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HOMOMORPHISMS RELATIVE TO ADDITIVE CONVOLUTIONS AND
MAX-CONVOLUTIONS: FREE, BOOLEAN AND CLASSICAL CASES

TAKAHIRO HASEBE AND YUKI UEDA

ABSTRACT. We introduce new homomorphisms relative to additive convolutions and max-convolutions in
free, boolean and classical cases. Crucial roles are played by the limit distributions for free multiplicative
law of large numbers.

1. INTRODUCTION

In non-commutative probability theory, self-adjoint operators are interpreted as (real-valued) random
variables. A striking feature is that various notions of independence exist for those random variables. In
particular, free independence (also called freeness) has found its applications to operator algebras and
random matrices, so that it has been intensively studied; see [24, 22] and references therein. Several convo-
lutions of probability measures are associated with each notion of independence: the additive convolution
describes the law of the sum of independent random variables; multiplicative convolution describes the
law of product of independent random variables; max-convolution describes the law of maximum (in the
Ando’s sense [1]) of independent random variables.

Limit theorems in non-commutative probability are one of the main topics of interests. Limit theorems
for addition of independent random variables are quite parallel to those in probability theory as observed
in the pioneering work [11] and other papers, e.g. [14, 35]. Such a parallelism is remarkable, while the
effect of non-commutativity is not very visible in the results. On the other hand, the non-commutativity
of random variables appears more clearly in multiplicative law of large numbers. In probability theory, the
asymptotic behavior of products of a large number of independent positive random variables reduces to the
usual law of large numbers for addition of real-valued random variables, because the exponential mapping
is a homomorphism from (R, +) onto ((0, c0), -). However, for non-commutative random variables such as
random matrices, law of large numbers for products of independent random variables is no longer obvious
because the exponential mapping is not a homomorphism (an attempt to recover the homomorphism
property is found in [2] in the unitary case).

In free probability, Tucci [31], Haagerup and Moller [15] formulated and investigated the free multi-
plicative law of large numbers for non-negative free random variables. In terms of probability measures,

it can be formulated as the convergence of
(1.1) (¥)n,  neN,

where p is a probability measure on R := [0, 00), K is free multiplicative convolution (see Section 2) and
v* denotes the push-forward of a measure v by the mapping x — x® for a« € R. The limit distribution

of the sequence (1.1) exists and is denoted by ®(u) below. When p # §g, the limit distribution is
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characterized by

12 e =u) a2 (|o S(j_l)D —t, te (u({on, D),
where S, is the S-transform of p (see [15, Theorem 2]). Unlike the additive case where the limit distri-
bution is always a delta measure, the above limit distribution ®(u) need not be a delta measure and it is
far from universal; actually the mapping p — ®(p) is injective. This kind of non-universal limits should
appear in the level of random matrices of finite size since free probability somehow describes the large
size limit of random matrices. However, as far as the authors know, there have not been such results for
random matrices.

The second-named author discovered in [33, Theorems 1.1 and 1.2] an identity involving ®, free additive
convolution B and free max-convolution M, boolean additive convolution ¥ and boolean max-convolution

M (see Section 2 for those convolutions), in the forms
(13)  SDyB) =™,  t>1  and (D) = (W), t>0,

where D.(v), called the dilation or scaling, is the push-forward of a measure v by the mapping x — cx for
¢ > 0. An interesting point here is that there is no apparent or natural reason that suggests a connection
of free multiplicative law of large numbers, free additive convolution and free max-convolution, or boolean
ones.

The present paper seeks for a better understanding of those unexpected connections between various
convolutions and ®. In fact, a conceptual explanation of those connections is still lacking, but in this

paper we present further non-trivial identities closely related to (1.3). The main result is that the mapping
(1.4) = O(p) == ®(r K p)

is a homomorphism from the semigroup (P(Ry),H) to the semigroup (P(Ry),M), where P(Ry) is the

set of Borel probability measures on Ry and 7 is the standard Marchenko-Pastur law. Moreover, the

mapping

[1]

(1.5) p E(p) = o(r K Xp)

is a homomorphism from (P(R4),w) to (P(R4), V).

Section 2 summarizes several convolutions and computational tools needed in this paper. Section 3 is
the main part, where the homomorphism properties (1.4) and (1.5) for additive convolution and max-
convolution are established. A classical version of the homomorphism is also introduced. Section 4 is
devoted to intertwining relations of different types of homomorphisms including Bercovici—Pata bijections

and some others related to stable distributions.

2. PRELIMINARIES

We summarize convolutions and the analytic characterizations of them. Some convolutions and results
below can be extended to the set P(R) of probability measures on R, but we restrict ourselves mostly to

P(R4) to get refined descriptions of transforms. Also, this setting is sufficient for our purpose.
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2.1. Classical convolutions. For i € P(Ry), let Cy, M, be the cumulant transform and Mellin trans-
form of u € P(Ry), respectively:

(2.1) Cu(t) = log/R e du(u), t <0,
(2.2) M,(t) = /(o,oo) x" du(x), t € iR

The domains of the functions C}, and M, may be extended when the integrals converge. Classical additive
convolution * (see e.g. [28, Definition 2.4]) and multiplicative convolution ® are respectively characterized
by

Cuw =Cu+0Cy, Mg, = M, M,.
Note that the study of multiplicative convolution reduces to additive convolution by the exponential

mapping.
Finally, the max-convolution V of u,v € P(Ry) is characterized by

(u v w)([0,2]) = p([0,8)r((0,8]), ¢ =0,

see [26] for further information: extreme value distributions, higher-dimensional max-convolution and

max-infinitely divisible distributions, etc.

Example 2.1. The positive stable law s, with index 0 < o < 1 has the cumulant transform and the
Mellin transform
ra-1)

Cs, (1) = —(—1)7, t<0; M, (t) = Ta=1"

—00 <t < a,
see [36] or [28] for further information.

2.2. Free convolutions. For p € P(R,) define the Cauchy transform

Gu(s) = /Ooo ! du(z), s <0,

sS—X

and the number
(2.3 i [ (o) € (0.,
where we understand that x, = oo if u({0}) > 0. By calculus we see that G, < 0 on (—o00,0) and
Gu((=00,0)) = (—Ky,0), so that the compositional inverse G;lz (—Ku,0) = (—00,0) is defined. The
R-transform of y is defined by!
R,(t) = tG, (1) — 1, t € (—ku,0).
Free additive convolution is then characterized by
(2.4) Rym, = R, + R,

on the intersection of the three transforms. The formula (2.4) actually holds on (—k,m.,0) because

KusBy < Ky, ky. This can be proved as

KuBy = lim+7-[(X +Y 4+ < lim 7[(X +e)7 Y = Koy
e—0

e—0+

IThis definition of R-transform is taken from [24, Lecture 16], but many papers adopt the other definition R, (t) =
G, ') — 1/t
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where X, Y are free self-adjoint elements affiliated with a finite von Neumann algebra with normal faithful
tracial state 7 having the distributions u, v, respectively
If € P(Ry) \ {do} then we have [sG (s fo = x)2 du(x) < 0, and so we obtain by calculus

R, (t) = ng{:g > 0, t=Gu(s), s € (—00,0),

and R, ((—ku,0)) = (=1 + p({0}),0). For notational simplicity we sometimes extend R, to the home-
omorphism from [—#,,0] onto [~1 4 x({0}),0]. The compositional inverse R,' can then be defined on
(—1+ u({0}),0) and the S-transform is defined by

Su(u) = —+——=, we (=1+pu({0}),0).

The free multiplicative convolution of pu, v € P(R4) \ {do} is characterized by

(2.5) S/,,L&l/ = S,uSl/
on the intersection of the domains of three functions. Actually, it holds that

(2.6) (1B v)({0}) = max{p({0}), »({0})}

according to [7, Theorem 4.1], so that the common domain for (2.5) is the interval (—1+max{u({0}), »({0})},0).
The S-transform is defined in a different way in many papers. For p € P(R4) \ {do} let ¢, be the
moment-generating function of u defined by

() = /R M gu(w),  te (—o00]

+1—tu

By calculus, 9,,: (—00,0) = (=1 + u({0}),0) is strictly increasing and so has the compositional inverse
¢t on (=1 + pu({0}),0). The S-transform of  can alternatively be defined by

1+t _
Sult) = ——v, (1), te(=1+u({0}),0).
The reader is referred to [12, Section 6] for further information.

Finally, the free max-convolution of u,v € P(R) is characterized by

(1 v)([0,1]) = max{pu([0,]) + v([0,1]) — 1,0}, ¢ >0,

see [10, Sections 2 and 3] for further information.

Sometimes the R-transform of a probability measure 1 € P(Ry), defined on (-, 0), has a univalent
analytic continuation to a larger interval; denote by Ru the analytic continuation of R, to the maximal
interval of the form (—#&,,0),, € [#,,00] on which R, is univalent. Correspondingly, we denote by S,

the analytic continuation of S, defined on the range of Ru-

Example 2.2. The positive free stable law f, with index « € (0,1), introduced in [12, Section 7], has
the R-transform and the S-transform (see [3, Proposition 3.5))

Re,(t) = —(—0)°,  te (=000  Su()=(-D'F,  t€(~00,0).

This means that k¢, = co. On the other hand, it is known that f, does not have an atom, so that the
range of Rg, = Rfa’(_nfa,g) should be (—1,0). This implies that k¢, = 1. See [3, 11, 18] for further

information.
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Example 2.3. The Marchenko-Pastur law ) with rate A > 0 is defined by

(x—a)(b—2x)
2rw

where a = (1 —v/A)2 and b = (1 ++v/A)2. The special case m; is simply denoted by 7 and is called the

standard Marchenko-Pastur law. The R-transform and the S-transform are known to be
- 1
v t) = PEEE] N t _)‘7 .
By () = 15 A+t € (=A0)
This implies that £, = co. If A > 1 then m) does not have an atom at 0, and hence rr, is determined
so that Rm’(—m”,O) has the range (—1,0). This yields that kr, = 1/(A—1). If X € (0,1] then kK, = c0
by the definition (2.3). We can check that R, maps (—o00,0) onto (—A,0) = (=14 m({0}),0). In this

case the domains of Ry, and Ry, coincide.

(2.7) 7\ (dz) = max{0,1 — A\}dp(dz) +

1(a,b) (:U) dz,

t € (—00,0); S’m (t) =

Example 2.4. Let w,,, be the Wigner semicircle distribution with mean m and variance v > 0 such

that m > 21/v:
Vv — (. —m)?

2mv

Wi o(dz) = L(im—2y5,m+2y5) () dx.

Its R-transform is given by

Ru,,, (1) = mt + vt?, te(-%%xn

is a solution to mt + vt? = —1. The correct solution makes Ry, .,

m—vm2—4v
2v :

Since Wy, , has no atom at 0, —kw

m,v

univalent on (—Kw,,,,0), so that it is the larger one. Hence k,, , =

2.3. Boolean convolutions. The n-transform, also called the boolean cumulant transform, of 4 € P(Ry)
is defined by

Yu(t)
Nu(t) = . tE(—00,0).
: 1+ ,(t)
Boolean additive convolution W and boolean max-convolution M are then respectively characterized by
1 1 1
(2.8) N = M+ Mo = + —1, for t>0,

(nwp)([0,2])  u([0,t]) ~ v([0,2])
where (1 Mr)([0,t]) is set to be 0 when u([0,t]) = 0 or v([0,¢]) = 0. The reader is referred to [29, Section
3] and [34, Section 3] for further details.

Example 2.5. The positive boolean stable law b, with index « € (0, 1), introduced in [29, Section 3],
has the density (see [19, Proposition 4])
sin T xo!
' L(0,00)
T 22 4+ 2x*cosma+ 17V

and the n-transform and the S-transform (see [3, Proposition 3.5])

()

—t 0

m) = (0% telw0r Sn=(155) . te(-Lo)

2.4. Infinitely divisible distributions. Given an associative convolution * on the set of (Borel) proba-
bility measures, let ZD(RR, x) be the set of infinitely divisible distributions on R with respect to *, that is,
a probability measure p on R belongs to ZD(R, x) if and only if for every n € N there exists p, € P(R),

called a convolution n-th root of u, such that

M= i K fhn K e e K iy

n fold
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We also set ZD(R, ) to be the class of all infinitely divisible distributions on Ry such that one may
take convolution n-th roots from P(R;) for all n € N. The members in the class ZD(R,,H) are called
free regular distributions introduced in [25, Section 2.1] and investigated further in [4, 27].

Some classes are trivial such as ZD(R,V) = ZD(R,¥) = P(R) and ZD(R;,¥) = P(R), while some
are not; for example ZD(R, x), ZD(R,B) & P(R) (see [28, 12]). It is known that actually ZD(Ry,*) =
ID(R, *) NP(Ry), while ZD(R,,H) & ITD(R,H) N P(R4); see [25, p.105] and [27, Proposition 3.1].

The class of infinitely divisible distributions is of interest from the viewpoint of stochastic processes of

independent increments and of limit theorems. The interested reader can consult [13, 5.

3. HOMOMORPHISMS FROM ADDITIVE CONVOLUTIONS TO MAX-CONVOLUTIONS

3.1. The free case. In order to prove that the mapping © defined in (1.4) is a homomorphism, we start

by characterizing the distribution function of ©(u).

Proposition 3.1. For u € P(Ry), we obtain

O(u)([0,2]) = {

0, 0<t< /1;1,
L+ Ry (=), t>r,",

where k1

u o is set to be 0 if Ky = 0.

Remark 3.2. If £, = oo then the interval [0,x,") is empty, so that the formula is simply ©(u)([0,t]) =
1+ R, (—t71) for all t > 0. If k,, < oo then p({0}) = 0 and hence ©(u)([0, K;l]) =0.

Proof. Note that the identity

o) (|0 s D)) =

holds for u € ((w~1X u)({0}),1) = (u({0}),1). Using Sx(u) = 1/(u+ 1) and Haagerup-Schultz’s formula
[16, Proposition 3.13], we obtain S;-1(u) =1/Sz(—u — 1) = —u for u € (—=1,0). Therefore we have
1 1 1

- 1).
Sﬂ.fl(u — I)SM(U — 1) (u — 1)SM(U’ — 1) R;l(u - 1)’ u e (M({O}), )
Substituting v = 1+ R, (—1/t), where t € (/i;l, 00), into the above yields that
O(p)([0,1]) = 1+ Ry(~t7).

Taking the limit ¢ | £, further implies that ©(u)([0,«;,']) = u({0}). Thus the desired formula holds for
allt > k1.

For 0 <t< /{ljl we may assume that x({0}) = 0; otherwise £, = oo and [0, &;1) would be empty. We
already know that ©(u)([0,5,']) = 0. Therefore, the non-decreasing function ¢ — ©(u)([0,¢]) must be
identically 0 on [0, /{;1]. O

Theorem 3.3. The mapping © in (1.4) is a homomorphism from the semigroup (P(R4),8) to (P(R4), ).
Proof. The goal is to show that for any u,v € P(R4),
(3.1) 018 1) ([0, 1)) = max({O()([0,1) + OW)(0,6) ~ 1,0}, >0,

Case 1: t > 5;513”. By Proposition 3.1 and the general fact H;Blay > K,;l, r; ', we have

(3.2) O(uBv)([0,]) = ©(1)([0,1]) + O(¥)([0,1]) - 1.
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The equation (3.1) thus holds for all ¢ > n;alay.
We have nothing to prove anymore if x,m, = 00, so we may assume that x,m, < oo below. This in

particular implies that ©(u B v)([0, ’%Bﬂy]) = 0 by Proposition 3.1.

Case 2: 0 <t < ”ualau We have ©(u B v)(]0,t]) = 0 by Proposition 3.1. Since u — O(u)([0,u]) +

O(v)([0,u]) is non-decreasing on R and t < x4 , we have

pHy

O(1)([0,]) + ©@)([0,]) — 1 < O(U)([0, kg, )) + O(W) ([0, g, ]) — 1

= @(/L H V)([()’ K,uﬁﬂll])
— 0,

where (3.2) was used on the second line. This implies (3.1). O

Note that w~! coincides with the free stable law f; /2, SO We may write

(3.3) O (1) = B(f1o 8 1),

which is to be compared with (3.8).

A version of Theorem 3.3 holds in the setting of partially defined free convolution semigroups. Recall
that each u € P(Ry) associates the partially defined free convolution semigroup {u®};>1 C P(R4) such
that R @ = tR, on their common domain, see [24, Corollary 14.13] and [8, Theorem 2.5].

Proposition 3.4. Let t > 1 and u be a probability measure on P(Ry). Then
(™) = O (u)™.

Proof. A natural proof would be to follow the lines of Theorem 3.3, but here we provide an alternative

proof by exploiting several known identities:

O(u™) = @(f1/o X (™))
3.4) = (D;-2((f)3) B (u™)))
3.5) = ®(Dy1 (15 B p)™)
(3.6) = ®(fy/o R )™
=0 (™
where the stability condition ff'% Dy2(fy2), the distributive relation (uXv)® = Dy, (™) R (1)) [9,
Proposition 3.5] and (1.3) are used in the steps (3.4), (3.5) and (3.6), respectively. O

The proof above shows how the homomorphism property of © is related to the first identity in (1.3).

Example 3.5. Let a € (0,1). Recall from Example 2.2 that Rg (t) = —(—t)® on (—1,0) with k¢, = 1.
Then Proposition 3.1 yields that

G(fa)([()?t]) = (I)(Tril X fa)([()?t]) = (1 - tia)-f-? t=>0,

so that ©(f,) is the Pareto distribution, which is a free extreme value distribution [10, Definition 6.7]. It

also coincides with u™a, where u is the uniform distribution on (0,1) as observed in [20, Remark 6].
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3.2. The boolean case. In order to prove that the mapping = defined in (1.5) is a homomorphism, we

start by characterizing the distribution function of Z(u).
Lemma 3.6. Let p € P(Ry). Then kxx, = 0o.

Proof. Recall that R, (t) = ¥,(t) for t € (—00,0). If = & then the conclusion is obvious, so assume
that u # dg. Then Eﬂg# bijectively maps (—o0,0) onto (—1+ ©({0}),0) = (=1 + (7w X u)({0}),0), where

(2.6) was used. Since the last interval is the range of Rrx,, we conclude that rrx, = oco. O

Proposition 3.7. Consider p € P(Ry). Then
2(@)(0,1]) =1+ wu(—t""), 20,
where 1, (—071) = limy_, oo ¥, (t) = —1 + p({0}).

Proof. Tt suffices to replace p with 7 X 1 in Proposition 3.1 and use the identity [24, Proposition 12.18]

(37) Rﬂ&u(t) = w,u(t)a

together with Lemma 3.6 which entails that R,@M and Rnpx, have the same domain (—o0,0). O
Theorem 3.8. The mapping = in (1.5) is a homomorphism from the semigroup (P(R4), W) to (P(R4),V).

Proof. The goal is to demonstrate that

1 _ 1 N 1 .
E(pwr)((0,t)  E(0,1])  E@)(0,¢])

Note that by Proposition 3.7

! : 1= (=)
= = =Lt
E((0,]) T4 hu(—t1) g
The goal is then achieved from the additivity relation (2.8). O

Note that the measure w X 7w~! is actually the boolean stable law b /2, so that we may write

(3.8) E(p) = @(by2 K p),
which shows a resemblance with (3.3). Also, the obvious formula
(3.9) =(1) = O(m K 1)

relates = and ©.
Actually, the mapping = was already discussed in [3, Theorem 5.4], where the following formula was

obtained.
Proposition 3.9. For € P(Ry) we have

Ep)=e®e '@y,
where e is the exponential distribution with density €1 (g ) (x).

Remark 3.10. The distribution e® e ™! is the Pareto distribution having the density (1 + 1’)_21(0,00) (z).

Theorem 3.8 has a version for convolution semigroups. Recall that each p € P(R) associates the w-
convolution semigroup {u**};>0 C P(R) such that 1, = tn, [29, Proposition 3.1]. It follows from [17,
Theorem 6.2] that actually {u*};>0 C P(R4) whenever u € P(R4).
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Proposition 3.11. Lett >0 and p € P(Ry). Then

[1]

LirJt) — )Mt.

E(u (ke

Proof. The proof is similar to Proposition 3.4 or Theorem 3.8 and is omitted. O
Example 3.12. Let a € (0,1). Since np, (t) = —(—t), Proposition 3.1 yields that
tOé
T 10 t 2 07
1+t

so that Z(b,) is the Dagum distribution, which is a boolean extreme value distribution [34, Corollary

E(by)([0,1]) = ®(m 'R K b,)([0,t]) =

4.1]. Tt coincides with (™' ® €)'/ as observed in [20, Remark 6], which also appears in Section 4.2; see
(4.8).

3.3. The classical case. We define a classical analogue of the mappings © and =. In the following we
understand that log 0 = —oco. We begin with the following lemma which ensures that the definition makes

sense.

Lemma 3.13. For every u € P(Ry), the mapping

(0,00) 2t +— /000 Cu(—z/t)e” " dx € (log n({0}),0)

is a strictly increasing homeomorphism. We will extend it to a homeomorphism from [0, 00) onto [log pu({0}),0)

when convenient.

Proof. Let f(u) := —C,(—u). It is clear that f is a non-negative strictly increasing continuous function on
[0, 00) such that f(0) = 0. By the dominated convergence theorem we get lim;_,_ fR+ e'® du(z) = u({0})
and hence lim,_,o f(u) = —log u({0}).

We find constants a,b > 0 depending only on p such that f(u) < au+b. This is carried out as follows.
Choose a > 0 such that u([0,a]) > 0. Then

Cu(—u) = log/

¢ dula) 2 log [ e du(a)
R4

[0,a]
> log / e~ dp(x) = —au + log ([0, al),
[0,a]

so we can set b = —log ([0, a]) to get the inequality f(u) < au + b. This implies that = — f(z/t)e " €
LY((0,00),dz) for every t € (0, c0).
It is obvious that

t— /OOO flz/t)e " dx

is strictly decreasing, and also continuous by the dominated convergence theorem. The monotone con-

vergence theorem implies that

o0
i [ f(a /e do = ~log ({0},
t—0t Jo

and since |f(x/t)] < f(z) for all x € (0,00),t € (1,00), the dominated convergence theorem implies that

lim /OOO flx/t)e " dx = 0.

t—o00
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According to Lemma 3.13, for each p € P(Ry) we are able to define a probability measure Q(u) €
P(R4) by

Q(0.1) =exp ([ Culme/ie o), e ) and 200D = ({0,
This definition is given so that the intertwining relations in Theorem 4.3 below hold.
Theorem 3.14. The mapping Q: (P(Ry),*) — (P(R4),V) is a homomorphism.

Proof. The following straightforward computation is valid for ¢t > 0:
Q(p*v)(]0,t]) = exp (/ Cuw(—x/t)e "’“"da:)
( (—z/t)e xdm—i—/ Cy(—x/t)e ™ dac)
0
1)
)V

oo

c\

[0, ¢))Q2(»)([0, ¢])
(( Q)([0,1]).

It also holds for ¢ = 0 by the right-continuity or direct computations. ([l

We introduce another mapping Q by
Qu) =e '@ p.

A straightforward computation yields

Q(n)([0,1]) = / e M du(x) = exp(Cu(—t7")), € (0,00).

(0,00)
We can easily show that the mapping Q: (P(R.),*) — (P(R4),V) is a homomorphism. This mapping
will be studied in Section 4.2.

Example 3.15. By straightforward computations we get
Qsa)([0,1])) = exp(-T(L+a)t™),  Qsa)([0,1])) =exp(—t™®),  t € (0,00),
so that both Q(s,) and Q(s,) are Frétchet distributions. Note that €(s,) coincides with e=1/.

4. INTERTWINING RELATIONS

We will observe several intertwining relations for the homomorphisms 0, Z, Q,  together with Bercovici—
Pata bijections and some homomorphisms related with stable distributions. In what follows when we talk
about a homeomorphism between sets of probability measures, the continuity is always concerned with

the weak convergence of probability measures.

4.1. Relations with Bercovici-Pata bijections. Let A be the Bercovici-Pata bijection (see [11, Theo-
rem 1.2] and [5, Definition 3.1]) which is a homeomorphic homomorphism from the semigroup (ZD(R, *), )
o (ZD(R, ), 8). Its restriction A|lzpr, «) is a bijection from ZD(Ry, *) onto TD(R4,H). According to
[6, Theorem 4.1], the measure A(u) for u € ZD(R4, %) is characterized by
(4.1) RA(M)(t) = / Cy(tx)e " dx, t € (—00,0).
0

Let AV be the homomorphism from the semigroup (P(R4),V) to (P(R4),[):

AY () (0, 1)) = max{1 +logu([0,]),0}, >0,
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introduced in [10, Section 6], where the reader may understand A (u)([0,¢]) = 0 if u([0,¢]) = 0.
A homeomorphic homomorphism X: (P(R),w) — (ZD(R, ), *) is defined by

N1 (1) = /0 Co(tx)e " dr = Ry(t), 1€ (—o0,0).

whose restriction to P(R4) is a bijection onto ZD(R, ). Notice that X = A~! o Ay on P(Ry). We also
have Q(X (1)) ([0,¢]) = exp(n,(—1/t)) for u € P(R,), which implies in the limit ¢ — 07 that

exp(1 — u({0})71), if u({0}) > 0,
A (p)({0}) = : -
0, if u({0}) = 0.
Furthermore, let X'V be the homeomorphic homomorphism from the semigroup (P (R ), V) to (P(Ry), V):

XY ()([0,4]) = exp(1 - u([0,)7H),  t=0,

introduced in [34, Section 4], where we understand XV (1)([0,¢]) = 0 if ([0, ¢]) = 0.

As a preliminary, the point mass of measures at 0 is investigated below.

Lemma 4.1. Let p € TD(R4, ).

(1) If p({0}) < 1/e then kp(,) < oo.
(2) If p({0}) > 1/e then rp(,) = oo.
(3) A)({0}) = max{1 + log u({0}), 0}.

Proof. First note that, by Lemma 3.13 and (4.1), RA(M) maps (—o0,0) onto (log 11({0}),0).

Suppose that 1({0}) < 1/e. Since log u({0}) < —1, we have () < oo; otherwise the range of Ry,
would contain —1. The established fact x,(,) < oo implies that A(u)({0}) = 0.

Suppose that p({0}) > 1/e, which means logu({0}) > —1. If xy(,) < oo then there would exist
€ € (0,1) such that Ry(,)((—ka(u),0)) = (—1+4¢,0). This implies that A(u)({0}) = € > 0, a contradiction
to rp(u) < 0o. Therefore, we must have ry(,) = co. Moreover, in this case we have R, ((—rp(y),0)) =
(log 4({0}),0), so that —1 4+ A(u)({0}) = log u({0}). O

Example 4.2. As a special case of Lemma 4.1 (3), the Poisson distribution with rate A > 0 has the
mass e~ at 0, while the Marchenko-Pastur distribution with rate X, which is the image of the Poisson
distribution by A, has the mass max{1l — X, 0} at 0.

Theorem 4.3. The following intertwining relations
A oQ=00A on IDRy,x) and  QoX =X"oZ on P[Ry)

hold, which yield the following commuting diagram for homomorphisms:

(P(Ry), ) — —~ (ID(Ry, %), %) —— (ID(R, ), )
= Q e
(P(R-f-)? M) v (P(R-i-)v \/) AV (P(R+), M)
Proof. For u € TD(R, %) we have
0<t<ryl

@A) =1 ) = Far
L+ [§° Cu(—a/t)e™ da, t> kg,
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while

0, 0 < Qu)([0,1]) < e,

(AY 0 Q(u)([0,1]) = {1 + [0 Cul—x/t)edz,  Qu)([0,t]) > e .

Hence it suffices to show that {t € [0,00) : Q(u)([0,t]) > e~} = [/{X(lu), 00).

Case 1. If u({0}) > 1/e then /11;(1“) = 0 by Lemma 4.1, and Q(u)([0,¢]) > u({0}) > 1/e for all t > 0.

Case 2. If u({0}) < 1/e then /@X(l) > 0 and A(p)({0}) = 0 by Lemma 4.1. Then the condition
Q(u)([0,¢]) > et is equivalent to that RA (=1/t) = [;° Cu(—z/t)e " dz > —1. Since A(u)({0}) = 0,

this is further equivalent to that —1/t > —k (.

Thus the first intertwining relation has been established.

For the second intertwining relation, given u € P(R4) and ¢ € (0, 00), we proceed as

(€20 X (u))([0,t]) = exp(nu(=1/1))

= exp (1_ E(u)(l[(),t])>
t

= (XY o E(u

~—
~—
—~
)
~—

By the right-continuity, this holds for ¢ = 0 as well. g

An obvious corollary of Theorem 4.3 is the intertwining relation between boolean and free convolutions,
which is described explicitly below. The homeomorphic homomorphism Ayy := Ao X: (P(R),w) —
(ID(R,H),H) is called the boolean-to-free Bercovici-Pata bijection (denoted by B in [9, (2.20)]). Its
restriction Apy|pg, ) induces a bijection from P(R+) onto ZD(Ry, H). Let Ay := AV oXY: (P(R4),V) —
(ID(R.,[),M) be the max-boolean-to-free homomorphism (denoted by B} in [32, Proposition 5.5]).
They are characterized by

1
u([0,2])”
where the reader may understand Ay, (u)([0,¢]) = 0 if p([0,¢]) = 0. From the latter formula, it can be

observed that Agf is not injective.

(4.2) RAbf(,“) =17, on (—o0,0) and Al\)/f(u)([(),t]) = max {2 — 0} for t>0,

It follows from the commuting diagram for homomorphisms in Theorem 4.3 that
(4.3) ©oMy = Agf =) on P(R4),

giving a relation between © and = different from (3.9). The formula (4.3) can also be more directly
proved, without resorting to Theorem 4.3 but with similar arguments, based on the following facts for

p € P(R4) which may be of independent interest.
(1) If u({0}) < 1/2 then kyp, () < 00.
(2) If u({0}) > 1/2 then ky, () = 0.
(3) Aoy ()({0}) = max(2 — 5,0},

The proofs of those facts are similar to Lemma 4.1. The details are omitted here.

4.2. Relations with stable distributions. For the sake of notational convenience, for ¢ € R and
v € P(R;) let P.(v) stand for v¢, the push-forward of v by the map ¢ — t¢. We can easily check that



HOMOMORPHISMS RELATIVE TO ADDITIVE CONVOLUTIONS AND MAX-CONVOLUTIONS 13
P. is a homomorphism on any of the semigroups (P(Ry), V), (P(R4),M) and (P(R4), V). Therefore, the
mappings
(4.4) P.oQ, P.o®, and P,oZ

are homomorphisms from the corresponding additive convolution to the max one.

On the other hand, in [3, Theorem 4.14] the following mappings
Sa(V) =8, ® /e F,(v)=£f,K e and B.(v) = b, ® pl/e

have been introduced and shown to be homomorphisms on (P(R4), ), (P(R4),H) and (P(R4),4), re-
spectively. Moreover, according to [3, Theorem 4.5] the identity

by ® Vl/a = b, X l/@l/a
holds, which provides an alternative formula for B, (v).
The mappings
(4.5) QoS,, ©oF,, and ZoB,

are therefore homomorphisms from the corresponding additive convolution to the max one. We will relate
(4.4) and (4.5) below.

Lemma 4.4. Let o € (0,1). The following identities hold:

e ! ® Sy = efl/a’

p— £, = (71,71)®1/a7
(e®e @b, = (e®e )/,
(R H)Rb, = (7 K H)/e,
Proof. The first identity follows from the Mellin transforms M, (t) = I'(1 — £)/I(1 — t) and Me(t) =
['(1+t). The third identity follows from the first one and b, = s, ®s; ! [3, Proposition 4.12]. The second

identity follows from the fact 7! = f; )5 and the S-transform Sg, (t) = (—t)%. The fourth identity
follows from the second one and b, = f, X f;! [3, Proposition 4.12]. O

Remark 4.5. The identities above somehow suggest that 7 corresponds to e. This correspondence has

been observed in other contexts in free probability, see e.g. [30] and [21, Remark 4.5].

Proposition 4.6. For every o € (0,1) we have

Q0S8 =Py),0Q,  ©0F,=P;,00, EoB,=P,0E.

Proof. The first identity is a simple combination of (4.6) and Q(v) = e ! ® v. The second identity follows
from

IR, KMV = (71'71 X V)gl/a,
which is a consequence of (4.7), and the fact that ®(u®) = ®(u)! for all ¢ > 1. The third identity follows

from (4.8) and the formula Z(1) = e ® e ! ® u; note that one can alternatively use (4.9) and the formula
Ep)=0(r R X pu). O

Remark 4.7. There seems no concise formula that relates 20 S, with Py, o Q.



14

TAKAHIRO HASEBE AND YUKI UEDA

ACKNOWLEDGEMENTS

T.H. is supported by JSPS Grant-in-Aid for Young Scientists 19K14546. This research is an outcome
of Joint Seminar supported by JSPS and CNRS under the Japan-France Research Cooperative Program.

1]
2]

3]

[30]
31]

REFERENCES

T. Ando, Majorization, doubly stochastic matrices and comparison of eigenvalues. Linear Algebra Appl. 118, (1989)
163—-248.

M. Anshelevich and O. Arizmendi, The exponential map in non-commutative probability, Int. Math. Res. Notices 2017,
Issue 17 (2017), 5302-5342.

O. Arizmendi and T. Hasebe, Classical scale mixtures of boolean stable laws, Trans. Amer. Math. Soc. 368 (2016),
4873-4905.

O. Arizmendi, T. Hasebe and N. Sakuma, On the law of free subordinators, ALEA Lat. Am. J. Probab. Math. Stat. 10
(2013), no. 1, 271-291.

O.E. Barndorf-Nielsen and S. Thorbjgrnsen, Self-decomposability and Lévy processes in free probability, Bernoulli 8(3)
(2002), 323-366.

O.E. Barndorff-Nielsen and S. Thorbjgrnsen, A connection between free and classical infinite divisibility, Infin. Dimens.
Anal. Quantum Probab. Relat. Top. 7 (2004), No. 4, 573-590.

S.T. Belinschi, The atoms of the free multiplicative convolution of two probability distributions, Integr. Equ. Oper.
Theory 46 (2003), 377-386.

S.T. Belinschi and H. Bercovici, Atoms and regularity for measures in a partially defined free convolution semigroup,
Math. Z. 248 (2004), no. 4, 665-674.

S.T. Belinschi and A. Nica, On a remarkable semigroup of homomorphisms with respect to free multiplicative convolution,
Indiana Univ. Math. J. 57, no. 4 (2008), 1679-1713.

G. Ben Arous and D.V. Voiculescu, Free extreme values, Ann. Probab. 34 (5) (2006), 2037-2059.

H. Bercovici and V. Pata, Stable laws and domains of attraction in free probability theory (with an appendix by Philippe
Biane), Ann. of Math. (2) 149, no. 3 (1999), 1023-1060.

H. Bercovici and D. Voiculescu, Free convolution of measures with unbounded support, Indiana Univ. Math. J. 42, no.
3 (1993), 733-773.

P. Biane, Processes with free increments, Math. Z. 227 (1998), no.1, 143-174.

G.P. Chistyakov and F. Gotze, Limit theorems in free probability theory. I, Ann. Probab. 36, no. 1 (2008), 54-90.

U. Haagerup and S. Moller, The law of large numbers for the free multiplicative convolution, in: Operator Algebra and
Dynamics, Springer Proceedings in Mathematics & Statistics 58, 2013, 157-186.

U. Haagerup and H. Schultz, Brown measures of unbounded operators affiliated with a finite von Neumann algebra,
Math. Scand. 100 (2007), 209-263.

T. Hasebe, Monotone convolution semigroups, Studia Math. 200 (2010), 175-199.

T. Hasebe and A. Kuznetsov, On free stable distributions, Electron. Commun. Probab. 19, no. 56 (2014), 1-12.

T. Hasebe and N. Sakuma, Unimodality of boolean and monotone stable distributions, Demonstr. Math. 48, no. 3
(2015), 424-4309.

T. Hasebe, T. Simon and M. Wang, Some properties of the free stable distributions, Ann. Inst. Henri Poincaré Probab.
Stat. 56, No. 1 (2020), 296-325.

T. Hasebe and K. Szpojankowski, On free Generalized Inverse Gaussian distributions, Complex Analysis and Operator
Theory 13 (2019), Issue 7, 3091-3116.

J.A. Mingo and R. Speicher, Free Probability and Random Matrices, Fields Institute Monographs 35, Springer, New
York, 2017.

A. Nica and R. Speicher, On the multiplication of free N-tuples of noncommutative random variables, Amer. J. Math.
118, no. 4 (1996), 799-837.

A. Nica and R. Speicher, Lectures on the Combinatorics of Free Probability, London Mathematical Society Lecture Notes
Series, 335, Cambridge University Press, Cambridge, 2006.

V. Pérez-Abreu and N. Sakuma, Free infinite divisibility of free multiplicative mixtures of the Wigner distribution, J.
Theoret. Probab. 25 (2012), no.1, 100-121.

S.I. Resnick, Extreme Values, Regular Variation, and Point Processes. Applied Probability. A Series of the Applied
Probability Trust, 4. Springer-Verlag, New York, 1987. xii+320 pp.

N. Sakuma, On free regular infinitely divisible distributions, RIMS Kékytroku Bessatsu B27 (2011), 115-121.

K. Sato, Lévy Processes and Infinitely Divisible Distributions, corrected paperback edition, Cambridge University Press,
Cambridge, 2013.

R. Speicher and R. Woroudi, Boolean convolution, Free Probability Theory, Ed. D. Voiculescu, Fields Inst. Commun.
12, Amer. Math. Soc. (1997), 267-280.

K. Szpojankowski, On the Lukacs property for free random variables, Studia Math. 228 (1) (2015), 55-72.

G.H. Tucci, Limits laws for geometric means of free random variables, Indiana Univ. Math. J. 59(1) (2010), 1-13.



HOMOMORPHISMS RELATIVE TO ADDITIVE CONVOLUTIONS AND MAX-CONVOLUTIONS 15

[32] Y. Ueda, Limit theorems for classical, freely and Boolean max-infinitely divisible distributions. to appear in J. Theoret.
Probab. Available at arXiv:1907.11996.

[33] Y. Ueda, Max-convolution semigroups and extreme values in limit theorems for the free multiplicative convolution. to
appear in Bernoulli. Available at arXiv:2003.05382.

[34] J.G. Vargas and D.V. Voiculescu, Boolean extremes and Dagum distributions. Available at arXiv:1711.06227

[35] J.-C. Wang, Limit laws for boolean convolutions, Pac. J. Math. 237 (2008), no. 2, 349-371.

[36] V.M. Zolotarev, One-dimensional stable distributions, Translations of Mathematical Monographs 65, American Mathe-
matical Society, Providence, RI, 1986.

TAKAHIRO HASEBE: DEPARTMENT OF MATHEMATICS, HOKKAIDO UNIVERSITY, KiTA 10, NisHI 8, KiTA-KU, SAPPORO,
Hoxkkaipo, 060-0810, JAPAN
Email address: thasebe@math.sci.hokudai.ac.jp

YUKI UEDA: DEPARTMENT OF MATHEMATICS, HOKKAIDO UNIVERSITY OF EDUCATION, 9 HOKUMON-CHO, ASAHIKAWA,
HokkAIDO 002-8501, JAPAN
Email address: ueda.yuki@a.hokkyodai.ac.jp



