TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 200, 1974

HOMEOMORPHISMS BETWEEN BANACH SPACES
BY

ROY PLASTOCK(})

ABSTRACT. We consider the problem of finding precise conditions for a
map F between two Banach spaces X, Y to be a global homeomorphism.

Using methods from covering space theory we reduce the global homeomor-
phism problem to one of finding conditions for a local homeomorphism to satisfy
the “line lifting property.” This property is then shown to be equivalent to a lim-
iting condition which we designate by (L). Thus we finally show that a local
homeomorphism is a global homeomorphism if and only if (L) is satisfied. In par-
ticular we show that if a local homeomorphism is

(i) proper (Banach-Mazur) or

(i) [So i“fllxu(s i [F'(x)]_lll ds = o (Hadamard-Levy), then (L) is satisfied.
Other analytic conditions are also given.

Introduction. Suppose we have a continuous (or continuously differentiable)
map F between two Banach spaces X and Y. We ask what additional assump-
tions must be imposed upon F to insure that it is a homeomorphism (diffeomor-
phism) of X onto Y? We observe that if F is a homeomorphism then in par-
ticular it is a local homeomorphism. Also if F is a diffeomorphism, then by the
chain rule F'(x) is an invertible linear map for every x. Since these conditions
are necessary for our problem, we shall always assume that our map F is either
a local homeomorphism or, if F €C(X), that F'(x) is invertible. Thus we ask
when such a map is a homeomorphism (diffeomorphism) of X onto Y.

Using Lemma 1.1 we shall see that we can reduce our problem to a more
fundamental one: that of determining when a given local homeomorphism F isa
covering space map of X onto Y. In §1 we present the following solution to
this question (Theorem 1.1):

If F:DC X— Y is alocal homeomorphism (where X and Y are
Banach spaces, D open), then (D, F) is a covering space of F(D) if and
only if F “lifts lines.”

We next introduce a simple analytic criterion, condition (L), which insures
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that F lifts lines. More precisely, we show (Theorem 1.2) that a map is a global
homeomorphism if and only if it is a local homeomorphism and satisfies condition
(L). Thus, in view of Theorem 1.2, we are led to determine precise conditions
which insure that a map satisfies condition (L).

In §2 we impose conditions which lead to direct consequences of Theorem
1.2, the simplest being the conditions of Banach and Mazur: F: X — Y isa
homeomorphism if and only if F is a local homeomorphism and a proper map.

Our investigation continues in §3 in the spirit of the Hopf-Rinow theorem
of differential geometry. Here we give a definition of completeness in a Banach
space setting which enables us to verify condition (L) under various analytic con-
ditions imposed on a map F. Global homeomorphism theorems are proven for a
special class of quasi-conformal maps (see Zori¢ [16]) and also the Hadamard-Levy
theorem is deduced as a special case of Theorem 3.1 (which gives analytic criteria
that insures completeness according to Definition 3.2).

§4 is devoted to global homeomorphisms between finite-dimensional Euclid-
ean spaces. In particular, if [Jacobian F| > a > 0, what additional assumptions
must be imposed upon F to insure that it is a global homeomorphism? Several
answers are given using the Hadamard-Levy theorem.

The background references for this chapter are [1], [2], [4], [5], [6], [8],
[91, [10], [121, [13], [14], [16]. Further references can be found in these
papers.

1. Local homéomorphisms and covering spaces. Our approach for attacking
the global homeomorphism problem is motivated by the following well-known
result:

LEMMA 1.1. Let X and Y be connected, locally pathwise connected
spaces. Furthermore, let 'Y be simply connected. Then F is a homeomorphism
of X onto Y ifand only if (X, F) is a covering space of Y.

In order to apply Lemma 1.1 to our problem we must find precise condi-
tions for determining when a local homeomorphism is a covering space map.

Let X and Y be Banach spaces, D CX open and connected.

DEFINITION 1.1. F:D—> Y lifts lines in F(D) if and only if for each line
L) =(1-8)y, +ty, in F(D) and for every point x, € F~!(y,) thereisa
path P(#) such that P, (0) =x, and F(P,(5) = L(?).

A simple connectedness argument shows that if F is a local homeomorphism
and F lifts lines in F(D), then the path P,(¢) in Definition 1.1 is unique.

THEOREM 1.1. Let D CX be open and connected, F:D — X. The fol-
lowing are necessary and sufficient conditions for (D, F) to cover F(D):
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() F is a local homeomorphism, and
@ii) F lifts lines in F(D).

PrOOF. The necessity follows from the properties of a covering space. To
prove the sufficiency, we first observe that if y € F(D), we can find an 7 so
that B(; ) = {zlllz -yl <r} C F(D), and that any radius in B can be de-
scribed by aline L,(f) =y +trz, |lz|l=1,0<t <1, which can be lifted. Let
xEF~1(y),

O = {PO | FP@) = L), Vlizll =1,0<¢<1, and P(0) =x}.

Let O, = 0: considered as a point set, i.e., O, = {x |x =P(),P€ 03}

(0, # & by (i)). By intuitively thinking of O, and B(y;r) as the spokes of
a wheel, we shall show that these sets satisfy the conditions given in the definition
of a covering space, i. e., we show that the O, (x€F~1(»)) are disjoint, open
sets mapped homeomorphically onto B(y;r) by F, and F~1B(;n)=
UxEF'l(y)Ox‘

(a) Each O, is mapped onto B(y;r) since any y € B(y;r) lies on
some radius L; hence there is a path P(¢) € 0;‘ and a £ so that F(P(F))
=y . By definition of O,, P(?) € O,.

(b) Each O, is mapped homeomorphically onto B(y;r). If not, letx, #*
x, €0, and F(x,) = F(x,) =y. By definition of O,, x; and x, lie on
paths P, and P, which are not identical, for otherwise their image would be a
radius which would intersect itself. Hence F(P,(f)) and F(P,(#)) are distinct
radii. Thus y =y, and so F(x,)=F(P,(t,)) = FP) =y = F@P,(t,)) =
F(x,). Hence ¢, =0 and ¢, = 0 (otherwise the image of Pyt) (=1, 2)
would be a radius which intersects itself), and so x, =x, = x, a contradiction.
The continuity of the inverse will follow from the fact that F|,  is a local
homeomorphism and thus an open map (see (d) below).

() 0,, x EF~(y), are disjoint, for if X €0, N O,, with x; #x,,
then x = P,(t;) = P,(t,). The images of P, and P, under F must be the
same radius, for otherwise the radii would intersect and so F(x) = F(x,) =
F(x,) =y. By part (b), x =x, = x,—a contradiction. Thus F(P,(?)) =
F@,(0) = L(t), and so L(t,) = L(t,) which implies that ¢, =1¢, (=7).
Hence we conclude that P,(f) = P,(f) and, in particular, x; = x,. Thus the
0,’s are disjoint.

(d) Each O, isanopensetin D. Forif u€O0,,u#x, then there is
apath P(f) 0<t<1) in O, with initial point x and terminal point u
such that FP(®)) = (1 — )y + tv (where y = F(x), v = F(u)).

By (b) above, F is one-one on P(#). This together with the compactness
of the cg}yngm th P(r) enables us to find an open set S containing P(t) so that F
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is a homeomorphism on S to the open set F(S). To show that u is an interior
point of O,, we first find an open ball B(v; §) C F(S) with the property that
the line (1 ~f)y + tw isin F(S) whenever w isin B(v; 8). If this were not
the case we would find sequences #; (0<¢;<1) and w;, — v so that (1—¢)y
+ t,w; =y, ¢ F(S). However a suitable subsequence of the y; converges to a
point (1—-F)y +fv which isin F(S), thus contradicting the openness of
F(S). Thus F~!(B(v;8)) NS isan opensetin O, containing u. The interi-
orness of the remaining case u = x follows directly from hypothesis (i).

The openness of O, and hypothesis (i) implies that Fl,, , is a local ho-
meomorphism.

Q) F1 BO;nN)= .Uxep—l(y)or

Since F~'(B(y;r) C U, er—1(;)0x» it suffices to show the opposite
inclusion. Solet x EF~1BW;r). Let L) =U-F() +ty, 0<t<1.
Then L(f) € B(y;r) and so by hypothesis there is a path P(f) so that P(0)=x
and F(P(¢)) = L(t). Thus PA)EF~1(®). Let L')=L(A - and P'(H) =
P(1-1). Thus FP'(t))=L'(t), P'(0)=P(1) EF~'(y) and P'(1)=x. So, by
definition of Op(;), we see that x € Op(,.

We wish to remark that, for finite-dimensional spaces, Theorem 1.1 is essen-
tially due to Hermann [17, pp. 286—290].

In view of Theorem 1.1 we now proceed in developing a method (Theorem
1.2) for determining when a local homeomorphism lifts lines.

Again we suppose that X and Y are Banach spaces, D C X is open and
connected. Let F:D — Y be continuous. We introduce the following condition:

(L) Whenever P(¢), 0 <t <b, is a path satisfying F(P(t)) = L(t) for
0<t<b (where L(t)=(1 -0y, +ty, isany linein Y), then there is a
sequence f; — b as i—> > such that lim,,.P(¢;) exists and is in D.

THEOREM 1.2. Let F:D C X — Y be a local homeomorphism. Then con-
dition (L) is necessary and sufficient for F to be a homeomorphism of D onto Y.

PROOF. The necessity is trivial, for we let P(b) = F~!(L(b)). For the suf-
ficiency, we first show that F lifts lines. Let L(¢) be any line in F(D), with
L) =y. Let X €F~1(»).

Since F is a local homeomorphism, there is an € > 0 and a path P(f)
(=F (L), 0<t<e, such that P(0)=x and FP(t)) = L(¢) for 0 <
t<e. Let K(<1) be the largest number for which P(f) can be extended to
a continuous path for 0 <7< K and satisfying FP(#)=L({),0<t <K
Since F satisfies condition (L), let z = lim,, xP(t). By continuity, F(z) =
L(K). Let W be a neighborhood of z on which F is a homeomorphism. N
so that P(¢)E€ W for i=>N. Also 45 >0 and a path Q(f) defined for
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K-8 <t<K+4& sothat Q(t);) = P(t;);) (where M is chosen so that M=N
and K-8 <ty <K) and F(Q) =L(t) for K-8 <t<K +3.

Hence P(t) can be extended to a continuous path (which we again call
P@) on 0<t<K+68,P0)=x and FP)=L(t),0<t<K+35. By
the maximality of K, we conclude that K = 1, and hence F lifts lines,

By virtue of Theorem 1.1, (D, F) covers F(D). We need only show that
F(D) =Y in order to apply Lemma 1.1 and thus conclude that F is a homeo-
morphism of D onto Y. Solet y €Y. Choose y, € F(D) and let L(f) =
(1 - f)y, + ty. If we retrace the steps of the first part of our proof, we find a
path P(r),0<t<1, sothat F(P(1)) = L(f) on 0<:t<1. In particular,
FP)=L(1) =y, andso FD) =Y.

2. Direct consequences of Theorem 1.2. In this section we impose precise
conditions upon a map F between two Banach spaces which lead to straightfor-
ward verifications of condition (L). An application of Theorem 1.2 will then
yield the desired global homeomorphism result.

THEOREM 2.1. Let F:X — Y be continuously differentiable and also
F'(x) is invertible for all x € X. Suppose that

@ IFE) >0 as |lx]| — oo,

@) N{F' )]~ <M(IxIl), where M(f) is a continuous positive function
of R—R.

Then F is a diffeomorphism of X onto Y.

PrRoOOF. By Theorem 1.2, it suffices to show that F satisfies condition (L).
By the construction of Theorem 1.2 and the inverse function theorem, it suffices
to show that condition (L) is satisfied for paths P(f) which are continuously dif-
ferentiable on 0 <z <b. So suppose P(f) is defined on 0 <¢<b, is contin-
uously differentiable and satisfies

'6)) F@@®) =L (= (1 -y, + ty;) for 0<¢<b.

By (i), S=F"1(L(N)p<s<; isabounded set, and so {P(D}g<s<p is bounded.
Since P(¢) is continuously differentiable, we can apply the chain rule to (1) and
thus

FEOWP'O=y,-y,=2 0<t<b
Therefore P'(f) = [F'®(1))] 'z, 0 <t <b. By (i), IC so that |[F'@®)]} Il
<C for 0<t<b let t;—b.

P(ty) - P(ty) = ft::‘f P@ydr =] ‘;’ [F'®P@)] "'z dt.
So
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1Pt = P < " UF @Y 1 el de < Cllz Lty = ty

Thus {P(z,)} is a Cauchy sequence, and so condition (L) is verified, as was to be
shown.

The next theorem is originally due to Banach and Mazur [1].

DEFINITION 2.1. A continuous map F between two topological spaces X
and Y is proper if and only if F~1(C) is a compact set in X whenever C is
a compact set in Y.

THEOREM 2.2. Let X and Y be Banach spaces, F: X — Y. Then F is
a homeomorphism of X onto Y if and only if F is a local homeomorphism
and a proper map.

PrOOF. The necessity is obvious for if F is a homeomorphism, then F~!
is continuous and thus maps compact sets into compact sets. Hence F is proper.

Suppose now that F is a local homeomorphismand F is proper. By vir-
tue of Theorem 1.2, it suffices to show that F satisfies condition (L) in order to
conclude that F is a homeomorphism. So suppose P(¢) is defined on 0 <¢
<b and satisfies F(P(t)) = L(t) for 0<¢t<b. Let t;— b. Since S=
{L(O}g<r<; is compact, sois F~1(S) and it contains the sequence P(t,).
Hence there is a subsequence t,j —> b such that P(t,l.) — X, and so condition
(L) is satisfied.

COROLLARY 2.1. F:RY—R" is a diffeomorphism if and only if F &
C'RY) and F satisfies (i) det F'(x) # OVx, and (i) |IFG)ll — = as

llx{} — o=

ProoF. We observe that if F is a diffeomorphism, then an application of
the chain rule shows that F'(x) is invertible and thus det F'(x) # 0. Also, (ii)
is equivalent to the condition that F~!(B) is a bounded set whenever B is a
bounded set. This in turn is equivalent, for continuous maps between finite-
dimensional Banach spaces, to properness. Thus the proof of the corollary follows
immediately from Theorem 2.2.

It is interesting to note that if (i) is replaced by the weaker hypothesis (i*)
det F'(x) >0 (+ 0), then (i*) and (ii) imply that F maps RY onto itself (in
general, such a map will not be one-one). The proof of this remark, along with
further generalizations, is to be found in [15].

COROLLARY 2.2. Let F bea local homeomorphism of the reflexive space X
into Y. If ) IFG)l| —> oo as lIxll — = and (ii) whenever x, — x weakly,
and F(x,)—y strongly implies x, — x strongly, then F is a homeomor-

hism of X onto Y,

o
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ProOF. We shall show that (i) and (ii) imply that F is proper. The proof of
the corollary is then a consequence of Theorem 2.2.

Let the sequence x, € F~1(C), C acompactsetin Y. By (i), F~!(C) is
bounded. Since X is reflexive there is a subsequence (after renumbering) x,, which
converges weakly to some x. As C is compact, we may assume (by passing to
an appropriate subsequence and renumbering) that the sequence F(x,) converges
strongly to some y € C. From (ii) we conclude that x, converges strongly to
x. By closedness, x € F~}(C) and so F~1(C) is compact as was to be shown.

The following theorem is due to Browder [4]:

THEOREM 23. F: X — Y is a homeomorphism of X onto Y if and only
if F is a local homeomorphism and a closed map.

ProoF. To prove the necessity we need only notice that if F is a homeo-
morphism; then F~! is continuous and so F maps closed sets into closed sets.

To prove the sufficiency, we need only show that F satisfies condition (L)
and then apply Theorem 1.2 to conclude that F is a homeomorphism of X on-
to Y.

We now show that F satisfies condition (L). So suppose that P(f) is de-
fined on 0 <¢<b and satisfies F(P(¥)) = L(¢) for 0<t<b. Let S=
ﬁ’(—tﬁo<,< p- By hypothesis F(S) is closed. Thus since L(#) € F(S), for all
t < b, then by continuity L(b) € F(S). Hence dx €S so that F(x) = L(b).
Since x € S, d¢; so that P(t) — x. Since 0<t; <b, there exists a subse-
quence t;, — ¢. We claim 7 =b (and thus condition (L) is satisfied by ty, =
b and t,-].) —> x). However, by continuity, L(t) =L(b) andso 7 = b.

Let us remark that since a proper map is in particular a closed map, we
could have deduced Theorem 2.2 as a corollary of Theorem 2.3. However, we
preferred to prove it directly in order to illustrate the type of arguments that one
can use in verifying condition (L).

COROLLARY 2.3. Suppose F:X — Y is a local homeomorphism. Further-
more, suppose F satisfies the following:

1) NFE —> o as |lIxjl —> .

(2) There exists a compact operator K:X — Y such that the operator
B(x) = F(x) + K(x) satisfies the following condition: For any x, and x, with
llx,l and llx,l SR we have 1B(x,) — B(x )l = ¢(llx; — x, |I; R), where
¢(r; R) is continuous, real-valued and strictly increasing with respect to r 2 0
foreach R>0 and ¢(0;R)=0.

If the above conditions are satisfied, then F is a homeomorphism of X
onto Y.
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PROOF. We shall show that F is a closed map and then use Theorem 2.3 to
conclude the desired result. Let CC X be closed, and let the sequence x,€C
be such that F(x;) — y. By (1), the sequence x; is bounded (by M) and
since K is compact, there is a subsequence x,, such that K(xn],) — y. Hence
B(xnj) —>y +y. Suppose He, >0 such that llxnl —x,,,ill =€, >0 forall
n;, m;. Then IIB(xnl.) - B(xmj)ll = ¢(lx,, ; xml.ll; 2M) = ¢(ey, 2M) > 0, which
is a contradiction since [|B (x,,j) - B(xm],)ll — (. Hence there is a subsgquence
of x, which converges to some x, and x € C since C is closed. Thus
F(x) =y by continuity, and so F(C) is closed, as was to be shown.

3. Completeness and global homeomorphisms. In differential geometry
there is an intimate connection between the continuation of paths of finite length
and the completeness of a finite-dimensional manifold with respect to a given
metric (Hopf-Rinow theorem [17]).

Since our condition (L) is concerned with the ability of certain paths to
have a continuation, we shall formulate a notion of completeness which is suitable
for our investigation which takes place in a general Bannach space. As before,
Theorem 1.2 will be our main tool in deducing global homeomorphism results.

Again, let X and Y be Banach spaces. Let B(x) > 0 be a real-valued
continuous function on X. Let P(f) be a path (in X) ofclass C! on 0<¢<b.

DeFINITION 3.1. The arc length of P with weight B is

1@ =, BeaIPold.

DEFINITION 3.2. X is complete with respect to arc length with weight B if
and only if L5(P) <o =lim,,,P(f) exists and is finite whenever P(f) isa C!
pathon 0<z<bh.

We remark that if X = RY, then Definition 3.2 is equivalent to the usual
notion of RY being complete with respect to the conformal metric induced by
the tensor ds?> = [B(x)]% dx?® (see Hartman [11]).

With B(x) as above, we prove the following sufficient condition for com-
pleteness:

THEOREM 3.1. Let h(s) = infj, < B(x). If [§ h(s)ds =0, then X is
complete with respect to arc length with weight B.

PROOF. Let P() € C'[0,5) and L5(P) <. Let 0<8 <b. Forany
partition 0=1¢, <t; <+ <ty =8 of [0,8],let ¢;,< 7;<¢,, be that
number for which sup, <<, | POl = IP'(Z)!l. By the mean value theorem,
we have
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L@ = [, BEIP Ol at
= lim )" BEN IP'GEPN ¢y q — 1)
2 lim ZB(P(T;)) P N = 1PE)D
=[ Be@)a1PO),

this last equality following from the fact that f g B@®)AIP(OIl is defined since
g = IP(OI is of bounded variation on [0, 8]. So we have that

o> [ BEEIPOId > ] BE®) dIPOI]

) B(x)d|IP(1) !

5
>f 0 ||x||<uP(r)||
=[2 RUPODAIPEON =[5! hs)ds

0 iP(0)ll
By hypothesis, this implies that {P(f)}o<,<p is bounded. Also [ h(s)ds = o
implies that sup {s|(s) > 0} = oo, and since h(s) is nonincreasing, we have that
B(x) is bounded from below on any bounded set. In particular, B(P(¥)) is
bounded from below by some number A >0, forall 0 <z <b.
Let t;— b, (t; <t;.4). Then

Z 1P(t;4 1) — PN < Z sup NP’ @ONEs, — 1)

i=14<t<tjty

(2)
<ftl"+ 1 IP'@®ldt < %f: BEW)IP ()l dt < .

Hence X so that P(t)—X as t;—b.

Thus lim P(t;) exists for any increasing sequence ¢; — b, and is in fact
wnique for such sequences (since from any two such sequences we can form a
new increasing sequence containing the original ones as subsequences). Hence
lim,.,, P(t) exists as every sequence P(;) has a unique limit point which is inde-
pendent of the sequence ?,.

An immediate consequence of Theorem 3.1 is the following theorem due to
Hadamard [10]:

THEOREM 3.2. Let X and Y be Banach spaces, F:X — Y € C\(X) and
F'(x) is invertible forall x € X. If
o 1
inf —————ds=0,
fo Ixi<s [I[F'(x)]
then F is a diffeomorphism of X onto Y.

PrOOF. Since F is a local diffeomorphism, then in view of Theorem 1.2,
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we need only show that F satisfies condition (L). To this end we apply Theorem
3.1 as follows: .

Suppose P(f) is defined on 0 <t <b and satisfies F(P()) = L(t) for
0 <t <b. If welook at the proof of Theorem 1.2, we see that it suffices to
show that F satisfies condition (L) only for those paths P(f) that are constructed
by the method used in Theorem 1.2. Also, if P(f) is such a path, we may assume,
by the inverse function theorem, that P(f) is continuously differentiable on 0 <
t<b. Since F(P(1)) =L(t) on 0<t<b, we use the chain rule and get
F'@OP' ) =L'(t) (=z2). Thus P'(t) = [F'®P@))] 'z for 0<¢<b. Let
B(x) = 1/II[F'(x)] ~!ll. By our hypothesis, combined with Theorem 3.1, we have
that X is complete with respect to arc length with weight B. Also,

L@ = [ BEO)IP @l ar
b 1

S T . < |
“Jo [F'@@E)] I MFE@EN] ™ zlldr <blizll

Thus, by Definition 3.2, F satisfies condition (L).
Let us remark that one can use Theorem 2.1 when the integral condition of
Theorem 3.2 fails.

COROLLARY 3.1. If F: X — Y € C'(X), F'(x) is invertible for all x € X
and further there exists M > Q so that, for each x € X, NF' @)zl = Mzl for
all z, then F is a diffeomorphism of X onto Y.

PROOF. |[F()z || > Mzl for all z implies that [|[F'(x)]~ 1l < 1/M for
every x. Hence

® dt s
f ————— > Mdt=-ce
fo Ixl<t IF e /f° ¢

So by Theorem 3.2, F is a diffeomorphism of X onto Y.
The next corollary pertains to a class of maps that are related to quasi-con-
formal maps.

COROLLARY 3.2. Suppose F:X — YECY(X) and F'(x) is invertible Vx €
X. Also suppose that there are continuous, positive nondecreasing real-valued func-
tions M(t), M(t) so that
NF' Gyl S M(Ixl) and || [F'(x)] 1 < M(llx).
Then if M(OOM(t) < \(¢) for all real t where \(t) >0 and | o I/A()dt = oo,
F is a diffeomorphism of X onto Y.
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PROOF.

1FOIIFMI~M< sup IFEI- sup IF@I
Hzi<iiyl lizi<liyll

< MMy < A1)
Thus
YIF' o)1~ = IF" @) IAQID.

So by virtue of Theorem 3.2, F is a diffeomorphism of X onto Y.

COROLLARY 3.3. Let H be a Hilbert spaceand F:H — H € C'(H). Fur-
thermore suppose there is a positive real-valued function Nx) such that (F '@z 2)
= Mx) iIzlI2. Then if fo infy < AX) dt = o, F is a diffeomorphism of H on-
to itself.

PROOF. By the Lax-Milgram theorem, F'(x} is invertible and [|[F'(x)] ~ Il <
1/A(x). Thus F is a local diffeomorphism. Also

oo 1 oo
inf ————c——dt> inf A(x)dt = os.
fo ixi<s I[FG)] 1l 0 Ixi<r ) b
Hence Theorem 3.2 is applicable.

4. Global homeomorphisms between finite-dimensional spaces. For X = RY,
we have the following slightly stronger version of Theorem 3.1.

THEOREM 4.1 Let h(s) = infy, = B&). If fg h(s)ds =, then RY is
complete with respect to arc length with weight B,

PrOOF. Let P(t) € C'[0, b) and suppose L3(P) <. Let 0<5 <b.
Following the proof given in Theorem 3.1, we have that o > [ ||||£((g))|'|| h(s) ds.
Hence {P(f)}o<;<p is bounded. Since B(x) is a continuous, real-valued func-
tion on RY, it maps bounded sets into bounded sets. Thus B(P(¢)) is bounded
from below by some positive number (since B(x) is positive). Again, as in Theo-
rem 3.1, we find that if ¢, —> b, then

n

2 W) P <3 ] BEOIPOl <,

and thus we conclude that lim,.,, P(f) exists and is finite.

THEOREM 4.2. Suyppose F:RY — RN, FeC'RY) and also F'(x) is in-
vertible for all x € RN, If

[ mf ANF @I ==,

Ixll=t¢
then F is a diffeomorphism of RN onto itself.
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PRrOOF. The proof mimics that of Theorem 3.2, except that we use Theorem
4.1 in place of Theorem 3.1.
LEMMA 4.1. Let L:RYN — R¥ be an invertible linear operator. Then
|det L1 1L~ 'x, »)I < lxl Iy 0 ILIP= 2 (n — 1)~ (*=D)/2
forall x,y €RVN,
ProoF. See [7,Part 11, p. 1020].

COROLLARY 4.1. Let F:RN— RN € CY(RY). Suppose that (i) |det F'(x)]
>a>0, and (i) IF'(x)I| <M. Then F is a diffeomorphism of RN onto RV,

PrROOF. From Lemma 4.1, we have that
6)) [det F'G) I([F'G)] ~ 1z, wil <c(m) Nzl Iy Il IF' G,

where c(n) = (n—1)~(*~1/2 Choose z so that Jlz]| =1, and let w =
[F'(x)] ~'z. With these choices, (1) becomes

[det F'G) IIF ()] 12112 < c@)IF'(x)] ~ Lzl IF () I" 1.
Using hypotheses (i) and (ii) we have that
IF'G)] 2zl S cmM™ Yo, forall |iz}} = 1.
Hence
IF'G)] I < cmM™ /e, for each x.
Thus, by Corollary 3.1, F is a diffeomorphism of R¥ onto RY.

COROLLARY 4.2. Suppose F:RY— RV s continuously differentiable. Also,
suppose that (i) |det F'(x)|>a >0, and (ii) is quasi-conformal, i.e., M D
WF' N HF')]~ I <M, forall x. Then F is a diffeomorphism of RY
onto RV,

PROOF. By Lemma 4.1, we have, with ¢(n) = (n — 1)~(*—1)/2,

) Idet F'(x)] I([F'G)] "z, w)l <c(m) Uizl Iwll 1F' () II" L.
Choosing z=w and liz]| = 1, (1) becomes
2 et F@IF')] ™z, DI <c@IF' I,  Vizll=1.
Taking sup,;=,; of the left side of (2), we get

[det FO)II[F'G)] Ml < em) HF' G,
Using hypotheses (i) and (ii), we have

HF'GN =1l < [e(M™~ ] 1/* for all x.
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By Corollary 3.1, F is a diffeomorphism of RY onto RY.

Corollary 4.2 is true under the weaker hypothesis det F'(x) # 0, provided
N = 3 [16].

In general, the hypotheses of Theorems 3.2 and 4.2 cannot be entirely omit-
ted as the following examples show:

EXAMPLE 4.1. F(x) = F(x, ***,x,) = (tan™ ‘x|, x,(1 + x2)2, x5, -+, x,)
isa C! map of R” into R" and

1
a2 4x,x,(1 + x%)
0
0 (1 +x%)?
1
F'x)=F'(x;, >, x,)=
0 In—2

Since det F'(x) =x§ +1>1, F satisfies the conditions of the inverse func-
tion theorem. By looking at the characteristic polynomial of F'(x), we see that
A=1/(1 +x3) is an eigenvalue, and so 1/A =1 + x? s an eigenvalue of [F'(x)] ..
Therefore II[F'(x)] ~'ll > 1 + x2, and so we have that

. 1 2
i<e NF'G - <A+
Since fg° dt/(1 + t2) <, F does not satisfy the hypotheses of Theorems 3.2
and 4.2 and we observe that F is one-one, but not onto.

ExAMPLE 4.2. A second example of a univalent map which is not onto is
the famous example of Fatou and Bieberbach [3, p. 45]. This is an example of
an analytic map F of C? into itself whose Jacobian (of the map considered as
mapping R* — R?) is identically equal to 1 and F is univalent; however, the
range of F omits a full open neighborhood of 2 point in C2.

ExaMpLE 43. F(x;, x,) = €*1(cos x,, sin x,). F isa C' map of R? —
R? which is neither one-one nor onto (it omits 0). We observe that IF (x;, x)Il =
€*1, thus 1/li[F'(x,, x,)]1 2 <e*1. So

. 1
ih<s TF G, %11

Examples 4.1 and 4.2 also show that the condition |det F'(x)| =>a >0 is
not in itself sufficient to insure that F is a global homeomorphism, for if
F(x,, x,) = (tan~1x,, x,(1 + x3)?, x5, *=+, x,) then det F'(x,, x,) > 1, yet
F is not a homeomorphism of R” onto R™. However it is known [8] that if
F is a gradient map of R? into itself, then det F'(x) <a <0 insures that F
is globally one-one.

<e~? and J‘“ e~ tdt <oo,

If we inspect the methods that were employed in determin-
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the properties of global univalence and surjectivity were related in an intimate
way, i. e., once we showed that the map F:X — Y is a covering space map of

the simply connected space Y, then F was automatically univalent by Lemma
1.1. In the general case of a mapping F of some domain D into a Banach
space we usually have little information about F(D). Thus the assumption that
F(D) is simply connected is not viable and so Lemma 1.1 is not applicable. In
subsequent papers we shall investigate the questions of global univalence and sur-

jectivity independently and without any assumptions on the range of the map-
ping at hand.
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