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Abstract. The Maxwell equations in a heterogeneous medium are studied. Nguetseng’s
method of two-scale convergence is applied to homogenize and prove corrector results for
the Maxwell equations with inhomogeneous initial conditions. Compactness results, of two-
scale type, needed for the homogenization of the Maxwell equations are proved.
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1. INTRODUCTION

Homogenization results for Maxwell’s equations, by the classical method of asymp-
totic expansions in two scales, are well known (see e.g. [5] and [17]). In this paper we
use the quite new method of two-scale convergence, introduced by Nguetseng [13].
It turns out to be a very simple homogenization procedure with straightforward
and transparent proofs. We show that the Maxwell equations in a heterogeneous
structure possess a unique two-scale limit as the size of the inhomogeneity of the
micro-structure tends to zero. We also prove new corrector results for Maxwell’s
equations.

We consider a material which occupies a bounded open simply connected set €2 in
R® and assume that the material is e-periodic in the sense that it can be viewed as
the union of a collection of disjoint open identical cubes with side length e (Y=-cells).
Further, we assume that the boundary 0f is regular, i.e., 9 is a once continuously
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differentiable two-dimensional manifold. (This assumption can be relaxed, it can be
proved that it is enough if 99 is Lipschitz.)
The Maxwell equations in the e-periodic material read:

(1.1) 0: D (x,t) + J*(z,t) = rot H*(z,t) + F°(x,t)
(1.2) OB (x,t) = —rot E°(x,1)

(1.3) div B*(z,t) =0

(1.4) div D® (z,t) = o (z, 1)

forx € Q and t € |0, T, where E¢, H¢, D¢, J¢ and B¢ are the electric, magnetic, in-
duced electric, current density and induced magnetic fields, respectively. Moreover,
0°(z,t) is the charge density which is defined by (1.4) and F* is a current density
source. We assume that F'° and the time derivative 9, F° belong to L%(0,T; L?(£2)3),
ie. F* € Wbh2(0,T; L?(Q)3), and are bounded in the L2(0,T; L%(Q)?)-norm. More-
over, we assume that F' — F strongly in L2(0, T'; L?(2)?) and that div F'* is bounded
in L2(Q2 x ]0,T[). The system is equipped with the initial conditions

(1.5) E°(2,0) = Eg(x),  H"(2,0) = Hg(x),

which are bounded in L?*(Q)3. We assume that E5(z) and H§(x) two-scale con-
verge to E°(x,y) and H(z,y), respectively. We also have the Neumann boundary

condition
(1.6) n A E®(x,t) =0 on 00 x 10,77,

where n is the outer unit normal to 02. This boundary condition corresponds to the
case when (2 is in contact with an infinitely good conductor. More general boundary
conditions can also be treated, see [2] and [6].

There are also three constitutive relations associated to the system (1.1)—(1.4):

(17) Bi(a,t) = iy (Z) H (x.1),
(1.8) Ji(a,t) = oy (T) i),
(1.9) D (w,t) = m; () B (a.2).

Here u, n and o are the magnetic permeability, electric permittivity and con-
ductivity, respectively. Since these are material dependent they are periodic with
the same period as the material (e-periodic). Moreover, p and 7 are assumed
to be symmetric, i.e., u;; = p;; and n;; = 7n;. Existence of a unique solution
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E¢ H® € Wh(0,T; Hyot (), L?(Q)?) was proved in [7]. (For a definition of H,ot(£2),
see Section 2.) The material can for example be a carbon fiber composite or an im-
pregnation ore consisting of two different kinds of minerals, one highly conductive
distributed periodically in another one with low conductivity. In particular, it can be
applied to the Induced Polarization phenomenon (see [19] and the references given
there), which is used by geophysicists in the search for ores containing gold, silver
and copper among other valuable metals.

The problem to be addressed when modeling the electromagnetic fields is to deter-
mine the macroscopic conductivity, electric permittivity and magnetic permeability.

The homogenization problem for Maxwell’s system (1.1)—(1.6) with constitutional
relations (1.7)—(1.9) is to find the effective constitutive relations, represented by the
mappings

H+— B,
E - J
E— D,

which need not be of the same type as (1.7)—(1.9). (We will find out that the
current density and the induced electric field are obtained by convolutions in time,
i.e. the constitutive relations for the homogenized Maxwell’s equations possess a
memory effect, or in other words, the homogenized permittivity and conductivity
are frequency dependent.) The corresponding effective Maxwell’s equations read

0yD + J =rot H + F,

0:B = —rot F,
div B =0,
div D = p,

E(z,0) = Ey(x), H(z,0) = Hy(z)
for z € Q and t €]0,T], and
nA E(z,t) =0 on 002 x]0,T7.

A similar problem has been studied with the use of the classical method of multiple
scales expansion technique (see e.g. [16] and [17] for homogeneous initial conditions
and unbounded domains, see also [2]-[5], [11], [12], [21] and the references given
there). Here we present a new proof based on the two-scale convergence method. We
also prove some new corrector results which open the possibility of better numerical
modeling of the above problem.
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The paper is organized as follows: In Section 2 we present some basic definitions
and the concept of two-scale convergence. In Section 3 we present and discuss the
announced main homogenization and corrector results. In Sections 4 and 5 we present
and prove some compactness results and a priori estimates necessary for the proofs of
the main results. The proofs of the main results can be found in Section 6. Section 7

is reserved for some concluding remarks.

2. PRELIMINARIES

In this text we use the Einstein tensor summation convention. Some standard op-
erator symbols will also be used when it simplifies the notation. By C' we denote any
fixed constant which may take different values on any place it appears in an equation
or inequality. The notation for function spaces, not defined below, is standard and
can be found in [20].

Let © be a bounded open simply connected set in RY and Y = ]0,1[N a unit
cube in RY, which we will call a Y-cell. F;(Y) consists of all functions in Floc(RY)
which are periodical repetitions of some function in F(Y). Hyot(Q) = {u € L3(Q)3:
rotu € L2(Q)3}, with the norm |[ully,, ) = lull2@)e + || rotullL2(q)s. Hai () =
{u e L2(Q)*: divu € L*(Q)} with the norm ||ul|3,,, (o) = llullL2()s + || divul| 2.
Du = (0,,u); = grad u denotes the gradient of v and nAu denotes the vector product
n € R and u € R®. divu = 0,,u; and rotu = curlu = (Op,u3 — Opyua, Opyus —
Oy, u3, Op, Uz — Op,u1) are the usual divergence and curl of vector fields in RY and
R3, respectively. We say that a function u: RY — R is Y-periodic if u(x+e;) = u(x)
for every z € RY and for every i € {1,2,3,..., N}, where (ey, ..., ex) is the canonical
basis of RY . Sometimes we write 0%, n° and . for U(f), n(f) and u(f), respectively.

In 1989 Nguetseng [13] presented a new concept to homogenize scales of partial
differential equations (PDEs), the so called two-scale convergence method which was
generalized to the LP(Q)-case by Holmbom in [10] in the following way:

Definition 2.1. A sequence {u°} in LP(Q), p € ]1,0¢], is said to two-scale
converge to ug € LP(Q x Y) if

(2.1) lim Q1f(33)(1 (w, g) dx:/ﬂ/yuo(a:,y)a(a:,y)dxdy

e—0

for every a € D(€;C3°(Y)). We will sometimes denote two-scale convergence by

2—s
— .

The following useful result is a natural generalization of the corresponding result
stated for L2(Q) functions in [13].
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Proposition 2.2 (Uniqueness). Let {u®} be a bounded sequence in LP({2),
p €]1,00]. Then for a subsequence (2.1) holds for a (unique) uo € LP(€; L{(Y')) for
all a € Co(Q;C4(Y)) and for all a = a1 - az, a1 € Co(Q), az € L{(Y), 1/p+ 1/qg=1.

Proof. See[10]. O

In [10] Holmbom also enlarged the class of all test functions for which (2.1) holds
to all admissible test functions in the sense defined below.

Definition 2.3. We say that a € L9(Q; L{(Y')) is an admissible test function if
a(a:, f) is measurable and

. x
lim Ha (x, —)‘
e—0 £
Remark 2.4. Some examples of admissible test functions are L4(Q2; C4(Y")) and,

for  bounded, Lg(Y; C(Q)), q € [1,00[. Moreover, any a which belongs to either of
these spaces for ¢ = 1 satisfies (see the proof of Lemma 5.2 in [1])

X
I ) de = da dy.
lim Qa(x,g) @ /Q/Ya(wvy) ady

For p > 2 we have the following result:

La(@) = ||a(x7y)||L‘1(Q><Y)-

Theorem 2.5. Let {u®} and {a°} be bounded sequences in LP(Q2), p € [2, 0],
and L?(R2), respectively. Let ug and ag be the two-scale limits of subsequences of
the corresponding sequences obtained by the diagonalization procedure. Further,
assume that at least for this subsequence

12(9) = ||a<x7y)||L2(Q><Y)~

i 0 = o )
ol = iy o o

Then, for the subsequence selected above,

e—0

tim [ (@)a’ (a) do = /Q /Y wo(@, y)a(z, y) dz dy,

lim ’ a®(z) —a (w, )’ =
e—0 3 L2(Q)
Proof. See [10], where also a nonperiodic case was proved. O

Our next result is a generalization to the LP-case of the characterization of the
two-scale limit in the L?-case treated in [13].
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Proposition 2.6. Let {u®} be a bounded sequence in LP(Q2), p € ]1,00|. Then,
up to a subsequence, {u®} two-scale converges to ug(x,y) € LP(2xY) and converges
weakly to u(z) = [, uo(x,y)dy in LP(Q). Furthermore, ug is (uniquely) expressible
in the form

uo(z,y) = u(x) + do(x,y)  with / to(z,y) dy = 0.
Y
Moreover, if 4y # 0 on a subset of Q x Y with positive measure, then the sequence
{u®} will not converge strongly in LP(Q2).

Proof. Let ug be the two-scale limit of {u®} and let a be any function in L(<2),
1/p+1/q = 1. We note that @ is an admissible test function and it follows that

timy [ ¥ (@a(e) d = /Q /Y o (@, y)a(x) da dy — /Q ( /Y wo(z,y) dy) o(z) da.

Clearly u® — u(x) := [, uo(w,y)dy weakly in LP(Q). By defining @ as

do(z,y) = wo(e,y) — /Y wo(z, ) dy,

we obtain the desired decomposition of ug(x,y). Moreover, if {u°} tends strongly
to win LP (), then {u} will also two-scale converge to u (cf. Proposition 2.10 in [8]).
It follows that g(x,y) = 0 except on a subset of Q x Y with measure zero (ug is
uniquely defined on  x Y only up to a subset of measure zero). The proposition
follows now by contraposition. O

We also need the following result, which will be useful when proving corrector
results.

Proposition 2.7. Assume that u € LP(Q2 x Y), p € |]1,00[ is an admissible test
fuction. Then, up to a subsequence, {u(a:, f)} two-scale converges to u.

Proof. See[10]. O

We have the following slight generalization of Proposition 2.8 in [8] for coefficients

in Lg° (Y). The result is useful for homogenization of PDEs in nonperiodic media.

Lemma 2.8. Let {u®} be a bounded sequence in LP(Q2), p € ]1,00], and let
v € Co(2; Lg°(Y)). Then a subsequence of {u*(z)v(z, L)} two-scale converges to
uo(x, y)v(x,y), where ug is the two-scale limit of {u}.

Proof. By the boundedness of {u®} we find that also the sequence {u®(x) x
v(z, L)} is bounded in LP(€). Let the corresponding two-scale limits be ug(z, y) and
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Xo(z,y). Choose a = a1 -az, a1 € D(Q), az € C°(Y) as an admissible test function.
It follows that also v - a is an admissible test function, i.e.,

lim . u®(z)v (a:, g) a (x, g) dz = /Q/Yu()(x,y)v(a:, y)a(z,y) dz dy.

e—0

Since the test functions are chosen such that we have unique limits we conclude that
Xo(@,y) = uo(z, y)v(z, y). 0

3. THE MAIN RESULTS

In this section RV = R3®. Further, i, 7 and o are bounded, Y-periodic and
coercive tensors, i.e., there exist positive constants ¢; and ¢ such that |p;;&;| < e1/€],
wii€i&i = cal€]? for all vectors £ # 0. Moreover, u and 7 are assumed to be symmetric.

First we state the following two-scale convergence result:

Theorem 3.1. Any sequence {E°(x,t)},{H®(x,t)} of solutions to (1.1)-(1.9)
two-scale converges in L°°(0,T; L*(Q x Y)3) to the limits E(z,t) + Dyp(z,y,t) and
H(z,t) + Dy®(z,y,t) which are the unique solution of the following two-scale limit
Maxwell system:

(3.1) /Y(mj (Y)0; + 0ij (y)) (Ej (z,t) + 0y, 0(z,y, t)) dy = (rot H(z, t))Z + Fi(x,t),
[ 15000 0.0) + 0,8 9.1)) dy = = (rot (.1,
0n. | s 0) () + 0,80, ,1)) dy =0,
Y
Y
a.e. in  x )0, T'[, with the boundary condition
nAE(z,t)=0 ae on 00Qx]0,T],
initial conditions
Bw0) = [ By, H@0) = [ B,
Y Y

and local problems
+ 03 () [Bj(2,1) + 0y, 0(w, 5, 1)] ) Dy v2(y) dy = 0,

Lﬂij (y) (Hj(x’t) + ayjq)(x’y’t))ayin(y) dy =0
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for all vy € Wﬁl’Z(Y)/R. Here, E°(z,y) and H®(z,y) are the two-scale limits of the
initial values E*(x,0) and H®(z,0), respectively.

We note that the last equation in (3.1) is a definition of the charge density in the
two-scale limit case.
Next we present our main homogenization result.

Theorem 3.2. Any sequence {E°(xz,t)},{H®(x,t)} of solutions to (1.1)—(1.9)
converges weakly* in L°°(0,T; L?(2)3) to the limit E(x,t), H(x,t) in W1 (O,T;
Hrot (), L2 (Q)?’), the unique solution of the following homogenized Maxwell system:

(3.2) oD(z,t) 4+ J(x,t) = rot H(z,t) + F(z,t) + F'(z,1)
Ot B(z,t) = —rot E(x,t),
div B(z,t) = 0,
div D(z,t) = o(z,t)

almost everywhere in Q0 x 0, T[, with the boundary condition
nAE(z,t) =0 a.e.on 00 x]0,T],
and initial conditions
Bw0) = [ B, H@0 = [ B
y y
The system (3.2) is equipped with the constitutive relations
t
Dj(z,t) = / nlhj (t—7)E;(z,7)dr,
0
t
Ji(z,t) = / crzhj (t—7)Ej(z,7)dr,
0
where
M) = [ ms) 550 = 9,3 .0)] dy,
ol @)= [ 0i(y)[6;16(t) — 9y, X" (y.1)] d
ik . ij\Y) |95k y; X \Y, Y.
Here the gradient of x*(y,t) € D'(0, oo; Wﬁl’Z(Y)/[R) is given by

Vux*(y, ) = Vyxi(y)8(t) + exp(—At) AV, x5 (y) — x5 (y)] O(1),
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where V,, is the gradient operator with respect to y and O(t) is the Heaviside step
function and exp(—At) is the semigroup which is generated by the infinitesimal
generator A defined by A;; = (n71)q0u;. XZ and x* are the unique solutions in
Wﬁ1’2(Y)/R of the local problems

/ i (Y) |65 — 8ijg(y)]8yiv2(y) dy =0, a.e. in Q x ]0,T[ Yuq € Wﬁl’Z(Y),
v

/ i () [0k — Oy, XE(y)] Oy, v2(y) dy = 0, ace. in Q© x ]0,T[ Vua € Wﬁl’Z(Y),
%

respectively. Furthermore, ué‘j is given by

s, = /Y i () (058 — Oy, X ()] dy,
where Xﬁ is the unique solution in Wul’Q(Y)/[R of the local problem

/Y 135 () [855 — Oy, X5 (1)] Oy, v2(y) dy = 0 ae. in Q x 10,7 Yoy € W, 2(Y).
The driving term F* is given by

Fli(z,t) = — /Y (135 () 0r + 04 (y)] (exp(—At)) 18y, [x5 () Ex (2, 0) + ¢(x,y,0)] dy,

where E(x,0) + Vyo(z,y,0) is the two-scale limit of the initial electric field.

We note that in this case, the last equation in (3.2) defines a charge density other
than in the previous case. This is because the two-scale limit of the induced electric
field is not equal to the induced electric field in the latter case, i.e. 1;;(y) (Ej(z,t) +
Oy, (x,y,t ) # f 77” E;(x,7)dr, which is also explaining the new source term
mtroduced in Theorem 3.2.

Finally, we present the corrector results:

Theorem 3.3. Let the sequences {E(x,t)}, {H®(x,t)} of unique solutions to
(1.1)—(1.6) two-scale converge to

Ej (1’,t) + ayj(p(xay,t) and [6jk - ayJX;kL(y)] Hk(xat),

respectively. Assume that E°(z,0) = E§(z) and H®(z,0) = H§(x) are admissible
test functions. Further, E§(x) and H§(x) are assumed to two-scale converge to
E(z,0) + Dyp(x,y,0) and H(x,0) — yxu(y)Hk(w, 0), respectively.
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(a)

If, in addition, 0y,¢(x,y,t) and 0, X/’j(y)Hk(x, t) are admissible test functions,
then

. . £ L
() lim |5 0) = By 1) = 93,0 (. Z.1)|

L2Qx]0.T)

and

oy s c k(%

(it) Eh_r)r(l) HHJ (z,t) — Hj(w,t) + 9y, X} (g) Hk(x,t)‘
for all t €0, T7.

Let 9,,0° € D(Q x ]0,T[;C{°(Y)) be a mollification of 8,0 € W'2(0,T;
L2(%; Lg(Y))), and let HY € D(Q2 x ]0,T|) be a mollification of Hy. Then,

R c 5 x
(iii) }I_I)I(l)gli% HE] (z,t) — Ej(x,t) — Oy, 0 (337 g,t)’

=0
L2(Q)

L2(Qx]0,T)
and
(iv) lim lim HH;(x,t) — Hj(w,t) + 0y, x" (g) HS (x,t)’

—0e—0

for all t €10, 7.

L2(Q)

4. COMPACTNESS RESULTS

In this section we give some compactness results needed in the proof of the ho-

mogenization theorems. We need the following lemmas.

Lemma 4.1. Assume that 2 € R® has a regular boundary 0 (i.e., 9 is a once

continuously differentiable two-dimensional manifold). Then C*(Q)? is dense in the
spaces Hyot () and Haiv ().

Proof. See[7]. O

Lemma 4.2. Assume that Q has a regular boundary 0} with the normal n

directed towards the exterior of 2. Then the mappings

(i)
and

(i)

CHQ)? — CHO0)3, ur n Aulag

CH(Q)? — CHO9), urs n-ulag

can be extended by continuity to linear and continuous mappings

Hyot (Q) — H™Y2(09Q) and Haiy (Q) — HY2(09),

respectively.

Proof. See[7]. O
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We are now ready to present and prove the announced compactness results.

Proposition 4.3. Let {u¢} be a bounded sequence in Hyot (). Then {u¢} has
a subsequence which two-scale converges to ug(x,y) = u(z) + Dyp(x,y), where ¢
is a scalar-valued function satisfying fY Dyp(z,y)dy = 0. Moreover, rotu® — rotu
weakly in L*(Q)3.

Proof. Since {uf} is bounded in L?(Q2)? it, up to a subsequence, two-scale
converges to ug(z,y) in L*(Q x Y)?. That is, for any a(z,y) € D(Q; C°(Y))?, we
have

(4.1) lim Quf(x)ai (x,g) dx:/Q/Yuoi(x,y)ai(x,y) dz dy.

e—0

By using Lemma 4.2, Green’s identity and the compact support of a (x, f) we obtain

oo (2) - sie) (v (2 9)) ]
= /(m(n Aut(x)); a; (w, g) dz = 0.

Here n denotes the exterior normal to the boundary of €. Integration by parts and
the use of the chain rule yields

(4.2) 5/9(rot u®(x)); a; (x, g) dz = 5/Quf(x) (rota (m, g))Z dz
= 5/Quf(x) (rotxa (a:, g))Z dz +/Quf(a:) (rotya (33, g))z dz.

Sending ¢ — 0 in (4.2) and using (4.1) gives

/Q/Y%i (z,y)(roty a(z,y)): dzdy = 0,

which implies that rot, ug(z,y) = 0 a.e. in @ x Y. Thus we conclude that ug(z,y)
is a gradient with respect to the variable y for some scalar valued function o1 (z,y),
ie. ug(x,y) = Dypi(x,y). According to Proposition 2.6 this can be written as
uo(z,y) = u(z) + Dyp(z,y), where u(z) = [, uo(z,y)dy, for some scalar-valued
function ¢(x,y). Next, choose an admissible test function a(z) € D(Q)3. Integration
by parts yields

lim [ (rotu®(z)); a;(x)dx = Eh_r)% A ui(z)(rot a(x)); dz

e—=0 Jo
= / / wo, (x,y) dy(rot a(x)); da = / (rot u(x)); a;(x) de.
QJy Q
The proof follows by using Proposition 2.6. O

39



Remark 4.4. If Dyp(z,y) # 0, then, by Proposition 2.6, the sequence {u®} will

not converge strongly in L?(2)3. Moreover, according to the above proof it clearly
follows that ¢(z,-) is Y-periodic.

We also have the following, similar compactness result, which is proved by similar
arguments as in the proof of Proposition 4.3.

Proposition 4.5. Let {u®} be a bounded sequence in Haiv(2). Then, up to a
subsequence,

S
m

&
[V}

Y uo(:r,y),

edivu®(z) e divy uo(z, y),
and

div u® (2)— divu(z) = div

—

uo(z, y) dy weakly in L*(9).

We need the following lemma, which is proved in [9]:

Lemma 4.6. Let u®(z,t) and d,u® be bounded uniformly in L*(0,T;L?*(Q)?3)

and let ug(z,y,t) be the two-scale limit of u¢ in L>(0,T; L*(Q x Y)3). Then dyuy is
the two-scale limit of O;uf.

5. A PRIORI ESTIMATES

Let H = L?(Q)° = L%(Q)% x L?(Q)3, which is equipped with the usual scalar
product. Let the operator A be defined by

A® = {—rot ¢, rot ¢}
for any ® € D(A), where

D(A) = {® = {p, 9} € H: rotp € L*(Q)3, rotyp € L*(Q), n A ¢lan = 0}.

We can now state the following lemma:

Lemma 5.1. The domain D(A) is dense in H and A is closed. Further,

A*=—A and D(A") = D(A).

As usual, A* denotes the adjoint operator of .A.
Proof.

The proof follows easily after some minor changes in the proof of a
similar result in [7].

O
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According to Lemma 5.1 the following corollary clearly follows

Corollary 5.2. (A®,®)y =0 for all & € D(A).

For ® = {p,0} let M*® = {0°¢, 0} define a linear operator M¢: H — H. We
also define a linear operator N¢: H — H by N°® = {n°¢, u0}.
We are now in position to present the following useful a priori estimates:

Proposition 5.3. If F¢ € W12(0,T; L?(2)) has a bounded norm, then the se-
quences B, H®, 0;H¢, 0, E¢, rot H® and rot E° are all bounded in L>(0,T; L?(Q2)?).

Proof. First we note that by summing up (1.1) and (1.2) we get
(5.1) NeOU® (z,t) + AU® (x,t) + MU (z,t) = G*(x,t),

where U® = {E°, H°} and G° = {F*,0}. Taking the scalar product in H with U*®
we obtain

(N=0.U= (1), U%(t)) + (AUS(t),U=(t)) + (MU=(t),U%(t)) = (G*(t),U%()).

Moreover, by using Corollary 5.2, the symmetry of  and pu, the coerciveness of o,
the definition of N'¢, M® and the scalar product in H, we get

%& (E°(t),D*(t)) + %@ (HE(t), B*(t)) + C|E°()||”> < (F°(t), E°(¢)).

By integrating with respect to ¢ and using the initial conditions and Holder’s in-
equality, we find that, for any T} € ]0,T'[,

(B (12). D°(12)) + 5 (1), B(1) + [ <o) a

<(AHHF%deQLQ<AH|E%MF&)U2

+ %((Eg(o),DE(o)) + (H%(0), B*(0))).

N =

The boundedness of F* and Gronwall’s inequality yield
T
| iEwpa<c.
0

ie., B € L*(0,T;L?(2)*). This implies that (E°(t), D*(t)) < C and (H®(t), B(t))
< C. By considering all ¢ € ]0,7[ and the coerciveness of n and p we arrive at
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g < g < 15 g
Jnax | E%(t)]| 2()s < C and Jnax |H®(t)|| L2()s < C. Thus E°, H® are bounded

in L>(0,T; L%(Q)3).

Next, we shall derive an estimate, uniformly in ¢, for the time derivatives 9; £ and
OrH®. We start by making a partition Py, N € N, of the interval [0,T], i.e., Py :=
{0 =to,t1,...,ty =T t;—1 < t;}. We consider the subintervals I,,(n) = (tn—1,%n)
and the local time steps k, = t, — tn,—1. Let U = U%(t,,) and (UZ) = 0, Uc(tn)
which satisfy the Maxwell equations at the time t = ¢,,. By using two sets of unique
solutions at ¢t = t,,_1 and t = t,,, respectively, we can write

(Ng (Uz) — (UfH)” U, — U§1> n (A U, — UfH’ U, — U§1>
T ko " kn, ki, n

" <M5U5 S 51) _ <Gi —Gna Un - §1>

By using similar argument as above and letting k,, — 0 we obtain

(5.2) %@(&Ee(t),@th(t)) + %at (0.H(t), 0, B (1)) + C|l0.E= (1))
< (0,F°(t), BB (1)).

Moreover, from (5.1) and Lemmas 4.1 and 5.1 it follows that
(N°0,U#(0),v) = —(AUy,v) — (M®Ug,v) + (G*(0),v)

for all v € C§°(Q)®. This implies that N©0;U¢(0) = — AUy — M=Uy — G(0) almost
everywhere in €2, i.e.,

INZ0,U%(0) |2 = ||GZ(0) — AUy — MEUp|l3 = Co

for some positive constant Cy. By integrating (5.2) with respect to ¢ and using the
initial conditions and Holder’s inequality, we obtain that, for any Ty € ]0, 77,

(0,E°(T1), 0,D°(Ty)) + %(@HE(TO,@BE(E)) +C / h 10:E° (¢)|* dt

Ty 1/2 Ty 1/2
< </ |8tF5(t)||2dt> </ ||8tE5(t)|2dt) + .
0 0

The boundedness of 0;F¢ and Gronwall’s inequality yield

DN | =

T
/ 10, E5(¢)]|2 dt < C.
0
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Similar arguments as above give

Jnax 0B ()| L2(ys < C, Jnax 10:HE(t)]| L2y < C.

Therefore §;E,0,H® are bounded in L°(0,T; L*(2)?). Moreover, it follows from
the Maxwell equations that rot H® = n°*0;E° + 0*E° — F*® and rot E* = —uf0,H®
are bounded in L>(0,7; L?(2)3). The proof is complete. O

6. PROOFS OF THE MAIN RESULTS

Proof of Theorem 3.1. By taking the divergence of (1.1), using equation (1.3)
and the constitutional laws (1.7)—(1.9) we obtain

(6.1) By, (nij (g) QS + 0 (g) E;) — 9, FF,
(6.2) B, (uij (g) H;) —0.

(The quantity J,, F7 is an external source of charges per time and volume unit.) Note
that, by assumption, d,, Ff is bounded for a.e. t € ]0, T[, in L?(Q2). We obtain a weak
formulation of (6.1) and (6.2) by multiplying with evive, v1 € D(Q), vy € Wul’Z(Y)
and integrating over {2. Moreover, integrating by parts and using Lemmas 2.8, 4.6
and Propositions 4.3 and 4.5, we arrive at the following two-scale limit system when

e —0:

(6.3) / / 15 ()0 (x,t) + 0y, (:E,y,t)]
+0ij(y) [E'(% t) + 8y, (2, y, )] Jv1(2)dy, v2(y) dz dy = 0,
(6.4) / / wij (y (z,1) + 8y, ®(z, y,t))v1(2)0y, v2(y) dy dz = 0.

We will now study the two-scale limit of the Maxwell system (1.1)—(1.3). Using
v(x,t) = v1(x)b(t), where v; € D(Q) and b € D(0,T), as test functions, we get the
following weak formulation of (1.1)—(1.3):

/ / 0 [ (2) B5@.0)] + 03 () B5 @.0)] va(@)bt) dw dt
:/ /[rOtHE(wat)+F6($,t)}iv1($)b(t)dwdt,
/OT Qat Mw — ) Hj(z, t)} 1(2)b(t) dz dt = / /rotE (2, )]s v1 (2)b(t) dz dt,
/T/ a’vlﬂu - (f t)v1(x)b(t) dedt = 0.
0 Q
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Passing ¢ — 0, while considering that 7; (£)v1(2)b(t), pij (£)vi(z)b(t), o5 (L) x
v1(2)b(t) and v1(x)b(t) are admissible test functions, we obtain, by using Lemmas 2.8
and 4.6 and Propositions 4.3 and 4.5, the following two-scale limit of the Maxwell
equations:

/OT// (055 ()0 [Ej () + By, 0(,y,1)]

+ 04 (y) [Ej(@,t) + 0y, 0(z, y, t) | v1(2)b(t)) dody dt

/ /rotth iv1(x) dxdt—i—/ / i(x, t)vr (x)b(t) de dt,

T
| [ msstwon a0 + 0,0y, @)b(e) dody
0 QJY
. / / (vot E(z, £)); v1(2)b(t) dz dt,
/ //8 i () [Hj (2, ) + 0y, @ (2, y, t) | v1 (2)b(t) do dy dt = 0.

The charge density is defined by
O, / 772] -'L' t) + 8y (.T, yvt)] dy = o.

The proof is complete. U

The two-scale limit system can be proved to have a unique solution by using similar
arguments as in the e-dependent problem (cf. [7]). The next results will be used in
the proof of Theorem 3.2.

For V,¢,V,0 € L;(Y)? we define the scalar product

(6.5) (Vyi, V,0) = /Y 143 (4)0,, (1), 0(s) dy

We note that this is a different scalar product compared with the one used in [17].
For fixed V¢ (and o) we consider the map

Dy,0 / 015 (1)By, ()0, 6y) dy
Y

which is a bounded linear functional on the Hilbert space L?(Y)?’. Thus, by the
Riesz representation theorem, there exists an element AV ¢ € L§ (Y)3 such that

<Avy@avy9> :/Y‘Tij(y)aij(y)ayie(y) dy,

which defines an operator A. We find that A;; = (n=1);0,;. Obviously, A is a positive
definite operator and —A generates a uniformly continuous semigroup, exp(—At).
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Remark 6.1. It follows from the Lummer-Phillips Theorem that —A is a dis-
sipative operator and that —A is the infinitesimal generator of a Cj semigroup of
contraction, exp(—At), on LF(Y)? (see e.g. [14]). Tt follows that || exp(—At)|| < 1 for
t>0.

Proof of Theorem 3.2. We will in particular use Theorem 3.1 and some argu-
ments in the proof of this theorem. We start with a separation of the variables in
(6.4) by assuming that ®(z,y,t) = —Hy(x,t)x}(y). It follows from the Lax-Milgram
Lemma that Xﬁ is the unique solution in Wﬁl’Z(Y) /R to the local elliptic problem

(6.6) /Y 1155 (0) [835 — By, X (1)] By (y) dy = 0

for all vy € Wul’Z(Y).
We also introduce functions xJ, x% € Wul’Z(Y) /R, which solve the local problems

(6.7) /Y Ni5 () [S5% — Oy, X5()] Oy, v2(y) dy = 0 Yoy € W2(Y)/R,

/Yaij(y) (6% — 8ijlj(y)]8yiv2(y) dy =0 Vug € Wﬁ1’2(Y)/[R
respectively. The point of doing this is that we can identify n;;F; and o;;F; with
the functions 9y, XﬁEk and A;;0,, XX By, respectively, when they are multiplied with

test functions in the space Lf(Y)?’ equipped with the scalar product (6.5) in the local
problem (6.3). To be explicit, by using (6.7) we get

[ 5B, @0, 0200y = [ )55 Bl 00, 00(0) dy
= [ mi0)0 B 00, va(w) dy Yo € WA /R
Y
Thus, by using the described identification, (6.3) can be written as

8t<VyX:§Ek(x,t) + Vyp(z,t), Vyve) + (AV, (XgEk(x,t) + ¢(x,t)), Vyva)
= <Avy(X7]§ - Xﬁ)Ek(%t), Vyv2)

for every vg in Wﬁl’Q(Y) /R. This is an ordinary differential equation with a solution

(6.8)  VyxE(y)Ex(z,t) + Vyp(z,y,t)
=V, X5 () Ex(x,0) + ¢(x,y,0)] exp(—At)

+ / exp(—Alt — DAV, ((E(v) — xE (1)) Ex(x, 7) dr.
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By solving (6.8) for V¢ the two-scale limit of the electric field can be written

Ej (.’I}, t) + 8yg (,0(.’13, Y, t)
= [0k — Oy, x5 ()] Er(, 1)

+ / (exp(—Alt — 7)1 Audy, (X" () — xE (1)) Ex(,7) dr
+ (exp(=At)) 9y, [x3 (v) Ex(2,0) + p(z, y,0)].

This proves existence of a solution of the local problem.
Consider the solutions of the local equations (6.3) and (6.4). By defining

Viux" (y:t) = Vyxi, (1)8(t) + exp(—AAV, [x¢ (y) — x5 ()] O(D),
the two-scale limit of the electric field can be written as
By (o) 40 00e,000) = [ (536000 7) = 8,000 - 1) B, ) n
+ (exp(—At)) 10y, [x5 (y) Bk (z,0) + ¢(x, y,0)].
Then, by inserting it in (3.1), the homogenized system can be written as
t t
(6.9) 8t/ nzhj (t —7)E;(z,7)dr + / O'Zhj (t—7)Ej(z,7)dr
:0 (rot H(x,t)); + Fi(z,t) ’
~ [ )01 exp (=210, (1) Bl 0) + o(..0))

— 035 (y) (exp(—At)) 10y, (x5 (v) Bx (2, 0) + ¢(x,9,0))) dy,
,u?jat i(x,t) = —(rot E(x, 1)),
O ,u”H (x,t)dxzdt =0,

811‘ / ﬂZ(t - T)Ej(‘xa’r) dr = Q($,t)
0

a.e. in Q x ]0,T7,
nAE(x,7) =0 a.e. on 9Q x 10, T,

where the homogenized coefficients 7’ (¢), o (t) and ul are given by
(® = [ i) [83080) ~ 0,3 0. 0)] .
)= [ asw[5n00) - 0,3 (.0 i,
pfy, = /Y 1135 () [0 — Oy, X5 ()] dy.
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We note that the last equation in (6.9) defines the charge density in the homogenized
problem. The proof is complete. O

We will now continue with the proof of the corrector results.

Proof of Theorem 3.3. Let v (z,t) = E(x,t)+0y¢(x, £,t), u(z,t) = H(x,t)—
8yxu( )Hk(x t), r¥(z,t) = E°(x,t) —v°(x,t) and p*(x,t) = He(z,t) — u®(x,t). By

the coerciveness assumptions of of;, 75;, f17; and the symmetry of n; and u;; we get

(6.10)  0<C(|E - v€||%2(]0 Tixays T H(T) = u(T)|[Z2(0)s)

/ / o575 ( $t)d$dt+1/ﬂz] 75 (z, T)ri (z,T)dz

/ 5,75, T (2, T)

/ / ogr5(x, t)ri (z,t) do dt

[ a /Q (3575 o 7 (2.2 + 5 o, 095 (0,2 dr )
0

2
+ i)

In (6.10) there is a set of different limits which have to be evaluated. By using
Corollary 5.2 and the Maxwell equations (1.1)- (1.2) and the fact that Ff — F;
strongly in L?(Q2) for any ¢ € 0, T[ we find that

T T

/ /Jf(x,t)Ef(x,t) dl’dt+1/ 5::/ DS (z,t)E; (x,t) de dt
0o Ja 2 /o Q
e T

+1 / 9, / BE () HE (1) da dt — / / Fi(2, )y (o, ) dz dt
2 0 Q 0 Q

as € — 0. We note that E; and 0;F; are bounded in L?( x ]0,T) so they can
be considered as admissible test functions. Further, by assumption, 8ng0($, f,t)

Oy (2, 0) dr + = / 17 (2, 0)p% (2, 0) dl.

is an admissible test function and according to Lemma 2.8, also of;E;, n5;0:Ej,
nfjango(x, Z, t) and afjﬁyjap(x, Z, t) are admissible test functions.
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Integrating by parts with respect to time and taking Proposition 4.3, Lemma 4.6,
the local problem (6.3) and Theorem 3.2 into account we obtain that

/ / O4j i(z,t) +8y90( f ))Ef(x,t)dxdt
//mﬁt 5@, + 0y, (o, :,t))Ef(x,t)dxdt

— / / / oi (y (z,t) + 0y, 0(x,y, 1)) (Ei(x,t) + Oy, 0(z,y,t)) dy da dt
—/ 4/%@mwmm+@ym%mwmw+%m%m»@ma
0 Y
T T
- / / T, ) B (, £) dar dt — / / 0, Di(2, ) Es(w, ) dz dt.
o Ja 0o Ja
Using similar arguments we find that
T x
_/ / (J5 (z,t) + O, D5 (w, 1)) (Ei(x,t) + Oy, (w, —,t)) dxdt
0o Ja €
T
— —/ /(Ji(x,t)+5tDi(x,t))Ei(x,t) dx dt
0o Ja

an

//“ i(z,t) + 0y, ( f,t)) (Ei(x,t)+8i<p<x,;t)) de dt
w3 [0 [ (B 0,0 (5. 2.0)) (Bt 4 00 (1 220)) ana
H/ /(Ji(f”t)+3tDi($at))Ei(x,t)dxdt.

0 Q

Moreover, Proposition 4.3, the local problem (6.6) and the same argument as
above yield

,_/ at/ﬂw 50— iju( )| Hie, ) (2, dze

—>—/ /at (x,t)H;(x,t)dedt = / /rotExt H;(x,t)dxdt.

The admissibility of E¢(x,0) and H*(z,0) yields

3 [ i 0t @, 0)de+ 5 [ e, 0)pi(,0)de =0,
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Then, by using Corollary 5.2, we conclude that the limit of (6.10) is bounded by
T
/ / (Fz — Jz — 8tDz)Ez + (I‘Ot E)sz dz dt
0o Ja
T
= / / [—(rot H),E; + (rot E); H;] dx dt = 0.
o Ja

This proves (i). Integrating with respect to time (¢) to any 71 € [0,7T] and using the
same argument proves (ii). The proof of (a) is complete.

(b) Let v=°(x, ) = E(x,t)+0,¢° (z,2,t), u*° (x,t) = H(x,t)—0yx5 (2) Hp(x,1),
7€ (x,t) = E°(x,t)—v%% (x,t) and p=°(x,t) = H*(z,t)—u’(x,t). Similar argument
as in (a) gives

0< C;l_r)I(IJ(HEE — U€’6||%2(]0’T[XQ)3 + HHE(T) - u&(g(T)H%z(QP)

T
</ /[*(rOtH)iEi+(r0tE)iHi]dxdt
0 Q

+ (lloij (E5 + 8y,0°) | 22 (axy xjo1)
+ [17:0¢ (B + 0y,0°) | L2 v x10,70) ) 104, 9° — Oyl L2 (2xy xj0, 7D

+ || i;0 (Hj + 8ij,’jH;§) | L2(@xy x]o, 7| 8ijL (H, - H) llL2@xy xjo,rp — 0

as 0 — 0 by assumption and Corollary 5.2. This proves (iii). Integrating with respect
to time (t) to any 77 € [0, 7] and using the same argument proves (iv). The proof is
complete. O

7. CONCLUDING REMARKS

Remark 7.1. Existence and uniqueness of solutions to (3.2)—(3.3) supplied with
homogeneous initial conditions are given in [15]. Their proof also holds in the case
with non-homogeneous initial conditions.

Remark 7.2. The memory effect indicates that the homogenized material pos-
sesses frequency dependent properties. In the special case when the conductivity is
proportional to the permittivity, i.e. o(y) = constant * n(y) for almost every y € Y,
the memory effect vanishes and the local equations boil down to two elliptic equations
(see also [15], [16] and [17]). This corresponds to the case where we have no surface
charge distributions on the boundaries between the two different materials in the do-
main (e.g. see [18]). We conclude that the memory effect in the homogenized system
is caused by surface charges on the internal boundaries between different materials.
It is remarkable that this effect remains even in the case when the conductivity and
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permittivity functions are continuously distributed without any discontinuity sur-
faces in the medium. We also get pure elliptic local problems when the displacement
current can be neglected or when J = 0 (see for instance [21]).

Remark 7.3. We also remark that the solution of the local equation generates
an extra driving term in the homogenized Maxwell system. This effect vanishes if
the initial electric field has a vanishing two-scale limit.

Remark 7.4. By using Lemma 2.8 we find that the main Theorems 3.1-3.3 hold
true also in the case when 75, ii;, 04 € CO(Q;LEO(Y)). This is, for example, the
case when we have a nonperiodic material with piecewise constant properties.

Remark 7.5. A final remark is that the charge density in the original e-problem,
i.e. 0%, cannot be bounded in L?(2). That would give a contradiction to our local
problem for the electric field. This can also be understood from the heuristic point of
view. The charge density can be expected to grow as 1/e, due to the growing number
of discontinuity surfaces in the material and the corresponding surface charges.
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