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ABSTRACT: In this paper, we show that a simple generalization of the holographic axion
model can realize spontaneous breaking of translational symmetry by considering a spe-
cial gauge-axion higher derivative term. The finite real part and imaginary part of the
stress tensor imply that the dual boundary system is a viscoelastic solid. By calculating
quasi-normal modes and making a comparison with predictions from the elasticity theory,
we verify the existence of phonons and pseudo-phonons, where the latter is realized by
introducing a weak explicit breaking of translational symmetry, in the transverse channel.
Finally, we discuss how the phonon dynamics affects the charge transport.
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1 Introduction

It is widely unveiled that the hydrodynamic formulation, which is based upon a small
amount of conserved quantities as well as the constitutive relations, can provide a universal
description for the low energy collective excitations in exotic quantum matter [1-4]. In
relativistic hydrodynamics [5], the most fundamental conserved quantity is the stress tensor.
Despite the Poincaré symmetry is fundamental for particles in the high energy region,
the spatial translations are ubiquitously broken at low energy scales in condensed matter
physics, especially in solids where there commonly exist periodic lattice, impurities, defects,
etc. If the breaking of translations is weak, we are still allowed to formulate the so-called
quasi-hydrodynamics to address the problems approximately. However, this framework
might break down when the translational symmetry is strongly violated.

On the contrary, the holographic duality provides a purely geometric approach to un-
derstand universal behaviors in strongly coupled systems, regardless of whether quantities



are conserved or not [6-9]. In holography, all the physics of a many-body system (which
is described by some quantum field theories) is encoded in a dual gravity theory with one
extra dimension. Moreover, in the strong coupling limit of the field theory, the quantum
effects on the gravity side are significantly suppressed. As a result, complicated problems
on the field theory side are simplified into solving classical equations in a curved spacetime.
Consequently, this duality has nowadays become a widely used tool for exploring strongly
coupled many-body systems.

Despite the earlier holographic studies focused more on translation invariant systems,
some recent work attempts to make setups closer to realistic materials without transla-
tions [10-23]. One of the simplest ways to capture the key features of the symmetry
breaking patterns of translations but allow fast calculations is to consider homogeneous
massive gravity models. Based on the perturbative calculations, it has also been explicitly
shown that gravitons always have a non-zero mass in any holographic system with an in-
homogeneous lattice [24]. For this reason, massive gravity provides a universal low energy
description for strongly coupled systems with broken translations. A generally and widely
used way of modeling massive gravity is to consider the axions in the bulk [25-29]. These
are massless scalars enjoying a internal shift symmetry, linearly depending on spatial co-
ordinates. As a result, the background configuration of the axions contributes a non-zero
mass to gravitons, breaking the translations in the boundary system but retaining the ho-
mogeneity of the background. Better yet, one can easily realize explicit breaking (ESB)
or spontaneous breaking (SSB) of translations differently by slightly changing the kinetic
term of the axions in the bulk [30-33].! For a comprehensive review on the holographic
axion models, one refers to [34].

In this work, we consider a new way of spontaneously breaking translations by directly
coupling the axions to the U(1) gauge field at finite density. Note that such types of gauge-
axion higher derivative terms have previously introduced in [35, 36] in the holographic
studies on the metal-insulator transition (MIT). Here, we consider the simplest one of them
and reveal the fact that this term just introduces a spontaneous breaking of translations and
the pinning effect in presence of external sources leads to the MIT. Moreover, different from
the fluid model discussed in [37], the gravity system under consideration is dual to some
solid states on boundary where there exist propagating/pinned modes in the transverse
channel. The paper is organized as follows: in section 2, we introduce the holographic
setup, solve the background solution and analyze the viscoelasticity of the dual system. In
section 3, the spectrum of transverse phonons is systematically investigated by computing
quasi-normal modes (QNMs) of the black hole. In section 4, we study how the phononic
dynamics impacts the charge transport. In section 5, we conclude.

'If the breaking of translations is purely spontaneous, there should exist gapless excitations in the low
energy description called Goldstone modes, also known as phonons in solid. It is worth studying the
situation where the breaking of translations is mostly but not totally spontaneous, which is called pseudo-
spontaneous breaking of translations. The corresponding excitations are so-called pseudo-Goldstone modes
or pinned phonons.



2 An elastic black hole

2.1 Spontaneous breaking of translations

In this paper, we consider the following action which can break translational symmetry of
dual field theories [35]

1
Sz/d”‘x\ﬁ—g [R—zA—AX— Z(1+/CX)F? , (2.1)
where X is the kinetic term of the axions ¢! and F,, is U(1) gauge field which are de-
scribed by
1
X=3 > o#elone!,  Fu =V,A -V, AL (2.2)
I=zy

And, A is the cosmological constant that will be set A = —3 for simplicity. A and K are
dimensionless couplings. If we set K = 0, this action simply reduces to the simple linear
azion model [18]. In our model, we should require that A > 0 for avoiding the ghost
problem and —1/6 < K < 0 for causality and stability [35, 38].2

Varying the bulk fields, their equations of motion are given by

1 1 1

R = 30wl = 30+ S F F09,09,00 = 2 (6= 39,0/ 970! g (23

1 K o o 1 g

= 5 (1 + Evaﬁﬁlv ¢I> (Fu FVO' - zguVFpan > ’
YV, [(1 + fvgqsfv%f) F’“’] =0, (2.4)
and

I 1 1 2

Y, [Awqﬁ -3 (K(vehF )} = 0. (2.5)

Note that in holographic axion models, we have the following isotropic and homoge-
neous background metric,

1 1
ds® = — [— f(u)dt? + mduz +dz? + dyz} : (2.6)
A = Ay(u)dt, o' = adlzt, (2.7)

where « is a constant characterizing the breaking of translations, and 2 denotes the bound-
ary spatial coordinates. AdS boundary is located at w = 0 and horizon is determined by
f(u = up) = 0 in this convention. For our model, we can solve the black hole solution

?In the paper [35], the author obtained the coupling —1/6 < K < 1/6. While in [38], the author gave
the stronger constraint —1/6 < K < 0 to avoid the problem of ghosts. In these discussions the effect of
magnetic field is not included. As was pointed in [39] that turning on an external magnetic field will make
the constraint on K even tighter. However, in this paper, our construction does not involve the magnetism.



analytically
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Here, 11 and p are two integration constants which are interpreted as chemical potential and
charge density in the dual field theory. The regularity for gauge field A, on the horizon
requires

pArcTanh (a\/juh)
a av/—K

According to the holographic dictionary, entropy density, energy density, momentum sus-

(2.10)

ceptibility and temperature are respectively given by

2 p?ArcTanh (av/—Kuy,
in e=2 ( L Ao ( ) . (2.11)

§= 3 2 ow T
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3 AoZuy, p2u2
 dmuy, 8 167 (1 + Ka?u3)’

3
xpp=e+P=ge (2.12)
where ypp = € + P = 3/2¢ comes from conformal invariance.

Next, we will explain the two different manners of breaking translations by analyzing
the asymptotic behavior of scalar field ¢! close to the AdS boundary (u — 0). The story
is very similar as in [30, 37, 40-43].

o If weset A # 0 and K = 0 in (2.5), the asymptotic expansion of ¢! near the UV
boundary is

¢I _ ¢([0) (t, xz) + ¢~(’3) (t, xi)u?’ R (2.13)

According to the holographic dictionary and standard quantization, the leading or-
der qﬁ{o) (t,2") = ax! # 0 plays the role of external source that breaks translations
explicitly, relaxing the momentum on the field theory side. Further properties and
applications in holography have been widely investigated in [18, 22, 44-48].

o If we instead set A\ = 0 and K # 0, the asymptotic expansion of scalar field will be
changed by
¢{,1) (t7 xz)

u

¢! = + ) (') + - (2.14)

In this case, the background solution of ¢! means that the leading ¢{_1)(t, x%)-term
associated to the source should be turned off while existing a non-zero expectation
value < O > ~ qﬁ{o) (t,2) = az!. This implies the pattern of spontaneous breaking
of translational symmetry.
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Figure 1. The dependence of the shear elastic modulus G and the ratio of /s on T'//p for different
K. The black dashed line is KSS bound 1/47 [59]. We have fixed coupling A = 0.

Note that if the translations are broken spontaneously, there should exist gap-
less excitations in the low energy description which are called Goldstone modes. In
solid state physics, these Goldstone modes are called phonons, the propagating sound
modes in elastic media. The dynamics of Goldstone modes has already been studied in
holography [30-33, 43, 49-51] and field theory [52-57].

2.2 Shear viscoelasticity

One of the most distinctions of a solid and a fluid is that the former is resistant to shear
deformations while the latter one is not.?> To show that the black hole solution under
consideration is dual to a solid system, we shall compute the Green function of the stress
tensor, which in the hydrodynamic regime can be expressed as

G 1, (@ k=0) =G —iwn+---, (2.15)

where GG is the shear elastic modulus and 7 is the shear viscosity. In the rest of this
subsection, we focus on the purely SSB pattern by turning off the external source, i.e,
setting A = 0 and remaining K # 0. One can calculate G and n via retarded Green
functions of stress tensor operator T}, numerically and read them by [31]

G = Re [gﬁyny (w=k= 0)} ) n= _}Jig%) %I’m [gﬁyny (w, k= 0)} . (2.16)
The numeric results have been shown in figure 1. And we find that the ratio of shear
viscosity 7 to entropy density s always breaks Kovtun-Son-Starinets (KSS) bound [59]
due to the breaking of translations. Moreover, there is a non-trivial shear modulus which
implies the dual system is in a solid state. To have it positive, i.e avoiding dynamical
instability, we should always require that X < 0 in our model.
Now, we analyze the Green function QIEI Ty analytically in the high and low temper-
ature limits. Let us focus on the former first. The details of the calculation are shown in
the appendix A. In the high temperature limit, the analytical results of shear modulus and

3However, in high momentum regime, fluids exhibit similar behaviors with solids. For a comprehensive
review, one refers to [58].



viscosity are respectively given by
9T (/p\*
_ vF e 2.1
¢ 12873 < T ) o (2.17)

n 1 81Ka? (\/5)4
T (YD) 2.18
s 4w + 163847712 \ T + (2.18)

Note that the positive shear modulus again requires the coupling constant C < 0.
In the low temperature limit, we only find the analytical result for n that is given by

26—1
n T 1 8YBK
s (ﬁ) It eV Ter (219

This result is slightly different from the massive gravity without charge density [60], which
shows that the ratio is proportional to 72. The author of [61] have claimed that T2 was
the fastest decay for the models whose IR geometry has an AdSs factor. In our case, the
maximum of exponent is T? that is corresponding to K — —oo, which satisfies this bound.
However, this claim is not true anymore if one consider more complicated IR fixed points
(see [62]). Note that for K = 0 the n/s ratio is a constant which should be KSS bound.

3 Holographic transverse phonons

3.1 Gapless phonons

The dispersion relation of transverse phonons at low energy is
w=tepk —iDpk* 4 -+ | (3.1)

where cr is the propagation velocity of phonons, which is related to the shear elastic
modulus of material given by

G
= —. 3.2
T XPP ( )

Dr is the attenuation constant that is related to the shear viscosity n by Dy = n/xpp [43].
In order to confirm the presence of transverse phonons, we compute the quasi-normal modes
(QNMs) numerically at zero and finite momenta in the infalling Eddington-Finkelstein
coordinates (B.1) by using the pseudo-spectral method. It shows that the Goldstone modes
induced by SSB of translations can be confirmed as transverse phonons in this holographic
model (2.1). One can see more numerical details in [63].%

In figure 2, we show the real and imaginary parts of the lowest order QNMs for different
temperatures. These Goldstone modes are phonons we expected. The spectrums of QNMs
for different couplings are shown in figure 3. One can calculate the sound speed of the
transverse phonons in terms of (3.2) by holography and compare them to the numeric
results extracted from QNMs. We find that they are in perfect agreement with each other,
as is shown in figure 4.

4In the numerical setup throughout the paper, we fix that u, = 1 and al//p=1.



Re[w]/T
0.301

0.25F
0.201
0.15¢
0.101

0.05¢

Im[w]/T
0.00 ===

0.00
0.0

0.2

0.4

0.6

0.8

10 1

kIT
0.

-0.02
— TWp =0.05 ~0.04F — TWp =0.05
— TWp =020 — TWp =020
T p =0.40 -0.06F T p =0.40

-0.08f

KT -0.10¢

2

Figure 2. Real and imaginary parts of the lowest QNMs for different temperatures. We have fixed
coupling £ = —1/8 and A\ = 0. We try to use the generalized dispersion relation w = c¢;k®+icak? to
fit the QNMs data. In our numerical cases, we get a = 1.00003 +0.00002 and b = 2.00003 +0.00003,
which satisfies the dispersion relation (3.1).
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3.2 Pinned phonons

In this section, we further introduce slow relaxation on momentum into the SSB pattern.
Physically, this makes the momentum operator no longer exactly conserved and the would
be massless Goldstones get slightly gapped (which is now called pseudo-Goldstones or
pinned phonons). In our model it can be easily realized by including the canonical kinetic
term of the axions as follows,

1
Ly=-AX — Z/CXF? (3.3)

In order not to change the SSB pattern significantly, we assume that the value of A is small
comparing to .
In presence of slow momentum relaxation, the relaxation rate I' is controlled in the
manner of [18, 64]
I o Ao’ (3.4)

Therefore we can define a ESB scale which depicts the strength of explicit breaking of
symmetry

(ESB) = VA a. (3.5)

Heuristically, we define the SSB scale as follows

(SSB) = ,/_T’C o (3.6)

Then, the competition of SSB and ESB should be described by a dimensionless parameter
that is defined by
_ (SSB) —K

= 55 =\ 10 (3.7)

That is to say that at 5 = 0 the breaking of translations is totally explicit while at § = oo
purely spontaneous. Then, the pinned phonons are expected to appear when 8 > 1
(pseudo-spontaneous). In this case, the hydrodynamic formulation predicts the following
universal result for zero momentum [55]

(Q —iw)(T — iw) + wi = 0, (3.8)

where T" is the momentum relaxation rate (charactering how fast the total momentum is
dissipated), €2 is the phase relaxation rate (measuring the lifetime of the pinned phonons)
and wy is the so-called pinning frequency (the mass of the pinned phonons). Solving the
equation (3.8) we obtain a pair of modes

wy =—=(Q+1) \/4w0 - (3.9)

Note that this formula is valid only when the two modes enter in the hydrodynamic limit
]wi| / T 1.

Next we show the QNMs and see how these two modes move. For this purpose we fix K
and A and tune the temperature 7'/,/p. The results are shown in the left panel of figure 5.
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Figure 5. Left: the lowest two QNMs at zero momentum for £ = —1/8. We have fixed A =
1 x107% and T/\/p € [0.1, 0.4](green-red). Right: collision frequency I'mweon as the function of
B = (SSB)/(ESB). We have fixed K = —1/8, A € [1 x 107%,1 x 107°] and «/,/p = 1. The black
line indicates linear scaling.

We find that at high temperatures (i.e, small values of (ESB)/T') the two modes lie on the
imaginary axes. In this case, we have 4w3 < (T’ — Q)Q. When decreasing temperature 4w3
grows faster than (I' — )2, the two modes get closer, collide and finally become off-axis.

In condensed matter systems, the presence of the phase relaxation could be attributed
to either the proliferation of dislocations [55] or the disorder effects [65, 66]. And in
holographic models, it is associated with the collision mechanism of the two lowest-lying
quasi-normal modes [31]. It is worth studying the relationship between collision frequency
weonl and characteristic parameter 5. We can fix X, choose one specific A and show the
QNMs spectrum. Then identify the collision frequency at the collision point. The final
results are shown in the right panel of figure 5. For 8 > 1 the collision happens towards the
origin so that very close to the origin, which can be described effectively by hydrodynamics.
When 8 = oo (purely SSB case), the two modes are all located at the origin. As shown in the
right panel of figure 5, the collision frequency weqo shows proportional to the characteristic
parameter 1/ approximately, that is

Im Weoll <ESB>
- (SSB)” (3.10)

Next we check Gell-Mann-Oakes-Renner (GMOR) relation which was originally found
in QCD [67] and later was also checked in holographic studies [31, 33, 40, 68-71]. In
the pseudo-spontaneous limit, the momentum relaxation rate can be neglected in (3.9). By
reading QNMs data, phase relaxation rate () and pinning frequency wg can be identified. We
show the dependence of the pinning frequency wy on the ESB and SSB scales in figure 6. We
find that the pinning frequency w3 is proportional to the square root of the explicit breaking
scale (3.5) and to the half to the third power of the spontaneous breaking scale (3.6). That
said, in the pseudo-spontaneous limit, the results indicate the following scaling behavior

wg ~ 1/ (ESB)(SSB)3, (3.11)

which is different from the original GMOR relation for Pion. Similarly in [72-74], they also
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( <SSB>)3
T

obtained the results which is different from GMOR relation in holography.” However in a
simple holographic axion model, the authors proved this conclusion [31].

4 Electric conductivity

When the charge sector strongly couples with phonons, the combined system will reach
local equilibrium extremally fast. Then, total momentum of the charge-phonon system
should be conserved, resulting an infinite DC conductivity.® Such a divergency of the
conductivity can again be removed by introducing an ESB of translations which relaxes
the momentum. However, unlike the picture without phonons, the AC conductivity now
displays a finite peak at finite frequency. In this section, we turn to check how (pseudo-
)phonons in our holographic model affect the charge transport in the purely SSB case and
in the presence of weakly and explicitly broken translations, respectively.

4.1 Purely SSB pattern

In the presence of purely SSB case, the AC conductivity at low frequency obeys the fol-
lowing hydrodynamic formula [9]

o(w) =0¢ + LQ (5(w) + l) , (4.1)

where o is the so-called incoherent conductivity and p%/xpp is Drude weight. Note
that the DC conductivity is infinite in the SSB case because of the absence momentum
relaxation mechanism. In this holographic model, the incoherent conductivity can be
computed directly via the membrane paradigm (see [75] for more details)

4’ sT 2
oQ = <1+/C p ) <ST+,LLP) . (4.2)

Here, the first law of thermodynamics € + p = sT 4 up has been applied.

5Note that the derivation of the original GMOR relation was based on a specific QCD model. To our
best knowledge, there is by now no rigorous proof that this relation should be valid for all cases in the
field theory side. Holographic models suggest a more general form which is w3 ~ (ESB)®(SSB)® with two
non-negative exponents a and b. For example in holographic model with helical structure, the exponents
are a =2 and b= 2 [72].

SHere, we have assumed that the system has no particle-hole symmetry.

~10 -



We follow the procedure in [18] to calculate AC conductivity at zero momentum
by holographic method. Introduce the time-dependent perturbations around the back-
ground (2.6)

1 . , .
00tz = —thw(u)e_“”t, §A; = az(u)e ™, S¢p = dp(u)e ™, (4.3)
U
and choose radial gauge d¢g,, = 0. The linearized equations of motion are given by

0=2f(a*u?K+1)%(pudal, —uhll,42h},) +Puh (2A (*u? K +1)% — p*u'KC)

Fiqudew(2X (UK +1)? — p*u'K), (4.4)
0= 2ipway (PuPK+u)? +afél (2A(au?K+1)% — p*u' ) — 2iwh}, (a*u?K+1)2, (4.5)
0 =wQaaz(—(a2u2/€+1))—f(aé(a2uiC(Uf’+2f)+f’)+fa§£(a2u2/C+1)—phéx), (4.6)

= f(#L.(2f A2 K +1)2 + p2u K (1 - ?u’K)) —uf (0?u?K41) (2A (e u? K 4-1)
p2u4IC)) —fudl (P K+1) 2N (?u2K41)2 = p?ulK)) —ugw? (@Pu’ K +1) (2N (o*u? K +1)?
—p?ut ) +iouwhy, (0a2u? K+ 1) 2N (0?u? K +1)% — p?uK). (4.7)

It is easy to check there are three independent equations above. One can reduce them to
two equations (see [76] for analogous simplification method). The AC conductivity can be
computed by solving (4.4)—(4.7) numerically via Kubo formula [31]

o(w) = %gﬁ,(w, k=0). (4.8)

We show that the numerical results of AC and incoherent conductivities in figure 7.
These results imply that the background solution of scalar field ¢! = ax! should be inter-
preted as the SSB nature. Moreover, the incoherent conductivity is also controlled by «
and coupling K, which can be viewed as the effect from phonons. Note that this can never
happen if we neglect the direct coupling the gauge field and the axions in the bulk theory.
It is obvious to see in figure 7 that our numerical results from (4.8) are in agreement with
analytical results from (4.1)—(4.2).

4.2 Pinned structure

In section 3.2, we study the pinned phonons by turning on small external source. In this
case, the DC conductivity can be computed anatically by the membrane paradigm [36, 77]

2,,2
opc = 1+ Ka?uj, + £ S . (4.9)
a2\ = Kp?uj,
2(1+1Ca2ui)2

The structure of the pinned phonons are also captured by the AC conductivity in the low
frequency. AC conductivity (4.1) from hydrodynamics should be modified in the presence
of both ESB and SSB, which is given by [50, 78]

Vixppw (L — iw) + 2y1pxppw + p*(Q — iw)

o(w)=oq+ Xpp (2 — iw)(T — iw) + w?)

(4.10)

- 11 -
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where v, is the coefficient which is extracted from the correlator between the electric current
and Goldstone operator. When the momentum relaxation is slow, relaxation rate I'" can
be ignored. Based on our calculation, w? is the very small quantity. Thus we can omit
the contribution of the v; term. We identify 2 and wg by extracting QNMs data, which
will fix all the parameters (4.10), to fit the AC conductivity by holography. The results
are shown in figure 8. We observe that the numerical AC conductivities are fitted by the
hydrodynamic predictions well. As the authors point out [35, 38, 39], the pinning effect
introduces the metal-insulator transition. From the perspective of the shear viscosity,
there is no specific behaviour at both sides of the transition point (see appendix C for
more details).
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5 Conclusions

In this work, we consider a holographic model that can break translational invariance in
the dual field theory. We confirm the explicit breaking by turning on the linear axion term
AX and spontaneous breaking by a gauge-axion coupling XX F? via the UV analysis.

When turning off the external source, we compute shear modulus and viscosity by
holography. The non-trivial results imply that the dual boundary system is an elastic solid.
By calculating quasi-normal modes and making a comparison with the hydrodynamics
predictions, we verify the existence of the gapless transverse phonons in the low energy
spectrum. Then we turn on the slow momentum relaxation to see pinned phonons and
check GMOR relation. It is found that the pinning frequency is proportional to the square
root of the explicit breaking scale and to the half to the third power of the spontaneous
breaking scale. This implies that it is different from the “standard” GMOR relation in
our model.

We then study the charge transport. Firstly in the purely SSB pattern, the AC con-
ductivity is in perfect agreement with the hydrodynamics expectations. This allows us to
claim that the background solution of scalar field should be interpreted as the SSB contri-
bution. Meanwhile in the presence of weakly explicit breaking, we show that the numerical
AC conductivity can also be fitted by the hydrodynamic predictions well.

In the small frequency and momentum regime, our model shares the same hydro-
dynamic formulas with other holographic axion models [34] or the homogeneous models
with more complicated setups [72, 78] (even though the coefficients and parameters in the
hydrodynamic formulation depend on the setup). This again verifies the statement that
hydrodynamics provides a universal description for strongly coupled systems.

In this paper we only focus on the transverse channel of the system. The spectra
of the longitudinal channel are also worth analyzing. This channel contains a pair of
sound modes and one crystal diffusion mode in the low momentum limit, which is more
complicated [32, 33, 79]. We can study how charge density affects speed of longitudinal
sounds, crystal diffusion and check the universality of its lower [80, 81] and upper [80-82]
bounds proposed previously. In addition, one can also investigate the magnetic effect with
the current model and compare the result with that from the magneto-hydrodynamics [83,
84] and other holographic models with magnetic effects [51, 85-87]. We will leave these for
future work.
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A Derivation details for analytical Green’s functions

In this appendix, we show the details for the analytical calculations of Green’s functions
QIB; Ton at high and zero temperature limits.

A.1 High temperature limit

Let us focus on the high temperature limit first, i.e. \/p/T" < 1 that is equivalent to
small charge density limit. We use Poincaré coordinates (2.6) this time and turn on shear
perturbation dg., = e~ ™ih(u)/u?. The perturbation equation is given by

2 w? a?p?THuc
h”+(f)h’+ — + h =0, Al
f u 2 2f (a2u?k +1)? (A1)
where we have introduced a dimensionless parameter which is defined by
. \/5)2
= (X)) . A2
o= (4 (A2

First, we show the analytical procedure for the correlator (2.16). To solve the equation

of motion (A.1), one should implement the infalling boundary condition at the horizon and
require field A(u = 0) = hy at the AdS boundary in zero frequency limit. The on-shell
action can be obtained [88]

dw
Shdy = /de/gho]:(w,u)ho

where ¢ is the UV cut-off and hg is the value of the bulk field h at the boundary, which
is equivalent to the source hg = h(u = 0). As illustrated in [89], the retarded Green’s

: (A.3)

u=e€e

function QﬁjTu can be computed by taking two functional derivative of the above on-shell
action with respect to the source hg

gﬁjTij = — 151(1) 2F (w,u) B (A.4)
The equation (A.1) can be solved by imposing the follow ansatz
o filogf w
h(u) = ho e i <<I>0(u) )+ ) , (A5)

where exponential prefactor represents infalling behaviour and ellipsis denotes higher fre-
quency contributions which are neglected. The functions ®y and ®; are required to be
regular. We set
Dy(0) =1, ®,(0) =0, (A.6)
near the boundary.
One can use perturbative method to solve the equation (A.1) with the ansatz (A.5).
The equations for &5 and ®; can be obtained order by order in the frequency

f , >/ a2ﬁ2T4u21C
0= (% + — = ®(u),
<u2 o(u) 2 (202K + 1)2 o(u)

B f . / a2ﬁ2T4u2lC 2fl , 2f/ f//
0= <u2®1(u)> + mq)l(U) — 7(1)0(71) + ( - ) <I>O(u)' (A7)
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Since we consider small charge density limit, the emblackening factor f can be sim-
plified to Schwarzchild-AdS geometry f(u) = 1 — u?/u3 and the Hawking temperature is
T = 3/(4mup). Meanwhile, we adopt the following series expansions for the ansatz (A.5)
2
in p

o0 o0
o= p"pn,  P1=) p"n, (A.8)
n=0 n=0

where the requirements (A.6) for &g and ®; make ¢g = 1 and 1pg = 0. Substitute the above
expansions into (A.7), and one can obtain

/ 2,,2 4
( / ¢>’1> = —Q(O‘UKT ~ —LatkT, (A.9)

u? a2u?K + 1) 2
(Lut) =254 (A.10)

By dimensional analysis, the dimension of « is the same as \/p. We can expand «a to get
the leading order contribution, i.e. approximate term in (A.9).
The on-shell action is given by [88]"

Shay = f% / Po (;h(u)h’(u))

where € is the UV cut-off. Expand the above formula at leading order in the charge density

u=uh

, (A.11)

uU=€
and frequency

Shay = a2 [ﬁ (£61)+or (%wz (L) 2109 f (’;¢1)> T

The shear elastic modulus and viscosity can be calculated according to (A.3)—(A.4)
and (A.12)

(A.12)

R o]
G = Regr,,1,, = ll_%p (62 <Z>'1) , (A.13)
. 1 R . 1 3 ol f
n = lim wfmgnyww)] =T <ug +p <e2‘”1) ' (A.14)

Firstly, we compute the shear elastic modulus concretely by using (A.9)

Up 1
G = p%lim (—onquCT4>

e—0 Je 2
= —éa2ﬁ2T4lCu%. (A.15)
We recover the parameter p and replace up with T. Then one can re-write the above
relation OKa2T [ /7 .
¢=-2o] <T> b (A.16)

"In this paper [88], the author re-defined the radial coordinate z = u/uj. We recover the coordinate
u here.
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Figure 9. The comparison between the numerical and analytical results of shear elastic modulus
and viscosity in the high temperature limit for £ € [—1/8,—1/20](red-orange). The dots are
numerical results obtained by (2.16). The gray dashed lines are analytical results obtained by (A.16)
and (A.21). We have fixed A = 0 and a//p = 1.

Secondly, we show the shear viscosity. In small charge density limit, the equation (A.9)
for ¢ is solved by

f 1
2501 = T (v — ), (A.17)
For (A.10) and (A.17),
I ON oS (f 1
ET/JE = /u 2?¢,1d$ = /u 2? <x2¢'1> dx = §a2T4IC (u% — u3) . (A.18)
Thus the ratio of shear viscosity n to entropy density s is
n : 1 3 A2 (f />
- =lim—— | — = Al
s =0 47T's <U% tp e2¢1 (A-19)
1 81Ka?p?

1 A.20
A + 163847776’ ( )

where we have used simple emblackening factor f(u) = 1—u3/u;}, temperature T'=3/(47uy,)
and entropy density s = 4w/ u% Thus the above formula can be re-written

n 1 81Ka? (\/5)4
Ty (M) A21
s dn lessan2\T ) T (A.21)

The comparison between the numerical and analytical results for shear elastic modulus
and viscosity is shown in figure 9.

A.2 Zero temperature limit

Next, we will consider 1/s ratio at zero temperature limit analytically. In this case (2.6),
the black hole becomes extreme and the near-horizon geometry is AdSy x Ry [60]. The
equation is given by

/ 2 2 2,4
h”+<f—2)h’+<w+ o puk )h:o, (A.22)

foou 2 2f (@2u?K + 1)
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where we have recovered the parameter p. We follow the method in [60]. Assume a power-
law ansatz for the field h

h(u) ~ (u—up)”. (A.23)

The perturbation equation around the near-horizon geometry is

v((v—1)up + 2up) f" (up) (062ICU}21 + 1) 2+ a?p*Kuj, = 0. (A.24)
One can get
2 21,4
l/:—lzlzf, 551 1— daZp ’CQUh . (A.25)
2 2 (@2Ku +1)° f7 (up)

Thus we can write the general solution
h(w) ~ w278 + G, (w)u ™2 (A.26)

By dimensional analysis, frequency has the dimension of the temperature and the
inverse of the radial coordinate (w ~ T~ u~!). This implies

W~ G, 1 (W) WS (A.27)
and again
Gr,y Ty (W) ~ W (A.28)
Therefore
n~ T (A.29)
Finally we can obtain
g ~ T%-1 (A.30)

Next we analyze £. In zero temperature limit, one can get

6 a?p?Kuf 3p%u?
" =—— - h h A.31
17 () ui  2(a?Kui +1)2 + 2 (a2Kui +1) ( )

We set uj, = 1 and o/\/p = 1. Zero temperature limit gives another formula
p = 2V9IK2 + 3 + 6K. (A.32)

Substitute the above relations into (A.25), we can finally obtain the 7/s ratio at zero

26—1
n T _L o 8VBK
s <\/I3> It eV e (839

We show the comparisons of the ratio obtained analytically and numerically in
figure 10.

temperature limit
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Figure 10. The /s ratio as the function of 7'/,/p for K € [-1/8,—1/20](red-orange). The dots
are numerical results obtained by (2.16). The black dashed lines are analytical results obtained
by (A.33) in the low temperature limit. The red dashed line is the KSS bound. We have fixed
coupling A = 0.

B Perturbation equations and Green’s functions

For convenience in numerical calculations of QNMs, we choose Eddington-Finkelstein (EF)

coordinates

1
ds” = — | f(u)dt? - 2dtdu + da® + dy?| . (B.1)

Since the boundary field theory is isotropic, we choose the momentum & to be parallel to
the y-axis. Take the following forms of the transverse perturbations

1 itk 1 it
5gtx — ?hm(u)e wit+1 y, 593:3; — ﬁhxy(u)e wt+1 y’ (B'2)
0Aq = ag(u)e ™, Oa = du(w)e™ 1 HHY,
and choose radial gauge dg,, = 0 for simplicity.
The equations are
0= u(2ikh’xy(a2u21C+1)2 —2h! (22U K+1)2+adl (pPut K —2X(a?u2K+1)?))
+4h) (P K1) +2pual (oPu’K+1)?, (B.3)

0= 2ipway (Pu? K4u)? +i(agw(2A(?u?K+1)% — p*ulK) —2(a2u2/C—|-1)2(fkh;y+whgz))
+afel 2N a2uPK4+1)2 = p?ut )+ hie (2(* A+ E2) (212K 41)2 — o p2u'K)
+2kwhy (0K +1)?, (B.4)
0= 4ikhy, (@2 K 4+1)% + hey (Pu2A (020K +1)% — p?u? ) +diw(a?u? K 4-1)?)
—i(akudy (2N (?u?K+1)% = p?u*K) (B.5)

+2(au’K4+1)2 (W (—iuf'+ 20 f +2uw) —i fuhiy, +kuhi,)),
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0=al (2% fuk—i(2w—if")(a*u*K+1)) +a, (k*(oPu*K+1) —2ic’uwk) + phi,

— fal(Q®u?K+1), (B.6)
0= —¢(F*u(®u?K4+1) (2N (?u?K4+1)2 - p*u?K)

+2iw(2A (@K +1)2 + p2u K (1 - au?K)))

+ L (—2f (2A (P K41)3+ p?ut K (1—u’K))

Fu(f'+2iw) (@Pu? K4+1) (2A (?u? K +1)2 — p*u*K))

—20hie (2A (UK +1)2 + p?ut K (1—0u?K))

—iakuhgy (@2uIC+1) (2A (@?u?K+1)? — p*u*K)

+ fud! (@Pu?K+1) (2A(?u?K+1)2 — p*u’K)

+auhl, (a?u?K+1)(2A(?u?K41)2 - p*u’K). (B.7)

The asymptotic behaviour of the bulk fields near the boundary (u = 0) are

Bz :htx(l)(1+"‘)+ht:):(s)u3(1+“’)7 (BS)
h:py :ha:y(l)(1+)+hxy(s)u3(1+)a (Bg)
ax:ax(l)(l-i-...)-i-am(s)u(l—l—...), (B.lO)

where [ and s mark the leading and subleading orders. According to holographic dictionary
and standard quantization, we can write the retarded Green’s functions as

htm(s) htr(s)
GR . =(2A—d =3 ) B.11
T = ( ) P2y P (1) (B-11)
h h
GR — 2A —d zy(s) _ 3 xy(8)7 B.12
ety = { iy~ o) (512
aac S
gl = =) (B.13)

10 ‘

The physical observables can be extracted from the retarded Green’s functions.

C DC conductivity and shear viscosity

We show the figures of DC conductivity and shear viscosity with temperature in figure 11.
As shown in the left figure, there exists the metal-insulator transition near the critical
temperature 7'/, /p = 0.265. However there is no specific behaviour for the shear viscosity
at both sides of the transition point.
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