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Abstract. In the paper we give a survey of (co)homologies of braid groups and groups
connected with them. Among these groups are pure braid groups and generalized braid groups.
We present explicit formulations of some theorems of V. I. Arnold, E. Brieskorn, D. B. Fuks,
F. Cohen, V. V. Goryunov and others. The ideas of some proofs are outlined. As an application
of (co)homologies of braid groups we study the Thom spectra of these groups.

Introduction. The aim of this survey is to give some ideas about (co)homology of
braid groups and their generalizations. It is very well known that braids were rigorously
defined by E. Artin [Artl] in 1925, although the roots of this notion are seen in the
works of A. Hurwitz ([H], 1891) and R. Fricke and F. Klein ([FK], 1897). Jézef Przytycki
informed the author that he had seen braids in the notebooks of K.-F. Gauss. In his
paper [Art2] E. Artin gives the presentation of the braid group which is very well known
now. We will denote here the braid group on n strings by Br,. The group Br, has the

generators o;, t = 1,...,n — 1. These generators are subject to the following relations:
0,0 = 004 if |’L'7j|>1,
0304104 = 0i4+1070i41-

The cohomologies of the braid groups were first studied by V. I. Arnold in the work
[Arn2], published in 1970. In this paper he discusses the cohomology of the braid groups in
a very broad mathematical context and displays connections of this subject with various
mathematical fields. He proves three important theorems about H(Bry,Z), namely,
the theorems of finiteness, of recurrence and of stabilization (see Theorems 4.1 — 4.3
below). Also he computes the cohomology groups H*(Br,,Z) for n < 11 and i < 9.
Cohomologies of pure braid groups were also calculated by V. I. Arnold [Arnl]. These
papers of V. I. Arnold had a great impact. His study was continued by D. B. Fuks [F1]
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who calculated the cohomology of the braid groups mod 2. E. Brieskorn [Bri] generalized
naturally the notion of the braid group for any finite Coxeter group W in such a way that
the classical braid group arises when we consider symmetric group as the Coxeter group
of type A,,. He proves some analogues of Arnold’s results for generalized braid groups and
pure generalized braid groups. Independently of the works of V. I. Arnold and D. B. Fuks,
the homologies of classical braid groups were studied by Fred Cohen [CF1], [CF2], [CLM]
by different methods. He computed these homologies with coefficients in Z and in Z/p
as modules over the Steenrod algebra. The additive structure of these cohomologies was
also computed by V. F. Vainshtein [Vai] who used the methods of D. B. Fuks. Later these
methods were applied by V. V. Goryunov in [G1], [G2] who expressed the cohomologies
of the generalized braid groups of types C' and D in terms of classical ones.

The cohomologies of the braid groups have the following interesting application. The
canonical representation of the braid group Br, in the orthogonal group O, induces a
map of the corresponding classifying spaces, and Thom spaces (details in Section 6). It
was proved by Fred Cohen [CF3] and Mark Mahowald [Mahl], [Mah2] that the Thom
spectrum of these spaces is the Eilenberg-MacLane spectrum of the ordinary homology
with coefficients in Z/2.

The paper is organized as follows. In Section 1 we discuss configuration spaces whose
fundamental groups are braid groups. In Section 2 we give a brief sketch of Coxeter
groups and study generalized braid groups which are defined by Coxeter groups. The co-
homologies of pure braid groups are given in Section 3. Various aspects of (co)homologies
of classical braid groups are discussed in Section 4. Cohomologies of generalized braid
groups of types C and D are expressed in terms of cohomologies of classical braid groups
in Section 5. The study of the Thom spectra of braid groups is carried out in Section 6.

1. Braid groups and configuration spaces. The braid group has a natural inter-
pretation as the fundamental group of the configuration space. For our purposes it will
be useful to look at braids from a very general point of view as it was done by V. Ya. Lin
in [Li]. Let Y be a connected topological manifold and W be a finite group acting on Y.
A point y € Y is called regular if its stabilizer {w € W : wy = y} is trivial, i.e. consists
only of the unit of the group W. The set Y of all regular points is open. Suppose that it is
connected and nonempty. The subspace ORB(Y, W) of the space of all orbits Orb(Y, W),
consisting of the orbits of all regular points, is called the space of reqular orbits. We have
a free action of W on Y and the projection p : Y — ?/W = ORB(Y,W) defines a
covering. Let us consider the initial segment of the long exact sequence of this covering:

1= m(Y,y0) 5 m(ORB(Y,W),p(yo)) = W — 1.

The fundamental group m1 (ORB(Y, W), p(yo)) of the space of regular orbits will be called
the braid group of the action of W on Y and denoted by Br(Y,W). The fundamental
group (}7, yo) will be called the pure braid group of the action of W on'Y and denoted
by P(Y,W). The spaces Y and ORB(Y,W) are path connected, so the pair of these
groups is defined uniquely up to isomorphism and it is possible to omit the base point
1o in the notations. For any space Y, the symmetric group X,, acts on Cartesian power
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Y™ of Y:
w(yla s ;ym) = (wal(l)v R wal(m))a wE Y.
We denote by F(Y, m) the space of m-tuples of pairwise different points in Y

F(Y,m)={(p1,...,pm) €Y™ : p; # p; for i # j}.

It is the space of regular points of this action. In the case when the space Y is a connected
topological manifold M without boundary and dimM > 2, the space of regular orbits
ORB(M™,%,,) is open, connected and nonempty. It is called the configuration space of
the manifold M and is denoted by B(M,m). The braid group Br(M™,%,,) is called the
braid group of the manifold M on m strings and is denoted by Br(m, M). Analogously
the group P(M™,%,,) is called the pure braid group of the manifold M on m strings
and is denoted by P(m, M). These definitions of braid groups were given by R. Fox and
L. Neuwirth [FoN]. The classical braid group on m strings Br,, and the corresponding
pure braid group FP,, are obtained in the case when the manifold M is equal to the
Euclidean plane R2.

Let (gi)ien be a fixed sequence of distinct points in the manifold M and put @Q,, =
{q1,- -, qm}. We use

Qmi = (@415 Qm) € F(M\ Qi,m)
as the standard base point of the space F(M \ Q;,m). If k < m we define a projection
proj : F(M\ Qi,m) — F(M\ Q, k)

by the formula: proj(pi,...,pm) = (p1,.-.,pk). The following theorems were proved by
E. Fadell and L. Neuwirth [FaN].

THEOREM 1.1. The triple proj : F(M \ Q;,m) — F(M\ Qi, k) is a locally trivial fibre
bundle with fibre proj~1Qr. homeomorphic to F(M \ Qg41,m — k).

Considering the sequence of fibrations

F(M\ Qn-1,1) = F(M\ Qn-2,2) = M\ Qm—2,
F(M\Qm—QaQ) — F(M\Qm—3a3) — M\Qm—?n

.

FM\Qi,m—-1)—= FM,m)— M
E. Fadell and L. Neuwirth proved the following theorem.
THEOREM 1.2. For any manifold M
T (F(M\ Q1,m — 1)) = &7 (M \ Q)
fori>2. If m: F(M,m) — M admits a section, then
projimi(F(M,m)) = &7 'mi (M \ Qy), i > 2.
COROLLARY 1.1. If M is the Euclidean r-space, then

mi(F(M,m)) = o' m(S" v ...vS™™Y), i>2
k
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COROLLARY 1.2. If M is the Euclidean 2-space, then the space F(R? m) is the
K (P, 1)-space and the space B(R%, m) is the K(Bry,,1)-space.

2. Generalized braid groups. Let V be a finite dimensional real vector space
(dimV = n) with Euclidean structure. We denote by W a finite subgroup of GL(V)
generated by reflections. We use the terminology and the results of N. Bourbaki [Bo].
Let M be the set of hyperplanes such that W is generated by orthogonal reflections with
respect to M € M. We suppose that for any w € W and any hyperplane M € M the
hyperplane w(M) belongs to M. The space V is divided into cells by hyperplanes of the
system M. The cells of the maximal dimension (equal to n) are called chambers. The
boundary of a chamber A is a subset of the union of hyperplanes. These hyperplanes are
called the walls of the chamber A. The following facts are well known [Bo].

PROPOSITION 2.1. (i) W permutes the chambers of M transitively.

(i) The closure A of a chamber A is the fundamental domain of W acting on V.

(iii) If z € V belongs to A, its stabilizer is generated by reflections with respect to the
walls of A containing x.

Also there exists a set I and a one to one correspondence of the elements of I with
the walls of a chamber A: i — M;(A), which is called a canonical indexation of the walls
of the chamber A. Then W is generated by the reflections w; = w;(M;),i € I, satisfying
only the following relations

(wyw;)™ =e, i,j €1,
where the natural numbers m; ; = m;; form the Cozeter matriz of W by which the
Coxeter graph T'(W) of W is constructed. We use the following notations of P. Deligne
[D]: prod(m;x,y) denotes the product xyxy ... (m factors). The generalized braid group
Br(W) of W [Br], [D] is defined as a group with generators {s;,7 € I} and the following
relations:
prod (m; ;; S, 85) = prod (m;i; S, S;)-

From this we obtain the presentation of the group W if we add the relations:

2
S

=e; 1€1.
We will see later in the Theorem 2.1 that this definition of a generalized braid group
agrees with our general definition of a braid group of an action of a group W. We denote
by 7w the canonical map from Br(W) to W. The classical braids on k strings Bry, are
obtained by this construction if W = Ay = X1, the symmetric group on k+ 1 symbols.
In this case m; ;41 =3, and m; ; =2 if j #¢,i + 1.

Now let Ji,...,Js be the sets of vertices of the connected components of the Coxeter
graph of W, W, is the subgroup of W generated by the reflections w;,¢ € J;. Let V:]O
be the subspace of V' consisting of vectors invariant under the action of Wy, V; is the
orthogonal complement of VqO inV, Vo= <q<s VqO. Then we get the following facts
from Proposition 5 of ([Bo], Chapter V, Section 3.7).

PROPOSITION 2.2. (i) The group W is the direct product of the subgroups Wy (1 <
q<s).
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(ii) The vector space V is the direct sum of the orthogonal subspaces Vi,..., Vs, Vo
invariant under the action of W.

If Vi = 0, then the group W acting on V is called essential. In this case each chamber
is an open simplicial cone. Let us define some ordering on all the walls M;, 1 <i <n
of a chamber A. The product of reflections waq, wa, ... wa, is called the Coxeter
transformation defined by the ordered chamber A. All the Coxeter transformations are
conjugate in W and so, all of them have the same characteristic polynomial and the same
(finite) order. This order is called the Cozeter number of the group W. We denote the
Coxeter number of the group W by h. Then the characteristic polynomial of a Coxeter

transformation can be written in the form:
n

i =T] <t ezp(%@mj))

J=1

where mqy, mo, ..., m, are the integers such that
0<m <me<...<my, <h.

The integers m,mo, ..., m, are called the exponents of the group W.

The classification of irreducible (with connected Coxeter graph) Coxeter groups is
well known (Theorem 1 , Chapter VI, Section 4 of [Bo]). It consists of the three infinite
series: A, C and D and groups Fg, E7, Es, Fy, Go, H3, Hy and I>(p). As an example we
show here the Coxeter graphs for A,, C,, D, and Fs:

Lo . . (ub)

The number of vertices in these diagrams is equal to n, and the number m over an edge
means that m; ; = m for the pair of generators, corresponding to the points connected
by the given edge.

Now let us consider the complexification Vi of V' and the complexification M¢ of
M e M. Let Y = Vo — Uprerms Mc- Then from (iii) of Proposition 2.1 we get that W
acts freely on Y. Let Xy = Y /W, Y be a covering over Xy corresponding to the
group W. Let yg € Ap be a point in some chamber Ay and z( its image in Xy. We are
in the situation described in Section 1 in the definition of the braid group of the action
of the group W. This braid group is defined as the fundamental group of the space of
regular orbits of the action of W. In our case ORB(Ve, W) = Xy. So, the generalized
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braid group is equal to m (Xw,xo). For each j € I, let £; be the homotopy class of
paths in Yy, starting from yo and ending in w;(yo), which contains a polygon line with
successive vertices: o, Yo + Y0, w;(yo) + 1Yo, w;(yo). The image ¢; of £; in Xy is a loop
with base point xg.

THEOREM 2.1. (i) The fundamental group m (Xw,xo) is generated by the elements ¢;
satisfying the following relations:

prod (m k; £, L) = prod (my ;; Ck, ;).
(ii) The universal covering of Xw is contractible, and so Xy is K(m;1).

Item (i) of this theorem was proved by E. Brieskorn [Bri]. Item (ii) for the groups of
types Cp,, G2 and I2(p) was also proved by E. Brieskorn [Bri], similarly as E. Fadell and
L. Neuwirth [FaN] proved Theorems 1.1, 1.2 and Corollary 1.2. For the types D,, and
F,, E. Brieskorn used this method with small modifications. In the general case (ii) was
proved by P. Deligne [D].

If a group W is the direct product of groups W’ and W”, then the group Br(W) is
the direct product of the groups Br(W') and Br(W"). So, if a group W is the same as
in Proposition 2.2, then we have: Br(W) = Br(W;) x ... x Br(Ws).

There exist pairings for symmetric and braid groups

Y X Xy = Bpq,
w: Bry x Bry — Briyy,

which commute with the maps 7; : Br; — X;. For the braid group this pairing may be
constructed by means of adding ! extra strings to the initial k. If o} are the generators of
Bry, o are the generators of Br;, and o, are the generators of Br(k + 1), then the map
1 can be expressed in the form:

uloh,e)=o0;, 1 <i<k-—1,

u(e,oé’) =04k, 1 <j<I-1

In terms of Coxeter graphs it means that we take the vertex corresponding to oy in the
Coxeter graph I'(Xk4;) and embed Bry X Br; into Bry4; in accordance with the inclusion
of the I'(3y, x 3;) = I'(Zx) UT'(X)) into the two components of the graph I'(Zx4;) \ o%.
This permits us to interpret various embeddings of products of finite Coxeter groups into
a group with greater index. It is true for the corresponding generalized braid groups as
well. We take away a vertex in a connected Coxeter graph and obtain a graph whose
number of connected components is less than or equal to 3. These components correspond
to irreducible Coxeter groups or braid groups whose direct product is the source of this
mapping. For example, we have the evident pairings:

,u(C, A) : BT(Ck) X BT(A[) — BT(C]H-H-I);
w(D, A) : Br(Dy) x Br(A;) = Br(Dg4+1) for any k and [,

or the pairing
w(As, Ag; Eg) : Br(As) x Br(A4) — Br(Es)

that corresponds to the fourth horizontal vertex of the Coxeter graph of Fs.
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Embeddings of groups (not products) can also be expressed in this language. For
example, we have the embedding

Qo BT(Al_l) — B?‘(Cl),
and two different embeddings:
ap : Br(A;—1) — Br(Dy)

in accordance with two different vertices on one end of the Coxeter graph for D;.
We would like to consider a generalized braid group Br(Cj). We have a relation in
Br(Cy):
W1 W2 W1 We = Wal1 Wal] .
Let B7rin4+1 be the subgroup of the braid group Br,41 consisting of all elements of
Br,4+1 with the property, that permutations associated with them all leave the number 1

invariant. It means that the end of the first string is again at the first place. W.-L. Chow
[Ch] found the presentation of this group with generators:

02y...,0n,02,...,0n4+1,

where o is the standard generator of the braid group Br,, 11, and the elements a; are given
by the equality a; = 01_1 . .0;1201-27101-_2 ...01,2<i<n+1. The elements oa,...,0,
generate a subgroup in Brq 541 isomorphic to Br,, and the elements as, ..., an4+1 gen-

erate a normal free subgroup F),. The following relation is fulfilled in Bry y41:
020209209 — A2020209.
We define the homomorphism ¢ : Br(C),) — Bri ,41 by the formulae:

d(wr) = as,
d(w;) =04, 1=2,...,m,
and obtain the following statement.
PROPOSITION 2.3. The map ¢ defines an isomorphism
¢ : Br(Cp) = Bri 1.

The claim of this proposition is evident from the geometric point of view. The space
X¢, can be interpreted as a space of n different pairs of points of R?\0, symmetrical
with respect to zero [G1, G2]. That is the same as simply the space of n different points
in R?\0. The group Br, 1 is interpreted as the fundamental group of the space X4, of
n+ 1 different points in R2. If we consider one point (say 0) to be fixed, then we get X, .
For the fundamental group of X 4, it means that the first string must have the same end
as its beginning (equal to zero).

We denote by 8 the homomorphism from Br(C,,) to Br, defined by the formulae:

Bwr) = e,
ﬂ(wz) =0i—1, for i > 1.

Then we have Sac = 1p,,, and Br(C,) is isomorphic to the semidirect product of
F, and Br, with the standard braid action of Br, on F, [Bi]. It is known that the
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group CY is isomorphic to the wreath product of the symmetric group X = Agx_; with
Z]2: C =X, Z/2. The pairing

mg Ck X Cl — Ck-',—l
may be defined using the pairing for the symmetric group
Y X Xy = X

and the wreath product structure.

Let wi,...,w) be the generators of Br(Cj) and w{,...,w; be the generators of
Br(C}). Then it is possible to define the pairings u1(C,C) and pe(C, C):

w1 (C,C) : Br(Cy) x Br(C;) = Br(Ck+1),
w2(C,C) : Br(Cy) * Br(C;) — Br(Crt1)
by the formulae:
pi(C,O)(wh,e) =w;, 1 <i<k,
p1(C, C)(e,w)) = wrrq ... wawi w3 .. . Wet1,
11 (C, C)(e,wy) = wryy, 1 <j <1,
p2(C,C)(wh,e) =w;, 1<i<k,
112(C, C) (e, w)) = Wiyt ... wawiwy .. wi Ly,
p2(C, C)(e,w)) = wryy, 1 <5 <.

The pairing p; was first defined in [Ve] and the pairing ps was introduced by Sofia
Lambropoulou in her study of links in a solid torus [La]. It is easy to check that the
pairing 1 is associative, that is, the following diagram is commutative:

Br(Cy) x Br(Cy) x Br(Cy) 255 Br(Chy1) x Br(Cy)
L1 x g L
Br(Ci) x Br(Cisq) — Br(Cri+q),

The pairing agrees with the pairing for the Coxeter groups

me : Cp x Cp = Ciyy,
so we have a commutative diagram

Br(Cy) x Br(C;) =255 ¢y x
dm I mc
Br(Cy+1) —C 5 Cryi.

It also agrees with the pairing Br(Cy) x Br; — Br(Ck4;) through the canonical inclu-
sion Br; — Br(Cy). It is also easy to check the commutativity of the diagram for the
homomorphism a¢:
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Bri x Bry ac—m> BT(Ck) X BT(C[)

bu 1

Brk+l L) BT(Ck+l).

But there is no analogous commutativity for 8 : Br(Cj) — Bry and pi. To see this let
k = 2; then u(B,5)(e,w)) = u(e,e) = e and Bui(e,w)) = Blwswawiwaws) = 20209 #
e. So the homomorphism £ does not agree with the pairings p and pu;.

On the level of configuration spaces, the pairing p; for the braids of the series C' can be
described in the following way. We map R?\0 (with & different points) diffeomorphically
onto the open disk of radius k+ 1/2 without zero ’DkH/Q\O, in such a way that the points
with coordinates (1,0),..., (k,0) go onto themselves, and we map R?\0 (with [ different
points) diffeomorphically onto R?\ Dy ; /2, in such a way that the points with coordinates
(1,0),...,(1,0) go onto the points (k + 1,0),...,(k +1,0). This map

(2.1) R?\0 x R*\0 — R%\0

is a particular case of the map of configuration spaces, which was described by Viktor
Vassiliev [Vas, p. 25]:
X(k)x X(1)— X(k+1),

where the space X (k) in our notations is equal to B(X,k), and the space X can be
presented in the form X =Y x R for some other space Y. The map (2.1) generates the
pairing of fundamental groups of configuration spaces which coincides with ;. Consider-
ing the generalized braid groups of type C as the subgroups of the ordinary braid groups,
the pairing p; can be described as putting k + 1 strings of the first group instead of the
zero string of the second group.

Let us consider the group Bry 1 Z/2, which can be viewed as semi-direct product of
Bry, with Z/2® - - - ®7Z/2 (k copies), where Bry acts on Z/2@® - -- B Z/2 by permutations.
We denote by s; the element (a,e,...,e) € Z/2® --- ® Z/2, where a is a generator of
Z/2, and we denote the standard generators of Bry by sa,..., sy in this context. Then
we have the relation:

515285189 = S$25152S51.
We define the homomorphism
v BT(Ck) — Bri Z/2
by the formula
y(w;) = si.
This homomorphism does not agree with the pairings (111 and the pairing determined by
the wreath product structure).

Now we will consider the direct limits of finite Coxeter groups. We denote by W
the category whose objects are finite Coxeter groups, and morphisms are the inclusions
W' +— W corresponding to inclusions of Coxeter graphs IV +— T'. We call by a chain
a subcategory £ of W, which is a well ordered countable set, and such that the total

number of connected components of Coxeter graphs of the elements of £ is bounded by
some natural number Ng (for a subgroup W’ of W we consider I as a subgraph of T').
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We call by a limit Cozeter group W, an infinite group for which there exists a chain &,
such that W is equal to the direct limit of £. If we take as £ the groups from one of the
series A, C or D, with canonical inclusions as morphisms, we obtain A, Co, or Dy as
the corresponding limit Coxeter groups.

PROPOSITION 2.4. The limit Cozxeter group W, is isomorphic to a direct product of
a finite number (greater or equal than one) of groups of type Aoo, Coo or Do and of a
finite number of finite Cozeter groups.

The proof follows from the fact that W, must be infinite and its Coxeter graph is to
have finitely many components.

Some pairings described above generate pairings of limit Coxeter groups and the
corresponding braid groups, for example

w(C, A) : Br(Cx) X Br(Ax) — Br(Cx),
w(D, A) : Br(Dy) x Br(As) = Br(Dewo).

For the general limit Coxeter group W, we may have several different pairings with
Br(Aw) = Bre, depending on the copy of one of the infinite groups of types Ao, Coo
or Dy, for which this pairing is taken

(W, A) : Br(Ws) X Br(Ae) = Br(We).

3. Cohomology of pure braid groups. Cohomologies of pure braid groups were
first calculated by V. I. Arnold in [Arnl] using the Serre spectral sequence. We consider
a somewhat more general case of configuration space for R” [O], [CT]. Let us consider
F(R™,2). The map

¢: 8" = F(R",2),

described by ¢(z) = (z, —x), is a Xe-equivariant homotopy equivalence. Define A to be
the generator of H"~!(F(R",?2),7Z) which is mapped by ¢* to the standard generator of
H"=1(Sn=1 7). For i and j, such that 1 < 4,5 < m, i # j, specify m; ; : F(R",m) —
F(R™,2) by 7 j(p1, -+, pm) = (pi, j)- Let

Aij=mi;(A) € H" Y(F(R™,m),Z).
It follows that A; ; = (—1)"A;; and A7 ; = 0. For w € X, we have an action w(A; ;) =
Ap-1(i) w-1(5)> SINCE T jW = Ty—1(3),w-1(j)- Note also that under restriction to

F(R"\ Qr,m —k) =77 (Qx) C F(R",m)

the classes A; ; with 1 < 4,5 < k go to zero, since in this case the map m; ; is constant
on 7 1(Qy). Considering the Serre spectral sequence we have the following theorem.

THEOREM 3.1. The cohomology group H*(F(R"™ \ Qr,m — k),7Z) is the free Abelian
group with generators

Ailujl Ai2 J2 e 'Ais 2Jso

where k < j1 < j2a < -+ <js <m and i, < j, forr=1,...5s.
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The multiplicative structure and the X,,-algebra structure of H*(F(R™,m),Z) are
given by the following theorem which is proved using the 3s-action on H*(F(R",3),Z).

THEOREM 3.2. The cohomology ring H*(F(R™,m),Z) is multiplicatively generated by
the square-zero elements

Aij € H'H(F(R",m),Z), 1 <i<j<m,
subject to the only relations

AikAjn =4, jAjk— A jAiy fori<j<k.
The Poincaré series for F(R™, m) is H;n:_ll(l + gt ).

Remark. In the case of R? = C the cohomology classes A, ) can be interpreted as
the cohomology classes of differential forms
1 dz; —dz
wjﬁk = —————
2mi zj — 2k
The cohomologies of pure generalized braid groups were computed by E. Brieskorn
[Bri] using ideas of V. I. Arnold for classical case. Let V be a finite-dimensional complex
vector space and H; € V, j € I be the finite family of complex affine hyperplanes given
by linear forms l;. E. Brieskorn proves the following theorem.

THEOREM 3.3. The cohomology classes, corresponding to holomorphic differential

forms
1 di;
Wi = — 3
J 211 lj
generate the cohomology ring H*(V \ UjerH;,Z). Moreover, this ring is isomorphic to
the Z-subalgebra generated by the forms w; in the algebra of meromorphic forms on V.

The cohomologies of generalized pure braid groups are described by the following
theorem.

THEOREM 3.4. (i) The cohomology group of the pure braid group P(W) with coeffi-
cients in the ring of the integers H*(P(W),Z) is a free abelian group, and its rank is
equal to the number of elements w € W of the length [(w) = k, where | is the length con-
sidered with respect to the system of generators consisting of all reflections of the group
w.

(ii) The Poincaré series for H*(P(W),Z) is

[T +m;0),
j=1

where m; are the exponents of the group W.
(iii) The multiplicative structure of H*(P(W),Z) coincides with the structure of alge-
bra, generated by I1-forms described in the previous theorem.

4. Homology of braid groups. The cohomologies of the classical braid groups were
first studied by V. I. Arnold in the article [Arn2]. To investigate H*(Bry,, Z) he interprets
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the space K (Bry,, 1) = B(R?, n) as the space of complex polynomials of degree n without
multiple roots with the first coefficient equal to 1:

(4.1) Po(t) =t" + 21t" Vo 2 it 2.
More precisely let us consider the “Viete map” from C™, which we denote at this place by
(C’(’)\), to C™, which we denote by (C?z) to distinguish between the domain and the image:

It maps a point (A1,...,A,) € (CE‘A) to the polynomial P, (t) = t"+21t" 14 42, _1t+2p,
which has the roots A1, ..., A, (counted with multiplicity). The space (C’(’Z) is interpreted
as a space of orbits Orb(C™,%,,) of the canonical action of symmetric group %,, on C" by
taking values of symmetrical polynomials in A1, ..., A,. The standard basis here consists
of the basic symmetric polynomials:

2N =(=DF Y NN 1<k<n
1< <ig
So,
C, = orb(C", %,,),
and ORB(C",X%,,) is the space of regular orbits of this action. We see now that the map
p from (4.2) defines a homeomorphism

p: ORB(C",%,) — C{,) \ Ay,

where A, is the discriminant surface of the polynomial (4.1): the subspace of C"™ where
the discriminant A, (z) is equal to zero,

n(n—1)
A(z) = A(p(N) = H()‘i —Aj)=(-1)"7 H()‘i - )%
i#] 1<y
Further, V. I. Arnold considers the canonical inclusion of the space (C?z) \ A into the
sphere S2":
CiH\A— S2n,
The complement of (C?Z) \ A in §?" is equivalent to the one-point compactification A% of
A,,. Then using the Alexander duality one has
H'(Brp; Z) = H'(C{,) \ An; Z) & Hay, (S, A Z) & Haniv1 (D3 2),
where the tilde denotes the reduced homology. Arnold proves the following facts about
cohomology of the braid groups.

THEOREM 4.1 (of finiteness). The cohomology groups of the braid groups are finite
except
HY(Br,,7) =7, H (Br,,7) 2 7, n > 2.
Also we have
(4.3) HYBr,,Z) =0 if i>n.
THEOREM 4.2 (of recurrence). All the cohomology groups of the braid group on odd
number of strings are the same as the cohomology groups of the braid group on previous



HOMOLOGY OF BRAID GROUPS 433

even number of strings:
H'(Bropy1,7) = H(Bran, 7).

THEOREM 4.3 (of stabilization). By the increasing of n the cohomology group
H(Br,,7Z) of the braid group stabilizes:

H'(Bry,,7) = H(Brayi_2,Z) if n>2i—2.

Remark. The isomorphism H'(Br,,Z) = Z follows from the fact that the abelian-
ization of Bry, is equal to Z. Really, we can define a homomorphism from braids to integers
by taking the sum of exponents of the entries of the generators o; in the expression of
any element of the group in terms of these canonical generators:

deg : Bry — T, deg(b) = Y m;, where b= (0:,)™ ... (0;,)™".
J

It is easy to prove that the kernel of deg is generated by commutators. Equality (4.3)
follows from the fact that the space C(’;) \A,, is a direct product of C and a Stein manifold.

The groups H*(Br,,Z) for n < 11 and i < 9 were also computed by V. I. Arnold.

The study of the cohomology of braid groups was continued by D. B. Fuks [F1], who
calculated the cohomologies of the braid groups mod 2. For simplicity let us denote by
T',, the configuration space B(R?,n) = B(C,n) = F(C,n)/%,. Let I'} be the one-point
compactification of I',,. Using the Poincaré duality one has:

H*(Tp,7Z)2) = Hop_i(T%,7,/2).

Here ﬁgn_k(l";, Z/2) denotes the reduced homology group of the space I'}. To investigate
the group H; (T}, Z/2) some natural cellular decomposition of the space I'}: is constructed.
Using this decomposition all the groups H*(Br,,Z/2) are computed, the multiplicative
structure of the ring H*(Br,,,Z/2) and connections with the cohomology H*(BO,,,Z/2)
are described. The Hopf algebra structure of the cohomology of the infinite braid group
H*(Breo,Z/2) arising from the canonical pairing:

Bry, X Bry, — Brpgm

is also considered in the paper [F1]. Although the results are formulated there in the
language of cohomology it is more convenient to translate them to homology. Then the
main results will be the following

THEOREM 4.4. The homology of the infinite braid group with coefficients in Z/2 is

isomorphic as a Hopf algebra to the polynomial algebra on infinitely many generators
a;,i1=1,2,...; dega; = 2 _ 1-

H*(Brooa Z/2) = Z/2[a’17 az, ..., a4, .. ']7
with the coproduct given by the formula:
Ala;)) =1®a; +a; ®1.

THEOREM 4.5. The canonical inclusion Br, — Brs induces a monomorphism in
homology with coefficients in Z/2. Its image is the subcoalgebra of the polynomial algebra
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(Z/2)[a1, az, ..., a;,...] with Z/2-basis consisting of monomials

alfl ... aé”, such that Z k2 < n.
i

THEOREM 4.6. The canonical homomorphism Br, — BO,, 1 < n < co induces a
monomorphism (of Hopf algebras if n = c0)

H,(Bry,7/2) — H,(BO,,7/2).

It was noticed that configuration spaces have connections with the theory of iterated
loop spaces. Peter May [May] proved that the space F(R",m) is 3,,-equivariantly homo-
topy equivalent to the space C,,(m) of the little cube operad. This operad plays a key role
in the recognition principle for n-fold loop spaces. The homologies of configuration spaces
were used in the construction of Araki-Kudo-Dyer-Lashof operations in the homology of
n-fold loop spaces [CLM]. Independently of the works of V. I. Arnold and D. B. Fuks
these homologies were studied by Fred Cohen [CF1], [CF2], [CLM]. He uses the spectral
sequence of a covering which has initial term

Ey" = H (Sp; H(F(R™,m); Z/p)),

and converges to H*(B(R™,m);Z/p). The cohomologies of symmetric group ¥,, are con-
sidered with the nontrivial action of 3,, on the coeflicient group H*(F(R",m);Z/p),
which was described in the Theorem 3.2. The key observation for the calculations is the
following theorem.

THEOREM 4.7 (Vanishing theorem). In the spectral sequence {E,}, Eg’t =0 fors>0
and 0 <t < (n—1)(p—1).

F. Cohen calculates the homology of B(R™, m) with coefficients in Z/2 (as in Theorems
4.4 and 4.5) and with coefficients in Z/p, p > 2.

THEOREM 4.8. The homology of the infinite braid group with coefficients in Z/p, p > 2
as a Hopf algebra is isomorphic to the tensor product of exterior and polynomial algebras:
E(al,...ai,...)®Z/p[b1,...,bj,...],
i=1,2,...;5=1,2,...; dega; =2p" ! — 1, deg b; =27 — 2,
with the coproduct given by the formulae:

THEOREM 4.9. The canonical inclusion Br, — Bre induces a monomorphism in
homology with coefficients in Z/p, p > 2. Its image is the subcoalgebra of the tensor
product E(a1,...a;,...) @Z/plb1,... by, ...] with Z/p-basis consisting of monomials

a$t..oaltbt L bR where ¢; = 0,1; and 2(2 ep' Tt + Zkszj) < n.
i J
F. Cohen describes also the action of the Steenrod algebra A [CF3]. We would like to
consider his results in the language of homology and coaction ¢ of the dual of the Steenrod
algebra A,. Recall that, for p = 2, A, as an algebra is isomorphic to the polynomial
algebra Z/2[&1, ..., &k, ... ], deg &, = 2% — 1, and for p > 2 it is isomorphic to the tensor
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product of exterior and polynomial algebras F(ro,71,...,71,...) @ Z/p[&1, .., &k, - - -],
deg &, = 2(p* — 1), degm = 2p' — 1. The coproduct 1 is given by the formulae

&)= D, &b, Ym=nel+ Y & on
i+j=k i+j=l
THEOREM 4.10. The coaction of the dual of the Steenrod algebra A, on the homology
of the braid groups Br,,, 1 <m < oo is given, for p =2, by the formula:

¢(aj):{1®aj’ vt

l@aj+& ®@ai_y if j>2,
and for p > 2 by the formulae
1 ® Qj, ij = 1’

a;) =
w( J) {1®a’j+7—0®bj17 Zf]227

7/)(bj){ ’ D if g
L@b—& @, ifj>2

Let Q252 be the connected component of the trivial loop in the double loop space
0282, G. Segal [Se] established the following connection between the infinite braid group
and iterated loop spaces.

THEOREM 4.11. There exists a map K (Broo, 1) — Q352 that induces an isomorphism
in homology for any group of coefficients G (with trivial action of Bro, on G):

H.(Bre,G) = H, (9252, Q).

The classical Hopf fibration S — S? induces isomorphism in homology H, (2253, G)
~ H,(Q35% G). This allows us to consider the spaces Q25 and Q352 as a plus-con-
struction for K (Brw, 1). We can also use the computations of homologies of Q"S"*1 by
E. Dyer and R. Lashof [DL] and by Fred Cohen [CLM, p. 227]. It follows from these
calculations that H, (Q"S"*1 Z/p) is isomorphic to the polynomial algebra over Z/p on
generators Qlfl e Qi"_’fal, where @; are the Araki-Kudo-Dyer-Lashof operations, which
act in homology of iterated loop spaces [CLM], and a; is the image of the generator of
H1(SY,Z/p) under the map H.(S',Z/p) — H.(QQ"S™" ! Z/p), induced by the canonical
inclusion S' — Q"S"*!. This gives us another proof of Theorems 4.4 and 4.8. The
generators aj, j > 1, can be considered as Q{_lal and b; as Ba;i1. The coaction of
the dual of the Steenrod algebra, described in Theorem 4.10, may be obtained from
the Theorem 4.11 with the help of Nishida relations [CLM], which relate the action of
Steenrod operations and Araki-Kudo-Dyer-Lashof operations.

F. Cohen uses the Bockstein spectral sequence to calculate the integral homology of
the braid groups [CLM].

THEOREM 4.12. The p-torsion in H.(Bry,,Z), n < oo is all of order p. The p-torsion
of H.(Broo,Z) in degrees strictly greater than one is isomorphic to the following:
(i) If p = 2, to the polynomial algebra generated by a; and a?, 7 >1.
(ii) If p > 2, to the tensor product of exterior algebra generated by ai, and polynomial
algebra generated by b;.
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THEOREM 4.13. The canonical inclusion Br, — Brs induces a monomorphism in
homology with coefficients in Z. Its 2-torsion image in degrees strictly greater than 1 has
the Z/2-basis consisting of monomials

a’fl ...afl, such that k; =0 mod2 fori>1 and Zkzﬂi <n,
3
and its p-torsion image, p > 2, in degrees strictly greater than 1 has the 7Z/p-basis con-
sisting of monomials
a$t it bR where e = 0,1; and 2(e; + ijp]) <n
J

The methods of D. B. Fuks were applied by F. V. Vainshtein [Vai] for calculation
of the cohomologies of the braid groups with coefficients in Z/p and Z. As a result he
obtained a complete information about the additive structure of these cohomologies and
about the action of the Bockstein homomorphism.

We call the Cozxeter representation of the symmetric group %,,, the representation

Y. — GL,(Z),

corresponding to the permutations of the basic vectors in Z". The restriction to the
hyperplane in Z", given by the formula Y xz; = 0, is called the reduced Cozeter repre-
sentation. These representations define the structures of ¥,-modules on Z" and Z"~!.
With the help of the canonical map Br,, — %, Z" and Z"~! become modules over Br,,.
We denote these modules over Br, by K, and IN(n The following theorem was proved
by V. V. Vassiliev [Vas].

THEOREM 4.14. The cohomologies of the braid group with coefficients in the Cozeter
representation and reduced Cozeter representation are given by the formulae:

HY(Br,; K @H‘I YBrn_1_i;Z), n>2,

H(Bry; K,) EBH‘J UBro_s7Z), n>2,

where we put formally Bro = {e}, the group consisting of a single element.

Proof. We consider the first formula now. The module K, is isomorphic to the
module ComdB T" Z, coinduced from the trivial module Z over Br; ,, where the sub-
group Bri, was deﬁned in Section 2. So by Shapiro’s Lemma [Bro, I11.62] we have:
H*(Bry,K,) =~ H*(Br1,,,Z). We prove the first isomorphism by induction. For n = 2,
Bry 2 is equal to Z and so, its cohomologies are the same as of the circle. The formula is
true. Let n > 2. Consider the homomorphism /3 : Bry , — Br,_1, defined in Section 2,
and the Serre-Hochschild spectral sequence for 5. As it was also described in Section 2,
Kerp is the free subgroup F,,_1 of Br,, generated by braids as, ..., a,. The initial term of
the Serre-Hochschild spectral sequence F%? is isomorphic to: HP(Bry_1, H4(Fy,_1,7)).
There are only two first nonzero lines in this spectral sequence, because

HY(F, 1,2) =27, HY(F,_1,7Z) = 7", HY(F,_1,7) =0 for ¢ > 1.
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We recall that Bry , is isomorphic to the semidirect product of F,,_; and Br,_; with the
standard braid action of Br,_1 on F,,_;. This action on H°(F,,_1,7Z) = 7 generates the
trivial ZBr,,_1-module structure and on H(F,_1,Z) = Z"~! it generates the structure
of module K,,_;. This ends the induction step. The isomorphism for the reduced Coxeter
representation follows from the exact sequence 0 — I}n — K, - 7Z — 0.

5. Cohomology of generalized braid groups. The methods of D. B. Fuks and
V. F. Vainshtein were applied by V. V. Goryunov in [G1], [G2] to calculations of the
cohomologies of the generalized braid groups of types C and D. The configuration space
X, for the braid groups of type C was described in Section 2 as the space of n different
pairs of points of C\0, symmetric with respect to zero, which is the same as simply the
space of n different points in C\0. The configuration space Xp, for the braid groups of
type D can be described in the following way. Let us consider the geometrically distinct
pairs of points in C, symmetric with respect to zero. The degenerate case when the pair
consists of one point, equal to zero, is included. Then we suppose that each nondegenerate
pair is considered with different signs (plus or minus) of points. The involution v acts on
nondegenerate pairs by changing the signs and is identical on the degenerate pair. We call
the two unordered sets of n distinct pairs of points {p1,...,p,} and {q1,. .., gn } equivalent
if g; = v (p;), & = 0,1, such that szf €; is even. The space Xp,, is the factor space of
n-tuples of geometrically different pairs in C with respect to the equivalence relation just
described.

The space X4, , = B(C,n) was interpreted in Section 4 as the space of the polyno-
mials, over the complex numbers, of degree n without multiple roots, and with the first
coefficient equal to 1 (4.1). Analogously it is possible to interpret the space X¢, as the
space of polynomials over C of the form (4.1) without multiple and zero roots. Let I';, be
one of the spaces X¢, or Xp,, and I'}, its one point compactification. The same way as
D. B. Fuks, V. V. Goryunov uses the Poincaré duality

H*(T,,Z) 2 Hyp (T}, Z)

for the calculations of the cohomology of the generalized braid groups of types C' and D.
He constructs the cellular subdivision of the space I'}, and proves the following theorems.

THEOREM 5.1. The cohomologies of the infinite generalized braid groups of types C
and D with coefficients in 7 are expressed in terms of the cohomologies of classical ones
in the following way:

HY(Br(Csx);Z) = é HY"(Brog; Z),

HY(Br(Dw);Z) = HY(Broo; Z) ® [éHQ*%fs(BTOO;Z/Q)]
i=0

We denote by ~,, the canonical inclusion

Yn : Brp—1 — Bry,
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and by vZ the map induced by 7, in cohomology:
~&: HY(Bry,Z) — HY(Bry,_1,7Z).
Ker I denotes as usual the kernel of this map.

THEOREM 5.2. The cohomologies of the finite generalized braid groups of types C' and
D with coefficients in Z are expressed in terms of the cohomologies of classical ones in
the following way:

n

HY(Br(Cn);Z) = @ H" (Bro_i;Z), n>2,

i=0
HY(Br(Dy,);Z)=HY(Br,; Z)® {@Ker'ﬂ:éﬂ &) [@H‘Z—Qj—3(B7“n_2j_3; Z/2)|, n >3,
i=0 §=0

where we put formally Bro = {e}, the group consisting of a single element.

The formula for the cohomologies of Br(C,,) was proved in Section 4 (Theorem 4.14),
because

HY(Br(Cy);Z) = HY(Brynt1;Z) = HY(Bry; K,).
COROLLARY 5.1 (Theorem of stabilization). With the increasing of n the cohomology
groups of the generalized braid groups of types C and D stabilize:
HY(Br(Cy,),Z) = H(Br(Ca_2),Z) if n>2i—2,
HY(Br(D,),Z) = H (Br(Dsi-1),Z) if n>2i— 1.
The analogues of G. Segal’s theorem about the plus-construction for classifying space
of infinite braid group (Theorem 4.11) were discovered by D. B. Fuks [F2]: the plus-
construction of K(Br(Cx),1) is equal to 9253 x Q252 and the plus-construction of the

space K(Br(Ds),1) is equal to Q253 x F, where F is a homotopy fibre of a map of
degree 2 from S3 to S°.

6. Thom spectra for Coxeter and braid groups. From the definition of a finite
Coxeter group W we have the inclusion into the orthogonal group O(n), acting on the
n-dimensional real vector space V with Euclidean structure:

(6.1) vw : W—=0(n),
which can be involved into the following commutative diagram:

Br(W) LA W e

Br(Wy) x --- x Br(W,) T T

—_— O(n)
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This commutative diagram generates the commutative diagram of the classifying spaces:

BBr(W) Lw BW -

BW, x ---x BW, —

BTW1 ><~‘><BTWS

BBr(Wy) x - -+ x BBr(Ws)

rw

— BO(n)

I

BO(n1) x -+ x BO(ng) x BO(ng).

This commutative diagram generates in its turn the commutative diagram of the

vwy X XVWg

Thom spaces:

M Br(W) MW —

MTWl/\”'/\MTWS/\l
MBr(Wi) A--- A MBr(W,) A Sp MWy A AMW,ASE ——

Mow MO(n)

I

MOMmy) A+ AMO(ng) AN MO(no),

where £ is the inclusion of the sphere S™ into the Thom space: S™—MO(ng). We recall
the definition of a Thom space (see [St], for example) and a spectrum [Ad], [Sw]. For a
vector bundle ¢ : F — B with a Riemannian metric we define the corresponding disc
and spherical bundles Ep — B and Es — B. The Thom space M (&) of the bundle £ is
defined as the factor space Ep/FEg, which is the same as the one-point compactification
of the space E. By definition, a spectrum X is a sequence of cellular spaces X,,, n € Z
with base-point, provided with structure maps

Mrw

Mvw, A--AMvwg Ak

€n :SXp = Xpnt1, NEZ,

where S denotes the suspension of a space.
The composition of the maps m and vy classifies the bundle

Yw Xw R" — Xw,

where the space Yy was defined in Section 2. The Thom space of this bundle is equivalent
to Yy Xw B™/S™, where B™ is the unit ball, and x denotes the half smash product:
Ax B =AxBJ/AXby (bp € B is the base point). For the series C' it is equivalent
to Yo, x¢o, S1(™ | where S'(™) denotes the n-fold smash product of S*, on which C,
acts by permutations between copies of S! and by complex conjugation on each S!. For
the series D the Thom space is equivalent to Yo, Xp, S 1) where D, also acts on
ST by permutations between copies of S and by complex conjugation on each S!,
but according to the description of the group D, the number of conjugations must be
even. If the Coxeter graph of a group consists of one point (A; = X3 = Z/2), then
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Bry = Z and we have BYy = RP>®, BBry = S! and MYy = S7Y(RP*) (S~ denotes
the inverse of the suspension functor .S, which is invertable in the category of spectra),
M Bry = S7Y(RP?) and the map M is the canonical inclusion.

Using the procedure described above we get the Thom spectra MW, and M Br(W)
for a limit Coxeter group and the corresponding infinite braid group. This general situ-
ation of Thom spectra for Coxeter groups and generalized braid groups was considered
in [Ve].

The pairings of Coxeter and braids groups generate the pairings of Thom spaces and
spectra (which we shall denote by the same symbol p). It means in particular that the
Thom spectra for the classical braid groups and generalized braid groups of type C are
multiplicative. There is a beautiful identification of the Thom spectrum for the classical
braid group made by Mark Mahowald [Mahl, Mah2] and Fred Cohen [CF3].

THEOREM 6.1. The Thom spectrum of the braid group M Brs, is multiplicatively iso-
morphic to the Eilenberg-MacLane spectrum K(Z/2).

At first Mark Mahowald studied the following situation. Consider the map
S — BO,

realizing the generator of m;(BO) = Z/2. Apply the functor 2252 to this map and
consider the composition

n:Q*8% - 0*S*(BO) — BO,

where the second map is the retraction, arising from the infinite loop structure of BO. It
was proved by Mark Mahowald [Mah1, Mah2] that the Thom spectrum of 7 is equivalent
to K(Z/2). Then Fred Cohen [CF3] considered the composition

BBrs, — Q28% — BO,

where the first map is that of G. Segal from the Theorem 4.11 and the second one is
7. He proves that this composition is homotopic to Br, from (6.1) and that the Thom
spectrum of this composition M Br, is multiplicatively isomorphic to the Eilenberg-
MacLane spectrum K (Z/2). The geometric aspects of the corresponding bordism theories
were discussed by Fred Cohen [CF3] and Brian Sanderson [Sa].

The pairings described at the end of Section 2 induce on MW, for any limit Coxeter
group W, at least one module structure over MX,. The same way M Br(W,) has at
least one module structure over M Broo. Let & : S° — M Brs, be the unit map of the
spectrum M Brs,. The composition of 1 A x and u:

MBr(Wao) AS® — MBr(Wao) A MBrs — MBr(Ws)
is equal to the identity map of M Br(W,). This follows from the fact that the composi-
tion:
Wi =W x Ag = Wi X A; — Wk+l+1
is equal to the inclusion Wy — Wiy;y1. The same is true for M Br(W)). Hence the

spectrum M Br(W) is a direct summand in M Br(Ws ) AK(Z/2) and it is itself a wedge
of Eilenberg-MacLane spectra. The spaces Xy are connected, so mo(MBr(Wx)) = Z/2.
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Analogously we prove that the spectrum MY, is equivalent to the wedge of Eilenberg-
MacLane spectra K(Z/2) being the module over M Bry.

Shaun Bullet studied in [Bu] Thom spectra and corresponding bordism theories for
the following groups: Yo, Yoo 1 Z/2 = Coo, Broo 1 Z/2. Tt was proved by him that these
bordism theories are multiplicative and that MY, M(X1Z/2), and M (Br1Z/2), are
polynomial algebras over Z/2. He also proved that the canonical map induces the injective
multiplicative morphism of cobordism theories:

MY*() =M(XZ1Z/2)*(),
such that the composition
MY () =>ME1Z/2)*( ) =»MO*( ),
and the map
M(Br1Z/2)"( )=MO*()

are surjective. Being a module over M X, the Thom spectrum M W, for a limit Coxeter
group W, becomes a module over K (Z/2) as well. So MW is also a wedge of Eilenberg-
MacLane spectra K(Z/2). As a result we have the following theorem.

THEOREM 6.2. The Thom spectra M Br(Wy,) and MW for limit Coxeter groups are
equivalent to the wedges of suspensions over the FEilenberg-MacLane spectrum K(Z/2),
Wo(MBT(WOO)) = Z/Q.

From the cofibre sequence
St 8l - RP? — ...
where the first map is multiplication by 2, we obtain

COROLLARY 6.1. If the Coxeter graph of W, contains an isolated vertexr, Wy, =
"% (2/2), then MBr(Wy) = MBr(W') A SM Br(W'), where S denotes a suspension
over a spectrum.

Now let us consider the Thom spectra for the groups Co, and D.,. We would like to
know the number of summands K (Z/2) in each dimension for these spectra. This means
to know modules 7. (M Br(Cx)) = MBr(Cw)« and 7, (M Br(Ds)) = MBr(De)«. We
use the knowledge of cohomology of the braid groups of the type C' and D (Theorem 5.1)
and then the Thom isomorphism.

THEOREM 6.3. The Thom spectra M Br(Cs) and MBr(Ds) are equivalent to the
following wedges of the Filenberg-MacLane spectra

M Br(C \/ S'K(7,/2),

MBr(Da) = K(Z/2) V [\/SQHK 7/2)|.
=0
The pairing defined for the braid groups of type C' induces a multiplicative struc-
ture (probably not commutative) for the theory MBr(Cs)«( ). So MBr(Cy).« has a
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ring structure which we would like to consider. We take the circle S with its standard
embedding in R™*!. Its normal bundle is trivial, so the corresponding classifying map
&, : St — BO(n)
is homotopic to zero. Now we take a fibration
fn : BC,, — BO(n)
homotopic to the canonical map, and analogously a fibration
Y : BBr(Cy) — BCy,

so that the composition

fath = f,: BBr(Cn) = BO(n)
is a fibration homotopic to the canonical map from BBr(C,) to BO(n). We have

H,(BBr(Cy);Z) = Br(C,)/[Br(Cy,),Br(C,)] = Z®Z,
H,(B(Cy);Z) = Br(Cn)/[Cn,Crl =Z/20Z/2,

and the map Hi(v) is the canonical projection. We consider a map ¢’ : St — BBr(C,,),
such that in homology the generator of H;(S';Z) maps by Hi(g') to some generator v
of H1(BBr(Cy);Z), and such that the composition

flg :S* — BBr(C,) — BO(n)

is homotopic to zero. We take g : S' — BBr(C,,) as a map homotopic to ¢’ and such
that f/g = &,. The map g defines a (BBr(C,,), f!)-structure on S!, and the map g
defines a (BC,, fn)-structure on St [St]. Let w’ € HY(BBr(Cy,);Z) be the element dual
to v € Hi(BBr(Cy);Z) and w is the reduction mod 2 of w’. By our construction the
characteristic number of S with (BBr(C,,), f,)-structure which corresponds to w, is a
nonzero element of Z/2. So the bordism class of S may be considered as a generator of
M Br(Cx)1 and its reduction from BBr(C),) to B(C,,) is a nonzero element of (M Cw)1.
The ring (MCx)« is a free commutative algebra over Z/2. So we have the following
theorem.

THEOREM 6.4. The coefficient ring M Br(Cs)s of the bordism theory corresponding
to the braid group of type C' is a polynomial algebra from one generator s in dimension 1:

MBr(C). 2 7Z/2]s].
COROLLARY 6.2. The image of the ring M Br(Cs )« in the unoriented cobordism ring

s equal to zero in positive dimensions.

Remark. In the unoriented cobordism ring MOy = Z/2, M O3 = 0. So the canonical
map to unoriented cobordism for the bordism groups of the braids of type D

MBr(Dso)« MO,
is neither a monomorphism nor an epimorphism.

Let us consider Thom spectra, corresponding to braid groups of finite Coxeter groups.
We have seen that these spectra are smash products of spectra for irreducible Coxeter
groups. Thom spectra M Bry, were studied by E. Brown and F. Peterson [BP] and Ralph
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Cohen [CR]. Let B(I) denote the Brown-Gitler spectrum [BG]. E. Brown and F. Peterson
[BP] proved the following theorem.

THEOREM 6.5. The Thom spectrum M Bry, is 2-equivalent to the Brown-Gitler spec-
trum B([k/2]), where [a] denotes the integer part of a.

COROLLARY 6.3. If a morphism
tn : MBr, — K(Z/2)

represents the generator of cohomologies of M Br,, as a module over the Steenrod algebra
and X is any CW complex, then the corresponding morphism of generalized homology
theories

(MBry)q(X) — Hq(X,Z/p)

is surjective for g < 2[n/2] + 1.
For odd primes Ralph Cohen [CR] proved the following theorem.

THEOREM 6.6. For p > 2, M Bry,, (k # 0 mod p) is homotopy p-equivalent to the
(p—2)k-fold suspension overthe Brown-Gitler spectrum S®=2*B([k/pl, p). If a morphism

sk : MBryy, — K(Z/p, (p — 2)k)

represents the generator of cohomologies of M Bryy, as a module over the Steenrod algebra,
and X is any CW complex, then the corresponding morphism of generalized homology
theories

M Br(Crp) gt (p—2) (X) = Hy(X, Z/p)

is surjective for
- { 2p([k/p] +1) =1, ifk#0 mod p,
L 2k—-1, if k=0 mod p.

Let A, be the mod p A-algebra described in [BCKQRS]. So As is the graded Z/2-
algebra generated by the elements \; of degree i for ¢ > 0, which are subject to certain
relations. If p is odd, A, is the graded Z/p-algebra generated by the elements X;_; of
degree 2i(p — 1) — 1 for ¢« > 1 , and the elements p;—; of degree 2i(p — 1) for i > 0,
which are also subject to certain relations. Let J; be the left ideal of A, generated by
Aoy -y Ak—1 if p=2and by A\g,..., Ag—1,ti—1, ..., tg—1 for p odd. Then from the results
of the papers [CR], [BCKQRS] we obtain the following facts.

COROLLARY 6.4. The 2-localization of the homotopy group (M Bry,) is isomorphic to
(A2/Jpmy2))q for @ < 2[n/2]. The p-localization of the homotopy group m,(M Br(Chyp)), k #
0 mod p, is isomorphic to (Ap/Jik/p))q—(p—2)k for ¢ < p(2[k/p] + Kk +2) — 2(k + 1).

We denote by tyw the Thom class of the spectrum M Br(W):
tw : MBr(W) — K(Z/2).

Let a¢ : M Br,, = M Br(C),) be the map induced by the embeddings of Coxeter graphs
which are described in Section 2. The composition:

MBr,, - MBr(C,) - MO(n) - MO — K(Z/2),
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where the last map is the Thom class of MO, is equal to the Thom class of M Br,,. The
analogous compositions for the series D and E:

MBr, — MBr(D,) - MO(n) - MO — K(Z/2),
MBr, - MBr(E,) - MO(n) - MO — K(Z/2), n=16,7,8

are equal to the Thom class of M Br,,. So we get that the homomorphisms induced in
cohomology:

H*(MBr(C,);2/2) - H*(MBr,);Z/2),
H*(MBr(D,);Z/2) — H*(MBr,);Z/2),
H*(MBr(E,);Z/2) - H* (MBr,);Z/2), n=16,7,8,
are epimorphisms. Using the Corollary 6.3 we obtain the following theorem [Ve].

THEOREM 6.7. If X is any CW complex then the maps for bordism theories
MBr(Cp)«( ), MBr(D,)«( ) and MBr(E,).( ), induced by the Thom class t:
X

MBr(Ch)qe(X) = Hy(X;Z/2),
MBr(Dp)q(X) = Hqy(X:Z/2),
MBr(E,)q(X) — Hy(X;Z/2), n=16,7,8,
are epimorphisms for ¢ < 2[n/2] + 1.
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