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HOMOGENIZATION OF HIGHLY OSCILLATING BOUNDARIES
AND REDUCTION OF DIMENSION FOR A MONOTONE PROBLEM

DOMINIQUE BLANCHARD! AND ANTONIO GAUDIELLO?

Abstract. We investigate the asymptotic behaviour, as € — 0, of a class of monotone nonlinear
Neumann problems, with growth p — 1 (p €]1, +00[), on a bounded multidomain Q. ¢ RY (N > 2).
The multidomain €2, is composed of two domains. The first one is a plate which becomes asymptotically
flat, with thickness h. in the zx direction, as e — 0. The second one is a “forest” of cylinders distributed
with e-periodicity in the first N — 1 directions on the upper side of the plate. Each cylinder has a
small cross section of size ¢ and fixed height (for the case N = 3, see the figure). We identify the limit
problem, under the assumption: lim._.o % = 0. After rescaling the equation, with respect to h., on the
plate, we prove that, in the limit domain corresponding to the “forest” of cylinders, the limit problem
identifies with a diffusion operator with respect to xn, coupled with an algebraic system. Moreover, the
limit solution is independent of zn in the rescaled plate and meets a Dirichlet transmission condition
between the limit domain of the “forest” of cylinders and the upper boundary of the plate.
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1. MOTIVATION AND MAIN RESULT

Let N > 2, Iy, -+ ,In_1,In €]0,+00[, w be an open smooth subset of R¥~! such that w cC]0,1[V~1, and
let {e}, {h:} be two sequences of strictly positive numbers converging to 0. For every ¢, let us consider the
multidomain in R¥ (for the case N = 3, see the figure):

Q. =07 Ut
where €1 is a plate with constant cross section and small height h,:
Q- =]0,11[x - x]0,Iny-1[X] — ke, 0],

and T is a “forest” of cylinders with small cross section ew, constant height Iy and distributed with e-periodicity
in the first NV — 1 directions 1, -- ,xx—1 on the upper side of Q_:

OF = U (ew + ek) x [0,In],
ked.

where
Jo={keNV"1:cw+tek cClO,ly[x - x]0,In_1[} - (1.1)
Let us observe that the volume of QF does not vanish as ¢ — 0, precisely:

Xor — |lw| in L*°(Q) weak *, (1.2)

where x+ denotes the characteristic function of QF, |w| denotes the (N — 1)-dimensional Lebesgue measure of
w and QT is the “smallest” parallelepiped containing the interior of QF for every e:

O =0,11[x - x]0, In_1[x]0, In].

This paper arises from the interest of studying the asymptotic behaviour, as ¢ — 0, of the following Neumann
problem:

—div(a(DU,)) + |U:|P72U. = F. in Q., (1.3)
a(DU.)-v=0 on 99, .
where v denotes the exterior unit normal to ., p €]1, +oc[, F. € L71(Q+t UQ) and
a=(ar, - ,an): RY — R" is a monotone continuous function (1.4)
satisfying the usual growth conditions:
3a €]0,+oof : alél? <a(€)é VE€RY, (1.5)
38,7 €]0, +oo[ : |a(§)l < B+l VEERY. (1.6)

It is well known (see [18]) that problem (1.3) admits a unique weak solution U. € WP(Q.). To study the
asymptotic behaviour of {U.}., as ¢ — 0, we introduce the classical transformation mapping )_ onto the fixed
domain

Q7 =]0,01[x -+ x]0,Iy—1[X] — 1,0[
(compare, for instance [9,14,16] and [17]) and we set, for every &,

Uc(x) xae. inQF,
ue(x) =

Ue(2', hexn) == (2/,zn) ae. in Q.
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Obviously, u. is the unique solution of the following problem:

/ a(Duz)Dv + |u- P %u.v de
+

€

1 - 1 _
Jrhs/ a <Dz"us, Ou ) (Dm/v,— v >+|u€|p 2ucvde

h_eé)xN he Oxn (1.7)
= / fevdz + hg/ fevdr Yo e WHP(QF UQ7),
Of Q-

ue € WHP(QF UQ™),

0 0

8I17 ’ é)xN_l

where x = (21, ,on_1,2n5) = (2, 25) €ERYN, Dy = ( ) and

F.(z) zae inQF,

ﬁ@{ (1.8)

F.(2' hexn) x=(2';zn) ae. in Q.

Then, we study the asymptotic behaviour, as ¢ — 0, of problem (1.7), under the following supplementary
assumptions:

lim — =0 (1.9)

f- — f strongly in L7°T(Q),

Je €]0, +oo : ||f5HL;iL1(Qi) <e¢, Ve

(1.10)

In terms of the sequence {F.}., (1.10) means that {F.}. converges strongly in L7-T(Q*%) and ||F.|| e

Lp=1(Q7)
p—1
< ch:" .
To describe the limit problem, we introduce the space
+ PO+ v PO+
VPQT)=<qvelP(Q") : — e LP(Q7) ¢, (1.11)
é)xN

and we recall that functions of V?(Q") admit a trace on X:
¥ =0, [x -+ x]0,In—1[x{0}
In the sequel, ¥ or [v]” denotes the zero-extension to Q1 of any (vector) function v defined on a subset of Q.

The main result of this paper is the following one:

Theorem 1.1. Let u. be the unique solution of problem (1.7) under assumptions (1.4—1.6, 1.9, 1.10). Let |w|
be the constant given by (1.2) and let VP(QT) be the space defined in (1.11).
Then, there exists u € VP(Q1) such that

i — |wlu, ;’;‘; - |W|a‘i—tjV weakly in LP(QF), (1.12)
ue — s, weakly in LP(Q7), (1.13)
Ou — 0 strongly in LP(27), (1.14)

0.%]\[
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as € — 0, where w5, denotes the function independent of xn which is equal, on ¥, to the trace of u. Moreover,
there exist a subsequence of {e}, still denoted by {e}, and (dy,--- ,dx_1) € (LP(QF))N~1, depending possibly
on the selected subsequence, such that

Due

B —~d; weakly in LP(QT) Vie {l,--- N —1}, (1.15)
as e — 0, and (u,dy,--+ ,dn_1) is a weak solution of the following problem:
8 d1 dN,1 8u p—2 .
- — = Ot
aINaN <|w|7 ) |w| 78$N + |u| u f m )
d1 dN_1 ou +
N|—,,——,—— ] =0 on the lower and upper boundary of QT (1.16)
|w] lw] " OxN
d dn_
ai<—1,~~,L,ﬂ>0 a.e. in QY Vie{l,---,N—1}
|w] lw| ~OxN

The function v € VP(QT) satisfying problem (1.16) is unique. Furthermore, the energies converge in the sense
that:

1 8u5 1 aua
: p . . p
;H% </Qj a(Dug)Due + |uc|P do + hg/i a <Dz Ug, T GIN) (Dm Ue, T 030N> + |ue] d:c)

dy dn—1 au) ou /
= |w an | —, -+, , + |u|P dz = |w wdr. (1.17
ol [ an (e St ) e = ol [ fuds. (17
If a is strictly monotone, problem (1.16) admits a unique solution (u,dy,--- ,dy_1) € VP(QT) x (LP(QF))N -1

and, consequently, convergence (1.15) holds true for the whole sequence {u.}..

We point out that the limit problem, in the limit domain corresponding to the “forest” of cylinders, identifies
with a diffusion operator with respect to x coupled with an algebraic system for the limit fluxes. In particular,
if a(&) = [£|P~2¢, with p € [2, +o0], it results d; = -+- =dy_; = 0 a.e. in QF.

As far as the asymptotic behaviour, as € — 0, of the solution U, of problem (1.3) is concerned, Theorem 1.1
leads immediately to the following result (|27 | and |X| denote the N-dimensional Lebesgue measure of - and
the (N — 1)-dimensional Lebesgue measure of X, respectively):

Corollary 1.2. Let U, be the unique solution of problem (1.3). Then, under the assumptions of Theorem 1.1
with fe defined by (1.8), it results

U. — |w]u, gg; - |w|% weakly in LP(QT),
oU. . o
s —d; weakly in LP(Q7) Vie{l,---,N —1}, up to a subsequence,

1im/ 0P de = 0,
¢ Jas

1 1
lim — U.dx = —/ud:c', 1.18
2105 Jo: 1 s (118

as e — 0, and (u,dy, - ,dn_1) € VP(QT) x (L”(Q"’))Nﬁ1 is a weak solution of problem (1.16). Moreover, the
energies converge in the sense that:

ou
a’J)N

d dp_y O
lim | a(DU.)DU. + |U.P dz = |o] / an (—1,---, o1 “)
Ly, or N\l Tl B

+ |ulP dx.
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Remark 1.3. We point out that we need assumption (1.9) only to derive convergence (1.13), and conse-
quently (1.18). The remaining part of Theorem 1.1 and of Corollary 1.2 holds true without assumption (1.9).
In particular, the limit problem in Q% can be obtained independently of the rate of convergence to zero of h,
with respect to €. Assumption (1.9) is needed to describe the behaviour of the sequence {u.}. in Q.

Remark 1.4. We point out that, under assumption (1.9), the results of Theorem 1.1 and Corollary 1.2 do not
change if we replace assumption (1.10) by the weaker one

f- — f strongly in L7T(QF),

Je €]0, +oo[ = [|he” f5||L;;Ll(Qi) <ec, Ve,

that is {F.}. converges strongly in L7-1(QF) and ||FE||LFLL1(07) <e.

Also in the case where the rate of convergence of h. is P, under assumption (1.19), we obtain in Q% the
same limit problem as in Theorem 1.1.

If h. = 1, the asymptotic behaviour of problem (1.3) (or (1.7)) has been studied by Blanchard et al. in [5].
Let us also recall a few references in the case where h. = 1. For the linear problem, see [6] for homogeneous
Neumann boundary condition, [12] for a non-homogeneous Neumann boundary condition, [13] for a transmission
boundary condition, [20] for a spectral problem, and [3] and [19] for the construction of boundary layer correc-
tors. Moreover, see [11] in the case of functionals with convex energies and [4] in the case of functionals with
non-convex energies. Furthermore, see [15] for the Ginzburg-Landau equation with homogeneous Neumann
boundary condition.

The asymptotic behaviour of the solution of problem (1.7) in Q% is performed, with similar techniques than
in [5], by making use of the method of oscillating test functions, introduced by Tartar in [22], combined with
monotonicity arguments and density results (this is the object of Sect. 4). The originality of our paper consists
in the study of the asymptotic behaviour of the solution of problem (1.7) in Q~ and in the characterization of
the limit in Q™ in terms of the limit in QT (see (1.13)). The first task is to obtain a priori LP (2~ )-norm estimate
for the solution u., independently of e. These estimates are not obvious since directly from equation (1.7) it

1

follows only that [|h2 u.||rr(o-) < c. Via trace arguments (Friedrichs inequality), in Proposition 3.3 we are
able to prove that |luc||z»(o-) < c. Consequently, by passing to a subsequence, {u}. converges to a function
p—1

w weakly in LP(27) and moreover, since ||681L;H Lra-) < che” , it follows that w is independent of the last
variable z . The second task is to identify w as the trace on ¥ (the surface which separates Q= and Q) of the
solution u of the limit problem in Q% (see (1.13)). To this aim, we have to pass to the limit in the product of
weak convergences: uz = UeX oty ON 3. In Proposition 3.4 we are able to solve this problem by making use of
the two-scale convergence method introduced by Nguetseng in [21] and developed by Allaire in [1]. In Section 2
some preliminary results are recalled.

If the Neumann boundary condition in problem (1.3) is replaced by the homogeneous Dirichlet condition
U. = 0 on 99, it becomes an easier task to prove that uz — 0 weakly in W?(Q%), u. — 0 strongly in LP(Q7)
(compare [3] and [6]). As far as this Dirichlet problem is concerned, the lower order term |U.|P~2U. may be
removed in the whole analysis.

For the study of very rapidly oscillating boundaries we refer to [2,4,7] and [8]. For the junction of a plate
with a beam we refer to [14,16] and [17].

2. PRELIMINARY RESULTS

In this section, the main properties of the two-scale convergence method introduced by Nguetseng in [21] and

developed by Allaire in [1] are recalled. Here, Y = [0,1]¥ (N > 1), 1 < p < oo, C32,(Y) denotes the space of

infinitely differentiable functions in RN that are periodic of period Y and W, 2(Y) is the completion of C52,.(Y)
for the norm of W1P(Y).
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Definition 2.1. Let A be an open subset of RY. A sequence {v.}. C LP(A) is said to “two-scale converge” to
a limit v € LP(A x Y') if, for any function ¢ in D(A, C32.(Y)), it results

per

lim . ve () (:L', g) dz = /AXY v(z, y)(z, y)dady. (2.1)

e—0

See [1] for the proof of the following result:

Proposition 2.2. Let A be an open subset of RY.

i) Let {ve}e C LP(A) be a sequence converging to v strongly in LP(A). Then, {v:}e two-scale converges to

the same limit v.

it) Let {v.}e C LP(A) be a sequence two-scale converging to v € LP(A x Y). Then, {v.} converges to
Jy v(-,y)dy weakly in LP(A).

iii) Let {vc}e be a bounded sequence in LP(A). Then, there exist a subsequence of {e}, still denoted by {c},
and a function v € LP(A x Y') such that {v.}. two-scale converges to v.

i) Let{v.}e C WHP(A) be a sequence such that {v.}. and {eDv.}. are bounded in LP(A) and (LP(A))N, re-
spectively. Then, there exist a subsequence of {€}, still denoted by {e}, and a functionv € LP(A, W, 2(Y))
such that {v.}e and {eDv.}. two-scale converge to v and Dyv, respectively.

Remark 2.3. Due to density properties, it is easily seen that if {v.}. C LP(A) two-scale converges to v €
LP(A x Y), convergence (2.1) holds true also for any function ¢ of the form ¥(x,y) = ¢1(z)p2(y), where
w1 € Co(A) and 9 € Lg%r(Y).

This section concludes with the following well-known Friedrichs inequality which will be an helpful tool to
obtain a priori estimates for the solution of problem (1.7).

Proposition 2.4. Let A be an open bounded connected subset of RN with Lipschitz boundary and let T C 0A
be such that the (N — 1)-dimensional Hausdorff measure of I' is positive. Then, there exists a constant ¢ such
that

/ lvlPdz < ¢ (/ |v[Pdo +/ |Dv|pdx> Yo € WhP(A). (2.2)
A r A

3. A PRIORI NORM-ESTIMATES AND A CONVERGENCE RESULT

This section is devoted to prove convergences (1.12, 1.13) and (1.14). In Proposition 3.1, some a priori
norm-estimates for u., coming directly from equation (1.7), are given. The first difficulty is to obtain a priori
LP(Q~)-norm estimate for the solution u., independently of e. These estimates are obtained in Proposition 3.3
by making use of the Friedrichs inequality. The second difficulty is to identify the weak limit of {u.}. in LP(27)
as the trace on X (the surface which separates Q~ and Q1) of the weak limit of {u:}. in VP(Q). This result
is proved in Proposition 3.4 by making use of the two-scale convergence method.
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Proposition 3.1. Let u. be the unique solution of problem (1.7) under assumptions (1.4-1.6) and (1.10).
Then, there exists a constant ¢ such that

||U6HW1,p(Qj) < (3.1)
a(Du, <eg, 3.2
oD e ) < (3.2
‘ hé ue <e (3.3)
LP(Q-)
1 10
‘hé’ (Dm/ue,— “E) <e (3.4)
he 0z /| Loy
=1 10
‘ he” a (Dz/us, h—a“E )‘ ) L < (3.5)
e OTN (LE(Q*))

for every €.

Proof. The a priori norm-estimates are obtained by choosing v = u,. as test function in (1.7) and by making
use of (1.5, 1.6, 1.10) and the Young inequality. O

Corollary 3.2. Let u. be the unique solution of problem (1.7) under assumptions (1.4—1.6) and (1.10). Then,
there exists a constant ¢ such that

HUEHLP(Q:mz) <¢ (3.6)

for every €.

Proof. The estimate (3.6) follows from estimate (3.1), if one observes that there exists a constant ¢ such that

p
)

for every ¢. O

ou
p P £
el ot sy = <||U8|L”<ﬂ?> * H%

Proposition 3.3. Let u. be the unique solution of problem (1.7) under assumptions (1.4-1.6, 1.9) and (1.10).
Then, there exists a constant ¢ such that
uellLra-) < e (3.7)

for every €.

Proof. For the sake of clarity, first we prove (3.7) by assuming

O = U (e]0, 1[N "1 4ek) x] — 1,0]
keJe

for every e, where J; is defined in (1.1). Then, we sketch the proof of (3.7) for the general case.
By making use of the change of variable 2’ = ey’ + ek with ' €]0, 1[V 1, it results

epd:
/Qi|u| x Z

ucPd(z’, ay) =N / luc(ey’ + ek, zn)|PA(y, zN).
ke, 10,1[N—=1x]—1,0]

/(5]0,1[N1+ek)X]1,0[ keJe
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Then, the Friedrichs inequality (2.2) yields

/ lue|[Pdaz < ceV 1 Z
o0

keJe

“,
10,1[V—1x]—1,0[
, Ouc
=c |ue|Pde’ + &P |Dyrue|Pde +
QFne Q- a- |0rN

for every e, where the constant ¢, given in (2.2), is independent of & and u.(-,0) denotes the trace of u. on
QF NX. Consequently, by making use of estimates (3.4) and (3.6), it follows that

( lua(ayl+€k’o)|pdyl+gp/}o 1[N =1x] 10[|(Dxfua)(5y’+Ek,xzv)|”d(y’7xzv)
w A[N-1x]—1,
p

Oou,

é)xN

(e + ek, zN))

d(y’,ﬂfzv))

’ dx) (3.8)

p
/ luelPdz < ¢ (1 + ;— + h‘g_l) (3.9)

for every e, where ¢ is a constant independent of . Finally, estimate (3.7) is obtained using assumption (1.9).
Now, let us consider the general case. Let J. = {k € NV=1 : (¢]0, 1[N ~14ek)n (]0,11[x --- x]0,In_1]) #
0}, C. = U (e]0,1[N"4€k)x] — 1,0[, B € R¥~! be a bounded open set such that U €]0, 1[N 14ek cc
keJ! keJ!
B for every € and C = Bx] — 1,0[. It is easy to prove the existence of a linear extension-operator ) €
L (WhP (Q7),Wh? (C)) such that (compare, for instance [6] and [10])

ov

Le(c) HaxN

0Qu

é)xN

Yo e WP (Q7),  (3.10)

1D Qull ooyt < € 1Dartl o yy- H
Lr(9-)

where c is a constant independent of v. In particular, we have, on one hand,
/ |ua|pdx < / |Qua|pd$> (3.11)
Q- C.
for every €. On the other hand, by an argument similar to that used in the proof of (3.8), one can prove that

/ |Que|Pdx < ¢ (/ |uePda’ +sp/ |Dm/Qu€|pd:c+/
C. QFnzs C. C.

for every e, where ¢ is a constant dependent on N, but independent of £. Indeed, the proof of (3.8) would rather
lead to ka 1 (cwteh) |Que|Pdx’ as first term in the right hand-side of (3.12). To obtain the smaller quantity
c é EWTE

0Qu,.

é)xN

’ d:c) : (3.12)

Jo# o [ue[Pda’, one has to use the definition of C.. This definition allows, upon joining up a fixed number

(depending only on N) of cells of C¢, to control the LP-norm of Qu. on the cells of C. crossed by the lateral

boundary of 27, only in terms of the LP-norm of €D,/ Qu. and 9Qus o) the same cells, plus the LP-norm of the
Ou,

8:CN
P
/ |ue|Pdz < ¢ (/ |ue|Pda’ +€p/ |Dz/u5|pdx+/ d:c) )
- Qinz - o- |0

trace of u. on a part of the upper surface of cells of C; completely included in Q.
By combining (3.11) and (3.12) with (3.10), it follows that
for every e, where ¢ is a constant independent of £. Finally, by making use of (3.4, 3.6) and (1.9), we obtain (3.7).
O

TN
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Proposition 3.4. Let u. be the unique solution of problem (1.7) under assumptions (1.4—1.6) and (1.10),
let |w| be the constant given by (1.2) and let VP(Q) be the space defined in (1.11). Then (1.14) holds true.
Moreover, there exist a subsequence of {e}, still denoted by {e}, and uw € VP(Q1) such that (1.12) holds true.
Furthermore, for this subsequence, under assumption (1.9), convergence (1.18) holds true.

Remark 3.5. In the spirit of Remark 1.3, let us point out that convergences (1.12) and (1.14) hold true without
assumption (1.9).

Proof of Proposition 3.4. Convergence (1.14) follows from (3.4). By virtue of (3.1), there exist a subsequence
of {e}, still denoted by {c}, and u € V?(2") such that (1.12) holds true (see [5,6] and [11]). Moreover, under
assumption (1.9), estimate (3.7) holds true. Consequently, in view of (1.14), there exist a subsequence of the
previous one, still denoted by {e}, and w € LP(27), independent of zx, such that

ue — w weakly in LP(Q7). (3.13)
In order to prove (1.13), we show that, up to a subsequence,
{ue}e two-scale converges to w in 7, (3.14)

too. To this aim, first observe that (3.4) and (1.9) provide that liI%HEDUEH(LP(Q—))N = 0 Consequently, by

making use of Proposition 2.2-i, it follows that
{eDuc}. two-scale converges to (0,---,0) in Q™. (3.15)

By combining (3.7) with (3.15), by virtue of Proposition 2.2-iv, there exist a subsequence of the previous selected
one, still denoted by {e}, and g € LP(Q2~) (independent of y € [0,1]"!) such that

{uc}e two-scale converges to g in Q7. (3.16)

Finally, since g is independent of y, (3.14) follows by comparing (3.13) with (3.16) and by making use of
Proposition 2.2-ii.

Let us point out that the two-scale convergence allows us to pass to the limit in the product of weak conver-
gences. In fact, by setting ¢ () = X+ x(2') for z = (2/,2y5) € Q7, where x+5 denotes the characteristic
function of QF N'Y in 3, convergence (3.14) provides that (see Def. 2.1 and Rem. 2.3)

lim/ ucepdr = |w|/ wedzr Vo € Co(Q7),
€ O- O-

from which it follows that, since {u-1).}< is bounded in LP(Q27),
Uete — |w|w weakly in LP(Q27). (3.17)
Moreover, equation (1.14) provides that

lim H M Oue < lim
€ axN £

Lr(Q~)

Ve

= 0. (3.18)

= lim
Orn Nl * TN e o)

’ Ou,

Then, by making use of (3.17) and (3.18), and by recalling that w is independent of zy, it results that

lim/ U pdz’ = lim </ Mgpder/ uswea_‘pdx)
¢ Js e - Ozn - Orn

= |w|/ wa—gpdx = |w|/ wedr’ Vo e CP(QTUZUQT). (3.19)
Q- aIN »
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On the other hand, from (1.12) it follows that

lim/ Uzpdz’ = —1im< Oue / uaaidx>
€ » Q+ 8IN 8IN

|w|/ gad:nf |w|/ u=— Op d:c* |w|/ updr’ Vo e CP(QTUTUQT).  (3.20)
2

By comparing (3.19) with (3.20), we obtain

/wapdx’z/wpdx’ Vo € C5°(%).
2 2

Then, w is the function independent of xx which is equal, on ¥, to the trace of u. Finally, convergence (1.13)
follows from (3.13). O

P
Remark 3.6. In order to obtain (3.7), and consequently (3.13), we may only assume {;—} bounded (see (3.9)),
€

€
P

but in the proof of (3.15) we need lim ;— = 0.

E— £

4. PROOF OF THEOREM 1.1

We sketch the proofs of (1.12, 1.15, 1.16) and (1.17) which are similar (except for the last one) to the
corresponding ones in Theorem 1.2 in [5].
By virtue of (3.1, 3.2) and Proposition 3.4, there exist a subsequence of {e}, still denoted by {e}, and

D D N
u € VP(QJr)’ d = (dla"' adel) € (LP(QJF))N*l’ z € Lﬁ(QJr) and n = (771;"' anN) € (Lﬁ(QJr))
satisfying (1.12, 1.15) and

P P N
[@ZP~2az — » weakly in L7 (Q), [a(Due)]”"— n weakly in (LF(QJF)) . (4.1)
By arguing as in [5] (p. 1064), it results that
7 =0 ae in Q" Vie{l,--- N-1} (4.2)

Now, let us prove the convergence of the energies. For any v € C'(Q+), let us pass to the limit in (1.7), as
€ — 0, with the test function:

v(z) if v € QF
w(zx) = cewhr(QtuQ).
v(a’,0) if z € Q~

Then, by virtue of (1.2, 1.10, 3.3, 3.5, 4.1) and (4.2), one has that

/ nNﬂ + zvdx = |w|/ fodr Yo € CHOQT),
O+ GIN O+

i.e., by density argument (compare Prop. 4.1 in [11]),

/ nNa—U + zvdz = |w|/ fodz Vv e V(QT). (4.3)
o+ Oz N o+
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In particular, (4.3) holds true for v = u. Consequently, by choosing v = u. as test function in (1.7), by virtue
of (1.10, 1.12) and (3.3) one obtain the convergence of the energies:

1 8u5 1 aus
: p . . p
;H% (/Qj a(Dug)Due + |uc|Pdx + hs/, a (Dz Ug, T 030N> <Dz Ug, T GIN) + |ue| dm)

=|w|/ fudxz/ nNa—u—i—zudx. (4.4)
Q+ Q+

aCL'N

As in [5] (p. 1065) (1.2, 1.12, 1.15, 4.1, 4.2) and (4.4) allow us to obtain the following monotone relation:

1 ou ou
7 /Q+ NN (% — TN) —a(7) ((d, |w|%> — |w|7') dz
1

+ ;/ (z = |lw|[vlP~v) (u —v)dz >0 V7 € (LP(Q+))n, Vv € LP(QT), Vt €]0, +o0],
O+

which will enable us to derive (see again in [5], pp. 1065-1068)

d dy_1 Ou
= p72 = _1 —N 1 _ e. ] QJF 45
z |w||u| u, Uy |W|GN<|W|7 s |w| ’030N> a.e. in , ( )
dy dn—1 3U> ) ,
ai|—,,——,— ) =0 ae inQ", Vie{l, .- ,N-1} 4.6
<|w| Wl dan { } (4.6)

By combining (4.3) with (4.5) and (4.6), it results that (u,dy, -+ ,dy_1) is a weak solution of problem (1.16).
Since this problem admits a unique solution u (see [5], pp. 1068-1069), convergences (1.12) holds true for
the whole sequence {u.}_. The convergence of the energies (1.17) follows from (4.4) and (4.5). If a is strictly
monotone, the uniqueness of the solution (u,dy,--- ,dy_1) € VP(QF) x (LP(QF))N~1 of problem (1.16) is proved
in [5] (pp. 1068-1069). Consequently, in this case, convergence (1.15) holds true for the whole sequence {u.}..

Convergences (1.13) and (1.14) are proved in Proposition 3.4, under assumption (1.9) for the first one. O

Remark 4.1. If in (1.3) we replace —div(a(DU,)) with —div(a(z, DU.)) in QF and —div(a(z’, JZ—N,DUE)) in

Q_, where a(z,§) is a Carathéodory function satisfying usual monotonicity, coercivity and growth conditions,
it is evident that Theorem 1.1 and Corollary 1.2 hold true with a depending also on z. Similarly, the results

obtained in the present paper are still valid if the local nonlinearity |U.|[P~2U. is replaced by b(z, U.) in QF and
x

bz, h—N, U.) in Q_, where b(z,s) is a Carathéodory function, strictly monotone with respect to s and with

p—1 gsrowth at infinity.
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“Agenzia 2000”
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