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Homogenization of Elliptic Problems in a Fiber
Reinforced Structure. Non Local Effects.

MICHEL BELLIEUD - GUY BOUCHITTE

Abstract. Let 2 be a bounded open subset of R? and (a,) a sequence of functions
on (2 taking very high values on a set of e-periodically distributed fibers of radius
re (re < €). We study asymptotically as ¢ — 0 the elliptic equation

—div(ag|Vug|?2Vu,) = f + boundary conditions

and find a non local effective equation deduced from a homogenized system of
several elliptic equations.

Mathematics Subject Classification (1991): 35J20, 73B27.

1. — Introduction and statement of the main result

Let ©Q be a bounded smooth open subset of RM and p € (1, +00). We are
concerned with the homogenization of quasilinear elliptic problems (P.) well
posed in WIP(Q) of the form:

—div(o,) = f on
P - o, = as|Vu£|”_2Vu€

Ug = U on Iy

o..n=g on I';
where:

— the conductivity coefficient a, is e-periodic and satisfies a uniform lower
bound (i.e. a; > ¢g a.e. for some suitable constant ¢y > 0),

— T’y is an open subset of 32 ( such that HN-1(3Tg) > 0) , ' =38R\ Ty, n
is the unit exterior normal to 9€2,

— the boundary data u( is Lipschitz and f, g are assumed to verify (for sim-

plicity) f € LPI(Q), g€ L”/(I‘l) (p’ conjugate exponent of p).

Pervenuto alla Redazione il 8 ottobre 1996 ¢ in forma definitiva il 31 dicembre 1997.
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Equivalently, we like to study asymptotically as ¢ — O the variational
problem:

(1.1 inf{Fe(u)—/qudx—/r gudHN—l}
1

where

1
—/ ae|VulPdx if ue WhHP(Q) and u = ug on Iy ,
(1.2) F(u)=4< PJa

+o0 otherwise.

The behaviour of P, as ¢ — 0 is well understood when (a.) is bounded
in L*(2) (see for Example [9] and [16] in the case p = 2) and leads to a
limit equation of the same type —div a.¢r(Vu) = f where a,; : RV — RV
represents the so-called effective law of the homogenized system. In [6], it is
shown that the same conclusion holds if the sequence (a.) is simply assumed
to be bounded and uniformly integrable in L!(<2).

In fact very few results identifying the homogenized equation are known if
the latter condition is violated. This happens for example when the conductivity
coefficient a, becomes very high on small subsets T, of vanishing measure, in
such a way that the integral ng a.dx remains constant. Except in the stratified
case which has been intensively investigated by several authors (see for Exam-
ple [5], [12]), we can not expect the limit equation to be of the same type as
(P). Indeed a non local term may appear (see Mosco’s results [14], [15] in the
case p =2, and also [13]). Find new mathematical tools in order to indentify
this non local term in practical situations seems to us to be a big task. We
present here some results in this direction which have been already announced
in [3].

1.1. — Notations and setting of the problem

In this paper, we consider the case of a fibered stucture in R>: the body
is a cylindrical domain 2 := wx]0, L[, where « is a bounded connected open
subset of R? with smooth boundary. We denote the bases of this cylinder
wy ‘= w X {0} and wy = w x {L}.

For every ¢ > 0, we consider a partition of @ into a set of periodically
distributed cells of size ¢ :

Vi=(einsidtis, 50, i=GLi)elCZ,
where I, :={i € Z*; Y C 0} .

Given a small parameter r, (later we will assume r, << ¢), we define:
- Dé := two dimensional disk centered at (¢i, £ip) of radius r,,
~T!:=Dix10,L][ , T,:=U,T,.
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The fibers are represented by the set of thin parallel cylinders T, (see fig.1)
and are filled up with a medium we assume to be homogeneous with a very
high conductivity 1, (1, — +00). Note that by the definition of I, we have
D! C o so that the fibers do not intersect the lateral part of the boundary.
The matrix Q\ T, is assumed to have a constant conductivity coefficient K we
normalize to K = 1. Hance the diffusion coefficient a.(x) in the equation (P;)
is given by:

a(x)=1 ifxeQ\T, , A ifxel,.

Clearly the asymptotic behavior of (a,) in L!(Q) is characterized by the
parameter:
2
(1.3) k:=lmk, where k. := AE—‘;

€ €

If 0 <k < 400, (a;) is bounded in L1(R) and converges weakly* in the sense
of measures to the constant function 1+ kx (notice that this convergence does
not hold in L!(Q) weak unless k = 0).

1.2. — Main Results

We show that the asymptotic behaviour of (P.) as ¢ — 0 depends on k
defined by (1.3) and on the parameter y defined by:

lim, £ 2|Log(rs)| ! if p=2
1.4 = 2_ptp!
14 YTV im |2 et if pgo2
£ p—l

(note that, if p > 2, we have y = +0o whatever r; ).
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As a limit problem, we find a system of two quasilinear elliptic equations
in © deduced from the Euler equation of the following minimization problem:

(1.5) inf{d)(u, v)—/ fu dx—/ gu dHY Y, (u,v) € (L"(Q))z}
Q Iy

where
(1.6)

1 3
- [/ |Vu|Pdx +kn/ d
p e Q|odx

P
dx+2ny/(v—u)pdx]
3 Q

®(u,v) = it (u,v) € WhP(Q) x LP(w, WIP(0, L)),
u=uy on I'pg, v=uy on I'gN (wgUwy)

+00 otherwise ,
(and , in order to allow infinite values of k¥ and y, we adopt the convention:
0 x (+00) =0).

Here, the boundary data uo has been assumed to be Lipschitz in order to
avoid the possibility that a concentration of fibers in the neighbourghood of 'y
forces the infimum value of problem P, to go to infinity as & — 0. Therefore
also, having in mind the case k = 400, we add the following assumption

a.7n limk,r, = 0.
&

It is easy to check that the functional & is coercive in W7 (Q)xL? @, W7 ©,L))
under the condition:

(1.8) k>0 and {y >0 or wyCTly or wp CTy}.

The variable u corresponds to the (strong) limit in L? of the solutions u..
The new variable v corresponds to the weak-star limit in the space M,(2) of
bounded Radon measures of the sequence (v.) defined by:

|2

T
( this means that lim, fQ Qudx = fQ pvdx whenever ¢ belongs to the space
Co(f2) of continuous functions vanishing on 9€2).

A mathematical justification of the new scaling introduced in (1.9) is the
following implication proved in Appendix (see the assertion i) of Lemma Al):

(1.9 ve(x) =

us(x) if xeT, , v.(x): =0 otherwise

veC'Q) , Ti/ lug —v|ldx > 0 = v, —> v weakly* in My(Q) .
e JTg

In that sense the variable v describes the average behavior of the restriction
of u, to the fibers. Its contribution to the total energy ®(u, v) comes through a
diffusion term in the direction of the fibers (second term in the right hand side
of (1.6)). The last integral in (1.6) represents the energy interaction between
u and v in term of the capacitary parameter y. Our main theorem extends
the results of Caillerie and Dinari [8] obtained heuristically in the case p =2,
assuming a homogeneous Dirichlet boundary condition, by using a double-scaled
matched asymptotic expansion.
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THEOREM A. Assume that (1.3)(1.4) hold with k, v € (0, +00) and let u, be
the unique solution of P,. Then (u.) converges weakly to u in W' and (v,) given
by (1.9) converges weakly* to v in Mp(S2) where (u, v) is the unique solution in
WLP(Q) x LP(w, WP (0, L)) of the system:

, —div(o) + 2aylu —v|P 2 —v) = f,

o = |VulP~?Vu on Q
B dv [P72 dv
8x3 8x3 8X3
2
(Phom) +Ty1u — P2 —v)=0 on £
U= ugy on Ty
on=g onl
V= Uy on ToN(weUwy)
a
L 5} =0 on I'iN(wogUwy)
3

Moreover, (u, v) is the unique solution of the variational problem:

(1.10) inf{d)(u,v)—/fudx—/ gudHY!; (u, v)e(L”(Q))z}
Q r

and the convergence of associated energies holds, i.e. liem Fo(u) = du,v).

To prove this result, we use variational methods and show that the sequence
(F.) defined by (1.2) converges in an appropriate sense to the functional ®(u, v).
More precisely

THEOREM B. Under (1.3), (1.4), (1.7), (1.8), we have:
i) (compactness) Let (u;) such that sup Fo(u;) < +oco. Then (u.) is strongly
relatively compact in LP(Q) and (v,) given by (1.9) is bounded L' (Q) and, up to a
subsequence, converges weakly* to a function v € LP(w, W'P(0, L)).
ii) (lower bound inequality) For all sequences (u.) such that u, — u in L?(£2) and
Ve = v weakly*, one has: liminf, ¢ F(u.) > ®u, v).
iii) (upper bound inequality) For all (u, v) € (L”(Q))z, there exists (u.) such that
Uy — uin L?(Q), v; — v weakly* in L'(2) and lim sup,_,q Fe(ue) < ®(u, v).

REMARK. i) The conclusions of Theorem A can be easily extended to some
degenerate cases:
- If k = 0, the solution u, converges strongly in W'?() to the solution of:

aP
(111) —Aju=f on§ , u=uy onTy , 8—”=g on Ty .
n
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In this case the fibers completely disappear and lim, F,(u,) = % fQ |VulPdx .
—If y =0, we get the same conclusions for the behaviour of u, and the limit
equation is still (1.11). However the limit of the energies F(u.) will contain
an extra term taking into account the diffusion with respect to the variable v
(that is the term ’% fQ |;71’3|de). In this case there is no connection at all
between the variables u and v.

ii) The convergence of (u;) to u cannot be strong in W!?(Q) unless one of
the parameters y or k vanishes. In fact, if k£ > O, the term 27wy fQ [v —ulPdx
bears the energy associated with this defect of strong compactness. On the
other hand, if v £ 0, we cannot expect the convergence of (v;) to hold weakly
in L1(Q). Indeed, by Dunford Pettis Theorem, this would imply that (v.) is
uniformly integrable and so v, = v.17, would converge to O in LY()!

iii) In the case k < 400, the geometrical assumption that the fibers do not
intersect dw x (0, L) can be relaxed (i.e. we can take I, = {i € Z?; YE" Nw # @}).
The conclusions of Theorem B still hold.

1.3. ~ Non local effects

Let us formaly eliminate the variable v by defining:
(1.12) F@ =inf{®@,v) ; veLi(w W0 L)}

Clearly the limit u of the sequence of solutions (u.) (see Theorem B) is
the solution of the variational problem:

inf{F(u)—/qudx—/r gudHN!, uEWl’p(Q)}
1

Moreover, one may reformulate the assertions ii) and iii) of Theorem B as the
I'-convergence of the sequence (F;) to F in L?(2)( see for instance [1] or
[11] for all details relative to this notion of convergence).

Let us stress the fact that, in general, F(u) is not local. This means that
F(u) cannot be written as the integration over 2 of a local density of energy
of the form f(x,u(x), Vu(x),...) like in the classical variational models of
homogenization theory.

Let us give some particular cases where an explicit formula for F'(x) can
be obtained: :

1) If y =0, the variables u and v are independent. One gets:

1 k
Flu) = ~ ( / \VulPdx + —2 / luo(xr, x2, L) — uo(x1, x2, 0>1de1dxz)
P \Ja Lr=1 Jg

where G = {(x1,x2) € w ; (x1,x2,0) and (x|, x2, L) € Tp} .
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2) Assume p = 2 (then (P.) is linear) and that k,y € (0,oc). Then F(u)
is a Dirichlet form (see [14], [15]) and can be written, using Deny-Beurling’s
representation formula, as:

1 2 2
Fw =3 [/ IVul® + py el dx
A .

+ / (/ (ux',s) —ux’, t))zKy,k(s, t)dsdt) dx’] .
w \J(0,L)2

where x' = (x1,x2) and K, (s, t) is a symetric kernel™). If for example, we
consider a homogeneous Dirichlet condition on wy U g, we get K, x and p, x
in closed form as follows (see details in Appendix AS):

( 2y
v 2 2
Kyals, )= — Y5 inh (/XL —s v o] sinh [ /=L s A )
sinh<‘/2kZL) k k

(1.13)
cosh( —2%- (s-%))

Pyi(s) =2y
cosh(\ / %K alz‘—>

3) If y = 400 (or p > 2), which corresponds to an infinite average capacity,
one gets v = u and F(u) is a classical diffusion energy (stronger in the direction
of the fibers):

ou |¥

— dx .

ax3 )

4) If k = +o00 and assuming a homogeneous Dirichlet boundary condition on
one of the basis wy or wy, we obtain the same homogenized energy as in the
case of a Dirichlet problem on a perforated domain where the so called strange
term is present (see Cioranescu and Murat [10]):

1
_ Vul? 2 14
F(u) = (/Q IVulPdx + 2wy /Qlul dx)

Here, like in the case 3), the non locality of F(u) has disappeared.

1
F(u)=—/’ (qu|p+kn
PJa

(The general Deny-Beurling’s representation formula reads, for u € C1, as

ou du

F = | —=-——vi(d+ / lul?p(dx) + / / u(x) — u(y))* J (dxdy) ,
q 0x; dx; Q QxQ

where v; j, ¢t are Radon measures on € (v; j = vj;) and J is a symetric Radon measure on

Q2 \ D (D being the diagonal of Q2). The so called jumping measure J corresponds to the non

local part of the energy. In our case, we find v; ; = %8,-,]- dx , u(dx) = %py’k(xg,) dx , and

J(dxdy) = 3 Adx'dy) ® K, k(x3, y3)dx3dys , where A(dx'dy’) denotes the measure on w@?

defined by ffwz o(x', yNAdX'dy') = fw e, x"dx'.
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1.4. — Some variants

The method which consists in introducing new variables to describe the
homogenized system can be adapted to many other geometries. We give here
two examples. In the first one, we need to consider more than one extra variable
and the resulting system of equations leads to a situation quite similar to the
one met in {17]. In the second example, we recover some results announced
in [13]. The proofs rely exactly on the same arguments as the one developed
in Section 2 and can be found in details in [2].

a) Case of coaxial fibers. The fibers are still parallel to the x;-axis but are
filled up now with several media of conductivities 1’ (/ € {1, m}). We assume
that, on each elementary cylinder, the conductivity coefficient a.(x) is radial,
piece-wise constant (with respect to the distance to the axis). Let (re(’)), (lg))
be sequences such that, for [ € {1, m}

1 — 4o r <<r™ ase >0 r?:=¢) .

Denoting D:® the two dimensional disk centered on x! of radius r{, we define
(see fig.2)

9= {J D} | x©.L),

ielg

1 if x e Q)\ T®
a.(x) = iyg ¢

A if x e TON\NTED

@
i3}
B

QO SRS JSF P

ﬂ&.
c

Fig. 2.
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In order to describe the limit associated with the sequence of problems
(P,) (for p > 1), we need to introduce the new variables vV, v@® .. .  pm
defined by

Q
v® = 1lim |—(l')1 o,  in L'(Q)-weak * .
Y S
Then, we can prove (see [2]) that the limit of (P,) is represented by a system of

m+1 equations deduced from the Euler equation of the following minimization
problem

inf{CD(u,v(l),v(z),...,v(’"))—/fudx—/ gudHN_l},
Q r,

where:
r

Jv®
Y dx

i
p 8x1

I=m
|[VulPdx+ kn/
Jyrourastun |

—|—27ry1/ w® — u|? dx
Q

I=m
O, vV, 0@, .. v™y= _
( ) + ) 27 yl/ [ — p=DP gy
=2 £

if (u, WD) e WHP(Q) x [LP (0, (W1P(0, L))]™,

u=ug on Iy, v@=ugon TN (woUw)

\ 400 otherwise ,
and Oy
k= li;nlg) % ,
lim(r{ ™) ?|Log(r{")|™" if p=2
"o lim p—}]w PP i p#£2

b) Case of fibers distributed in three orthogonal directions. Taking now for
any convex regular bounded open subset of R?, we denote by T (:= T.) the
set of x3-parralel fibers defined in sec. 1.1 and let TV, T® the set of fibers
deduced from T2 by rotation of the axis so that (see fig.3) TV is x;-parallel
(I =1,2,3). Define:

T.:=TPUTPUuT® |
: 1 ifxeQ\T,,
@)= a ifxeT.
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Fig. 3.

As before, we consider the problem (P,) ( with p > 1) and the parameters
k,y defined by (1.3)(1.4). We assume that 0 < k < +o00 so that, (see part
ili) of the remark after Theorem B), the fibers are allowed to intersect 32
and the set of indices I{") corresponding to the fibers T’ can be defined as
1D :={i e Z5 'O NQ +# p).

In view of the limit process as ¢ — 0, it would be natural to introduce
three new variables v, v@®, v corresponding to the local behaviour of the
solution u, in the neibourghood of each set of fibers TV, T2, T®, that is

)

) Q
in L1(Q)-weak x where v := 1€2] 1o " .
3 |T8(1)| Te

v?® =limv!
£
In fact, since the intersections 7V N T/ are “large enough”®, the following
implication holds:

sup Fy(ue) < +oo0 , v? S0 o =@ = y®
£

Therefore, as in our main theorem, the limit problem associated with (P.) can
be described through a functional ¢ depending only on two variables u and v,
where

Q
v (=v?) =limv, in LY (Q)-weak * , v, : <21
£

= —1r u, .
IT.] ¢

@1t can be shown (see [2], in a more general setting), that a sufficient condition is that, for every
i, j €{1,2,3], the e-periodic set Tg(l) N Tg(m) contains a ball of radius by >> rg+/c.
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We get that (u,, v¢) (4, solution of (P.)) converges to the unique solution of

(1.5) where
v |P dv |P v |P
1
- VulPd k / — —_— — d
P[/Q| ulfdx + kn Q(axl axy ax3 ) ¥
+6ny/ v -—ulpdx}
b(u,v) = Q
if (u,v) e WhP(Q) x WHP(Q),
u=uy on I'p, v=uy on Iy
\ +o0 otherwise ,
Equivalently, we obtain the system of two elliptic equations:
¢ —div(o,) + 6mylu —v|P 2w —v)=f on Q
6
div(o,) + —k’i lu — P2 —v) =0 on ©
dv|P?
(Phom) oy = |VulP"2Vu , o, = ( 8—” a—") on Q
M M/ 1103
U=V=1uU on F()
av 0 r
Oy.n = , — = on
\ 8 an 1

In the case p = 2 and assuming a Neumann homogeneous condition on
0 (ie. Ty = P), we obtain (in a stationary setting) the homogenized system
proposed in [13], where non local effects in space were pointed out in the
context of the homogenization of parabolic boundary value problems.

2. = Proofs

In all this section, the letter C denotes a suitable positive constant which
may vary from line to line.

PROOF OF THEOREM A. Set m, := inf P, and define, for every u € W'-7(Q),
L(u) = [, fudx + fr] gudH?. Let iiy denote a Lipschitz extension of u.
Since k < 400, we have:

sup m, < sup {Fe(iio) — L(#o)}
£ &

2.1
< (Lip(#g))? sup {/ asdx} + |L(ug)| < +o0 .
£ Q

We can assume that a. > 1 (recall }; — o0) so that by using the boundary
condition and Poincaré’s inequality

(2.2) Fe(u) > W(llully1.p(2)) where W satisfies lim ‘—Ijﬁ)— = 400

t—>co
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Then by the continuity of the linear form L(-) on W7, (2.1) and (2.2), we

deduce that sup F,(u.) < +0o. Apply the assertion i) of Theorem B to get
&

(possibly after extraction of subsequences):
(2.3) u, —u weakly in Whr(Q) , v, i3 weakly* in Mp(Q) ,

where v, is defined by (1.9) and (&, D) belongs to W!P(Q) x L? (w, W-P(0, L)).
By the assertion ii) of Theorem B, we obtain

(24) liminfm, = liniianE(ug) — L(u,) > ®@, v) — L@) > inf(P"") .
&

which proves by (2.1) that mg := inf(P**") < 4oo. Converserly let r >
inf(P"*™) and (u,v) such that ®(u,v) — L(u) < r. By the assertion iii) of
Theorem B, we can find a new sequence (u.) such that u, — u in LP(S2),
v, — v weakly* and limsup,_,, Fr(u;) < ®(u,v) . As ®(u,v) is finite, the
convergence of u, holds also weakly in W!?(Q2) and by the continuity of L(-),
one gets:

(2.5) limsupm, < limsup (F,(u:) — L(u)) < ®(u,v) — L) <r .

From (2.4), (2.5) and by letting r tend to mg, we deduce that:
lignm,,; =my=Pw,v)— L) .

Hence we have proved that (i, v) is solution of the variational problem (1.10).
The convergence of energies follows since:

ligrn F.(uy) = lign (ms+ L(uy)) =mo+ L(u) = @, ) .

The final step consisting in deriving the Euler equation (P"°™) associated with
(1.10) is straightforward and left to the reader. O

ProoF oF THEOREM B. We will use successive claims whose proof sometimes
refers to some lemmas stated in the Appendix. In the following, we choose
a sequence R, such that r, << R, << & and denote by B, the subset of Q
consisting in the es-parallel tubes surrounding the fibers of outer radius R..
Then we write the total energy F.(u) as the sum of three terms:

p

1 . 1 ko |Q
(2.6) Fe(u)=—/ |Vu|Pdx + — quI"dx-!——Eﬂ—s—,][Wulpdx ,
Q—{BgUTy) , P JB, P T
E3

'

Flaw F2(w) F;(’ :
g g

where the symbol f ... denotes the mean value with respect to the integration,
ks is defined by (1.3) (recall k, — k as ¢ — 0) and Q, = U;¢;, ¥} x (0, L)
satisfies |Q2.] — [€2].
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Preliminary estimates: Let (u.) be a sequence such that sup F.(u;) < +4o00.
Recalling that £k > 0 by (1.8) (so A, — +00), we have

2.7 sup][ |Vug|Pdx < +o00 sup/ |Vu |Pdx < +oc.
& 3 Q
Te

As R; << ¢, the sequence 1p,ur, converges strongly to O in LP,(Q). Then, by
(2.7) and Holder inequality,

2.8) (1 — ) Vu, — 0 weakly inL?(Q2) , where x. := lo\(s.ur,) -

To estimate the second term Fsz(ug) , we need to construct on every x3
section of  piece-wise constant approximants of the functions u#, and v, (v
defined by (1.9)). To that aim, we write the section by x3 = 0 of the boundary
of B, as a union of circles of radius r, and R, (located in each cell Ysi ):

3B;N{x3=0}=|JCh UCL ,

and set:

@.9) oo x) = 3 | F uitds | 1ytax
i C;'e

2.10) G ) = 3 | f uds | 1yt |
1 C;S

where uz> (-, +) 1= u (-, -, x3) is, by Fubini’s Theorem, well defined in Wbhe(w)
for a.e. x3 € (0,L). A lower bound can be then deduced for ng(ug) by
applying Lemma A3 to u;> on each bi-dimensional annulus j'%,re ={xre <
|x" — x;'! < R.} (where i € I, and by notation x’ := (x;, x2)):

(2.11) /i [Vue|Pdx’ > /i \Vou3Pdx’ > 27t82yelﬁj3 - 037,

Re,re Re,rg
where (see Lemma A3) y, = E’%’—@. By (1.4), . tends to y as ¢ — O.
Summing (2.11) with respect to i € I, and integrating with respect to x3, we
are led to:

L
/|Vus|pdx2/ (ZZns2yalﬁ§3—ﬁ;‘3|P>dx3
Be 0 -
L
22y [ (30 [ - oprax) dn
o \“Ju
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so that:
5 21 - -
(2.12) Fg (ug) = 77& QI”& — V[P dx .

We need now to estimate |u, — i.| and |u, — v,|. To that aim, we use a
Poincaré’s type inequality proved in Appendix ( Lemma A4). Apply Lemma A4
to u:> on the disk D(xf, f) with R = f’ a = B2 qum with respect to

&
i € I, and integrate with respect to x3. We get:

L
/Qlus—ﬁglpdng/o ( ’ luz3 ——12’8‘3|”dx’> dx3
L
<
_Z/o /D Le

|ul3 — ﬁ?lpdx') dx;

(xg,ﬁ)
st ()
2C
=W (&sg) /Q'V”f""” ’

where the function 4 is defined by (3.9).
(here we have used the fact that the disks intersect each other no more than
two times and so: 1 <), lD(x, &, <2on Q).

2

By (1.4),(2.7), (3.9) and recalling that R, >> r,, we deduce the implication
(2.13) y>0 = d,—u — 0 inl?(Q).

On the same way, we may apply Lemma A4 to u;° in the disk D. := D(x¢,r,)
with R=r,, « =1 to get:

L
/Tg |y — Ug|P dx = ZI:/O </D,{; |33 — 6:3|pdx’> dx;
L
< Cr;’Z/ / |V ue|Pdx’ | dx;
~ Jo \Jpi

<Crf [Vu.|?dx .
Te

Thus, by (2.7)

(2.14) lir%][ lue — U |Pdx =0 .
E—>

Te
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Noticing that (2.14) is still valid for p = 1 and since v, is by construction
piecewise constant with respect to x’, we may apply Lemma Al.ii) to derive
the following implication:

(ve) bounded inL!(S2)

) 0] inL'(Q {
(2.15) (v;) bounded inL (Q2) — Ve — B, — 0 weakly* in M,(R)

Proof of compactness The first part of assertion i) of Theorem B is quite
obvious since, by the Dirichlet condition on I'y, (2.7) and Poincaré’s inequality,
(u,) is bounded in WUP(Q), hence relatively compact in LP(2) by Rellich
theorem. As regards the relative compactness of the sequence (v;) defined by
(1.9), according to assumption (1.8), we have to consider two cases:

First case: y > 0 By (2.7) and (2.12) the sequence (i, — ¥U,) is bounded in
LP(2). By (2.13) and the boundedness of (#,) shown before, the sequence (iz,)
is bounded in L?(2). It follows that (v.) is bounded in LP(2) as well and,
possibly passing to a subsequence, we can assume that U, converges weakly to
some v € LP(Q2). Then we can apply (2.15) to deduce that v, — v weakly*
in My (€2).

Secondcase: y =0 By (1.8), we can assume for example that wy C I'g. Hence
ug(x',0) = up(x’, 0) for a.e. x’ € w and the following pointwise estimate holds:

du, |?

X3

L
lue (6, x3)17 < 2P Huo(x', 0)I7 + 2”‘1LP—1/ x3 .
0

Then, since ug is bounded,
du, |¥

][|u£|”dx <C +2P“‘LP][ y
Te T

£

dx ,

X3

and (2.7) yields

sup][ lue|Pdx < 400 .
€
Te

We may apply the assertion i) of Lemma A2 with f; = u,, . = %lrg dx

and u = lgdx. Noticing that u, A i (in the sense of Radon measures) and
that f,u. = v.dx, we deduce that, for a suitable subsequence still denoted (v;),
there exists v € L?(Q2) such that v, X vin Mp(2).

REMARK. By the arguments above, we have proved that any cluster point

v of (v.) belongs to L?(2). The fact that v € L?(w, WLP(0, L)) appears later
in the proof of the lower bound inequality.

Proof of the lower bound inequality. Possibly passing to a subsequence,
we can assume that:

lin};iang(ug) = lim Fy(uy) < 400 .
€
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and then using the compactness proved before that:
(216) u. —> u weakly in W'P(Q) , v, — v weakly* in M,(Q) ,

for a suitable pair (u,v) in WI?(Q) x LP(RQ).

We look separetely at the three terms appearing in (2.6). A lower bound for
the first one term can be easily deduced since, by (2.8), we have x. Vu, — Vu
in (L?())>. Then

1 1
2.17) limiangl(us) =liminf—/ [xe Vue{Pdx > —/ |VulPdx .
€ & pJa PJa
Let us show that

1
(2.18) ]imiansz(ug) > —27ty/ lu —v|?dx.
4 Q

Assume that y > 0 (otherwise it is trivial). Then, by (2.13), #, —u — 0 in
LP(2) . Since the left hand side of (2.12) is bounded and y, — y, the sequence

() is bounded in L?(2) and (2.15) yields that v, — v X 0in Mp(2). Hence
the sequence (v, — i) is bounded and converges weakly to v —u in LP(R2).
Then (2.18) follows from (2.12).

It remains now to show that:

(2.19) veLP(w, WhP(O, L)) ,
k dv |P
(2.20) liminf F3ug) > — [ |o—| dx |
€ P Jaldxs
(2.21) v = Uy on M'gN(wyUwyr) .

Indeed, collecting (2.17), (2.18), (2.20) and taking into account (2.19), (2.21),
we will deduce:

liminf F,(u,) > liminf F(u;) + liminf F2(u;) + lim inf F2(ue)
& & &

1 )
Z—[/ [VulPdx + 2ﬂy/lv—ul”dx + kyr/

P e Q QX3
> ®u,v) ,

vl?P
dx]

that is the assertion ii) of Theorem B.

Let us prove (2.19) and (2.20). Thanks to the estimate (2.7), we may

apply Lemma A2 on R? with f, = due 14, He = 12| l7.dx and p = lgdx.

dx3 Al
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So, possibly after extracting a subsequence, we can assume that, for a suitable
X € (L”(Q))3, we have:

up\ | \
(2.22) ( “8) |tT '|1 X xlg  weakly'in MyR®) ,

dug [P

(2.23)  liminf |sz|][
3 A ax3

dx =liminf/ | foIP due Z/ |x|Pdx .
¢ Ja Q
Let us test the convergence (2.22) for functions ¢ € C!(2). We have:
d
(.24 1im]l<p£dx = ][ xodx .
£ 3x3
T, Q
On the other hand , using Fubini’s formula and integrating by parts with respect

to x3, we get:

aug

3x3

_-J[us —dx+ —][ [p(x', Dug(x", L)—(x', 0)us(x', 0)] dx',
De

where D, := U,-D[f;. Then by (2.16) and (2.24), we have:

ap
][ (X ¢+ v———) dx
A 8x3

= lign% ][ [p(x', Lyu(x', L) — o(x', O)uc(x', 0)] dx

De

(2.25)

Let us take first ¢ € D(R2) so that the right hand side of (2.25) vanishes.

We deduce that the distributional derivative 337”3 coincides with x, so that %"; €

LP(€2). As v e LP(R2), we get (2.19). Then, recalling the definition of Fs3 in
(2.6) and (1.3), (2.23) implies (2.20).

To prove (2.21), we choose now ¢ of the form ¢(x) = 6(x)W(x3) with
0 € D(Gy) , where Gy := {x’ € w; (x',0) € Ty} and with ¥(0) =1, ¥(L) =0.
Taking into account that u.(x’,0) = ug(x’,0) on Gy and that 6 is smooth,
equality (2.25) becomes:

|
(2.26) ][q)ﬂ + 0%y = ——][9(;: Yo (x', 0)dx’
0x3 0x3
Q w

By (2.19), we may integrate by parts the left hand side of (2.26) to get

][O(x’)v(x’, 0)dx' = ][ 0(xHug(x’, 0)dx’ .

w
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This holds true for every 8 € D(Gy), thus v = ugy a.e.on I'g N wy. Similarly
taking & € D(Gy) where G; = {x' € w;(x',L) € Ty} and ¥ such that
Y(0) =0,¥(L) =1, we obtain v = g a.e. on ') Nwz. So (2.21) holds and
the proof of the assertion ii) of Theorem B is achieved. O

Proof of the upper bound inequality. We are going to prove the assertion
iii) of Theorem B using three steps. We may assume that ®(u,v) < +o0
(otherwise the statement is trivial).

STep 1. In this step, we assume first that # and v are uniformly Lipschitz
on © and we construct explicitly an approximating sequence (u#.) such that

227 u,=u ondwx (0,L),u, - u in L?(Q), v, X vin My (£2),

1
(2.28) limsup — [ a.(x)|Vu:|?dx < ®(u, v)
-0 P JQ

(here we forget the boundary constraint on I'g N (wy U wr)).

Let us denote by p.(x') the Euclidean distance of X ewto the set {xé, i€
I} ( centers of the elementary cells Y!), i.e. p.(x") := |x' —xl| if x' € Y,.
We associate to p,(x’) a function 6, : R? — [0, 1] by setting

95()(/) =1 if pe(x/) <re , 95(-7(/) =0 if pa(x/) > R, ,

and for r. < p.(x’) < R, (which corresponds to the tubular set B;)
Log R, — Log p:

e — if p=2,

0 — L0gr

@29 awh=q ot TR 2
s - _P
Ze P if p#£2 <s——> :
RS —r8 p—1

Then we consider the x’-piecewise constant approximations of v defined by

230) wet'sx) = 3 | fosoray | 16,
ielg Dé

and define:

(2.31) ug(x) == (1= 0:(x")) u(x) +6:(x") welx) .

We claim that the sequence (u.) satisfies (2.27) and (2.28).

ProoF OF (2.27). By construction 6§, = 0 on dw and so u, = u on
dw x (0, L). On the other hand, thanks to the smoothness of u, v and by the
definitions (2.29 — 31), we check easily that (C being a suitable constant):

2.32) ug=u on Q\ (T, UB;), |u:l<C on Q, |Vw] <C on B,

2.33) u,=w, and |w, —v|<Cr, onT,, |w,—v|<CR. on B,.
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It follows that fQ lu, —ulPdx < C|B.UT;| and, since R, << &, we get that
u, — u in LP(2). On the other hand, by (2.33), we have JCTe lue —vidx — 0

and then, by the assertion i) of Lemma Al, v, (:= rl%lllTs u;) X vin

Mp(R2). O

ProoF OF (2.28). As in (2.6) we split the left hand side of (2.28) into
three terms

1
= [ accorvud? = FOw) + Fwo + FOw)
An upper bound for the first term is quite trivial

(2.34) limsup FP (uz) = lim sup / |VulP dx = / |Vu|? dx .
€ Q\(BgUTg) Q

&

To majorize the second term, we notice that by (2.31)
Vu, = Vu (1 —0,(x")) + Vw, 6:(x") + (we —u) V6, ,
so that, by (2.32)(2.33), we have a.e. on B,

Vel < C + [Vubs|(lwe — v| + v —ul)
< C+ CR |Vl + [v — ul|Virbe| .

Hence, setting f.(x) := |V,/6|, we get

1
(2.35) IVugllLras) < ClBel? + CRell fellr ey + 1L fe(w — wliLrsy) -

The sequence of non negative functions (f;) defined by f.(x) := |[V8;]| is
x3- independent, vanishes on dw and satisfies, for all i € I, fyei | felP dx =

2 Tp(re, R;) (see the definition (3.8)). One checks easily that, whatever the
value of p € (1, co), we have

lim R? /Qfg”dx=lign RP e 2T,(re, R) = O,
so that by (2.35)
(2.36) lim sup F* (u,) = lim sup / fPlv—ulPdx .
e £ Q

To evaluate the right hand side of (2.36), we need to consider two cases,
according to the value of y defined by (1.4):
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Case 1: y < +00 We find that (f.) is bounded in L7(S2) and that the sequence
of Radon measures fPdx converges tightly to 27 ydx on . Hence, since
lu —v| € CO(Q), (2.36) yields

(2.37) limsup F? (u,) < 27r)// lv—ulPdx .
& Q

Case 2: y = 400 As we have assumed that ®(u, v) < +00, we must have
u =v, so that by (2.36), lim F¥(u;) = 0 and (2.37) still holds (with the
£

convention 0 x (4+00) = 0).

Let us finally majorize the third term, that is Fg(us). By (2.30)(2.31), we
have

9
(2.38) Vu, = Vw, = (o, 0, —wi) ae. on T, .
8x3

Since v is smooth, we can use derivation under the integral to get

ow, Jv

= A U 1 i ' .

e Z o) | i)
Dy

From Jensen’s inequality, we deduce

p

p v

, av /
:Z 5x—3(',‘,X3) IYEI(X) < Z f-’a*x},p('a'vx:’i) 1yél_(x) .
Dl

ow,

3)(3 ;
D¢

Integrating the last inequality on T, we are led to

p

(2.39) ][ dx 5][
0x3

T, T,

£ £

P

]
v dx .

3)63

dw,

. . 1 .
Noticing that the sequence of probability measures l—TT:—Idx converges tightly to

IIQ—Q' dx, we may pass to the limit in the right hand side of (2.39), . Taking into
account (2.38), we get

p
dx .

3
(2.40) lim sup][ Vi | dx < ][ - Y
£
Te Q

X3

Recalling (2.6) and the definition (1.4) of k, we distinguish two cases:
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Case 1: k < 400 Then, by (2.40)

|2

k
@41) timsup F3) = 2 lim sup kg][Wugl”dxsl/ v
& p 3 A p J
£

14
dx .

3X3

Case 2: k = +o0 Since ®(u, v) < +00, we must have 53;’—3 =0 ae. on Q.

In that case, by (2.30)(2.33), we find that, for every ¢, Vu, = 0 on T,.
Thus F¥(u;) =0 and (2.41) still holds.

Eventually, the proof of claim (2.28) is achieved since, collecting (2.34),
(2.37) and (2.41), we get

1
lim sup ; /Qag(x)Wuglp dx < limgsup Fs(l)(ug)—l— limssup FE(Z) (ug)

£

+ lim sup F8(3) (ug)
&

<du,v) . O

ReEMAaRrk. Taking into account the lower bound inequality proved before,
we have in fact lim, fQ a,(x)|Vue{?dx = ®(u, v). Moreover, by localizing this
result on open subsets of 2, we can prove, for every ¥ € C%(Q), the following
convergence:

1i€m/ a.(x)| Ve |P W(x)dx
(2.42) @

19
=/ <|Vu|p k| Y
Q 0x3

Before going on with Step 2, let us introduce

p
+2rylv— u|1’> Y(x)dx .

(2.43) @, (u, v) 1= inf{lirr;iang(ug); (e, v,) > (u, v)} ,

where 7 denotes the product topology of LP(€2) strong by M, (2) weak*.
Looking at the proof of the compactness, we see that , if ®,(u,v) is finite,
then all approximating sequences defined by (2.43) are in a bounded subset of
L?(Q2) x L'(2) which is metrizable for the topology t. Therefore, by a classical
diagonalization argument (see [1]) the infimum in (2.43) is achieved and the
functional &, is r-lower semicontinuous. Then the upper bound inequality we
have to prove reduces to

(2.44) D, (u,v) < Pu,v) .
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STEP 2. In this step, we prove (2.44) when u,v are smooth (and satisfy
D(u,v) < +00). Let X, = {x € Q ; dist(x,[g) < r.} and ¢, a smooth
function such that:

C
=1 onlyp , .=0 onQ:=Q\% , |Vg|<— onQ.

e

We modify the approximating sequence (u.) defined by (2.31), by setting
wl=uge + us(1-9:) .

Clearly u* — u in LP(Q) and v := % lr,up:. +v. (1 —¢;) converges
weakly® to v in M,(2). As ®(u,v) < 400, we have uf =u =1V =uy on
TCoN(wp Newyr). Since u, =u on Q\ (7, U B,) and we have assumed that the
fibers do not intersect the lateral part of d€2, we have also uf = u = upg on

[gNadw x (0, L). Thus, according to (2.42),

(2.45) @, (u, v) < limsup F,(u?) .
&

On the other hand, using (2.33) and the fact that ¥ = v on I'pN (wp Nwr), the
following estimate holds on %, (recall that u, = u on Q\ (7, U B,))

Ius_ulf Iu_'v|+lv_us|5 C(rslTE+RslB€)-

Hence ,
IVut|? < C <qu|” + Vi, P + u)
¥,

£

R.\?
<C 1+]Vu5|”+1r5+ —_— IBE

re

It follows that

/ e (x| Vi)
(2.46)

£

R p
=C (lzel +/ as(X)|Vue|” dx + 1|T. N Z,| + <r—> I&I) :
Ze

£

By (2.42) and denoting by f (€ L'(R2)) the limit appearing in the right hand
side of (2.42), we have limsup, fzg as(x) |[VuglPdx < [, fWdx , for every

W e CY%, [0, 1]) such that ¥ =1 on a small neibourghood of T’y N (wp Uwy).
Hence, by taking a sequence (W;) such that W ~\, 0, we get

lim as(x)|Vu P dx =0 .
& Te



HOMOGENIZATION OF A FIBER REINFORCED STRUCTURE 429

On the other hand, by (1.3) and (1.7), we have L |[T. N, ~ 7 k.. — O,

1
and, choosing the sequence (R.) so that r, << R, << (rg)l_? (and R, << &),
we have (%)PIZEI — 0. Thus the left hand side of (2.46) goes to 0 as ¢ — 0.
Then, by (2.45) and recalling (2.28), we conclude that

@, (u, v) < limsup F(u?)
&€

. 1 P . 1
< limsup -—/ a.(x)|Vul|? dx + limsup —/ a.(x)|Vugl? dx
e P Js, & P Jaz,

1
< limsup —/ag(x)IVusl”dx
€ P Jg
< O(u,v) .

Step 3. Let us finally prove (2.43) in the general case. We may assume
that ®(u, v) < 400 so that (u,v) € WhP(Q) x LP(w, WP(0, L)) and u = uo
on I'yp and v = ug on I'g N (we Uw). By a standard approximation procedure,
we can find sequences (i), (v¢) in C1(Q2) such that

Uy =ug on I'yg, v =up on I'g N (wg U wyp),
(ur, vk) — (u,v) strongly in WH?(Q) x LP(w, WP(0, L)) .

Then one checks easily that ®(ug, vp) > ®(u,v). On the other hand, by
Step 2, we have, for every k, D, (ug, vp) < ®(uy, vi). As the convergence of
(ug, vx) to (u, v) holds also for the topology 7, by the lower semicontinuity of
d,, one gets

D(u,v) < lirr}(inf(bs(uk, ve) < limsup @ (ug, vx) < O(u,v) .
k

The Step 3 is completed and so the assertion iii) of Theorem B is proved. O

3. - APPENDIX

As in Section 2, in what follows, C denotes a suitable positive constant
which may vary from line to line. The first lemma Al connects the convergence
of the new variable v, defined by (1.9) to the average behaviour of u, on the
set of fibers T.

LemMMA Al. i) Let (u.) be a sequence in L'(Q) and v € C%Q) such that
limnge lug — vidx = 0. Then (v.) defined by (1.9) is bounded in LYQ) and
Ve = v weakly* in Mp(§2).
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ii) Let (u,),(w;) be sequences in L' () such that:
(3.1) (w,)is bounded in L'(Q),
3.2) lign][ e — weldx =0,

T,

33) { we(s) :=sup {|w. (x', 8) — we (¥, )| ;i € I, (x',¥) € (Y})?}
’ converges to 0 in L', L).

Then

sup/ [veldx < +o0 and v, —w, — 0 weakly* in M,(Q2) .
e Ja

RemMARrRK Condition (3.3) avoids strong oscillations of (wz?) on the cells
Y;. It is trivially satisfied in the case of the sequences (i), (V.) defined
by (2.8),(2.9) and also if we take w, = v, v being a uniformly continuous
function on .

PrOOF. By the previous remark, we have only to prove ii). By (3.2), the
— e ; ; _ _ S
sequence Zp 1= 7| 17, w, satisfies lim, ||v, Zellp1@) = 0. Hence it is enough

to show that (z,) is bounded in L'(Q) and that 7, — w, — 0O weakly* in
Mb(SZ). Thanks to (3.3), for a.e. x3 € (0, L), the gap between the mean values
on Y, of ws? and z3° (resp. |w|*3 and |z.|*3) is majorized by w.(x3). Hence

3 3
./' ZE / wa
Y Y;

(3.5) / 125 < / B + Lws(xs)
Y} ¢

< e2w.(x3)

(3.4)

Summing (3.5)with respect to i € I, and integrating with respect to x3, we get:
L
/ |ze (x)|dx 5/ |we(x)]dx + IQI][wg(s)ds :
Q Q
0

Thus, by (3.1), (z.) is bounded in L'(2). On the other hand, let ¢ € C°(R)
and its piecewise constant approximates defined by

0e(x' x3) = ) ge(xf, x3) 1,1 (x)

ielg

(recall that x! is the center of each bidimensional cell Y). Then clearly ¢, — ¢
uniformly on Q and, by (3.4),

L
L .
' [ e = worpedx| < / (Zszlw(x;,m) w()ds < 190 ¢l f 0:(5)ds
i 0




HOMOGENIZATION OF A FIBER REINFORCED STRUCTURE 431

so that

| /Q (26 — we)pdx

< ,/(Zs — We)pedx
Q
L

<191 lollo ][ws(s)ds e = @lloo lize — well 1 -
0

By (3.3) and since (z. — w,) is bounded in L(€), it follows that

+u|¢s—¢|nw/9|zg—wg|dx

lim/(zg—wg)fpdx=0. O
¢ Jo

Our second lemma states, in a particular case, a lower bound inequality
for convex functionals on measures (see [4], [7] for more general versions).

LemMMA A2. Let pi, and p bounded Radon measures in RY such that p, A .
Let (f;) be a sequence of jL.-measurable functions such that sup / | felPdu, < 4o00.
&

Then:
1) The sequence of measures f. . is x-weakly relatively compact and every cluster
point tis of the form1 = f pwith f € Lﬁ(RN).

i) If fo e = £t then limint / folPdie > / \f1Pdpe .

1 1
Proor. By Holder inequality, we have [| | dp, < (| fe|? dpe) P(pn RV) 7,

so that the sequence f; i, is uniformly bounded in variation, hence *-weakly
relatively compact. Possibly passing to a subsequence, we can assume that
fs e — L. Applying this convergence to a test function ¢ € Co(R") and using
Fenchel’s inequality, we get
| _ 1
timint — [ 1,17dy, > timint ([ fogdue = — [lordu,

£ p ¢ p
(3.6) |
> <lo> ——//prl”du

p

As the left hand side of (3.6) is bounded, we deduce that
sup{< 1}, ¢ >; 9 € Co, lloll, =1} < +o00 .

Thus 1, seen as an element of the dual space of L7 (RV), can be identified with
an element f € LP(RY) (ie. 1= f ). So (3.6) can be rewritten as:

1 1 ,
3.7 hm;nf;/ugv’dua > /fwdu - ;/W dy. .

Choosing ¢ in (3.7) converging to | f |P=2f in L”/, we get the lower bound of
the assertion ii). 0
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In the next two lemmas, we are in R2 and denote for every r > 0 and
0<r <ry:

D, ={x'eR*; |x|<r}, C,=3D, , D(ri,r)) ={x'€R? ;r < |x'| <r} .

Lemma A3, crucial in the proof of the lower bound inequality, leads to a variant
of Poincaré’s inequality (Lemma A4).
LemMA A3. Foreveryu € WLP(D(ry, rp)) , we have

p

/ [VulPdx > 2m Tp(ry, rp) ][uds — ][ uds|
D(ry.rp)

Cry Cry
where
1 )

Log(;2) yp=2

(3.8) Lp(ri,r) = s ! b2
p—1 . —
2 = —
(=) Hr#2 6=

and f ¢, U ds denotes the mean value of the trace of u on C, with respect to the one
dimensional Hausdorff measure.

Proor. Using polar coordinates (r,8), we can write

2r pry
/ |VulPdx > / /
D(ry.r2) 0 r

By a straightforward computation, we find that:

p
rdrdf .

Ju
ar

r
LCp(ri,r) = inf{/ @' |Prdr ; o(r) =0, @@r) = 1}

1

(just solve the Euler equation of this one dimensional problem). Hence, for
every 6 € [0, 2r), the following lower bound holds:

/rz
8!

Integrating with respect to 6 and using Jensen’s inequality, we conclude that:

P
rdr > Tp(ri,r2) |u(ry, 0) — u(r2, 0)7 .

ou

dar

2n
/ VulPdx > 2nr,,(r1,rz>][lu<r1,e>—u(rz,enpde
D(ry,rp)
0
P

> 2n Tp(ri, r2) ][uds—][uds

Cry Cry
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LEMMA Ad. There exists a constant C > 0 such that, for every (R, o) €
Ry x (0,1)

P
j2
Yu e WP(Dg) / u— ][ uds| dx <C [Vu|Pdx .
Dp h(a) Dgr
Car
where
a?F ifl<p<2
1
. =8 —— ifp=2
(3.9) @ =1 TiTosal 1P
1 ifp>2

Proor. We need only to prove the inequality for R = 1, since the general

case is deduced by making the change of variable y = %. Denote for every

re 0,0, ur) = JCCr uds. By Lemma A3, we have for every r € (0, 1)

Zr) — la)? P
(3.10) lu(r) — u(a)| Sl’p(r,cx) 5, IVul? dx .

On the other hand, integrating in polar coordinates on the disk D,

] = ][ udx = /01 ﬁ(f)2rdr .

Dy

Thus, by (3.10) and Holder inequality

p

1
Ilu] - @@)]? = | /0 [0) — )] 2r dr

1
< /0 lu(r)y — u(@)|? 2r dr

L 2r
<C / dr / [Vu|? dx.
0o Tp(r,a) D;

Recalling (3.8) and using the substitution in r = ap, we get

P 7
1 S [Tl =1 dp it p 22
/ r IsiP=1 Jo
dr = .
0 Fp(r’a) o .
a2/ plLogp|dp ifp=2,
0
so that c
Hu] — #(@))? < — [Vul? dx .

~ @) Jp,
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From the classical Poincaré-Wirtinger inequality

/ lu —[uliPdx <C / |VulPdx ,
Dy Dy

we deduce

/ lu — w(e)|? dx < 2P7!
Dy

/ lu — [u]|? dx +/ I[u]—ﬁ(a)l"dx}
Dy Dy

1
— Vul? dx .
SC(I“Lh(a))/Dl' uldx

Since h(a) is bounded on (0, 1], the result follows for R = 1. O

AS - JusTiFicaTION OF (1.13). By (1.12), we have F(u) = ®(u, v) where,
for ae. x' € w, v(x',-) is the solution of the following one dimensional
boundary value problem on (0, L):

2 2
{ —w'+ Lw="Lu, )

3.11) k k

w0 =w(l)=0

The solution of (3.11) is given by

L
(3.12) w(s) =/ Gis,Hu(x', ) dt ,
0

where, for every t € (0, L), the Poisson kemnel G(-, t) solves the equation

/2
_(p”_’_cg(p = C(%St (C() = %)

90) =¢p(L)=0
We find

¢g sinh{co(L — s Vv t)) sinh(cy (s A 1))

(3.13) G(s, 1) = sinh(coL)

Integrating by parts and thanks to (3.11), we obtain

L
kn/13'1|2dx=kn/(/ |a—”|2dx3) dx’
Q ax?) 175} 0 8X3
L
=k7rc(2,/</ (—(v(x’,s))2+u(x/,s)v(x’,s))ds) dx’
@ 0

=2ny/(uv—v2)dx
Q
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Thus, by (1.6) and substituting v by its expression (3.12), we get

2F () = 2®(u, v)

=/ |Vu|2dx+27ty/u2dx—2ny/uvdx
Q Q Q

=/|Vu|2dx+27ry/u2dx—27ry
Q Q

x/ (/ u(x’, s) v(x',t)G(s,t)dsdt) dx’
» \J(0,L)?

=/ \Vul?dx + 7 y/ (/ @', s) —v(x', ))? G(s, ) ds dt) dx’
Q o \J(O,L)?

L L
+ony / [ /0 W, 5))° (1— /0 Ges. t)dt) ds] dx .

Replacing G(s, t) by its explicit form (3.13), we deduce (1.13) after an easy
computation. 0O
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