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HOMOLOGICAL DIMENSION OF ABELIAN GROUPS
OVER THEIR ENDOMORPHISM RINGS'

FRED RICHMAN AND ELBERT A. WALKER

ABSTRACT. The projective dimension of an abelian group with torsion
reduced part, as a module over its endomorphism ring, is determined. In
particular, a group of projective dimension 2 is exhibited.

Any abelian group G may be considered as a module over its en-
domorphism ring E. It then is natural to study the properties of G as an
E-module. In particular, you can try to compute the various homological
dimensions of G. For example, in [6] we showed that a p-group G is flat over
E (i.e. has weak dimension zero) unless its reduced part is bounded and its
divisible part is nonzero. In [7] we characterized those G which are injective
over E. Douglas and Farahat [2] showed that if G is torsion, then dim G < 1,
where dimgG denotes the projective dimension of G over E. Later [3] they
showed that if G is divisible, then dim:G < I. In both of these papers they
raised the question as to whether dim G < 1 for all abelian groups G. The
purpose of this paper is to determine the projective dimension of groups
whose reduced part is torsion. This combines and generalizes the results in
the two Douglas and Farahat papers and exhibits groups of projective
dimension 2.

We begin with an observation of Douglas and Farahat [2, 1], a simplified
version of a theorem in Northcott [S, Lemma 2, p. 139], and a (very slightly)
generalized version of Douglas and Farahat’s theorem about torsion groups,
which we prove mainly for the convenience of the reader.

LEMMA 1. Let G be an abelian group, E its endomorphism ring, and A a
summand of G. Then Hom(A, G) is a projective E-module.

PROOF. Let ¢ € E be a projection on 4. Then Hom(4, G) = Ee is a
summand of E.

LEMMA 2. Let Ay C A, C A, C - - - be R-modules such that dimgA, < n
and dimgA,/A,_, < n for i = 12, - - . Then dimy U A, < n.

PrROOF. See Northcott [5, Lemma 2, p. 139] or fill in the details in the
following sketch. If n =0, then UA4, = A,D A4,/A4,D A,/A, D - - - so
the lemma is true. If n > 0,map projectives P; onto the A,/ A,_, and lift to A4,.
Then @ P, maps onto U 4, and the kernel has dimension less than n by
induction.
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In particular, if 4, C A, C A, C - - - are all projective, then dim U 4,
< 1. This is easily proved directly by mapping € 4, onto U 4, and observing
that the kernel is isomorphic to @ 4,.

LEMMA 3 (DOUGLAS AND FARAHAT). Let G be an abelian group, E its
endomorphism ring, and H a pure, fully invariant, torsion subgroup of G. Then
dim H < L.

ProOOF. Since H is the direct sum of its primary subgroups, which are
invariant under E, we may assume that H is p-primary. Let N = {n: H has a
cyclic summand of order n}. Note that a cyclic summand of H is also a
summand of G. If N is infinite then

H=U H[n],
neN
and since H[n] = Hom(C, G) where C is a cyclic summand of order n, we
have that H is the union of a countable chain of E-projectives, by Lemma I,
so dim;H < | by Lemma 2.

If N is finite, let n be its largest element. Let 4, = H[np']. Now A, = H[n]
is E-projective as before. Since H = B @ D where nB = 0 and D is divisible,
the E-module A4,/ A,_, is generated by any element x in D of order np'. So
A;/A;_, = E/I where I = {e € E: ex € A;,_, }. Write G = G, ® G, where
G, is a rank-one summand containing x. Then I = Ee, where ¢, is the
identity map on G, and multiplication by p on G,. Since Ee, = E is
projective, we have dimgA4,/A4;,_, < 1 and so dimgH < 1 by Lemma 2.

The following lemma is a slight generalization of the characterization in [6]
of p-groups that are projective over their endomorphism rings.

LEMMA 4. Let G be an abelian group, E its endomorphism ring, and H a pure,
fully invariant, torsion subgroup of G. Then H is E-projective if and only if
every p-primary subgroup of H is bounded.

PrOOF. We may assume that H is p-primary. If H is bounded, then H is
isomorphic to Hom(C, G) where C is a cyclic summand of H of maximum
order. So H is E-projective by Lemma 1. Suppose H is E-projective. Consider
the map

¢: Homg(H, E) ® ;H - Homg(H, H)

given by ¢(f ® h)(x) = f(x)h. By the dual basis theorem [1, Proposition 3.1,
p. 132], the image of ¢ contains elements fixing any finite subset of H, so ¢ is
nonzero if H is nonzero. If H is unbounded, then Hom (H, H) is isomorphic
to the p-adic integers (proof indentical to showing that the center of
Hom,(H, H) is isomorphic to the p-adic integers, see [4, Theorem 108.3)).
But Hom (H, E) ® ;H is torsion because H is torsion. Thus H must be
bounded.

The next lemma generalizes Douglas and Farahat’s result on divisible
groups [3], using much the same argument as they do.

LEMMA 5. Let G be an abelian group, E its endomorphism ring, and H a pure,
fully invariant subgroup of G. If the reduced part of H is bounded, then
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ProOF. If H is torsion we are done by Lemma 3. Otherwise write
H=L®{(x)® H’

where L is rank-one, torsion free, divisible, and x is a torsion element of
maximum order. Choose 0 # y € L and consider the E-map

¢: Hom(L ® {x), G)—> H

given by ¢(f) = f(y + x). The kernel of ¢ is Hom((L & {x)>)/{y + x), G)
which is isomorphic to Hom(Q/Z, G) which is isomorphic to Hom(4, G)
where A is a divisible summand of G containing one copy of each Z (p*) that
occurs in G. Thus, by Lemma 1, we have dimH < 1.

THEOREM. Let G be an abelian group, E its endomorphism ring, and
H = T @ D a pure, invariant subgroup of G, with T torsion reduced and D
divisible. Then

(1) dimgH < 2.

(2) dimgH < 1 if and only if D is torsion or Hom(T,D) is bounded.

(3) dimgH = 0 if and only if D is torsion free and T, (the p-primary part of
T) is bounded for all p.

ProoF. If H is torsion, then (1) and (2) follow from Lemma 3, while (3) is
Lemma 4. So we may assume that H is not torsion and, hence, contains a
summand of G isomorphic to Q. Let N = {n: H has a cyclic summand of
order n} and P = { p: H has a cyclic summand of type Z (p*)}. The “if” half
of (3) follows from Lemma 4 and the observation that if D is torsion free,
then D = Hom(Q, G) is E-projective. The “if” half of (2) follows from
Lemmas 3 and 5 since H is the direct sum of the invariant subgroups 2,7,
and D + X, ,T,. To complete the proof we consider the projective resolu-
tion

0> K- & H[n]®Hom(Q,G)—> H—0
neN

where @Da, + f maps to Sq, + f(1). Let
M = K n Hom(Q, G) = {f € Hom(Q, G): f(1) = 0}.

Then M = Hom(Z,c,Z(p*), G) is algebraically compact, torsion free,
reduced (see [4, Proposition 44.3]), and E-projective. The torsion subgroup of
K is
K,=Kn @ H[n]
neN

and is E-projective since it is the kernel of a projective resolution of 3 H [n],
which is the union of a countable chain of projectives. Projecting K into
Hom(Q, G) shows that

%;{feHom(Q,G)If(l)e 2> D[”]} = U An{

neN neN

Since M/n = M is E-projective, dim;K/K, < 1 and, hence, dim K < 1.
This proves (1).
If H is E-projective, then H is a summand of @neNH[n] @ Hom(Q, G),
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Finally, suppose dimH < 1, so K is E-projective. Since

neN

and M is E-projective, we can map a direct sum of copies of M and K, onto
K. Since K is E-projective, this map splits. But M is algebraically compact,
and K, is a direct sum of finite cyclic groups, so by a theorem of Warfield [8]
we can write K = @ C, where C, is algebraically compact. Since M is torsion
free algebraically compact, we must have M N C, = 0 for all a outside some
finite set F. But K/M is isomorphic to a subgroup of @, _,H[n] and so is
torsion and reduced. Thus C,/M N C, is bounded for each a. Choose a
nonzero integer m such that m & __.C,/M n C, = 0. Then mK
=m(D ..C,® D, .C,) C K + M. Butif f € Hom(Q, G) and f(1) €
S,enD[n), then f(1) - f€ K so mf(l) — mf € K, + M. Since K,
c® _,H[n] and M C Hom(Q, G), we have

mf € M = {f € Hom(Q.G): f(1) = 0}.

Thus, mf(1) = 0; hence, mZ ,.yD[n] = 0 and so m Hom(T, D) = 0. This
proves the “only if” half of (2) and completes the proof of the theorem.

neN

In particular, there exist abelian groups of dimension 2 over their en-
domorphism rings. One such group is the direct sum of Q and the groups
Z(p™) for 1 < n < oo. The existence of groups of dimension 3 or greater
remains an open question.

ADDED IN PROOF. In Monat. fiir Math. 80 (1975), Douglas and Farahat
exhibit a group of infinite dimension.
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