the state |¢) is teleported to the right side. V' denotes the time evolution operator.

3. At time t = ¢, the state [¢) is teleported to the right side.

At time t = 0, the measurement-decoding protocol should be understood as a quantum
channel, which can be defined by Kraus operator,

Ky = (|L)(L]) @ Uy, (4.1)
where |L;) is the measurement outcome on the k = 1,..., N/2 qubits, i.e.,
—2¢p op—1%rok|Ln) = lg|Ly), k=1,...,N/2. (4.2)

This means that the decoding operator we perform on the right side explicitly depends on
the measurement outcome in the left side. Conditioned on this measurement outcome, the
full protocol is shown by the circuit in figure 12.

To quantify the teleportation fidelity, we consider the left-right correlation function

Ch,¢ conditioned on the measurement outcome,'6

Crq = (TFD|Qr(to) (|L1)(L1| @ Ur) Qr(—t0)|TF D),

(4.3)
Qu(~to) = (ViQV) @1, Qr(te) =1 ® (ViQVk),

where V7, g denotes the time evolution operator in the left and right side. @ is the op-
erator being teleported. We assume the operator is properly normalized, QTQ = 1, so
that the magnitude of the correlation function through the measurement-decoding channel
(summing over all Kraus operators) is at most one.

successful teleportation. We leave this to future investigation. Also see ref. [47] for a discussion of partial
measurements in the context of perturbed JT gravity, where the Hamiltonian in the right side is perturbed
according to the measurement outcome.

16This correlation function is closely related to the state fidelity, see appendix F.
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As discussed in section 2, in the SYK model with measurement given by (4.2), the
Born probability does not depend on the measurement outcome. The decoding operator
associated with the measurement is

g N2
Uy = exp (—iq > ilka,%—WR,zk) : (4.4)
k=1

where 6 is a tuning parameter. Later, we will tune 6 to maximize left-right correlation.

Moreover, we will see in the next subsection that the left-right correlation function does

not depend on the measurement outcome. Therefore, we define the following left-right

correlation function for the SYK model

o _ (TEDIQp(to) (| Ly){Li| © Uy) Qu(~to)|TF D)
¢ (TFD|(IL1)(Li| @ 1) [TFD) ’

where we have omitted the subindex denoting measurement outcome because the re-

(4.5)

sult is independent of it. The denominator is the probability of having the measure-
ment outcome 1. Further, because the probability is independent of the outcome, we
have (T'FD| (|L){Li| ® 1) |TFD) = 1/2V/2, due to the 2V/? different outcomes. Thus,
Cg = >1C10, and since we have properly normalized the operator @), this correlation
function has maximal magnitude one. In the following, we will use large-g techniques to
calculate this left-right correlation function (4.5), and show that by properly tuning the
parameter 6, the fidelity can be made close to one.

4.2 Left-right correlation function in the large g limit

Motivated by the left-right correlation function (4.5), we define the following twisted cor-
relation function

6o — {TFDIQL(to) (| L) (Ia| © Uh) Qu(~t0)|TFD)
¢ (TFD[(|Li){Li] & Uh) [TFD)
It is related to the left-right correlation function (4.5) by
(TFD|(|L1){L1| ® Oh) [TFD)
Co = Go. 4.7
@ = @FD| (L) (L @ 1) [TFD) % o

In this subsection, we will calculate both the twisted correlation function and the prefactor

(4.6)

in the above relation.
In the large-N limit, the basic twisted correlation function is given by Qr = ﬁq/)m
and Qr = —iﬂ@DRﬂ-, where the factor of v/2 is to have a properly normalized Q. Telepor-
tation of an arbitrary Majorana string, i.e. an operator consisting of an arbitrary product
of SYK Majorana operators, can be obtained using the basic correlation function. In fact,
the disconnected diagram built from the basic correlation function will dominate the di-
agrammatic expansion of correlation functions for Majorana strings in the large-N limit.
The basic twisted correlation function reads
Gy _ (TFD|(=iYr,i(to)) (|L1) (L1 ® Uh) ¥1,i(—to)[TFD)
2 (TFD|(|Ly){L1| ® h) [TFD)
<L1’¢L,i(—to)€fﬁHL/2€_i§ Zkilkm’%flm’%¢L,i(t0)€7ﬁHL/2\L1>
<L1|€_5HL/26_Z% D ilkiﬁL,zk—ﬂﬁL,zke—ﬁHL/2‘L1>

(4.8)

9
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Figure 13. (a) Imaginary time contour for the twisted correlation function. In the left side
(r = 0,0), a projective measurement |L;){L;| with outcome 1 (denoted by the two triangles) is
performed, and in the right side (r = g), an associated decoding operator U is applied. (b)
Imaginary time contour for the Majorana field xix. The boundary condition from the decoding

operator becomes a rotation between s = g and s = %, indicated by the dashed line.

where we have used the properties of the thermofield double (2.3) to bring operators from
the right side to the left side. When it is clear we will drop the subindex L for simplicity.
We define the following imaginary time ordered correlation function,

<L1’€—BH7- [e—ig > lkiw%1(§)¢2k(g)¢i(71)wi(72):| |Ly)

G¢(7‘1,7’2) = , (4.9)

(Lile—BHT {eiz >k lszkl(g)#’zk(g)} L))

where T denotes imaginary time ordering, and as above |L;) is the projected state with
measurement outcomes given by 1 = (Iy,...,1 N/g). Owing to the large-IN structure, Gy
does not depend on the index i. Note that the imaginary time correlation function and the
basic twisted correlation function differ by a factor of two.

In the imaginary time contour (see figure 13 (a)), the measurement operator leads to
boundary condition at 7 = 0 and 7 = § given by,

Yor—1(0) = —ilkhar(0),  ar—1(B) = ilgthar(B), (4.10)
and the decoding operator (4.4) leads to the following boundary condition at 7 = /2,
<¢2k1(ﬂ2:)> _ < COS% —ZSIH2> <w2k1(62)> (4 11)
ilpor (5 —1sin % cos % ilion(5)

In order to take care of the boundary condition at 7 = 0, 8, we introduce a new field
Xk as in (2.16),

_1(s), 0<s<p,
Xk(s) = l.b% 1) " (4.12)
Zlk’(ﬁgk(Qﬁ — S), b <s<28,
and accordingly the bilocal field,
N/2
Gy(s1,82) = = D Xk(51)xk(52)- (4.13)
N k=1
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Figure 14. The full domain of twisted correlation function. The blue dashed lines indicate
the reflection boundary condition, and the red dashed line indicates the anti-reflection boundary
condition. With the help of these boundary conditions, we can reduce the calculation to the
fundamental domains A, B, C' and D. The gray solid lines indicate the boundary condition at

8172 = ﬁ/2,3ﬁ/2

Here, G, denotes the correlation function in the presence of the twisted boundary condition.
Note that the arguments of this bilocal field s, run from s = 0 to s = 23. As above, Gy
will satisfy the Schwinger-Dyson equation,

Gy=(0-)", Sy (s1,80) = ‘7;13(51,32)[2GX(51,32)V—1. (4.14)

Now, however, we will have a different boundary condition at 7 = /2 (4.11). In terms the
correlation function, this boundary condition becomes

lim + Gy (81,52 0 i sin ? lim - Gy (51,52
51/52 5 x(81,52) cosy —ising 51/52—55 x (51, 82) (4.15)
lim 35— Gy (81, 52) —isin? cos? lim sa+ Gy (81, 52) '
81/82*)7[32 XATL q q 31/82~>—g XATD

There are various symmetries that will further simplify the calculation (see appendix G).
In particular, the twisted correlation function satisfies various reflection conditions, which
are illustrated in figure 14. The blue (red) dashed lines indicate (anti-)reflection conditions.
Then the calculation on the full domain can be reduced to the fundamental domain, denoted
by A, B, C, and D. The boundary condition (4.15) is illustrated by the gray lines.

In the following, we will use a large-q expansion to calculate the twisted correlation
function in the fundamental domain. In the large ¢ limit, and assuming Gy (s1,s2) =
Go(s1,82) (1 + 59(81,82)), where Go(s1,82) = isgn(s; — s2) is the bare propagator, we
arrive at a Liouville equation similar to (2.29),

851852 [Go(sl, sz)g(sl, 82)] = j2P(81, 82)[2G0(81, 82)](17169(51’82). (4.16)

The remaining problem boils down to calculating the Liouville equation in the funda-
mental domains A, B, C, and D with the boundary condition (4.15). In the large-g limit,
this boundary condition can be simplified (as in [36, 48]), to give

Gy <51, g) R eich (51, g) , Gp <51, g) ~ eigGD <51, g) . (4.17)
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Because the portions of the fundamental domain C' and D do not cross the twist boundary
condition, we assume that the solution in C' and D has time translational symmetry [48].
On the other hand, for the fundamental domain regions A and B, we need to solve the Liou-
ville equation supplemented with the boundary condition (4.17). Via a tedious calculation,
we can obtain the solution in the fundamental domains,

A ei0/q
Gals1,52) = Gulsy, 52) (1 4?1 sin(a(81—ﬂ/2))Sin(a(52—5/2)))2/q’
sin ~y sin(a|s12]+7)
) ¢if/a (4.18)
GB(Sl’ 82) - GQl(Sl’ 52) 1 et? —1 sin(af/2) sin(a(s2—5/2)) 2/’
( + siny sin(a(8—s2)+7) )

Gol(s1,50) = Gi(s1,82), Gp(s1,s2) = Gai(s1, s2),

where G11 and Go; are given in (2.32) and (2.33), and the constant parameters are deter-
mined by (2.34). Solutions in other regions can be obtained by the symmetries described
above.

With these results, the prefactor in (4.7) is now straightforward to calculate. We can
start with the following equation,

9, [(TFDI (IL0) (L] © Uh) ITFDW

90 | (TFD[(ILi){Li| © 1) |TFD)
;8 i (8 B
(Tl T | Silibmir (Pim( e D G
— S (4.19)
<L1|675H7’ {e—zg ok zlkzbzkl(g)wzk(g)] |Ly)
_ fﬂ % é — EE ; 4/q
=106 (B0) = ey
which we can integrate to get

(TED|(|Ly{L|® ) [TFD) _ [@]\79 , 4/q:|
(TFD (L{Li[ & 1) [TFD) ~ “P [ 7ag ® ™ (4.20)

Thus, the difference (4.7) between the left-right correlation function and the twisted cor-
relation function is only a phase. Further note that this phase does not depend on the
operator @, and therefore the magnitude of these two correlation function is the same.

To get the teleportation fidelity, we take s1 = 37 + ity and s2 = 5~ + itg, which is in
region A, and find

2/q
Gy = 2G4 | B~ + ito, % Fity |~ e?/a % , (4.21)
1 - Tsre”

where we have expanded the equation using e~ < 1, and § < 1. When the tuning
parameter is chosen to be § = 4e~2*% sin~, the twisted correlation reaches its maximal

2/q
~ T 7
Gy ~ exp (zq) (cos 2) . (4.22)

magnitude,
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Figure 15. The magnitude of the twisted correlation function as a function of t3. Here the
parameter is chosen to be 3=100, § = 10~* and ¢ = 8. The magnitude is close to one at a time tg
that is related to the parameter 6.

In the low energy limit, v = BLJ +0 (([3%)2)’ the magnitude of the twisted correlation
function is close to one. This means that the measurement-decoding channel can success-
fully teleport the Majorana operator from the left side to the right side. A plot of the
magnitude of the left-right correlation function is shown in figure 15.

4.3 Traversable wormhole

To relate our results to a traversable wormhole, it will be simpler to start with (4.3). We
consider the sum over measurement outcome, i.e., > ; C;g. The sum over measurement

outcome can be rewritten as

;0

STl @ Uy = S (@4l1k) (le]) @ €20 2 WM, (4.23)
1 1

where we have introduced Mg = —i2¥grok—1YR2k, Mrr = —12¢12k—1Y1 2k, and

My, k|lk) = li|sk). Note that the projection operator is an operator-valued delta function,

ie.,

|l (U = 6(Mp g — l). (4.24)

Using this delta function, we arrive at a two-sided operator [36]

.0 .0
S| @ U = . @kd(My ), — L) @ /2 2w WMrk — iz 2 MeasMrr (4 95)
1 1

After summing over all outcomes, the left-right correlation function is given by

Y Crg = (TFD|Qr(to) Y_ (|L1){L| ® U1) QL(—to)|TFD)
1 . (4.26)
— (TFDIQa(to) (/5 21 M0 ) @ (~t0) TFD).

This is the two-sided operator that makes the wormhole traversable [30, 33-36].

We can compare our results with the two-sided correlation function from an AdSs
gravity calculation. As depicted in figure 11, we consider the following physical setup
in an AdSy black hole: a particle created by the operator @ is released in the past ¢ =
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—tg on the left side; at time ty = 0, a projective measurement is performed on the left
side, and simultaneously, according to the measurement outcome, the decoding operator
is implemented in the right side with a properly chosen tuning parameter; the particle is
received in the right side at time ¢ = tg with some probability. This process is effectively
quantified by the two-sided correlation function [34]

Clray = (Qr(to)e 72 2w Moy (40 (4.27)

where the expectation value is evaluated in the AdSs black hole state. Here, to make the
comparison, we denote the two-sided deformation as M. In the probe limit, where the back
reaction of the particle created by @) on the geometry is neglected, the two-sided correlation

function reads [34]
1

Cprobe o (4.28)

2A
A 2o Q
2- 922A1\1¥+2GN€ 4

where Aps and Ag are the scaling dimension of operator M and @Q, respectively, and G

_2my
is Newton’s constant. It is easy to see that when g ~ %Nﬁo], the correlation function

will diverge. Of course, this divergence is not physical and can be cured by smearing out
the particle, but, in essence, it shows the particle traverses from the left side to the right
side (see [34] for a discussion).

Closely related to this phenomena, we find that the left-right correlation function of
an arbitrary Majorana string @) is given by

2A
CQo<<1 ™/(87) ) Q, (4.29)

_ 9457;]7\[ e2atp ol

where Ag = p/q, p is the number of Majorana operators contained in the Majorana string
Q,and g = %9. In the low energy limit, v — 0, we encounter a seemly divergent expression
for the left-right correlation at g ~ N exp[—2atg], which is identical to the gravity calcu-
lation with Gy = 1/N. Nevertheless, it is regularized by v =~ ﬁij from the UV complete
SYK model. This shows that the teleportation protocol realizes a traversable wormhole.

4.4 Fidelity bound

In the previous sections, we studied the teleportation of an arbitrary Majorana string @,
and found that our protocol yields a left-right correlation that is close to one. In this
subsection, we show that the left-right correlation function gives a lower bound for state
teleportation, and we construct an encoding method that can achieve a nearly perfect
teleportation fidelity [36]. Note that the state teleportation fidelity is related to the fidelity
of the distillation of EPR pairs [49],

(4.30)

where d is the dimension of Hilbert space of the teleported state |¢), and (-) implies an
average over all states. Therefore, we will consider Fgpgr below. As shown in appendix F,
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the distillation fidelity is lower bounded by Fppr > |4 Yig CLQ‘Q, where Ci is given
by (4.3), and the sum of operators @ is over a complete basis for the d-dimensional Hilbert
space. In the large-N SYK model, as the left-right correlation function does not depend
on the measurement outcome, the bound of the distillation fidelity simplifies to

2

Fppr > % > Cql - (4.31)
Q
where Cq is given in (4.5).

Now for simplicity, we consider the teleportation of an arbitrary qubit state, for which
the Hilbert space consists of two Majorana operators, Wi, Wy. In order to achieve a high
fidelity, we need to embed these two operators into p SYK Majorana operators in the
following way,

p(p+1)
p

D . _
U, =22 Ylpd . P 3,
p  pe+D)

Uy =227 » 37 gt
where p is an odd number and the prefactor is chosen such that these two operators satisfy
(U;, 0} = 25,5, Ul = 0,
The complete basis operators for the qubit state are 1, W, ¥o,iW Wy, The fidelity

(4.32)

bound then becomes
2 1 2
= ‘4 (1 + g\Ill + g\IfQ + gillll\IJQ) ) (433)

where in the second equality, we have used the fact that the twisted correlation function

1
Fepr = 1 (C1+ Cy, + Cy, + Ciw,w,)

is equal to the left-right correlation function up to a constant phase. Here, we can see an
interesting distinction between the teleportation of a Marjorana string such as ¥ and the
teleportation of an arbitrary qubit state. Apart from the requirement that the magnitude
of the twisted correlation function be maximal, there is also a necessary condition that the
phases of these correlation functions should align to zero modulo 27. This provides good
reason to embed the qubit state into Majorana strings ¥; with p SYK Majorana operators.

In the large-N limit, the leading contribution to the twisted correlation function is
disconnected. Thus the twisted correlation function for ¥; is given by the basis twisted
correlation function,

Gy, = Gu, ~P(Gy)P,  Givyw, ~ —(Gu)?. (4.34)

We observe that though the tuning parameter 6 is fixed by the time of state insertion, we
still have freedom to tune p to align the phase of the correlation function. In particular,
from (4.22), the fidelity is bounded by

1 2m(3+5- 127 S+£ 2
Frpr = '4 (1426275 (cos ) /9 4 2702 D) (cos ) #/1) (4.35)

To align the phases, we require § + 2% and p+ % + % to be close to integers. For simplicity,
we consider g € 47Z.. We can then see that

941, g=4(2k+1
p=12 ¢=ACkED g (4.36)
-1, q=28k
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which is consistent with the fact that p is an odd number. In the zero temperature limit,
we take v — 0. The fidelity bound in the large-g limit is then simply given by

1 ;T PENE 7\4 72
> (= ’ : = —) ~1-——. .
Frpr > ‘4 (14267 +e' )‘ <cos 2q> =50 (4.37)
We can see that the embedding into p Majorana operators can lead to a fidelity for the
teleportation of an arbitrary qubit state that is close to one in the large-q limit.

5 Discussion

In this work, we studied the effect of projective measurements on the thermofield double
state dual to an eternal black hole; in particular, we focused on the SYK model and its dual,
JT gravity coupled to matter. To characterize the post-measurement state, we calculated
the Renyi-2 mutual information between the two sides of the SYK thermofield double state,
which showed a transition phenomenon at low temperature. We then reproduced this mu-
tual information calculation in the holographic JT plus matter dual. In this gravitational
dual, the measurement creates an end-of-the-world brane in the bulk, and in particular, the
matter fields dual to the measured fermions are then modeled by a boundary CFT. The
gravitational picture makes manifest that the mutual information transition can be associ-
ated to an entanglement wedge transition, see figure 10. Upon measurement of a sufficiently
large fraction of fermions, the entanglement wedge of the unmeasured side can jump to con-
tain large regions behind the horizon of the black hole. On the boundary side, this change in
the entanglement wedge can be understood as post-selection teleporting information about
the bulk into the unmeasured boundary. We then explored this teleportation interpretation
further, using the SYK model to construct an explicit protocol realizing such a teleporta-
tion. Finally, we related this telportation protocol to the physics of traversable wormholes.

In general, measurement is a nonlocal operation on a many-body quantum state, which
radically changes the entanglement structure. Thus, it is not clear when a postselected state
from an arbitrary measurement will give rise to a nice holographic dual (e.g. a smooth,
semiclassical geometry). One exception is local projection onto a product state,'” which
can be described by a boundary conformal field theory [15, 51, 52], and has been recently
studied in the context of holography [14, 15]. Continuing in the same vein, the particular
measurement operator we study is the fermion parity operator for each qubit formed by
two adjacent even and odd Majorana operators (2.4); this is also a local projection. This
measurement procedure preserves many of the nice properties of the original correlation
function in the absence of measurement. Specifically, the “diagonal” correlation function
remains intact after measurement, indicating the dual background AdS; geometry remains
valid. This is consistent with the expectation that local projective measurement leaves the
dual spacetime intact [14].

While a dual bulk geometry still exists, it is not left unchanged by this local projective
measurement. It is now clear that these measurements create an end-of-the-world brane
in bulk [14, 15]. Whereas the Ryu-Takayanagi formula receives only minor modifications

'"In the jargon of conformal field theory, a projection onto a Cardy state [29, 50].
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in the presence of bulk end-of-the-world branes in the bulk, it is not well understood how
the matter entropy contribution from bulk fields — a crucial contribution in e.g. black
hole evaporation and the formation of islands [53-55] — is modified in the presence of a
projection on the boundary. In a broader context, what the quantum extremal surface
formula [11] is in a system with non-unitarity in the boundary — like that introduced by
measurement — is an important open question. Our model above suggests that the bulk
matter dual to a measured boundary can be effectively captured by a boundary CFT in
two dimensional gravity. It remains to be seen whether such a proposal could be extended
to more general, higher dimensional gravitational systems.

Apart from a scalar-type quantity to characterize entanglement, like the entanglement
entropy, the dynamics of how information “flows” in the many-body system is often a key to
understanding the physics from an information theory perspective. For instance, studying
the information flow of an evaporating black hole has inspired tremendous progress in the
black hole information paradox. It was proposed in ref. [14] that the information flow
induced by local projective measurement on the boundary can be largely understood as
information teleportation from the measured region to the unmeasured region, thanks to
the (pre-measurement) entanglement resource between the two boundary subregions. Here,
we have provided an explicit protocol using the UV complete SYK model to realize this
expectation.

As a consequence of this information flow, an entanglement wedge transition shown
in figure 10 naturally arises. It will be interesting to draw an analogy between this
measurement-induced entanglement wedge transition and the transition between the empty
set and the island in an evaporating black hole [53-55]. A relation of this sort may be nat-
ural in light of the Horowitz-Maldacena resolution of the black hole information problem,
which invokes a post-selection at the horizon to explain how information might escape
from a black hole [56]. In more modern language, the excess number of black hole states
late in the evaporation process (in a semi-classical description) can be understood via a
non-isometric map [57, 58]. Of course, projective measurements like the ones we have stud-
ied above can also give rise to non-isometries [14]. We leave exploration of this potential
connection to future work.

As stated above, local projection is a special kind of measurement that can preserve
large portions of the dual bulk geometry. There are many unknown questions regarding
“holographic measurement”. What are the neccessary properties a measurement operation
should satisfy to still give rise to a dual bulk geometry? If a measurement can retain a
portion of the dual spactime, what kind of geometric changes might arise from the effect
of measurement (apart from the creation of an ETW brane)? An interesting extension of
our results might be to consider a soft measurement that interpolates between an identity
operator and a projection. Since a dual description exists at both ends of this interpolation,
namely, the pre-measurement spacetime on one end and the one including an ETW brane
on the other, it seems likely that an effective geometric description exists for this soft
measurement.

The attentive reader may have realized that state preparation through Euclidean time
evolution can be regarded as a soft measurement of the Hamiltonian operator. An inter-
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esting question that has been recently studied in the quantum information science and
many-body physics community is that of hybrid circuit evolution, where the quantum
circuits consist of not only unitary operations but also non-unitary ones. In particular,
when the non-unitary gates are realized as a measurement interspersing the full circuit,
it also induces a transition of the entanglement structure of the final state, the so-called
measurement-induced entanglement phase transition [59-63]. Our measurement-induced
entanglement wedge transition can be viewed as the effect of “one time” measurement, in
contrast to the hybrid evolution. This provides a first step in understanding the dynam-
ical measurement-induced entanglement transition in a context with holographic duality.
When the system can be effectively described by an evolution of a generic non-Hermitian
Hamiltonian, several attempts have been made to explore the dual spacetime [46, 64—66].
Due to the non-Hermiticity in the boundary degrees of freedom, an analysis involving com-
plex metrics is inevitable; nevertheless, given the larger analytical control it provides, we
believe lower dimensional gravity is a promising platform to further explore the dynamical
effects arising in the presence of measurements.
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A One-sided measurement in the SYK model: Renyi-2 entropy

In this appendix, we derive the Schwinger-Dyson equations and the formula for the on-shell
actions Inym(m) and Igen(m) introduced in section 2.3. These are needed ingredients to
compute the SYK Renyi-2 mutual information between the left side and the unmeasured
Majorana fermions in the right side after a projective measurement on a subset of Majorana
fermions is performed in the right side. We also provide some more detail about our
numerical analysis.

A.1 On-shell action for the numerator of equation (2.36)

Let us start by computing I,m(m). As a first step, the boundary conditions (2.39) suggest
introducing bilocal fields analogous to the ones defined in equations (2.13)—(2.14) and the
corresponding Lagrange multiplier fields (71, 7), i = 1,2,3. The arguments now have
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range 712 € (0,20). In terms of the bilocal fields, the action (2.38) takes the form

M/2

1
—I:/dﬁdm{—2( a

N
+ Y i(m)(0 - 5333)%(72)) - % <M

M/2

k=1

> op1(11)(0 — S11)ton-1(72) + D Por(11) (0 — Sa2) ook (72)
k=1

o M- . .
?EnGn + ?EQZG’QZ + (N — M)233G33)

j=M+1
J? M - M - - q
— = — N-—-M . Al
+2qu_1 ( 5 Gii(m,72) + 5 Gaa(71,72) + ( )G33(71,T2)> ] (A1)
Similar to what we did in section 2.1, we can now introduce a new Majorana field
defined as
Yar—1(5), 0<s<pB/2,
W (B — s), B2 <s <P,
_Z¢2k(26 - 8)7 ﬁ <s< 3ﬁ/2>
Yog—1(s — ), 38/2 < s < 20,
Xk(s) = (A.2)
¢2k—1(3_5)7 2B<8<55/21
ior (45 — s), 56/2 < s < 30,
—ihop(58 — ), 3B <s<TB/2
¢2k_1(8—2ﬁ), 7ﬁ/2<8<45
The new Majorana satisfies the conventional anti-periodic boundary conditions for
fermionic fields, i.e. xx(48+s) = —xk(s). We can then integrate out the Majorana fermions

in the path integral, obtaining the following action for the path integral over the bilocal

fields:

log det(G; ! — ¥33)

(1- m)@&‘s)

I m A 2 1-m
N Zlogdet(Gt Lo+
1 . .
— */dTldTQ (mEnGll + TZQQGQQ +
2 2 2
J? /m - ~ - q
+ % (2(G11(71772) + Goa(11,m2) + (1 — m)G33(T1,T2)) ,

(A.3)

where we introduced the free fermion propagator Gy = 9~! and a compact notation for the

self energy

(S o 0 $1(12)
0 —X9n(11) 299(12) 0
0 D9p(21) —¥9(22) 0
$(s1.5) = ?11(21) 0 0 211(22)
’ Y1u(31) 0 0 ¥11(32)
0 —¥9(31) X0(32) 0
0 Xoo(4l) —¥9p(42) 0
| 41 (41) 0 0 X1(42)
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¥11(13) 0 0

0 —99(13) Xop(14)
0 399(23) —X20(24)
¥11(23) 0 0
211(33) 0 0

0 —%92(33) X9o(34)
0 Zp(43) —Ex(44)
¥11(43) 0 0

¥11(14)

>

$11(34)

>11(44)

0

0
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In (A4, we  have used the  short-hand  notation  31;(ij) =
211 ((Z — 1),8/2 + s1, (j - 1)5/2 + 82) and Egg(ij) = 222 ((Z - 1),8/2 — 81, (j — 1)ﬁ/2 — SQ)
with 0 < s12 < /2. The boundary condition resulting from the twist operator is given by

Gi(s1,52) = %Sgﬂ(sl — 52), s1,2 € (0,28), (A.5)
Gi(s1,89) = %sgn(& — 59), s1,2 € (B,38) or s12(0,3) U (38,45). (A.6)

and Gy(s1,$2) = Gt(sl, s2) = 0 otherwise.
We can now derive the Schwinger-Dyson equations by varying the action (A.3) for the
bilocal fields:

G= (G -7 G=(G' -2,
AT
i = J? (?(Gll + Gaa) + (1 — m)Ggg) , 1=1,2,3. (A1)

Here we omitted the ~ to indicate that the bilocal fields are on shell. G711 and Gag are
related to G by

G11(s1,52)

G(Sl,SQ) é(81,3/8/2+82) é(81,25+82) é(81,7,3/2+82)
2(3B/2+s1,52) G(38/2+51,38/2+s2) G(38/2+51,2B+s2) G(38/2451,78/2+ s2)
G(2B+s1,52) G(28+51,38/2+s2) G(2B+51,28+s2) G(2B+51,78/24s2) |’

| G(TB/2+51,52) G(TB/2+351,38/2+s2) G(TB/2+ 51,28+ 52) G(7B/2+51,78/2+ 52)

82) (A8)

—G’(ﬂ—shﬂ—Sz) é(ﬁ—81,3ﬁ/2—82) —6(5—51,35—52) G(ﬂ—8177,3/2—52)
G(38/2—51,8—52) —G(38/2—51,3B/2—s2) G(38/2—s51,38—52) —G(3B/2—51,7/2— s2)
~GBf—s1,8—52) G(BB-51,38/2—52) —GBB—51,38-s2) G(30—51,78/2—s2)
_G(75/2—81,ﬂ—82) —G(7,6/2—,35/2—82) G(7,3/2—S1,36—|—52) —G(7ﬂ/2—81,7ﬂ/2—52)

We can then discretize the imaginary time contour and numerically solve the
Schwinger-Dyson equations (A.7) combined with equations (A.4) and (A.8) by iteration.
Using the Schwinger-Dyson equations (A.7), the on-shell action Iym(m) can be written as

_Lum(m) — m
N 4

—J; (1 — ;) /dTlde (?(Gll + Gaz) + (1 — m)G33)qv (A.10)

(log det[G71GY] + 2log 2) + 1—Tm (log det[G~'Gy] + log 2) (A.9)

where we have used a normalization for the bare propagators
log(G;1) —log2 =0, log(G;t) —2log2 = 0. (A.11)

This is readily understood if we consider that G; is the same as a propagator for a free
fermion on a contour s € (0,253) and G, is the same as a propagator for two free fermions
on two separately contours s € (3,30) and s € (0,5) U (33,403). The partition function of
a free fermionic mode is simply 2 (accounting for the occupied and unoccupied states).
Once the Schwinger-Dysons equations (A.7) are numerically solved, the on-shell ac-
tion (A.9) can be evaluated. In order to minimize the error due to the discretization of
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the imaginary time contour, we obtain results using different finite discretizations and then
extrapolate the result in the continuum limit (i.e. infinitely fine discretization). More explic-
itly, we divide each contour (0, ) into L = 40, 60, 80, 100 segments, and then extrapolate
the results in the L — oo limit.

A.2 On-shell action for the denominator of equation (2.36)

In a similar fashion, the denominator of equation (2.36) can be written in terms of a path
integral

(T [O(m)])2 = / Dipe T, (A.12)

where the action is again given by equation (2.38). We can then rewrite the action in terms
of bilocal fields:

1—m

log det(G;l — 233)

M

~ m ~ =~ ~
111G+ 5222022 + (1 — m)G33> (A.13)

+ 7 (?(G’n(ﬁﬁz) + Goa(11,m2)) + (1 — m)G33(Tl’T2))q

where again G; = 9~!. The boundary conditions (2.40) now lead to

1
Gi(s1,82) = isgn(sl — S9), 0<sip<BorfB<sig <28, (A.14)
A 1
Gi(s1,82) = §sgn(sl — S9), 0<s12<2Bor28<si2<4p. (A.15)

A

and G;(s1,s2) = G;(s1,82) = 0 otherwise. The Schwinger-Dyson equations are given by

é:(GA;l_E)_la G:(GZI_E)_la (Alﬁ)
i = J? (?(Gu + Ga2) + (1 — m)Ggg) ) 1=1,2,3. (A.17)

with 32 (&) given by (A.4) and (A.8). The on-shell action can then be written as

Iden(m) - m A—1A L—m -1
—— N 1 (log det[G™G;] + 2log 2) t g (log det[G™G;] + 2log 2)
J? 1 q
5 <1 — q) /dTldTQ (T;(Gn +Gaa) + (1 — m)G33> , (A.18)

where the normalization is
log(G; ') —2log2 =0, log(G; ') —2log2 = 0. (A.19)

We can then numerically solve the Schwinger-Dyson equations and evaluate the on-
shell action Igen(m) like we did for Inym(m). Once we have the numerically-obtained value
of both on-shell actions (A.9) and (A.18), we can finally compute the Renyi-2 entropy —
given by 5’22)(\11(m)) = Inum(m) — Iqen(m) in the saddle point approximation — and the
Renyi-2 mutual information — given by I% (¥ (m)) = 2522)(\11(771)). The numerical results

obtained following the procedure described in this appendix are reported in figure 6.
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B The m = 1 case: Kourkoulou-Maldacena state

The setup studied by Kourkoulou and Maldacena [27] can be seen as a special case of
our setup involving a one-sided measurement on a TFD state. In particular, when all
the Majorana fermions on one side are projected using the measurement operator (2.4)
(namely, m = 1), the resulting post-measurement state on the other side is pure and given
by a Kourkoulou-Maldacena state. For completeness, in this appendix we calculate the
Renyi-2 entropy of a subset of Majorana fermions in the Kourkoulou-Maldacena state [37]
obtained in the m = 1 case of the analysis of section 2 and appendix A. Without loss of
generality, we assume the Majorana fermions on the right side are projected.

We can then divide the Majorana fermions on the left side into two subsets A = {;|i =

., N4} and A = {¢;]i = Ng+1,..., N} and define A = Ny/N. The Renyi-2 entropy
of the subset A is given by

Tra |(Trzlpxu])’]
(Tr(pxcn])”

where |¥) = |[¥(m = 1)) is defined in equation (2.8) and we traced over the right side

_5®
e5a W) = . prv = Trg|W) (Y], (B.1)

(which after the measurement is in a product state with the left side). Like in our previous
analysis, the numerator and denominator of equation (B.1) can be represented using a
Euclidean path integral. The corresponding action for the numerator is the same as (2.38)
on a contour 7 € (0,20), but the boundary conditions are modified to take into account
the insertion of a twist operator only for the first N4 Majorana fermions on the left and
the fact that all Majorana fermions are measured on the right:

¥i(0) = —(28), Vi(B-) = %( +)s i=1,...,Na,
YN+ (0) = =N, +5(8-), VN1 (Br) = —UN,1j(28), j=1,...,N—Na,
Yok— 1(6 >—Z¢2k (ﬁ >, VYok— 1('62 ):—21/12 (ﬁ+) k=1,...,N/2, (B.2)
hop— 1(35 )—W%( 36— >7 Yop— 1<3§+>:—¢2k(3ﬁ+> k=1,...,N/2.

The first line gives the anti-periodic boundary conditions for Majorana fermions in A (for
which a twist operator is inserted in the left); the second line gives the anti-periodic bound-
ary conditions for Majorana fermions in A€ (for which no twist operator is inserted); the last
two lines are a consequence of the measurement of all Majorana fermions in the right side.

On the other hand, the action for the denominator is again given by equation (2.38),
while the boundary conditions now reflect the fact that no twist operators are inserted in
the left side:

¢j(0):—¢j(5—)7 ¢](6 )_—¢J(2ﬁ) j:L"'7N7

Yor—1 (52) = 1oy (i) Y (é) = —ioy <B+> k=1,...,N/2, (B.3)
) (3‘> Yok_1 (%*) = —itay, <3ﬁ+> k=1,...,N/2.
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Figure 16. Renyi-2 entropy per Majorana fermion of a subset A of fermions in the left side after
all fermions in the right side have been measured. The left system is in the Kourkoulou-Maldacena
state. A denotes the fraction of left fermions included in subsystem A. Different colors denote
different values of 5. The Renyi-2 entropy is symmetric around A = 0.5 due to the purity of the
Kourkoulou-Maldacena state and the O(N) symmetry of the large-N SYK model. Increasing 8 we
increase the amount of Fuclidean time evolution preparing the Kourkoulou-Maldacena state, and
therefore the entanglement among fermions.

We can then introduce again the bilocal fields, derive and solve numerically the
Schwinger-Dysons equations, evaluate the on-shell action for the numerator and denomi-
nator, and finally compute the Renyi-2 entropy in the saddle point approximation. This
procedure is completely analogous to the one carried out in section 2 and appendix A, to
which we refer for technical details. The results of our numerical evaluation of the Renyi-2
entropy as a function of the fraction A4 of fermions in subsystem A are shown in figure 16
for different values of f3.

A general feature for all curves is that the entropy increases with A for A < 1/2; and
decreases for A > 1/2. This is a consequence of the fact that the Kourkoulou-Maldacena
state — obtained in the left side by measuring all fermions in the right side — is a pure state.
For this reason and due to the O(N) symmetry of the SYK model at large N, the Renyi-2
entropy is symmetric with respect to A = 1/2. Notice also that the Renyi-2 entropy is lower
for smaller values of 5. This behavior can be easily understood. For 8 = 0, the Kourkoulou-
Maldacena state is simply given by the eigenstate of the measurement operator, which
is a product state of the Majorana fermions (and therefore any subsystem of Majorana
fermions has vanishing entropy). Increasing 3, the Kourkoulou-Maldacena state is given
by the same product state evolved by an amount 3 of Euclidean time. Such Euclidean
time evolution introduces entanglement among different Majorana fermions, increasing the
Renyi-2 entropy [27, 28].

C Two-sided measurement and mutual information in the SYK model

In this appendix we consider the case where the projective measurement is performed on
a subset of fermions in both sides of a SYK thermofield double. Similar to the analysis of
section 2, we measure the fermionic parity on the left and right side. The measurement
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operators are given by

Mpy = —i2¢¥gok-1YRr2K, k=1,...,M/2
ML7]§ = _i2wL,2k—1"7ZJL,2k:, k= (N — M)/Q + 1, - ,N/Q,

where again we assume M and N are both even, and we take the large-N limit with fixed

(C.1)

m = M/N. The eigenvalues of the measurement operators are r, [, = 1. Assume we mea-
sure the TFD state and observe the measurement outcomes 1= (I(y_ar)/2+1,- - - In/2) and
r = (r1,...,7p/2) for the left side and right side, respectively. Then the post-measurement
states for the measured Majorana fermions on the left and right side are given by |Lj(m))
and |Ry(m)), where

Mp | Re(m)) = | Re(m)), k=1,...,M/2,

(C.2)
ML7k\L1(m)>:lk|L1(m)), k‘:(N—M)/Q—i—l,,N/Q

The resulting full (unnormalized) post-measurement state for the two-sided system is given
by

[@1(m)) = (157" @ |Re(m))(Re(m)]) @ (1™ ® |La(m))(La(m)]) ITF D), (C.3)

where 1 5:1 I}m)

denotes the identity operator acting on the unmeasured Majorana in the left
and right sides.

We are interested in computing the mutual information between the unmeasured Majo-
rana fermions in the two sides. Because the state |®y,(m)) is pure, the mutual information

satisfies

ILR(®1r(m)) = SL(P1e(m)) + Sr(Pre(m)) — SLr(P1r(m)) = 250 (P1r(m)),  (C4)

where @y ,(m) = |P1,r(m))(P1,r(m)| is the associated unnormalized density matrix. Like in
section 2.3, we focus on the Renyi-2 entropy

-5 (@(m)) _ Trz [(Trp[®(m)?])] (C.5)
(Tr[@(m)])”
Since our analysis does not depend on the measurement outcomes, we omitted the sub-
scripts in equation (C.5) and in the following calculation we set for simplicity I =, = 1
fork=1,...,M/2,(N—-M)/2+1,...,N/2.
The path integral representation for the numerator of equation (C.5) is

To [(Ter[@m)?])] = [ Doe, (C.6)

with the action

9 q
—I= —/dTZ;¢j(T)BT¢j(T) +/dT1dT22q]{,q1 (Z %(Tl)%(ﬁ)) . (G

The imaginary time runs from 7 = 0 to 7 = 25. We now need to specify the correct
boundary conditions taking into account both the measurement operators and the insertion
of a twist operator in the left side. To this end, we need to discuss two separate cases, i.e.
M < N/2 and M > N/2.
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(a) 1<i< M. (b) M <i<N—M. (c) N—M <i<N.

Figure 17. Imaginary time contour 7 € (0,203) for the Euclidean path integral computing the
numerator of equation (C.5) when M < N/2. The twist operator inserted in the left system
is indicated by the dashed line. The insertion of a measurement operator in the left and right
sides is indicated by the triangles. When the projective measurement operator is inserted in the
left side, the effect of the twist operator is trivial and we therefore omit the dashed line. (a)
Boundary conditions (C.8) for Majorana fermions ¢;, 1 <4 < M. (b) Boundary conditions (C.9)
for Majorana fermions v;, M < i < N — M. (c¢) Boundary conditions (C.10) for Majorana fermions
i, N—M <i<N.

M<N/2. For M < N/2, the measurement on the right side is performed on Majorana
fermions ¢; with ¢ < M, while on the left side it is performed on Majorana fermions 1; with
i > N — M. For the Majorana fermions ; with M < i < N — M, there is no measurement
in either side. A graphical representation of the boundary conditions is given in figure 17.

For 1 < ¢ < M, the boundary conditions must take into account the measurement
operator inserted at 7 = (3/2,33/2 as well as the twist operator inserted at 7 = 0, 3,20
(see figure 17 (a)):

k=1,...,M/2

() (D) ().
Yok—1 (32 ) = ithoy, (3§ >, ok 1 (ﬁ> it (3/3+>

Yor—1(0) = —1har—1(23), Yar(0) = —1har(28),

where we used the shorthand notation f1 defined in section 2.3.
For M < i < N — M, there is no measurement operator and the twist operator is again
inserted at 7 =0, 3,20 (see figure 17 (b)):

i=M+1,...,N—M, ;(0)=—;(28). (C.9)

For N — M < i < N, the boundary conditions must take into account the insertion of the
measurement operator at 7 = 0, 3,23. The twist operator at the same point is now trivial
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(a) 1<i<N— M. (b) N—M <i< M. () M <i<N.

Figure 18. Imaginary time contour 7 € (0,28) for the Euclidean path integral computing the nu-
merator of equation (C.5) when M > N/2. The twist operator inserted in the left system is indicated
by the dashed line. The insertion of a measurement operator in the left and right sides is indicated
by the triangles. When the projective measurement operator is inserted in the left side, the effect of
the twist operator is trivial and we therefore omit the dashed line. (a) Boundary conditions (C.11)
for Majorana fermions 1;, 1 <i < N — M. (b) Boundary conditions (C.12) for Majorana fermions
i, N— M < i< M. (c) Boundary conditions (C.13) for Majorana fermions ¢;, M < i < N.

because (Ly(m)|Li(m)) =1 (see figure 17 (c)):

k=(N—M)/2+1,...,N/2
Yor—1(0) = —i91(0), Yop—1(B-) = ihar(B-), (C.10)
Yor—1(8+) = —ithar(B+), Yor—1(28) = ithar(28).

M>N/2. Increasing the number of measured Majorana fermions such that M > N/2,
the measurement prescription in the right side and left side is the same as before, but now
the measurement occurs in both sides for the Majorana fermions v; with N—M < i < M.'8
A graphical representation of the resulting boundary conditions is given in figure 18.

For 1 < i < N — M, the boundary conditions must account for the measurement
operator inserted at 7 = [3/2,35/2 as well as the twist operator inserted in 7 = 0, 3,28

8For simplicity, we postselect the outcomes of the right-side measurement and the left-side measurement
to be the same so that the method we developed in section 2 and appendix A can be directly applied. If
the measurement outcomes are different, we cannot simply introduce a new Majorana fermion x, because
it would not satisfy the conventional anti-periodic boundary conditions for fermionic fields.
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(see figure 18 (a)):
s (N = M)/2

k
Yok—1 (é ) ihog (62 ) 2%—1 (%) = —1gg ( )
o1 < ) ( 5 > ; o1 (?) —1ag, <3ﬁ+)
Por—1(0) = —h2p—1(28), Yor(0) = —ak(28).

For N — M < i < M, there are measurement operators inserted in both sides — namely
at 7 =0,8/2,3,35/2,28 — and the action of the twist operator is trivial. This leads to
the boundary conditions (see figure 18 (b))

(C.11)

k=(N—M)/2+1,...,M/2
Yor—1(0) = —ithax(0), Yor—1(8-) = ithar(B-),
Vor—1(B+) = —ibar(B4), Yor—1(28) = Z%k( B), (©12)
Yor—1 (/6 ) ithog (B ) Yok—1 (ﬂ ) = —ithag ( ) .
Yor—1 <3§> ihak <3B ) ak—1 <3ﬁ+) = —ithag <3B+)

Finally, for M < i < N, the boundary conditions must take into account the measurement
operator inserted at 7 = 0, 3,20, while the twist operator at the same point is trivial (see
figure 18 (c)):

= M/2+1,...,N/2
Vor—1(0) = —itpar(0), VYor—1(B-) = ihar(B-), (C.13)
VYor—1(B+) = —ithar(B), Por—1(28) = ithar(28).

The denominator of equation (C.5) can also represented by a path integral with the
same action (C.7). The difference is in the boundary conditions, because there is no
twist operator. More explicitly, the boundary conditions for the denominator are given by
equations (C.8)—(C.13) after replacing the last line in equation (C.8), equation (C.9), and
the last line in equation (C.11) by

Yi(0) = =i(B-), ¥i(B4) = —i(2B), i=1,...,N— M. (C.14)

Having identifying the boundary conditions, we can now proceed to introduce bilocal
fields, derive and numerically solve the Schwinger-Dyson equations, evaluate the numerator
and denominator on-shell actions Iyum(m) and Igen(m), and finally compute the Renyi-2
mutual information — which is given in the saddle point approximation by Iﬁ%(@(m)) =
2(Inum(m) — Iqen(m)). This analysis is completely analogous to the one carried out for the
one-sided measurement in section 2.3 and appendix A, and we will therefore omit it here.

Our numerical results for the Renyi-2 mutual information Ig%(@(m)) = Ig){(q)(m)) /N

are shown in figure 19. As in the one-sided measurement case, the mutual information
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Figure 19. Renyi-2 mutual information I(L2}%(<I>(m)) between unmeasured Majorana fermions on
the left and right sides for the two-sided measurement case. m = M/N is the ratio of measured
Majorana fermions on the left and right sides. The mutual information is always non-vanishing for
m < 1, and vanishes only when all the Majorana fermions are measured (m = 1).

remains finite for any m < 1 and only vanishes for m = 1. In other words, the left and
right systems are completely disentangled only when all Majorana fermions are measured.
One way to understand this result is to remember that at infinite temperature the TFD
state reduces to EPR pairs between the left and right Majorana fermions. In this case the
mutual information is

(1 -2m)log2, m<1/2,
TEp(m) = . ”> 1/ (C.15)

The transition between the entangled phase and the completely disentangled phase occurs
at m = 1/2. This can be readily understood if we recall that for m = 1/2 (which is
M = N/2) one fermion is measured for each one of the N EPR pairs. In particular, the
right fermion of each EPR pair is measured for i = 1,..., N/2, while the left fermion of each
EPR pair is measured for i = N/2+1,..., N. Now imagine we turn on a small imaginary
time evolution, i.e. we consider the TFD state at high but finite temperature. Then the
all-to-all interaction in the Hamiltonian will generate entanglement between the two sides
even for m > 1/2. This is particularly evident for example in the 7 = 2 numerical result
in figure 19.

Finally, we would like to remark that the holographic dual analysis of the two-sided
measurement setup described in the present appendix is complicated by the fact that when
large subsets of fermions are measured on both sides, it is not clear whether a geometric
bulk dual description still exists. Therefore, when m is small we expect the bulk dual
analysis to remain substantially similar to the one described in section 3 for the one-sided
measurement case. But when m is large, it is not clear what bulk geometry is left behind by
the measurement, if any. For intermediate values of m, the transition from a semiclassical
geometry to a non-geometric description could be radical and it is not well-understood.
We thus leave the bulk dual analysis of the two-sided measurement case for future work.
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D Entanglement entropy in JT gravity with matter CFT

Varying the dilaton and metric in the JT plus matter action (equation (3.1)), respectively,
yield the equations of motion

R = -2, (D.1)
1
M(vltvl/é - gqu2¢ + guu¢) = T,u,y; (D2)
where T),, is the stress tensor of the matter CFT. We first consider the solution at zero

temperature, setting 7T),, to zero. The metric in Euclidean Poincaré coordinates is

dt? + dz*
ds? =2 77 D.3
= (D.3)
and we implement the following boundary conditions at z = e [21],
1 1
Ilody = -,  ¢(e) = —. (D.4)
€ €
The solution for the dilaton is then given by
a+ vyt + 5(t? + 22

z

where «,y,d are constants determined by the boundary conditions, a =1, v = = 0.
To describe a thermal state with temperature 1/, we can make a series of coordinate

transformations. To this end, we first introduce x = z + it, & = z — it with ds® = (idfgﬁ.
Now then take 5 5
T T
= — tanh — r = — tanh —y. D.6
T =, _tan ﬁy, T =, _tan By (D.6)
Finally, with y = 0 + i1, y = 0 — ¢7, the metric becomes
47? do? + dr?
ds? = 0"+ a7 (D.7)

$2 sinh? %“U )

Implementing the boundary condition at o = €, g, = }2, o(e) = %, yields the dilaton

solution
2 1

P(o) = ¢rﬁ@' (D.8)

We can now turn to understanding the bulk matter entropy, computed via a “dou-
bling trick.” We introduce a second Euclidean copy of the spacetime, glued together as in
figure 20. To this end, we employ a (final) coordinate transformation,

first copy

z = e%(ﬂ_”), z= 6%«(0_”)7 ds* = (14_(175;)2’ |z| < 1,

second copy (D-9)
z= e_%r(UHT), Z= e_%r(a_w), ds? = m, |z| > 1.
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Figure 20. Two copies of Poincare disk with one of them filling outside |z| > 1.

The metric is identical in the two copies, except one copy is mapped to |z| < 1, and the
other one to |z| > 1. In other words, the two copies are related by the transformation
z — % The free Dirac fermion can propagate in the entire plane, as shown in figure 20.
Note that the UV cutoff of the two copies is located at |z| =1+ %, respectively.

dxtdz?
Since the metric differs from a flat space by only a Weyl factor ds? = Zé(# — and

as noted above, the fermions propagate in the entire plane — we know the entanglement
entropy between two twist operators at xj,x2 near the vacuum state is given by

2
C X

= —log — 12 D.1
Scrr(x1,X2) 5 0gQ(X1)Q(X2)’ (D.10)

where x19 = x1 — x2. Finally, the dilaton field in this coordinate is given by

2m 14 |22

8(2,2) = oz (D.11)

E Haar random unitary model for TFDs with measurement

In this appendix, we construct a simple model that shows the essential physics of
measurement-induced entanglement wedge phase transitions in the context of bulk re-
construction. Our simple model consists of two random unitaries Uy, and Ur with equal
dimension 2%, drawn from a Haar distribution. To allow for a more general setup, we take
the bulk state of the system to be [¢)). As shown in figure 21, these random unitaries map
the state |¢) from bulk to boundary (we take the incoming legs at the bottom of each
unitary to be the bulk Hilbert space, and the outgoing legs on top of each unitary to be
the boundary Hilbert space, which we refer to as the left and right sides for simplicity).
In analogy with the measurements considered in the main text, we measure M qubits in
the left boundary Hilbert space. In the main text, we found a phase transition occurs when
the fraction m = M /N of measured fermions exceeds a critical value m* (see e.g. figure 1).
When m > m*, the information that was stored in the left side before measurement is
teleported to the right side. Here, in this simple model, we ask a similar question. Suppose
we have an operator W in the left bulk Hilbert space acting on the state |¢)). How many
qubits M need to be measured in the left side such that this operator can be successfully
reconstructed in the right boundary Hilbert space? In figure 21, M out of N qubits in the
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Figure 21. A model with two random unitaries, Uy, and Ug, representing the two sides each with
N qubits. [¢) denotes a bulk state. M out of N qubits in the left side are projected to state |0).
W denotes an operator acting on the left bulk Hilbert space.

left side are projected to state |0). The measurement outcome is not important here since we
are interested in the typical behavior of random unitaries drawn from a Haar distribution.

To answer this question, we employ the technique introduced in refs. [14, 58] to give
a bound on the reconstruction error. This calculation is straightforward, and we refer to
ref. [14] for details. Here we just present the final result. Let Wg be an operator acting
on the right boundary Hilbert space, and V = 21\/%(] 1. ® Ug be the linear map from the
bulk to the boundary for both sides (here the prefactor comes from measurements). The
reconstruction error is defined by

(VW) = WRV )] < e, (E.1)

where [|.|| denotes the norm of the state. The reconstruction error for a typical error mod-
eled by a random unitary drawn from the Haar distribution is bounded by €; < /€2, where

€2 <2 (E.2)

S(LZ)(\II) = Trg [Trz(¥)?] is the pre-measurement Renyi-2 entanglement entropy between
left and right side evaluated for the state ¥ = |¢))(¢)|. This bound intuitively states that
the reconstruction would be successful if the measurement is implemented on a subset of
fermions large enough that the entanglement of the remaining N — M unmeasured qubits
is much smaller than the pre-measurement entanglement between the two sides, i.e. the
entanglement resource. With this understanding, we can give an estimate of the critical

value of m by solving % = 1. The transition point is then given by
e L
5(2)(\1,)
* L
=1————. E.3
Nlog?2 (E-3)
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Roughly speaking, this means that the critical point is determined by the pre-measurement
entanglement between the two sides: the greater the entanglement, the fewer number of
qubits needs to be measured to achieve the transition.

F Bound on teleportation fidelity

In this appendix, we are going to relate the bound on teleportation fidelity to the left-right
correlation functions studied in section 4. Our discussion is similar to that of ref. [45]. We
will use diagrams to represent states and amplitudes. Assuming two copies of the same
Hilbert space, each consisting of N/2 qubits, we define some relevant states and projection
operators as follows,

. N/2
—_ _BETL
TFD (Tr[e—PH])1/2 nZ:: € |En) @ |En),
d
| l-=Xnen -
N/2
= @ Isk) (s,
k=1

where H denotes the Hamiltonian and | E,,) denotes the energy eigenstates. |sg), sy = * are
two possible states of a qubit, and |sg)(sx| denotes a projection operator. In this appendix,
we use S to denote the measurement outcome (note the change in notation from section 4,
where we used [ to denote the measurement outcome).

The state teleportation protocol conditioned on measurement outcome s is given by

(W]

i
¥ @

o (F.2)
)

Ut

[ —{reo]

where U is a time evolution operator and U is a unitary operator dependent on the mea-
surement outcome, which we refer to as a decoding operator. D is another decoding opera-
tor at the end of the teleportation. Thus, the teleportation protocol consists of three parts:
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1. At time ¢ = —tp, a state |¢) is inserted in the left side;

2. At time t = 0, a projective measurement is performed in the left side and a decoding
operator is implemented in the right side according to the measurement outcome;

3. At time ¢ = tg, another decoding operator D is performed in the right side, and the
state is teleported to the right side.

At time t = 0, the measurement-decoding protocol should be understood as a quantum
channel, which can be defined by a Kraus operator,

Ks = (®k|sk)(sk)) @ Us, Y KIKs=1, (F.3)

where the decoding operator we perform on the right side depends on the measurement
outcome on the left. Conditioned on the measurement outcome, the full protocol is given
in (F.2).

The state teleportation fidelity is related to the fidelity of the distillation of EPR
pairs [49],

m
|
UT
Us
U (F.4)
X
yt

TFD

Here, instead of inserting a state, a swap between two qubits is performed in the right
side, and finally a distillation of EPR states between the swap qubit is implemented. The
average fidelity of state teleportation is related to the fidelity of EPR distillation by,

d 1
Fy) = F — .
(Fy) do1 EPR+d+17 (F.5)

where d is the dimension of the state Hilbert space, and (-) implies an average over all
states.
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The fidelity for distillation of an EPR state is

Fppr= )

S1,52

where in the first diagram, the projection operator enforces s; = so. The sum over all
possible measurement outcomes occurs because the full fidelity is given by the sum of
fidelities conditioned on each measurement outcome. To get the second diagram, the swap
operator is replaced by the following identity,

();Z (F.7)

where @) is a basis operator living in the d dimensional Hilbert space. For instance for
d=2,Q =1,X,Y,Z the identity and three Pauli matrices. Then we move one of the
operators to the right side, and define Q = D'QD. In the case of a qubit, the decoding
operator is D = Y [30, 35, 45]. For the SYK model we consider in the main text, the
decoding operator is trivial D = 1, and so we neglect it in the main text.
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Thus, the distillation fidelity is lower bounded by

1
Fepr= Y (F.8)
81,82 Q1,Q2
Namely,
2
1
Fgpr > EC&Q : (F.9)
S?Q

where the left-right correlation function Cs g is given by

Caq = (TFD|Qk(to) [(©x]sk) (st]) @ Us] Qr(~t0) | TF D), -

Qr(—to) = (ULQU}) ® 1, Qrlto) =1 (ULQUR),

where Up r denotes the time evolution operator in the left and right side. Thus, the
left-right correlation function is closely related to the fidelity bound.

G Symmetries of the twisted correlation function

In this appendix, we discuss the symmetries of the twisted correlation function, which are
used to simplify the calculations in the main text by reducing to a fundamental domain.
Recall the twisted correlation function is defined as

Gx(s1,52) (G.1)
o—BH 8 Vor—1(51)Y2x—1(52) il or—1(51)2k(28 — s2) )]

el T [O(Z) <z‘lk¢2k(25 — 51)Yak—1(52) =12k (28 — 51)12k (26 — s2) L)

(LT [0(5)] L)
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where (1) = ef"e ™™ is the imaginary time evolution, and O(g) =

_i8 ; B B
¢~ ta 2n livak1(5)¥20(5) §g e decoding operator. Because the Majorana field yj satis-

fies conventional anti-periodic boundary conditions, we have
GX(51>52) = _GX(S2751)7 GX(51752) = _GX(2B+51>52)' (G2)

The twisted correlation function is real if § is a purely imaginary number, Gy (s1, s2) =

Gy (s1,52)*. This is because we can find a real representation for all operators, including

O(g) Thus, we take 0 imaginary, then analytically continue it to a real number. If we

take the complex conjugate of the twisted correlation function, we get

GX(SlﬂSQ)*

LITlo—8 Yor—1(—s2)P2p—1(—51) _ilk¢2k(_25+32)¢2k1(—31>>] —BH |

< IT[ ( 2)<—ilk¢2k1(—82)¢2k(—25+81) ok (—2B+s2) ok (—28+s1) || )
(LT ]O(=5)] e L)

_BH gy V2k-1(B—s2)bok—1(B—s1) —ilgthor(—B+s2)vak-1(8—s1)

ke TlO(Q) ( —ilpor—1(B—52)Vok(—B+s1)  —tar(—B+s2) ok (—B+s1) 1L
(Lile=PHT]O(5)]1Ly)

=G (B—s2,8—s1), (G.3)

where we have used [1(7)]T = ¥(—7) to get the first line. In the second line, we bring the

operator e " from the right to the left by shifting the time by /3 for all operators. The
last line can be obtained by recalling the definition of x; and its anti-periodic boundary
conditions.

Moreover, the twisted correlation function is invariant under or_1 — o, Wor —
—1ok—1. The large-N action is invariant under O(N) transformations, so it is invariant
under this subgroup. Now we should check the measurement-decoding channel under this
transformation. Both the projected state |L;) and the decoding operator O(g) are invariant
because —2i19p 119 is invariant. Therefore, the twisted correlation function is invariant,
which leads to the following properties

Gy (s1,52) = =Gy (20 — 51,20 — 52) = Gy (20 — 52,23 — s1). (G4)

In summary, (G.2), (G.3), and (G.4) lead to the following (anti-)reflection conditions
anti-reflection about s; —s9 =0: Gy (s1,52) = —Gy(s2, 51),

reflection about s1 —s9 = 3 : Gy (s1,52) = Gy (52,51 — B),

reflection about s1 —so = —F: G,(s1,52) = Gy(s2 — 5,51 + ),

reflection about s +s2 =208 : Gy (s1,52) = Gy (26 — 52,28 — s1), (G.5)

reflection about s1 4+ 52 =26: G(s1,52) = Gy (B — 52,08 — 51),

reflection about sy + so = gﬁ i Gy(s1,82) =Gy <§B — S9, ;6 — 51> .

They are illustrated in figure 14. With the help of these symmetries, we can reduce the
calculation from the full domain to the fundamental domain A, B, C and D, as discussed
in the main text.
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