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HOLOMORPHIC CURVES WITH SHIFT-INVARIANT
HYPERPLANE PREIMAGES

RODNEY HALBURD, RISTO KORHONEN, AND KAZUYA TOHGE

ABSTRACT. If f : C — P™ is a holomorphic curve of hyper-order less than
one for which 2n 4+ 1 hyperplanes in general position have forward invariant
preimages with respect to the translation 7(z) = z+ ¢, then f is periodic with
period ¢ € C. This result, which can be described as a difference analogue of
M. Green’s Picard-type theorem for holomorphic curves, follows from a more
general result presented in this paper. The proof relies on a new version of
Cartan’s second main theorem for the Casorati determinant and an extended
version of the difference analogue of the lemma on the logarithmic derivatives,
both of which are proved here. Finally, an application to the uniqueness theory
of meromorphic functions is given, and the sharpness of the obtained results
is demonstrated by examples.

1. INTRODUCTION

According to Picard’s theorem all holomorphic mappings f : C — P!\ {ay, as, a3}
are constants. For holomorphic curves in P™ where n > 2 Bloch [5] and Cartan
[6] showed that if a non-constant holomorphic mapping f : C — P™ misses n + 2
hyperplanes in general position, then the image of f lies in a proper linear subspace

of P™. Here a hyperplane H is the set of all points x € P", & = [zg : - - - : ], such
that
(1.1) apxo + -+ apxy, =0,

where a; € C for j = 0,...,n. The hyperplanes Hy, kK = 0,...,m, defined by
00,kT0 + -+ + ap Ty, = 0 are said to be in general position if m > n and any n+1
of the vectors a = (g g, ..,y k) € C"! are linearly independent.

Another natural generalization of Picard’s theorem was given by Fujimoto [14]
and Green [I7], who showed that if f : C — P™ omits n + p hyperplanes in general
position where p € {1,...,n + 1}, then the image of f is contained in a linear
subspace of dimension at most [n/p]. In particular, by taking p = n + 1 it follows
that if the image of a holomorphic function f : C — P™ lies in the complement
of 2n 4+ 1 hyperplanes in general position, then f must be a constant. Further
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extensions of Picard’s theorem for holomorphic curves missing hyperplanes can be
found, for instance, in [T5,1819].

We say that the preimage of a hyperplane H C P™ under f is forward invariant
with respect to the translation 7(z) = z + ¢ if 7(f~*({H})) C f~'({H}), where
FY({H}) and 7(f~1({H})) are multisets in which each point is repeated according
to its multiplicity. Let, for instance, ¢(z) be an entire function given by the pullback
divisor of the hyperplane H. If

() (2, ) . .
o2) = T oy 10— 20, pO0) £ 0,
and
() (5 . , .
o) = Eo o s 4O = 20 ™), ) 20,

for all z in a neighborhood of zy and j > ¢ > 0, the point zj is a forward invariant
element in a preimage of H with respect to 7(z), while if ¢ > j, then z is not a
forward invariant element. By this definition the preimages of omitted hyperplanes
of f are special cases of forward invariant preimages since in this case f~*({H}) = 0.
One of the purposes of this paper is to show that analogous results to Picard’s
theorem for holomorphic curves f : C — P™ can be obtained even if the image of
f intersects with the target hyperplanes in general position, provided that at the
same time the preimages of these hyperplanes under f are forward invariant with
respect to a translation, and the considered holomorphic curve does not grow too
fast.

The growth is characterized by the means of Nevanlinna theory in the following
way. The order of growth of a holomorphic curve f : C — P™ with homogeneous

coordinate f = [fo: -+ : fn] is defined by
logt T
(1.2) o (f) = lim sup 28 L)
r—00 logr

where log™ 2 = max{0,log z} for all > 0, and

27
9. dO
(13)  T0)i= [ )5l - u©), )= sw loglfi(2)
0 ™ ke{0,...,n}
is the Cartan characteristic function of f. Note here that this representation of f
is to be reduced in the sense that the n+1 functions f; are entire functions without
common zeros. The hyper-order of a holomorphic curve f : C — P™ is defined by

(1.4) <(f) Zlimsupw

)
r—00 logr

and the usual Nevanlinna hyper-order is

log" log™ T
p2(w) = limsup og log T(r,w)

)
r—00 log r

where w is meromorphic in the complex plane and T'(r, w) is the Nevanlinna char-
acteristic function of w. Since, by writing w = [wg : w;] where wy and w; are
entire functions without common zeros, it follows that ps(w) = ¢(w). We will
use the notation ¢(w) from now on to denote the hyper-order of the meromorphic
function w.
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Let ¢ € C, and let P! be the field of period ¢ meromorphic functions defined
in C of hyper-order strictly less than one. The following theorem is a difference
analogue of Picard’s theorem for holomorphic curves.

Theorem 1.1. Let f : C — P™ be a holomorphic curve such that <(f) < 1, let
c € Candletp e {l,...,n+1}. If n+ p hyperplanes in general position have
forward invariant preimages under f with respect to the translation 7(z) = z + ¢,
then the image of f is contained in a projective linear subspace over PL of dimension

< [n/p].

The following example shows that the growth condition ¢(f) < 1 in Theorem [[T]
cannot be replaced by ¢(f) < 1.

Example 1.2. Put w = 27/(2log6) and consider a linearly non-degenerate holo-
morphic curve f : C — P3 given by

2

f:=[—sin*wz: —cos? wz : (sin’

2

wz)expe” : (cos” wz) exp e?],

which is not (21log 6)-periodic and has the hyper-order ¢(f) = 1. Take the following
seven hyperplanes located in general position in P3:

Hy = {w|hi(w) == wo = 0},
Hy = {w|hz(w) == wy =0},
Hs = {w|h3(w) == wy = 0},
Hy = {w|ha(w) :== w3 = 0},
Hs = {w| hs(w) := wy + w1 + we + wg = 0},
Hg = {w | he(w) := wo + 15w1 + njws + 3wz = 0},
Hy = {w|h7(w) := wo + nrw1 + njwz + nfws = 0},

where w = [wg : wy : we : ws] and 75 and 77 are the primitive fifth and seventh
root of unity, respectively. Then we have

hi(f) = —sin®wz, ho(f) = —cos? wz,

hs(f) = (sinwz)expe®, hy(f) = (cos® wz)expe?,
all of whose zero preimages are forward invariant with respect to 7(z) = 2z 4 2log 6,
while
hs(f) = (sin® wz + cos® wz)(expe® — 1),

2 wz)(expe® — ng) ,

h7(f) = n? (sin2 wz ~+ 17 cos> wz)(expe® — n?) ,

he(f) = ng (sin2 wz =+ 15 COS

each of whose zeros have forward invariant preimages with respect to 7(z) = z +
2log 6 or are points such that exp e* = « for some a € {1,72,72}. Then « is a 35th
root of unity, and thus all preimages of these hyperplanes are forward invariant with
respect to 7(z) = z + 2log6. On the other hand, the image of f is contained in a
projective linear subspace over lelog ¢ of dimension 1 (even though f is linearly non-
degenerate in the usual sense) but ‘[n/p]” in Theorem [[1lis [n/p] = [3/(7 — 3)] =
0. In fact the image is on the projective line described by the two hyperplanes
(cos? wz)wo — (sin? wz)w; = 0 and (cos? wz)wy — (sin® wz)ws = 0 over P31og 6 and
also it does not degenerate into a singleton in the space, since exp e* ¢ P%logﬁ.
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An example demonstrating the sharpness of the upper bound [n/p] in Theo-
rem [[T]is given in section [ below. The following corollary is immediately obtained
by applying Theorem [[.1l with p = n + 1.

Corollary 1.3. Let f : C — P™ be a holomorphic curve such that <(f) < 1, and let
ce C. If 2n 4+ 1 hyperplanes in general position have forward invariant preimages
under f with respect to the translation 7(z) = z+c¢, then f is periodic with period c.

If the preimage of a hyperplane under a holomorphic curve f : C — P™ is empty,
then it is clearly forward invariant with respect to all translations of the complex
plane. Therefore, if f omits 2n 4+ 1 hyperplanes in general position, then it follows
by Corollary [[L3] that f is, in fact, a periodic holomorphic curve with all periods
c € C. This is, of course, only possible when f is a constant function. We have just
shown that Corollary implies M. Green’s Picard-type theorem for holomorphic
curves [I7] in the special case ¢(f) < 1.

A simple example shows that the growth condition ¢(f) < 1 in Corollary [3]
cannot be significantly weakened. For f(z) = [exp(exp(z)) : 1] : C — P! each of
the n'! roots of unity [1 : —exp(2mmi/n)], m € {1,...,n}, has a forward invariant
preimage with respect to 7(z) = z + log(n + 1), but nevertheless f(z) #Z f(z +
log(n+1)). Therefore f is an example of a holomorphic curve which has arbitrarily
many target values with forward invariant preimages, even though it just barely
fails to satisfy the condition ¢(f) < 1.

Finite-order meromorphic solutions of difference equations have been under care-
ful study recently. Ruijsenaars has been studying minimal solutions of certain
classes of linear difference equations as part of a programme of developing Hilbert
space theory for analytic difference operators [37,[38]. In the non-linear case,
Ablowitz, Halburd and Herbst [I] suggested that the existence of sufficiently many
finite-order meromorphic solutions can be used to detect difference equations of
Painlevé type. Difference quotient estimates [9,[10,[24,[25] have proved to be useful
tools in much of the recent analysis involving finite-order meromorphic solutions of
difference equations (see, e.g. [I1L26,27.31]), but so far there is a limited amount
of information available on the behavior of fast growing solutions. Another main
purpose of this paper is to show that if f is a meromorphic function such that
¢(f) =¢ < 1ande >0, then

(o) ()

for all r outside of a set of finite logarithmic measure (see Theorem [5.1] below). The
type of difference analogue of the lemma on the logarithmic derivatives represented
by (L) cannot be in general extended to meromorphic functions of hyper-order
at least one, since g(z) = exp(2*) satisfies g(z + 1)/g(z) = g(z), and so m(r, g(z +
1)/g(2)) = T(r,g).

The remainder of the paper is organized in the following way. Section 2] contains
a difference analogue of Cartan’s generalization of the second main theorem of
Nevanlinna theory, which will be applied in section [3to obtain a difference analogue
of Borel’s theorem on linear combinations of entire functions without zeros. These
results are some of the main components in the proof of Theorem [[T] in section [T0l
Applications of these results to uniqueness theory of meromorphic functions are
discussed in section [@l The proof of the difference Cartan in section [ relies on
a logarithmic difference estimate given in section Bl and proved in section R A
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discussion on g¢-difference analogues of the above results is given in section [6 and,
finally, the sharpness of some of the main results is considered in section [7l

2. DIFFERENCE ANALOGUE OF CARTAN’S SECOND MAIN THEOREM

The second main theorem of Nevanlinna theory [34] is a deep generalization of
Picard’s theorem for meromorphic functions in the complex plane and is a cor-
nerstone on which the whole value distribution theory lies. Cartan’s version of the
second main theorem [7] is a generalization of this result to holomorphic curves [32],
and it has also turned out to be a useful tool for certain problems in the complex
plane, for instance, in considering Waring’s problem for analytic functions [29] and
unique range sets for entire functions [22]23].

We now recall some of the known properties of the Cartan characteristic function
from [23/[32]. For instance, if g = [go : --- : g»] With n > 1 is a reduced represen-
tation of a non-constant holomorphic curve g, then Ty(r) — oo as r — oo, and
if at least one quotient g;/g,, is a transcendental function, then Ty (r)/logr — oo
as 7 — 0o. Moreover, if fo,..., fy are ¢ + 1 linear combinations of the functions
9o, - - -, gn over C, where ¢ > n, such that any n+1 of the ¢+ 1 functions fy,..., f;
are linearly independent, then

(2.1) 7 (nde) <70+ o)
where r — oo, and p and v are distinct integers in the set {0, ..., q}. Moreover, if

n = 1, then ([ZI]) becomes an asymptotic identity.

The order of a holomorphic curve f : C — P” is independent of the reduced rep-
resentation of f. If [fo:---: f,] and [Fy: -+ : F,] are two reduced representations
of the curve f, then, since the f;’s and F}’s are entire and

_max |fi(2)] #0 and max |F;(z)| # 0,
J=Y;...,m 7=0,...,n

it follows that there exists a nowhere vanishing entire function h such that

Fy(2) = h(2)f;(2)

for all z € C and j € {0,...,n}. By writing F' = [Fy : --- : F},] and defining
2w L de
Tr(r) = / U(re®y— —U(0), U(z)= sup log|Fy(2)|,
0 27 ke{0,...,n}

it follows that

1 2m )
Tp(r)=T(r)+ 2 /0 log |h(re®)|df — log |h(0)).

However, since h(z) is entire and nowhere zero, it follows that log |h(z)| is harmonic,
and therefore

1 2 )
log [1(0)| = 5~ /O log |(rei®)|do.

Hence Tr(r) = Ty(r) is independent of the representation of f in terms of projective
coordinates, and so the order of f is well defined by (LZ). We refer to [32] for the full
description of Cartan’s value distribution theory and to [8,28/[41] for the standard
notation of Nevanlinna theory.
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4272 RODNEY HALBURD, RISTO KORHONEN, AND KAZUYA TOHGE

Let g(z) be a meromorphic function, and let ¢ € C. We will use the short
notation

9(z)=9, 9(z+c)=7. g(z+20)=7 and g(z+nc)=g"

to suppress the z-dependence of g(z). The Casorati determinant of g, ..., gy, is
then defined by

gO gl ... gn

go gl e gn
0(907---7gn): : : . :

R

In Cartan’s generalization of the second main theorem the ramification term is
expressed in terms of the Wronskian determinant of a set of linearly independent
entire functions. The following theorem is a difference analogue of Cartan’s result
where the ramification term has been replaced by a quantity expressed in terms of
the Casorati determinant of functions which are linearly independent over a field
of periodic functions.

Note added in proof. After this paper was completed we learned of the paper [39]
by Pit-Mann Wong, Hiu-Fai Law and Philip P. W. Wong, where a result which
is very similar to Theorem 2.I] was obtained. The distinct difference between the
two results is found in the assumption on the growth order of a holomorphic curve
under consideration. In [39] it is assumed that the curve is given by a reduced
representation whose components are all entire functions of finite order, while a
case of infinite order is permitted in this paper. The difference has caused different
choices of an auxiliary function which is essential in the two papers, which might
be observed by the expressions L in ([23) and L in ([@3) here in this paper.

Theorem 2.1. Letn > 1, and let g, ..., gn be entire functions, linearly indepen-
dent over P}, such that max{|go(2)|,.-.,|gn(2)|} > 0 for each z € C, and
(2.2) ci=c(g) <1, g=lgo: gl

Lete > 0. If fo, ..., fq are g+1 linear combinations of the n+1 functions go, . .., gn,
where ¢ > n, such that any n 4+ 1 of the ¢ + 1 functions fo,..., f; are linearly
independent, and

fofi-- fq
23) b= C(goo,gl,.-.,gn)’
then
(2.4) (g —n)Ty(r) <N <T, %) —N(r,L)+o (:;ﬂ%) +O0(1),

where r approaches infinity outside of an exceptional set E of finite logarithmic
measure (i.e. fEﬁ[l sy At/ < 00).

In [25] an analogue of the second main theorem for the difference operator A, f =
f(z+ ¢) = f(z) was introduced. We will now show that, for constant targets,
Theorem 2] is a generalization of this result in a similar way as Nevanlinna’s
second main theorem follows by Cartan’s result.

Let w be a meromorphic function such that the usual Nevanlinna hyper-order
satisfies ¢(w) < 1. Then there exist linearly independent entire functions go and
g1 with no common zeros such that w = gog/¢1, and, according to (21]), it follows
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that ¢(g) < 1 for g = [go : g1]. Note that in general the entire functions gy and g;
themselves may be of hyper-order greater than or equal to one (see [4]).

Let a; € C for 5 =0,...,¢ — 1, and denote f; = go — a;g1 and f; = g1. Then,
by Theorem 21 it follows that

(25 (0= T,(0) < 8 (r 7 ) = NG ) + Ty ).
where
I— Jofi- - fo—10n
9091 — Jog1

We define the counting function N for a € C as in [25] by
~ "n(t,a) —n(0 -
(2.6) N (T, ) — / n(t,a) —n(0,a) +7(0,a) log
0

t
where n(r,a) counts the number of a-points of w with multiplicity of w(zp) = a
counted according to multiplicity of a at zg minus the order of the (possible) zero
of A.w at zg. The pole counting function is then

(2.7) N(r,w) =N <r, 1%}) .

By interpreting (23] in terms of the counting functions (2.6]) and (2.7), and using

210 we have

w—a

(¢ — )T (r,w) < N(r,w) + 2& <r, - _1 aj) — Ny (r, Aiw) + o(T(r,w)),

where Ny(r,1/A.w) counts the number of those zeros of A.w which do not coincide
with any of the a;-points or poles of w, and r runs to infinity outside of a set of
finite logarithmic measure. This is an extension of [25] Theorem 2.5], as desired.

3. DIFFERENCE ANALOGUE OF BOREL’S THEOREM

According to Borel’s theorem, if hg,...,h, are entire functions without zeros,
then the only possible solutions of the equation
(3.1) ho+:--+h,=0

are trivial solutions of the form
l

h0+...+hn:ZZCi,jkhjk’

k=1i€Sy

where S, k = 1,...,1, is the partition of {0,...,n} formed so that ¢ and j are
in Sy, if and only if h;/h; € C, and ) ;g ¢ij, = 0 for all k = 1,....1 (see, e.g.
[B2, p. 186] or [36, p. 124]). The following difference analogue of Borel’s theorem
will be one of the key results needed in the proof of Theorem [[.11

Theorem 3.1. Let c € C, and let g = [go : -+ : gn] be a holomorphic curve such
that <(g) < 1 and such that preimages of all zeros of go, . . . , gn are forward invariant
with respect to the translation 7(z) = z + c. Let

S1U---US;
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be the partition of {0,...,n} formed in such a way that i and j are in the same
class Sy, if and only if gi/g; € P. If
(3.2) go+...+9g,=0,
then
> 9i=0
1€Sk

forallk e {1,...,1}.

For the proof of Theorem [3.I] we need two lemmas. The first one characterizes
linear dependence of the coordinate functions of g over the field PL.

Lemma 3.2. If the holomorphic curve g = [go : -+ : gn] satisfies <(g) < 1 and
if c € C, then C(go,...,9n) = 0 if and only if the entire functions go,...,gn are
linearly dependent over the field PL.

Since the periodic functions of P! are constants with respect to the difference
operator A.f = f(z+¢) — f(z), Lemma is a natural difference analogue of the
fact that entire functions fy, ..., f, are linearly dependent over C if and only if the
Wronskian W (fo, ..., fn) vanishes identically.

Proof of Lemma B2l Suppose first that go, ..., g, are linearly dependent over PL.
Then there exist Ao, ..., A, € P} such that Aggo + -+ + A,g, = 0, and so

A090+"'+Angn = 07

AoGo+ -+ Ang, = 0
(3.3) :

Agy? 4+ A0 = 0.

The determinant of the coefficient matrix corresponding to the system ([B.3]) is the
Casoratian C(go,...,gn). Since ([B3)) has a non-trivial solution, it follows that
C(go,---,9) = 0.

We apply induction on n to prove the converse assertion. In the case when n =1
suppose that C(go, g1) = 0, and consider the system of equations

Aogo + A1 = 0,
(34 {M%+&% = 0,
which is equivalent to
{A090+A191 = 0,
A1C(90,91) = 0.
Since C(go,g1) = 0, it follows that Ag = ¢g1/g0 and A; = —1 is a solution of

B4). Moreover, since ¢(g) < 1 by assumption, also ¢(g) < 1 where § = [go :
g1]. Therefore, by ([210), the usual Nevanlinna hyper-order of A satisfies ¢(Ag) =
s(g1/90) <5(3) <<(g) < 1. Since clearly A; € P, all we need to do to complete
the proof in the case n = 1 is to show that Ay is periodic with period c¢. By applying
the difference operator A.f = f(z+c¢) — f(z) to the first equation in (84, we have

(35) AOACQO + gOAcAO - Acgl = 0.
On the other hand, (4] yields
AoAcgo — Acgr =0,
which, combined with ([3.5]), implies that A,Ag = 0. We conclude that Ay € PL.
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Suppose now that C(go, . .., g;) = 0 implies that go, ..., g; are linearly dependent
over P! for all j € {1,...,k — 1} where k < n, and assume that C(go,...,gx) = 0.
Then the linear system

Aogo + -+ Akg = 0,
Ao+ -+ Aig, = 0
(3.6) :
_[k W
Agih+ -+ A = 0
has at least one redundant equation and can be written as
Aogo + -+ Ap—19k—1 = Gk

AoGo + -+ Ar—1Gk 4 = Ui
(3.7) _

Aggy Uk Age = g,

where we have made the choice Ay = —1. If C(go,...,g9k—1) = 0, then go, ..., gk—1

(and thus also go, . .., gx) are linearly dependent over P! by the induction assump-
tion. If C(go,...,gk—1) Z 0, then by Cramer’s rule, for each i = 0,...,k — 1 we
have

A _ C(gO; ... agkv s 7gk—l)
;=
C(QO> L] 79/(371)
where g;, occurs in the i*® entry of the Casorati determinant in the numerator
instead of g;. By writing A; in the form

_ _[k—
A — gigimgﬁ 1]0(90/91‘7---vgk/giv--wgk—l/gi)
1 T _ _k—
9T T0 C g0/ ks -+ Gh1/98)

it can be seen that

k k—1 —[l] U
22 () )
j=01=0 9
foralli=0,...,k—1. Now, since T(r, f(z+¢)) = O(T(r+|c|, f)) for all functions
f(2) meromorphic in the complex plane (see, e.g., [L6, pp. 66-67]), it follows by the
assumption ¢(g) < 1 and (1)) that ¢(4;) <1lforalli=0,...,k—1.

We still need to prove that A; is periodic with period ¢ for all ¢ =0,...,k—1

(Ax = —1, and so it is trivially periodic). By applying the operator A, to all
equations in system (B1), it follows that
(3.8)
AoAcgo + -+ Ap—1Bcgr—1 + GoAcAo + - + G 18cAr—1 = Acgr,
AoAcgy + -+ Ap—18cG 1 + GoAcAo + -+ G 1 AcAp—1 = Ay
AoAcgy U+ A AT + 30 A A+ 4T AcAr o = AgyT
On the other hand, from (B.6]) we obtain
AoAcgo + -+ + Ap—18cgk—1 = Acg,
AOAcgo +---+ AkflAcgk—l = Acgk
(3.9) :
Aodgh e+ Aagl = agll
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By combining [B.8) and (3.9) we finally obtain

QOA(;AO + -+ gk—lAcAkrfl = 0,

GoAcA)+ -+ G 1AcAR 1 = 0
(3.10) :

?E)HACAO +o 4+ ngllAcAk—l = Oa
which has only the trivial solution if C(go,...,gk—1) Z 0. Therefore A4y =--- =
A A1 =0,and so A; € Pl foralli =0,...,k— 1. O
Lemma 3.3. Letc€ C, and let g = [go : -+ : gn] be a holomorphic curve such that
¢(g9) < 1 and such that all zeros of go, ..., gn are forward invariant with respect to
the translation 7(z) = z +c. If g;/g; € Pt for all i,j € {0,...,n} such that i # j,
then go, - .., gn are linearly independent over P}.

Proof. We will show that if g, . . ., g, are linearly dependent over P}, then it follows
that there exist i,j € {0,...,n}, i # j, such that g;/g; € P!. Towards that end,
suppose that Ay, ..., A, € P! such that

(311) AOQO + -+ Anflgnfl = Angn

and not all A; are identically zero. Without loss of generality we may assume that
none of the functions A; are identically zero. From the assumptions of the lemma
and from the fact that Ag,..., A, are periodic, it follows that there exists a mero-
morphic function F(z) such that FAggo,..., FA,g, are entire functions without
common zeros and such that the preimages of all zeros of F'Aygqq, - . . , F A, gy, are for-
ward invariant with respect to the translation 7(z). Moreover, since Ay,..., A, €
PL, the function F(z) satisfies

logt log™ (N (r, F) + N(r,1/F))

(3.12) lim sup <1

r—00 logr
(but in general the hyper-order of F' might not be less than 1). We define G =
[FApgo : -+ : FA,_1gn—1]. Since FAogo,...,FA,g, do not have any common

zeros, it follows from BIT) that FAggo, ..., FA,_1gn—1 cannot have any common
zeros either. Therefore the T (r) is well defined. Furthermore

27

. do

Tot)= [ s loglFdun(re®)| 3 +O()
0 ke{0,...n—1} 2w

o 60 0 d

- sup (log lgi(re™)] + log | Au(re”) ) 52

0 ke{0,n—1} ™

(3.13)

s [Troalreeny 2 o)
; og |F'(re”)|5

n—1 2m
v d0
< Ty(r)+ Z m(r, A;) + / log | F(re?)| = 4+ O(1).
Since the Poisson-Jensen formula implies that
2m iov, d6 1
(3.14) log |F(re*)|— =N |r,= | — N(r, F) + O(1),

and since Ao, ..., A,_1 € PL, it follows by combining (312 and B.I3) that ¢(G) <
1. Suppose that FAggo, ..., FA, 19,1 are linearly independent over P!. Then,
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C(FAopgo,...,FA,_1gn—1) Z 0 by Lemma B.2] and so Theorem 2] applied with
G and FAggo, ..., FA,g, yields

To(r) < 3N (1, 1/FAzg;) + N (1 1/F Ayg,)
=0
— N (r,1/C(FAogo, ..., FA,_1gn-1)) + o(Tc(r)) + O(1)

(3.15)

for all r outside of an exceptional set of finite logarithmic measure.

Since the preimages of all zeros of F'Aggo, - . ., F'A, g, are forward invariant with
respect to 7(2), all zeros of F'A;g;, j =0,...,n—1, are zeros of the Casorati deter-
minant C(F Aogo, - .., FAn—19n—1) with the same or higher multiplicity. Moreover,
since F'Aggo, - .., FA,g, do not have any common zeros, it follows in particular
that for each zg € C such that FA,g,(20) = 0 with multiplicity mg there exist
ko € {0,...,n — 1} such that F Ay, gk, (20) # 0. Using BII]) we may write

C(FAogo, .-, FAn—19n-1)
= C(FA0g07 RS FAko—lgko—la FAngna FAk0+1gk0+1a ey FAn—lgn—l);

which implies that C(FApgo, ..., FA,—19n—1) has a zero at zy with multiplicity
mg at least. Also, at any common zero of the functions F'A;, g;, with multiplicities
mj., k=1,...,¢, where {j1,...,j¢} C {0,...,n — 1} and ¢ < n — 2, the Casorati
determinant C(F Aogo, ..., FAn—19n—1) has a zero of multiplicity > Zi:l mj,,.
Therefore,

n—1
> N(r,1/FA;jg;) + N (r,1/FAngy,) < N (r,1/C(F Aogo, ..., FAn_19n-1)),
J=0

and so inequality (B15]) yields Tg(r) = O(1). But this is only possible when G is a
constant curve, which implies that go, . .., gn—1 (and so also F Aggo, ..., FAp_19n—1)
are linearly dependent over P}. Therefore there exist By, ..., B,_1 € P} such that

BOgO +---+ Bn—29n—2 = Bn—lgn—h

where not all B; are identically zero. By continuing in this fashion it follows after
at most n — 2 iterations of the above reasoning that g;/g; € P} for some i # j. O

Proof of Theorem B.1l. Using the fact that g; = A; ;, g, for some A; j, € P} when-
ever the indexes 7 and ji are in the same class Sy, equation ([3.2) may be written

as
n l l
D0k=D > Aiggi =) Brgj =0,
k=0 k=1ieS) k=1
where B, = ZiESk A; .. By LemmaB3 By, =0 forall k =1,...,, and so
> 9= Aijgj. = Brgj, =0
i€S) 1€Sk
forallk=1,...,1. O
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4. APPLICATIONS TO THE UNIQUENESS OF MEROMORPHIC FUNCTIONS

Nevanlinna has shown that if two non-constant meromorphic functions f and g
share five distinct values ignoring multiplicities (IM), then f = g. Similarly, if f
and g share four values counting multiplicities (CM), then there exists a Mobius
transformation 7" such that f = T og. These results are known as Nevanlinna’s five
and four value theorems, respectively [35]. Gundersen has proved that the assertion
of the four value theorem remains valid when it is assumed that two values are
shared IM and two are shared CM [2I]. He has also given a counterexample which
demonstrates that in general this assumption cannot be further weakened to 4 IM
[20]. The case where one value is shared CM and three values IM is still open.

A difference analogue of the five value theorem states that if instead of mul-
tiplicities we ignore those values which have forward invariant preimages, then
either f = g or both f and g are periodic functions [25]. In this section we apply
Lemma [3.3] to show that the assumption 4 CM can be weakened to a difference
analogue of the 4 IM assumption for meromorphic functions of hyper-order strictly
less than one.

We denote by S(f) the set of all meromorphic functions a such that T'(r,a) =
o(T(r, f)), where r approaches infinity outside of a set of finite logarithmic measure.
Functions in the set S(f) are called small compared to f or slowly moving with
respect to f. Moreover, we say that two meromorphic functions f and ¢ share
a periodic function a € P} \ {oo}, ignoring c-separated pairs (IcP), when for all
z € C exactly one of the following assertions is valid for the ratio r(z) := {f(z) —
a(2)}/{9(z) —a(2)}:

(i) 7(z) is regular and does not vanish,
(ii) 7(z) vanishes but r(z + ¢)/r(2) is regular,

(iii) r(z) has a pole but r(z)/r(z + ¢) is regular.

We also say that two non-constant meromorphic functions f and g share the con-
stant function a(z) = oo IcP if their reciprocals 1/f and 1/g share the constant 0
IcP, that is, if for all z € C we have exactly one of the following;:

(i) both f(z) and g(z) are regular,

(ii) f(z) is not regular but f(z)g(z+ ¢)/f(z + ¢)g(2) is regular,

(iii) g(z) is not regular but f(z + ¢)g(2)/f(2)g(z + ¢) is regular.

The following theorem is a difference analogue of the four value theorem where
4 CM has been replaced by 4 IcP.

Theorem 4.1. Let ¢ € C\ {0}, and let f and g be meromorphic functions such
that max{s(f),s(g)} < 1. If f and g share the distinct functions a1, as,as,as € P}
IcP, then

(4.1) f

where A, B,C, D € P}.

_Ag+B
- Cg+D’

Note that the functions a1, as, as, a4 need not be small compared to f or g. The
following example shows that the transformation (Il cannot be replaced by the
identity f = g.

Example 4.2. Denote by sn(z,k) = sn(z) the elliptic function with the elliptic
modulus k£ € (0,1) and the complete elliptic integral K. The function sn(z) is
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periodic with the periods 4K and 2iK’, and it attains the value zero at points
2nK 4+ 2miK' and has its poles at 2nK + (2m + 1)iK’, where n, m € Z. Therefore
the meromorphic functions

F(2) = cos?(1z/K) + sin?(nz/K) sn(z)

cos(mz/K) + sin(rz/K) sn(z)

and
cos?(mz/K)sn(z) + sin?(7z/K)

9(2) = cos(mz/K)sn(z) + sin(nz/K)
share four small periodic functions sin(7z/K), cos(nz/K),
1
cos(mz/K) +sin(rz/K)’

cos(mz/K) +sin(nz/K) and

ignoring 2K-separated pairs.

Proof of Theorem E1l. By using a Mobius transformation over the field P! (i.e. a
so-called quasi-Mobius transformation), if necessary, we may assume that f and g
share 0, 1, a, oo IcP, where a € P\ {0,1,00}. By [33] Theorem 1], there exist entire
functions 7; and x; such that

(4.2) Im Jol m foe 7
g kK1 g—1 K2 g—a K3
where ¢(7;) < 1 and ¢(k;) < 1 for j = 1,2,3. Note that in general the functions r;
and x; may have common zeros for j = 1,2,3. From {2 it follows that
(43) (1 — (1)7T1H2I<;3 + amoK1K3 — T1Taeky = M3K1Ke — QM1 T3Ko + ((l — 1)7‘1’27‘1’3%1,

and so, by denoting

(4.4) go := (1 — a)m1Kaks, g1 := ameki1K3, go = —MW1Tak3,
g3 1= —T3K1K2, @4 = aTiT3K2, g5 := (a — 1)mam3ky,
it follows that
(4.5) g5 =9go+ g1+ g2+ g3+ ga.
Let F'(z) be a meromorphic function such that Fgo, ..., Fgs are entire functions
without common zeros. We will now show that the zeros of Fgg, ..., Fgs are forward

invariant with respect to the translation z — 2z + ¢. We will present a detailed
proof of this fact only for the function Fgy = F(1 — a)m kaks, since the functions
Fgi,...,Fgs can be treated in an identical fashion. Suppose that Fgg has a zero
of multiplicity n at z = zg. Since Fgq, ..., Fgs are entire and they do not have any
common zeros, it follows that the only possible zeros of F' are at the poles of a.
Since a is periodic, it follows that if F(z9) = 0, then F(z9 + ¢) = 0 with the same
multiplicity. Similarly, if zg is a zero of a — 1, then there is a corresponding zero of
a—1 at zg + ¢, since a is periodic. Assume that zg is a zero of w1, and let m > 0
be the multiplicity of the (possible) zero of k1 at z = zo. It follows by (4] that
Jo, - - -, g5 have a common zero of multiplicity at least min{m,n} arising from the
common zero of w1 and k1 at z = zg. By the choice of F, it follows that F has a
pole at zp, at least of order min{m, n}, corresponding to the common zero of 7; and
k1. Combining the pole of F' with the zero of w1, we obtain a zero of multiplicity
max{0,n —m}. On the other hand, m has a zero of multiplicity max{0,n —m}, at
least, at z = zg + ¢, since f and ¢ share 0 and oo IcP. The cases where zg is a zero
of ko or k3 can be treated similarly. Note that it may happen that some, or all, of
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the factors of go = (1 — a)mkaks have a zero at z = 2o simultaneously. This does
not cause any difficulty, however, since these zeros will have a cumulative effect on
the order of the pole of F' at zg.

Furthermore, similarly as in (812]), I3)) and (3I4)), it follows that the holomor-
phic curve G = [Fgp : - -+ : Fgs] satisfies ¢(G) < 1. Therefore, since Fyqo,..., Fgs
are linearly dependent by (f3), it follows by Lemma [3.3 that there exists a 3 € P}
such that g = Bge for some ¢, k € {0,...,5} where ¢ # k. We may assume without
a loss of generality that £ > k, and therefore by recalling the definition (4] it
follows that (8 is one of the functions

g _ (I—a)mre go _(a—1)k2 go _ (a—1)mks

)

5N amek1 g2 2 g3 T3k1
go _ (L—a)ks go  mkKeKs g1 _  aki g1 _  amaK3
(4.6) iz ars ’ gs Tom3k1' g2 T g3 T3ka
g_1 _ T2k1R3 g_1 o ars g_2 _ M T2k3 g_2 _ 2R3
g1 mmsky g5 (a—1)m3’ g3 makike g am3kg
@ - T1R3 g_3 o _ﬂ g_3 . ) % - amika
g5 (1—a)msri’  ga ami’ g5  (I—a)m’ g5 (a—1)mekr

Substituting [@2) into @6 yields the desired quasi-Mé&bius transformation (T
in all cases 8 = gi/ge where (k,£) is not one of the pairs (0,5), (1,4) and (2, 3).

In order to deal with the remaining cases, suppose first that 5 = go/g5. Then,
by @) it follows that

(4.7) (1-08)gs =91+ 92+ g3 + ga-

By applying the early part of the proof to equation (7)) instead of (£3]), it follows
that g; = (g7 for some meromorphic function ¢ € Pl and distinct indexes k0 e
{1,...,5}. If (k, /) is neither (1,4) nor (2,3), then we are led to one of the quasi-
Mébius cases of ([@G). Assume therefore that (k,¢) = (1,4), which takes equation
D) in the form

(4.8) (1—B)gs = g2+ g3+ (1 +)ga.

Now there are two possibilities. If at least one of the factors (1 — ) and (1 + () is
non-zero, then there are at least three identically non-zero terms in equation (L.g]),
and the early part of the proof can again be applied to deduce that g; = Ag; for
some meromorphic function A € P} and distinct indexes k,le {2,...,5}. The only
possible non-quasi-Mobius case left in (6] is now (12:, 2) = (2,3), which, combined
with equation ([£38), yields

(4.9) (1=P)gs = (1 +Ngs + (14 ()ga-

By performing the reduction operation one more time to equation ([@3]) yields one
of the quasi-Mobius cases of ([@6). We still need to consider the case where (1 — )
and (1 + ¢) both vanish. But then gy = g5 and g1 = —g4, which, together with

(#4) and (Q) imply that

(4.10) T3 _ 18,

K3 T3
By combining ([@2]) and (@I0) it finally follows that either f = g or f = —g + 2a.
The cases 8 = ¢g1/g4 and 8 = g2/gs can be treated similarly. O
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5. LOGARITHMIC DIFFERENCE ESTIMATE WITH APPLICATIONS
TO DIFFERENCE EQUATIONS

A difference analogue of the lemma on the logarithmic derivative for finite-
order meromorphic functions was proved independently by Halburd and Korhonen
[24, Lemma 2.3], [25, Theorem 2.1] and Chiang and Feng [9 Theorem 2.4]. The
following theorem is an extension of these results to the case of hyper-order less
than one.

Theorem 5.1. Let f be a non-constant meromorphic function, € > 0 and c € C.
If f is of finite order, then there exists a set E = E(f,¢) satisfying

dt/t
(5.1) lim sup M
r—00 logr

i.e. of logarithmic density at most €, such that
flz+ c)) <10g r )

5.2 ml|r,——— | =0 T(r, f

2 e rTnd)
for all r outside the set E. If ¢(f) =¢ < 1 and e > 0, then

(il (52

for all v outside of a set of finite logarithmic measure.

<,

Note that in case ([B3)) the size of the exceptional set also depends on e. In the
finite-order case we have aimed for the cleanest possible statement at the expense of
allowing a slightly larger exceptional set. By following the proof of (53] in Theorem
B2 it follows that for all finite-order meromorphic functions f the estimate

z+c ogr)3te
n(nf50) < e

holds outside of an exceptional set of finite logarithmic measure. Concerning the
sharpness of these estimates, the gamma function I'(z), for instance, satisfies
I'(z+1) T(r,T)
ml|r,————= | =logr ¥ ———=
( I T
as r approaches infinity. It is not clear, however, whether or not the factor logr

can be removed in (&.2).
Concerning the estimate (53], by defining g(z) := exp(2%), it follows that

which shows that the growth condition ¢(f) < 1 cannot be essentially weakened.
Also if o(f) < oo, then ¢(f) = 0, and (E.3) reduces precisely into [25] Theorem 2.1].

We will now briefly discuss some applications of Theorem Bl in the theory
of difference equations. Yanagihara [40] has shown that if w is a non-rational
meromorphic solution of the difference equation

(5.4) w(z+1) = R(z,w),
where R(z,w) is rational in w having rational coefficients, then, for any € > 0 and

r sufficiently large, T'(r, w) > [(1 —¢) deg,,(R)]". Therefore, if (5.4)) has at least one
non-rational meromorphic solution w of hyper-order strictly less than one, it follows
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that deg,, (R) = 1, that is, equation (5.4]) reduces to the difference Riccati equation.
This result is sharp in the sense that the difference equation w(z + 1) = w(z)? is
satisfied by w(z) = exp(27), which has hyper-order exactly one. In the second-order
case, it follows by the proof of [I, Theorem 3] that if

(5.5) w(z+1)+w(z—1) = R(z,w)

has a meromorphic solution of hyper-order less than one, then deg, (R) < 2. In
[26] it was shown that if (B3] has at least one admissible finite-order meromorphic
solution w, then either w satisfies a difference Riccati equation or equation (5.0
can be transformed into one in a list of equations consisting of difference Painlevé
equations and linear equations. Recall that a meromorphic solution w of a difference
(or differential) equation is called admissible if all coefficients of the equation are
in S(w). Following [26], and by applying Theorem [l instead of [24] Lemma 2.3],
the following version of [26, Theorem 1.1] is obtained.

Theorem 5.2. If equation ([B5), where R(z,w) is rational in w and meromorphic
in z, has an admissible meromorphic solution w such that ¢(w) < 1, then either
w satisfies a difference Riccati equation or equation (B3] can be transformed by a
linear change in w to one of the following equations:

T2 + 7o

wtw+tw = ——— + K1,
w
mz+
w—-—w4+w = g‘k(_l)zf‘ﬂ,
w
_ Tz + 73
wtw = —— + 7o,
w
T2+ kK s
-
w w
_ (12 + K1)w + m
w w = ’
e
Tiw = (7712—|—/£1)w+7r2,
1 —w?
ww+ww = p,
wH+w = pw-+q,

where W = w(z + 1), w = w(z — 1) and 7y, ki are periodic functions with period k.

Remark 5.3. In order to prove Theorem one needs to extend the difference ana-
logues of Clunie’s and Mohon’ko’s theorems used in [26] to meromorphic solutions
of difference equations of hyper-order strictly less than one. This can be done by
combining Theorem [5.1] with the proofs of [24] Theorems 3.1-3.2]. Similarly one
can extend the generalization of [24] Theorem 3.1] obtained in [31] to meromorphic
solutions f such that ¢(f) < 1.

6. COUNTERPARTS IN ¢-SHIFTS

In this section we state a g-difference analogue of Theorem [[Il Similarly to
the Casorati determinant, we define the ¢- Casorati determinant of entire functions
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go,---,9n by

90(z)  qi(z) - gn(2)

Cloo(a).. gn(y = | P4 al@d) (@)

90(q"2) g1(q"z) -+ gn(q"2)
If g € C\ {0,1}, then the g-Casorati determinant vanishes identically on C if and
only if the functions go,..., g, are linearly dependent over the field of functions
¢(2) satistying ¢(qz) = ¢(z). However, if |g| # 1, then the intersection of this field
with the field of meromorphic functions consists only of constant functions, and we
are therefore restricted to study hyperplanes over C in this context.

Theorem 6.1. Let f : C — P™ be a holomorphic curve such that o(f) = 0, let
q € C\{0,1} and letp € {1,...,n+1}. If n+p hyperplanes in general position have
forward invariant preimages under f with respect to the rescaling 7(z) = qz, then
the image of f is contained in a projective linear subspace of dimension < [n/p].

Theorem can be proved by finding g-analogues of Theorems 2.1] and 3.1l and
adapting the proof of Theorem [[1] suitably, where the ¢-difference analogue of the
lemma on the logarithmic derivatives from [3] is used in place of Theorem (.1
We omit further details of the proof. The following corollary is an immediate
consequence of Theorem

Corollary 6.2. Let f: C — P™ be a holomorphic curve such that o(f) = 0, and
let g € C\{0,1}. If 2n + 1 hyperplanes in general position have forward invariant
preimages under f with respect to the rescaling 7(z) = qz, then f is a constant.

The order condition o(f) = 0 in Theorem [G.Iland Corollary [6.2] cannot be simply
dropped in the following sense.

Example 6.3. Five hyperplanes in P? given by equations hy(w) := wo=0, ho(w) :=
wy = 0, hz(w) = wy = 0, hy(w) := wo+w; +wz = 0, hs(w) := wo+ww; +w?ws =0
in general position have forward invariant preimages under the non-constant curve
f=[1:w:e*]:C — P?with w = e>™/3 with respect to the rescaling 7(z) = 4z.
In fact, h1(f) = 1, ha(f) = w, hs(f) = €* are zero-free and the zeros of hy(f) =
e* —w? hs(f) = w?(e* — w?) are forward invariant, while o(f) = 1.

Let f be a holomorphic curve such that o(f) = 0 given by f(z) :=[1 : w :
II(2) + w?] with the infinite product II(z) = H(;io(l — 2/¢’) when |g| > 1. This
II(z) satisfies I1(gz) = (1 — ¢z)II(z), and therefore the zeros are forward invariant
with respect to 7(2) = gz, while we have hi(f) = 1,ha(f) = w again and also
ha(f) = TL(2), hs(f) = w?I(z) now. Of course, the zeros of hz(f) = M(z) — w
cannot be kept forward invariant anymore with the rescaling. This difference with
Example appears to stem from the fact that any non-constant entire function
does not permit finite Picard exceptional values when the order of growth is less
than one. This seems to indicate that Theorem [6.1land Corollary should remain
true when 0 < o(f) < 1, but at the moment we have no proof of this. Confirming
this conjecture would require a different approach to the one used here, since it
has been shown by examples that the g-difference analogue of the lemma on the
logarithmic derivative obtained in [3] cannot be extended to meromorphic functions
of non-zero order. Moreover, if g is a transcendental entire function whose zeros
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are forward invariant with respect to a rescaling r(z) = ¢z, ¢ € {0, 1}, then the
function ¢(z) := g(e?) is entire and has the zeros that are forward invariant with
respect to the shift s(z) = z+4c¢ with ¢ = log g # 0. By an estimate due to J. Clunie
n [I2], it follows that

log max |g(w)| + O(1) > log max |$(z)| > log
w|=e" |z|=r

- max_[g(w)] + O(1)

Jw]

holds for some positive constants a,b with b < 1. Therefore, we see that ¢(¢) <1
if the order o(g) of g is finite, while o(g) = 0 if ¢(¢) < 1. This delicate growth
balance between the functions g and ¢ must be taken into account in any attempt
at trying to demonstrate the conjecture.

Note. Any automorphism of C has the form 7(z) = gz + r, ¢ # 0, which is a
composition of the shift z + r/q and rescaling ¢z.

7. SHARPNESS OF THEOREMS [[.]] AND

Using similar methods to Green [I7], we see that the dimension [n/p] in Theo-
rem [[LT] is the sharpest possible bound and is always attained for any given n + p
hyperplanes in general position. In fact, we only need to replace the choice of
the exponential functions exp(g,,) with holomorphic mappings g,, : C*/?l — p»
(m =1,...,[n/p] + 1) by the entire functions 1/T'(z/c + w™) on C with the or-
dinary gamma function I'(z) and the primitive ([n/p] + 1)™ root of unity w, for
instance. Let P, denote the field of periodic meromorphic functions with period
c. Following Green’s argument, we obtain the holomorphic curve f : C — P"
of order of growth one, whose image is non-degenerately included in an [n/p]
dimensional linear subspace of P” and under which the n 4+ p hyperplanes over
Py ={m € P, :T(r,m) = o(rlogr)} have forward invariant preimages with respect
to the transformation 7(z) = z+c¢. A similar argument will be used to demonstrate
the sharpness of Theorem

Let f : C — P™ be a linearly non-degenerate holomorphic curve and {H; }3-:1 be
a family of hyperplanes H; C P" in general position. Instead of considering each
hyperplane H; itself which is defined by

we will mainly observe its representing vector h; = (hjo, -+, hjn) € Cr+l. Here
we recall that w = [wp : - -+ : w,] is a homogeneous coordinate system of P”. Then
it is convenient to use a symbol (e, ) to denote a kind of ‘inner product’ in C**1
given by (hj, w) = > p_; hjrwy = fIJ(w) Let f:=[fo : --- : fn] be a reduced
representation of the curve f : C — P™. Then (hj, f(2)) = Y p_ohjrfu(z) =
]:Ij (f(z)) is an entire function on C for every j. By {e;}}_, we denote the standard
basis of C"*! throughout in this note, so that we have (e, f) = fx (0 <k < n).

Let m be a prime number and € be a primitive m*™ root of unity. We take the
set of 2m vectors H :={h; : 1 < j <2m} C C™ with

ej—1 (1<j<m),
h; =

Vi  (m+1<j<2m),
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where
U1 1 1 e 1 .. 1
V2 1 ¢ ek gm—1
Vj = 1 Ej71 g(jfl)k E(jfl)(mfl) ,
Um—1 1 5‘m72 e €(m72)k e g(mfz)(mfl)
Um ]_ €m71 e 5("7'71)]‘7 e g(mfl)(mfl)

which is a regular m-matrix V,,, = (¢*) (0 < ¢, k < m—1), in fact, a Vandermonde
matrix.

Then we see that any m of the 2m vectors h; in H are linearly independent over
C in C™, so that those 2m vectors give the family of 2m hyperplanes in P™~1(C)
which are actually located in general position. In order to confirm this matter, we
only need to know that every minor determinant of our Vandermonde matrix V,,
does not vanish. As a matter of fact, it is the only reason why we have chosen m
as a prime number so that we can apply the following lemma for the purpose:

Lemma 7.1 ([I3]). Let m be a prime and let € be a primitive m'™ root of unity in
some field of characteristic zero. Suppose ay, ..., a, € Z are pairwise incongruent
(modm) and suppose the same for by, ..., b, € Z. Then the determinant of the
matrix (Eaibﬂ') does not vanish.

One sees that this is not the case unless m is prime: for example, when m = 4,
e =+/—1, a1, =b; =1 and ay = by = 3, then the determinant does vanish.

Now we assume concretely that m = 11 so that n = 10. When p = 3, we consider
four entire functions ¢;(z) to be determined concretely later and define the linearly
non-degenerate holomorphic curve f : C — P9(C) by

f(2) :=[c161 : c20h1 : c3dr < 12t Catba 1 C3Pa 13t Cadby 1 C3P3 1 Cr by ¢ Cadda
with some non-zero constants ¢; (i = 1,2,3) and take the set of 22 vectors H :=
{hj:1<j<22}C C!! as above:

€51 (1 S] S 11)a

h; =

Vji-11 (12 S] S 22)

Choosing ¢; = ¢, ¢ = —(¢ + 1) and ¢35 = 1, we have
c1+ca+e3=0 and cl—|—502—|—5203 =0
as well as ¢; +ca = —1 and ¢; +eco = —%. Then n+p = 13 vectors h; (1 < j < 13)
give
(hj, f(2)) = djor,(z) (1<j<11)
withd; =¢; (=4 mod3)and k; =[(j —1)/3] +1 (1 < j <11) and also
(h12; f(Z)) = _¢4(Z) ) (h13; f(Z)) = —€2¢4(Z) )

both of which follow from the choice of the three constants ¢; (i = 1,2,3). On

the other hand, it follows from the definition that f(C) is in the linear subspace of
P0(C) with dimension 3 = [10/3].
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In the same way, given any p (1 < p < 10), we can obtain a desired curve

£(2): C = PY(C)

px[10/p]
f(2) =11 - icpdrior i CiBs1 o i Cps1 i C1Pst t Clip[10/p]Ps |
\—p,_/ p 11—p[10/p]
for s = [10/p] + 1 entire functions ¢ (1 < k < s) and non-zero constants c¢;

(1 <i < p) satisfying the simultaneous linear equations
P
Zez(ifl)ci =0 (0<L<p-1),
i=1

together with p + 10 hyperplanes defined by h; (1 < j < p+ 10) which satisfy
(hj, f(2) = djdn,(2) (1<) <11)
withd; =¢ (=i modp)and k; =[(j —1)/p] +1 (1 < j <11) and also
(hj, f(2)) = djos(2) (12<j <p+10)

with d; = — S PO/l G121 ey (£ 0) (12 < j < p + 10), since 11 — p[10/p]
does not coincide with p.

For each prime number m, we can similarly construct a corresponding holomor-
phic curve f(z) following the idea of Green. When n + 1 is not a prime, the choice
of suitable hyperplanes would be a little complicated.

Remark 7.2. According to the value of p, the number 11 — p[10/p] varies as follows:

» 1[2[3]4[5[6]7[8[9[10
—po/p] T[T [2]3[1[5[4]3[2]1

Therefore, if p is not any divisor of n = 10 so that [10/p] # 10/p, then we can
obtain a curve g : C — PY(C) with our desired properties by projecting the curve f
into P°(C) and p + 10 vectors h; € C!! given above into the subspace

{[wozwl:---:w9:1]|[w0:w1:---:wg]E]P’g((C)}

and C}? := C' x {0}, respectively. Concretely consider the case when p = 3. Then
we give g : C — PY(C) by

9(2) := [c101 : cad1 t cadhy : C1ha : Caby t 3ot C10h3 ¢ Cadhs t 33t C14]

with constants ¢; = ¢, ca = —(¢ + 1) and ¢35 = 1 as well as the following 12 vectors
in C10:
éj—l =€51 n (ClO (1 S] S 10) )
hj={ ;1 =1,1,---,1)(j=12),

-1 = (L, ,e%) (j =13).
Then we have .
(hj,9(2)) = djon, (2) (1<) <10)
withd; =¢ (=4 mod3)and k; =[(j —1)/3] +1 (1 < j <10) and also
(il12>g(2)) =c¢u(z), (31379(2)) = 'pa(2).
On the other hand, it follows from the definition that g(C) is in the linear subspace
of P?(C) with dimension 3 = [9/3].
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In general we give

px[10/p]
g(z) ==[c1d1: - tepdr i ie1ds 1t e i CpBt CLds i i Clo—pl10/p]Ps |
P P 10—p[10/p]
for s = [10/p] + 1 entire functions ¢, (1 < k < s) and non-zero constants c¢;

(1 <4 < p) satisfying the simultaneous linear equations

P
Zam_l)ci =0 (0<¢<p-1),
i=1

together with p + 9 hyperplanes defined respectively by the vector flj which is the
projection of h; on C}{ for each j(# 11) with 1 < j < p+ 10. They still satisfy

(hj.9(2)) = dj, (2) (1<) <10)
withd; =¢; (j =1 mod p) and k; =[(j —1)/p] +1 (1 < j < 10) and also
(hj,9(2)) = djos(z) (12<j <p+10)
with d; = — S2OPIO/P G12)G=D) ey (£ 0) (12 < j < p + 10), since p > 10 —
p[10/p] > 0.
For any ¢ € C such that |¢| € (0,1) the ¢-Gamma function I'y(z) is defined by
CHES -
T, (z):= 1—¢q) ™"
)= (g Y
where (a; ) oo := [[reo(1 — ag®) [2]. By defining
Ya(2) = (1= )" 'Ty(2),  z=4",

and v4(0) := (¢;¢) oo, it follows that v4(z) is a zero-order meromorphic function
with no zeros and having its poles exactly at the points {g=*}22,. Therefore the
preimages of the poles of v,4(2) are forward invariant with respect to the rescaling
7(z) = gz. To show the sharpness of Theorems [[I] and [6I] we may take the
functions ¢;(z) by

)

1 1

%) =g M 9= ey

respectively.

8. THE PROOF OF THEOREM [b.]]

Lemma 8.1. Leta € C, c € C and 6 € (0,1). Then

2m
(8.1) / log™*
0

for all v > 0.

do

c 1 e[ 1
— < -log" (1 —
or — 5 8 <+(1—5)r5)

14+ ——
ret —q
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Proof. By Jensen’s inequality [8 p. 48], it follows that

2m 2 9
c g 1 c de
/0 o8 +r629—a 27r*(5/0 o8 ( +‘r619—a ) 27
(8.2)
D logt / O
58 0 re —a 27

for all r > 0. Since |re? — |a|| > r62 for all 0 < § < Z and any a € C (see, e.g.,
[16, p. 118]), we have

27 z
do 2 df 2w 1
8.3 — <4 . < —
(8.3) /0 |rei? —ald — /0 [re?? —|al]d — 1—4 7

whenever § € (0,1). Inequality (8] follows by combining (82) and (B3). O

The following lemma is an improved version of the inequality obtained in [24]
Lemma 2.3] (see also [0, Theorem 2.4]). Its method of proof is based on a com-
bination of the techniques used in the proofs of [30, Lemma 3] and [24, Lemma
2.3].

Lemma 8.2. Let f be a meromorphic function such that f(0) # 0,00 and let ¢ € C.
Then for alla > 1, 6 € (0,1) and r > 0,

" (T’ f(;(j)0)> < Hepd (T(Q(H e]). £) +log*

)
’whe16
1|c| ( ( (0 :)

Kld,6) = =505 a@-1

Proof. By the Poisson-Jensen formula [28, Theorem 1.1],

27 ) 60 0 do
log’M :/ logf(sew)Re<seA0+z+c_sele—l—z) do
z 0 se —z—c se? —z) 2m

s(z+c—ay) s%2—anz
s2—ap(z+c) s(z—ay)

(8.4) + D log

lan|<s
Z log z—l—c by) 82 —bnz
baTes bn(z+¢) s(z—=bp)|’

where |z| =7, s = 21 (r +|c|), and {a;} and {b,,} are the sequences of zeros and
poles of f, respectively. Hence, by denoting {¢x} := {a;} U {b,,} and integrating

(B4) over the set {£ € [0,27) : (T(er;r)c ’ > 1}, it follows that
+
(8.5) m <7", %) < Sy (r) + Sa(r),
where
mo 2w 2cset? dé dp
8.6
86) S / / log | (se™)[Re <(se’9 ret? — c)(set? — re“ﬁ)>’ 21 27
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and
=D /%log - de
7‘ezﬂa—q;€ 2w
|qk\<s
c dy
1-— =
+|qz|;/ rett te—qi| 2m
k S
c dy
14— | 2
+ Z / * rete — §—2 2T
lqr|<s qk
c d(p
+ 1-— .
Z / reiv 4+ ¢ — | 2w
lak|<s ax

By interchanging the order of integration in (86]) using Fubini’s theorem, it follows

that
2cset? dnp db
(se® — reiv —c)(se? —rei¥) J| 27 o

27 27
Si(r) = / llog | £(s¢%)| / Re

Therefore, by applying the inequality ([83) and using the identities s = (a4 1)(r +
/2, s —r —|c| = (= 1)(r +]c|)/2 and s — r > |¢|, we have

2|c|s 2 0 2 1 dy do
Si(r) < —r)1—5/0 |log | f(se )||/0 [56 — reie] 2r 27

(s—=r—1le|)(s rei? | 2m 2

(8.7) < (12|f; Z—i : Tia (m(s’f)+m (S %))

e at+1 1 . o 1
Ty ey (T e ).

Moreover, by using Lemma Bl and substituting s = <L (r + |c|), it follows that

) <5 (w040 (o) Jros (14 (1c_|65> 5)

~—

IN

16c 1 e[ 1
(8.8) g—(Toar—l—c f) +log™ >lo+<1+——>
(a— 1 \M(erH el f)loaT gy Jloa ™ (14 75573
16|c|® a 1
< 242 (7 1
“61-6) a-1 19 ( (alr +lel), /) + log™ |£(0 )|)
The assertion follows by combining the inequalities (83]), (87) and (B.F]). O

Proof of Theorem 51l If f has either a zero or a pole at the origin, then the as-
sertion can be proved by considering the function w(z) = 2*f(z), where k € Z is
chosen such that w(0) # 0,00. Therefore it is sufficient to consider only the case
where f(0) # 0,00. Let £(z) and ¢(s) be positive, non-decreasing and continuous
functions defined for all sufficiently large x and s, respectively, and let C' > 1. Then,
by [8, Lemma 3.3.1], we have

o(s) 5
(8.9) T <s+ g(T(&f)),f) <CT(s, f)
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for all s outside of a set F satisfying

ds 1 T(RS) g
. — —_ @)
(8.10) /Em[so,m ¢<s>§10gc/e (@) oW

where R < oc0.
Assume first that f is of finite order. By choosing ¢(r) =r, £(z) =1 and o = 2
in Lemma R2 and ([89), it follows that

o(r + lcl)
8.11 T(a(r+|e]), f :T<r+c+—,f <CT(r+|e, f
(8.11) (alr +e]), f) ] ST +1eh 1) (r+1el, f)
for all r outside of a set E = E(f,e) which according to (8I0]) satisfies

ds 1 B

8.12 / — < / — +0(1
( ) EN[1,R] $ logC' /. T @)
for some p > 0. Then, choosing C = exp(p/e), it follows by ([BI2]) that

ds

d(E) = limsup fEm[l’R] s P
R—soo logR ~ logC

Therefore, T'(2r, f) = O(T(r, f)) for all r outside of an exceptional set E = E(f,¢)
of logarithmic density d(F) < e, and so by choosing 6 =1 — 1/log in Lemma [82]
it follows that

(8.13) m (r, %) ) <1°fr T(r +|d|, f))
as r — oo such that r € E.

If f is of infinite order and ¢(f) < 1, then by choosing ¢(r) = r, {(z) =
(log z)'*+¢/3 and

¢(r + lcf)
(r =+ [eD&(T(r + |el, )’
in Lemma 2 and (89), it follows that

as r approaches infinity outside of an r-set of finite logarithmic measure.

Asymptotic relations (8I3]) and (8I4)) together with the following lemma, which
is a generalization of [26, Lemma 2.1], yield the assertion of Theorem b1l O

a=1

Lemma 8.3. Let T : [0,4+00) — [0,+00) be a non-decreasing continuous function
and let s € (0,00). If the hyper-order of T is strictly less than one, i.e.,

loglog T'(r)

(8.15) limsup ————= =¢ < 1,
r—00 log r
and § € (0,1 —<), then
T
(8.16) T(r+s) =T(7“)—|—0( :;)) ,

where r runs to infinity outside of a set of finite logarithmic measure.
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Proof. Let 6 € (6,1 —¢), n € R* and assume that the set F,, C [1,00) defined by
T(r+5)-T(r) 4

8.17 F, = Rt : 2 7.0 >
(8.17) W {7‘ € o r’>n
is of infinite logarithmic measure. Note that F;, is a closed set and therefore it has
a smallest element, say ro. Set r, = min{F, N [r,—1 + s,00)} for all n € N. Then
the sequence {r, },cz+ satisfies 41 —r, > sforalln € Z*, F, C U, o[rn, rn + s
and
(8.18) (1 + %) T(rn) < T(rp41)

T'n
for alln € Z*.

Let € > 0, and suppose that there exists an m € Z* such that r,, > n'*¢ for all
rn, > m. But then,

dt /+ dt /m dt & ( s )
— < — 4+ log(1+—
/F,,ﬁ[l,oo) t Z Tn 1 t nz::l Tn

Z log (1 + sn (HE)) +0(1) < o0,

n=1

IN

which contradicts the assumption [}, A[1,00) % =00. Therefore the sequence {r, },cz+
n 5

has a subsequence {r,,};ez+ such that r, < n]Hs for all j € Z*. By iterat-
ing (BIY) along the sequence {ry, }jez+, we have

for all j € Z™*, and so

n;j—1
log (logT ro) Z log <1 + ))

loglog T
lim sup M > lim sup
r—00 1Og7“ j—o00 1Og Tn;
log (log T(rg) + njlog (1 + %))
T
> limsu e
=y (1+¢)logn;
n(1+s)5
J
n
> limsu " 1
= e (1+¢)logn;
1 — (1+¢)d]logn;
iy L= )3 og
P T 1+ o) logn,
1 -
> — 0.
“1l+e
By letting € — 0, we obtain
loglog T ~
imsup 28108 oy 5
r—00 logr
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which contradicts (8IH) since 1 —§ > . Hence the logarithmic measure of F,
defined by (BIT) must be finite, and so

T(r+s)=T(r)+ O (T(T)>

o

for all r outside of a set of finite logarithmic measure. Therefore the assertion (8.16)
follows. O

9. THE PROOF OF THEOREM [2.1]

The following lemma is due to Cartan [7] (see also [23]).

Lemma 9.1 ([7]). Let n > 1, let z € C and let go, ..., gn be linearly independent
entire functions such that max{|go(2)|,...,|gn(2)|} > 0 for each z € C. If fo,..., fq
are ¢ + 1 linear combinations of the n + 1 functions g, ..., gn, where ¢ > n, such
that any n+1 of the g+ 1 functions fy, ..., fq are linearly independent, then there
exists a positive constant A that does not depend on z, such that

195 (2)] < Alfm, (2)],

where 0 < j <n, 0 <v < qg—n and the integers my, ..., my are chosen so that

o ()] 2 | fmns (2)] = - = | fin (2)].

In particular, there exist at least ¢ — n + 1 functions f; that do not vanish at z.

Proof of Theorem 211 The proof follows the original proof of Cartan’s second main
theorem (see, e.g., [7,123[129]), taking into account the special properties of the
Casorati determinant. Since the functions g;, where j = 0,...,n, are linearly
independent over P!, it follows by Lemma that C(go,...,g9n) Z 0, and so
the function L is well defined. The functions g;, 7 = 0,...,n, are also linearly
independent over C (since C C P}), and so by Lemma [B.1] the auxiliary function

(9.1) v(z) = max 10g [ fio (2) ** + frogn 1 (2)]
(k1125 C{0,...q)

gives a finite real number for all z € C. Let {ao,...,aq-n-1} C {0,...,¢}, and
{bo,...,bn} ={0,...,¢}\{ao,...,aq—n—1}. Since fy,,..., fp, are linearly indepen-
dent linear combinations of go, ..., gn, it follows that C(fy,,..., fs,) Z 0, and

ibD Ibn 90 9n 00 Ton
fbo fbn go gn Tio - Tin
Al ) ) e
where 7, € Cfor all j =0,...,nand m =0,...,n. Therefore,
(9.2) C(go,---s9n) = Aoy 00)C(fogs - - -5 fb,)s

where A(bg,...,b,) =: Ap € C\ {0}.
We prove the inequality (24 first for the auxiliary function

_ —[n]
7o Jofv T iy
(9.3) L= C(g0y---,9n) ,
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which is also well defined since C(go, ..., gn) # 0. By substituting (@.2)) into (@.3)),

we have

5 JoTy s Ta furr ok
Abc(fboafblv" '7fbn)

_fo o R/ (T )
Abc(fbovfbw .- "fbn)

T T fan e oy G/ 50) G ) - i /o) - U /)
AbC(fogs fors-- s fo,)

Fao - Fan s /1) - o/ Fo) - o)) - (o /T
(AbeO - TFC o) fo Son oo - - fb,,b/f()))
FooFo e T
oo Fagas Gl T i ) - G )/ )

(Abfofo T C oo ) for Fou /o fbn/fo>>
SooFo, - T
fao+ Fara s o SF )/ ) - G JTED [t o)
(AbC(fbo /fo, fo/for-- - Fo, /fo)) '
oo/ o) - (T /To) -~ (i /T

Therefore, 5 5
L=
where
( C(foo/ fos fo./fos- -+, f,/ fo) >
— \Uso/fo) - Fou/To) = (T /76
(9.4) G=—— —T =] )
(fo/ o)/ il for) - (P /o, )/ (Fnd fo)
By defining

w(z) = max log |Ap G (%
(2) P T g|ApG(2)]

it follows that v(z) = log |L(z)| 4 w(z) whenever L(z) is non-zero and finite, and so
27 27 27
(9.5) / v(re®)dd = / log |L(re™)|do + / w(re?)ds.
0 0 0

(If L has zeros or poles on the circle {z : |z| = r}, then the path of integration may
be slightly amended in (@) so that any poles or zeros of L are avoided by the new
path. The validity of (@3] then follows by a limiting argument where the modified
path is allowed to approach the circle {z : |z| = r}. See, e.g., [23] for more details.)
Let {co,...,cq—n—1} be the set of indexes for which the maximum in (@1 is
attained for a particular choice of z € C. Then by Lemma it follows that
log|g;(2)| <log|fe, (2)|+logAforal 0 < j<nand 0 <v<g-—n-—1,and so

96) (=1 < 5 [ ureas + o)
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as r — o00. Since the function G in (Iﬂl) consists purely of sums, products and

quotients of fractions of the form ( [l]/f )/(fi/fx) where l € {1,...,n} and j,k €
{0,...,q}, it follows by Theorem IBEI that

i0< rlfi/f’“)) o)

q
1 2w
7=0 k=0

(9.7) L 96 <
2 0

as r approaches infinity outside of an exceptional set of finite logarithmic measure.
By combining ([@.7) and (2.)) it follows that

(9.8) % O " w(re®)dh = o <TT-"(’”) ) +o(1),

where r tends to infinity outside of an exceptional set of finite logarithmic measure.
Finally, by Jensen’s formula,

1 2 - ) 1 ~
(9.9) %/0 log | L(re'?)|dd = N (T, f) — N(r,L)+0(1)
as r — oo, and therefore we have
1 ~ T
(9.10) (q—n)T,(r) <N (r, f) —N(r,L)+o (rlg(f)s) +0(1)

by combining (@.H), (@.6), (O-8) and @.9).
We will complete the proof by showing how (2.4) follows from (@.I0). Consider

first the counting functions

1 1
(911) N T,m <N<'f'+j,_>
77 i
for j=1,...,n. In order to apply Lemma to the right side of inequality (@11

we need to consider the growth of N(r,1/f;). Since each f; is an entire linear
combination of gy, ..., gn, we have by the Poisson-Jensen formula that

LY T
N(ng) = [ orlgenig

27
<K / sup._log lg; (re’) 5
0 j=0 T

(9.12)

=0,...,n

= KTy(r) + O(1),
where the constant K > 0 is independent of . Since ¢(g) < 1, it follows by ([@.12)
that

log log N (r, %)
§; :==limsup —————~ < 1

r—00 logr

for all j = 1,...,n. Therefore, by Lemma [8.3] we have

1 1 N (7’, —fl])
(9.13) N r—= | <N(r+j+|=N{(r+|+to| —T5=21>
fg?] fJ ?
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where j = 1,...,n and r tends to infinity outside of an exceptional set of finite
logarithmic density. By using ([@I2]), the inequality ([@.I3)) yields

1 1 T,(r) )
N|lr— | <N —l—o( g ), =1,...,n,
T[.]] ( fj) 1meme !

J

outside of an exceptional set of finite logarithmic measure. Therefore,

N (r, %) — N(r, L)

:N<7“ C(go,...,gn) >—N<7“ f071"'?£?]fn+1"'fQ>
f071"'7£:l]fn+1"'fq C(907~~~79n)
1 1
— v (gt )
( fofl---fi]fn+1~-~fq> Clgor -+ 9n)

1 1 1
Nt +N<r,7)—]\](r,—)
j=0 ?[j] f’n+1"'fq 0(9077971)

|
=

- 1 1 T,(r)
S () o () (Yo ()
j=0 ( f]) fn+1 fq C(gO”gn) T17§75
1 1 T,(r)
o) Nt ) (B
( "for fq) ( C(g()v---agn)) rime—e
1 Ty(r)
(e D) e o (B0
The assertion follows by substituting this inequality into ([@I0). O
10. THE PROOF OF THEOREM [I.]]
Let x = [z¢ : -+ - : @y), and let H;(x) be the linear form defining the hyperplane

H;(x) =0forall j =1,...,n+p. Since by assumption any n+1 of the hyperplanes
Hj;,j7=1,...,n+p, are linearly independent, it follows that any n +2 of the forms
Hj(z) satisfy a linear relation with non-zero coefficients in C. By writing 7(2) = z+c
and f =[fo:...: fn], where the coordinate functions are entire functions without
common zeros, it follows by assumption that the functions h; = H,;(f) satisfy

(10.1) {r(h; ({01} < {h; ({01}

for all j =1,...,n+ p, where {-} denotes a multiset which takes into account the
multiplicities of its elements. The set of indexes {1,...,n + p} may be split into
disjoint equivalence classes Sy by saying that i ~ j if h; = ah; for some a € P}\{0}.
Therefore

N
{1,7’1’L+p}: USJ
j=1
for some N € {1,...,n+ p}.
Suppose that the complement of Sy has at least n + 1 elements for some k €
{1,...,N}. Choose an element sg € Si, and denote U = {1,...,n+p}\ Sp U{so}.
Since the set U contains at least n + 2 elements, there exists a subset Uy C U such
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that Up N Sk = {so} and card(Up) = n + 2. Therefore, there exists a; € C\ {0}

such that

> ojH; =0,

J€U
and so

Z Oéjhj =0.

Jj€Uo
This contradicts Theorem Bl and so the set {1,...,n + p} \ Sk has at most n
elements. Hence Sy has at least p elements for all k =1,..., N, and it follows that
N < (n+p)/p.

Let V be any subset of {1,...,n + p} with exactly n + 1 elements. Then the
forms H;, j € V, are linearly independent. By denoting V;, = V' NS}, it follows that

N
V=_{JV.
k=1

Since each set Vj, gives raise to card(Vy) — 1 equations over the field P!, it follows
that we have at least

N
Z(card(Vk)—l) :n—f—l—Nzn—l—l—m:n—E
k=1 p p
linearly independent relations over the field PL. Therefore the image of f is con-
tained in a linear subspace over P! of dimension < [n/p], as desired. O
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