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theory’s massive vacua. We also propose a new, effective technique for calculating the
holomorphic blocks, inspired by a reduction to supersymmetric quantum mechanics. The
blocks turn out to possess a wealth of surprising properties, such as a Stokes phenomenon
that integrates nicely with actions of three-dimensional mirror symmetry. The blocks also
have interesting dual interpretations. For theories arising from the compactification of the
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1 Introduction

Recent years have seen a resurgence of interest in supersymmetric gauge theories in three
dimensions. In large part, new developments have stemmed from the introduction of tech-
niques for formulating such theories on curved manifolds such as spheres or products thereof
(83 and S?x S') while preserving some fraction of the original supersymmetry [1-4]. Cou-
pling to more general geometries is also possible [5, 6]. Rather than applying the more
familiar technique of topological twisting in order to realize the original flat-space su-
peralgebra in the curved-space theory, the supersymmetry algebras of these theories are
deformed to accommodate background curvature. The resulting partition functions can
be computed via supersymmetric localization in terms of finite-dimensional matrix inte-
grals. These three-dimensional calculations were inspired by similar techniques developed
for computing four-dimensional partition functions on S* [7].

In this work we study N = 2 superconformal field theories in three dimensions and
their massive deformations. For every U(1) subgroup in the flavor symmetry group of an
N =2 SCFT it is possible to turn on a real mass deformation, and we look specifically at
those theories for which such deformations alone are sufficient to render all vacua gapped.
We also require that the theories preserve a U(1)r R-symmetry. Examples include (the
infrared limits of ) /' = 2 SQED, SQCD, and more general gauge theories with perturbative
or non-perturbative superpotentials preserving U(1)r. The vacua of the mass-deformed
theories on R? x S will play a central role for us; typically there are finitely many such
vacua, indexed by «.

We consider these theories coupled to two compact, curved backgrounds: the ellipsoid
S? and the twisted product S 2><qS ! where the two-sphere is fibered over S with holonomy
log ¢. It has been shown in [1, 2] and [3, 8, 9], respectively, how the corresponding partition
functions Zp and Z can be calculated from UV Lagrangian descriptions of the theories.
The ellipsoid partition function depends on real masses p which are complexified by the
choice of R-charge assignments for fields in the path integral (as well as the real geometric
deformation parameter b), while Z, a supersymmetric index, depends on fugacities ¢ for



U(1) flavor symmetries and the quantized flux m on S? of background gauge fields coupled
to flavor symmetries (as well as the angular momentum fugacity ¢).

It turns out that neither the ellipsoid partition function nor the index is completely
fundamental. It was observed in [10] that the ellipsoid partition functions of certain N' = 2
theories in the class described above can be expressed as sums of products,

ZB (x;q)B a;q = HB a:qHé, (1.1)

where, roughly speaking, each “holomorphic block” B”(x;¢) is the partition function on a
twisted product R? qul, labelled by a choice of vacuum « for the massive theory at the
asymptotic boundary of spatial R?. Schematically, the holomorphic block is a “BPS index”,

_ _ R
B (w5q) ~ Tryyreay(—1) e g 20°, (1.2)

with fugacity ¢ for the angular momentum on R? and fugacities = for flavor symmetries.!

In (1.1), the complexified masses p that enter Z;, are related to these fugacities according
to x = exp(2mbu), T = exp(2wb~u); while ¢ = exp(27ib?) and ¢ = exp(2mib—2). A similar
sum-of-products expansion was predicted for supersymmetric sphere indices in [11],

Z(m,(;q) = ZB z;9)BY(7,q) =: HB xq”ld, (1.3)

where the relations to fugacities and fluxes on S? are z = ¢2(, ¥ =¢2 ¢!, and §= ¢ ..

In simple examples, it can be observed that the fundamental objects B (z; ¢) appearing
in both factorizations are identical. The only difference in the two products is in the
operation used to relate (z;q) and (7;¢) when pairing up blocks. A principle aim of
the present paper is to substantiate and elucidate the correspondence (1.1)—(1.3). We
conjecture that these factorizations, with identical holomorphic blocks, hold for any N = 2
theory of the type described above, i.e. any theory with sufficient flavor symmetry to
render all its vacua massive. Our approach leads us to a new method for computing the
holomorphic blocks B”(x; ¢) for any theory admitting a UV Lagrangian description, which
makes this conjecture eminently testable. We take the first steps towards understanding a
variety of surprising and remarkable properties of the blocks — properties which are largely
obscured by the simplicity of (1.1)—(1.3).

Even superficial consideration of these relations suggests that they will yield physically
significant insights. The supersymmetric index encodes the (index of the) spectrum of
BPS operators in a SCFT, whereas the BPS index counts BPS states in a vacuum of the
massive theory obtained by deforming away from the superconformal fixed point by relevant
operators.? This is reminiscent of a similar correspondence for two-dimensional SCFTs [14],
and we will see that the connection to this work runs deeper than this basic similarity.

"Here (—1)® means exp(imR), where R is generator of U(1)g. It is more familiar for indices to be written
with (—1) rather than (—1)%, but both define a protected index and the two conventions are formally
related by q% — —q%. We will see that the latter is more appropriate for our purposes.

2 Along this line, some interesting extensions of the ideas presented in this paper were explored recently
in [12, 13].
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Figure 1. Stretching S?x,S! and S} into a union of semi-infinite D?x,S! geometries.

Likewise, the ellipsoid partition function is known to encode important information about
the R-charge assignments for the fields of the theory at the conformal point [15], which
apparently can also be recovered from an understanding of the BPS states in massive
vacua of the deformed theory. Indeed, the use of supersymmetric localization to perform
renormalization-group-invariant computations in a weakly coupled ultraviolet theory has
been a general theme in work on ellipsoid and sphere index partition functions. Here, we
are in some sense observing the reverse; computations in a “trivial” infrared theory allow
us to recover interesting information about an interacting UV fixed point.

As an interesting corollary, our study of blocks for the three-manifold theories Ths
of [16] produces the first concrete examples of non-perturbative path integrals in analyti-
cally continued Chern-Simons theory along “exotic” integration cycles. Namely, it follows
from the work of [17-20] that the corresponding blocks should compute the analytically
continued SU(2) Chern-Simons path integral defined on integration cycles labeled by irre-
ducible flat SL(2, C) connections A® on M.? This is a non-perturbative completion of per-
turbative partition functions in the background of a flat connection A% [21], which plays a
significant role in the physical interpretation of the Volume Conjecture [22, 23]. Our results
can then be compared to other non-perturbative objects such as colored Jones polynomials.

We now spotlight some of the more interesting features of the holomorphic blocks that
are studied in this paper.

A stretch. In light of the relations (1.1)—(1.3), it is suggestive that both of the spaces
S3 and S? xSt admit Heegaard decompositions as the union of solid tori. In the case of
Sg’, the boundaries of the solid tori are identified using the S element of the mapping class
group SL(2,Z), together with a reversal of orientation. In the case of S?x,S! it suffices to
use the identity element id together with the same orientation reversal. This accounts for
our choice of notation in the norms-squared. Indeed, we even see that the relation between

3The extension to higher rank is also possible, but in this paper we assume that Th; comes from wrapping
two M5 branes on a hyperbolic knot complement M.
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Figure 2. A holomorphic block.

g and ¢ in the two cases corresponds to treating ¢ = €>™7 as the modular parameter of the

boundary of one solid torus, and sending

T T==-S 7= or TS T=—id-T=—T. (1.4)

;
This is a little naive, because supersymmetric partition functions on finite-size solid tori
do not obviously correspond to the blocks B(z,q). Nor do solid tori cut from the S3 and
S? XqS I geometries have the same metric, and these constructions are not topological; so
the solid-torus partition functions coming from the two splittings should not necessarily
agree. Nevertheless, the picture is promising.

There is a deformation of the Heegaard splitting that precisely reproduces the factor-
ized forms of (1.1)—(1.3), with the correct relations between parameters (x, q) and (z,q). It
is a three-dimensional analogue of the topological/anti-topological fusion setup of Cecotti
and Vafa [14], and is also related to recent constructions of Nekrasov and Witten [24] (see
also [11, 25]). To describe it, we represent both S7 and S?x,S' as T? fibrations over an
interval with cycles of T? degenerating smoothly at the ends of the interval, and stretch the
interval to infinite length (figure 1). Topologically, each half takes the form D?x,S*, where
D? is a semi-infinite cigar. The halves are glued together using the appropriate element
of the modular group. On each half, we impose a metric that preserves U(1) rotations of
D? as an isometry and fibers D? over the remaining circle with a U(1) holonomy ¢. The
theory can then be topologically twisted on each half. The resulting geometry, sometimes
called a “Melvin cigar” (cf. [26]), will be denoted here by D?x,S*.

We define holomorphic blocks to be the partition function(s) of a theory on D?x,S?.
On one hand, the topological twist allows us to deform the geometry to R? x, St with-
out changing the partition function, which recovers a BPS index (1.2) that depends on a
vacuum «. On the other hand, we can interpret the partition function on D? qul as a
wavefunction (0, in the Hilbert space H(T?) defined in the flat asymptotic region 72 x R.
The infinite Euclidean time evolution in this region projects the wavefunction to the space
of exact supersymmetric ground states |a) on T2, which are in one-to-one correspondence
with the vacua «a. It follows that the blocks

Ba(x; q) := (0g]cv) (1.5)

are elements of a discrete and typically finite-dimensional vector space.



Upon fusing two such semi-infinite geometries with an element g = .S or g = id (say)
of the modular group, the partition function takes the form

Z = (04/0g) = Y _(0gla){al0g) ~ Y B (;q)B"(%:7) - (1.6)
(0% [0
The precise identification of parameters on the two halves, as well as the relation between
topological twists, depends on g. We will find after a more careful analysis of background
field configurations that fusion with the identity precisely reproduces the index identifi-
cations (1.3), while S-fusion reproduces the S; identifications (1.1). We will argue that
wavefunctions (04|a) and («|05) on the two sides can be written, in an appropriate sense,
in terms of the same holomorphic objects B*(z;¢).*

We have arrived at a stronger, geometric version of the factorization conjecture. The
ability to deform Sg or $?x,St into a union of two copies of the D?x,S' geometry while
leaving the partition functions invariant would imply factorization. The stronger conjecture
is that such “Q-exact” deformations do indeed exist. It is plausible that @-exactness could
be established using methods of supersymmetric localization. Several @-exact deformations
of three-spheres have already been found [2, 29], and they come close to reproducing the
stretched D2><qS ! geometries (but no cigar). In two dimensions, an analogous deformation
leading to a topological /anti-topological fusion geometry was recently studied in [30].

In two and four dimensions, it is a direct consequence of localization that S? partition
functions of theories with A" = (2,2) supersymmetry [31, 32] and S* partition functions of
theories with N' = 2 supersymmetry [7] factorize as a sum (integral) of vortex (instanton)
partition functions, respectively:

2~ 3 [ZeonelREP,  Z[59 ~ / | Zanse [RY]. (1.7)
vacua vacua
Factorization of the three-dimensional index into holomorphic blocks (1.3) leads directly to
the two-dimensional factorization (1.7) of a dimensionally reduced theory in an appropriate
limit. As for the analogue in four dimensions, it was observed in [33] that five-dimensional
indices on S* x S! factorize in a way that naturally extends the known S* factorization.

Block integrals. Our main computational tool is a new integral formula for the blocks,
applicable whenever a theory has a UV Lagrangian description as an AN/ = 2 gauge theory.
Just like ellipsoid partition functions or indices, blocks are insensitive to renormalization
group flow. The formula is motivated by the reduction of the geometry D? X ¢S 1 to super-
symmetric quantum mechanics on a half-line.

We begin with the observation that the theory Ta of a free chiral multiplet possesses
a single block given by

oo

Ba(z;q) = Z (1—qg1)---1—gm)

—n

(1.8)

n=0

4Fusion with a general element g € SL(2,Z) is expected to produce the partition function of an el-
lipsoidally deformed lens space. The details are not studied in this paper, but appear in subsequent
works [27, 28].



where z is the complexified and exponentiated real mass of the chiral. We determine general
block integrals to take the schematic form

B (x1q) ~ / B 19(zq). .. |Ba(eriq) -~ Balonia). (1.9)

a S

The integral is over a middle-dimensional cycle I'* C (C*)", where r is the rank of the gauge
group. The variables s € (C*)" are complexified scalars in the gauge multiplets, and each
chiral multiplet contributes a factor Ba(z;;q) to the integrand, where the effective mass
z; = zi(s,z) may depend on scalars s and non-dynamical real masses . The W-bosons
in nonabelian gauge multiplets also contribute factors Ba(s;¢) to the denominator. The
extra theta-functions 6(z;q) encode contributions of Chern-Simons and Fayet-Iliopoulos
(FI) terms.

This integral mimics the matrix-integral formulas for partition functions Z, and Z that
were derived using localization [1-3], yet there is a crucial difference. The universal inte-
grand of (1.9) gives rise not just to a single partition function, but to many blocks B (z; q).
The various blocks arise for different choices of integration contour, I'*. Each contour is
associated to a critical point of the integrand, which in turn is related to a supersymmetric
ground state on T2 — just as one would expect from quantum mechanics [18, 34, 35].
Some technical subtleties arising from the nontrivial singularity structure of the functions
Ba(z;q) must be dealt with to make this statement more precise and useful.

The integrand of (1.9) — henceforth denoted Y (z, s; ¢) — turns out to be a factorized
form of the matrix integrands for ellipsoid partition functions and indices. In fact, this is
another way to characterize it. In particular, it will turn out that

ds 2
2= [ dlogs) [Ty, - /() sl )

Combined with the factorization conjecture, this has the rather beautiful consequence that

d
S| [ e
= Ta S

for g = S or g = id, with X[id] = R” and X'[S] = (S')", and with appropriately normalized
integration measures. This appears to be a sort of Riemann bilinear relation for the ellipsoid

2

—|Baali= [ Crtesoll. o

g X[g]

and index partition functions. Physically, this amounts to the statement that fusion of
blocks commutes with gauging of symmetries. Fusion also commutes rather trivially with
other operations one can perform on SCFTs, such as adding background Chern-Simons
levels or superpotentials, which can be combined with the gauging of global symmetries to
generate interesting symplectic actions [11, 16, 36].

Closely related to blocks and block integrals are a set of ¢-difference equations satisfied
by the blocks of a given theory,

fil#,p;q) - B*(x59) =0, (& = gip). (1.12)

These equations are a consequence of identities in the algebra of line operators acting at
the tip of D?x,S!, as discussed in [11, 16, 25]. The identities can be systematically derived



for theories with UV Lagrangian descriptions. The space of blocks can then be described
as the vector space of solutions to (1.12) that satisfy certain analytic requirements — for
example that they be meromorphic functions of q% and z, with no branch cuts. The block
integral for a theory can be constructed to generate these solutions, much as formal integrals
are often used to generate solutions to differential equations (cf. [37]) and path integrals
manifestly generate solutions to QFT Ward identities. The convergent cycles I'* are chosen
so that the integral solves (1.12), and a basis of cycles produces a basis of solutions.

When combining conjugate blocks to form the ellipsoid and index partition functions,
the number of line-operator identities effectively doubles,

fild,prq)- 2 = fi(@,p;q) - 2=0. (1.13)

This is due to of the presence supersymmetric line operators acting at both ends of a
stretched geometry (cf. [24]). The requirement that the two sets of operators (Z,p) and
(:;?,f)) commute with each other puts an interesting constraint on the classical relation
between (z,¢) and (Z,q) in a glued geometry, which is indeed satisfied for Sp and $%x,S.
Conversely, the observed fact that these partition functions satisfy (1.13) for commuting
sets of operators strongly suggests that they must factorize as in (1.1)—(1.3). This was the
primary motivation behind the prediction of factorization for the index in [11].

Connections to other topics. Holomorphic blocks and their fused counterparts have
many relations to other constructions in quantum field theory and string theory. We
highlight three of them here.

First, as was already pointed out, there is a striking similarity between the gluing of
blocks and topological /anti-topological (¢t*) fusion [14]. Indeed, the gluing of blocks might
be considered a three-dimensional lift of the ¢t* setup. The latter construction considers
massive N' = (2,2) theories in two dimensions on a topological two-sphere that has been
stretched out into a pair of cigars, S? ~ D? U D?  with (anti-)chiral operators inserted
at the north (south) poles. The resulting partition functions obey a set of differential
equations — which determine the partition functions almost completely — and exhibit
properties of special geometry [38]. The difference equations (1.12) may be thought of as
three-dimensional lifts of (part of) the ¢t* differential equations. The full three-dimensional
story is in some sense richer than in two dimensions, in part because the block geometry
can be glued in a variety of topologically distinct ways. We only scratch the surface of the
relation between our analysis and the ¢t* equations, and there are some notable differences,
e.g., the analogous blocks in two dimensions are not generally holomorphic. We expect
further investigation of these connections to be fruitful.

Another deep connection — one which we do not explore extensively in this work —
is to topological string theory. This was pointed out in the original work of [10]. Indeed,
for a choice of three-dimensional theory that can be engineered in M-theory by wrapping
M5 branes on a Lagrangian submanifold of a non-compact Calabi-Yau three-fold, the open
A-model partition function in that background is known to compute the BPS index of the
theory [39-42]. Consequently, for theories that arise in such a fashion, we expect

B%(x;q) ~ 2% (Y L). (1.14)

open



The choice of ground state, or vacuum, is usually called a choice of “phase” for the brane
in the topological string literature. In cases where Zgggn can be computed, such as for
toric branes in local, toric Calabi-Yau threefolds, the relationship can be verified modulo
prefactors related to background Chern-Simons couplings (i.e. Chern-Simons couplings for
flavor symmetries), which are crucial in correctly computing 2, Z, and B*.> Indeed, many
of the features of blocks that we encounter here have made an appearance previously in
the context of topological string partition functions. For instance, the contour integrals we
prescribe for computing holomorphic blocks can be interpreted as non-perturbative com-
pletions of the contour integrals that appeared as generalized Fourier transforms of brane
wave functions in [45] (see also [46, 47]). Furthermore, the line-operator identities that
annihilate holomorphic blocks generalize the “quantum Riemann surface” which appears
in the topological B-model on certain geometries [48]. Additionally, a kind of factorization
in terms of these open topological string amplitudes has appeared in the context of the
open OSV conjecture [49, 50].

In approaching the problem of blocks from the point of view of gauge theory, we are led
to a slightly different perspective on these objects than was natural in the topological string
setup. In particular, it is important for the blocks in this paper to be described as holomor-
phic functions of their parameters in order to make the connection with ellipsoid and index
partition functions. Furthermore, the requirement of invariance under large gauge trans-
formations leads to certain differences in the treatment of Chern-Simons terms, including
background couplings. It would be extremely interesting to more thoroughly investigate
whether these modifications can find a natural interpretation in topological string theory.

Finally, when the theory in question is a three-manifold theory T [16, 20], the blocks
correspond to certain non-perturbative path integrals ZgS(M ) in analytically continued
Chern-Simons theory on M. In particular, when the theory arises on a stack of K M5
branes, we expect analytically continued SU(K) Chern-Simons theory. The relation is
easiest to understand using the six-dimensional constructions of [19], which identify inde-
pendent integration cycles in analytically continued Chern-Simons theory, labelled by a flat
SL(K, C) connection A% on M, with BPS indices of the form (1.2). The Chern-Simons cou-
pling k (complexified and renormalized) is encoded in the twist parameter ¢ = exp (%),
while boundary conditions for flat connections on the manifold M become flavor fugacities.
For example, if M is a knot complement, the eigenvalues of the monodromy of a connection
A at the excised knot are complexified masses.

We can test the correspondence B%M ~ ZSS(M ) perturbatively by verifying that the
“classical” asymptotics

1

M;x; 1.1
e VOimia) 4 | (1.15)

« qg—1
BTIM(x?Q) ~ €Xp
correctly reproduce the complex volume of a corresponding flat SL(K, C) connection A%
on M. In fact, just as in [11, 16, 20, 25], we can argue that this must be the case up to a
normalization factor because the identities (1.12) for T, are equivalent to the “quantum A-

SFor a recent analysis of background Chern-Simons couplings in curved superspace, see [43, 44].



polynomial” equations in Chern-Simons theory [21, 51, 52]. Both sets of equations almost
completely fix the asymptotic expansion (1.15) [53].

Non-perturbatively, we should compare blocks of a knot-complement theory with col-
ored HOMFLY polynomials J of the knot itself, which are expected to take the form [17]

T~ na Zes, (1.16)

for appropriate coefficients n,. Unfortunately, we face an important caveat: the theories
defined in [16] for K =2 only probe irreducible SL(2,C) connections on M. This is a con-
sistent truncation in analytically continued Chern-Simons theory, but it means that the
blocks computed in gauge theory will never correspond to all terms in the sum (1.16), as
they miss reducible flat connections. To circumvent this problem, we take a special limit of
knot polynomials, first observed to exist in [54, 55] and later termed “stabilization” [56, 57],
which seems to project out reducible connections. After taking this limit we find a match
in all examples studied.

We should remark that the purpose of relating Chern-Simons path integrals to BPS
indices in [19] — and also in the earlier and very similar approach of [58] — was to provide
a physical categorification of knot and three-manifold invariants. Categorification amounts
(in part) to replacing an index such as (1.2) with a full Hilbert space of states H(R?; )
upon which a conserved supercharge acts. In the context of holomorphic blocks, such
categorification is likely to lead to new knot homologies — associated not just to a knot,
but to a choice of flat connection in its complement. This is a very interesting subject for
future study, and we hope that it will eventually connect to recent work of [59-61].

A jump. The last major aspect of our work concerns the behavior of D?x,S! partition
functions globally in parameter space. Typically, we will fix ¢ and vary the masses z,
whereupon we find that holomorphic blocks are subject to Stokes phenomena. That is, the
blocks B”(x;q) associated to vacua « in one chamber of parameter space may be related
to blocks in a different chamber by a linear transformation,

B* — Y M%B’, % € GL(N,Z). (1.17)
8

Such behavior is not too surprising. In the description of blocks (1.5) as coming from long
cigars, the map between vacua « and supersymmetric ground states |a) can change as
parameters are varied. While ground states generically do not mix in a theory with four
supercharges, on special loci in parameter space instanton configurations may connect two
ground states and lead to a jump such as (1.17). Alternatively, this can be described in
terms of brane nucleation [35]. A similar Stokes phenomenon plays a central role in ana-
lytically continued Chern-Simons theory [17]. When blocks arise from a finite-dimensional
block integral such as (1.9), jumps can be analyzed explicitly using Lefschetz theory for
cycles associated to critical points.

The fact that blocks transform as (1.17) when passing from one chamber to another
raises an interesting puzzle. The curved-space partition functions of a theory such as 2



and Z should not depend on any choice of chamber; yet expressions (1.1)—(1.3) do not look
invariant under B* — (M B)®. The resolution of the puzzle involves two observations.

First, we find that blocks B“(z;q) can be expressed as g-hypergeometric series that
converge both for |¢g| < 1 and |¢| > 1, but to two different functions in the two regimes.
For example, the free chiral block (1.8) takes two different forms

[T, (1—q"zt) lq| <1

A (1.18)
[l —q 27" gl >1,

Ba(zq) = {
with no analytic continuation across the unit circle. Physically, this arises from a sub-
tlety in our definition of blocks: we use a topologically twisted geometry for |¢| > 1 and
an anti-topologically twisted geometry for |g| < 1. The effect is roughly that bosonic
modes contribute in one regime and fermionic modes in the other, switching products from
numerator to denominator in expressions such as (1.18).

In addition, due to the reflection used in any fusion of D? XqS 1 geometries, the twist
parameters for the two sides always live on opposite sides of the unit circle. That is,
|g] > 1 whenever |g| < 1, and vice versa. This is just as we want it for 3d topological /anti-
topological fusion. It turns out for the cases that we study that blocks on the two sides of
the unit circle have complementary transformations at Stokes walls, e.g.

B(z;q) = MB(z;q), B(7;q) — M'TB(%9), (1.19)

so that products HB(J:; q)Hf] remain invariant. Nevertheless, in every chamber, the blocks
at |¢g| < 1 and |gq| > 1 agree, in the sense of sharing convergent g-hypergeometric series
expansions.

We conjecture that this is the case in general. While the presence of conjugate Stokes
matrices can be argued directly from the form of block integrals, the statement about
sharing series expansions in every chamber is highly nontrivial, and implies very special
mathematical properties for the blocks themselves. We will check such behavior in detail for
the simplest nontrivial example, the three-dimensional analogue of the CP' sigma-model,
and discover identities for g-Bessel functions that govern the transformations of its blocks.

It is interesting to note that, unlike the index, the physical ellipsoid partition function
2, should be defined for b? on the positive real axis, implying that ¢ = 2% and q = e2mi/ b
are on the unit circle itself. Ellipsoid partition functions appear to have the remarkable
property that they can be analytically continued to the cut plane »* € C\R<g, and on
both the upper and lower half-planes agree with the same product of blocks “B(az; q)“;
Conversely, we find in examples that products B (z; q) B (7; q) for any fixed o, with (z, q)
and (Z,q) identified by the S transformation, can be analytically continued in b? across
the positive real axis, defining a single function on C\R<. This surprising property has
already been observed for the free-chiral block (1.18), in which case the S-fusion product
is a non-compact quantum dilogarithm [62, 63], cf. [53, section 3.3].

The organization of this paper is as follows. In section 2, we provide a more care-
ful definition of holomorphic blocks and revisit the geometry of fused D? qul partition

functions, aiming to understand the parameters in the products (1.1)—(1.3). In section 3,
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we compactify D? X ¢S 1 to a half-line, and describe aspects of the resulting supersymmet-
ric quantum mechanics. In section 4, we combine results from quantum mechanics with
an understanding of line-operator identities to define block integrals (1.9), and demon-
strate how to these integrals can be evaluated in simple examples. This is followed in
section 5 by an in-depth study of blocks, Stokes phenomena, and mirror symmetry in the
three-dimensional CP! sigma model. In section 6, we review the connection to analytically
continued Chern-Simons gauge theory in the case of a three-manifold theory T)y.

2 A first look at holomorphic blocks

The theories under consideration are three-dimensional superconformal field theories with
N = 2 supersymmetry and a conserved U(1)r R-symmetry. However, we will typically
work with ultraviolet NV = 2 gauge theories that have Lagrangian descriptions and flow to
the desired SCF'Ts in the infrared. The observables we are interested in will be invariant
under the flow. Let us therefore review the ingredients that enter into the Lagrangian of
such a gauge theory. (For a more complete discussion, see [64].)

We consider theories whose Lagrangians are written in terms of a set of r gauge multi-
plets {V,}, and chiral matter multiplets {®;}, which are the dimensional reductions of the
usual N’ = 1 vector and chiral multiplets in four dimensions. We assume for the moment
that gauge symmetry is abelian. In three dimensions, the vector multiplet can be reor-
ganized into a linear multiplet ¥, = eo‘ﬁbaDﬁVa, in terms of which the canonical kinetic
Lagrangian takes the following simple form,

Liinetic = /d49 (Z 6%22 + Z (DJ} exp (Z Q?Va) @I) . (21)
I a

a=1 ¢

In addition, one may include as an F-term a holomorphic, gauge-invariant superpotential
L¥_term = /d29 W(®) + h.c. (2.2)

We assume that the superpotential preserves an R-symmetry U(1)g.

The terms introduced so far will preserve some global symmetries. These include
symmetries that act manifestly upon the fields in the Lagrangian, as well as “topological”
U(1) symmetries that act as shifts of the dual photons for any abelian gauge multiplets.
Consider a maximal abelian subgroup Hfi 1 U(1); of the full flavor symmetry group. We
)

U(1); currents, which can be further promoted to background vector superfields Xz, with

can then introduce N non-dynamical background fields A,(f that couple to the conserved

corresponding linear multiplets f]l Setting the real scalar components of f]l to non-zero

values mf’d turns on real mass deformations of the theory. Such a deformation for an
ordinary flavor symmetry appears in the kinetic terms of the Lagrangian as

Ekinetic = /d49 ((I)Tem?)deéq)) 5 (23)
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which, in terms of component fields, leads to mass terms (m34)2|®|2+im3e*1),1p5 . When
real mass terms are turned on for topological U(1) symmetries, they appear as Fayet-
Iliopoulos (FI) terms for the corresponding dynamical gauge field. In this paper, we collec-
tively denote all real mass parameters as mf’d, whether they correspond to masses for chirals
or to FI terms. In the infrared, they are all on the same footing. We can similarly introduce
a non-dynamical background gauge field Ag for the R-symmetry, part of a different super-
multiplet; it plays a special role in supersymmetric compactifications on curved spaces.

In three-dimensions one can also include gauge-invariant Chern-Simons interactions.
The most general abelian interaction takes the form

1 ~ 1 ~ ~
Les = / d'o (2kab2avb + kiaXaVi + 2kz~j2ivj> : (24)

The first term is a Chern-Simons interaction for the dynamical abelian gauge fields, while
the middle term encodes Fayet-Iliopoulos terms for the dynamical gauge fields, and the last
term describes purely background Chern-Simons terms (which are related to the choice of
contact terms for conserved current multiplets — see [43, 44]). Gauge invariance will
sometimes require the inclusion of fractional Chern-Simons terms, the so-called “parity
anomaly” of three-dimensional gauge theories. This is due to the fact that integrating out
charged fermions can shift the effective Chern-Simons matrix according to

(Kij)er = kij + % > (ay)ilay); sign(my) . (2.5)

fermions
The resulting Chern-Simons levels must be integers. It will be important to keep close
track of all types of Chern-Simons interactions in order to correctly compute holomorphic
blocks for a gauge theory.

Finally, we require theories to have enough flavor symmetry so that real mass defor-
mations completely lift all flat directions in the moduli space (e.g. all Higgs and Coulomb
branches), rendering the theories massive. More importantly, we demand that after reduc-
tion to two dimensions on a circle, the theories at generic values of mass parameters have
only discrete, massive vacua. This will be made explicit in section 3.2.

2.1 Cigar compactification

The observable of interest for these gauge theories is the partition function on D? XqS L
Topologically, this geometry is a (noncompact) solid torus with local coordinates (7, ¢, ),
where r € [0,00) and ¢, 6 are both periodic with period 27. The metric is given by

ds® = dr? + f(r)*(dy + eBd0)* + B*d6? (2.6)

where f(r) ~ r near r = 0 and f(r) — p as r — oo (for example, one may take
f(r) = ptanh(r/p)). The cigar parameterized by (r,¢) has asymptotic radius p and
is fibered over the f-circle so that the cigar rotates by an angle 27f5e, or alternatively,
so that the holomorphic variable z = re®® is identified around the 6 circle according to
(2,0) ~ (¢ t2,27), where

q =¥l = el (2.7)
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This metric admits no covariantly constant spinors, so in order to preserve supersym-
metry we twist the theory. For a generic curved three-manifold, one would need at least
N = 4 supersymmetry in three dimensions to define conserved, twisted supercharges. How-
ever because the curvature of (2.6) is valued in U(1)g (rotations of the tangent space to the
cigar fiber), a twisted superalgebra exists for a theory with only N' = 2 supersymmetry in
three dimensions as long as the theory possesses a U(1) R-symmetry. There are two choices
for how to twist the theory, one “topological” and one “anti-topological”. These different
choices preserve twisted scalar supercharges (Q_, Q) or (Q4,Q_), respectively, where +
denotes the charge of the operator under U(1)g (see appendix A for our conventions).
From the perspective of the cigar, this is an A-type twist, cf. [14, 65].

In order to implement these partial twists, we introduce a non-trivial profile for some
of the non-dynamical background vector fields described above. In particular, for the
background field coupling to the R-symmetry of the theory we impose

1
AR = AF, + 3@ (2.8)

where on the right hand side, w,, represents the U(1)-valued spin connection for the met-
ric (2.6) (its nonvanishing components describe rotations in the tangent bundle to the
cigar D?), and Al is a flat connection with holonomy exp(i § Ag) = €™ around the non-
contractible cycle Sé. The plus sign in (2.8) corresponds to the topological twist, and the
minus sign to anti-topological. Note that theories constructed in the UV have no canonical
choice of R-symmetry in the presence of conserved abelian flavor symmetries. We will
usually take the R-symmetry to be such that all fields have integer charges.®

Along with the R-symmetry, we are free to couple any conserved flavor current to a
line bundle with connection of the form

Aﬁavor = AO +Rrw, (29)

where Ay is flat (dAg = 0) and & is any real number. The flat connection Ay is characterized

by its holonomy around the non-contractible cycle S%, which we define to be €277 while
its holonomy about the contractible cycle is always trivial:
1
- AQ ::’19, f AOZO . (210)
2m Jsy 5}

It will be useful to record some of the holonomies of the spin connection in this geom-
etry. Since D? qul is not flat, it matters where the holonomies are measured, the most
relevant points being at the tip (r = 0) and in the flat, asymptotic region (rr — o). We find

1 1
— w=—pf¢, jl{ w=20, — ¢ w=1. (2.11)
27T Sé'r:O Sé‘r—)oo 27T S’l)

where S; always refers to the cigar circle in the asymptotic region. Therefore, the
holonomies of any connection of the form (2.9), which mixes a flat connection Ay with

5This is natural, for example, when the theory in question is viewed as a boundary condition for a four-
dimensional A" = 2 theory, in which case U(1)% is embedded into SU(2)%™4, cf. [11]. This perspective will
play a role in our understanding of line-operator identities for holomorphic blocks.
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Figure 3. Holonomies i f A for any connection of the form A = Ay + kw around various cycles in
the D?x,S! geometry.

a multiple of w, will take the values shown in figure 3. In particular, in the case of the
connection Apg, figure 3 applies with 9 = K = £1/2. As long as all fields in our theory
have integral flavor and R-charge assignments, all holonomies ¢ f Agavor and 4 f Ap are
invariantly defined modulo 27i.

Because the geometry is non-compact, the above choices of parameters must be sup-
plemented by a choice of asymptotic boundary conditions at » — oo. We can describe this
choice of boundary conditions in two superficially different but equivalent ways. At fixed
p, the geometry is macroscopically one-dimensional; the whole construction appears as a
half-line. Consequently, an appropriate asymptotic boundary condition is to fix the fields
to sit in a vacuum of the effective one-dimensional quantum mechanics that results from
reduction on an appropriate two-torus. Alternatively, because of the partial twist, the cigar
partition function is invariant under changes of the asymptotic radius p. Thus, we can take
the limit p — oo, in which case the geometry becomes approximately R?x S I and an appro-
priate boundary condition is given by a choice of vacuum of the resulting two-dimensional
theory. These two descriptions of the boundary conditions are in fact equivalent [24].

At large p, it is natural to describe the resulting partition function as a BPS index,
which counts states on the cigar (or, roughly, on R?, which is the large p limit of the cigar
geometry) that are annihilated by the two supercharges preserved in the compactification.
We see from holonomies of the various background fields at the origin of the cigar that the
partition function on D?x,S! can schematically be written as

Tr H(D;a)(—l)Re_%'BHq_J:Fg exp | ie Afavor | (2.12)

Sll.;|'r:0
where J is the generator of U(1)g, R is the generator of the U(1) R-symmetry, and e =
(e1,...,en) are the generators (charges) of the abelian flavor symmetries with connections
Afiavor = (A1,...,An). We have indicated the dependence on the vacuum in which the

index is evaluated with the label a. The choice of sign in ¢F#/2 matches that in (2.8), and
corresponds to topological versus anti-topological twisting.

A more familiar expression for this trace would involve (—1)% rather than (—1)f. Here,
the difference arises from implementing anti-periodic boundary conditions on fermions via
a Wilson line for the R-symmetry. For the purposes of computing a protected index, both
R and F are equally good “fermion numbers” (the action of all supercharges shifts them by
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+1). Indeed, we can change a (—1)% index to a (—1)F index simply by replacing q% < —q%,
so the two indices contain identical information.

A more substantial issue is that the Hamiltonian appearing in the above trace is
not Q-exact for any supercharge. This is easy to fix, and in the process we learn which
variables the index depends on holomorphically. We note that the supersymmetry algebra
with Q = Qx is {Q,Q'} = 2(H ¥ 2) =: %Hi, where Z is the real central charge (see
appendix A). In the present setting, the central charge of a state with flavor charge e is
given simply by Z = e-m3d, with m3d = (m34, ..., m33) being the real mass deformations
associated to the flavor symmetries. Therefore, we can write

=2 e (f Aﬂavor> = e Mgyt = e Plgt (2.13)
S

,(13|r:0

where we have introduced the complexified fugacities

x4 =exp(Xy) =exp (27r5m3d T 2% Aﬁavor> = exp (27r6m3d F (2w — mh)) . (2.14)
S} |7‘:0
8
The logarithmic variables X1 can be thought of as two-dimensional twisted masses, rescaled
to be dimensionless. They are naturally periodic. Using this substitution, we can interpret
the partition functions on D?x,S? as indices, with @-exact Hamiltonians:

_J_R _ .
ngs(x+; q) =Tr H(D;a)(—l)Re_'B}uq J ;er ¢ (topological) , (2.15)
Z];XT:S@%‘]) = TTH(D;a)(—1)R6_5H*q_‘]+5:z6_ (anti-topological) . '

The topological index counts BPS multiplets (those for which Hy = 0), while the anti-
topological index counts anti-BPS multiplets (those for which H_ = 0). Such indices have
been studied extensively in the context of of open topological string amplitudes [39-42]
(cf., section 2.2).

So far we have been intentionally ambiguous about the choice of topological versus anti-
topological twist on D?x,S!. In defining the holomorphic blocks of a theory, we actually
use both. In order for the traces (2.15) to converge and define functions of x4+ and ¢, it

27ife

is necessary to analytically continue ¢ = e either slightly inside or slightly outside the

unit circle. We would certainly like the blocks to make sense as functions. We then define

a .
Ba(SU;q) ~ {Zm(xaQ) |Q‘ <1

B (2.16)
Zppg(z39) gl > 1.

In each regime, the dependence on = and ¢ is meromorphic. This definition provides
a unification of the topological and anti-topological sectors. Physically, it is clear that
the indices (2.15) are closely related: in a CPT-invariant theory, every BPS multiplet
contributing to ZSPS has an anti-BPS partner contributing to Z]C;TS' Mathematically, we
will see in examples (and postulate in general) that each block B“(z;¢) can be written
as a single g-hypergeometric series that converges both for |¢| < 1 and |¢| > 1, but with
no analytic continuation across the unit circle. The inclusion of both sectors in blocks will

also be natural in three-dimensional topological /anti-topological fusion.
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Figure 4. The asymptotic torus of D?x,S!.

Now let us say a few words about the finite-p description of the geometry. It turns
out to be the most relevant description for computing the holomorphic blocks of nontrivial
theories, as well as understanding their deeper properties. At finite p, the problem is
one of supersymmetric quantum mechanics on the half line R, obtained by Kaluza-Klein
reduction on the asymptotic two-torus of the cigar geometry. The boundary condition at
the tip of the cigar defines a state (04| that is annihilated by two supercharges (Q_, Q)
or (Q4,Q_). The asymptotic boundary condition is not exactly given by a state in the
quantum mechanics, but there is a unique state associated to it, defined by propagating
inwards from infinity to a finite value of the radial coordinate [18]. Denoting this state as
|a), the block is simply an overlap in the space of supersymmetric ground states of the

effective quantum mechanics, B* ~ (0,]a). More precisely, in order to match (2.16), we set

[ 0 anti-to <1
B%(z;q) = {< oo ] (2.17)

<a|0q>top |Q| >1,

using the anti-topological (0, when |¢| < 1 and the conjugated topological state |0,) when
lg| > 1. Both partition functions have a (local) holomorphic dependence on complexified
masses .

Note that the states |a) are supersymmetric ground states of the theory on T2. The
presence of holonomies for background gauge fields modify the Hilbert space in which
these ground states live, so it is important to keep track of the background fields in the
asymptotic geometry. The asymptotic part of D? X ¢S 1is a product space R x T2, where
the torus 72 has a flat metric with complex structure parameter 7 = 3 + i3p~'. The
holonomies of the gauge fields around the two cycles of this torus are given by

1 1
a_ Aﬂavor =1 )

A avor — . 2.1
27 f & (2.18)

Shlrsoo 2m Jsy

The holomorphic blocks are independent of p and depend on the dimensionless quantities
q = exp(2mife) = exp(2mi Re7) and x = exp X = exp (2776m3d+27ri19+/1h) defined above.

At first glance, the fact that ¢ depends only on Re(7) (though the blocks depend on ¢
holomorphically) may seem peculiar. When we analytically continue in ¢, we will only be
analytically continuing in the real part of 7. Notably, such a dependence is familiar in the
geometric-Langlands twist of N' = 4 super-Yang-Mills theory in four dimensions [66]. In
that setting, there is a modular complex coupling 7 of the A' = 4 Lagrangian, and an affine
parameter ¢ (which is actually CP!'-valued) that parametrizes the combination of scalar

~16 -



supercharges that is promoted to a BRST operator. Topological field theory observables
depend only on the combination

t—t1

\IIGL == Re(T) + 'LIm(T)m s

(2.19)

called the “canonical parameter”. When ¢ = £1, the resulting canonical parameter is just
equal to Re(7). We will have more to say about the relation of the present situation to
Langlands-twisted SYM in section 6 — we mention it here only to point out that such a
dependence on Re(7) may not be all that surprising.

2.2 Vortices, conformal blocks, and BPS counting

BPS indices of the form (2.15) have been encountered frequently in the context of topo-
logical string theory as well as in vortex counting. This provides several closely related
interpretations of the blocks, which are useful conceptually and sometimes computationally.
Let us first consider the relation to vortex counting. For a gauge theory, we separate the
mass parameters into those associated with topological U(1) symmetries (FI parameters)
and those associated with ordinary global symmetries that rotate matter fields. We can
then place the theory in a background szqS I the large-p limit of D2><qS 1 and send
B (the radius of S!) to zero in such a way that complexified masses (2.14) associated to

global symmetries are scaled as
x = exp(fm?9) (2.20)

with m?d fixed, while complexified FI parameters zp; are kept constant.” Then the the-
ory reduces to a two-dimensional A" = (2,2) gauge theory on R? with an -deformation
(with parameter ), and the holomorphic blocks reduce to equivariant vortex partition

functions [20, 67],
£—0

B%(2;q) =5 Ziopex(@rrie) (2.21)
The field content of the 2d theory is the dimensional reduction of the three-dimensional
theory, with all Kaluza-Klein modes discarded. The FI parameters zg; couple to vortex
number. The choice of vacuum « descends to a choice of vacuum at the boundary of R2.
At finite 3, the partition functions on R?x,S' can be interpreted as a K-theoretic lift
of vortex partition functions. This is analogous to the relation between five-dimensional
BPS counting and equivariant instanton counting in four-dimensional N’ = 2 theories [68].
This suggests that for i = 27mife small (but g fixed), holomorphic blocks should have a
perturbative expansion

B®(z:q) ~ exp (;W(m, s n)) , (2.22)

where W is an effective twisted superpotential for the effectively two-dimensional theory
on R? qul, including all Kaluza-Klein modes, in the presence of an (2-deformation. Such
objects were considered in [25, 69, 70]. The twisted superpotential depends on the val-
ues s of twisted chiral multiplets in a supersymmetric vacuum, a solution (roughly) to

Tt may also be necessary to scale the FI parameters as xp1 — B°xr1 for some ¢ in order to obtain a
nontrivial 8 — 0 limit, but this is a very different scaling from (2.20).
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exp (S%W((E, s; h)) = 1. Ee will return to this equation in section 3. In the strict ¢ — 0
limit, the superpotential W (x, s; h = 0) becomes the undeformed twisted superpotential.

Rather amusingly, the connection to vortices provides a relation between holomor-
phic blocks and conformal blocks in two-dimensional non-supersymmetric CFT. In the
extension of the AGT correspondence [71] to include half-BPS surface operators, vortex
partition functions for the two-dimensional theory on the surface operator are degenerate
conformal blocks in Liouville or Toda CFT on an associated Riemann surface [20, 72, 73].
The degenerate conformal blocks are labelled by a discrete choice of operator in the
exchange channels denoted by «. Then if the same surface operator theory also arose
as the reduction of a three-dimensional gauge theory, (2.21) shows that the holomorphic
blocks reduce to conformal blocks.

In a related direction, it is well known that five-dimensional BPS indices and four-
dimensional instanton partition functions are closely connected to closed topological string
amplitudes [39, 40]. Similarly, as was mentioned in the Introduction, three-dimensional
BPS indices of the form (2.15) and two-dimensional vortex partition functions are related to
open topological string amplitudes [41]. In particular, for theories that can be engineered on
M5 branes wrapping a Lagrangian submanifold £ in a non-compact Calabi-Yau Y, the BPS
index of the gauge theory counts the number of BPS M2 branes that can end on the M5-
branes. Furthermore, this index can be computed by evaluating the open topological string
partition function for that geometry Z(E;En. The string coupling is encoded in ¢ = e~ 95, and
both open- and closed-string moduli appear as flavor fugacities . The choice of vacuum
is then related to a choice of brane placement.

The topological string partition function can be computed by summing up corrections
to the effective action of a two-dimensional A" = (2,2) theory on R? in the presence of a
graviphoton background [41], leading to an expression of the form

2J m(—J— R+ )x—meNe

g
B(z;q) ~ 2P~ exp = = 2.23
o S ;R:le m(g® —q"%) 22
I1 H (1— g /=8 ng=e) TV N (2.24)

J,R,e n=0

Here Nj  is the number of BPS M2 branes with given spin, R-charge, and flavor charge.
This result has a simple heuristic interpretation in the gauge theory. In three dimensions
the central charge of the AN/ = 2 superalgebra is real, so any collection of BPS excitations
can potentially form a bound state at threshold. Then the topological string amplitude is
counting the single-particle BPS states at a point in moduli space where these bound states
can be organized into a Fock space generated by oscillators for the angular momentum
modes of quantum fields corresponding to elementary BPS particles [42, 74]. The integers
N§ g describe the number of such quantum fields with given charges, and the angular
momentum modes lead to the product over n.

There is an important distinction, at least philosophically, to be made between holo-
morphic blocks and topological string amplitudes. Namely, our definition of holomorphic
blocks as supersymmetric gauge theory partition functions on D? XqS I suggests that they
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are locally holomorphic functions of their parameters. Topological string amplitudes, on
the other hand, are subject to the holomorphic anomaly, and when they are expanded
around appropriate large volume points in moduli space they are not necessarily related
by analytic continuation. The BPS counting interpretation of holomorphic blocks should
then only hold in an appropriate region of parameter space, if ever. We will see an explicit
example of this in the context of the free chiral theory of section 2.5.

2.3 Topological/anti-topological fusion in three dimensions

Our motivation for studying D?x,S? partition functions is the conjecture that they form
the building blocks for the ellipsoid partition function and supersymmetric index. Let us
consider how this comes about.

Two copies of D2><qS I can be combined naturally to give a three-dimensional analogue
of the topological /anti-topological fusion geometry for two dimensional theories with N =
(2,2) supersymmetry [14]. That is to say, they can be “fused” as long as the Hilbert
spaces defined on their asymptotic boundaries are identical (or more precisely, dual). As
in the two-dimensional case, the resulting fused construction does not appear to admit any
globally preserved supercharges that annihilate the partition function.® Nonetheless, the
presence of an infinitely long flat region along which any state must propagate leads to a
projection onto the reduced Hilbert space Ho(T?) of supersymmetric ground states of the
theory, and consequently the resulting partition function will be quasi-topological, i.e., it
will be invariant under all but a finite number of deformations of the A’ = 2 theory.

The partition function on the fused geometry thus enjoys, by construction, a natural
factorization of the form

qused - Z TLa@Ba(CL’; Q)Bﬁ(iazj) . (225)
a,BEH

This is a simple consequence of the fact that only supersymmetric ground states |«) € H
propagate in the long cylinder connecting the two cigars. The fused partition function is
simply the overlap of states generated by the closed of ends of the cigars (after projecting
to ground states),

Ztused = <O(1’0§> ) (226)

and inserting a complete set of states spanning Hg leads to the factorized form above,

Ziusea = (0g] | D la)al | 10g) = Y B (x;9)B*(%4q) - (2.27)

aEHo acHo

In the “massive vacuum” basis for supersymmetric ground states, we expect the intersection
matrix nog to be the identity.

Before moving on, some general comments about the relation of this construction to
the two-dimensional story of [14] are in order. The first and most obvious new ingredient in

8There may nevertheless be non-standard supercharges preserved by this background. Recent work
of [30] has shed light on this issue in two dimensions.
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three-dimensional fusion is that there are an infinite number of inequivalent constructions
of this form, as opposed to the unique two-dimensional topology. For any element g €
SL(2,7Z), one can consider copies of D2><qS I whose boundary tori are related by a g-action
(along with orientation-reversal), and all of the statements above should go through. The
effect of ¢ is indicated in equations (2.26)—(2.27) by the “tilde” operation acting on ¢ and
the mass parameters x. More suggestively, we could write the g-fused partition function as

zZ9.4= Y B x:q)B#q) = Bl (2.28)
aEHo

Additionally, the equivariant parameter g has no obvious counterpart in the Cecotti-Vafa
construction. This equivariance is responsible for the fact that while the asymptotic radius
of the cigar (which we call p) plays a crucial role in the two-dimensional story, it makes
no appearance in the definition of three-dimensional holomorphic blocks. Indeed, the
two-dimensional (8 — 0) reduction of the holomorphic blocks leads to a two-dimensional
partition function for an €)-deformed theory. The limit of turning off the 2-deformation,
which in general on a non-compact space is a singular limit, should reproduce the traditional
tt* results in the fused setup. Exploring this relation further is left for future work (see
also the recent work of [30, 75]).

The result of three-dimensional fusion is a protected observable of a mass-deformed
N =2 SCFT in three dimensions associated to any lens space topology (the construction
here manifestly realizes a genus-one Heegaard splitting of the resulting manifold, which
identifies it as a lens space). We conjecture that this observable is equivalent to the more
conventional lens space observables that have been defined and computed by supersym-
metric localization in recent years, cf. [76-78]. In addition to making the factorization of
the ellipsoid partition function observed in [10] manifest, this would imply that all other
lens space partition functions, such as the supersymmetric index, involve products of the
same holomorphic blocks.

The admissible pairings between left and right blocks are naturally fixed by the
requirement that the two semi-infinite cigars be glued along equivalent tori, and this
explains the relations between parameters in equations (1.1) and (1.3). We will be
interested in configurations for which an SL(2,Z) action on the torus (acting as usual on
7) induces a modular action combined with a reflection on the parameter q. Specifically,
if r—~7=—-g-7, we would like ¢ Bg = —g - (Be) as well. This is precisely the case
in the degeneration limit of the torus,

B<p, T—eB. (2.29)

For a single cigar, this limit has no effect since it amounts to sending p — oco. However,
once we start to consider nontrivial fusion geometries, this will be an important constraint.

Notice that although the geometric twist parameters ¢ = exp(2mife) and
qg = exp(27m'§§) are related by BE = —g - (Be), with ¢ € SL(2,Z) acting as a modu-
lar transformation, analytic continuation off of the unit circle will not respect this relation.
That is to say that in analytically continuing, the fact that one side is topologically twisted

and the other is anti-topologically twisted will lead to an additional complex conjugation
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Figure 5. Matching holonomies i § A of a background gauge field during S-fusion.

in the relationship between 7 and 7. Consequently, after any analytic continuation of ¢
off of the unit circle,
lgf <1 < gl >1. (2.30)

Put differently, a modular transformation alone would preserve the upper half-plane, but
a modular transformation combined with a reflection about the origin switches upper
and lower half-planes. This dovetails nicely with the definition of blocks B®(x;q) from
section 2.1 as actual functions, using a topological twist outside the unit circle and an
anti-topological twist inside the unit circle. In any fused combination Y, B*(z;¢)B"(;),
the blocks on the left automatically correspond to an anti-topological twist when the
blocks on the right correspond to a topological one, which is just what we need for
topological /anti-topological fusion.

2.3.1 S-fusion

We now take a closer look at the fusion geometries that are related to the ellipsoid partition
function (S-fusion) and the sphere index (identity-fusion), and relate parameters (z, ¢) and
(Z,q) in the two cases.

If we fuse two blocks whose asymptotic boundaries are related by the element S €
SL(2,Z), as in figure 5, we end up with the topology of the three-sphere. The complex

1

structure 7 = B 4+ i8p -+ of the torus on the right is related to that on the left as

1 e+ip 1 1
T Bt p?) pooo ef

T==—8-7=

(2.31)

Thus, in the p — oo limit, Eg = (Be)~!. Moreover, in this limit, the individual geometric
parameters obey

For the angular momentum fugacity in the holomorphic blocks, we then find
_ . _ 2mife _ _h ~ . ~ | 2mi_an?
g=-exp | w | =e =e' = qg=exp|i w | =efe = n . (2.33)
Sé"r':@ Sélr:(}

Now consider the holonomies for a background gauge field that has the form A =
Ap + kw on the left and A = Ag + k@ on the right, with % 395[13 A =19 and % $1 A=10
B
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(as in figure 3). The gluing, combining an S transformation and a reflection, requires us
to identify

=k, k=17. (2.34)
Consequently, if we twist anti-topologically on the left and topologically on the right, the
holomorphic variables appearing in the blocks should be

r=expX, T=expX, (2.35)

with

- 2
X = 27Am3 + (2miv) — kh), X = 202Bm® — (21id — #h) = ;ZX (2.36)

(Note that the relative + signs that we must use for X and X come directly from the
definitions of the variables X+ in (2.14).)

In addition, the R-symmetry gauge field Ap must have —kp = Kg = 1/2 due to the
anti-topological /topological twists. The gluing relations (2.34) then impose ¥ = —53 =
1/2. In other words, S-fusion is only consistent if the R-symmetry gauge field has flat
component with holonomy e*™ = ¢! = —1 around the S-circle on each side. Fortunately,
this is exactly how we defined the D? x,S! partition function in (2.8). Also recall that as
long as all fields have integer R-charges, ¥r and J g are only defined modulo 1.

We pause here to note that away from the limit (2.29), the combined (S-fused) partition
function would indirectly pick up a dependence on p and p, the radii of the cigars. It would
be nice to explore the properties of the resulting partition functions and to understand if
they constitute a further interesting deformation of the three-sphere partition function.

The relation of holomorphic parameters (z,q) and (z,q) above matches that which
emerged in the factorized form of the ellipsoid partition function discovered by [10]. In
more standard notation, the ellipsoid partition function would depend on ¢ = exp(2mib?),
q = exp(2mib=2) and x = exp(27wbu), T = exp(27b~ i), where p are complexified mass
parameters relevant to the ellipsoid geometry [2].

2.3.2 Identity fusion

The second fused construction we consider is that with the simplest possible gluing. We
choose the element id € SL(2,Z), which leads to the topology S? x S'.
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In this case, the condition for matching the asymptotic tori is simply

F= 7= —ef+ifp ! = pBE=—Be, (2.37)
or more precisely
B =2, E=—¢, (2.38)
so that
g=d',  Fect=g. (2:39)

In this construction, the asymptotic radii p and p of the cigars play no role, but we usually
still work in the limit (2.29).
The holonomies of a U(1) connection Ag + kw on the left and Ay 4 %@ on the right
must obey
V=4, k=—k modZ, (2.40)

with the sign in the second equation coming from the reversed orientation in the gluing.
Again, we assume that all fields have integral charges. Then the fact that Kk = —k need
only be true up to an integer becomes physically relevant: the sum defines a nontrivial
magnetic flux of F' = dA through 52,

1
—m:i= — F = K. 2.41
mi= o /s . K+K (2.41)
Let us then set K = =3 + Ko, K = =75 — ko. If we anti-topologically twist on the left and

topologically twist on the right, then the variables in the holomorphic blocks associated to
a U(1) flavor symmetry become

r=expX =q2(, T=expX =q2¢ !, (2.42)

with ¢ = exp (27rz'19 — Ii(]h).

The connection for the R-symmetry in this geometry has —kp = kg = 1/2, which is
right for there to be no net R-flux through S2. In addition, we set ¥p = 5}% = 1/2. This
matches the holonomies of Ag in the S-fusion geometry up to a subtle sign: in S-fusion, we
had to have 9p = —J r = 1/2. The two assignments are equivalent if we are freely allowed
to shift ¥z and Jp by integers, i.e. if all fields in a theory are given integral R-charge
assignments. Our ability to write both S-fusion and index-fusion partition functions in
terms of ezactly the same set of holomorphic blocks B”(x; ¢) seems to rely on this property.

We conjecture that the fused partition function HB(:L’; q)Hfd =Y, B (x;9)B*(;q) is
equivalent to the sphere index defined as

T(m, G q) = Tragsoam (—1)Rg2 T55¢° (2.43)

with J3 and R denoting spin and R-charge in the super-Poincaré algebra on (round, un-
twisted) S2 x R, e denoting flavor charge as usual, and m denoting the units of magnetic
flavor flux through S2. This is the same index defined by [9], following [3, 8, 9, 79, 80],
up to the modification (—1)¥ — (—=1)%. The expression (2.43) is exactly the same index
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studied by [11], as long as fields have integer R-charge assignment.” The identification of
parameters (2.40)—(2.42) found for holomorphic blocks is identical to the relation predicted
in factorized forms of the index in [11].

Note that in writing (2.42) and obtaining a direct relation to sphere indices, we have
tacitly set to zero the real mass parameters m3? for the flavor symmetries. In the fused
geometry, m®d appears to be an additional free parameter, which could be turned on to
further modify (2.42). This deformation does not seem to have an analogue for the round
5%x St index geometry. Indeed, on $?x,S1, the scalar fields in background gauge multiplets
are quantized in units of i = logg, fixed to equal the magnetic flux through S?. (This
is actually how the combinations ¢ (¥! arose for the sphere index in [11].) A Q-exact
deformation from round S%x,S? to two fused copies of D?x,S' should evidently send

quantized masses in the former to vanishing masses in the latter.

2.4 Difference equations

An extremely useful property of partition functions on D2><qS 'is that they are solutions to
a system of difference equations, which we now take a moment to explain. The difference
equations are a consequence of identities in the algebra of line operators that wrap S*
and act at the tip of the cigar. These supersymmetric line operators are in some sense
a three-dimensional lift of the chiral operator insertions that led to tt* equations in two
dimensions. The identities also provide a new perspective on difference equations that
arose in the context of open topological string theory [45]. In this paper, they provide a
powerful computational tool for analyzing blocks.

The line operators we have in mind were studied extensively in [11, 16, 25]. They are
half-BPS Wilson and ’t Hooft lines for the background gauge fields corresponding to the
abelian flavor symmetries of a theory. For each U(1); flavor symmetry (in a maximal torus
of the global symmetry group), there is a supersymmetric Wilson line #; that measures the
holonomy of the associated background gauge field, and so acts as multiplication by the
complexified mass parameter in (2.14),

& B(z;q) = 2;B(z;9) , (2.44)
and there is also an associated 't Hooft line p; that shifts x; — qx;,
pi B(x;q) = B(21,. .., Ti-1,q%i, .- -5 q) - (2.45)

In terms of the logarithms X;, we have p; = exp(hdx,). Thus the operators obey g¢-
commutation relations

Dk = ¢*9 3Py ; DiDj = DjDi, Tilj = T;T;. (2.46)

One nice way to understand these commutation relations is to weakly gauge the flavor
symmetries by coupling a three-dimensional theory to an abelian four-dimensional N = 2

°In [11], the naive fermion number F = 2.J5 was redefined to include additional angular momentum from
electric particles in a magnetic monopole background. This has the same effect as replacing (—I)F — (—I)R
when states have integer R-charge.
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theory, thinking of the 3d theory as living on the boundary of a 4d spacetime. In the case of
a 3d geometry ]R2><qS ! (which for this purpose is equivalent to the curved cigar version) the
4d geometry is just ]RQXQS 1 ¥ R,. In the bulk, the operators # and p are dynamical Wilson
and 't Hooft lines that wrap S' and can live at any point on R... They can move freely along
R, and act on the boundary, but their ordering along R, matters. It is the order in which
they can act on the boundary. It was argued in [81, 82] that the OPE of line operators
is graded by angular momentum in transverse directions — i.e. by the spinning of R? —
ultimately implying that as two operators pass each other on Ry they will g-commute.

Alternatively, one may use the AGT correspondence to relate partition functions of
certain 3d N = 2 theories to degenerate conformal blocks in Liouville or Toda CFT, as in
section 2.2. In the CFT context, the line-operator identities of 3d N' = 2 theory become
reinterpreted as standard Ward-Takahashi identities.

When line operators act on the D? X ¢S 1 partition functions of given three-dimensional
N = 2 theory, they will obey identities of the form

~

fa(2,0;9) - B(z;q) =0, (2.47)

where the f, are polynomials in z;, p;, and q. There are typically as many operators
fa as there are flavor symmetries, so that the equations (2.47) completely determine the
dependence of B(x;q) on z. A more precise statement is that in the “classical” commuting
limit ¢ — 1, the set of equations

Lsusy : {fa(z,p;1) =0} (2.48)

cuts out a Lagrangian submanifold Lgysy in the space (C*)2V | where N is the number
of flavor symmetries, with respect to a canonical symplectic form © =" % A % We
will return to this submanifold in section 3. The points on Lgysy at a fixed value of the
x; — i.e. the solutions p(z) to fu(x,p;1) = 0 — are in one-to-one correspondence with
the massive vacua « of the N' = 2 theory. In the fully quantum setting, we expect that
the holomorphic blocks Ba(ac;q) provide a complete basis of solutions to the quantized
identities (2.47). This turns out to be a useful way to characterize the blocks: they are the
solutions to the line-operator identities that possess certain analytic properties. We will
discover more about the required properties in the following sections.

The identities (2.47) can be derived systematically for any N' = 2 theory that has a
UV Lagrangian description. The procedure for doing so was described in [11, 16] in the
context of ellipsoid partition functions and S%x,S' indices, but it is entirely local: the line
operators and their algebra are localized at points in the geometries that look locally like
the tip of D2><qSl. Thus, the systematic procedure applies directly to holomorphic blocks.
We will review aspects of the construction in section 4.

In the case of geometries Sg’ and S? qul, there are of course two places where
line operators can act supersymmetrically, corresponding to opposite tips of cigars in
topological /anti-topological fusion. Indeed, these compact partition functions obey two
sets of identities,

foli,p1q) - 2 = fu(@,719) - 2 =0, (2.49)
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in two mutually commuting sets of line operators (Z, p) and (?v, f?) This was one motivation
behind predicting a factorization of the supersymmetric index into blocks in [11]. More
explicitly, using variables as described in section 2.3 it is known that the Wilson and 't
Hooft loops act as

. . ; B2 A -1, 2 51 ~ =2
Sg) . A= 627Tb,u7 p= ezbau7 q= eQﬂ'zb LT = e?ﬂ'b u, p= ezb ('9“7 7= e27r1b :

h
SZqul : T=q2(, p=exp <8m+2810gg>7 q:eh; (250)

so that pz = qZp while ]3“% = Zﬁf}% The multiplicative action of the Wilson loops agrees
beautifully with the identification of parameters (z, q) and (z,q) that we found on the two
halves of fused geometries in section 2.3, and provides strong verification for our results
there. In fact, we may observe that once we know the relation between ¢ and ¢ in a fused
geometry, the requirement that g-shifts commute with multiplication by x (and g-shifts
commute with multiplication by x) fixes the relation between z and Z almost entirely.

2.5 Factorization for the free chiral

With the general picture of holomorphic blocks in place, let us consider a simple and
fundamental example of factorization: the theory of a free chiral multiplet. This theory
illustrates many of the important properties of holomorphic blocks and fusion, so it is worth
introducing it in some detail.

In order to put the theory on curved backgrounds we must specify Chern-Simons terms
for the background vector multiplet coupled to the U(1) flavor symmetry. We must further
specify R-charge assignments and Chern-Simons contact terms for the R-symmetry vector
multiplet. We define the theory Ta as follows,

¢
Th : chiral fields: {¢ } charges: F'|1 CS matrix:

R0

where F' and R denote the flavor and R-symmetries, respectively. We have encoded the
background Chern-Simons couplings both for flavor and R-symmetry gauge fields in a single
matrix. For example, there is a Chern-Simons coupling for the flavor symmetry at level
k = —1/2. The notation Tx is from [16], where this was the theory associated to a single
ideal tetrahedron A.

Note that the half-integer bare Chern-Simons levels in (2.51) cancel the anomaly com-
ing from the fermions in the chiral multiplet ¢. For nonzero real mass m39, they contribute
an extra shift by

Ak;j = sgn(m3?) x (_1% _ig) , (2.52)

to the effective matrix of Chern-Simons levels [64], changing all the half-integers into
integers.
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Usually it is only essential to cancel anomalies for a dynamical gauge symmetry. How-
ever, a cancellation of anomalies for flavor symmetries becomes important if the flavor
symmetries are ever to be weakly gauged — or if we are to consistently turn on background
vevs for flavor gauge fields. This is exactly what we want to do for our partition functions,
and indeed it happens that factorization into holomorphic blocks is only possible when all
flavor anomalies are cancelled. (This was observed in [10] for ellipsoid factorization.)

The ellipsoid partition function for this theory is commonly expressed in terms of
variables (u, b), where u is the mass parameter associated to the flavor symmetry and b is
the real deformation parameter for the ellipsoid geometry. They are related to our variables
as X = 2nby and h = 2mib?. In [2], it was shown that

ZR(X;h) = exp [ 5 <u— ~(b+b" ))2]sb<;(b+b_l) w), (2.53)

where the function s,(z) is the non-compact quantum dilogarithm.!® Physically, b is real
and A is pure imaginary with positive imaginary part, but the partition function (2.53) can
be analytically continued to an entire cut plane A € C\{iR<o}. After giving / a nonzero
real part, we find that

2 'r+1
77» <1
zgoc;h):{ Cllizy S 1 (254)
C HT =0 1= —q r$ 1 |q’ > 17
where as usual ¢ = exph = exp2mib®, § = exp—4l = exp2mib~?, and

r=expX, T = exp 27TZX The constant prefactor in the products is C' = exp [ (h—|—h)]
4
exp [51 (h— 7)) -
The sphere index is expressed in terms of variables (m,(,q), as discussed in sec-
tion 2.3.2. It was shown in [11] (following [9]) that the index, defined only for |¢| < 1,
can be written in the form

rflel

oo 1 o
Ta(m, ) =[] 1_{7_7«5_17 (2.55)

r=0 q

Lao=q¢2¢andZ=q2¢".

where ¢ = ¢~

As written above, the factorization of the two partition functions is almost obvious.
The only nontrivial aspect is that the variables (z,q) appear in the numerators of the
products and the dual variables (Z,q) in the denominators, or vice versa. Nevertheless,
both numerator and denominator can be written in a uniform manner. Let us define the

“tetrahedron block” as follows:

Ba(z;q) = (g2 @)oo, (2.56)

10 After its introduction in [62] and rediscovery in [63] as a solution of the quantum pentagon identity,

the non-compact quantum dilogarithm has appeared with various notations in the literature. The notation
“sp” adopted here is the one used in [83] and [2]. The inverse of this function is called s, in [84]. Some of

its relevant analytic properties and asymptotics can be found in [53].
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where

R o 8 L {Hfio(l—qrz) ol <1 -
(2 0)oc - nz:; (Dn 12,1 —qg " 22)"t gl >1, (257)

with
(@n=0-q)1=¢*) - (1—¢"). (2.58)

The g-hypergeometric series defining the function (z;¢)e converges for all |z|] < 1 both
inside the unit circle |¢g| < 1 and outside the unit circle |g| > 1 to the infinite products
indicated on the right side of (2.57). In each regime, the product representation provides
an analytic continuation in z to a meromorphic function of z € C. However, there is
no analytic continuation in ¢ between |¢| < 1 and |¢| > 1 — approaching the unit circle
lg| = 1 from either inside or outside, the function (z;q)~ diverges at every rational point
(every root of unity).

It is the function (gz~!; ¢)s — defined piecewise inside and outside the unit circle, but
possessing a single g-hypergeometric series expansion that makes sense in both regimes —
that we call the tetrahedron block. Due to the reflection used in any fusion operation of
two cigars, the parameter ¢ is outside the unit circle whenever ¢ is inside the unit circle,
and vice versa. Correspondingly, one half of a fusion geometry is topologically twisted and
the other half anti-topologically twisted. Then it is easy to see that the fused partition
functions take the simple form

ZR(X;h) = Ba(z;9)Ba(T;9),  Za(m,(q) = Ba(2;9)Ba(3;4) (2.59)

with the appropriate definitions of (x, ¢, ,q) in each case. Quite amazingly, the S-fusion
product Z§ (X;h) = HBA(:U;q)Hz, is a function that can be analytically continued from
Reh < 0 to Reh > 0 across the positive imaginary axis where h = 2mib? is physical.

The factorization of the ellipsoid partition function in (2.54) only holds modulo the
prefactor C? in (2.54). This prefactor looks similar to the contribution of a level i R-R
contact term. We will almost always work modulo such R-R contact terms in this paper,
in part because it is rather subtle to fix them precisely. One way to (partially) absorb the
prefactor in the blocks, if so desired, is to modify

Ba(z39) = (@)oo Balz;q), (2.60)

where we define

e IS (=g gl <1
(oo = (0" oo =9 oo o (2.61)

[LZ (A=) fal>1.
Then [(¢)sofs = —25C?, while [(¢)sofia = 1. Note that R-R contact terms are always
invisible in the index (identity fusion) and only appear for the ellipsoid partition function

(S-fusion).

This simple example allows us to investigate the relationship between blocks and BPS-
counting partition functions. The infinite-product forms (2.57) of the block Ba take
roughly the form (2.24) that one expects for a BPS index. We need only identify the
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elementary BPS excitation that generates the Fock space counted by the BPS index. For
the free chiral theory (2.51) with m3d > 0 (|z| > 1), there is a single elementary BPS state
coming from the chiral field itself. There is also a single elementary anti-BPS state coming
from the anti-chiral which is CPT conjugate to ¢. We can then see that the block Ba(z;q)
matches the expected BPS-counting partition function for |¢| > 1 and anti-BPS counting
for |q| < 1, as described by (2.15).

For m3d < 0, the match is not exact at first sight. In this region, ¢ gives rise to an
anti-BPS excitation and it is the anti-chiral multiplet ¢ (with flavor charge —1, opposite
statistics, and R-symmetry of the multiplet shifted by —1) that creates a BPS particle.
However, the blocks as defined do not see this distinction — they are analytically contin-
ued across Rem?! = 0 (i.e. across |z| = 1) without any trouble. The simplicity of this
analytic continuation hides an interesting subtlety of blocks. Indeed, for m3d < 0, there are
effective Chern-Simons terms for background fields remaining at low energy, as can be seen
from (2.52). For example, there is a level —1 Chern-Simons term for the flavor symmetry.
We are then led to attribute the difference between the analytic continuation and the true
BPS counting in this regime to these Chern-Simons terms, and we write

_1 0(—q 2;q)
BA(33§Q) = (qx QQ)oo = Wa (2-62)
where
0(z:q) == (—4"*2 @)oo (=271 @) (2.63)

is a Jacobi theta-function. The denominator on the right-hand side of (2.62) is the pre-
diction of BPS counting, and the theta function is the effect of the Chern-Simons contact
terms present in this region of parameter space. Remarkably, this is precisely the prescrip-
tion for including Chern-Simons contact terms that we will be led to by a more formal
analysis in section 4.2.

The successful interpretation of Ba(x;q) as a BPS index is the first confirmation of the
conjecture that the factorized pieces of the ellipsoid partition function and sphere index can
be interpreted as partition functions on D? XqS 1. We may also consider the limit ¢ — 1,
or h — 0. The block Ba(z;¢q) has an asymptotic expansion given to all orders by

o0

_ h—0 1 Bph"_ . _
Baeia) = (o o) "2 e | 3 P o). (2.64)
where B, = (1, %,%,0,—%,...) is the n'" Bernoulli number. It makes no difference

whether the limit 2 — 0 is taken from inside or outside the unit circle. This series captures
the perturbative contributions of a chiral its KK modes to the twisted superpotential (2.22)
of Ta compactified to two dimensions on R?x,S* [25, 69]. We will say more about this in
section 3.

We conclude by mentioning the difference equations which arise from line-operator
identities for the theory Ta. These were described in [11, 16], and they correspond to
“quantized Lagrangians” for Chern-Simons theory on a tetrahedron [85]. The difference
equations take the form

(=1 +p+2HBa(z;9) =0, (2.65)
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in other words Ba(qz;q) = (1 — 271)Ba(x;q), and it is easy to see from the infinite
products that this is satisfied in both regimes |¢| < 1 and |¢] > 1. In the context of
topological strings, this difference equation appeared much earlier in [45], where it was
interpreted as a quantization of the B-model curve which is mirror to C3. Indeed, the
theory one obtains on a single toric brane in C3, in the canonical framing, is a theory T} of
a free vortex, which is related to Ta by 3d mirror symmetry. We will compute the blocks
of T) directly in section 4.4.1.

2.6 Uniqueness of the factorization

It is interesting to ask whether the factorization of TA partition functions found in sec-
tion 2.5 is unique. Suppose that we are looking for a function B(z;q) such that

1. B(z,q) is meromorphic in z € C as well as in ¢ € C\{|q| = 1};

2. there is some natural correspondence between the definitions of B(z, ¢) in the regimes
lg) <1 and |g] > 1 — e.g. they have the same convergent g-hypergeometric series;

3. B(x;q) is annihilated by the difference operator p 4+ #~ — 1 in both regimes;
4. Z(X;h) = B(x;q)B(%;q) and Ia(m,(;q) = B(x;9)B(T;q) -

From condition (3), it follows that B(x;q) = c¢(x;¢)Ba(x;q) where the prefactor ¢(z;q)
satisfies
c(qz; q) = c(x;q) (2.66)

so that it is just a constant from the perspective of the difference operator. Then from (1)
it follows that ¢(x;¢) must be an elliptic function both inside and outside the unit circle.
It would be more standard to write ¢(x; ¢) in terms of the logarithmic variables X = logx
and h = log q; then ellipticity says that the function is invariant under X — X + 27¢ and
X — X + h, as well as (here) h — h + 2mi.

Finally, conditions (2) and (4) require c¢(x; q)c(x;q) = 1, given an appropriate relation
between regimes |g| < 1 and |g| > 1. The most natural way to satisfy this is to require
c(x; q) to be an elliptic ratio of theta functions, namely

c(x;q) = HG((—qI/Q)"i:v“i; q)" (2.67)

where the product is finite, 6 is the theta-function from (2.63), and a;, b; and n; are integers
that satisfy

Zniaf =0, Z n;a;b; =0, and sometimes anb? =0. (2.68)
7 (2 7
An example of a function that satisfies the first two constraints is 0(z?; q)/0(x; q)*.
The first two constraints in (2.68) imply ellipticity. It is an interesting exercise to check
that the constraints also cause the product (2.67) to satisfy condition (4). For example,
the modularity of the theta-functions implies that for S-fusion (for the Sp ‘tilde’ operation)

0((—q"/*) 2% q) 0((—7"/*)*3%q) = C 2exp | — ;fh(aX +b(im 4+ 1/2)7] . (2.69)
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with C as in (2.54). Then the constraints (2.68) ensure that |c(z;¢)|% = 1 modulo a
power of C. We could partially absorb these powers of C' by including factors of (¢)s in
each theta-function. Usually we work modulo such corrections, which correspond to R-R
contact terms, in which case we will ignore the third constraint, as it will only modify the
product (2.69) by a sign and some power of C'.

In the case of identity-fusion (for the sphere index), the product |c(z; q)[?2, is identically
equal to 1, and the third constraint is not needed. Again, this is ultimately due to the fact
that the index is insensitive to R-R contact terms.

Thus, from a purely mathematical perspective, we have found that the factoriza-
tion of the Ta partition functions into the blocks Ba(z;¢) is unique up to multiplication
Ba(z;q) — ¢(x;q9)Ba(z; q) by modular elliptic functions of the form (2.67). Such an am-
biguity will persist throughout this paper for all non-perturbative constructions of blocks.
These ratios of theta functions may have a nice physical interpretation in term of “resolv-
ing” Chern-Simons contact terms in a cigar geometry, which we discuss in section 4.2.

Notice that if we take A to be small, then an elliptic ratio of theta functions c(z; ¢) has
a trivial perturbative expansion:

c(w;q) "2V iFCH# (2.70)

for some integer powers of ¢ and C. This is accurate to all orders in /A, and independent of
whether h approaches zero from inside or outside the unit circle. The expansion follows by
combining the elliptic and modular properties of ¢(z;q); or more explicitly by observing
that each theta function has an asymptotic expansion 6(z; q) vou! exp (— %X 2), similar
to the S-fusion product (2.69), so that in an elliptic ratio (2.67) all nontrivial asymptotics
cancel. Therefore, multiplication by c(z; ¢) introduces a purely non-perturbative ambiguity
into blocks, a non-perturbative ambiguity of a very special type.

The statements made here about uniqueness of Ba(x;q) will apply equally well to
blocks of any theory with a single vacuum (hence a single holomorphic block). If there
are multiple massive vacua in a theory, leading to multiple blocks B“(z;q), we have the
freedom to rescale each B”(x;¢) by an elliptic ratio of theta-functions ¢(x; q), as well as to
perform a linear transformation

S5 M5B (a3 q) gl <1

Sp(M™) 3B (z;9) g| > 1 27

B%(z;q) — {

for a constant matrix M. Both of these transformations preserve fused products. The piece-
wise linear transformation (2.71) will appear naturally as a Stokes phenomenon for blocks.

3 Blocks from quantum mechanics

We now take a closer look at holomorphic blocks for gauge theories of the general type
discussed in section 2. Our aim is to formulate the blocks as certain partition functions in
supersymmetric quantum mechanics. This approach is closely aligned with our view that
factorization of ellipsoid and index partition functions arises from the three-dimensional

~ 31—



analogue of topological /anti-topological fusion. The geometry D?x,S" is a torus fibration
over the half-line Ry = {t € [0,00]}, with the torus achieving fixed area and complex
structure as t — co. Macroscopically, the geometry is then one-dimensional, and by Kaluza-
Klein reduction on the torus fiber, one may obtain a description of the problem in the
language of supersymmetric quantum mechanics. This will provide a natural and intuitive
framework for discussing the general form of holomorphic blocks and their properties, and
will lead to a very general picture of how holomorphic blocks should be computed.

We will see that the blocks of a given gauge theory are computable via a finite-
dimensional contour integral. We determine the integrand perturbatively to all orders
in h. The different blocks then arise from different choices of contours, where the contours
are determined by gradient flow with respect to the superpotential of the quantum me-
chanics. This approach will provide valuable intuition for the behavior of blocks. However,
in this analysis we will not determine the exact non-perturbative integrand and integration
contours. Rather, we will combine the present results with the constraints imposed by
identities for line operators to generate a non-perturbative block integral in section 4. It
would be interesting to find a non-perturbative completion of the path integral derivation
here. Such a derivation would be especially desirable for applications of these ideas to
holomorphic blocks in more than three dimensions.

An essential property of the theories that we consider is the presence of massive vacua
at generic values of mass parameters. We will always assume that we have deformed a
theory to such a point in its parameter space. This gives us control over the dimensional
reduction, and ensures, e.g., that the quantum-mechanical path integrals that compute
the blocks are divergence-free.

3.1 Kaluza-Klein reduction

Our first goal is to describe the effective A/ = 4 quantum mechanics in the bulk of R
coming from a reduction on D? x qs 1. For this purpose, it suffices to consider the flat,
asymptotic region of D? XqS 1 which has the form 72 x R, and reduce on the torus T2.
By continuing to work in the limit p > g and at small A = 27ifp, the reduction can be
performed in two steps: first reducing on the circle Sé (in fact, on an exactly periodic
cycle of T? that is slightly offset from S’é) to obtain an effective two-dimensional theory
on S; x R, and then reducing on S; to quantum mechanics. A non-perturbative version of
this derivation would require a one-step reduction on the torus fiber at generic values of 7.

The reduction on the first circle yields an effective N' = (2,2) supersymmetric theory.
Its dynamics are just controlled by twisted F-terms.'! The computation of these terms in
the action has been described previously in [69] (see also [25] for some relevant discussion).
We briefly review some of its relevant aspects.

"This is generally true even in the curved part of the cigar. The effective N' = (2,2) theory there is
A-twisted, so only twisted F-terms are relevant; though the computation of the twisted F-terms is no longer
so simple.
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In general, when reducing a three-dimensional gauge theory on a circle of radius R, one
can include Wilson lines for global symmetries that complexify the real mass parameters,

m; = m? +;% A,  i=1,...,N. (3.1)

As already discussed in section 2, complex mass parameters m; are twisted masses and
complexified FI terms in the effective two dimensional theory, and they can be treated as
scalars in background twisted chiral multiplets M; = m; — ivV/20T A, —ivV/20 A_ + ... .

3d

The real scalars ;" in gauge multiplets are similarly complexified by Wilson lines of the

gauge field and become complex scalars in twisted chiral multiplets ¥, = o, — V26019 4=

iv20 Y ++/2070(Dy — i F,) + ..., where
=05 dy - 7{ Aqg, a=1,...,r. (3.2)

As long as the abelian symmetries of the theory are compact, invariance under large gauge
transformations of the three-dimensional theory will manifest as periodicity of the complex

scalars o, and m;, . )

0a~0a+%, miwmi+%. (3.3)
This periodicity is not a general property of twisted chiral multiplets in N' = (2, 2) theories.
The lone exception is the background twisted chiral whose scalar is an FI parameter, whose
imaginary part (a theta-angle) is always periodic. Otherwise, this is a special property of
two-dimensional effective theories that descend from three-dimensions.

A single chiral multiplet ¢ in three dimensions gives rise to an entire tower of Kaluza-
Klein modes in two dimensions. If ¢ is charged under an overall U(1) symmetry with
3d

(

associated real mass mj® (some linear combination of o34 and m$4), the KK mode ¢, with

momentum n on the circle will have a twisted mass given by

2min
R

This spectrum of masses is invariant under shifts mg — mg +27i/R, and the effects of the

Mg, = Mg + nez. (3.4)

entire tower of KK modes must be included in order to preserve the periodicity described
by (3.3).

The twisted superpotential can be a function of the dynamical and background twisted
chiral multiplets, W(Ea, M;), and receives one-loop quantum corrections from integrating
out massive charged chiral multiplets [65]. The contributions from an entire KK tower of
chirals can be summed to give

W (My) = T;Z <M¢ + 27;‘”) [log(RMy + 2min) — 1] ~ %Mf, + %Lig(—e_RMﬂ . (3.5)
Any three-dimensional chiral multiplet makes a contribution of the form of (3.5) to the
twisted superpotential, with My the superfield containing mg (a linear combination of
M; and %,). The other contributions to the twisted superpotential are tree-level Chern-
Simons terms. A supersymmetric Chern-Simons interaction with level matrix kg con-
tributes gkabEaZb. Generalizing to include mixed gauge-flavor interactions (a.k.a. FI
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Figure 7. The cycle used for the first reduction.

terms) k,; and pure background flavor interactions k;;, we obtain a total Chern-Simons
contribution 1 1 1
EWcs(Za, MZ) = §kab2a2b + kaiXaM; + §kijMiMj . (3.6)
The superpotential described above (or more importantly, the action derived from it)
is not invariant under the large gauge transformations (3.3). This is because we have
neglected a crucial ingredient [24, 69]. By working with twisted chiral superfields, we have
made a change of integration variables in the path integral from the abelian gauge fields
A, to their gauge-invariant field strengths F, that appear as auxiliary fields in the twisted
chiral multiplets. This is acceptable only so long as we also impose quantization of the
field strengths, [ F,/2m € Z. In order to impose this constraint, we introduce an array of
delta functions into the path integral for each integral value of [ F,, /27 — the Dirac comb

> exp [—Qwina / d?0 za] . (3.7)

NeEZ

— via its fourier series,

Without this term, the failure of the action to be single-valued is visible in the shifts of
the first derivative of the superpotential by integer multiples of 2mi. In particular, the
dilogarithm function appearing in (3.5) has multiple sheets labeled by pairs of integers
(b,c) on which the values of the dilogarithm function are related to its value on the
principle branch by

Lig(—e™®) — Lig(—e %) 4 2mib(z + im) + 47c, (3.8)

while the quadratic terms which implement Chern-Simons interactions are manifestly
multi-valued. The addition of the overall factor in (3.7) then amounts to summing over
the sheets of the covering space M of the scalar manifold M on which the action is
single-valued (note the sheets of the dilogarithm on which the superpotential differs
by constant factors are already identified, because the constant shifts are killed by the
superspace integration). The entire integrand of the path integral is thus single valued on
the original target space M, i.e., the space of periodic scalar field values.

Now let us return to the setup on D?x,S!, with the asymptotic profile 72 x S'. We
will reduce on the cycle v of T? shown in figure 7. The fibration in the geometry makes
this cycle a slight deformation of the non-contractible circle Sé at the tip of the cigar.
In the limit of fixed, small & and p — oo, the radius of the cycle v in the asymptotic
region is given by R = Bv/1+e2p2 — s-hp, whereas for A = 0 exactly, the radius
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would just be 8. Once the reduction to two dimensions has been achieved, going down
to one dimension is straightforward. This is because in reducing from two dimensions to
one dimension, Kaluza-Klein modes on the circle do not correct the twisted F-terms, and
so the dimensional reduction can be performed directly (by demanding that all fields be
independent of the periodic direction). The only result is to render the effective twisted
superpotential dimensionless via an overall multiplication by the size 2mp of the circle,
leading to the quantum-mechanical superpotential

WM(S,, M) = 2mp W (Sq, M)

= % [Z <iM£ + Liz(—e_M¢)> + %kabEaEb + kaiXoM; + %kijMiMj . (3.9
éi
We have absorbed factors of R into all the superfields, rendering them dimensionless. From
here on out we will work in terms of these renormalized fields, which are cylinder-valued
with period 27i.'2
We are left with a one-dimensional N' = 4 supersymmetric Landau-Ginzburg model
with target space M = (C*)" and (up to O(h) corrections) superpotential given by (3.9).
The path integral of this theory is somewhat unconventional due to single-valuedness of
the action on M being achieved through the term (3.7), which is not easily interpreted as a
single contribution to the twisted superpotential. Rather, it is more natural to think of the
resulting partition function as one which is formulated on the covering space M , and then
the sum in (3.7) is a sum over deck transformations of the cover. After this summation, the
resulting contribution to the path integral will be single-valued on M.'3 This perspective
will prove useful for when considering localization for this theory.

3.2 Vacua and boundary conditions at infinity

To define the path integral of this one-dimensional theory on R, we must specify the
boundary conditions at ¢ — oo and t = 0. We first consider the asymptotic boundary condi-
tion at ¢ — oo. This amounts to a choice of massive, supersymmetric vacuum for the theory,
and we demand that the fields in the path integral asymptotically approach their expecta-
tion values in that vacuum. It is crucial that the vacuum have a mass gap — otherwise mass-
less fluctuations could lead to infrared divergences of the partition function. This is one of
many reasons behind our requirement that the original three-dimensional theory be massive
at generic points in parameter space. A more precise condition will appear momentarily.
The equations that govern the vacua are given by [24]
oW
dog,

= 2ming, ng€Z. (3.10)

12We have also implicitly assumed that all chirals ¢ have U(1) g charge equal to one, so that the fermions
in these multiplets have R-charge zero. This is relevant for reduction on D?x,S* where the U(1)r gauge
field has a holonomy exp(imw) = —1 around the Sé circle in the asymptotic region, as we have defined it
for holomorphic blocks. For a chiral with general R-charge Ry, the twisted mass appearing in (3.9) gets
modified to mg — me + (Ry — 1)mi.

3Note that M is not simply the space of fields o;, but is determined by the detailed form of the twisted
superpotential and its branching structure.
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This is written more invariantly after passing to single-valued C*-variables

Sq = €7° r;=em, (3.11)
by imposing
ow
= | =1. 12
exp (8 88a) (3.12)

The left-hand side is a rational function in (s4, x;). There are a finite number of distinct so-
lutions to (3.12) if and only if the vacua are all massive. We must disallow situations where
two roots of (3.12) coincide, and, more seriously, situations in which the equations (3.12)
are independent of some s,, leaving them undetermined. This latter possibility indicates
that our initial theory did not have enough flavor symmetries to lift its moduli space.

Assuming distinct, discrete solutions, we label them sfla)

, with a indexing the vacua.

If the sigma model is formulated on Mv, where the individual terms in the action
are single-valued, then for each term in (3.7) with some fixed integers 7, the boundary
condition for vacuum « will impose that the fields approach the image of the vacuum «
on the appropriate sheet where (3.10) is solved for that value of n,. This is the choice of
boundary condition that is naturally invariant under large gauge transformations.

Note that equations (3.12) are the same as the equations that govern the supersym-
metric vacua of our theory on untwisted R? x S' [69]. In part, this is just another way
of looking at the same construction in the p — oo limit. The reason that we are finding
vacuum equations on R?x S' and not twisted (or Omega-deformed) R?x,S* is due to our
reduction on the cycle v above, which let us ignore the twist. We have in effect demon-
strated that vacua on R?xS"' and RQXqS L are equivalent (given an appropriate redefinition
of fields), and this is not too surprising: we would not expect vacua to be charged under
the rotations of R2, i.e. to have non-trivial spin.

We also recall the construction in [16, 25] of an auxiliary algebraic variety Lgusy, the
“supersymmetric parameter space” of the theory, obtained by adjoining the equations

exp <xlg?j) =p;, i=1,...,N (3.13)
to (3.12). These define the effective background FI parameters p; for the flavor symmetries
that would allow supersymmetry to be preserved, were the flavor symmetries to be weakly
gauged. Equations (3.13), just like (3.12), are rational in s, and z;. After eliminating the s,
from the combined system (3.12)—(3.13), one is left with N polynomial equations that cut
out a middle-dimensional algebraic variety in the space (C*)?V parameterized by (z;, p;)

Lsusy : fz‘(:(},p) =0. (3.14)

By construction, this is a holomorphic Lagrangian variety with respect to the holomorphic
symplectic form

0- Y dr;  dp;
=> = N (3.15)
i=1
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As long as the superpotential is nondegenerate, every solution to (3.12) uniquely deter-
mines background FI parameters at fixed x;. Therefore, the massive vacua of the effective
two-dimensional theory may equally well be characterized as solutions to (3.14) at fixed
x;. This is often a more invariant characterization. For example, Lgysy is invariant under
the action of three-dimensional mirror symmetry (and other infrared dualities) as long
as one stays away from massless loci in parameter space. As noted in section 2.4, the
identities for line operators acting on blocks are a quantization of the equations for Lgygy.

3.3 Boundary condition at the origin

The boundary condition at ¢ = 0 is defined by the tip of the cigar in D?x ol 1 Tt is a half-BPS
boundary condition supported on all of M, which was described in [18]. The boundary con-
dition assigns to every fixed value of the macroscopic fields s, a certain weight — i.e., it can
be described as a choice of wavefunction inserted at ¢ = 0. Wavefunctions in supersymmet-
ric sigma models can be interpreted as differential forms on M, and the choice of bosonic
weight for the wave function needs to supplemented with insertions of fermionic operators
to preserve supersymmetry. In this case, the appropriate insertion that preserves supersym-
metry corresponds to multiplying the wave function by the holomorphic top form on M,

ds ds
in/\i/\.../\ r
S1 S9 Sy

=doy N---Ndo, . (3.16)

The bosonic part of the wavefunction can be determined from its three-dimensional
microscopic description. It should just be the holomorphic block for the chiral multiplets
of the theory with the gauge fields fixed to background values corresponding to the ar-
gument of the wave-function! Perturbatively, we can find the wavefunction by summing
up contributions to a two-dimensional twisted superpotential in the spinning background
R? qul — i.e. the tip of the cigar — in a theory of free chiral fields. The result is

1~
ol mish) = Qexp G Wa(ouomih)) (3.17)

with the “quantum-corrected superpotential” Wh given (as discussed in sections 2.2
and 2.5) by

—~ 1 1 1
Wi(Sa, mis h) = —kap0aop + kaioam; + ikijmimj +Z |:4m§>+Lig(—6_m¢_Z; R)|. (3.18)

2
¢
Here each chiral contributes the perturbative series'
o0
. B, h" .
Lig(z; h) == Z :L! Lis_p(x), (3.19)
n=0

14 Again we are assuming that the chirals have U(1) g charge one. For general R-charge Ry, we must shift
mgy — me + (Rg — 1)(im + 1/2). More generally, we can include an effective complex mass mpg coming from
the background R-charge gauge field Ar as one of the m;, feeding into the masses mg for chirals or into
background Chern-Simons interactions. Its value is fixed to be mpr = im + /2, due to the holonomy of Ar
around S} at the tip of D*x4S".
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with B,, the Bernoulli numbers (1, %, %,O, —%, ...). We must also include the effect of
Chern-Simons interactions for all gauge fields, which are simply quadratic terms in (3.18)
to all orders in hA. This superpotential shifts by non-perturbative terms under large
gauge transformations of the background fields — a feature which will be resolved by the

non-perturbative completion of section 4.

3.4 Localization of the bulk path integral

We finally turn to the evaluation of the path integral on R.. Modulo the subtleties associ-
ated to single-valuedness of the superpotential, this is a problem that has been considered
many times before — for a recent discussion, see [18]. Here we just remind the reader
of the relevant facts. The bosonic part of the action for the branch labeled by integers 71
in (3.7) is given by

I; = /dtd"‘&gabEaEbJr/dtd@déWgM(Ea,Mi) tee., (3.20)

where the D-term that contains kinetic terms for the fields is a Q-commutator, so the precise
form of the Kahler metric g,z is irrelevant. The path integral of this theory can be evaluated
by localizing to field configurations that are invariant under the action of those supercharges
preserved at ¢ = 0. The result is that the field configurations that contribute to the path
integral are precisely those that satisfy gradient flow equations with respect to the potential
Im WM on M , as a function of the time coordinate ¢. For a choice of asymptotic boundary
condition given by a critical point «, the path integral localizes onto field configurations
that asymptote to sﬁf‘) = exp JC(LQ) at ¢ — oo, and that evolve according to
dog, _dIm(WQM)

at T dm,

(3.21)

This leads to a simple characterization of the state that impinges upon the boundary at
t = 0 — it is simply the Poincaré dual to the downward gradient-flow cycle associated to
critical point «,

Wy (sq,m;) ~ PD[T?] . (3.22)

The partition function is then given by the overlap of this state with the boundary state
at ¢t = 0, leading to the following expression for the holomorphic block:

BY(z;q) = Zqm ~ (0g|lag) = /M Uy AxT,, . (3.23)

Given our identification of the wavefunction ¥, with the Poincaré dual of the cycle I'“,
this simplifies to a contour integral on the gradient-flow cycle itself,

1~
BY(z;w) = Zqom ~ / Q exp (hWE(sa,mi, h)) . (3.24)
Fa

For such an expression to make sense, the cycles ' must be well matched with the
integrand exp %Wh; in other words, the integrals should converge. This seems quite
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plausible for small &, since the magnitude of the integrand precisely matches the potential
for gradient flow in the A — 0 limit: Im WM (o, m;) = Re(%wh(sa, mg; = 0)) .

The schematic form of Zqy derived here should be correct even when computing
holomorphic blocks non-perturbatively (which will be our next goal). This is because the
structure of (3.24) followed just from general considerations of the behavior of supersym-
metric quantum mechanics in this type of setup. However, the definitions of I' and Wﬁ will
certainly be corrected relative to what we found in this section. The operator insertion WN/;L
requires non-perturbative completion. Moreover, the cycles I'* should be true gradient flow
cycles of an exact effective superpotential, which agrees with (3.9) only at leading order.
(Although (3.9) was correct to all orders in A given our choice of reduction on the torus
in the asymptotic region, there may be a field redefinition between the asymptotic region
and the origin that can introduce perturbative A corrections. In addition, the presence
of multiple sheets of M must be dealt with, via some manifestly non-perturbative effect.)
Nonetheless, the considerations that led to (3.24) have allowed us to understand enough
of the structure of these contour integrals that we will be able to fix them up in the next
section with additional help from line-operator identities.

4 Block integrals

We have just seen that holomorphic blocks can be expressed as partition functions in
an effective supersymmetric quantum mechanics where, given a three-dimensional gauge
theory, the dynamical fields in the quantum mechanics are the complexified, exponentiated
scalars o, from the vector multiplets. In this section, we would like to promote those
quantum-mechanically motivated contour integrals to a non-perturbative prescription for
computing holomorphic blocks.

Given an N = 2 gauge theory with matter, our construction takes the form of a formal
contour integral

d
B(z;q) = / 2753 [CS contributions] x [matter contributions], (4.1)

which generates solutions to line-operator identities for the theory. The contributions from
chiral matter (as well as W-bosons for nonabelian gauge fields) are products of the basic
“tetrahedron block” Ba given by (2.56). These are meromorphic functions of the complex-
ified, exponentiated flavor parameters x; and the s,. The contributions of Chern-Simons
terms (dynamical and background) will also be genuine meromorphic functions of the expo-
nentiated z; and s;, in contrast to the quadratic exponentials that appeared perturbatively.

The integration is over an unspecified middle-dimensional cycle in (C*)", where r is
the rank of the gauge group. Indeed, the contour integral over any cycle I' will solve
the relevant line-operator identities so long as the integral converges, the boundary O is
either empty or at asymptotic infinity, and I stays sufficiently far away from poles of the
integrand. We then propose that all blocks B®(z;q) for a given theory can be obtained by
performing the integration over appropriate cycles re.

The prescription given by (4.1) is a non-perturbative completion of the quantum me-
chanical integrals described above, so we already know the physical principle by which the
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correct basis of cycles should be specified. Perturbatively in £, the critical points « of the
integrand are in one-to-one correspondence with the vacua given by solutions of (3.12).
The correspondence can be continued to finite A. Then from each critical point a we can
define the cycle I'* using downward gradient flow in a neighborhood of the critical point.
Far away from the critical points, we will need to adjust the contours to avoid singularities.
This is simply a consequence of the fact that we do not have the exact superpotential for
the non-perturbative quantum mechanical description. As the parameters x are varied, we
expect to see explicit Stokes phenomena whereby the basis cycles are reorganized.

We would like the integral (4.1) to define blocks B”(x; ¢) with the same basic properties
as the fundamental chiral block Ba(z;¢q). Namely:

1. {B%(x;q)} are a set of meromorphic functions of z € C and ¢ € C\{|q| = 1} with no
analytic continuation from |g| < 1 to |g| > 1.

2. The perturbative expansions of B“(z;¢) in h match on the inside and outside of the
unit circle |¢| = 1 for fixed a and z.

3. For each o, B”(x; q) can be written as a single g-hypergeometric series that converges
for ¢ both inside and outside the unit circle.

4. {B“(z;q)} form a basis of solutions to the line-operator identities f;(Z, p; ¢) B (z;q) =
0 for the gauge theory.

5. The products Z,(X;h) = HBa(x;q)Hz and Z(m,(;q) = HBa(:c;q)H?d reproduce the
S’g’ and S? X ¢S 1 partition functions. Moreover, the Sg’ partition function can be ana-
lytically continued from % < 0 to & > 0 across the physical half-line h = 27ib? € i R,

Some of these properties — such as (1), (2), and (4) — follow in a straightforward
manner from the construction of the integral. For example, the integrand itself is a
meromorphic function of x and s, with no analytic continuation from |¢| < 1 to |¢| > 1
but with the same perturbative expansion and g-hypergeometric series in the two regimes.
Then demonstrating (1) and (2) is a matter of extending these properties from the
integrand to the integrals. Property (3) is still conjectural, though it can be probed in
examples where the integrand is evaluated analytically by summing residues. Of course,
property (5) is the main conjecture of this paper.

While the blocks defined by the block integral inherit most of the interesting properties
of the fundamental tetrahedron block Ba(z;q), they also inherit its main ambiguity: they
can be multiplied by elliptic prefactors c(x;q) of the form described in (2.67).> This
seems to be the price to pay for a non-perturbative completion of this sort. The ambiguity
will be most evident in our treatment of Chern-Simons terms in section 4.2, and might

conceivably be resolved with additional physical input. Recall from section 2.6, however,

15We have anticipated that blocks B® (z;q) are naturally associated to a Stokes chamber in parameter
space, and transform linearly from one chamber to another. Although a priori we could introduce an
ambiguous ¢(z;q) independently for each block B (z;q), compatibility with the Stokes jumps forces the
prefactors to all be equal (at least among any subset of blocks that interact at Stokes walls).
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that the special elliptic functions ¢(x;q) are invisible to the line-operator identities and
drop out of the Sg and S 2><qS ! partition functions, rendering the ambiguity fairly innocent
for many purposes.

4.1 Assembling Lagrangians and line-operator identities

Since the principle underlying the block integral (4.1) is that it generates solutions to
the line-operator identities, introduced in section 2.4, we will now describe the systematic
construction of these identities. Suppose that the SCFT in question has a UV gauge
theory description. We can build up the full gauge-theory Lagrangian by starting with
a number of free chirals multiplets and then applying a sequence of elementary moves —
such as adding Chern-Simons levels, gauging flavor symmetries, and adding superpotential
terms. The identities for free chirals are simple, and the idea is to define the elementary
moves so that each of them also transforms the identities in a tractable manner.'® The
precise form of transformations for each move can easily be deduced by looking at Sg’
partition functions or indices. We know exactly from [2, 9] how acting on the Lagrangian
of a given theory modifies these partition functions, and also that two copies of the cigar
identities must be satisfied by these partition functions (cf., section 2.4). Alternatively,
the transformations can be derived by direct physical arguments, much along the lines of
what was done in [11, 16] for theories of class R. We will generalize the constructions of
line-operator identities in [11, 16] by allowing for nonabelian gauge groups. However, we
will start by reviewing all the steps that are relevant for abelian theories.

To build the Lagrangian for an abelian theory, we first introduce N free chirals
¢;. It is convenient to make sure that our theory has no gauge or flavor anomalies at
every stage in the construction — in particular, we only expect the blocks to be well
defined in the absence of anomalies — so let us start with NV copies of the anomaly-free
theory Ta. The theory Ty := Th, ® --- ® Ta, has maximal abelian flavor symmetry
U()N =U(1); x---x U(1)y. The i’th flavor symmetry rotates the phase of the chiral ¢;,
has a level —1/2 Chern-Simons term as dictated by (2.51), and has (say) an associated real
mass parameter ;. The operators annihilating the partition function of Ty on D? qul
are simply NN copies of the operator for Ta,

fOO=p+at—1~0, i=1,...,N, (4.2)

where the Wilson loops Z; act as multiplication and the dual 't Hooft loops p; act as
g-shifts, so p;&; = qéijnﬁjﬁi.

The theory can then be modified arbitrarily by applying the following elementary
moves. First, we allow a redefinition of the flavor symmetry by a linear transformation U €
GL(N,Q), i.e., a redefinition of the basis of U(1)’s. Correspondingly, the operators (4.2)

16Such manipulations are closely related to arguments of [85] in the context of wavefunctions and difference
operators. More generally, they fall under the mathematical theory of holonomic functions, cf. [37, 86], which
we are basically extending to the level of physical gauge theories (following [11, 16]).
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are transformed according to'”
RS | COR T | (R (4.3)
J J

Similarly, we may redefine the R-symmetry current by adding to it a multiple of the
U(1); flavor currents. This can equivalently be described as shift of the U(1); flavor gauge
fields A;, sending A; — A; + 0;Ag, for some constants o;. It is easy to see from the
U(1) g holonomies in the D?x,S! geometry that this will modify the Wilson line operators
according to

2 (—q2)% ;. (4.4)
(We will always choose o; to be integers; otherwise one should interpret (—q%)"i as
e(i“'g)‘”.) A dual transformation is to introduce a mixed flavor/R-symmetry contact
term, i.e., a background Chern-Simons interaction ~ ). O'i(P) J AidAg. This must act on

the line operators as
. 1.5
D= (=q2)7 pi - (4.5)
More interestingly, we can add Chern-Simons terms for flavor symmetries. The addi-
tion of a term Zij %k‘ij J A;dA; with integer level matrix k;;, properly supersymmetrized,
acts as
. ; . 1k R
Ty = Ty, Pi > q 2" {H(%) k”]l?z‘ : (4.6)
J
This action can equivalently be described as conjugating all the line operators with the
ij %{XZX], where X; are formal logarithms of ;.
Now consider the operation of gauging a flavor symmetry U(1);. After gauging, shifts

operator exp »

in the corresponding parameter x; will act trivially, since x; has become dynamical. In
the line-operator identities, we must eliminate z;, and then set p; — 1. The elimination
is done by multiplying the polynomial difference operators on the left, and adding and
subtracting them — formally, this is elimination in a left ideal. Since we are gauging
an abelian symmetry, the three-dimensional theory gains a “topological” flavor symmetry
U(1),, coupled to the gauged U(1); by an FI term. The total effect of abelian gauging
can then be reproduced in two steps. Before gauging, we first introduce a new symmetry
U(1) coupled to the flavor U(1); by a mixed Chern-Simons term, but not to the rest of
the theory. This adds new line operators Z;,p; obeying the identity

py—T; ~0 (fixed 7), (4.7)

and shifts p; — ﬁ:;lﬁi. Then we gauge U(1); as above, which tells us to eliminate z; from
the line-operator identities and to set p; — 1. The combined effect on the original operators
is the transformation

Ziv Py, i d5, (4.8)

"If U or U™! have non-integer entries, it means that the electric-magnetic charge lattice of the theory is
being redefined by a stretch or a squeeze. Correspondingly, the transformation may introduce roots of the
electric and magnetic line operators #; and p; into the line-operator identities. Depending on the intended
physical definition of the theory, it may be desirable (and it is always possible) to eliminate these roots by
multiplying the identities on the left by appropriate polynomials in roots of &; and p;.
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interchanging Wilson and 't Hooft lines. Indeed, this abelian gauging is equivalent to S-
duality in a 4d abelian gauge theory for which the three-dimensional theory under discussion
plays the role of a boundary condition. This is the setup discussed in section 2.4, as well
as [11, 16, 36].

The final operation is the addition of a gauge-invariant operator O; to the superpo-
tential to break a certain U(1); flavor symmetry. The precise form of the operator is
unimportant; it may well be a non-perturbative monopole operator, as used in class R.
However, it must have R-charge equal to two so that the U(1)z R-symmetry of the theory
is preserved. Since the cigar partition function is invariant under superpotential deforma-
tions, the only effect of adding O; is to fix the value of a corresponding mass parameter
x; — 1. Consequently, the action on line-operator identities is to first eliminate the shift
p; and then to set £; = 1. Again, elimination takes place in the left ideal.

By iterating the moves we have just defined, we can construct the Lagrangian for
any abelian N’ = 2 gauge theory, and simultaneously build its line-operator identities. It
is interesting to note that all of the nontrivial complexity in the line-operator identities
arises from algebraic “elimination” steps, such as the elimination of p; induced by adding
a superpotential.

To generalize this program so as to allow for nonabelian gauge groups, we need only
modify the gauging rule. Suppose we have a theory with U(1)" flavor symmetry that is
enhanced to a simple nonabelian group G. (For this to be the case, the matter content of
the theory must fill out complete multiplets of G, and the superpotential must be invariant.)
We take T = U(1)" to be a maximal torus of G. Let & = (z1,...,x,) denote the mass
parameters associated to this maximal torus (all other parameters are unaffected), and
let Ay denote the positive roots of GG, in a basis corresponding to T. Then to periiorm

) neAL (fi?7 -

T 277). This is the effect of including W-bosons in the theory. Afterwards we apply the

a nonabelian gauging, we first conjugate all the line-operator identities by []

rule above for gauging all the U(1)’s in T, i.e. we eliminate all #; (i = 1,...,r) from the
identities and set the conjugate p; — 1. The validity of this prescription can be verified by
looking at S3 or S%x,S? partition functions.

For example, to gauge an SU(2) flavor symmetry, we identify a single, fixed U(1);
corresponding to the maximal torus. In a standard normalization of the root n € Ay,
23" = 2. Thus we send

-2
pi > (& — ffl)ﬁi% = q‘ll_ifigﬁi (4.9)
T;— T 1—q°7;
in every identity. Denominators of the form (1 — ¢Z;) can subsequently be removed by
multiplying on the left. Then Z; is eliminated completely and p; is set to 1. Unlike an
abelian gauging (4.8), which preserves the rank of the flavor group, the nonabelian gauging
reduces the number of flavor symmetries.

The introduction of dynamical Chern-Simons terms k [ Tr (AdA + %A?’) for a non-
abelian gauge group simply involves ignoring the cubic A% part and treating Tr (AdA) as
a sum of abelian Chern-Simons terms for a maximal torus of G. This is exactly how non-
abelian Chern-Simons terms contribute to Sg’ and SQXqS ! partition functions — and more
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relevantly to the potential of an effective supersymmetric quantum mechanics as in sec-
tion 3 — so it must be the case that the action on line-operator identities can be analyzed
this way. The abelian Chern-Simons terms can be built up by moves of the form (4.6) on
abelian flavor symmetries before doing a nonabelian gauging.

4.2 Chern-Simons terms and theta functions

We now have two ways of thinking about the block integral (4.1). By considering the
reduction on D? XqS 1 to supersymmetric quantum mechanics, we expect each matter or
gauge multiplet in the Lagrangian to contribute directly to the integrand, after which we
integrate over twisted chirals as indicated. Alternatively, we can think of building up both
the Lagrangian and the block integral for the theory by a sequence of elementary moves
and transformations, as in section 4.1. By starting with a product of blocks B for a theory
of free chirals, we can transform the mass parameters, multiply by appropriate functions
for additional Chern-Simons levels, perform integrations corresponding to gauging, and fix
parameters z; — 1 when symmetries are broken. This allows us to construct the entire
block integral by deriving the right transformation rules so that line-operator identities are
satisfied at every step. It will prove useful to keep both perspectives in mind. In either
approach, we must find non-perturbative versions of various ingredients and transforma-
tions that lead to the desired analytic properties of blocks — such as being meromorphic
functions in the gauge and flavor mass parameters both for |¢| < 1 and |q| > 1.

For the contribution of a chiral multiplet with background Chern-Simons level £ =
—1/2, the answer was already given in section 2.5. Any Ta constituent of a larger theory
will consequently contribute to the block integral a term given by

a*  JILZ (=g g <1,
(@ a2 =g 727 )™ gl > 1.

On the one hand, this has the right perturbative expansion (cf. (2.64)) to match the

Ba(w;q) = (a2 @)oo = ) (4.10)
n=0

quantum-mechanics prediction (3.18); on the other, it satisfies the correct line-operator
identity p +27 1 — 1 ~0.

Now let us consider the addition of a Chern-Simons term at level +1 to the theory, for
some flavor symmetry with parameter x. (This could be a combination of gauge and flavor
U(1)’s.) In the quantum-mechanics approach, we argued that this simply added a factor

1 1
exp ﬁXQ = exp ﬁ(log:c)Q, (4.11)

to the integrand. While the factor (4.11) does transform line-operator identities the right
way, by conjugating

1 -1
P> (exp 2hX2>}5<exp 2hXQ) = q_%x_lﬁ (4.12)

(compare this with (4.6)), it is not meromorphic in either z or ¢. A simple mathematical
solution is to replace the quadratic exponential (4.11) with a Jacobi theta function,

1
exp — X2 ~

o T (4.13)
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where, as in (2.63), we define

n2
L (@) Xneza = 2" lgl <1

0(z;q) = (—2%;0)oo(~q22 1 @) = 2 \! (4.14)
R (S N o O L

It is easy to see that the theta function in (4.13) acts in the expected way on line operators,
O(x;q) pO(x;q)~ ! = q_%w_lﬁ, but now also has the right analytic properties. In addition,
the asymptotic behavior of the theta function,

0(z;q)"" 2% C exp (2171X2) , (4.15)

which terminates at O(h) due to modularity, is correct to reproduce the perturbative Chern-
Simons contribution to quantum-mechanics integral, up to a small correction by the factor
C =exp g—i (FL— %) . The correction term is the same as the one discussed in sections 2.5—
2.6.1% One way to motivate the replacement (4.13) is to sum all images of the quadratic
exponential (4.11) under the transformation X — X + 27, thus enforcing periodicity.
Then Y, oz exp 5+ (X + 2min)? ~ 0(x; q) " follows from a modular transformation.

We encountered the theta-function above in section 2.5. There we saw that in order
to properly identify the free-chiral block Ba(z;¢) with a BPS index, it was important to
compute the BPS index in the infrared, and to include a contribution from effective Chern-
Simons terms induced by massive fermions. This contribution had to take the form of a
theta function in order for the index of the chiral to be a continuous function in the mass
parameter x.

We can offer yet another (related) physical derivation of the replacement (4.13) as a
consistency condition for holomorphic blocks. Consider a copy of Ta whose free chiral
multiplet transforms with charge +1 under a U(1) flavor symmetry with parameter x, and
shift the R-symmetry so that the chiral has R-charge 1. The block of the resulting theory
T} is BA(z;9) = (—q%mfl; ¢)oo- Then let us form a theory Tcs made of two copies of T4,
together with a superpotential coupling

W = puo192 (4.16)

between the two chirals ¢; and ¢9. The superpotential coupling preserves U(1)r because
the product ¢1¢2 has R=2. Moreover, the coupling breaks one of the flavor symmetries,
with ¢ and ¢o having opposite charges (+1, —1) under a single unbroken U(1). Therefore,
the block for the combined theory Tcg is just

Bes(w;q) = BA(z;q)Ba(z ™' q) = ( — q%x’l; q)oo( — q%x; q)oo =0(z;q). (4.17)

By scaling the coefficient of the superpotential (4.16), we can give both ¢; and ¢
an arbitrarily large mass, and integrate them out. The block is insensitive to F-terms.

81 desired, the correction can be partially absorbed by rescaling 0(z;q) — (¢)oo8(z;q), with (¢)eo as
in (2.61), noting that (¢)oo b~ (%)1/26”/40 when |g| < 1 and (q)oo 20 (%)1/26”/40 when |g| > 1.
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Integrating out the fermions in the chiral multiplets leads to shifts of the Chern-Simons
level for the unbroken U(1), but the shifts are in opposite directions for ¢; and ¢2, and
cancel out. Nevertheless, an overall Chern-Simons level £ = —1 is left over from the initial
definitions of the theories TX. We are ultimately led to associate the block (4.17) to the
theory of a pure background Chern-Simons term at level —1. (An analogous argument at
level +1 would have led to an inverse theta function as in (4.13).)

This derivation of the contribution of background Chern-Simons terms serves to illus-
trate an important ambiguity in our prescription. In order to generate a background Chern-
Simons term at level k = 4, we could consider the theory of two chirals described by TX with
charges (+2,—2); or four pairs of chirals described by TA with charges (+1,—1). These
two situations lead to two different replacement rules for the associated gaussian term,

—4
exp %XZ ~ 0(z%q) or B(x;q)t. (4.18)

Either one of these is a reasonable non-perturbative completion of the quadratic exponen-
tial. The line-operator identities satisfied by the two theta functions are identical, and the
asymptotics only differ by a power of C, i.e. an R-R contact term.

Extrapolating from these simple examples, we can describe a general prescription for
Chern-Simons levels. Suppose we have an N x N Chern-Simons level matrix k;;, coupling
either gauge or flavor symmetries, as well as a vector ; of levels for mixed Chern-Simons
terms between gauge or flavor symmetries and the R-symmetry. We would like to represent
this as a finite product

exp [;h D ki XX+ % > X (m + Z)] - 1] 0((—q2)a;q)™ (4.19)
ij i t

where b, and n; are integers and a; are (column) vectors of N integers, such that

Ent at(at)T = —k‘, Zntbtat = —0. (420)
t t

The conditions (4.20) are a consequence of requiring that the two sides of (4.19) satisfy
the same line-operator identities. The same conditions ensure that they have the correct
asymptotic expansion as i — 0. The product (4.19) also encodes an R-R Chern Simons
coupling at level krp = ), nb?, as well as corrections corresponding to the factor C
in (4.15). As usual, we work modulo such “constant” terms.

There are infinitely many ways to choose a finite product (4.19) satisfying (4.20).
They correspond to different ways of “resolving” Chern-Simons terms via pairs of massive
chirals. The physical significance of this for partition functions on D? x,S* remains un-
clear, and could benefit from further investigation. In this paper we will treat the choice
of non-perturbative resolution as an ambiguity in the block integral. Note that two dif-
ferent choices of theta functions on the r.h.s. of (4.19) are related by a factor c(z;q) =
IL 9((—q%)b2xa§; q)né where Y, n} a}(a})T =0 and >, njbja} = 0. This is exactly the kind
of elliptic function ambiguity discussed in section 2.6. Recall that such a factor c(zx;q)
is not only invisible to the line-operator identities (since pc(z;q) = ¢(z;q)), but becomes

e(z, 92, = 1.

trivial upon fusion, satisfying Hc(x, q)Hz = 1 (modulo powers of C') and
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4.3 The integrand

We have now compiled all the ingredients necessary to construct the integrand for the
block integral (4.1). Combining the observations of the previous two sections leads to the
following rules.

Let us consider any N = 2 gauge theory with U(1)g R-symmetry. Choose a maximal
torus U(1)"V for the flavor symmetry group, with associated mass parameters z; € C*,
i =1,...,N. Also choose a maximal torus U(1)" for the gauge group, and denote its
“mass parameters” (i.e. complexified gauge scalars) s; € C*, i = N+ 1,...,N +r. As
a preliminary step, let de’ denote the free-chiral theory Tha from section 2.5, where the
R-charge of the (scalar in the) chiral multiplet has been shifted to be Ry. Explicitly,

free chiral ¢
TR¢ . ¢ ‘ F R
A charges: F|+1 CS matrix:  F — 3(1— Ry)
R| R, R[50~ Ry) 51— Ry)?.

(4.21)

DO+

The contribution of this free chiral constituent of the theory is the block

BY (yiq) = (—¢2)* oy Yiq) (4.22)

where y is the mass parameter of the flavor symmetry. Then we apply the following rules
for translating the content of the gauge theory into a block integrand.

Chiral matter. Group every chiral multiplet ¢ into a copy of the theory TRd’, where Ry,
is its R-charge. In other words, attach a set of Chern-Simons couplings as in (4.21) to this
chiral, and compensate for these couplings (if needed) elsewhere in the Lagrangian. For
every such copy of Tf¢, add a factor

R 1.9 _
BY (ys19) = ((—a2)* Poysba) (4.23)

to the integrand, where y4 is the complexified mass of the chiral, a product of x’s and
s’s corresponding to the U(1)’s under which it transforms. The grouping of chirals into
theories de) ensures that we never encounter anomalous gauge or flavor symmetries.

Chern-Simons terms. After removing the copies of Ta, we are left with an (N + 7) x
(N + r) integer matrix k;; of levels for (additional) abelianized Chern-Simons couplings.
Both gauge and flavor symmetries are included on the same footing in this matrix. We also
have an (N + r)-dimensional vector o of mixed Chern-Simons couplings between gauge or
flavor symmetries and the R-symmetry. Choose a product of theta functions to represent
these Chern-Simons terms, as in (4.19). Namely, introduce a finite product

CSlk,o;2,8,q] = HG((—q%)btxat; q)nt , (4.24)
¢

where b; and n; are integers and a; are column vectors of N + r integers such that

Znt at(at)T = —k‘, Zntbtat = —0. (425)
t t
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R-R contact terms could also be matched, as discussed above. For example, a Chern-
Simons coupling for parameter z at level +1 becomes 6(x;q)~!. An FI term that mixes a
gauge symmetry with parameter s and a topological flavor symmetry with parameter x is

represented as
0(z;q)0(s;q)
0(xs; q)

Such FI terms should be present for all abelian gauge groups (unless the topological flavor

FI: (4.26)

symmetries are broken by superpotentials).

Nonabelian gauge symmetries. For every simple nonabelian factor G (of rank ') in
the gauge group, identify the subgroup T ~ U(l)r/ C U(1)" corresponding to its maximal
torus. Suppose that s¢ = (s1,...,s,) are the parameters corresponding to T, and let A
be the set of positive roots corresponding to this maximal torus. Then add a factor

(st q)

gauge[G; s, q] = / (4.27)
771;[+ (qsg; q)oo(qan; 7)o
to the block integrand. For example, when G = SU(2), this looks like
2] 2
gauge[SU(2); s,q] = (5%) (4.28)

(45% @)oo (4572 @) o0

Since parameters s that are related by a W(G) Weyl group action are equivalent, the
domain of integration for the block integral (i.e. the domain in which we will define con-
vergent cycles) must also be quotiented by W (G). When eventually choosing integration
cycles T, the integral along a cycle that crosses f Weyl-group images of a certain critical
point should come with an extra symmetry factor 1/f.

1 _1

The perturbative contribution we must reproduce is Hne A (sé77 — SG2n), coming from
W-bosons. We know this has roughly the right form by looking at Sg’ or $%x,S1 partition
functions, or the action on line operators, cf. (4.9) — or even more directly, by considering
the perturbative contribution to an effective quantum mechanics, as in [69]. However, this

expected contribution is not generally meromorphic in sg. To fix it, we write

1
1 _1 1 B 1 0(—q2s}:q)
n n n n ;
sg —sgt =5 (1—sg") = sg T G—n. , (4.29)
(563 Voo (@563 D)oo

1
and use the theta-function trick from section 4.2 to replace sén with the meromorphic
function 6(sl;q)/ 0(—q%sg; q), which has the same perturbative expansion and difference
equation. Then (4.27) results.

Synthesis. Putting together the three contributions above we obtain the integrand
of (4.1). The final step is to integrate over the r parameters s; € C*. We then obtain

ds R
B(z;q) = /27rzs Hgauge[G; s,q] x CSlk,o;x,s,q] x HB(A 2 (y¢(x,5);q) . (4.30)
* Ie] )
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Superpotential couplings play almost no role — they break the flavor symmetry of a theory
and simply restrict (implicitly) the parameters appearing in the integrand. Notice that the
integrand, just like the expected blocks, is defined both for |¢| < 1 and |g| > 1, with no
analytic continuation between the regimes. We predict that after performing the integration
on a suitable basis of convergent contours I' € (C*)" this integral will generate blocks that
satisfy the five properties outlined in the introduction to this section.

For example, it is almost true by construction that integrals along convergent contours
I must satisfy the line-operator identities. Although we have given an all-at-once prescrip-
tion for building (4.30), we could also have assembled it using iterated elementary moves as
in section 4.1: forming a product of Ba blocks, redefining flavor symmetries and shifting R-
symmetries, adding Chern-Simons levels, adding nonabelian gauge contributions, gauging
by doing integrals, etc. At each step, the expected line-operator identities are obeyed.

Going through this carefully amounts to a proof that the integral (4.30) is annihilated
by the correct difference operators for the theory, modulo one important subtlety. We
need integration | ds—s;i over some gauge variable s; to have the effect of eliminating a
corresponding operator §; from the difference equations and trivializing the conjugate shift
p; — 1. This is only true so long as the integration contours I'“ used to evaluate (4.30)
are invariant under g-shifts. That is, if we move an entire contour I'* (multiplicatively) by
an amount ¢, we must be able to deform it smoothly back to its original position. This
implies that contours must either be closed or end asymptotically at 0 or co in each copy
of C* in M. Moreover, contours must stay at least a distance ¢ away from all poles of the
integrand. These conditions will play a prominent role when choosing the proper I'”.

Let us also comment on the uniqueness of (4.30). The integrand of the block in-
tegral (4.30) has the same ambiguity discussed in section 2.6 and at the end of sec-
tion 4.2: it can be multiplied by an elliptic ratio of theta functions, of the form (4.19),
with ), near(a)’ = > ¢ nebra; = 0 (the ellipticity condition). This ambiguity is inherited
from both the choice of Chern-Simons contribution (4.24) and the choice of nonabelian
gauge contribution (4.27). It might be fixed with further physical input, as indicated in
section 4.2. We will just treat it as a mathematical ambiguity. Since the arguments of
the theta functions involve both z and s variables, it is not completely clear that upon
evaluating (4.30) on a mid-dimensional contour I' C (C*)", the ambiguity in the answer
will only be an elliptic ratio of theta functions. Nevertheless, it does turn out to be so in
examples, and we expect that this will be the case in general.

In one case, it is possible to prove that the ambiguity of the integrand can be promoted
directly to the evaluated integral: when the integral along I'" is evaluated by summing
residues. Since the entire integrand is formed from (z;¢) functions, its poles typically
come in infinite families with spacing g, for example at (s, ¢so, ¢*S0, ¢>S0, - ..). As long as
this is the case, a factor ¢(s,z;q) in the integrand consisting of an elliptic ratio of theta
functions just contributes the same constant to each residue, since (e.g.)

c(s0, 73 q) = c(gs0, 3 q) = c(q*s0, 7;q) = c(¢*s0,75¢) = . .. . (4.31)

This factor then passes outside the integral as (e.g.) c¢(so,x;¢q), which is still an elliptic
ratio of theta-functions.
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In practice, it is convenient after building the block integrand (4.30) to multiply by
an elliptic ratio of the theta functions to reduce the number (and complexity) of theta
functions making an appearance. For example, we can substitute 6(z;q)* ~ 6(z%;q),

1 1 1
0(y;9)*0(2:9)* ~ 0(yz9)0(y/2:q), 0(20)0((—q?)*2;0)/0((—q7) z:q) ~ 0((=q2)* "2 q),
etc. We will make use of such simplifications in the examples below.
4.3.1 Fusion commutes with integration

When computed by supersymmetric localization, both the ellipsoid partition function and
the sphere index reduce to integrals that are superficially analogous to the block inte-
gral (4.30). In fact, if we denote the integrand of (4.30) as Y(s,z;q), then we see that

Zy(X;h) = /RT ds HT(s,x;q)Hé = /]RT dS Y (s,xz;9)Y(5,7;q), (4.32)

where s = exp S, § = exp %S , etc., and the integration is done on a fixed, canonical cycle:
the real slice R™ C C™. Similarly, the index can be written as

Z(m,¢;q) = Zjésl 27TZO'HTS:Uqu Zj{sl 2ric Tls2;0)T(,7:9), (4.33)

nez”r nez”r

with the “identity fusion” conjugation on the parameters, and s = q% o, 8= q% o~ L. Now
the integration is done on r copies of the unit circle in (C*)", another fixed, canonical cycle.

In both expression for HT(S, x;q) 2, the ambiguity related to the choice of theta func-
tions completely disappears, modulo the factors of C' = exp [g—i(h + h)] for S-fusion. In

particular, note that

16((—q2)b2% q) HZ = " C" exp [— 21h<(a - X)? + <m + Z)b(a : X))] , (4.34)

while
[0((=a2)"2% q)||5, = (—q7)~(emb¢lame, (4.35)

so the r.h.s. only depends on the the quantities aa” and ba, and is independent of the
precise choice of theta functions on the L.h.s.. These are the correct contributions of (e.g.)
Chern-Simons terms to the ellipsoid partition function and index, respectively. (Here ‘x’
could denote both gauge and flavor parameters.)

Our main conjecture amounts to the statement that if we evaluate the block integral
on appropriate integration cycles I'* to find holomorphic blocks,

B (z:q) = / % e sia), (4.36)

re 2mes

then the ellipsoid partition function and index are sums of products of blocks,

2y(X;h) = || Bz )& = ZHB zos. Zm.Ga) = |Bo)y, = B @),

Putting this together with (4.32) and (4.33) yields a rather beautiful result:

2
R"

, (4.37)
S

271'25 x 53 q>
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2

(4.38)

id

S o sl mali= S| [ g0
nezr ’ (S1) o r
In other words, fusion commutes with integration!

Mathematically, identities of a similar flavor to the Riemann bilinear relations which
describe period integrals on Kéahler manifolds. Indeed, factorization via Riemann bilinear
relations played an important role recently in describing the analytic continuation of com-
plex Chern-Simons theory [17], as well as in the two-dimensional version of topological /anti-
topological fusion [14]. In (4.37)—(4.38), there is a notable deviation from the usual picture
in that the left hand side is an integral over a contour of the same dimension as the indi-
vidual blocks on the right hand side. Nonetheless, the similarity is suggestive.

4.4 Examples

In this section we consider several simple, illustrative examples of block integrals. We
look at three gauge theories with gauge groups of rank one, so that the corresponding
block integral is one-dimensional. These theories all possess a unique vacuum on R? x S1,
and have only one holomorphic block. The convergent integration cycles for the single
block are essentially unique and are easy to identify. In addition, each theory is dual by
three-dimensional mirror symmetry to a second theory that consists only of free chirals or
free chirals with a superpotential. This allows us to check explicitly that the block integral
gives a sensible answer. Since factorization for theories of chirals without gauge interactions
is essentially automatic, successfully matching the blocks of the mirror for these theories
amounts to a verification of our main conjecture.

These examples will demonstrate one of the most important and surprising properties
of the block integrals. Since the integrand of the block integral (4.30) is built entirely from
functions (z; ¢)so (defined in (2.57)), it represents two different analytic functions, one for
lg| < 1 and one for |g| > 1. In each regime we choose an appropriate convergent contour
I'c and I's, allowing us to calculate blocks both at |¢| < 1 and |¢| > 1. We then find
that the expressions for the integrated blocks in the two regimes are related by sharing
a g-hypergeometric series expansion, verifying property (3) from the introduction to this
section.

4.4.1 The free vortex

The first theory is mirror to the tetrahedron theory Ta (2.51). It is summarized as follows:

U(1) gauge theory (gauge scalar s), coupled to a chiral ¢;
has topological U(1); flavor symmetry with parameter (FI term) x.
T . <1ﬁ g (4.39)
charges: CS levels:
F|01
RI0OO

Here G denotes the gauge symmetry, F' the topological U(1); symmetry, and R the
R-symmetry. This is the supersymmetric generalization of the abelian Higgs model.
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At low energies, it is simply the theory of free supersymmetric vortices, created by the
monopole operator v — the “magnetic” dual of the chiral in Ta. In [16], the theory
T}, was denoted 0 ST o Ta, corresponding geometrically to a tetrahedron that has been
rotated through an angle of 27/3.

The rules of the previous section dictate that the block integral for this theory is
given by

1
ds 0(—q 2x;
Bawi) = [ goe SEL D (), (1.40)
« 2708 G(—q 2515 q)
with Ba(s;q) = (¢57';¢)so, and the theta functions encode the Chern-Simons couplings,
including the FI term that couples the topological and gauge symmetries.
Let us denote by the integrand of (4.40) by Y\ (s, x;¢). For small £, it has the leading
perturbative expansion
0

Y\ (s,2;q) 2% exp % - %(log(—:c))2 + %(log(—sx))2 +Lig(s™!)| = exp %W(w, s), (4.41)
where W(x, 5) is the superpotential for the associated SQM in section 3.9 This superpoten-
tial has a unique critical point at s(!)(z) = 1 — 2~! which represents the unique vacuum of
the theory T\. After substituting this solution into Equation (3.13), we find the supersym-
metric parameter space, written in terms of p = exp(x oW /0x), to be given by p = 1— z L
The line-operator identity for the theory is the quantization of this constraint equation,

p+it—1~0. (4.42)

This is the same as the identity for the mirror theory Ta. One can then check that the
operator (4.42) formally annihilates the integral (4.40) so long as the contour of integration
is invariant under shifts by A.

Let us now consider the structure of the integral (4.40). We first take & real and nega-
tive (so ¢ is real and inside the unit circle). The potential Re(%W(a:, s)) is depicted on the
left of figure 8. On the right, we show the fully quantum-corrected integrand log | Y (z, s; q)].
These plots appear as functions of the periodic variable S = logs at fixed X = logz.
The integrand has a full line of poles at s = ¢"z~! (S = —X + nh), n € Z, coming from
the function 9(—q_%saj;q) (the FI term). There is also a half-line of zeroes at s = ¢"
(S = nh), n > 0, associated with the chiral matter contribution Ba(s;z) = (¢57%;q)se-
These families of zeroes and poles coalesce into branch cuts of W in the A — 0 limit.

An integration cycle I'c is also shown in the figure. It is determined uniquely by the
requirements that 1) it is nontrivial; 2) the integral along I'c converges; and 3) the cycle
is invariant under ¢-shifts. The cycle '« can be seen to match the downward gradient flow
cycle for W(s, x) in the neighborhood of the saddle point, but away from the saddle point
it is extended towards S = +oo. Invariance under ¢-shifts implies that it cannot end at

91n section 3 we were careful in distinguishing various superpotentials and their scalings in 1d and 2d.
Here we are less careful. The potential denoted W /A here equals —iW ! from Equation (3.9), and also
equals Wi (s, m,h = 0)/h from (3.18). The variables X and S are the scaled versions of m and o there,
with period 27i.
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Figure 8. The potential Re(W (z,s)/h) (left) and log |Y'x| (right) at fixed 2 = e +37 and

h = —n/5. The Im S direction is periodic. We have indicated the classical critical point and the
cycle I'<.

any finite zeroes of the integrand — even if a naive downward flow would terminate there
— and cannot cross the line of poles. Thus, it can only tend asymptotically to infinity.
Numerical integration along I'. produces

2mi ds 0(—q %x;q)
i Jr. 2mis 6(—q~ 23 q)

B (w39) = Ba(s:9) = (@)ocBalziq),  (lal <1). (4.43)
Thus we recover the block of T up to a normalization factor %(q)oo, which is of the type
discussed around (2.61) as being related to R-R contact terms.

Alternatively, we can consider h real and positive (|g| > 1), and the analysis must
be repeated. The theta function 9( — qfésx; q)_1 now contributes a line of zeroes to the
integrand, whereas the chiral block Ba(s;q) contributes a half-line of poles. Moreover,
there are now two regimes to consider for the parameter z, |z| < 1 and |z| > 1. The
integrand is plotted in figure 9.

When |z| < 1, the downward-flow cycle in a neighborhood of the critical point is
naturally extended to a closed cycle I's that is invariant under ¢-shifts. There is no problem
crossing the line of zeroes. When |z| > 1, it is more natural to extend I's in the negative
S direction, so that it encloses the half-line of poles. These two possibilities are completely
equivalent, and topologically the choice of convergent shift-invariant cycle is again unique.
The integral can then be evaluated exactly, either by taking the zeroth Fourier coefficient
in z (for |z| < 1) or by summing residues of the enclosed poles at s = ¢~", n € Z (for
|z| > 1). The results agree, giving

B) (i) = /F>meA<s;q>=<q1>o§BA<x;q>, (g >1).  (444)

Again, we reproduce the block Ba(z;q) = (¢27';¢)se of Ta, but now in the opposite

regime.
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Figure 9. Plots of the quantum-corrected potential log |Ys| at i = x/5, for £ = e~ 1*3™ and

5
x = e2Tamt,

The method of summing residues at |g| > 1 has an interesting physical interpretation:
each pole in s at s = ¢~"™, n > 0 corresponds to vortex particles of charge n. Taking their
residues builds up the block By (z;q), thought of as a BPS index. The authors of [87]
recently utilized such an interpretation of residues to understand 4d indices in the presence

of surface operators, which are the 4d lift of vortices.

4.4.2 SQED and XYZ

Our second simple example involves another mirror pair of theories, Ny = 1 SQED and
the XYZ model. Mirror symmetry between these theories, discovered in [64], was related
to “2-3 moves” for glued tetrahedra in [16].

The XYZ model is a theory of three N' = 2 chiral multiplets coupled by a cubic
superpotential. The superpotential preserves a U(1)r R-symmetry and a U(1)? flavor
symmetry. The theory is summarized as follows:

Chirals ¢1, ¢o, ¢3, superpotential W = ¢ po¢3;
U(l)2 flavor symmetry with parameters z, y;

1 P2 P3

Txyz (4.45)
X1 -1
charges : vlo (1) ) CS levels:
L RIO 0 2

where X and Y denote the two flavor symmetries preserved by the superpotential. Note
that the R-charges of the chirals are chosen so that the superpotential has R(W') = 2.
For generic mass parameters x, y, there is a unique vacuum in which the chirals are
set to zero. The block is very easy to write down:
_ Ba(#;9)Ba(y;9)Baler™'y ™ 9) — (0271 0)oo(0y ™5 @)oo (25 @)oo

Bxvyz(x,y;q) = =
0(—q 2zy;q) 0(—q 2zy;q)

(4.46)
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27t

Figure 10. The potential log|Ysqep| at & = +1, x = exp(2 + =*), and three different values
(left to right) y = exp(—2 + 4), y = exp(—3 + Z%), and y = exp(2 + #Z%). Critical points and
integration cycles are shown.

This factorizes the ellipsoid and index partition functions of the XYZ model in an obvious
fashion. We would like to see that it is reproduced by the block integral of the mirror
gauge theory.

The mirror, Ny = 1 SQED, can be defined as

U(1) gauge theory, two chirals ¢1, @2;
U(1) flavor symmetry (parameter x);
U(1); topological flavor symmetry (parameter y);
mael | amme L lexre g,
charges: X|0 1 0 -1 CS levels: X % —% 0 % ,
Yo 0 1 -1 Y1 0 0 0
RO 0 0 2 RI-1 1 0 -1

The axial symmetry is denoted X and the topological symmetry Y. This theory has a
gauge-invariant meson operator @19 as well as two monopole operators vy, v_, whose
charges we have indicated; they respectively match the three chiral operators ¢1, ¢o, ¢z of
the XYZ model. The block integral for SQED, derived via the prescription of section 4.3, is

1
ds 9(—q 2y;q)
2mis §(—q~ 2 sy)

Bsqep (2, y;q) = / Ba(s;q)Ba(zs™;q). (4.48)

Let us call the integrand Ysqrp(z,y, s; q). Its asymptotic growth at small & is given by

17 1 1 o L
Tsqen(@,y, 51q) ~ exp - [—2(10g(—y)2 + §(log(—sy))2 + Lig(s™") + Lig(z7's) | . (4.49)

The unique critical point of the effective superpotential is at stV = (y — z=1)/(y — 1),
corresponding to the unique vacuum of SQED.

When # is real and positive, the quantum-corrected potential log|Y| at finite ¢ is
shown in figure 10. Again, we use the periodic, logarithmic variable S = logs in the
figures. The two chiral multiplets of opposite gauge charge produce two half-lines of poles
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Figure 11. The potential log |Tsqep| at A = —1, z = exp(2+ 25*), and three different values (left
to right) y = exp(—5 + 2I%), y = exp(—1 + 2Z%), and y = exp(1 + 2Z¢). Critical points and natural

integration cycles are shown.

in the integrand, extended in opposite directions. The theta function that encodes the F1
term produces a full line of zeroes. There is a unique integration cycle I's that is both
convergent and invariant under g-shifts. Just as in the previous example of the free vortex
theory T, it is natural to draw the contour in different ways depending on the relative
values of x and y; but in each case the resulting integration yields the same answer. By
summing residues (of either half-line of poles!) or by taking Fourier coefficients, we find

ds e
/ 52 Tsqen(@,v,5:9) = (¢ Yo Bxvz(z,yiq)  (lgl > 1). (4.50)
r. 2mis

If instead & is real and negative, then poles and zeroes are reversed, and the unique inte-
gration cycle '« is displayed in figure 11. Integration along I' is demonstrably convergent
when 1 < |y|=! < |z, as in the center of figure 11. Otherwise, the cycle must be extended
along the half-lines of zeroes, which would need to be regularized to produce a convergent
answer. In the regime where convergence is apparent, we have verified numerically that

2mi ds
ko Jr_ 2mis

Tsqep (2, Y; $:9) = (@)oo Bxyz(®, y; q) (lgf <1). (4.51)

Therefore, Bsqep = Bxyz in both regimes, with exactly the same kind of normalization
factors that appeared in the previous example.

This example is not entirely independent of the previous one. Indeed, if we send the
axial mass x to infinity, SQED reduces to the theory T\ of a free vortex, while the XYZ
model reduces to the theory Ta of a free chiral. This scaling can be performed directly at
the level blocks by noting (for example) that B(z;q) = (¢27;¢)eo — 1 as |x| — oc.
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4.4.3 The SU(2) appetizer

Our final rank-one example is a nonabelian gauge theory that appeared in [88] in the

context of F-maximization. Let us define the “appetizer theory” as

SU(2) gauge theory at CS level 1, with adjoint chiral ¢;
U(1) flavor symmetry (parameter x);

Topp : (4.52)

charges :

Here we have identified a maximal torus U(1) C SU(2), and written charges and effective
Chern-Simons levels in terms of this abelianized gauge symmetry, denoted by G. We have
split the adjoint chiral into its three components. It was conjectured in [88] that T}pp flows
to the theory of a free chiral in the infrared. We have chosen the flavor symmetry and
background Chern-Simons terms here so that it flows precisely to a copy of Ta normalized
so that the chiral has charge +2 under the U(1) flavor symmetry.

The block integral of T}, can be constructed following the rules of section 4.3:

SRR 9 NCY NES) N
el | ois T 0(50)2(05% @)oo (05 % D)oo

We denote the integrand Yapp(z, s;¢). The integrand is symmetric under the Weyl-group

(4.53)

action s — s~!. In terms of the logarithmic variable S = log s, a fundamental domain for
the Weyl group is given by the strip 0 < Im .S < 7, with an identification

S~ -5 (SER), (4.54)
S~ori—8 (SeR+in), (4.55)

at the strip’s two boundaries. The classical potential in the A — 0 limit is

Yapp(, 85 ¢) ~ exp % [21og(s)? + log(—s?)* + 2Lia(z ") + 2Lis(z ™ 's72) + 2Lig (2~ 's%)] ,
up to a constant, and has a unique critical point in the fundamental domain, corresponding
to a solution of s + s 1 =1+ 2~ L

The integrand for |¢| > 1 (with % real) is shown in figure 12. The chirals ¢4 that are
charged under the U(1) in the gauge group contribute half-lines of poles, while the gauge
and Chern-Simons factors contribute a half-line of zeroes (of which some are doubled).
Note that the spacing of poles and zeroes is now by multiples of /2 rather than h. At
any value of x there is one convergent cycle I's, which forms a closed loop that winds
twice around the fundamental domain. Integration along it just picks out the s® Fourier
coefficient of the integrand, and with some work we find that

1 (¢ 1)3 / ds 2
hl ) T, ,8;q) =B :q), 1). 4.56
2 (¢ Doo(—q ¢ 2)2, Jrs 2mis pp (T, 83q) INC) (lgl > 1) ( )
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Figure 12. Plots of log | Yapp (2, s;¢)| in a fundamental domain, at A = 2 and two typical values of
the flavor parameter z = ie? (left) and x = ie~2 (right). That the two segments of I's crossing the

fundamental domain do not cancel, but rather add constructively, due to the Z, orbifolding at the

boundaries of the strip. The cycles are deformed slightly to illustrate the doubling.
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Figure 13. Plot of log |Yapp (2, s;¢)| in a fundamental domain, at & = —2 and = = ie
The numerical prefactor 1/2 appears come from the number of times the cycle I's meets

images of the critical point.

For |g| < 1 and £ real, the integrand is shown in figure 13. Again there is a unique
convergent cycle I'c in the fundamental domain, at all values of x. Numerical integration

along '« indicates that
(lgl <1) (4.57)

27

ds
(const) P /F Yapp(7,8:q) = Ba(2?;q)

- 2mis

for a certain g-dependent constant — presumably a |¢g| < 1 version of the prefactor in (4.56).

4.5 Defining contours
Having understood block integrals for a number of simple examples, we now address the
more involved problem of identifying integration cycles I'* for a theory with multiple vacua
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«. We will first make some observations about the problem in general, and then demon-
strate these ideas in the context of the CP! model in the next section.
For motivation and review, let us recall the simpler case of an integral of the form

/ dST(X, S: h) (4.58)
rem

where M ~ C" and YT (X, S;h) is a nonvanishing holomorphic function of S € C" that
depends on additional complex parameters X and h. For example, one case that makes
frequent appearances in physics is Y(X, S; h) = exp % f(X,S), with f(X,S) a holomorphic
function on C". This problem can be considered within the framework of Lefschetz
theory,?’ which tells us (in part) that there exists a basis {T'"“} of middle-dimensional
integration cycles such that the integral (4.58) for any cycle I' on which it converges can
be written as an integer linear combination of integrals over the basis contours I'". Since
the only non-trivial integrals will be over non-compact contours, the cycles IT'* form a
basis for the relative homology group

Hr(MvMA;Z) ) (459)

where My = {S € M| log|Y(X,S;h)| < A}, for A sufficiently large and negative. The
subset M here essentially captures the directions in M to which convergent integration
may asymptote.

The set My depends on the parameters (X, k), although the rank of the homology
group (4.59) should not. For any fixed X and h such that YT(X,S;h) has isolated and
nondegenerate critical points S(®), a distinguished basis of cycles I'” can be associated to
those critical points. This is done by defining I'* to be the set of all points that can be
reached by downward gradient flow from S(®, with respect to the potential log |Y (X, S; )|
(and the standard Kéhler metric on C"). The argument of Y is constant along such flows, so
the flow starting at one critical point S(@1) can hit another critical point S(®2) if and only if

arg T(X, S h) = arg T(X, 5(*2); ) , (4.60)

and log |Y(X,S@):h)| > log|Y(X,S@2);h). The condition (4.60) defines real-
codimension-one Stokes walls in parameter space. For generic parameters (X, ), one is
far away from these walls, so flows continue indefinitely and all critical-point cycles I'*
are well defined. On the other hand, if parameters (X, A) are varied continuously across
a Stokes wall, then the natural critical-point basis is shifted,?!

e rea’ rer £ 192 141 et
(Fa2) ’_> <Fa2/> - ( Fa2 ) - (O 1 ) (Fa2> , (4'61)

208ee, for example, [17, 18, 35, 89, 90] for applications and discussions of Lefschetz theory in physical

contexts.

2'More generally, the jump is by a multiple of the intersection number between the upward flow from
5(2) and the downward flow from S(®1). This played an important role in [35]. However, an intersection
number greater than one does not occur in the simple case of cycles on C", and will not occur in any of the
examples studied in this paper.
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where the sign depends on the relative orientation of the cycles. Two different Stokes walls
can intersect on a real-codimension-two locus in (X, i) space. This is a locus where critical
points become degenerate. In general, the Stokes walls (4.60) emanate out from such
degenerate loci. Motion in a closed loop around a degenerate locus induces a monodromy
that may permute the integration cycles I'“.

Unfortunately, the block integrals are not of the form (4.58). This is a consequence
of the general construction of block integrals, and is particularly clear in the examples of
section 4.4. One mild difference is that the domain of integration for the block integrals
is M = (C/2miZ)", or a Weyl-group quotient thereof, rather than C". (In exponentiated
variables, we would say M ~ (C*)".) This simply introduces the possibility of closed
homology cycles that encircle the non-trivial one-cycles in M. More importantly, the
integrand Y(z, s; ¢), has infinite lines of poles and zeroes, and we have argued that a good
integration cycle should never cross the lines of poles. The presence of such a meromorphic
integrand makes things more complicated. We will approach this problem in two ways. The
first is more intuitive and proves sufficient to compute blocks in all examples encountered
here, while the second is somewhat more rigorous (but perhaps slightly less intuitive).

Approximate cycles from quantum mechanics. A lesson we drew from the con-
struction of blocks in supersymmetric quantum mechanics is that there should exist an
exact potential Wexact(, $;q) whose only critical points correspond to true vacua of the
theory, which generates gradient flows that serve as exact block cycles I'. While we have
not determined this exact potential, we know that perturbatively, at leading order in A, it
should match /I/I\?(X, S)/h as defined in (3.9). (Here, as elsewhere outside of section 3, we
denote —iW M ag V[N/(X ,S)/h). Consequently, our first approach is to approximate the
integration cycles by gradient flow contours of W(X ,S)/h while keeping track of the exact,
nonperturbative integrand Y (s, z; ¢). The asymptotic behavior of the integrand is given at
leading order by

Y(z,s;q) R0 exp [hW(X, S)] , (4.62)

which agrees with the perturbative potential, particularly around critical points of

W(X,5S).

Away from the critical points, we will have to deform the contours by hand in order
to make them consistent for block integrals. Notice that as we take i — 0 along a ray of
constant phase, the half-lines of zeroes and poles of T coalesce into distinguished branch
cuts for WN/(X ,S). As we saw in the examples of section 4.4, these distinguished branch cuts
are all parallel and have slope arg 7.22 While the true gradient-flow cycles of %W(X ,S)
may hit branch cuts (and indeed, as we discussed in section 3, the quantum mechanical
path integral may allow the flow line to cross the branch cuts), crossing a line of poles is
disallowed from the perspective of solving line-operator identities, so we will have to deform
the contours away from the branch cuts that correspond to poles.

22In the general multi-dimensional setting, the poles and zeroes occur in codimension two, and the
distinguished branch cuts are flat walls of codimension one. The “slope” of cuts is measured in the space
transverse to the zeroes and poles that lie on them. Branch cuts lying in different dimensions may intersect.
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Figure 14. Plots of the potential Re(%ﬁ(x, 5)) for the block integral (4.40) of T, showing a cycle
that effectively starts to flow upward along a line of zeroes as « is varied. Here i < 0 and |z| < 1 on
the left while |z| > 1 on the right. The dashed line is the effective upward flow. The bottom-right
view shows the valley corresponding to the line of zeros.

Alternatively, contours should be allowed to cross or lie on branch cuts corresponding
to zeros. For example, we saw in the example of the free vortex theory that a good
integration cycle can cross a line of zeros (see figure 9). For SQED, we found that a good
integration cycle should be continued to infinity along lines of zeroes (figure 11). In some
cases, it may even be necessary to allow cycles that continue to infinity along a line of zeros
even though it looks like they are flowing upward with respect to Re(%W(X , S )) This was
the case in SQED on the left or right of figure 11 (see also figure 18, page 70). In fact, this
bizarre situation can occur in the free-vortex theory as well. In figure 14 we have blown
up the region of the S-cylinder where the potential of T\ has a half-line of zeroes at & < 0
— it is a close-up of figure 8. When |z| < 1 there is a convergent integration cycle that
continues to infinity along the line of zeroes, flowing downward. However, when |z| > 1
the shape of the potential changes and the only candidate integration cycle I looks to be
flowing upward instead. We expect that blocks should survive the transition from |z| < 1
to |z| > 1. Tt is conceivable that the integral along I might be regularized to converge,
since the integrand oscillates very rapidly along the half-line of zeroes.

We can use the approximate cycles I'* defined by the potential %/VV(X ,S) to study the
Stokes phenomenon for blocks. We expect the analysis to hold so long as critical points of
%/WV/(X ,S) are sufficiently far away from its branch cuts, so that gradient connecting one
critical point to another (at Stokes walls) don’t cross any cuts. The approximate location
of Stokes walls for a pair of critical-point cycles (I'*',T'“?) that flow from critical points
(§(@1) §(@2)) is then determined by

Im(iliﬁ//'(X; S<a1>)> = Im@W(X; S(O‘Q))> : (4.63)
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The cycle with the greater value of Re(%W(X ;S (a))) will pick up a copy of the other as
parameters are varied across the wall. Equation (4.63) should be understood on the sheet
of W(X, S) (with distinguished branch cuts) that is defined by sending 7 — 0 in Y(x, s;q)
along a ray with constant phase.

This simple analysis can also be used to understand the existence of conjugate Stokes
jumps for holomorphic blocks at |¢| < 1 and |g| > 1. Suppose that we fix two values Ay, Fo
of the parameter h such that the product hoﬁo is real and negative (for example, fig > 0
and ﬁo < 0), and only vary the mass parameters x = exp X. It is easy to see that the same
sheet of W, with the same branch cuts, is relevant for analyzing gradient flows at both
values of h. Thus the approximate Stokes walls defined by (4.63) occur at the same place
in X-space. However, because Re(f/l/v(X7 S)/hy) and Re(W(X, S)/ﬁo) have opposite sign,
the critical-point cycles that jump across a wall will be different:

T 141\ (T Lo 10\ (I ~
(F%)H(O 1)<Fa2) ot - (PM)H@1 1) (F) athi= Fo.
(4.64)

More generally, any Stokes matrices M, M that govern a Stokes phenomenon in X-space
at “conjugate” values of parameters hg, hg will satisfy MM7T = 1.

Shift-invariant quantum cycles. The above description of integration cycles works
quite well when £ is small, or ¢ is close to 1. However, it may be useful to define cycles at
large 7 as well. For example, an exact analysis of the blocks B (x;q), Ba(f, q) involved in
an S-fusion operation requires simultaneous consideration of cycles at h and h= —%. We
therefore provide a second, “quantum” prescription for defining integration cycles. We take
the non-perturbative integrand Y (x, s; ¢) of the block integral (or rather log Y) to be the po-
tential for gradient flow. We know that T cannot be the exact potential for supersymmetric
quantum mechanics, because it has too many critical points. Correspondingly, we will see
that not all of its convergent critical-point cycles lead to solutions of line-operator identities.
These two mismatches ultimately cancel each other out, and can be resolved simultaneously.

Consider the integrand Y(z, s; ¢) of the block integral at finite ¢. It is a meromorphic
function of s. In addition to the critical points s = s(® that survive in the limit ¢ — 1
and correspond to vacua on R?x 8!, there are an infinite set of “quantum” critical points
s = 88, They occur in between every two consecutive zeroes or poles on the lines and
half-lines that would coalesce into cuts as ¢ — 1. They do not correspond to true vacua of
the theory on R?x,S? (or to SUSY ground states on T2 x R) because we know that physical
vacua are uncharged under the rotation whose Wilson line implements the g deformation,
and so the vacua cannot appear spontaneously when ¢ # 1.

Now consider downward gradient flows from all the s(@ and §(%), with respect to the
potential log [Y(z,s;q)|. The flows define cycles I'y and I g , respectively, on which the
block integral converges. However, these cycles typically terminate at zeroes of Y rather
than at asymptotic infinity. They are not yet good candidates for cycles on which to
compute holomorphic blocks, because they are not invariant under g¢-shifts (as discussed
in section 4.3), and so do not produce solutions to line-operator identities. Shift-invariant
cycles must either be closed or end at asymptotic infinity.

— 62 —



Figure 15. A schematic example of gradient-flow cycles for the “quantum” potential T, drawn on
a cylinder parameterized by S € C/(2miZ). We have indicated poles by black dots, zeroes by white
dots, and critical points by ‘x’. The convergent, shift-invariant integration cycle is I'' = f}] + f‘g.
This picture actually corresponds to the free-vortex theory at i > 0, cf. figure 9.

We can solve this problem by taking linear combinations of the cycles F? and fqﬁ that
are shift invariant. The cycles I‘? and f‘q’g form a countable basis for an abelian group I'y,
which is a certain limit of homology groups

H, (Mqa MqA; Z) ) (465)
as A — —oo, where
My = (C/2miZ)"\{poles of T}, Mgn = {S € (C/2miZ)" | Y (z,5;9)| < e}.  (4.66)

We say that a (possibly infinite) linear combination of these cycles I' = 37 naI'g+3 5 ﬁgf‘g
is convergent if [ dSYT =3 nq frf; dSYT +3 gmp ffqg dS T is finite. We say that such a
linear combination is shift-invariant roughly if a shift by £/ in any integration variable S;
does not change the integral fF dS Y. More precisely, I is shift-invariant if for every shift
by +h in a direction S; there exist two smooth, convergent cycles IV and I'”, with T’ the
image of I'” under the shift, such that fr dsST = fr' dsST = fr” dS Y. Then we can define
the group I to be the subgroup of I'; consisting of convergent, shift-invariant elements.
The subgroup I' is the finite-rank group containing the cycles that lead to holomorphic
blocks. If we are lucky, every element of I' will contain at least one copy of a cycle I'y
corresponding to downward flow from one of the semi-classical critical points s*. (In other
words, there will be no convergent shift-invariant cycles formed entirely from quantum
cycles f‘g .) This appears to be the case in examples. Then we can identify a distinguished
basis of cycles I'* € T, by defining T'” to be the unique element that contains the minimal
positive number of copies of I'y (typically one), and zero copies of all other Fgl. An example
is shown in figure 15. The basis {I'*} will naturally be associated to the vacua of our theory.
Note that this definition of convergent, shift-invariant cycles I'* can naturally include
cycles that seemingly flow “upward” along a half-line of zeroes, as in figure 14. We argued
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previously that these cycles are sometimes necessary if block integrals are to make sense at
all values of parameters x. They will be included if the infinite sum » P ﬁgfg of quantum
cycles along a half-line of zeroes can be made to converge.

As we change parameters x and ¢, the integration cycles in I'; will undergo Stokes
phenomena at infinitely many walls, defined by one of the conditions

arg Y (z, s q) = arg Y(x, 5(%?);¢)  (mod 2mi), (4.67a)
arg Y (z, 5%, q) = arg T(2,5%);q)  (mod 2mi), (4.67b)
arg T (z, sY; q) = arg Y(2,8%);¢)  (mod 2mi). (4.67¢)

Most of these jumps will just modify the elements of the shift-invariant subgroup I' by a
finite number of quantum cycles I 'g , so that the basis for I' associated to vacua of the theory
is unchanged. However, at a few, distinguished walls the true basis {Fa} of I' jumps. These
special jumps are related to the physical Stokes phenomenon. If the classical critical points
s(@) are well separated from poles and zeroes, then the physical jumps will occur precisely
when a flow from one classical critical point hits another critical point, as in (4.67a). Then
the location of the wall will approximate that predicted semi-classically by (4.63).

In a situation such as S-fusion of blocks, where it is important to keep track

(]

simultaneously of parameters (r = exp X,q = exph) and (T = exp Q%X ,q = exp 7%”2), it

generally does not seem that Stokes jumps for blocks B®(z;q) and B*(#;q) can both be

analyzed in the semi-classical approximation. The full quantum Stokes analysis outlined
here may then be useful.

5 Case study: the CP' sigma-model

We now consider in detail an example that illustrates the constructions of the previous
sections. This will be our main example, and in studying it we will encounter most of
the interesting features associated to holomorphic blocks. In particular, we will see how
the five proposed properties of holomorphic blocks from section 4 can be satisfied in a
theory with multiple vacua, and multiple Stokes chambers. Moreover, in the discussion
of connections to Chern-Simons theory in section 6, this example will form the basis for
calculations involving the figure-eight knot.

The theory in question (denoted in this section as 71) can be described in the UV
as a gauged linear sigma model, which flows in the IR (in rather subtle ways) to a non-
linear sigma model with target CP'. The UV Lagrangian has two chiral multiplets ¢1, ¢2,
transforming with charges (+1, +1) under a dynamical, abelian U(1) gauge symmetry. We

denote the scalar in the dynamical vector multiplet as o34

, and its complexification as S
or s = expS. The theory also has flavor symmetry U(1)y x U(1);, as well as a U(1)g
R-symmetry. The vector symmetry U(1)y rotates the chirals with charges (+1,—1), and

has an associated real mass m3d

, complexified to x = exp X. The topological symmetry
U(1) shifts the dual photon, and has an FI parameter 39, complexified to y = exp Y. For

compactification on curved backgrounds, we choose the R-charges of the chirals to be zero.
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Figure 16. Parameter space for 3d CP' model.

The charges and Chern-Simons levels of the theory are summarized as follows,

Dynamical U(1) gauge theory with two chirals ¢1, ¢9,
U(1)y x U(1); symmetry with parameters z, y;
b1 b GXYR
Ti : Gl1 1 Glo o 10 (5.1)
charges: X|1 —1 CSlevels: X|0 0 0 0 .
Y0 O Y1 000
R|O O RIO 0 0 =

This theory is known to arise in various contexts. It can be engineered on a toric brane
in the local Calabi-Yau geometry O(—2) & O(0) — P!. It also appears on the simplest
half-BPS surface operator in 4d SU(2) super Yang-Mills. We will mention some of these
interpretations in section 5.6. For now, though, let us start with three-dimensional gauge
theory and work our way down to blocks.

5.1 Parameter spaces

The three-dimensional parameter space of 71 is shown in figure 16. It was analyzed carefully
in (e.g.) [91], following [64]. We review some of the relevant details here. For m3d = 0 and
positive 34 > 0 (i.e. on the ray labelled I), the theory has a CP! Higgs branch of vacua,
and is well described at low energy as a nonlinear sigma-model with target space a CP' of
size ~ t34. For large t34, the sigma-model is semi-classical. On either side of the ray I, the
theory becomes massive, and has two Higgs-branch vacua localized at the poles of CP!.
So far, this is similar to the two-dimensional CP' model. The main qualitative difference
comes at negative t3d: then there are two CP! Coulomb branches of vacua (rays II and
) at m3! = +¢34. Quantum effects are important in identifying their topology as that of
CP!. In between rays II and III, 7 has two massive Coulomb-branch vacua.
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There is a Zs symmetry in figure 16, and this is not a coincidence. The parameter
space can be rotated by a third by transforming the mass parameters according to

t3d— 3d 3 3d t3d
(m34,£3) 2y < 2m oomT ) (5.2)

2

Upon promoting (5.2) to a transformation of the background vector multiplets in the 71
(equivalently, a linear redefinition of the flavor symmetries), one obtains a new theory Ty
that is mirror symmetric?® to 7. This is also a CP' sigma-model, but with modified mass
and FI parameters. Consequently, Ty has a classical CP* Higgs branch along ray II. Apply
transformation (5.2) again sends

(de,t3d) AN <_

3d t3d 3 3d_t3d
m°d + m >7 (5.3)

2 ’ 2

and results in a theory Tiy with a CP! Higgs branch along ray Il Notice that the trans-
formation has order three, w® = id.

Now consider the compactification of 77 on a circle of radius 8. The mass parameters
are complexified by Wilson lines on S' and we define the conventional dimensionless, single-
valued C* variables as follows,

=eX, X :=2m8m3 +if, Ay,

5.4
y=-e", Y =283 +ife Ay, (54)

where ImY is a theta-angle in two dimensions. For the scalar in the two-dimensional vector
multiplet we define
s=¢e, S:=2mBo%d+i¢p A. (5.5)
Sl
Additionally introducing a Wilson line ¢ § A = im for the R-symmetry, the effective twisted
superpotential in two dimensions is given by

1
Wi(S; X,Y) = 5(52 + X2) 4+ S(Y —im) + Lig(e™ %) + Lig(e 1) (5.6)

The term SY is an FI coupling; and we recall that the free chirals with zero R-charge
contribute (S £ X — im)? + Lip(e ™ 5FX).

The expression in (5.6) has several interpretations. It the effective twisted superpo-
tential of an N = (2,2) theory that governs supersymmetric vacua on R?. It is also the
superpotential for an effective N/ = 4 quantum mechanics on R, coming from the reduc-
tion of 71 on D? x,S* (in terms of Equation (3.9), we have —i WM — %WI) Moreover,
when accompanied with a distinguished choice of branch cuts, %fWVI describes the leading
h — 0 asymptotics of the operator (3.17) inserted at the origin in quantum mechanics on
R, or equivalently the leading asymptotics of the integrand of a block integral.

20ne way to derive the mirror theory Ty from T is to apply the fundamental Ta ~ Th symmetry of
section 4.4.1 once to the chiral ¢; and twice to ¢2, and to then integrate out decoupled gauge multiplets.
Similarly, to obtain Tir one may apply the Ta ~ TA symmetry twice to ¢1 and once to ¢o.
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The mirror symmetry transformation (5.2) should descend to an equivalence of the var-
ious compactified versions of 17, at least in the regions of parameter space where the theory
is massive. The extended mirror symmetry transformation should act holomorphically on
complex parameters, generalizing (5.2) to

(X,Y) -2 <Y—X _3X+Y>'

- - (5.7)

For a precise duality we must supplement (5.7) with the addition of Chern-Simons contact

terms between between the R-symmetry and vector symmetry, taking the form +iw X in
twisted superpotentials. Then we find

— 1
Ty: Wi(S;X,Y) = §52 — (2X +4m)S + X% — X (Y +im) + Lia(e™®) + Lig(e 5 TXY)
N<S'Y—X _3X+Y> in

~ —(Y+ X .
wi(s: o AN Ty (58)

Tw: Wm(S;X,Y) = %Sz + (2X —in)S 4+ X2+ X(Y —im) 4 Lig(e™%) 4 Lig(e =% 7Y)

X+Y 3X-Y
2 2

~ Wi <S; - > + %T(Y - X), (5.9)

where in the relations to VA\71, indicated by “~,” we allow shifts of the dynamical field
S by multiples of the complex masses X and Y. From the twisted superpotential, we
can determine the supersymmetric parameter space Lsysy (3.14). In all three theories
Ty, Ty, T, it is given by

Lsusy : {py+(y’1—x—:c’1)+py’1:0, papy— (Pzt+py)z+1 =0} C (CH%. (5.10)

The precise match of Lgysy among the three theories is a consequence of mirror symmetry,
and serves as a verification of the contact terms added to (5.8)—(5.9).

Finally, in analyzing Stokes jumps it will be helpful to understand the discriminant
locus D for these theories. This is the locus in parameter space where the theories become
massless, and is the source of Stokes walls. It is important to avoid this locus when defining
blocks.?* For Ti, the vacuum equation is

oW |
ﬁ_l = y—(a: s)(I—zs ), (5.11)

exp

with solutions
1

ey = —3[y—a-a £ VT e e 4], (512)

which has discriminant locus given by

D: {yt=z+ax'+£2} c C*xC*. (5.13)

For T3 and Ty the vacuum equations look different, but the discriminant locus is the same.
1 1 1
Indeed, D is invariant under the Zz mirror-symmetry action (z,y) — (afﬁyi,x*%g/fﬁ) .

24Recall that a mass gap is essential for the effective quantum mechanics on R, to be free of infrared di-
vergences. More generally, we only have control over RG flow for compactified theories if we have made them
massive; and only in this case can we hope for these calculations to accurately reflect 3d mirror symmetry.
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Figure 17. Discriminant locus of the CP' model on R2xS?: slice at ImY = 0 (left) and projection
to (ReX,ReY) (right). The Im X direction is periodic, with period 2.

We present two visualizations of D, which has complex codimension one, in figure 17.
First we take a three-dimensional slice at ImY = 0, which shows some of the branching
structure of D. Then we project all of D to the plane parametrized by the real masses
Re X = 278m3d and ReY = 278t34. The latter projection shows the values of m3d and
34 for which the compactified theory on R?xS' could become massless (for some choice of
Wilson lines). In the decompactification limit 8 — oo, the projection reduces to the three
rays of figure 16.

5.2 Blocks

Since the CP! sigma-model generically has two massive vacua a = 1,2, there should be
two independent holomorphic blocks Bl(z,y;q), B*(x,y;q). We will now compute the
two blocks for 771 using the methods of section 4: we define a formal integral that solves
line-operator identities, and associate a convergent integration cycle I'* to each vacuum «.

To build 71 using the iterated construction of section 4.1, we take the following steps.

1. Tensor together two theories Ta, ® T, to obtain a theory of two chirals ¢1, ¢2 with
U(1)1 x U(1)2 flavor symmetry and —1/2 CS levels for each. The R-charges are
Rg, = Ry, = 0.

2. Redefine the flavor symmetries as a vector U(1l)y and axial U(1)4, using U =
2(13") € GL2).

3. There is now minus one unit of Chern-Simons coupling for U(1)y and for U(1) 4. Add
one unit of coupling for each to give net zero Chern-Simons levels.

4. Gauge the axial U(1)4, with the addition of an FI term. This produces a new
topological flavor symmetry U(1) ;.

5. Shift the R-symmetry current by a unit of the topological U(1); current, to can-
cel a Chern-Simons coupling between the U(1)r connection Ar and the dynamical
gauge connection. (The unwanted coupling comes from the full definition of the Ta
theories.)
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This construction of the theory dictates how to assemble the line-operator identities for
the blocks of T1. We start with canonical identities pq —i—:f:l_1 —1~0, po +i‘2_1 —1 ~ 0 for the
product Th, ® Ta,, and apply the appropriate transformations to obtain the two operators

1 [ Do 1 T 1 T
— -+ ——-1~0, - — + — —1~0, (5.14)
\VDPyT \ —Y  DPyx Py vV —YPz Dy

~ (0”7 means “annihilates blocks.” Here &, ¢ act as multiplication by the complex

where “

mass parameters = e~ , y = e¥ (5.4), while p,, Py are the corresponding shift operators,
satisfying p,& = q@ps, Dyy = qyp,. By working in the left ideal generated by the two
operators in (5.14), the square roots (which arise from the non-integral transformation of
the charge lattice in step (2)) can be eliminated and the operators can be written in the
equivalent form

. 1 1 1 1, PR R
py—i-(g—l'—A)‘FAﬁO, q 2pa:py_x(q2pz+py)+1207 (5'15)

which makes clear that the line-operator identities are a quantization of the Lagrangian
submanifold Lgysy (5.10).

In a similar way, we can follow these steps and build a block integral that formally
solves (5.15). It takes the form

o1 ds  0(—q2y) 1yl sl
B0 = G [ g ey @ O e (610

ds
:/ Tl(xuyas;Q)a

2mis

recalling for convenience the definitions
oo
—o(1—q"x) gl <1 1 1
(25 @)oo := {H’f,o ° o o 0(2) = 0(z0) = (—02 2 @)oo(—422 75 @)
[[i2(A—g¢ ")~ gl >1

where 6(z; ¢) has been abbreviated to #(z). The two products Ba (szt';q) = (¢s7 ' ¢) oo
in the integrand are the contributions of the chirals ¢1, ¢2, packaged as theories Ta, and
Ta,, and the remaining theta functions reproduce additional Chern-Simons levels and the
FI term. As usual, the choice of theta functions is unique up to multiplication by an elliptic
function (section 4.2). We also include a normalization by 1/(¢)eo, defined in (2.61).

To evaluate the blocks (5.16), we need the convergent integration cycles associated to
each vacuum. To this end, it helps to analyze the integrand as a function of the cylindrical
variable S = log s. We take h to be real and nonzero, so that ¢ is real and positive, with
lgf < 1or|q > 1. For |g| < 1 (respectively, |g| > 1), the integrand has a line of poles
(resp., zeroes) along ImS = ImY, coming from the theta-function 0(—q_%sy) that is
associated to an FI term. The poles have spacing |h|. There are also two parallel half-lines
of zeroes (resp., poles) coming from the contributions of the chirals; the half-lines start
at S = £X and stretch to S = —oo, with spacing |h|. At large |Re S| (close to the ends
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Figure 18. Cycles for T7 blocks at |g| > 1 (left) and |¢| < 1 (right). We choose Y = 2, X = —27i/3,
and i = 7 /4. These are plots of the quantum potential log | Y.

of the S-cylinder), the integrand behaves approximately as exp(ﬁsign(Re S)S?), which
indicates that naively the convergent integration cycles can and either at Re S — co when
lgl <1 or at ReS — —oo when |g| > 1.

If we send A — 0 along the real axis, from either the positive or negative side, the
integrand has leading asymptotics

Vi(a,.550) R exp | 1 5 log)?— log(-) P+ log(—s9) -+ a5 Lin(as ™))
(5.17)
which is equivalent to %WI(S ; X;Y) with a distinguished choice of branch cuts. The cuts
come from the lines of poles and zeroes of Y1 at finite &, and have slope zero on the S-
cylinder; they are the standard cuts for log and Liy as written in (5.17). The two critical
points s*(z,y) of (5.17) are located at the solutions to the vacuum equation (5.12).
Now suppose that |¢g| > 1. We focus on the classical sigma-model phase of Ti, that
is ReY > 0 and Re X < ReY. We will also choose ImY ~ 0 and ImX =~ %77 (mod 27).
These imaginary parts (Wilson lines) ensure that we are far away from the discriminant
locus in parameter space (figure 17), so that the theory on R? x S! is massive. Figure 18
shows a plot of the “quantum” potential log|Y;| at these values of parameters. The
critical points are very close to the beginning of the two half-lines of poles, at S = +X
(mod 27i). The downward-flow contours in the vicinity of the critical points have an
obvious continuation to asymptotic, convergent contours F1> and F2>, as indicated. (These
could be obtained using either method of section 4.5.) Moreover, it becomes clear that
at this point in parameter space we are not only far from the discriminant locus, but far
from any Stokes walls: there is no way that the downward-flow cycle from one critical
point could come close to the other critical point.
As in section 4.4, we largely ignore the line of zeroes coming from 9(—q_%ys) — and the
fact that the integrand at finite & has an infinite set of “quantum” critical points between
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every pair of zeroes. We demand that the cycles must be well defined in the i — 0 limit (so
don’t know about “quantum” critical points), are asymptotically convergent (so cannot stop
on a zero), and resemble downward-flow cycles in a neighborhood of the classical critical
points; and this leads to F1> and F2>. If we modified the integrand by an elliptic function,
more horizontal lines of poles or zeroes could appear in figure 18 (or cuts as i — 0), but
this would not affect the qualitative features of the cycles.

We can evaluate the integral along I'L and I' 2> by summing residues, and readily find

1
0(—q 2 _
B J} Y5 q fFl 2?;st1 = (q—,Qly)_lj(xy 1,.1'2;(]),
6(@)f(-q 2271y) g > 1. (5.18)
B (x,y:q) = Jp2 5051 = ICa 20 gy a2 ),

T VIR B
Here the function J is related to the so-called Hahn-Exton ¢-Bessel function [92, 93], and
can be defined by a g-hypergeometric series

o

T yi) = (@i X omy

n

;g <Torlq>1, (5.19)

which converges both for |¢| < 1 and |¢| > 1 and defines a meromorphic function of
z,y € C*. Tt is fairly straightforward to check that the functions By (z,y;q) are solutions
to the line-operator identities (5.15). We will take (5.18), with the extra normalization
factor (¢~1)eo/27i, as a definition of the functions By (x,y;q), fixing the elliptic-function
ambiguity. The subscript “I” indicates a particular Stokes chamber — the one where 17 is
a semi-classical sigma-model.

As a physical check, we can take the true classical limit |y| — oo of the blocks. This
corresponds to a sigma-model with a huge CP! target space, with single, light chiral exci-
tations localized at the north and south poles. In this limit, we find

B (x,y;9) ~ (g2 q)oo (5.20)
up to a theta-function (corresponding to a background Chern-Simons term). We immedi-
ately recognize the remaining light chirals, with masses ~ |2X|.

What about contours I'L and I'2 for |¢| < 1?7 In the neighborhoods of the critical
points, the downward-flow cycles now extend in the horizontal real-S direction, as shown
on the right side of figure 18. We are in one of the situations discussed in section 4.5 and
shown in figure 14. Extending toward positive S, the choice of cycles is obvious. Extending
toward negative S, where the potential log|Yy| ~ %WI typically increases like ﬁ(Re S)2,
the most intuitive choice is to extend two independent cycles along half-lines of zeroes. We
expect that it is possible to integrate over them with an appropriate regularization.

We do independently expect B (z,y;q) at |g| < 1 to be naturally related to By (,y; q)
at |g| > 1, e.g. in the sense of sharing the same g-hypergeometric series expansions. We
did calculate the |g| > 1 blocks using a series that converged both for |¢| < 1 and |g| > 1.
Thus, rather than evaluating the integrals along F22 directly, we will simply define

_1
Bl (z,y;q) = —2— 80— J(ay ! 2% ),
Fa, ) lql < 1 (5.21)
Bi(z,y;9) = —C 21— 7 (a7 a7 ),

0(x)6(—q 2zy)
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as well. We will see that this definition passes a battery of nontrivial tests, and so we predict
that if the F? integrals were to be regularized and evaluated, they would agree with (5.21).

There is much hidden in the similarity of the definitions (5.18) and (5.21). As was
the case in the examples and section 2.5, the blocks cannot be continued from |g| < 1 to
lg| > 1, and the distinction between the regimes (one topological and one anti-topological)
is crucial. We will see now and in section 5.3 that the J-functions behave very differently
at |g| < 1 and |¢q| > 1, and that blocks (5.18)—(5.21) satisfy some extremely restrictive
conditions necessary for consistent Stokes phenomena.

5.2.1 The g-Bessel function

We pause to point out a few surprising properties of the g-Bessel function J(x,y;q), some
proven and some conjectured. We do not assume that ¢ is real, but we do assume that it
is never on the unit circle.

First, for both |¢| < 1 and |¢| > 1, a quick manipulation of the series (5.19) shows that

T, y:9) = 0(—2) Ty Ly gD, gl #1. (5.22)

When g < 1, we can also re-write (qy;¢)oo/(qy: ) = (4" "1 @)oo = Y2720 oy (")
leading to

(3] (_1)n+rq%(n+r)(n+r+1)xnyr

J(x,y;9) = n;o OReD el <1, (5.23)
which shows that the function is symmetric,
T(xy;q) = T(y,5q), gl <1. (5.24)
Combining the symmetry with the “inversion” (5.22) leads to identities such as
0(—q2a~'y) T (w,y0) = 0(—q2y) T (@ o yiq), gl > 1. (5.25)

In contrast, when |g| > 1 the sum (5.23) never converges and the symmetry (5.24) does
not hold! We find, conjecturally, that it is replaced by the relation

0(—qza)0(—q2y)
0(—q2a1y)

which we have verified numerically to high precision. This relation ultimately ensures

I (@, y:9) — T (y, w;q) = J(@,yq7 ), gl >1,  (5.26)

consistent Stokes jumps for the 71 blocks.
Finally, we experimentally find?® an infinite-product expansion

T (@, 959) = (475 Q)00 (q¥; ©) oo (@*2Y; @)oo (7Y €)oo (*2Y?; @) o (5.27)

% (0" 2%y )0 (0" 2*5% Qoo (Y D)oo (6" 09 @)oo ("2 y3 @)oo -+

obtained by treating (5.23) as a formal series in q. The corresponding infinite-product form
of the blocks Bla of T1 in the semi-classical sigma-model chamber contains information about
Ooguri-Vafa invariants (degeneracies of BPS states), as discussed in section 2.2.

Z5We especially thank Don Zagier for pointing this out, and more generally for offering generous and
extremely useful guidance in numerical analysis of g-series.
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Figure 19. Some Stokes walls for the CP' sigma-model at ImY = 0, emanating from the discrim-
inant locus D. The plane P at Im X = —2x/3, highlighted in green on the left, is reproduced on
the right.

5.3 Stokes jumps

One of the most interesting aspects of holomorphic blocks is their global behavior in pa-
rameter space — namely their Stokes phenomena. In the wavefunction interpretation
of the blocks, Stokes walls are locations where there can be tunneling between SUSY
ground states |a) in the Hilbert space on T?. We can analyze the structure of Stokes
walls quantitatively using the block integral and the methods outlined in section 4.5.
We focus on a region of parameter space where the gradient flows of either the semi-
classical potential Re(%WI(aj, Y, S; q)) (with cuts specified by (5.17)) or the “quantum” po-
tential log |Y(z,y, s; ¢)| can connect one critical point to another without passing through
branch cuts or lines of poles or zeroes. Then the Stokes walls occur semi-classically
when Im(%WI(az, y, s q)) = Im(%WI(:C, y, s@); q)) at the two critical points s (z,) and
s (z,y). Alternatively, using critical points of the full integrand Yy(z, y, s; ¢) the walls will
be slightly deformed, and are given by arg Yi(z,y, s'V); q) = arg Yi(z, y, s?; ¢) (mod 27).

We plot the Stokes walls in the region of parameter space with ImY =0 and ReY > 0
in figure 19, using the semi-classical approximation. We have fixed & to be real and small,
but it does not matter whether it is positive or negative. The walls emanate from the
discriminant locus D. Generically, there are three codimension-one walls meeting every
branch of D, in correspondence with the fact that there are two critical points. Indeed,
the behavior of any such system with two critical points that are very close to each other
(as is the case in a neighborhood of the discriminant locus) is universal. It can be modeled
on the Airy integral [ dSexp [%(5’3 + aS)], where a is a generic parameter in the plane
transverse to the discriminant locus. The Airy integral is famously known to have three
Stokes walls in the a-plane, so this is what we expect to see.
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Figure 20. The critical-point cycles at |g| > 1, in various chambers on P. The plots of log Y|
here are drawn for A = /4, at points on the circle |Re X|* + [ReY|? = 4.

We restrict our analysis to a neighborhood of the real plane P parameterized by Re X
and ReY at ImX = 47 /3 = —27/3 (mod 27) and ImY" = 0. This plane has the advantage
of being invariant under mirror symmetry transformations (5.7), which will be discussed in
section 5.4. The discriminant locus D intersects the plane P at the origin, and three Stokes
walls that emanate from it separate the plane into three chambers. Somewhat surprisingly,
the walls turn out to be anti-parallel to the initial massless rays in the three-dimensional
moduli space of T (figure 16). Thus, it makes sense to label the chambers by the Higgs
and Coulomb rays I, II, and 1II.

We first take i > 0 and |g| > 1. In chamber I, where 77 is approximately a sigma-model
onto the CP! Higgs branch, we have already found the two blocks BI1 ’Q(x, ¥; q) corresponding
to the two massive vacua at the poles of the CP! (5.21). As we vary parameters in the
plane to other chambers, the critical points s*(z,y) start to rotate around each other.
Similarly, the two half-lines of poles in the |g| > 1 integrand (or half-line branch cuts of hr)
slide relative to one another in the Re S direction (their separation in the Im S direction,
given by Im X, is fixed). The critical points and natural downward-flow cycles associated
to them at various values of (Re X, ReY') are sketched in figure 20.

Moving from chamber I counterclockwise to chamber II, we find that the cycle F}>
(we suppress the ‘>’ subscript in figure 20) hits the critical point o = 2, and picks up a

IS ron (T7 11 11
=M > M=t = ) 5.28
(rﬁ) > F§> ’ > 01 (5.28)
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Correspondingly, the natural |¢| > 1 blocks associated to critical-point cycles (i.e. vacua)
in chamber II are not B and BZ, but rather (B, B2) = (B{ + B, B?). Continuing on
through chamber II, the cycle F]11> at some point appears to become closed (wrapping
the cylinder) rather than ending asymptotically at Re S = —oo, but these two choices are
homotopic and there is no modification to the blocks. The next Stokes wall is crossed
moving into chamber I, where F%I picks up a copy of —1"]11:

FI;H> =m0 Fib piom_ (10} (5.29)
% r3 ~11

And, finally, we cross the third wall to return back to chamber I, finding

Iy’ mor (T4 11
= pU=f (I el . (5.30)
(ri’ ~ I3, ” 01

Note that the product of matrices

MEIHIME%HIMﬁﬁﬂ = (_01 é) (5.31)

is not the identity: there is a monodromy induced by circling around the discriminant
locus, so that the cycles in chamber I have been switched. This is easy to see directly
by following the classical critical points s®(z,y) in (5.12). As we circle around the
discriminant locus, the square root changes sign, taking s'(z,y) > s%(z,y). Physically,
we expect the SUSY ground states |1) and |2) in the Hilbert space of 72 to undergo the
monodromy (5.31) if one adiabatically varies parameters to circle the discriminant locus.

5.3.1 Topological and anti-topological regimes

Now let us consider what happens to the blocks at |¢] < 1. We can do this using the
formal integration cycles drawn on the right figure 18 for chamber I, by tracing them
through the (Re X, ReY’) plane, just as we did for |¢| > 1. We can read off Stokes matrices
even if we don’t know how to compute the integrals directly. However, we already know
what the result must be. As discussed in section 4.5, and as needed for consistency of
topological /anti-topological fusion, the (semi-classical) Stokes walls at |g| < 1 are identical
to the ones at |g| > 1, but the matrices are related by

Mo = (Ms)7T, (5.32)

Indeed, considering the formal integration cycles leads to precisely these jumps. Given the
blocks (5.21) in chamber I, in chambers II and Il we should then have

111 I—1I\—-1T Bl Bl
Br) _ M L) = I <1 5.33
<B%> ( > ) BI2 BIQ _ Bll 9 ‘Q| 9 ( a)

BIl[[ NI g s I—I\—1T B} Bf
= (MMUAr L = I , <1. 5.33b
(BI2E[> ( > > ) B12 BIQ _ Bll |q, ( )
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This brings us to a puzzle, previewed already in the Introduction. When |q| > 1,
the blocks associated to vacua and integration cycles of figure 20 (in contrast to expres-
sions (5.33)), are

B} Bl + B? B} Bl + B?
n)_ (Bt B ) (PrEE0) g s (5.34)
B]I BI BI[[ _BI

In the “classical” chamber I, we postulated that the |g| < 1 blocks and the |g| > 1 blocks
should have the same convergent ¢-hypergeometric series expansions, enabling us to de-
rive (5.21) from (5.18). There is nothing special about chamber I, and this property of being
related naturally by a convergent series should hold in all chambers. However, the linear
combinations of |¢| < 1 and |g| > 1 blocks in chambers II and IIl above look very different!

The resolution comes once we remember that — despite having identical series
expansions — the |¢| < 1 and |¢| > 1 blocks are different analytic functions which
obey different identities. For example, let’s focus on the blocks Bﬁ in chamber II. For
lg| < 1, we have BL(x,y;q) = Bi(z,y;q), with the block given by (5.21), but we use the
symmetry (5.24) to re-write Bj as

1
0(—q 2y)
0(x)0(—q 2~ 1y)
On the other hand, for |¢] > 1, Stokes jumping predicts that the block is given by

Bi(z,y;q) = Bi(z,y;q) + Bi(z,y;q), with the r.h.s. given by (5.18). We can transform
the resulting function as follows:

J(@*zy ), gl <1. (5.35)

Bii(z,y;q) =

q Tleylatig s )
0(z)0(—q 2z~ 1y) o ! 0(z)0(—q zxy)

0(—q 7y)8(—q 72?)

Ty a2 Jgl>1

J @y, 2y )+ J (zy, 2" y; q)

0()0(—q 22~ 1y)0(—q2zy) 0(2)0(—q 2ay)8(—qza—1y)
0(—q 3y)0(—q22%) 4 .
= T — | T (@7 y, 2y q) — T (2y, 27 Y3 q) (5.36)
0(x)0(—q 2z y)0(—q2xy) ]
26) 0(—q~ 3
(5.26) ( 9((195) Y j(x_ly,xy; q—l)
(5.24) 9(‘@17%?/) 1 1
- 9(1,) j(wy,x ysq )
(622 (=g 2y) (a2 a1 q)
0(2)0(—q 227 1y)

where in the middle step (5.36) we used 6(z) = 6(z~!) and 0(—q_%z) = —z 0(—q%z) to
match the theta-prefactors in the second term to those in the first term, up to a sign.
Thus, we have arrived at an expression for the |g| > 1 block in chamber II that looks
identical to the |¢| < 1 block; by the definition of the J-function (5.19), they have the
same convergent series expansions.
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Such manipulations — taking completely different paths for |¢| < 1 and |¢| > 1 —
work to bring all blocks in all chambers to the same form at |¢| < 1 and |¢| > 1. The result
can be summarized as:

_1
Bi(z,y;q) = —250— 7(a 2y~ q)
e(x)e(;(q 7793%—1)%)( b lgf <lorlgl >1 (5.37)
B2 ) — —q 2y)0(=q2z —1,. ..
1(T930) = = T ek YT V)

1
Bl o) — _ 9(=qa"2y) -2 1,1,
I[[(l‘)yaQ) Q(x)e(—qi%:ry) j(CC y L Yy aQ)u
9(—q_?y)9(—q_7f2)
0(z)0(—q~ 2ay)0(—q~ 2zy~1)

lgf <lorlgl >1 (5.38)

Bk (z,y;q) = J (@ Ly, 2y5q) .

5.4 Mirror symmetry

Another constraint on the form of holomorphic blocks for T} comes from mirror symmetry.
The blocks associated to massive vacua in a given chamber of a theory should not depend
on the choice of mirror description used to calculate them. In the present case, we have
three mirror descriptions 11 ~ T ~ Ty of the same theory, with the property that each
is a semi-classical sigma-model to a CP! Higgs branch in a different chamber. Thus, we
might expect that theories T and Ty give us simple descriptions of the blocks Bﬁ and Bﬁ‘l
(respectively), just as 71 gave an especially simple description of the blocks BIO‘ in chamber I.
To be more precise, let’s consider again the complexified mirror-symmetry action

(X,Y)rL><Y_X —3X+Y>, or (a:,y)ri>< y 1 ) (5.39)

2 ’ 2 x’w/xBy

The theory Ty is given by applying (5.39) to the flavor symmetries and and parameters

of T1, and shifting some background theta-angles and R-charges. In (X,Y) parameter
space, the transformation (5.39) preserves a neighborhood of the plane P at ImX = 47/3
and ImY = 0, and permutes the chambers of figure 19 counterclockwise, I — II — Il —
I. Therefore, by applying (5.39) to the blocks Bj associated to vacua in chamber I (as
calculated by 77, say), we expect to get blocks associated to vacua in chamber II:

Bl -1 ,.2. Bl -1,,.
12 ~ J(iy 717$77;]) ’L> g ~ j(xga$ 711/7(]) . (540)
By J(@™y™ 27" q) By J(z%,xy~ 5 q)
Similarly, by applying the mirror-symmetry transformation twice, we should get the blocks
associated to vacua in chamber III,

Bl -1 ,.2. 2 Bl -2 ,.—1,—1.
12 ~ j(ffly 7171' ig) |W_> g} ~ j((E ilx Yy 7Q) ) (541)

By Ty 7% ) Bi J(x™ Yy, 2y;q)
This is in beautiful agreement with our calculations in (5.37)—(5.38) above, which used
a Stokes analysis and special properties of the ¢-Bessel function [J. The agreement, of

course, is up to a possible relabeling of vacua 1 <+ 2, and up to a ratio of theta-functions
that encode the extra Chern-Simons contact terms discussed in section 5.1.
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There are block integrals for theories Ty and Ty that produce expressions (5.37)—(5.38)
directly. In deriving them, it is important to be careful about Chern-Simons contact terms.
These can be fixed either by matching line-operator identities in candidate mirror theories,
or by remembering that the mirror symmetry 77 ~ Ty ~ Tir is generated by repeated
applications of the simple Ta ~ T\ mirror symmetry (cf. footnote 23), which was analyzed
in section 4.4. The result for the block integrals is

o [ 48 0(—q 2y)0(—q22?) =y Y

Bu(z,y;q) = Lsa(x)e(—q—éxly)e( q_%STQ)(qs L d)eolas™ ey @)oo, (5.42)
O O G ) i R WY

Bu(z,y;q) = / . a(g;)e(—q*%xy)e(—q*%sﬂ)(q $ @)oo (q(52Y) ™5 @)oo - (5.42b)

In chambers II and III, where the theories Ti; and Ty become semi-classical, the respective
blocks integrals at |¢| > 1 have two well-separated half-lines of poles with critical-point
cycles analogous to those in figure 18. Summing up each half-line of residues yields (re-
spectively) the blocks By in (5.37) and By in (5.38).

5.5 Fusion

Now that we have defined holomorphic blocks for the CP! sigma-model, let us use them
to check our main conjecture: that the ellipsoid partition function and sphere index both
decompose into a sum of products of blocks. Exhibiting these decompositions in different
mirror frames, in terms of blocks in different Stokes chambers, provides a new way to prove
identities among the integral expressions that give ellipsoid partition functions and indices.

The ellipsoid partition function of 7} is normally expressed in terms of b = h/(2mi)
and complex masses p1, = X/(27b), py = Y/(27b). We also set 0 = S/(2nb). Using the
rules described in [2], we find

2 (s pry3 b) = / do 6‘2”“9"81)(;(6 +071) = g — a) S <;(b 07N 4 e — 0) (5.43)
2m
2ot [ 2 sl

with C' = exp [ — (7 + ?L)] and s, and defined in section 2.5, and with Y7 the block
integrand from (5.16). The integrand is now a (non-periodic) meromorphic function of
S = 27bo € C, with poles at S = £X — hm — 27in, or 0 = +u, — ibm — ib~'n, for
n,m € Z>op. The integral can be evaluated by closing the contour in the lower half-plane
and summing up the residues [10]. The result is

Zy (s 13 b) =

1 X2

L T (e LX(Y—in— ”j(xy—17$2;q)Hg+6%X(Y—m—g)

Ity %)%
=207 (| BHx, ys )% + | BE .y )[5) - (5.44)

Of course, we could also have computed the ellipsoid partition function in a different
mirror frame, and we expect to find the same answer. For theories Ty and Ty, a summation
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of residues analogous to the one described above produces

i _ i _
Zg(#x,uy;b):/RdaE(uw,uy,a;b)sb<2(b+b 1)—0>8b<2(b+b 1)+N:p—ﬁ‘y_g>

=207 (| Bl )| + | B (2, m:0)|2) (5.45)
Z (s 13 D) = /RdUE(—M:c,My,U;b) sb<;(b +o 1) — 0’) sb<;(b+ bY) — iy — py — U)
=207 (| Bli(z, y:0)||% + | BR(z. ;0 [3) - (5.46)

with

2

1 1 _
By~ 50+ ) ) | (547

, 3
E(piz, py, 03b) = exp [m<— = s pha iy +

The blocks appearing here are manifestly the expressions given by (5.37)—(5.38). The equiv-
alence of the right-hand sides of (5.44), (5.45), and (5.46) then follows immediately from
the nontrivial linear identities derived in section 5.3.1, which show that blocks in different
chambers are related by pairs of conjugate Stokes matrices. For example, when |¢| < 1,

| Bl (2, v )¢ + | Bi(z, v:9)| (5.48)
= B (z,y:¢)(B{ (Z,7; Q) + B (%.7;9)) + (Bt (x,y;9) — B (2,4;9)) B{ (%, 7; @)
= | Bl g )% + | BE(z. y: )| 5 -
On the other hand, the equivalence of the left-hand sides was studied in [94] (cf. appendix
C therein) using identities for elliptic hypergeometric functions. It appears that Stokes

phenomena for holomorphic blocks provides another way to understand such identities.
As for the sphere index of T, we follow the formalism of [3, 9, 11] to write

I(mxv Cas myvay

27{ 5 (0 2) GO M A (my 4 1, G0 @) Ta (= £ 0, (o q)

_Z]{

where we now identify x = q%@, y= q%gy, s=gq%o,and T = Q%C;l, y= q%gy*l, 5=
q% o1, and we have expressed the integrand in terms of the free-chiral index Za(m, (;q) =
21— 2F¢ N/ (1—g 247 = | Ba(z; q)H?d . The integration in o is over the unit
circle, and it is assumed that |¢| < 1. For each fixed monopole number n, the integrand
of (5.49) has two families of poles lying on or outside the unit circle. The contour can be

s;q sz’ (5.49)

deformed to infinity, picking up contributions from all of these poles. It is straightforward
to sum up the residues in each family and see that

L(ma, Coymy, Gy q) = | BH, y: )|, + | BE(z, y:.9) |2, - (5.50)

Just as for the ellipsoid partition function, we can express the index in different mirror
frames in order to obtain identities among integrals of the form (5.49). Such identities
were explored in [9, 95], and again we observe that blocks provide an interesting window
into such relations.
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5.6 Equivariant K-theory, surface operators, and topological strings

To conclude, we would like to touch upon several other interpretations of the holomorphic
blocks for T1. These include the connections to vortices and topological strings described
in section 2.2. All of the following interpretations were discussed in [20] (see also [73]).
Let us first consider the dimensional reduction of 11 to two dimensions. We obtain a
classic example of an N = (2,2) gauged linear sigma model [65], which in the infrared is
described by a nonlinear sigma model with target space CP!. The FI parameter Y, which
in two dimensions is complexified by a theta angle, still parameterizes the size of the CP*
(it is the complexified Kahler class). The complex twisted mass X makes the sigma-model
classically massive, with two vacua where the bosonic fields are fixed at the north or south
poles of CP!, respectively. For non-zero twisted mass, a map from the worldsheet R? to
CP! will have finite energy only if the asymptotic boundary of R? is mapped either to the
north or south pole. This effectively compactifies the worldsheet of the IR sigma model:
we find a theory of maps from a CP! worldsheet to a CP' target, with a fixed basepoint.
Upon implementing an A-type twist, the theory localizes to holomorphic maps of this kind.
The holomorphic blocks of 11 compute what is known as the equivariant J-function of
the moduli space of holomorphic maps from CP! to CP! [96]. Let us recall for convenience
that the two blocks associated to vacua in the semi-classical chamber (I) take the form

o0 n

1,2 _ x _
B (x,y:q) ~ Ty~ a™q) ~ Eiz(qgl)n(qxiz.qbly K (5-51)

n=0

up to simple theta-function or (*; ¢)o prefactors. The n-th term in the sum is an equivariant
K-theoretic character of the moduli space of maps of degree n, where x is an equivariant
weight for U(1) rotations of the target CP! (which is how the vector U(1)y symmetry acts
in the physical theory), and ¢ is an equivariant weight for U(1) rotations of the base. The
two choices of vacua correspond to the choice of basepoint for the maps — whether we
map the point at co on the base to the north or south poles on the target.

We can also connect the blocks in chamber I to equivariant vortex counting for the 2d
N = (2,2) gauged linear sigma model. We take the special limit described in section 2.2,

scaling
1

Bypr’
with ypr being the more standard exponentiated FI or vortex-counting parameter in 2d.

q=é’, z=ePm

, Y= B—0, (5.52)

We have also absorbed factors of 27 in 5 and ¢ in € (relative to the rest of this paper). In
this limit, the blocks become

o0

B (,y50) ~ Y

n=0

1
nlem [T, (Em + je

] YFT (5.53)

which was the 2d vortex partition function found in [20] (see also [67]).

The reduced 2d theory is also the effective field theory on the simplest possible half-
BPS surface operator in 4d pure SU(2) N = 2 super-Yang-Mills theory [20, 72, 81]. The
surface operator can be defined either in the UV (as a gauged linear sigma model) or in the
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Figure 21. Toric geometry for 77.

IR (as a CP! sigma model). For an appropriate choice of Chern-Simons levels, the U(1)y
symmetry that rotates the CP! is enhanced to SU(2)y and gauged in coupling to the bulk.
The vortex partition function (5.53) can be obtained by placing the coupled 2d-4d system in
an Omega background, computing the partition function, and sending the four-dimensional
gauge coupling (or rather, the QCD scale) to zero to decouple the bulk physics.

Finally, 71 can be engineered on an M5 brane that wraps a (toric) Lagrangian cycle
in the noncompact Calabi-Yau geometry O(—2) @ O(0) — P'. One way to see this con-
nection is to start from a D2-D4-NSb5 brane construction of the surface operator described
above [97], and to perform a chain of string/M-theory dualities. The toric diagram for this
setup is shown in figure 21. There are two possible placements for the toric brane, corre-
sponding to the vacua of T1. The (exponentiated) closed-string modulus which controls the
size of the P! base corresponds to the mass z; while the (exponentiated) open-string mod-
ulus corresponds to the FI parameter y. The open-string partition functions can readily be
computed using the topological vertex [98], and the answers agree with the blocks (5.51),
again up to theta-functions that encode background Chern-Simons levels. This perspective
on holomorphic blocks of 71 was explored in [10].

6 Blocks in Chern-Simons theory

In this final section, we relate holomorphic blocks to path integrals in analytically contin-
ued Chern-Simons theory. For the three-manifold theories to which this relation applies,
the dictionary between the two descriptions will shed light on some of the more subtle
aspects of holomorphic blocks that we encountered in the previous sections. Moreover, the
computability of holomorphic blocks allows us to compute non-perturbative Chern-Simons
path integrals that are otherwise out of reach.

The basic connection between the two comes from M-theory. Namely, consider K M5
branes wrapping a cycle

M x D*x, S' ¢ T*M xTN x,S*, (6.1)

where D? is a cigar sitting in Taub-NUT space which is locally of the form TN ~ T*D?. We
let the geometry be a fibration, with D? C T'N rotating by an amount ¢ when translated
around S'. Then the reduction of the M5-brane theory along M produces an effective three-
dimensional N = 2 theory Tﬁ{) on D?x,S!, as in [16]; while the reduction along D?x,S!
produces an analytically continued SU(K) Chern-Simons theory on M [19, 20]. (More
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precisely, reduction on the compact torus fiber of D? XqS 1 leads to twisted N' = 4 Yang-
Mills theory on M x R, which provides an analytic continuation of Chern-Simons theory.
We will come back to this important detail later.) The renormalized and complexified
Chern-Simons level k is related to the twisting of the cigar by

27

q = exp(2mife) =: exp - (6.2)

The partition function of Tﬁ{ ) on D2 X ¢S I should be equal to a partition function of
(K)

we must specify a vacuum « at the infinite end of the cigar, leading to the block B” o In

Chern-Simons theory on M. Both cases require additional input. For T, ', we know that

Chern-Simons theory we have to choose a convergent integration cycle for the analftlcally
continued path integral — a middle-dimensional cycle in the space of SL(K, C) connections
on M. A basis of cycles {I'(\q} is labelled by flat SL(K, C) connections A% on M, or critical
points of the Chern-Simons functional [17, 21]. We then expect that

07

B = Zcs[M], (6.3)
M

where ng is the Chern-Simons path integral on I %S'

There is an important subtlety in identifying the blocks defined in this paper with a
Chern-Simons path integral on a cycle defined by the Lefschetz thimbles of [17]. Namely,
the basis of such Lefschetz thimbles in Chern-Simons theory is infinite due to the non-
invariance of the analytically continued Chern-Simons functional under large gauge trans-
formations. In general, it was argued in [17] that in identifying an integration cycle with a
flat connection, one must further specify a lift of the flat connection to the universal cover
of the space of connections modulo topologically trivial gauge transformations.

This situation is not dissimilar to what we have encountered in section 3, where the
naive action of the supersymmetric quantum mechanics was multivalued, and required a
formulation on an infinite-sheeted cover of the scalar manifold. However, we have seen that
three-dimensional gauge theory dictates that we interpret all lifts of a vacuum as images of
that vacuum under large gauge transformations which are good symmetries of the theory;
hence we are able to compute blocks in terms of exponentiated (single-valued) variables.
It is evident that as defined in this paper, holomorphic blocks are related to the four-
or six-dimensional realizations of Chern-Simons path integrals with a boundary condition
that includes contributions from all images of a single flat connection.

A second indication of this complication is that the individual integration cycles of [17]
associated to a single image of a flat connection are defined in such a way as to be analytic
across |g| = 1. In fact, they may be adjusted so as to reproduce an SU(/N) Chern-Simons
partition function for ¢ a root of unity. Holomorphic blocks, on the other hand, are always
ill-defined at |g| = 1, and cannot be analytically continued across the unit circle. This is not
so surprising when holomorphic blocks are understood as a (perhaps weighted) sum over
images of a single flat connection. In fact, in this sense, holomorphic blocks may be more
similar to the g-deformation of two-dimensional Yang-Mills theory than to Chern-Simons
theory with a compact gauge group, which has the same trouble at |¢| = 1.
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In spite of these complications, the general considerations of the first part of this section
will apply independent of this detail, and the experimental tests at the end of the section
will prove robust enough to evade any of these subtleties.

The relationship between blocks and Chern-Simons path integrals should be very gen-
eral, applying to any kind of three-manifold M, and also to gauge groups besides SU(K).
However, it can be studied most concretely if we take M to have non-empty boundary and
to admit a (topological) ideal triangulation, cf. [16, Sec 2]. For example, we can take M to
be a knot complement. From a 6d perspective, the knot is realized as a codimension-two
defect; but on M the defect can be regularized to the ideal boundary of a knot comple-
ment. Then at low energies the theory T]Ef ) (or a certain subsector thereof) is effectively
described as one of the “class-R” theories constructed in [16].2¢ Strikingly, this means that
ZogM] = B; k) can be expressed as a finite-dimensional block integral.

In terms (I)\% Chern-Simons theory, the reduction of an infinite-dimensional path integral
to a finite-dimensional block integral arises by virtue of the triangulation of M. Each
Ba(z;q) factor in the block integral (4.30) should be interpreted as the Chern-Simons
wavefunction on a tetrahedron A, obtained by doing an infinite-dimensional path integral
with fixed boundary conditions on 0A parametrized by z. Then only finitely many degrees
of freedom remain to be integrated out to glue the tetrahedra together. This type of “state
sum” or “state integral” model has been used fruitfully in the past to construct other kinds
of Chern-Simons wavefunctions, e.g. [99, 100].

The relation between holomorphic blocks and Chern-Simons path integrals gives an
explicit realization of the Stokes phenomena in Chern-Simons theory described by [17].
In particular, integration cycles for Chern-Simons path integrals and contours for block
integrals are expected to have the same Stokes jumps, so that the latter can be used to
understand the former. Another major (potential) advantage of (6.3) is that it relates cat-
egorification in Chern-Simons theory, as discussed in [19, section 6], to BPS counting in a
comparatively simple three-dimensional gauge theory. One would hope in the future to find
“refined” versions of blocks B%M ~ Tr H(Rz;a)(—y)w qg_‘] x¢ that calculate Poincaré poly-
nomials for a set of knot homologies labelled by flat connections o on a knot complement.

It is natural to ask if gluing blocks to form ellipsoid partition functions Z,[7] or $2x ,S1
indices Z[T] for T]g( ) has an analogue in Chern-Simons theory. To some extent, the answer
is already known from [11, 16]: Z[T] is a physical, non-analytically-continued SL(K,C)
Chern-Simons partition function (with holomorphic and anti-holomorphic contributions);
while Z,[7] matches the “state integral” for Chern-Simons theory defined in [53, 101,
102] and reformulated in [85]. The latter is an analytically continued SL(K,R) Chern-
Simons partition function on M with special, Teichmiiller-like boundary conditions at OM
(cf. [103]). Both of these correspondences arise indirectly through comparison of defining
properties of the relevant partition functions.

Below, we review some aspects of analytic continuation in Chern-Simons theory
and the expected relations to three-dimensional theories arising from six-dimensional

26Tn [16], only the case K = 2 was treated, but it will be shown in upcoming work that general TJ(V;() is
also in class R.
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constructions. The main goal is to obtain a complete dictionary of parameters on the two
sides. Otherwise, there are already long and beautiful expositions of these subjects in the
literature [17-19, 21, 53].

We then consider some explicit examples that test (6.3) in the case of K = 2. The
experimentally minded reader may wish to skip directly to these examples. We compute
the blocks for trefoil (31), figure-eight (41), and 52 knot complement theories, and check
the expected correspondence between blocks and flat connections by comparing the leading
asymptotics of blocks to volumes of flat connections. Finally, we test a new, conjectural,
non-perturbative relation between blocks of a knot-complement theory and the so-called
“stabilization limit” of the colored Jones polynomial for the knot.

6.1 Chern-Simons theory and analytic continuation

We begin our review of analytic continuation in Chern-Simons theory and its realization
via N' = 4 super-Yang-Mills theory on a four-dimensional half-space. We collect results
of [17-19, 21, 53] (see also [104]), where this subject is discussed in much greater detail.

For concreteness, we consider Chern-Simons theory with real, compact gauge group
SU(2), which has complexification SL(2,C). We also focus on simple three-manifolds with
the topology of S® and an embedded knot K C S2. The knot is given an orientation and a
framing, which is a choice of section for the unit-normal bundle of IC in S3, or equivalently
a prescription for how to deform the knot to a parallel copy of itself. We will always choose
the canonical framing in which a knot and its parallel in S3 have zero linking number.

There are two equivalent ways to associate compact SU(2) partition functions to the
pair (K, S3). First, one can perform the Chern-Simons path integral over SU(2) connections
A on S3 with the insertion of a Wilson-loop operator Wi n(A) in the N-dimensional
irreducible representation of SU(2):

Zos(S,Ksk, N) = / DA D Wiy (4), (6.4)

where Icg(M; A) is the Chern-Simons functional. The answer depends on integers k, N,
where k = k+2sgn(k) is the renormalized level of the theory. Alternatively, one can excise
the knot, forming the knot complement M = S3\K, and perform the path integral with a
specified singularity at the knot,

itIN

AN
k

10
(O 1) df+ regular (modulo conjugation), (6.5)

where 6§ is an angular coordinate in the plane perpendicular to K at a given point. This

means that connections have a monodromy with eigenvalues z+%/2 or —z+1/2,

x = e%, (6.6)

around an infinitesimally small loop linking the knot. Then

Zos(M = S*\K:k, ) = | DA ¢ Tos(MiA) (6.7)
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The equivalence of (6.4) and (6.7) is discussed in [105-107]. Using either definition, the

path integral is a polynomial in q% = exp % for every fixed N,

ZCS(S37’C;kaN) = ZCS(M: 53\K7k’,$) = JN(ICa Q) =: J('Tv(I)? (68)

up to an overall normalization by the empty S partition function Zcg(S%; k). Sometimes
it makes sense to think of these partition functions as functions of two variables z = ¢V
and ¢, as indicated by the notation .J(z;¢q). The set of polynomials Jy(K;q) coincides®”
with the “colored Jones polynomials” of K [108-110].

The basic idea of analytic continuation is to consider k and N, or x and ¢, to be
complex numbers, and to promote J(x;q) to a locally analytic function. While there is
no unique way to do this, a natural prescription is suggested by physical path integrals.
The two realizations (6.4) (Wilson lines) and (6.7) (monodromy defects) of J(x;q) lead to
slightly different continuations, and it is the latter that interests us, because it is ultimately
related to the knot-complement theories Ty of [16].

In terms of the path integral (6.7), analytic continuation arises from formulating the
integral over real SU(2) connections A as an integral over a real, middle-dimensional cycle
I'g in the space of complexified SL(2,C) connections A. Just as in finite-dimensional
complex analysis, the integral over I'r may be dominated by contributions from several
complex critical points of the (now holomorphic) functional Icg(.A). These critical points
are flat SL(2, C) connections A on the knot complement M = S3\ K, with fixed holonomy
eigenvalues +2%3 around a small loop linking the knot.?® Non-perturbatively, one can
actually decompose I'g into a basis of convergent integration cycles I'g =, nafgs, with
each ng defined by downward gradient flow from a critical point A® with respect to the
real part of %ICS(A). One can then try to expand the original partition function as

J(x:9) = > naZds(wiq), (6.9)

where each ng(x; q) is the complexified path integral over a fixed integration cycle F%s.
In this context, it makes sense to promote z and ¢ to generic complex variables, and to
define the ng(:v; q) as locally analytic functions. As x and ¢ are varied in the complex
plane, the ng(a:; q) may interact with each other via Stokes phenomena.

The number of flat connections with fixed boundary conditions on a knot comple-
ment M = S3\K is usually finite. Moreover, the flat connections can be characterized as

*"In the mathematics literature, the polynomials Jy (K;k) are usually normalized by dividing by the
polynomial Jy (U, k) = (q% - q,%)/(q% - qié) = (:r% - Iié)/(q% - qf%) of the unknot U C S3. This
normalization is a little unnatural physically, and we will not use it.

8 As was stated in the introduction to this section, the actual critical points argued by [17] to be relevant
when k, N ¢ Z are not just flat connections « in the conventional sense (counted modulo full SL(2, C) gauge
transformations), but flat connections modulo gauge transformations continuously connected to the identity.
For a knot complement in S2, every standard flat connection gives rise to a family of ZxZ critical points. The
contributions of different critical points in the same family to a sum such as (6.9) simply differ by exp(2miak+
2mibN), for integers a,b € Z. Then, practically speaking, one still expects a formula of the form (6.9) to
hold with « labeling standard flat connections, so long as the coefficients n, are allowed to contain sums of
factors exp(2miak + 2mibN) when x and ¢ are not roots of unity. As was also discussed in the introduction,
the label a for holomorphic blocks is a standard flat connection, so that is what we focus on here.
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solutions®” at fixed x of a two-variable polynomial
Am(z,p) =0,  =z,peC’, (6.10)

called the A-polynomial of the knot [111]. This equation relates the square of the holonomy
eigenvalue x of a flat connection around a small loop linking XC with the holonomy eigenvalue
—p around a parallel copy of the knot in M (where the parallel copy is chosen according
to the knot’s framing). The notation here is chosen to match that of three-dimensional
gauge theories Thy; in the knot theory literature, the holonomy variables are usually called
m and ¢ (for “meridian” and “longitude”), with

z & m?, p < —L. (6.11)
The A-polynomial always takes the form A (z,p) = (p + 1)AT%(z,p), with a canonical
component (p+1) corresponding to “abelian” flat connections that take values in a maximal
torus of SL(2,C) (i.e. that are reducible).
Quantum mechanically, the partition functions ng(:r;q) should be solutions to an
equation

Ani(,p;q) Zs(w39) =0, (6.12)

where AM(j;,ﬁ; q) is a polynomial in operators Z,p and ¢ (with pZ = ¢ Zp), that reduces
to Apr(z,p) in the classical limit ¢ — 1. This is the quantum version of the classical
constraint (6.10). In fact, more than this has been conjectured to be true. Namely, it is
expected that there exists a quantization /11]{} (z,p; q) of just the irreducible A-polynomial
Al (z,p) that annihilates Z(g(z;q) for all flat connections A exzcept the abelian one,

AR (3, p1q) 20s(w59) =0, o # abelian (6.13)

cf. [51, 85]. The irreducible A-polynomial has been systematically quantized in [85]. This
suggests that there exists a consistent truncation of analytically continued Chern-Simons
theory to a sector containing just irreducible flat connections. This conjecture is strength-
ened by the analysis of [17], which demonstrates that the abelian integral can never
contribute to other ng(x; q) via a Stokes phenomenon.

In the classical limit & = % — 00, any term ng(az; q) is dominated by the critical
point that defines it, so
1
Zs 2! exp - V(AY), (6.14)

h

where the “volume” V(A®) of a flat connection is defined by evaluating the classical,
holomorphic Chern-Simons functional —%ICS(A“). For a flat connection corresponding
to a hyperbolic metric on the knot complement M (with a deformation of the cusp

More precisely, the A-polynomial parameterizes flat connections on the torus boundary of a knot
complement that can be extended to flat connections in the bulk. Thus every flat connection on M maps
to a solution to (6.10), and typically the correspondence is one-to-one, though precisely when this is true
is not known.
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at K parametrized by x), the hyperbolic volume Vol(M;z) and Chern-Simons invariant
CS(M;x) are related to the holomorphic volume by

V(A" x) = i(Vol(M; x) 4+ iCS(M; z)) + ilog [p®| arg & + im log =, (6.15)

where p®(z) is the associated solution to the classical A-polynomial A(p®,x) = 0. Note
that only V(A®; z) is (locally) a holomorphic function of 2. On the other hand, the quantity
Vol(M; z)+iCS(M; x) is non-holomorphic but globally well defined up to integer multiples
of 472. The Lh.s. has more severe global ambiguities due to branch cuts, ultimately related
to the extra factors discussed in footnote 28.

6.2 To six dimensions and back

We now describe the chain of relations that connect Chern-Simons theory in three dimen-
sions to the (2, 0) theory in six dimensions, following [19]. We alternate between the purely
field theoretic perspective and brane constructions. Our goal is simply to understand the
map of parameters between blocks (and their fused products) and analytically continued
Chern-Simons theory, though this requires some technology.

Chern-Simons from four dimensions. The first step is a lift to four dimensions, ex-
tending Chern-Simons theory on M to N' =4 SYM with the same (compact) gauge group,
on a half-space V= M xR . The lift provides a natural and physically meaningful analytic
continuation of Chern-Simons theory. The four-dimensional theory must be topologically
twisted in order to preserve some supersymmetry on V. The correct choice for this appli-
cation is the geometric Langlands (GL) twist of [66], which breaks the R-symmetry group
SO(6)r — SO(3)r x SO(3)r and replaces the Lorentz group SO(3)g of M with the diag-
onal embedding in SO(3)g x SO(3)g. This twist complexifies the gauge connection A, on
M with three scalars ¢, that now transform as a one-form,

Ay = A=A +woy, (6.16)

for some w with Imw # 0. The twisted theory in the bulk of V' = M x R, then localizes
to field configurations that obey a flow equation in the “time” coordinate on R;. Namely,
all fields except A, can be taken to vanish, and this complex connection along M obeys
gradient flow with respect to the holomorphic Chern-Simons functional
SV

%A“ =y chlM [Z;I;ICS(M; A)} : (6.17)
where s € [0,00) is the coordinate on R, . This is the same gradient flow in the space of
complex connections on M that defined Chern-Simons integration cycles, provided that
the parameter ¥" appearing here equals —k.

One must further specify boundary conditions for the four-dimensional path integral.
At the infinite end, asking for finite energy requires A, to be at a stationary point of the
flow (6.17). Therefore, fields must approach a fixed complex flat connection AZ on M.
The set of possible values for A, at s = 0 then becomes the set of solutions to gradient
flow starting from Az at s = oo; this is the cycle Fés itself.
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At the origin, the appropriate boundary condition is a modified Neumann boundary
condition that allows free oscillations of A. It is well known that a theta-term 6V fv Tr F?in
Yang-Mills theory induces a Chern-Simons coupling 6" Icg(M; A) = 6Y [,, Tr (AdA + 2 43)
at a boundary M = 9V, and this relationship gets complexified in the twisted N/ = 4 theory.
To be more precise, we recall that GL-twisted ' = 4 SYM has two free parameters:*>° the
complex gauge coupling 7 = % + % and the complex twisting parameter ¢tV € CP.
(The GL twist preserves two scalar supercharges and their conjugates, and ¢V parametrizes
the projective linear combination of the two charges being used as a BRST operator.)
However, all physical correlation functions in the theory depend on only one complex

“canonical parameter”
0" 4wtV —tV!
W (6.18)
o V2tV 4 tV-
The Neumann boundary condition at the origin breaks half of the supersymmetry, relating

tV2 =7V /7Y, which fixes the canonical parameter,

V|2 6V
S (6.19)

Neumann: U = Y] ,
Rer T

to be real. Moreover, the complexification parameter w in (6.16) becomes pure imagi-
nary, w = —iIm7'/|7’|. The correct supersymmetric coupling at s = 0 then becomes
—%ICS (M; A), and the path integral on M x Ry simply reduces to an integral over con-
nections on M at s =0,

\I’V
Zsym(M x Ry; W) = /F . DAexp ( - 47T1rcs<z\4;ft>> = 2cs(Msq),  (6.20)
CSs

with ¢ = e—2mi/ ¥

In this formula, it is clear that —U" plays the role®! of the Chern-Simons level k, but
there is no requirement that UV be an integer. Since M is identified as the boundary of a
specific four-manifold V, it is not necessary to quantize the level. Indeed, even though ¥V
is real in (6.19), one can easily analytically continue (6.17) and (6.20) to any ¥ € C*. We
emphasize that this is not analytic continuation in the coupling 7 of SYM, but rather in
W = 6V /x, since the latter is what the twisted theory depends on holomorphically.

So far the discussion has applied to a closed three-manifold M. In order to study
Chern-Simons theory on a knot complement M = S3\K, one must introduce a surface
operator along S = K x R, in the half-space geometry V = 83 x R_.3?> The surface
operator preserves the same supersymmetry as the boundary condition at s = 0. Let us
for simplicity fix the gauge group to be G = SU(2). Then the simplest surface operator is

39We decorate all the parameters here with a “v” in anticipation of an S-duality that appears below.

31In the above formula, we have UV = —k, where k is a renormalized Chern-Simons level; whereas in
the standard Chern-Simons path integrals (6.4)—(6.7), the coupling constant is the unrenormalized k. This
discrepancy is addressed in [19], and is related to a change in the path-integral measure.

32This preserves the codimension of the monodromy defect at /C in Chern-Simons theory, which is ap-
propriate for connecting with knot-complement theories Ths. An inequivalent way to analytically continue
Chern-Simons theory with 4d SYM is to put a Wilson loop operator along K at s = 0 in S® xR, preserving
the dimension of the defect. This case was studied in [19, 112].

— 88 —



characterized by four real parameters (o, 8",4",n") € R/(2rZ) x R x R x R/(27Z) [113].
The first three parametrize a singularity of the complexified gauge connection,

. oy p
A~ %(a\/ —wvyY) (1 0 > df + wa <(1] 01> oy (less singular) (6.21)
— T

in the plane perpendicular to the surface operator; whereas ¥ is a 2d theta-angle, coupling
to two-dimensional instanton number |, ¢ I in the path integral. (At the surface operator
itself, the gauge group is broken from SU(2) to U(1), so [ F' makes sense.) We see that
the holonomy of A around a small loop linking the surface operator (and hence the knot

K) has squared eigenvalues
2E = eiQﬂ'i(avfw‘yv) ) (622)

Moreover, in the case of Neumann boundary conditions at s = 0,  must vanish. The SYM
path integral on S? x R, in the presence of the surface operator should now evaluate to

Z&m (S x R 050, 4Y) = 205(SP\K; 3 q) (6.23)

agreeing with the analytic continuation of Chern-Simons theory on a knot comple-
ment (6.7). The partition function involves a choice of flat connection A“ on S3\K,
depends holomorphically on = and ¢, and is independent of 3V.

There is a convenient brane construction of this system in type IIB string theory. One
considers two semi-infinite D3 branes wrapping V' in the geometry 7% M x R x R? that end
on an NS5 brane that wraps M and sits at the origin of Ry C R. Codimension-two defects
along K x R, can then be engineered by including further intersecting branes.

Four dimensional S-duality. AN = 4 SYM on V has a useful S-dual description that
replaces the Neumann boundary condition at s = 0 with a Dirichlet-like boundary condi-
tion. In terms of type IIB string theory, S-duality maps the NS5-D3 brane system to a
D5-D3 brane system, i.e., a stack of semi-infinite D3 branes wrapping V= M x R4 and
ending on a D5 brane. In the field theory, the D5-D3 boundary condition — sometimes
called a Nahm pole boundary condition — effectively freezes out the degrees of freedom in
the complex connection A at s = 0, and rather than appearing directly as a Chern-Simons
path integral the 4d partition function takes the form of an instanton-counting expansion,

Zeym(M x Ry;z;q) = an,bq%b- (6.24)
a,b

Here ngyp is the (signed) number of solutions to certain instanton equations with 4d
instanton number a ~ fv Tr F? and two-dimensional instanton number b ~ f gF. The
numbers a and b may be fractional, as discussed in [19]; in the present case it turns out
that a € Z/2 and b € Z.

As before, the S-dual description must be supplemented with a choice of flat complex
connection at infinity on Ry. There is a one-to-one correspondence between flat connections
in the S-dual description and the original description, so we will continue using ‘@’ to denote
flat connections in this dual description. Technically, the S-dual gauge group is G = SO(3)
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(with complexification PSL(2,C) rather than GV = SU(2), but the distinction is subtle
and is not important in this paper. In particular, on a knot complement M = S3\K, flat
PSL(2, C connections can always be lifted to SL(2,C) connections.
The parameters (U, 7,t) of the S-dual theory are related to those of the original as
1 1 v
U= F=—,  t=_ 4V, (6.25)

o ay
Moreover, in the presence of the Dirichlet boundary condition, we find
t=1, U =Rer=0/2m. (6.26)
Similarly, the S-dual surface-operator parameters are
(. B8,7,m) = (n" =0, |77, —a’) . (6.27)
Therefore, the parameters g and x of the original SYM theory become

T ¢ = e2mintulthy) (6.28)

with w = —iIm7/|7Y| = —iIm7/|7|. These are the correct 4d/2d instanton-counting
parameters of the S-dual twisted SYM theory, which enter the path integral (6.24).

Lift to six dimensions. This can now be lifted to six dimensions. The type IIB brane
construction can be T-dualized to a D6-D4 system in type ITA string theory, consisting of
two semi-infinite D4 branes wrapping M x R X Sé in T*M x R3 x Sé, and ending on the
D6 brane. In turn, this can be lifted to a single configuration of two M5 branes in M-theory
embedded in the geometry described in (6.1):

M5s: M xD*x,8" ¢ T*M xTN x,S". (6.29)

A codimension-two defect along a knot ' C M can be engineered with additional inter-
secting M5 branes. To preserve supersymmetry, the additional branes wrap the conormal
bundle of K in T*M as well as D?x,S?.

From a field-theory perspective, the low-energy theory of the two principal M5 branes
is the six-dimensional (2,0) SCFT for Lie algebra A;. It is topologically twisted so that the
Lorentz group SO(3)g x SO(2)g on M x D? is redefined to be the diagonal in the product
of itself and the SO(3)r x SO(2)r subgroup of SO(5) R-symmetry. The twist preserves a
scalar supercharge @ (and its conjugate) that has charge +1 under the unbroken SO(2)r
R-symmetry. In addition, a codimension-two defect along IC x szqS 1 comes with a global
SU(2)x flavor symmetry. We denote the integer charge of states under a maximal torus
U(1)x € SU(2)k as e.

To recover the 4d construction from the 6d theory, one compactifies on the asymptotic
torus of D? x,S'. The tip of the cigar generates the Nahm pole boundary condition
discussed above, and the scalar supercharge ) coincides with that of GL-twisted SYM
in the presence of the boundary. The modular parameter of the compactification torus,
T = Pe+ifp~! (cf. figure 4), becomes the 4d SYM coupling. We already know, however,
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that neither the 4d nor the 6d partition functions depend on 7 alone. (For example, in six
dimensions, nothing can depend on the radius p of the topologically-twisted cigar.) On the
other hand, the partition functions should depend analytically on the canonical parameter

U = Rert = fe, (6.30)

which is just the geometric holonomy in D?x,S*.
The Mb5-brane partition function in this geometry takes the form of a BPS index with
respect to @ [19, section 6],

Z°(M x D*x 8% 23q) = Tr yarwpray(—1)2 e g7+ 22 (6.31)

where R is the generator of SO(2)r and J € %Z generates the SO(2)p rotations of D2
This index should reproduce the 4d instanton partition function (6.24). Indeed, upon com-
pactification, the angular momentum J becomes 4d instanton number a and we see that
it consistently couples to the fugacity ¢ = €*™¥. Similarly, one can argue that the flavor
charge e for a codimension-two defect descends to 2d instanton number b on a surface op-
erator, and that the corresponding fugacity x is given by (6.28). Finally, the BPS partition
function (6.31) depends on a choice of vacuum « to set the boundary condition at the infi-
nite end of the cigar, fixing the Hilbert space H(M x D;«). This is equivalent to a choice
of vacuum in the four-dimensional setup, i.e. a choice of flat complex connection A” on M.

Back to three dimensions. The 6d index (6.31) is intentionally written in the same
form as the BPS partition functions of the three-dimensional N' = 2 theories that we have
studied throughout this paper. By taking the 6d theory and reducing on M, we obtain a
three-dimensional theory Ty on D? x, S, whose holomorphic blocks are given by (6.31).
The parameters/charges ¢, J, and R of the 6d theory are equivalent to those that appear in
the three-dimensional construction. The chain of dualities reviewed here, however, allows us
to identify ¢ with the coupling of analytically continued Chern-Simons theory on M itself,

q = e = iV — eF (6.32)
Beautifully, this reaffirms the analytic dependence on Ret = (e that we found for
holomorphic blocks back in section 2.1.

Similarly, the three-manifold theory for a knot complement M = S3\K is expected
to have an SU(2)x flavor symmetry. The complexified twisted mass parameter x for its
maximal torus U(1)x C SU(2)x has now been identified with the eigenvalue-squared (m?)
of the holonomy of a connection A at the meridian of the excised knot I in M:

T = exp <27r6m,3’cd + i f{ A,C> = e2mintulrly) = 2 (6.33)
Sl
B

where A is the background gauge connection for U(1)x. Finally, we see that the choice
of vacuum « at the infinite end of the cigar in three dimensions is precisely a choice of flat
complex connection on M, defining a Chern-Simons integration cycle.
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In [16], ideal triangulations of manifolds M were used to define simple candidate UV
Lagrangians®® for the low-energy limit of the associated three-manifold theory. It is im-
portant to keep two things in mind about the theories Ty, of [16]. First, they are gauge
theories built using rules such as in section 4.1, and when M is a knot complement, they
always have a U(1)x flavor symmetry associated to the knot. It was conjectured that this
U(1)x can always be enhanced to SU(2)x at a point in the parameter space of Th;. For
example, all compact partition functions (and, as we shall see, holomorphic blocks) of Ty

L as would be the case for

are invariant under the inversion of the mass parameter x — x~
an SU(2) symmetry. However, further analysis along the lines of [115, 116] is necessary to
verify a true enhancement.

Second, the theories Th; of [16] do not know about all possible flat connections on a
knot complement M: they only appear to have vacua « corresponding to the irreducible
flat connections. Mathematically, this arises from the fact that reducible connections on
a knot complement are not naturally obtained by gluing together connections on ideal
tetrahedra. Physically, however, the interpretation of this statement has not been fully
clarified. (One possible scenario, proposed in [16], is that in the low-energy limit of the
(2,0) theory on M x R? qu’l, superselection sectors develop that decouple reducible
connections.) Fortunately, as was discussed in section 6.1, there does appear to be a
consistent truncation of analytically continued Chern-Simons theory that also only sees
cycles corresponding to irreducible flat connections. It is this truncated Chern-Simons

theory that should be compared to class-R constructions of Thy.

6.2.1 Remarks on gluing

It is of interest to find a six-dimensional description of the ellipsoid partition function and
sphere index of a knot complement theory. For this purpose, it would be most natural
to study the (2,0) theory on M x S§ or M x 5% x,S', respectively. Unfortunately, we
encounter the same problem as in three dimensions: the theories on Sg’ and SZXqS 1'do not
use a topological twist to preserve supersymmetry, and it is not clear how to implement
the necessary SUSY-preserving modifications directly in six dimensions. Note, for example,
that it is not even possible to topologically twist the (2,0) theory in a geometry M x S3;
the R-symmetry group SO(5)g is too small.

Nevertheless, we can consider the six-dimensional analogue of the stretched construc-
tion studied in this paper, and find yet another way to identify parameters (z,¢) and (Z, q)
on the two sides. Taking a stretched geometry (times M) as our starting point, we can
reduce to four dimensions and study the boundary conditions and/or brane configurations
that reproduce factorized partition functions of the form

(04lg10g) = | Byr(@s2)|2 = > Biyyla; ) Bar(@ ), (6.34)

where now g € SL(2,Z) acts as an S-duality transformation for GL-twisted super-Yang-
Mills theory, with both the coupling 7 and the canonical parameter ¥ transforming in the
usual way under SL(2,Z).

33 A direct M-theory derivation of the UV Lagrangians of [16] has been proposed in [114].
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For the index, the relevant configuration is a stack of two D3 branes wrapping M and
filling an interval I, with a D5 brane on one side and a D5 anti-brane on the other. (This
is the analogue of the S-dual framework discussed around (6.25).) Supersymmetry is only
preserved in this system in the limit of infinite interval length. In field theory, the bulk
parameters ¢ and ¢ at the two ends are related due to the reversed orientation as ¢ = ¢!,
just as desired. More interestingly, the parameter w that complexifies connections has the
opposite sign near the two boundaries. Consequently, the effective 2d instanton-counting
parameters at the two ends of are z = "™ and 7 = 7 = e~ *I7I,

We can learn something about integration cycles for the index by dualizing to a system
of D3 branes stretched between an NS5 brane and an NS5 anti-brane, similar to the original
construction of Chern-Simons theory via N'= 4 SYM. In the field theory, a Chern-Simons
coupling W1cs(A) is induced at the NS5 end, while a coupling —WIcg(A) is induced at the
NS5 end, with A = A — w¢. In the bulk of the (still infinite) interval, the theory localizes
to gradient flows for A — or, equivalently, gradient flows for A. In order to have finite
energy, the flows must spend an infinite amount of time near a flat connection®* A“ in the
middle of the interval. Flowing away from A% toward either end of the interval produces

conjugate integration cycles for A and A. The partition function then takes the form

Zsym(M x I;x;q) = Z </a DAe—if;Ics(A)> (
o Fes

This is precisely the analytic continuation of the full (non-holomorphic) SL(2,C) Chern-

fCS

X DAeififcs(A)> . (6.35)

Simons theory on a knot complement M, with partition function

22O (M2 q) = /DADAeiﬁrfcs(A)—iﬁrfcs(AX (6.36)

(Note that A and A are independent complex fields in (6.35), whereas they are complex
conjugates of each other in (6.36).) The connection between the three-dimensional index
of Ty and SL(2,C) Chern-Simons theory on M was also discussed in [11].

Of course, for a finite interval the NS5-D3-NS5 system does not preserve supersymime-
try — at least not at weak string coupling. It is unclear whether this is a serious problem
in the low-energy effective gauge theory on the branes. For finite string coupling, it is con-
ceivable that the branes can be arranged in a supersymmetry-preserving bound state. This
could provide the geometry corresponding to an index on the untwisted S2 XqS L but for
the moment it is just speculation. Further study in this direction should prove interesting.

The story for the ellipsoid Sg’ (or for more general Lens spaces) is similar. To repro-
duce the partition function of Th; on Sg’ , we should look at 4d SYM on an interval with
a Neumann boundary condition at one end and a Dirichlet (or Nahm pole) boundary at
the other. In terms of branes, this comes from a system of D3 branes on M x I, stretched
between a D5 brane and an NS5 anti-brane, or vice versa: the boundary branes are re-
lated by the element g = S of SL(2,Z). For finite interval length, the system appears to

34Recall that generically there are no flows between different critical points, so a given flow can only
choose a single A% to approach to in the middle of I.
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break supersymmetry by the S-rule of [117]. For infinite interval length, supersymmetry is
effectively restored, and the parameters (g, q) at the two ends are related by

G=e2mS(Y) — o 2miWY _ A (6.37)

Meanwhile, to understand the surface-operator parameters x, Z, observe that the presence
of both Dirichlet and Neumann boundaries forces @ = 1 = 0, and sets 7 = ¥ = 0 /27, with
zero imaginary part. Then z = el1*Y = e/¥1*Y at one end is transformed to

7= eV = gwr = g 1/¥ (6.38)

at the other, for (say) real and positive W. These are precisely the expected relations for
the ellipsoid partition function.

6.3 Examples

As examples of the correspondence between holomorphic blocks and Chern-Simons path
integrals, we consider three theories Ty, for M the complement of the trefoil (31), figure-
eight (41), and 52 knots in S3.

From the point of view of Chern-Simons theory, the meridian holonomy of a complex

+1 as discussed in

connection at the excised knot will have fixed squared-eigenvalues x
section 6.1. Then the three knot complements S3\K for K = 31, 41, 52 admit (respectively)
one, two, and three irreducible flat SL(2,C) connections A”. This counting is confirmed

by looking at the (irreducible) A-polynomials of the knot complements:

Az, (z,p) =p —2°, (6.39a)
Agy(z,p)=p+ (@ -z —2—a~' —a %) 4+p7 ", (6.39D)
As, (x,p) = 2'p? —2?(1—2+ 223+ 221 —25)p? — (1 -2z — 222+ —2°)p—1 (6.39¢)

Solving Ax(z,p) = 0 at fixed z yields as many solutions p”(x) as there are irreducible flat
connections.

The theories Ty, as constructed using the rules of [16], will then have one, two, and
three holomorphic blocks B®(z;q), respectively. By construction, the blocks will satisfy
line-operator identities A;c(i,ﬁ; q) - B®(x;q) = 0, where the operator Ay is a quantization
of the A-polynomial A(z,p). The quantum A-polynomials are given by [85, 118]

A~ ~ ~ N ;/\

As, (&,p;9) =P — ¢*4°, (6.40a)
N PN _1, 1. _1\aA ~ n ~ _ P e

Ay, (2,03q9) = (@22 — q22 l)p—l—(:n—a: 1)(1: —T—q—q ey 2)

(1—q¢*2%)(1 - ¢°3%). (6.40¢)
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The blocks B (x;q) provide a basis of solutions to these line-operator identities with the
analytic properties discussed in section 4.

Before describing the blocks of these theories, we should make a practical remark
about the knot-complement theories Th; constructed in [16]. In general, defining the com-
plete theory T)s requires a substantial refinement of the “standard” or “minimal” ideal
triangulation for a knot complement. The reason for this is discussed in [16, section 4.6].
Essentially, the minimal triangulation leads to UV theory that does not contain all the chi-
ral operators Oj needed to break flavor symmetries and enforce the gluing of tetrahedra.
These operators must be added to the superpotential in order for the theory to truly flow to
the correct fixed point Th;. Nevertheless, for computing quantities like holomorphic blocks
that are independent of superpotential deformations, we can use the “simplified” version
of Ty coming from a minimal triangulation, and just set the parameters for the unwanted
flavor symmetry to zero by hand. This is how we will proceed below. The simplified T}y,
leads to the exact same blocks as the more complicated true theory.

Trefoil 3;. We start with the trefoil knot complement M = S3\3;. The minimal trian-
gulation of M contains two tetrahedra, and is discussed in appendix B. The “simplified”
theory T3, derived from this triangulation is rather degenerate. At low energies, it is
just a dynamical U(1) Chern-Simons theory at level —1. There is a topological U(1)
flavor symmetry whose background multiplet is coupled to the dynamical vector multiplet
via an FI term, and a level +2 background CS coupling is turned on for U(1);. The
exponentiated, complexified mass of U(1);, denoted by x, corresponds to the squared
meridian eigenvalue for the knot complement.
A block integral can be found using the rules of section 4, leading to

ds O(sz™1) ssx 1 ds
Bs, (239) :LQﬂ'is (9(:1;)3) - 9(3:)3AZ7TZ'S 6(s). (6.41)

where 0(x) := 6(x;q) denotes the theta function first defined in section 2.5. There is a

single block, and since the integration is xz-independent, it is easy to see that the block is
annihilated by the quantum A-polynomial for any choice of integration cycle:

1 . 3 1 1 q%x:g
(qz) = q%xe(x) = (p_q”?’)e(xﬁ = 0P 6P 0. (6.42)

Also note that the block is invariant under z — 2 ~!, which reflects the Weyl symmetry for
the meridian holonomy, and the fact that in the full theory T3, there may be enhancement
U(l)J — SU(2)]C.

The integral can be performed to normalize the block. For |¢| < 1, the natural conver-
gent contour I'< is around the girth of the s-cylinder, at |s| = 1 or Re S = 0. The integral
merely picks out the zeroth Fourier coefficient:

ds 0(s 0 1
B, (#39) = (@)oo /F< 57s 9(21))3 = 68?@3 05 0)ls0 = 5o

For |g| > 1, the natural convergent contour is parallel to the Re S direction, from one end
of the cylinder to the other. The integrand has a full line of poles at S = im + h(Z + %),

(lgl <1). (6.43a)
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which the contour can never cross. Numerical integration gives

Bz, (z;q) = (q11)<,o/p> % 99((;)3 = 9(;(1)3 (lg| > 1). (6.43b)

Figure-eight 4;. As is discussed in appendix B, one realization of the simplified figure-
eight knot theory Ty, is identical to the CP! sigma-model of section 5, with the topological
flavor symmetry U(1); “broken” by hand — so that the complexified mass (a.k.a. FI pa-
rameter) y is set to one. This is an oversimplified description of Ty, because there exists no
operator charged under U(1); that can be added to a superpotential to break the symmetry
naturally. Nevertheless, we can use the description to write down the block integral:

1 ds 1
By, (z;q) = Lol @)oo (57 25 ) oo - 44
i) = o5 [ g gy @ 0 ) (6.44)

Note that we have chosen theta-functions judiciously, to allow the y — 1 limit to exist.
There are two vacua, and two critical points, corresponding to the two irreducible flat
connections on the figure-eight knot complement. We already know how to find convergent
contours in various Stokes chambers. In the semiclassical chamber ‘I’ described® in
section 5, the two blocks are (cf. (5.18))

By, (;9) mj(%wQ;Q),
Bj, (z;q) muﬂﬂﬁ_l@_g;@,

lgf <lor|q>1, (6.45)

modulo factors of (¢™!)s. Note that, using 0(z) = 0(z~'), the Weyl symmetry x — 27! is

explicitly realized in this basis of blocks. In fact, the vector U(1)y flavor symmetry of the
simplified theory, with mass x, can obviously be enhanced to SU(2)y. The blocks (6.45)
are solutions to the difference equation (6.40b).

It is straightforward to check that the S-fusion sum of blocks

Z[4](X.h) =) By, (2:9)By, (%), (6.46)

with z = exp(X), ¢ = exp(h), T = exp(%X), qg= exp(—%), reproduces the output of
the “state integral” for analytically continued Chern-Simons theory on the figure-eight knot
complement, studied in [53, 85, 101]. In fact, different representations of the state integral
were given in [53, 101] and [85], which were proven to be equal by [94]. The different
representations are explicitly obtained by substituting ¥ = p, = 0 in (5.44) and (5.45)
of section (5.5). Thus, they are simply associated to different Stokes chambers of Ty, .
Similarly, the figure-eight index of [11] is just Z[41](¢,m;q) = >, BZI (z; q)BZ1 (z;q) with

m ~ 1

the usual identification z = q%c, T = q?C_l, q=gq

35This chamber was loosely described as having large positive FI parameter, |y| > 1. Here, even though
we have set y — 1, part of the chamber still survives. This can be seen qualitatively by taking a slice of
the plot in figure 19 at ReY = 0.
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Knot 52. The last example, the 52 knot complement. The simplified theory 75,,
obtained in appendix B, is a variant of the three-dimensional CP? sigma-model. Namely,
it is a dynamical U(1) gauge theory coupled to three chiral multiplets of charge +1, but
with a level —% Chern-Simons coupling for the gauge field.?¢ A priori, there is a U(1);
topological symmetry and a U(1)? flavor symmetry rotating the chirals. However, the
complex FI term on D?x,S* (the mass for U(1),) is set to zero by hand, and the only
mass we turn on for the chirals corresponds to a U(1)y € U(1)? that rotates them with
charges (+1,—1,0). Its exponentiated, complexified mass is 2. We also turn on —2 units
of background Chern-Simons coupling for U(1)y.
Altogether, the block integral becomes

ds 0(x) -1 -1,.~1 -1
B 3 q) = 3q) oo yq) oo 3 q4) oo
52 (73 q) /*ms og-te) (4575 @)o0(q5 275 q)0(gs™ w3 q)

S s~lg~1L 00 5_1:1}; 00
= 0(z) / Qfm_s (g ’é?q)gi oo (6.47)

There are three vacua, and three relevant critical points. In a Stokes chamber where the
theory would look like a massive semi-classical CP? sigma model on the Higgs branch, the
three corresponding blocks are found to be

Bg,(x3q) = 0(z) G(z,27 ", 1;q),

2 (o 0(x) 2 ..
B52(‘r7Q) 9(7q )g(x,x 7xaQ)7 (648)
6
B3, (x3q)

9(7(] _1) ( ) ) aQ) )

I
[N e

modulo factors of (¢*!)s and A, where

G(z,y,2q) = (qx;q)oo(qy;q)oo; O D e (6.49)

Note that the series converges and the blocks make sense both for |¢| < 1 and |g| > 1, as
usual. Also note the obvious Weyl symmetry « — 2~! in this basis of blocks. The blocks
are annihilated by the quantum A-polynomial (6.40).

6.3.1 Asymptotics

Let us denote the asymptotic behavior of a knot-complement theory as

Bi(z;q) "2 exp <;va(:¢) _ ) (6.50)

for fixed = in a given Stokes chamber. For h real (say), it does not matter whether we
approach i — 0 from positive or negative values, using the |g| < 1 or |¢g| > 1 blocks. Since
each B,%(x; q) should equal the analytically continued Chern-Simons partition function
205 (SP\K; 25 q) (where vacua o are matched with flat connections A), then given (6.14)
we should have

VY (2) = V(A% (x)), (6.51)

36The half-integer Chern-Simons level is necessary as usual to avoid an anomaly.
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so that the leading asymptotics of the blocks match the holomorphic volume of the corre-
sponding flat connection.

Each V*(z) in (6.50) can be evaluated by a saddle-point expansion of the block inte-
gral, evaluating the integrand of the block integral at a critical point s“(z) in the h — 0
limit. These critical points are in one-to-one correspondence with solutions p(z) of the
A-polynomial Ax(z,p) = 0, and thus with flat SL(2,C) connections A“. By construction,
as x varies locally, the h — 0 limit of the line-operator identity forces V*(z) to satisfy the
differential equation

dV®(z)
dr

@

/

x (6.52)

T

=logp”(z), or V(z)= /x log p” (")

for an appropriate pa(az). This is precisely the variation of the holomorphic volume of a
connection A (cf. [119, 120]). All that remains is to match the absolute asymptotics of
V%(z) (rather than the variation) at fixed .

Although we have been unable to fix the absolute normalization of holomorphic blocks,
the ambiguity only involves elliptic ratios of theta functions 6(4¢*x; ¢) and constant terms
(a™)
7T2

6
up to elements of %QZ. We can thus establish that our blocks correctly reproduce the

- The leading asymptotic of an elliptic ratio of theta functions vanishes modulo
and (¢)s ~ exp(£7w2/6). Consequently, the normalization of our blocks is fixed

volumes of flat connections modulo such shifts. (This ambiguity can be compared to an
identical one found in computing volumes of SL(2,C) connections using oriented ideal
triangulations [121].) Note that in different regions of parameter space, the asymptotics
of a single block can be controlled by different critical points due to Stokes phenomena.
Consequently we must always be sure to use a single basis of blocks which is naturally
associated to the critical points in a given Stokes chamber. These will correspond to unique
choices of flat connections. Below we report on the numerical evaluation of asymptotics of
the blocks given above at fixed values of mass parameters.

Of course, this is hardly the first situation in which the asymptotics of a finite-
dimensional integral have been compared to volumes of flat connections. The same was
done for “state integrals” in Chern-Simons theory — which should equal the ellipsoid
partition functions Z,[T)] of knot-complement theories [16] — in, e.g., [53, 101, 122].37
Namely, it was seen that the saddle-point expansion of a Z,[T)/] integral around particular
critical points « (in the & — 0 limit) agrees with the holomorphic volumes of connections
A%. From the point of view of blocks, this is no surprise. The integrands of block inte-
grals and localized Z;,[T)/| integrals are identical perturbatively in h. Likewise, the i — 0
asymptotics of a product B”(x; q¢) B*(Z; §), which appears in Z,[Th], are completely deter-
mined by the asymptotics of B*(z;q), because B®(Z;q) is non-perturbative: it depends on
F=zaY"and § = e—4m?/h, Thus, modulo (important) technicalities of Stokes phenomena,
the saddle-point expansions of Z[Th/] integrals ought to match the asymptotics of blocks.
In principle, we could also compare subleading asymptotics of blocks to perturbative quan-
tum invariants associated to complex flat connections. However, the procedure for doing so

37Not to mention the construction of many ad-hoc integrals in the mathematics literature that involve in-

tegrands symmetric in i <> —% and produce asymptotics of colored Jones polynomials, starting with [22].
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is straightforward, and basically identical to that described for state integrals in [53, 122].
Since we gain no new insight from the comparison, there is no reason to include it here.

Trefoil asymptotics. Given the asymptotic expansion
ﬂ_2
O(wsq) "< emar (o8 G ta (gl <1 or Jg| > 1), (6.53)

with A approaching zero along the real axis from either the positive or negative directions,
we find for both |¢| < 1 and |g| > 1 that Bs, (z;q) ~ exp [3+ Vs, (z) + O(1)], where

3 9 72
Vs, (x) = i(log x) (mod 6) . (6.54)
This matches the known volume of the unique irreducible flat SL(2,C) connection on
the trefoil knot complement, as well as asymptotics of Jones polynomials for the trefoil,
cf. [123, 124]. In particular, when the eigenvalue x is set to one, the volume Vol(31) =
Im Vs, (x = 1) vanishes, in agreement with the fact that the trefoil is not a hyperbolic knot
(so its “hyperbolic volume” is zero).

Figure-eight asymptotics. From the perspective of Chern-Simons theory, it is desirable
to compute asymptotics at x = 1, since this should correspond to complete hyperbolic
structures. However, the theory becomes massless in this limit and the blocks become
singular exactly at = 1; we look in a neighborhood of x = 1 instead.

A saddle-point analysis of the blocks integrals (6.44) predicts

1 1
By (x;9) "=° “Vy, (2 5 O(h° 6.55
@0 e [V ) 1000 (659)
up to an overall multiple of ¢ and exp g—z, where
2 1 9 1 2t =1 —1 -1
Vy, (x;8) = 3 + a(log x)° + §(log(—s)) + Lig(s™ 2™ ") 4+ Lis(s™ '),

and s*(z) are the two solutions to

exp(saulla(x;s))—l = sa(x):—%(1—x—a:fl)j:%\/xQ—2x—1—2x_1+x_2.
s

Note that the natural branch cuts of log and Lis in V4, are those expected from sending
h — 0 along the real axis. Around the point z = exp IQ—‘EZ‘, it can be checked numerically3®
that (6.55) are indeed the correct asymptotics of the blocks (6.45) — both for |¢| < 1 and
lg| > 1, as long as £ is approximately real. Note that the subleading one-loop determinant
1/~ in (6.55) is necessary for a reasonable comparison, because anywhere close to

V/h

x = 1, for A real, the leading asymptotic term e is highly oscillatory rather than

exponentially growing or decaying.

38We thank D. Zagier for some extremely helpful lessons in numerical testing of asymptotics.
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Working at the point x = exp 12—‘5i, it can be determined numerically that

Vy, (25 8%(z)) =

—0.0043301 + 2.02987967 o =1 72
mod — |, (6.56)
0.0043301 — 2.0298796 % oa=2 6

precisely matching the expected holomorphic volumes of the “geometric” and “conjugate”
flat SL(2, C) connections on the figure-eight knot complement, deformed by the nontrivial
boundary condition z (cf. [125]). The oscillatory behavior mentioned above is due to the
fact that the real volume |[Im Vy, | is much larger than the Chern-Simons invariant |Re Vg, |.
Of course, we can even send x — 1 in (6.55) to get the exact hyperbolic volume and
Chern-Simons invariant for the figure-eight knot at the complete hyperbolic structure,

2 2

z’(Vol(41)+iCS(41)):V41(1,31(1)):%—2Lig(e’%)%2.0298832i <mod 7;) (6.57)

The Chern-Simons invariant vanishes, as expected. We emphasize, however, that the blocks
themselves become singular and no longer have an asymptotic expansion governed by (6.57)
exactly at ¢ = 1.

Knot 55 asymptotics. A saddle point evaluation of the block integrals yields

SRR~ I S ex 1 z; s¥(x 0
B, (z39) T TEeT e 7 Voo (2;5%(2)) + O(RT) | (6.58)

up to an overall multiple of ¢ and exp g—;, where

1
Vs, (z,8) = —i(log 2)? + Lig(s 1271 + Lig(s'z) — Lia(s), (6.59)
H(z,s)=s(z+a ' +1—-s>—251), (6.60)

and s®(z) are the three solutions to

exp (sag?) =1 = (1-s)1-sz)(1—sz7t) =5, (6.61)

We find experimentally that these asymptotics hold for the blocks in the semi-classical
Stokes chamber (6.48) as long as |log|z|| 2 1.5. Otherwise, different bases of blocks
(different Stokes chambers) must be considered.

Again, the variation of the functions V(x,s%(x)) match the expected variation of
the holomorphic volume of flat SL(2,C) connections A by construction, so in the limit
x — 1, we should recover the well known complex volumes of irreducible flat connections
with parabolic meridian holonomy (unit eigenvalues), fixing the normalization of the
asymptotics:

1.11345 4+ 01 a=1 )
lim Vs, (z,5%(z)) ~ £ 0.26574 + 2.828120 o =2 <mod 2) (6.62)
T

0.26574 — 2.828127 « =3

In particular, for the geometric flat connection (o = 2), we find the complete hyperbolic
volume Vol(52) = 2.82812.. ., and the Chern-Simons invariant CS(52) = 0.26574.. ..
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6.4 Stabilization and specialization

We would now like to investigate the specialization of holomorphic blocks to quantized val-
ues of mass parameters: x = ¢V for integers N. The dictionary established in sections 6.1
6.2 between blocks and Chern-Simons theory suggests that for knot-complement theories
Ty, M = S3\K, this limit should have something to with the colored Jones polynomials of
the knot K. We will propose one way to make this connection concrete, by relating blocks to
the so-called stabilization limit(s) of colored Jones polynomials. It requires treating blocks
as formal series in ¢ and ¢V. Subsequently, we will make a brief, intriguing observation
about the specialization z — ¢~ when blocks are treated as actual functions of ¢ and N;
namely, in this case, the dependence of blocks both on vacua « and on Stokes chambers
appears to vanish. Altogether, this section is experimental in its approach. We hope that
our observations will find a deeper theoretical and physical underpinning in future work.

We first define the stabilization limit. Given the sequence of SU(2) colored Jones
polynomials {JN(IC; q)}NGN for a knot KL C S3, the stabilized limit J(K; x; q) is constructed
as follows [54-57]. Define the lower degree d(N) € %Z to be the smallest power of ¢ present
in Jy(C;q). Since the Jones polynomials satisfy a g¢-difference relation, it follows by a
general theorem (cf. [56]) that |d(N)| grows quadratically in N. In fact, it is often an
honest quadratic polynomial in N, and this is the only case we will consider here. Then
one can consider the limit of ¢~*) Jy(K;q) as N — oo, and generally this converges
(“stabilizes”) to a well-defined formal power series in q%:

lim ¢ M JIn(K;q) = jolg) =1+... € Z[q2]. (6.63)

N—oo
The convergence to the series jo(g) is linear in N; that is, ¢~“™).Jx(K; q) = jo(¢q) modulo a
series whose minimal power of ¢ is roughly N. Therefore, one may expect that the sequence
Mg
process can (potentially) be repeated to define a formal series

AN Jn (K3 q) — jolg )) again converges to a well-defined g-series limit j;(q). The

J(K; 75 q) Z]r , (6.64)

where the j,(q) are formal Laurent series in q%, such that for every positive integer A

A
lim gAY [q—dW)JNUC;q) —er(q)qTN] =0 (6.65)

N—oo

in the ring of formal g-series. If such J(K;z,q) exists, it is called the (lower) stabilization,
or stable limit, of the colored Jones polynomials.

The stable limit (6.64) has been proven to exist for all alternating knots (including the
31,41, 52 examples here), and conjectured to exist for all knots [57]. In addition to the
lower stabilization just described, one can also consider an upper stabilization with similar
properties. That is, one defines d4(N) to be the mazimal power of N present in Jy(K;q),
and tries to find J(K;z71¢71) = Y00 0j7g+) (¢ Hz ™", with the j(+) (¢71) Laurent series
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in q_%, such that limpy_soo qAN [q_d““(N) JIN(K;q) _Zf:o j7(~+) (q_l)q_rN] = 0 for all positive
integers A, in the sense of (g~!)-series. Since the Jones polynomials of a knot K and its
mirror image K are related by Jy(K;q) = Jn(K;q 1), the lower stabilization for K is
equivalent to the upper stabilization for &, and vice versa.

Now, recall the relation (6.9) between Jones polynomials and partition functions in
analytically continued Chern-Simons theory,

IN(K;q) ~ > naZis(xiq), (6.66)

with z = ¢’V. As discussed in section 6.1, this is a sum over all flat SL(2, C) connections on
a knot complement M = S3\K. On the other hand, we expect that the gauge theory Ths
defined by [16] only has vacua o and blocks Bj(;q) corresponding to irreducible (and
in particular nonabelian) flat connections. The main reason we are presently interested in
the stable limit of Jones polynomials is that it can effectively project out the abelian flat
connection (and perhaps others) from the sum (6.66). Then if indeed Z¢g(z;q) = By, (3 q)
for « irreducible, we should be able to write stabilizations J(K; x; ¢), multiplied by ¢,
as sums of blocks.

We expect that a lower (resp. upper) stable limit projects abelian flat connections
out of colored Jones polynomials precisely when the lower (resp. upper) degrees d(N) of
the polynomials grow quadratically — that is, d(N) ~ aN? + bN + ¢ with a nonzero and
negative (resp. positive). One motivation for this is as follows. The AJ Conjecture [51]
predicts that colored Jones polynomials satisfy an inhomogeneous recursion of the form

A (2, p1q)In (K q) = R(x:q) (6.67)

where fl‘]\r/} is a quantization of the nonabelian A-polynomial, Z acts as multiplication by
r = ¢V, p multiplies by (1) and sends N — N + 1, and the r.h.s. R(z;q) is a fixed
polynomial in z = ¢’ and ¢. The recursion (6.67) implies a homogeneous recursion of the
form AM(ﬁc,ﬁ; q)Jn(K; q) = 0, where Ay is a quantization of the complete A-polynomial,
including the abelian connection. If J(K;x;q) is a lower (say) stabilization of Jx(K;q),
and if d(NN) is quadratic, then it is easy to see that (6.67) also implies

AR (2,55) - qd(N)j(lC;:c;q)} =0; (6.68)

the inhomogeneous term R(q";q) disappears because its degree only grows linearly in N.
But Equation (6.68) is precisely the recursion that should be obeyed by the nonabelian

functions Z¢

gé abel- (2 ¢), suggesting that the stabilization has projected out the abelian flat
connection. Similar remarks apply in the case of upper stabilization.

Recall that the holomorphic blocks B} (; q) of the gauge theory Ty also satisfy (6.68),
with fllﬁ interpreted as an element in the algebra of line operators. In fact, the blocks
provide a basis of solutions to the line-operator identity, with certain analytic properties.
Then it is natural to expect that a stable series ¢V )j(IC; x;q) can be directly written in

terms of blocks. We wish to test this idea with our three knot examples from section 6.3.

-102 -



Trefoil stabilization. We start with the (left-handed) trefoil knot. The Jones polyno-
mials are given by the formula [126]

A= —6k2—k ( 6k—1
— > g (¢ 1 —1). (6.69)
q k=—(N—1)/2

IN(3159) =

=R

NI

—4q

The lower degree d(N) = $N — 1 is linear, but the upper degree d4(N) = 3N? — 1 is
quadratic, and it is not too hard to see that the polynomials have a trivial stabilization,
stabilize to the upper limit

—1
—\q oo SN2_175 — — 7 - —
JN@U(I)”%(*UNCIQN T Bua Vg, J+(31;27 ¢ ) =1. (6.70)

qi—q 2

In other words, aside from a constant prefactor —(g~!)uo/ (q% — q_%) and the quadratic

d+(N)

term ¢ = q%NLl, the stabilization is triviall

On the gauge theory side, we found that 73, has a single block

Bs, (z3q) = (6.71)

0(x;q)% "

Upon setting = = ¢V, the theta function simplifies to 0(¢"V;q) = q_NTQ (—q%; q)%,, and thus
we find that the block equals the stabilization up to simple g-dependent prefactors and a
sign (—1)". The sign is expected: it comes because we have used a different polarization in
defining gauge theories Ty than is standard in Chern-Simons theory. (Put differently, our
't Hooft operator p is related to the standard shift operator { of quantum A-polynomials
by a sign, p = —f) The simple g-dependent prefactors are also to be expected. Indeed, our
construction of blocks only defines them modulo elliptic functions ¢(z; ¢). When specializing

N

to x = ¢", an elliptic function just becomes a function of ¢, since c¢(¢";q) = c(1;q).

Specifically, elliptic ratios of theta-functions just become factors like (£¢7; q)oo

Figure-eight stabilization. The Jones polynomials of the figure-eight knot are given
by [127, 128§]

\2

N-1

In(415q) = q k- (6.72)

q k=0

l\)\»—‘ N
W iz

Since the figure-eight knot is isotopic to its mirror image, the polynomials are invariant

under ¢ — ¢~ ', and upper and lower stabilizations agree. Taking the lower, we find*? that
In(41;q) ~ %q M T (41:¢";9), (6.73)
q2 —q 2

39We normalize the Jones polynomials so that the unknot U has Jn (U) = (¢V/2 — ¢ N?)/(¢*/? —¢q~1/?).

40 At this point, we must thank S. Garoufalidis and D. Zagier for discussing and sharing data on stabiliza-
tions with us, including the formula for the figure-eight knot here. This formula led to the initial realization
that stabilizations should be connected to blocks.
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with d(N) = —N?+ ;N and

—ks k+23

J(41;7;9) Z = (6.74)

k,s=0

The series (6.74) is very similar to a ¢-Bessel function, aside from the fact that it does not
converge as an actual function of ¢ and z for any x € C* and |g| < 1, due to the large

quadratic powers ¢~ **

in the numerator. It only make sense as a formal power series in ,
whose coefficients are formal Laurent series in q. We can reproduce the series by similarly
doing formal manipulations on blocks.

For example, consider the second figure-eight block in (6.45). We re-write

1
Bf, (v1q) = ——————J(a 275
14, (z39) B@)0(—q 32) (x7,27%q)
gro—2 Cav ) & (k1,2 k
= 49( q xil) j(x,wz;q_l) _ 9( q xil) (q 7Q)oox
0(z)0(—q 2x) 0(x)0(—q 2x) =5 (@
9(—q%x_2) 0 ks ght2s

Lﬁ:ﬂ@(q;)@(—qféx) k,5=0 (Q)k(q)s ’ (675)

where the final equality is not true in the sense of functions, but makes sense for for-
mal series. We also substitute quadratic powers of ¢ for the theta-functions: 6(z) —

N(N-—1

2 )
q_NTa 9(—(]_%36) — (=1)¥g~ 2 and in general

)
9(( l)aquc Q) N (_1)ach—7N2—ch' (6.76)

This corresponds to the specialization to z = ¢V, modulo (potentially divergent) factors
which are independent of N. As noted above, this specialization is independent of elliptic
ambiguities. Altogether, we find

) N N2y qfks k+2s
B, (ziq) — (-1 Z (6.77)

in agreement with the stabilization up to the same sign correction (—1)" and g-prefactors.

Curiously, we could also have obtained (6.77) by applying formal power-series identities
to the first figure-eight block in (6.45). It could also have been obtained by using any of the
blocks in the other two Stokes chambers of the theory! When allowing formal identities
and forgetting about the functional meaning of the blocks, the dependence on different
vacua « and on Stokes chambers disappears. It is not yet clear what this means, or how
general a phenomenon it is.

Knot 55 stabilization. Finally, the colored Jones polynomials of the 52 knot also
have a lower stable limit with quadratic growth. By using formulas of [128], we find
experimentally that

Jn(B2;q) ~ &(—1)%‘31\[2”“7(52;qN;CJ), (6.78)
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with
k(k+1)—(r+s)k r+2(s+k)

q
J(52;2:q) rszkjo SSROXOR . (6.79)

Just like for the figure-eight knot, this formal series does not converge to an actual
function. To reproduce it, we can take (say) the third block of (6.48), and manipulate it as

3y 0@ 2L 2. - z
B52($’q)_9(_q%x—1)(q 1)l ’q)mkzzo(q‘l)k(qx—lsq)oo(qx—2;q)oo

k+1) —k— ll‘;q_l) (q—k 1 Q’q l)oofE%

= 6@) Z = (q_olo)k

= f(a)0(—g2 )J(5z;x;Q)
—q —5N? TN (59;2:q), (6.80)

where in the penultimate line we formally expanded a series in z, and in the last line we
specialized theta-functions as in (6.76).

Specialization. We have observed experimentally that by using formal manipulations of
(q, z)-series, the blocks of a knot complement theory Ty, reproduce stable limits of Jones
polynomials. We also observed, at least in the limited examples here, that the stable limit
could be reproduced from a single block rather than a sum as in (6.66); and sometimes it
does not matter which block B};(z;q) is used in this process.

We have spent much of this paper considering questions for which blocks B“(z;q)
should define honest functions of x and ¢q. The above examples suggest that it might be
interesting to consider directly the specialization z — ¢, for N € Z, in these honest
functions — without doing any formal manipulations or rearrangements of power series.
We have investigated this limit for the 47 and 55 knots and found yet another curious result.

Let us take the three blocks (6.48) of the 52 knot, specialize theta-functions using (6.76)
(recall that this specialization is canonical, independent of any extra elliptic-function pref-
actors in the blocks), and set 2 = ¢"V. We obtain three g-series that are all convergent as
functions and equal:

NN N q.N_( \N. NN 9N N.N_ \N.-N. N _9N _N.

¢ 26", " L) =(-1)"g26(¢", ¢, ¢ s0)=(-1)"q¢ 2G(¢ " q a5 q),
(6.81)
for || < 1 and all N € Z. We tested these identities numerically. When |g| > 1, all three
sums (6.81) diverge at N € Z, but if we take N to be a continuous variable then the ratio
of any two sums converges to one as N approaches integers.

We can consider a similar specialization to = ¢V for the figure-eight knot as well,
and obtain the same type of result. It is even more interesting to look at the blocks of the
original CP! sigma-model. Recall that this theory has two mass parameters x,y, and that
setting y = 1 recovers the figure-eight blocks. We can then set z = ¢"V and y = ¢¥, for
integers N and K, and rewrite any theta-function prefactors again using essentially (6.76).
We find that all blocks, in all chambers investigated in section 5, become equal. For
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example, at |g| < 1 the six blocks written in section 5 specialize to three distinct sums,

2_ _N _ 2 N _N_— _
(—1)NgVTENm2 g (N N ) = ()N gV N2 g (g N R g2 N g) (6.82)

K2 N

K2 N2 | K _
= (-)Egz 2t g(¢" N, "),

which are equal for all N, K € Z. This equality of specialized blocks in different chambers is
not inconsistent with linear (Stokes) transformations of the exact blocks found in section 5,
because we have rewritten theta-function prefactors using (6.76) rather than substituting
(z,y) = (¢, ¢") in their arguments directly.

Based on these observations, one might hypothesize that when specializing the holo-
morphic blocks of a knot complement theory Ths to quantized z = ¢’V — or more generally
when specializing the blocks of any N' = 2 SCFT to quantized masses z; = ¢’© — the
dependence on flat connection (or vacuum) and Stokes chamber vanishes. One would then
be left with a unique specialized block By (g) as a well-defined function of N and ¢ inside
or outside the unit circle. The physical basis for this unification of blocks is still under
investigation. It is reminiscent of topological string constructions which are obtained by
large N duality, the Kéhler parameters (which become mass parameters in an effective
QFT description) are frequently quantized in units of the string coupling.
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A Three-dimensional supersymmetry and BPS indices

In this appendix, we briefly review some details of the BPS index for a theory with N = 2
supersymmetry in three-dimensions. The N = 2 supersymmetry algebra in three dimen-
sions follows from dimensional reduction of the N’ = 1 algebra in four dimensions. We
adopt the conventions of [129], and take the signature to be (—,+,+,+). In four dimen-

sions, the four supercharges are grouped into a pair of two-component Weyl spinors Q,, @4

of opposite chirality obeying QT = Q, and

{Qaaéo}} = 20';n6Pm 3 (Ala)
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{Qa; Qﬂ} = {@émaﬁ'} =0, (Alb)

where m = 0,1,2,3. Here ¢° = I and ¢™ are the Pauli matrices for m = 1,2, 3.

The little group for massive states in four dimensions is SO(3)g ~ SU(2)g, under
which the supercharges both transform in spin—% representations. Specifically, letting J3
be the generator of rotations in the 1—2 plane, we have

[J3,Q1] = %Q1 [J3, Q2] = —%Qm [J3, Q4] = —1@1 [J3,Qs) = %@Q- (A.2)

2

In addition, there is an R-symmetry U(1)gr with respect to which the supercharges have
charge +1,

[Rv Qoz] = Qa [Ra @d] = _702 . (AS)

It’s most convenient to reduce to three dimensions along the m = 3 direction. The
m = 3 component of the momentum becomes a real central charge, P3 = Z. Massive states
in three dimensions transform under the little group SO(2)g, whose generator is Js3. We
can label the spinor indices a = (+, —) and & = (—, +) to indicate helicity:

[J3,Q+] = i%@i» [J3,Q4] = i%@:ﬁ: : (A4)

Also, the R-symmetry descends in a trivial manner to a three-dimensional R-symmetry.

We see from the above commutation relations that the combination J3+ %R commutes
with a pair of supercharges (Q_, @, ), while J3 — %R commutes with (Q1, Q_). Each of
these pairs are Hermitian conjugates, and we obtain

Q0. }=2P"—2) = He, {Qu,Q}=2P°+2)=H_,  (A5)

while
—2
Qi=Q.=0. (A-6)
The positive-definiteness of H leads to the BPS bound P° > |Z|.
We can construct two different BPS indices from this algebra,

I*(B;q) = Tre P (—1)2Bg~ =3 T (B;q) = Tre P (—1)2g5%5 - (A7)

Let us assume that we have regularized the theory so that the spectrum of the operator in
the trace is discrete. Then in the case of Zt(/3; q), the only states that contribute are those
annihilated by both @_ and @, . Otherwise, the contributions from a state |¢) and (say)
Q 4 |[¥) will cancel each other out, because Q 4 commutes with —J3 — % and anti-commutes
with (—1)2/3. Therefore, the index Z7(3;¢) only receives contributions from BPS multi-
plets. Indeed, the Hamiltonian H also annihilates all states that contribute, meaning P° =
Z, which is the BPS condition. Similarly, the index Z~(3;q) only receives contributions
from anti-BPS multiplets, i.e. those annihilated by Q4 and Q_, and satisfying P’ = —Z.

Both indices are independent of 8. Furthermore, it is useful to observe that neither
D-term nor F-term (superpotential) deformations of a theory can affect the indices. For
example, a superpotential deformation amounts to an insertion of some operators [ d’0 0
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and [d?0 O in the indices. These can be written as {Q_,[Q+, A]} and {Q,,[Q_, A]},
respectively, for an appropriate A, and thus vanish inside both indices. An analogous
argument shows invariance under D-terms.

Note that instead of (—1)2/3 we could use (—1)# in I*(8;¢) to produce indices with
the same essential properties. In fact, the simple replacement ¢ — —¢ implements this
modification. This is the relevant situation for holomorphic blocks. When R is not integer-

valued, (—1)® means ™%,

B Combinatorics of triangulated knot complements

In this appendix, we provide combinatorial details for the knot complement examples of
section 6. In particular, we derive the simplified theories Ty for the trefoil (31), figure-eight
(41) and 52 knot complements. It was discussed in section 6 that these simplified theories
— corresponding to minimal triangulations of the knot complements — are somewhat
degenerate, and are missing operators necessary to break some flavor symmetries. The real
masses for these flavor symmetries are set to zero by hand.

Our notation follows [16] and [11]. The logarithm of the squared meridian eigenvalue
(m) is called X = logm? = U. The logarithm of the longitude eigenvalue (¢) is called
P =log(—¢) =v.

Trefoil 3;. The minimal triangulation of the trefoil knot complement has two tetrahedra.
Call the logarithmic shape parameters (complexified dihedral angles) of the tetrahedra
7,7',Z" and W, W', W". The coordinates defining the gluing, obtained from SnapPy [130],
can be written as

X:_Z//+W//
Ch=Z+W
Co=27Z4+27"+27" +W +2W' + 2W"

P=1324+2-32"-W-W'+3W") —ir -1,

(B.1)

where C7 and (5 are the sums of angles around the two internal edges. The semiclassical
gluing constraint is Cy = Cy = 27 + h. We ignore the redundant constraint Co = 27i 4 F;
use the relations Z+ 7'+ 7" = W4+W'+W" = ir+h/2 to eliminate Z' and W’; and define
a momentum coordinate I' = W conjugate to Cy. Then the equations are re-written as

Cy—2mi—h 1100\ /2 9
X 00-11|[w nol o

_ S B.2

T 000 1] |z |TETI] (B.2)
P 10-22/) \w" 1

This defines an affine symplectic transformation in the space of shape parameters. The
Sp(4,7Z) matrix appearing here, which we can call gs,, decomposes into generators as

1100 1000 100 0 110 0
s, — 00-11 _ 0100 000 -1 100 0 (B.3)
* 00 01 0010 001 0 000 1 |° '
10-22 0201 0100 001 -1
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The combinatorial data in (B.1)—(B.3) translates directly into a class-R construction
of the simplified trefoil theory 73,. In general, for a triangulation of a knot complement
M into N tetrahedra, the prescription of [11, 16] dictates that one should (cf. section 4.1)

1. Tensor together N chiral theories Ta, obtaining Ta, ® - -+ ® Ta,,, with U(1)" flavor
symmetry and a level —3 CS coupling for each U(1).

2. Apply the Sp(2N,Z) symplectic matrix ¢g as in (B.3) to the product theory. In
particular,

2a. Generators with block type (g U,OlT ), with U € GL(N), act by linear redefini-

tions of the U(1)" flavor group.

2b. Generators with block type ( A ?), with B symmetric, add background CS cou-
plings with a level matrix k;; = B;;.

2c. S-type generators containing pieces that look like ((1) _01) gauge a U(1) with an
FI coupling to the background vector multiplet of a new topological U(1) .

3. Affine shifts, as on the r.h.s. of (B.2), are relevant for theories on compactified spaces.
On D2><qS 1. shifts in “position” coordinates (the top half of the shift vector) add units
of flavor current to the R-current (shifting the Wilson lines of flavor symmetries by
—im— g) Shifts in “momentum” coordinates (the bottom half of the shift vector) act
by adding mixed Chern-Simons contact terms between the background R-symmetry
and flavor symmetry fields.

4. Finally, operators O¢, must be added to a superpotential to break the flavor sym-
metry associated to each internal-edge coordinate C;. If these operators exist, they
automatically have R-charge Rp = 2 by virtue of the affine shifts in Step 3.

After applying this prescription to the trefoil triangulation and letting the dust settle,
we find a dynamical U(1) gauge theory with two chiral multiplets ¢.,¢,. The chirals
have charges (+1, —1) under the U(1)s gauge symmetry, and R-charges (+1,+1). An axial
flavor symmetry U(1),, is broken by a superpotential coupling O¢, = ¢.¢y,. (There is no
operator O¢, corresponding to the edge Ca, which is why this theory is not complete.)
There remains a topological U(1), flavor symmetry. There are +2 units of CS coupling for
U(1)z, —1 unit for U(1),, and an FI term coupling U(1), and U(1)s; in total this can be
encoded in the CS coupling matrix

1 —11\ (=, 1
- = V.S + VoS + Vo Xy . B.4
2<V5VI)<1 2) <zx> g Veis + VsZia Vi (B4)

Due to the superpotential interaction, we expect to be able to integrate out the chirals at
low energies. No (net) anomalous Chern-Simons couplings are generated.
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Figure-eight 4;. The minimal triangulation of the figure-eight knot also has two tetra-
hedra. Give them shape parameters Z and W. The gluing coordinates from SnapPy are

Cr=W+2W"+Z + 22"

Co =W +2W'+ Z + 27’
X=-W+2"
P=3(-W-=3W+W'+Z+2'+2").

(B.5)

We forget the redundant edge Cs, eliminate Z’ and W/ using Z+2Z'+Z" = W+W'4+W" =
i+ g, and (arbitrarily) choose a “momentum” coordinate I'; canonically conjugate to Cq,
to arrive at the affine symplectic transformation

01—27ri—h A
X w . h
I, = g4, jas + <z7r + 2) 04y 5 (B.6)
P WI/
with
1000\ /12 00\/100 0\ /1000\/1-10 0 )
~fo1o00]|{o1 0 offooo-1]{o100|l0-1 0 O N
94 = 1oo10]loo 1 0floo1 o [loo1o|loo 1 o 7|1
0201/\oo-21/\o100/\o101/\o 0o -1 -1 0
(B.7)

The combinatorial data in (B.7) leads to a simplified theory Ty, that is a specialization
of the CP! sigma-model. Namely, it is a dynamical U(1) gauge theory with no Chern-
Simons terms, coupled to two chiral multiplets both of charge +1. The R-charge of each
chiral is zero. The vector U(1)y flavor symmetry has an associated complexified mass z =
exp X, while the U(1); should be broken by operators O¢, and O¢, in the superpotential.
These operators do not exist in the simplified theory, so instead we set the FI term (the
mass of U(1)y) to zero by hand. In fact due to an affine shift, the data (B.7) dictates that
we set the FI term not to zero but to —im — g (i.e. giving a nonzero theta angle), where

im + h/2 is the Wilson line of the R-symmetry at the tip of D?x,S.

Knot 52. The minimal triangulation for the 55 knot has three tetrahedra. Give them
shape parameters Z, W, Y. From SnapPy we find gluing coordinates

Cr=W+W'+Y' +2Y"+Z+ 2"
Co=W+W'+2Y + 2/ + 2"

Cs=W+W +Y'+2Z+7 (B.8)
X :—W/—i-Y”—l-Z//

P=W+2W"+Y +Z+ 272 —27i—h.

Then, after removing the redundant edge Cj3, solving for Z/, W'Y using Z + 7' + Z" =
im 4+ 5 (etc.), and choosing (arbitrarily) conjugate momenta I'; and I'y for C; and Cs, we
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obtain the affine symplectic transformation

Ci—2mi—h 1 1 -1 111 Z —1
Co—2mi—h -1-12 000 w 0
X 0 1 0 111 Y h -1
_ j = ) B.
I, 01 0 3122z +<”+2> 0 (B-9)
Ty 0 1 0 212 w” 0
P 0 -1 1 -110 Y” 0
This can be written more nicely as
., S A
X =9"g5, - Z+ |im+ 5 |52 (B.10)

where X = (Cy — 2mi — h,Co — 2mi — h, X, .. )T, Z = (Z,W,Y, 2", W",Y")T, and

100000\ /10000 0 100000\ /10-10 0 0 0
010000| 01000 0 010000 |11-200 0 0
001000]|]oooo0-1||oo1000f |00 1000 1|
952 = 100100 (00010 0 000100|]oo o0 1-10]" %227 |o|’
000010|]00001 0 000010000010 %
001001/ \00100 0 001001/ \oo 0111 %
(B.11)

whereas ¢g* € Sp(6,Z) simply mixes around and adds Chern-Simons levels for flavor sym-
metries U(1)¢, and U(1)c, that will be broken at the end of the day — so it is irrelevant
for the calculation.

The gauge theory obtained from the data (B.11) is a dynamical U(1) gauge theory
coupled to three chiral multiplets all of charge +1. The R-charge of each chiral is zero.
There is a level —% CS coupling for the gauge field, and a level —2 CS coupling for a U(1)
flavor symmetry (associated with the complex mass z = e* ) under which the chirals have
charges (+1,—1,0). The internal edges C; and Cy correspond a U(1) flavor symmetry
that rotates the chirals with charges (0,+1,0), and the topological U(1);. The expected
operators O¢, and O¢, (and Oc¢,) needed to break them do not exist, so instead we set
the corresponding masses to zero by hand. Due to a previous affine shift, this results in a

fixed theta angle im + % (as opposed to zero) for the dynamical gauge field.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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