{: SCISPACE

formerly Typeset

@ Open access - Journal Article - DOI:10.1007/S10492-010-0023-7
Homogenization of quasilinear parabolic problems by the method of Rothe and two
scale convergence — Source link [

Emmanuel Kwame Essel, Emmanuel Kwame Essel, Komil Kuliev, Gulchehra Kulieva ...+1 more authors

Institutions: University of Cape Coast, Luled University of Technology, University of West Bohemia

Published on: 10 Nov 2010 - Applications of Mathematics (Springer-Verlag)

Topics: Homogenization (chemistry), Parabolic partial differential equation and Uniqueness

Related papers:

« Solving a reaction—diffusion system with chemotaxis and non-local terms using Generalized Finite Difference
Method. Study of the convergence

« Numerical Solution of A Type of Nonlinear Parabolic Equations
« Compact Alternating Direction Implicit Scheme for Integro-Differential Equations of Parabolic Type

» Convergence Analysis of a Crank—Nicolson Galerkin Method for an Inverse Source Problem for Parabolic
Equations with Boundary Observations

« A High-order Exponential Integrator for Nonlinear Parabolic Equations with Nonsmooth Initial Data

Share this paper: @ ¥ M &

View more about this paper here: https:/typeset.io/papers/homogenization-of-quasilinear-parabolic-problems-by-the-
lgxn34tdud


https://typeset.io/
https://www.doi.org/10.1007/S10492-010-0023-7
https://typeset.io/papers/homogenization-of-quasilinear-parabolic-problems-by-the-lqxn34tdud
https://typeset.io/authors/emmanuel-kwame-essel-r32t28802g
https://typeset.io/authors/emmanuel-kwame-essel-r32t28802g
https://typeset.io/authors/komil-kuliev-1c4uo4qsy3
https://typeset.io/authors/gulchehra-kulieva-3bhqxdbv8h
https://typeset.io/institutions/university-of-cape-coast-1ahqcmdn
https://typeset.io/institutions/lulea-university-of-technology-26x4swod
https://typeset.io/institutions/university-of-west-bohemia-2lv4ufu8
https://typeset.io/journals/applications-of-mathematics-23leboea
https://typeset.io/topics/homogenization-chemistry-2lknujxh
https://typeset.io/topics/parabolic-partial-differential-equation-3tuhvmdw
https://typeset.io/topics/uniqueness-3qxmcga9
https://typeset.io/papers/solving-a-reaction-diffusion-system-with-chemotaxis-and-non-2tu1xg4k10
https://typeset.io/papers/numerical-solution-of-a-type-of-nonlinear-parabolic-126eo8gfbr
https://typeset.io/papers/compact-alternating-direction-implicit-scheme-for-integro-o9z21apw84
https://typeset.io/papers/convergence-analysis-of-a-crank-nicolson-galerkin-method-for-4z5i9zqwt3
https://typeset.io/papers/a-high-order-exponential-integrator-for-nonlinear-parabolic-2mrim1y2r6
https://www.facebook.com/sharer/sharer.php?u=https://typeset.io/papers/homogenization-of-quasilinear-parabolic-problems-by-the-lqxn34tdud
https://twitter.com/intent/tweet?text=Homogenization%20of%20quasilinear%20parabolic%20problems%20by%20the%20method%20of%20Rothe%20and%20two%20scale%20convergence&url=https://typeset.io/papers/homogenization-of-quasilinear-parabolic-problems-by-the-lqxn34tdud
https://www.linkedin.com/sharing/share-offsite/?url=https://typeset.io/papers/homogenization-of-quasilinear-parabolic-problems-by-the-lqxn34tdud
mailto:?subject=I%20wanted%20you%20to%20see%20this%20site&body=Check%20out%20this%20site%20https://typeset.io/papers/homogenization-of-quasilinear-parabolic-problems-by-the-lqxn34tdud
https://typeset.io/papers/homogenization-of-quasilinear-parabolic-problems-by-the-lqxn34tdud

Applications of Mathematics

Emmanuel Kwame Essel; Komil Kuliev; Gulchehra Kulieva; Lars-Erik Persson

Homogenization of quasilinear parabolic problems by the method of Rothe and two
scale convergence

Applications of Mathematics, Vol. 55 (2010), No. 4, 305-327

Persistent URL: http://dml.cz/dmlcz/140402

Terms of use:

© Institute of Mathematics AS CR, 2010

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/140402
http://dml.cz

55 (2010) APPLICATIONS OF MATHEMATICS No. 4, 305-327

HOMOGENIZATION OF QUASILINEAR PARABOLIC PROBLEMS
BY THE METHOD OF ROTHE AND TWO SCALE
CONVERGENCE*

EMMANUEL KWAME ESSEL, Lulea and Cape Coast, KoMIL KULIEV, Plzen,
GULCHEHRA KULIEVA, Plzeri, LARS-ERIK PERSSON, Lulea

(Received April 4, 2008)

Abstract. We consider a quasilinear parabolic problem with time dependent coefficients
oscillating rapidly in the space variable. The existence and uniqueness results are proved
by using Rothe’s method combined with the technique of two-scale convergence.

Moreover, we derive a concrete homogenization algorithm for giving a unique and com-
putable approximation of the solution.

Keywords: parabolic PDEs, Rothe’s method, two-scale convergence, homogenization of
periodic structures, homogenization algorithm

MSC 2010: 35K55, 74Q15

1. INTRODUCTION

Over the years PDEs with periodic rapidly oscillating coefficients have been stud-
ied by several authors, see e.g. [1], [2], [3], [4], [13], [14], [16], and [19]. These problems
were mostly solved by using the method of multiple scale expansion or some math-
ematically based homogenization techniques, e.g. G-convergence, I'-convergence or
two scale convergence. However, recently J. Vala (see [18]) used Rothe’s method
(for more details on this method see e.g. [6], [7], [17]) and the technique of two scale
convergence to solve a non-linear parabolic problem. In that paper the coefficient of
the time derivative and that of the differential operator do not depend on time. In

*The first author’s research was financed by The Ghana Government Scholarship Secre-
tariat and 1.S.P. of Uppsala University, Sweden.
The research of the second and third authors were supported by the Research Plan
MSM4977751301 of the Ministry of Education, Youth and Sports of the Czech Republic.
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the present paper we continue this research for the corresponding quasilinear equa-
tion and solve the more general case when the coefficients also depend on time. In
particular, this requires a partly new technique of proof. Moreover, we derive the
corresponding homogenization result (see Theorem 3.1) and homogenization algo-
rithm (see Corollary 3.3), which are useful for concrete numerical solutions of the
actual problem.
The problem considered has the following form:
ou’ .

a(x,x/e,t)ﬁ — V- (b(z,x/e,t)Vu®) = f(z,z/e, t,u®) in Qx(0,T),
(1.1) uf(x,0) = ug in Q,

ut(x,t) =0 on 09 x (0,7,

where ¢ > 0 is a small parameter, ! C R? is a bounded domain with smooth
boundary, T < oo, a and b are functions defined in Q x R3 x (0,7) and the right-
hand side function f is defined in Q x R?® x (0,7) x R. The function ug is defined
in Q.

The paper is organized as follows: In Section 2 we present the necessary defini-
tions and lemmas which are connected with two-scale convergence. In addition, we
state some necessary assumptions and give a brief description of Rothe’s method.
Our main results are stated and discussed in Section 3 and the proofs are given in
Section 4.

2. PRELIMINARIES

In this section we first give some definitions and lemmas associated with two-scale
convergence. Moreover, the space variable is represented by 2 € Q C R3 while
t € I =1]0,T] C R represents the time. The cell of periodicity is denoted by Y
(i.e. the unit cube in R?). Moreover, we will use the space C52,(Y) and W2 (Y)

of subspaces of C*®(R?) and W12(R3), respectively, whose elements are periodic
functions with periodicity Y.

Definition 2.1. Let u° be an element of L2(2 x Y) and let € > 0. We say that
a sequence u® from Lo(Q) two-scale converges weakly to u® if

i [ w (@)oo o/e)do = [ [ 0ot dyde Yo e CROCEY);

e—=0 Jo

. 2
briefly u = u°.

Let us note that we can replace C5°(£2, C22.(Y)) by L2(Q2, CSS,.(Y)) in the defini-

per per
tion, using the obvious density argument.
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Definition 2.2. Let u° be an element of Lo(Q x V). We say that a sequence u®
from Lo () two-scale converges strongly to u® if u® 2 40 and in addition

i [ Ju @) de = [ [ (o) dyds
0 QJy

E— Q

. 2
briefly u® = u0.

Lemma 2.3 ([2, Lemma 2.3]). Ifu® 2 40 and v° 2 00, where u°, 00 € Lo(QXY),
then also

e—0

im | u®(x)v®(x)dx = u(z, y)o' (z T.
i [ @) de = [ [ w0 @) dya

In the sequel H = Ly(Q) and V = W;%(Q).

Lemma 2.4. Let {u®} be a bounded sequence in the space C%* (I, H)N L (I, V).
Then there exist functionsu € C%' (I, H)NLoo (I, V) and @ € Loo (I, Lo(Q, Wi2(Y)))
such that up to a subsequence,

a) u®(t) =~ u(t) inV for every t € I,

b) u® —win C(I,H),

c) us(t) N u(t) for every t € I,

d) Vus(t) N Vu(t) + Vyu(t) for every t € I,
e) (Ouf/Ot)(t) > (Ou/dt)(t) for every t € I.

~— o o T

Proof. The lemma can be proved analogously to Lemma 5 in [18], and, thus,
we leave out the details. (]

To prove the uniqueness of the solution of the problem we will use the following
Gronwall type lemma.

Lemma 2.5 ([15, Theorem 1.2.2]). Let v and f be continuous and nonnegative
functions defined on J = |« 3], and let C' be a nonnegative constant. Then the
inequality

¢
u(t) < C —|—/ f(s)u(s)ds, teJ,
implies that

u(t) < Cexp(/(ytf(s)ds), teJ

Now we present a brief description of Rothe’s method for the situation at hand.
Using this method, we can solve the following parabolic problem, which is the weak
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form of problem (1.1):

(2.1) us(t) € V: (ag(t)a%t(t),v> (b (DuE (1), v) = (fo(t,uc(t)),v) forall veV,
u®(0) = uo,

where

(2.2) ut(t) == u(x,t), ac(t) :=alx,z/e,t), be(t) :=b(x,x/e,t),

fe(t,ut(t)) := f(z,x/e, t,u’(x,t))

for a fixed ¢, and (+,-) denotes the scalar product in H and

(2.3) (b ()l (8), 0) = /Q b () Vs (¢) - Vo da.

We also need the following technical assumptions on the functions a, b, f, and ug in
order to be able to solve problem (1.1).

Assumption 2.6. Let C;, Cy be positive numbers and y € R3. Then

(A1) the functions a, b satisfy the following conditions: for all ¢t € (0,T), we
have

Cy < w(z,y,t) < Cy for almost all x € €,
lw(,y,t) —w(,y, 7)o < Colt —7| forall 7€ (0,T),

where w = a (or w = b);
(A2) the function f satisfies the following condition:

1 Cystsw) = fCysmo)lla < Coft =7 + [lu = vf| )

for all t,7 € I and u,v € H,
(A3) the function ug from V is such that:

V- (b(z,y,0)Vugy) € H.
(Here we write b(z,y,0), which is the limit of b(z,y,t) as t — 0, since the

existence of this limit is guaranteed by (Al).) Moreover, it is supposed
that the functions a, b, f are Y-periodic in the second variable y.
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Rothe’s method. Let h be a positive number. We divide the interval I = [0, T
into subintervals I1,I>,..., I, (I; = [tj—1,t;), t; = jh, j = 1,2,...,n — 1, and
I, = [tn—1,T], where 0 < T — t,_1 < h) such that the interval I is covered by these
intervals. Taking into account the initial condition of problem (2.1), we put

Z0 = Ug

for to = 0 and successively for j = 1,2,...,n define vector functions z; which are
weak solutions of the elliptic problems

(24)  z €V: —(ajz,v) + (bjz;,v) = (fj(zj_l) + %zj_l,v) forall v €V,

> =

where a; = a.(t;), b; = b:(t;) and f;(zj—1) = f-(¢;,2;—1). We obtain these problems,
if we replace the derivative du®(t)/0t by the differential quotient (z; — z;_1)/h at
the points t =+¢;, j =1,2,...,n, in (2.1).

Let j = 1. Then problem (2.4) takes the form

1
21 EV: E(alzl,v) + (byz1,v) = (fl(zo) + a—f?zo,v) for all v €V,

and it has exactly one solution (by virtue of Assumption 2.6 and as a consequence
of the theory of elliptic boundary value problems; see e.g. [5]). Next we solve prob-
lem (2.4) for j = 2, i.e.

1 1
2z €V E(agz%v) + (bazo,v) = (fg(zl) + Ealzl,’u) for all v e V.

Repeating the above procedure for j = 3,...,n, we get functions z1,z22,...,2, € V
which are uniquely determined. It is thus possible to construct the Rothe func-
tion un(t) as a function from I to V defined by

t—t;

(2.5) wn(t) = 21 + —

(zj —zj—1), tel;, j=12,...,n
Hence, we obtain a sequence {uy(t)}5%, which is called Rothe’s sequence of approxi-
mative solutions of problem (2.1). Intuitively, we can expect that if n — oo, then this
sequence will converge to some function «(t), which is a solution of problem (2.1).
In the next section we will in particular present and prove that this in fact holds
in a special sense. Roughly speaking, first we use Rothe’s method to prove the
existence of u®(t) as n — oo (see Theorem 3.4). After that we use the technique of
two-scale convergence to prove that u°(t) actually converges to a unique function w(t)
as € — 0 and this is the approximative (homogenized) solution of (1.1) we are looking
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for (see Theorem 3.1(a)). As expected this solution can be calculated by using a
homogenization algorithm (see our Theorem 3.1 (b) and Corollary 3.3).

We are now ready to present and prove our main results.

3. MAIN RESULTS

In this section, the notation €2, Y, V|, H, and I have the same meaning as in our
previous sections and, moreover, the functions a(x,t) and f(x,t,u) are defined by

ient) = [ alwydy and fetu) = [yt d
Y Y
Our main result reads:

Theorem 3.1. Let Assumption 2.6 be satisfied. Then

(a) problem (1.1) has a unique solution, and this solution can be approximated by a

unique function v € C%' (I, H)NLso(I,V) such that i € Loo(I, L2(2, W, 2(Y)))

and

(3.1) /Q&(x,t)%(a:,t)v(x)dx
—|—/Q/Y b(x,y,t)(Vu(x,t) + Vyu(z,y,t)) - Vo(z) dy dz

= / f(z,t,u(z, t)v(z)dz
Q

for all v € V and at almost every time t € I, and u(x,0) = ug(x) for almost
every x € ;
(b) the unique solution u(z,t) in (a) can be obtained by solving the equation

(32) e, )50 2, 1) = V- (Bl Ve, 1) = (o, u(z, 1),

where the matrix B(z,t) = (b;;j(x,t)); j=1,2,3 Is defined by

blj (J), t) blg(x, t)
(33) bgj ((E, t) = / b(ej + Vywj') dy bgg(l’, t) = / b(eg + VYU)Q) dy,
b3j ({E, t) Y b3a (:L’, t) v
blg(x, t)
bas(z,t) | = / bles + Vyws) dy
b33($, t) Y
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and w; € Loo(I, L2(Q,WL2(Y))), i = 1,2,3, are the solutions of the local

per
problems
[ b0+ Tyuwn) - Vo) dy = o,
Y
(3.4) / b(x,y,t)(e2 + Vyws) - Vo(y)dy = 0,
Y

[ Wertes + Fyus) Vel dy =0
Y
for all v € C32,(Y), where {e1, ez, €2} is the canonical basis in R®.

Remark 3.2. For the case when the coeflicients a, b and the right-hand side f
do not depend on ¢, Theorem 3.1 (a) coincides with that of Vala [18] in the quasilinear
case. Moreover, Theorem 3.1 (b) is well suited to be directly applied for obtaining a
good approximation of the solution of (1.1).

More exactly, we obtain the following homogenization algorithm for deriving an
approximative solution of equation (1.1):

Corollary 3.3 (Homogenization algorithm). An approximative solution of equa-
tion (1.1) can be obtained in the following way:

Step 1: Solve the local problems (3.4).

Step 2: Insert the solutions of the local problems into (3.3) and compute the
homogenized coefficient B(x,t).

Step 3: Solve the homogenized equation (3.2), which gives the approximative
solution u(z,t) we are looking for.

In order to be able to prove Theorem 3.1 we need the following crucial result of
independent interest:

Theorem 3.4. Let Assumption 2.6 be satisfied. Then there exists a function
u® € CYY(I,H) N Loo(I, V) which solves (1.1) and has the following properties (for
each fixed € > 0):

Lolwllowa, vy <G, [|0u/0t Lo, < C,

2. u®(0) = up,

3.

ou
3.5 t)—
65) [ awa/enF

g

(z,t)v(z)dz + /Q b(x,x/e, t)Vus(z,t) - Vo(z)de

= / flzyz/e t,uf(x,t)v(z) dz
Q

for all v € V. = Wy *() and at almost every time t € I, where C' does not
depend on €.
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4. PROOFS

Proof of Theorem 3.4. Let us consider the integral identity (2.4), i.e

(4.1) (aj(zj — zj—1),v) + (bjz;,v) = (fi(zj=1),v) forall veV.

= =

We choose v = z; — z;_1 in (4.1). Then we get that

1
7 (@i(z = 2zj-1) 25 = 2-1) + bz, 25 = zj-1) = (fi(25-1), 25 — 2j-1)

for 7 =1,2,...,n. By applying the Schwarz inequality to the right-hand side of the
last equality we obtain that

(aj(zj — zj-1), 25 — zj—1) + (bjzj, 25 — zj—1) < || fj(zj-1)|mllz5 — zj-1lln-

| =

Hence, according to (Al) and (A2) of Assumption 2.6, we find that

Cy
=2 = 2l + (85252 = 2i-1) < CoGh+ l1ziallm)ll25 = 21l

By applying first the trivial inequality ab < a?/26 + b%6/2 (for § = 2C1/hCq > 0)
followed by (a + b)? < 2(a® + b?) to the right-hand side of the last estimate, we get
that

hC?2
(bjzj,2j — zj-1) < 4—CT(T + llzi-1lla)?,
ie.
hC?
(4.2) (bjzj,zj — zj—1) < 20, (T2+||Z] 1||H)

According to the Poincaré inequality, (2.3), and (A1) of Assumption 2.6 we have
that

1 1/2
(4.3) lz-1llar < Cullzimally < Cu| o (bim12i1, 25-1)
1
and
Csyh
[((bj—1 — bj)2zj-1, 2j— 1>|<71<bj712j—172j—1>,
so that
Cyh
(4.4) —%(bj,lzj,l,zj,gg ((bj—1 —bj)zj—1,2j-1)-
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Inserting (4.3) into (4.2), we see that

hC2 c?
(4.5) (bjzj,2j — zj—1) < 2—(,‘? (T2 + [01 (bj-12j-1, Zj71>})~

Moreover, we estimate the left-hand side of (4.2) as follows:

(4.6) (bjzj, 2 — zj-1)

=5 [<bjzj, z) + (b5 (2j = 2-1), 25 = 2j-1) = (bjzj—1, ijlﬂ

N~ N —

[(bj25, 2) + (bj (25 — 2j-1), 25 — zj—1) + ((bj—1 — bj)zj-1, 2j-1)
—(bj-12j-1,2j-1)]

1
> 5 Ubjzjs ) + {(bj—1 = bj)zj-1, 2j-1) — {bj-12j-1, Zj-1)].

Inserting (4.4) into (4.6) and simplifying, we find that

{@ﬂjvzﬁ - (1 + %h) <bj—12j—1a2j—1>}-

N~

(4.7) (bjzj,2j — zj-1) =

From (4.5) and (4.7) it follows that

1 C hC2 2
3 [@Zjvzj} - (1 + th> <bj—12j—172j—1>} < Q—Cf(TQ + a@j—lzj—la Zj—1>>-

By choosing now C < oo such that

2 212
Cope e o apg G292 TG0

<
ey ez ¢

we find that
(bjzj,2j) < Ch+ (1 4+ Ch)(bj-12j-1, 2j-1)-

Hence, using repeatedly this and the fact that In(1 +¢) < ¢, ¢ > 0 yields that

+ 1+ Ch)(bj-12j-1,2j-1)
+Ch(1+Ch)+ (1+ Ch)2<bj—22j—27 Zj_2)
< (14 Ch) + (14 Ch) (boz0, 20)

— o/ In(1+Ch) | ojln(1+Ch) (boz0, 20)

<efT eCT<bozo, 20).
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By virtue of (A1) and (A3) of Assumption 2.6 we get that
(4.8) llzillv < Cs forall j=1,2,...,n,

where C3 does not depend on j and n.
From this estimate we obtain the uniform boundedness of Rothe’s sequence, i.e. ac-
cording to (2.5) and (4.8) it is obvious that

(49) Jan(8) 3 < max 3 < C3.

This estimate implies that the first estimate of the theorem holds.

Next we estimate the derivative of the Rothe’s sequence, i.e. {Ou,(t)/0t}, which
is also connected to the proof of the second estimate of the theorem. To this end we
consider the identity (4.1), i.e.

1
E(aj(zj - zj_l),v) + <ijj,’U> = (fj(Zj_l),U) for all v e V.

Subtracting from this identity the same identity written for 7 — 1 and putting v =

Zj — %Zj—1, we obtain that

(4.10) (aj(zj = 2j-1) = @j-1(2j-1 = 2j-2), 2 — zj-1)
+(bjzj — bj-12j-1,2j — 2j-1)

= (fi(zj-1) — fj—1(zj-2), 25 — 2j-1).

We will separately estimate all terms of (4.10). Let us begin with the first term on

==

the left-hand side. To estimate it we use the inequalities
(@j—1u,u) —2(aj_1u,v) + (aj—1v,v) =20 for all u,v eV

and

‘1 - aj_l(x>‘ < %h for a.e. z € Q

a;(z) C1
(for all j = 1,2,...,n), which immediately follows from (A1) of Assumption 2.6. By
using these estimates we find that

(4.11) %(aj(zj —zj-1) — @121 — Zj-2), 2 — Zj-1)
= %(aj(zj —2j-1),2) —Zj-1) + %[(arl(«zj —2j-1),% — Zj-1)
= 2(aj-1(2j-1 — zj-2), 25 — zj—1) + (@j-1(2j—1 — zj—2), zj—1 — zj—2)]
+ %((aj —aj-1)(zj — zj-1), 2 — 2j-1)
- %(aj—l(zj—l — 2j-2),%j—1 — Zj—2)
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1 1 ai_1
> op(a5(2j = 2j-1), 25 — 2j-1) + ﬁ(%’ (1 - ;j )(Zj —2j-1), % — Zj—l)
1

= 57, (@i-1(2j-1 = 2j-2), 2j-1 = 2j-2)
1 C
> ﬁ(l - éh> (aj(zj — zj—1), 25 — 2j-1)
1

= 57, (@i-1(2j-1 = 2j-2), 2j-1 = 2j-2)-

Next we use (A1) of Assumption 2.6 to obtain that

(4.12)  [{(bj—1 = bj)zj—1, 25 — zj—1)| < Czh/ IVzj-1l|V(2j — zj-1)| dz
Q
Caoh||Vzj—1l|u V(25 — zj-1)]l

<
< Cohllzjallvilzg — zi-1llv,

which implies that
(4.13) —((bj—1 = bj)zj—1,25 — zj—1) = —Cahllzj1llv]z; — zj-allv.

Thus, by using again (Al) of Assumption 2.6, (4.13), and (4.8), we can estimate the
second term on the left-hand side of (4.10) as follows:

(4.14) <ijj — bj_lzj_l, Zj — Zj_1>
= (bj(z5 — zj—1), 25 — zj—1) — ((bj—1 — bj)zj-1, 2 — zj-1)

> Cillzj — zj—a1lly — Cahllzi—allvlizg — zi—llv

Cah Csh
= [l =zl = S lemllv] = G52 Iy
- 40,

Moreover, for the right-hand side of (4.10) we use the Schwarz inequality, (A2) in
Assumption 2.6, and elementary inequalities to find that

(4.15) (fi(zj—1) = fim1(zj=2), 25 — 2j-1)
I fi(zj-1) = fi—1(zj—2)|ml2j — zj—1llm

Cao(h+ ||zj—1 — zj—2llm)llzj — 2zj—1lln

NN

C
< Coh® + Collzjo1 — zj—2||F + 72||Zj — 2l
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By using (Al) of Assumption 2.6 we see that

(aj-1(zj-1 = 2zj-2),2j-1 — 2j-2)

= / aj-1(zj-1 = zj-2)(zj-1 — zj—2) dz
Q

> Cl/ |2j-1 = zj—o|? dz = C1 ||zj1 — 2523,
Q

i.e.
, 1
(4.16) llzj—1 — zj—2llfy < a(aj—l(zj—l — Zj-2),%j—1 — Zj—2).
Similarly
9 1
(4.17) llzj — zj-1llE < a(%‘(«zj —2j-1),%j — Zj—1)-

Inserting (4.17) and (4.16) into (4.15) we see that

(4.18) (fj(zjfl) fi- I(ZJ 2), 2 — Zj— 1)
Cy
< Cah® + a(aj—l(zjfl —2zj-2),%j—1 — Zj—2)
C:
+ 500 (@32 = 2-1), 2 = 1),

Now, according to (4.11), (4.14), (4.18), and (4.10) we get that

1 C.
(4.19) o (1 - th> (a;(z — zj-1), 25 — 2-1)
1 C3C3
= o7 (@i-1(zj-1 = 2j-2), 2j-1 = 2j-2) = ZTth

C
< Cah® + é(aj—l(zj—l — Zj-2),%j—1 — Zj—2)
Cs

+ ﬁ( (25 — 2j-1), 25 — 2j-1)-

If we denote a; = h™2(a;j(zj — zj—1), 2j — zj—1) and insert it into (4.19) we find that

s hC2C3 20, Coh
_ = _ < . e
(1 Clh) — a1 = 5 <20h+ g+ e,
ie.,
c2c2 20,
(4.20) Qg — Q-1 < h|:( 20, + 202) + Tl(aj + Oéj_l):|

< h[C + C(aj + Oéjfl)] = Ch[]. +aj + aj,l],
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where C' < oo is chosen such that

C303 20,
< — < (.
20, +2C05 < C and c <C

Simplifying further, we see that the last estimate takes the form

_14Ch . Ch
GYSTZoRM T 1 on

By using this estimate repeatedly together with another elementary estimate, we get
that

(4.21) (1+Ch)j—1a (1+Ch)j—1

1-Ch 1-Ch
Without loss of generality it can be supposed that h is less than 1/2C, which enables
us to make the estimate

14+ Ch\i—1 ,
4.99 ( ) _ o(j—1)In(1+2Ch/(1-Ch))
(422) 1-Ch ¢

< 02C(=1)h/(1-Ch) < 02CT/(1=Ch) < QiCT

Our next goal is to estimate o in a similar way. First we rewrite the identity (4.1)
for j =1 and put v = z; — zg, i.e.

(4.23) (a1 (2’1 — ZQ)7 zZ1 — Zo) + <b121, zZ1 — ZQ> = (fl (Z()), zZ1 — Zo).

S

According to (4.12) for j = 1 we have that
(4.24) (b1 = bo)z0, 21 — 20) = —C2hl|z0lv 21 — 2ollv-

Moreover, by using Green’s formula and the Schwarz inequality, we have that

(425) |<b020, zZ1 — Zo>| =

boVZo . V(Zl - Zo) dx
Q

= ‘—/ V- (boVz0)(z1 — 20) dz
Q
<V - (boVzo)|lmllz1 — 20l
Z1 — 20
< h||V - (byVz0) ”HH H

From (4.17) we see that

1
1 2
5l 25 — zj—1lly < ﬁ(aj(zj — 2j-1), %) — Zj-1) = Qj,

317



so that, in particular for j =1,

Hzl — 20 [e75]

h HH = C1.

(4.26)

Also, according to (4.8) and Assumption 2.6 we have that
(4.27) lIzjllv < Cs forall j=0,1,...,n,
so that, in particular,

(4.28) 21 = 20llv < [lzallv + llzollv < 2Cs.

Thus, by using (4.24)—(4.28), we can estimate the second term on the left-hand side
of (4.23) in the following way:

(429) <b121, 21 — Zo> = <b1(21 — Zo), 21 — Zo> —+ <b120, Z1 — Zo>
> (b120, 21 — 20)

= ((b1 — bo)z0, 21 — 20) + (boz0, 21 — 20)

Z1 — %
> = Cahllzollv 121 = 20llv = AV - (bo¥z0) [l | =2
Cy 12
2
> —20203h—wa1 h.

By using the Schwarz inequality, (A2) of Assumption 2.6, and (4.26) the right-hand
side of (4.23) can be estimated as follows:

C
(4.30) (f1(20), 21 = 20) < | f1(20)lmllz1 — 20/l < 01?2 o’ h.
1

Inserting (4.29) and (4.30) into (4.23), we see that

Cys 172 _ Cs 1y
ag — 20502 — a;’ " < aiy’”,
Poolrtt Tl

ie.

a1 < Cy + Coai/Q,

which implies that
(4.31) a1 < 2Co + C3,
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where Cy < oo is chosen such that

Cy+Cs

20502 < Cy and
3 011/2

< Cp.

Hence, from (4.21), (4.22), and (4.31) we see that
a; < AT (1 4 00)2 = Cg < 0.
Therefore, according to (4.17),

zj — zj—1]? 1
%HH = ﬁ(aj(zj —zj-1),2j — zj—1) = a; < Cg < 00.

N

i

Thus, it follows that
Zj — Zj—1 H <O*
H h "o
The last estimate proves the uniform boundedness of the derivative of Rothe’s func-

tions, i.e. (see (2.5))

un
ot

Zj — Zj—1

h HH se

(t)H = max

(4.32) max H
te[0,T] H j=1,2,..n

Next, let us introduce the sequence
V() =un(t), tel, n=1,2,...,

where {€,}52, is a parameter sequence such that ¢, — 0 is equivalent to n — oc.
According to (4.9) and (4.32) it follows that the sequence v°~ (t) satisfies the condi-
tions of Lemma 2.4. Therefore, in particular, we obtain that there exists a function
v e COY(I,H)N Loo(I,V) and, up to a subsequence,

a) v (t) = v(t) in V for every t € I,

b) v*» — v in C(I, H),

e) (v /Ot)(t) 2> (Jv/0t)(t) for every t € I.

This together with the definition of v*" yields that
a*) u,(t) = u(t) =v(t) in V for every t € I,
b*) u, — uwin C(I, H),
e*) (Qun/0t)(t) > (Ju/0t)(t) for every t € I.

The statements a*) and b*) are obvious. To obtain e*) we use the definitions of
weak and two scale convergence.
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According to (4.9), (4.32), and a*), b*), e*) there exist u € C%1(I, H) N Lo (I, V)
with the time derivative Ou/0t € Lo (I, H) which are also bounded by these con-
stants. Moreover, since Rothe’s sequence is uniformly convergent, we obtain that
1(0) = ug. This implies the correctness of the first two properties of the theorem.

Now we notice that all the above considerations have been done for a fixed &,
which implies that the obtained limit function u(t) also depends on . Thus, we will
in the sequel use the notation u®(¢) instead of u(¢).

Now we will prove that the function u® also has the third property from the
theorem, i.e. the integral identity (3.5) holds. To this end we introduce step func-
tions 1y, an, and b,, defined in I such that

and
fn(t) = f;()
forteI;, 7 =1,2,3,...,n, and we rewrite the integral identity (4.1) as

@33) (30022 o)) + 0 (1), 000)) = Tt 1t — ), (1)),

where v € Loo(I, V). In view of a*), b*), e*) above, and Assumption 2.6 we get that

ou,, ous

WO, 0(0)) = (0= (0), (1))
8, 00) — 50300,
(Pt 0t = 1)), 0(8)) = (o (b 05(2)), 0(2))

(4.34) (

as n — oo, for each fixed ¢ and almost all ¢ € I, since [|a,(t) — a(t)||L_) — 0,

150(®) = b(®) ) — 0, and [Foult, an(t — b)) — F(t,u(®)n — 0 as n — oo
Moreover, to get the limits (4.34) we use also that u,(t — h) — w(t) in H, which
follows from the estimate

[tn(t = h) = un(@)llg = un(tj-1) — un(t)lla
/tJ1 8ugt(7') dr ’H < /tih ’aun(T)

ot HH
for t € fj = (tj—1,t5], 5 = 1,2,...,n. Taking the limit on both sides of equal-
ity (4.33), we obtain the identity

dr < Ch

(000 om0, 00)) -+ {0007 (1), 000)) = (Fe (10" (1)), w(0),
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which is the same as
(4.35) /Qa(x,:c/e,t)%e(x,t)v(x) dz + /Q b(z,z/e, t)Vus (z,t) - Vo(z)dz
= [ raafetu @ )ola) do

for all v € V = Wy*(Q) and almost all ¢t € I. This shows that the function u
satisfies the integral identity (3.5), and Theorem 3.4 is proved. O

Proof of Theorem 3.1. Ezistence. (a) We will use Lemma 2.3 and Lem-
ma 2.4, which involves the notion of two-scale convergence, to obtain the homog-
enized equation corresponding to problem (1.1). We note that by Theorem 3.4 and
Lemma 2.4 there exists a certain u € CO1(I, H) N Loy (I, V) with the time derivative
Ou/ot € Loo(I, H), and a certain @ € Lo (1, Lo(Q, W2(Y))) attained as limits of u*
and Ju®/0t in the sense of Lemma 2.4. It remains to prove that these limits satisfy
the weak formulation (3.1) of the theorem.

Let us choose an arbitrary v € V' and introduce
wo(t) == w(x,t) = a(z,z/e, t)v(z)
and
w(t) :=w(z,y,t) = a(z,y, t)v(z).

Evidently w®(t) 2 w(t). By using assertion e) of Lemma 2.4 and Lemma 2.3, we
find that

g

(4.36) lim [ a(z,x/e, t)% (z,t)v(x)dz

e—0

= lim w(x t) Ou xtdx—// w(zx,y,t) xt)dydx

e—0

/ / a(z,y,6) 2% (2, tyo(z) dy da

This shows that the first integral in (4.35) tends to the corresponding one in (3.1)
as € — 0. Next we evaluate the limit of the right-hand side of (4.35) when ¢ — 0 as
follows:

(4.37) ;iir(l)/gf(x,x/e,t,us(x,t))v(x)dx
://f(x,y,t,u(x,t))v(a:)dyda:
QJy
— lim Q(f(x,x/e,t,u(x,t)) — f(z,z/e, t,u’(x,t)))v(x) da

e—0

~ lim (/Y F@ b u(z, 1)) dy — f(x,x/e,t,u(x,t)))v(a:) dz:

e—0 Q
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here the last two integrals converge to zero as ¢ — 0. The second integral on the
right-hand side converges to zero, since f satisfies (A2) of Assumption 2.6 and the
sequence u*(t) converges strongly to u(t) in H. The convergence to zero of the third
integral on the right-hand side follows from the definition of two-scale convergence.
It also holds that

(138)  lm /Q b, 2 /e, )Vl (2, 1) - Vo) da
= //b(a:,y,t)(Vu(a:,t)—I—Vyd(x,y,t))-Vv(m)dydm.
oty

This statement holds according to Lemma 2.3, since b.(t) 2, b(t), which follows
from Definitions 2.1 and 2.2, and Vu® () N Vu(t) + Vyu(t), which follows from the
assertion d) of Lemma 2.4.

By combining (4.35)—(4.38), we find that the function u satisfies the equality

(4.39) /Q d(x,t)%(m,t)v(x) dz
—l—/Q/Yb(x,y,t)(Vu(x,t)—l—VyiL(x,y,t))-Vv(x)dydx
= Af(x,t,u(a:,t))v(x)da:,

and (4.39) coincides with (3.1), so we are done.
(b) Let us now choose for the test function v in (3.5) (i.e. (4.35)) a function
ep(z)v(x/e), where ¢ € C§°(Q) and v € C35,.(Y). Then we get that

per

. /Q ol /e, ) 2 (2, () (s /e) da

ot
—l—/(b(x,x/e,t)VuE(x,t)) -Viey(z)v(z/e)] da
Q
:5/9f(a:,m/a,t,us(x,t))w(a:)v(a:/a) dz.
Simplifying we see that
6/9a(x,x/e,t)%e(x,t)w(x)v(x/s) dz
—|—/ b(x,x/e, t)Vus (z,t) - [Y(z)Vo(z/e)] da
Q
+ E/Q(b(x,x/s,t)Vus(x,t)) [V (x)v(z/e)] da
—= [ f@a/e ot @ )/ da.
Q
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As ¢ — 0 we find that
/Q /Y by, £)(Vu, ) + Vyii(z, y. £))] - [b(2) Voy)] dy dz = 0.

Since ¢ € C§°(Q) is arbitrary, we have that (for a.e. x) @(z, y, t) is the unique solution

of the following periodic problem: Find @ € Lo (1, Lo(Q, Wk2(Y))) such that

/ bz, 9, 8) (V. t) + Vyi(z,y,£))] - Voly) dy = 0
Y
for almost all x € ). Rearranging we find that
(4.40) / by, ) Vyii(e,y,1)] - Voly) dy
Y

_ /Y bz, y, ) Vu(z, £)] - Voly) dy

8u dv(y 8u ov(y)
= - b » I b z,y 7 d

/y LR ay1 / 5w o,

ou 0v(y)

- b(x,y,t)=— d
/y @0 1) oy Bs
By linearity

~ ou ou u
(441) u(x,y,t) - wl(x7y7t)a—x1 + wQ(x7y7t)a—xQ + w3(x7yvt)a—x3a

where w; € Loo(I, La(, W2 (Y))) (i = 1,2,3) are the solutions of the following
local problems:

[ b 0(Fver+ @) Vo) dy = o
Y
(4.42) / b(x,y,t)(Vyws + e2) - Vo(y)dy = 0,

Y

/ b(x,y,t)(Vyws + e3) - Vo(y) dy = 0.

Y

Finally, to obtain the homogenized equation, we insert (4.41) into (4.39) to get
ou
(4.43) // a(x,y,t)—(a:,t) v(z)dydz
ou

ou ou
// xy,)(Vu(x t)+Vyw18 +Vyw28 +Vyw38 3)
x Vo(z)dydz

:/Q/Yf(x,y,t,u(x,t))v(x)dydx.
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Moreover, we note that the second term on the left-hand side can be written as

8u ou
(4.44) // b(x,y,t) 5‘ s —l—a—%eg

ou

8
+ Vyw;— + Vyws— + Vyws=— ) Vou(x)dy dx
0z 0xo 3

ou
_ /{5;1 (/ b(x,y,t)(el-i—Vle)dy)
+ (%’“2 (/Y b(w,y,t)(e2 + Vyws) dy)
# 2 ([ swgeties + Drwaay) } ot da
) (e
%72 \ b (a,)
L2 (Ziiii

_ /Q(B(a:,t)Vu(x,t))  Vo(z) dz,

Oz

where the matrix B(z,t) = (bi;(x,t))i j=1,2,3 is defined by

blj(l',t)

boj(z,t) :/ b(z,y,t)(e; + Vyw;)dy for j=1,2,3

Y
bgj(.l?,t)

and (3.3) is proved. By inserting (4.44) into (4.43), we see that

(4.45) /Q/Ya(x,y,t)%(m,t)v(m)dydx—f—/Q(B(x,t)Vu(x,t)va(x)dx
— [ ] @ tutz ) dyd.
oy

Introducing the notation
Flatouw ) = [ Syt 0)dy
Y

and a(z,t) = / a(z,y,t)dy,
Y
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the equality (4.45) takes the form

(4.46) /Q&(x,t)%(m,t)v(x) dz + /Q(B(a:,t)Vu(x,t)) -Vo(z)dz

= / f(a:,t,u(x,t))v(a:) dz,
Q
which is the weak form of
d(m,t)%(x,t) — V- (B(z,t)Vu(z,t)) = f(z,t,u(z,t)).

The proof of existence of the solution is complete.
Uniqueness. Assume that u' and u? are solutions of problem (3.2), i.e. u’ €
CYY(I,H) N Loo(I,V) is such that u*(0) = ug and

i

(4.47) Ad(x,t)%(m,t)v(x) dz + / (B(z,t)Vu'(z,t)) - Vo(z) dz

Q

= / f(a:, t,ut(x,t))v(z) de,
Q

(i = 1,2). If we denote u(t) = u'(t) — u?(t), then u(0) = 0. Subtracting the
identity (4.47) written for ¢ = 2 from the same identity written for ¢ = 1 and

choosing v = u, we get that

(4.48) /Q&(:c,t)%(x,t)u(x,t)dx—i—/ﬂ(B(x,t)Vu(x,t))-Vu(x,t)dx

- / Flat,u @, 8)) — Fa,t, 0 (e, 0)ule, 1) da.

By using the assumption on f (see (A2) of Assumption 2.6) we estimate the right-
hand side as

/[f(a:,t,ul(x,t)) = Fat 2@, E)ula, 1) do < 02/ w(z, £)? dz.
Q

Q
From this and from (4.48) we get that
/d(x,t)%(m,t)u(m,t) dx+/(B(x,t)Vu(a:,t))-Vu(x,t) dz < Cg/(u(a:,t))2 dz.
Q Q Q

From the nonnegativity of the second term (which is guaranteed by (A1) of Assump-
tion 2.6) on the left-hand side of the last estimate we obtain that

/Qd(x,t)%(x,t)u(x,t)dxg C’g/(u(x,t))2 dz.

Q
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Now we integrate both sides with respect to ¢ from 0 to 7, i.e.

(4.49) /OT/Q d(x,t)%(m,t)u(x,t) dzdt < Cy /()T/Q(u(x,t))2 dz dt.

According to (A1) of Assumption 2.6 we can estimate the left-hand side of (4.49)

/OT/Q i, t)@(% Hu(x,t)dedt

= // a:t ) )dtda:
i/ﬂa(x Tu(z, T) // dalz,t) z,t)? dt da

> G u(z,7)? dm—%//u(a:,tfdxdt.
2 Ja 2 JoJa

This together with (4.49) yields that

/u(x,T 302// (z,t)* dz dt,
Q

3C, [T
I < N )| dt.
1 Jo

ie.

u(t) =0, ie. u'(t)=wu?(t) forae tecl.

This proves the uniqueness of the solution of the homogenized equation (3.2).

The uniqueness of the solution implies that not only some subsequence of {u.}
converges to the solution, but also the whole sequence converges. The proof is
complete. O

References

[1] G. Allaire: Two-scale convergence and homogenization of periodic structures. School on
Homogenization, ICTP, Trieste, September 6-17, 1993.

[2] G. Allaire: Homogenization and two-scale convergence. STAM J. Math. Anal. 23 (1992),
1482-1518.

[3] A. Almquist, E. K. Essel, L.-E. Persson, P. Wall: Homogenization of the unstationary
incompressible Reynolds equation. Tribol. Int. 40 (2007), 1344-1350.

[4] A. Bensoussan, J.-L. Lions, G. Papanicolaou: Asymptotic Analysis for Periodic Struc-
tures. North-Holland, Amsterdam, 1978.

326



[5]
[6]
[7]
8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]

[19]

S. Fucik, A. Kufner: Nonlinear Differential Equations. Elsevier Scientific Publishing
Company, Amsterdam-Oxford-New York, 1980.

J. Kacur: Method of Rothe and nonlinear parabolic boundary value problems of arbi-
trary order. Czech. Math. J. 28 (1978), 507-524.

J. Kacur: Method of Rothe in Evolution Equations. B. G. Teubner Verlagsgesellschaft,
Leipzig, 1985.

K. Kuliev: Parabolic problems on non-cylindrical domains. The method of Rothe. PhD.
Thesis. Faculty of Applied Sciences, University of West Bohemia, Pilsen, 2007.

K. Kuliev, L.-E. Persson: An extension of Rothe’s method to non-cylindrical domains.
Appl. Math. 52 (2007), 365-389.

J.-L. Lions: Quelques méthodes de résolution des problémes aux limites non linéaires.
Dunod, Gauthier-Villars, Paris, 1969. (In French.)

J.-L. Lions, D. Lukkassen, L.-E. Persson, P. Wall: Reiterated homogenization of mono-
tone operators. C. R. Acad. Sci. Paris 330 (2000), 675-680.

J.-L. Lions, D. Lukkassen, L.-E. Persson, P. Wall: Reiterated homogenization of non-
linear monotone operators. Chin. Ann. Math., Ser. B 22 (2001), 1-12.

D. Lukkassen, G. Nguetseng, P. Wall: Two-scale convergence. Int. J. Pure Appl. Math.
2 (2002), 35-86.

G. Nguetseng: A general convergence result for a functional related to the theory of
homogenization. SIAM J. Math. Anal. 20 (1989), 608-623.

B. G. Pachpatte: Inequalities for Differential and Integral Equations. Academic Press,
San Diego, 1998.

L.-E. Persson, L. Persson, N. Svanstedt, J. Wyller: The Homogenization Method. An
Introduction. Studentlitteratur, Lund, 1993.

K. Rektorys: The Method of Discretization in Time and Partial Differential Equations.
D. Reidel Publishing Company, London, and SNTL, Prague, 1982.

J. Vala: The method of Rothe and two-scale convergence in nonlinear problems. Appl.
Math. 48 (2003), 587—606.

P. Wall: Homogenization of Reynolds equation by two-scale convergence. Chin. Ann.
Math. Ser. B 28 (2007), 363-374.

Authors’ addresses: E. K. Essel, Department of Mathematics, Lulea University of Tech-

nology, SE-971 87 Lulea, Sweden, and Department of Mathematics and Statistics, Univer-
sity of Cape Coast, Cape Coast, Ghana, e-mail: essemm@ltu.se, ekessel04@yahoo.co.uk;

K.

Kuliev, Department of Mathematics, University of West Bohemia, Univerzitni 22,

30614 Pilsen, Czech Republic, e-mail: komil@kma.zcu.cz; G. Kulieva, Department of
Mathematics, University of West Bohemia, Univerzitni 22, 306 14 Pilsen, Czech Republic,
e-mail: kulievag@mail.ru; L.-E. Persson, Department of Mathematics, Lulea University
of Technology, SE-971 87 Lulea, Sweden, e-mail: larserik@sm.luth.se.

327





