Part 1.

HOMOTOPY THEORY IN TORIC TOPOLOGY

J. GRBIC AND S. THERIAULT

ABSTRACT. In toric topology, to each simplicial complex K on m vertices one associates two key
spaces, the Davis-Januskiewicz space DJg and the moment-angle complex Zk, which are related
by a homotopy fibration Zg N DJg — [[7~, CP>. A great deal of work has been done to
study properties of DJg and Zk, their generalisations to polyhedral products, and applications
to algebra, combinatorics and geometry.

In the first part of this paper we survey some of the main results in the study of the homotopy
theory of these spaces. In the second part we break new ground by initiating a study of the map w.
We show that, for a certain family of simplicial complexes K, the map w is a sum of higher and

iterated Whitehead products.
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Part 1. A Survey of Homotopy Theory in Toric Topology

In the first part of the paper we survey some of the homotopy theory surrounding moment-angle
complexes and their generalisation to polyhedral products. The topics covered are not meant to be
comprehensive but instead reflect some of the problems and properties that have motivated research

in the area over the past decade.

1. INTRODUCTION

1.1. Davis-Januszkiewicz spaces and moment-angle complexes. The story starts with Davis
and Januszkiewicz’s work [DJ] which uses simple polytopes to construct new families of manifolds
with torus actions. However, it is more convenient for us to begin with Buchstaber and Panov’s
generalisation [BP1] of their construction to simplicial complexes. Let K be a simplicial complex on
the vertex set [m]. Let 7™ =[]/, S* be the m-torus and let BT™ = [[;2, CP> be its classifying

space. For a face 0 € K, let

m CP>® ifico
DJ, = H Y; where Y, =
i=1 * ifiédo.
The Davis-Januszkiewicz space DJk is defined by
(1) DIk = J DJs.
ceK

Observe that DJg is a subspace of the product H?;l CpP=.

There is another fundamental space constructed analogously to DJg. For a face 0 € K, let
m D? ifico
Z, = H Y; where Y, =
i=1 St ifi¢o.
The moment-angle complexr Zk is defined by

(2) zZk = 2.

ceEK
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Notice that Zk is a subspace of the product [];~, D?. There is a canonical action of 7™ on [[;~, D?
given by coordinate wise rotation of the disc. This induces an action of 77" on the subspace Zx. A
remarkable feature of this action is that the homotopy orbit space of Zx is DJg. Thus there is a

homotopy fibration sequence

Davis and Januszkiewicz were interested in the case when the simplicial complex K is the dual
of the boundary of a simple polytope, in which case the moment-angle complex can be shown to be
a manifold. They then considered characteristic maps A: T — T" for n < m satisfying certain
condition (x) whose kernel ker A ~ T™~"™ had the property that the quotient space M) = Zk /ker A
was a manifold, equipped with an action of T™. The manifolds M, have come to be known as quasi-
toric manifolds and their geometry and algebraic topology are the subject of intense investigation.

A good survey describing research in this direction is [CMS].

1.2. Connections to commutative algebra and combinatorics. The spaces DJg and Zg are
intimately related to concepts in commutative algebra and combinatorics. To describe connections
to commutative algebra, let R be a commutative ring with a unit and let R[vy, .. .,v,,] be the graded
polynomial algebra on m variables, where deg(v;) = 2 for each . If K is a simplicial complex on the

vertex set [m], the Stanley-Reisner ring R[K], also known as the face ring of K, is the quotient ring
R[K] = Rlv1,...,v,]/Tk

where Zx is the homogeneous ideal generated by all square free monomials v = v;, - - - v;, such that

s

o={vi,,...v;,} ¢ K. In [DJ, BP1] it is shown that there is a ring isomorphism
H*(DJk) 2 Z|K).

Thus the algebraic topology of DJk can be used to determine information about the Stanley-Reisner

ring Z[K] and vice-versa. Further, by [BBP] there is a ring isomorphism

H*(Z§;Z) = Torgyy, .. (Z|K),Z).

Um]

For a given K, the Tor-algebra may be very complex, involving non-trivial cup products or non-
trivial higher Massey products. An important special case is when the Tor-algebra is as simple as
possible. A local ring R is Golod over k if all Massey products in Tory(,, .. .,.](R,k) vanish, where
k is a field or Z. Golod [Go] showed that if R is Golod then its Poincaré series is a rational function.
It is a major problem in commutative algebra to determine which local rings are Golod. In our case,
we ask when the Stanley-Reisner face ring Z[K] is Golod - which is equivalent to H*(Z) having all
cup products and higher Massey products being trivial. Trevisan [Tr] showed that the case of the
Stanley-Reisner ring is sufficient in determining the Golod property of a local ring as polarisation of

a local ring keeps the Golod property.
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To describe the connection to combinatorics, again assume that K is a simplicial complex on the

vertex set [m]. Let L, be the complex coordinate subspace of C™ given by
LO':{(Zla"'vznz) E(Cm | iy == 2y :O}

where o = {i1,...,4x} is a subset of [m]. Taking the union of all such L, for o ¢ K, we obtain a
complex coordinate subspace arrangement
CAK) = | L.
c¢K
Its complement is

U(K) = C™\CA(K).

Notice that the torus T™ acts coordinate wise on each L, and these actions are compatible over the
union, so it acts on CA(K) and therefore on its complement U(K). Buchstaber and Panov [BP1]
showed that the moment-angle complex Zx is a T™-equivariant retract of U(K). Consequently,

there is a homotopy equivalence

implying that homotopy theoretic properties of Zx determine those of the complement of the cor-
responding coordinate subspace arrangement.

This interplay between Davis-Januszkiewicz spaces, moment-angle complexes, Stanley-Reisner
rings, Golod rings and complements of coordinate subspace arrangements has motivated much of

the research into the homotopy theory of DJg and Z.

1.3. Polyhedral products. The analogous constructions of DJk and Zk in (1) and (2) suggest
that a generalised functorial construction. This led Buchstaber and Panov [BP2] to define K-powers
which later in various work [GT1, DS, BBCGI1] developed more fully as polyhedral products. Let
K be a simplicial complex on m vertices. For 1 < i < m, let (X;, 4;) be a pair of pointed CW-
complexes, where A; is a pointed subspace of X;. Let (X,A4) = {(X;, 4;)}™, be the sequence of
pointed C'W-pairs. For each simplex o € K, let (X, A)? be the subspace of []\"; X; defined by

m X, ifieo

(X, A7 =]]vi where V=
i=1 A; ifido.

The polyhedral product of (X, A) and K is
(1) (X, A% = | (X, 4)".
oceK
Notice that (X, A)" is a subspace of the product []!", X;. Notice as well that the polyhedral
product construction (X, A)¥ is natural for maps of pairs (X;, A;) — (X, A%) and for maps of

simplicial complexes K — L where K and L may have different vertex sets. If each pair (X;, 4;)
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equals a fixed pair (X, A), write (X, A)X for the polyhedral product of (X, A) and K. Observe
from (1) and (2) that DJx = (CP>, %)X and Zx = (D?, S1)X.

Polyhedral products are homotopy theoretic generalisations of Davis-Januszkiewicz spaces and
moment-angle complexes, so it is reasonable to expect that most of the homotopy theoretical results
that can be determined about DJyi and Zg also hold for the corresponding polyhedral products
(X, %)X and (CX, X)X, where CX is the reduced cone on X. Of course, none of the geometry of
moment-angle complexes, such as the existence of a manifold structure, can be expected to hold in
general for polyhedral products, unless the pairs considered are (D™, S"~!) for n > 1.

To get a feeling for polyhedral products it is helpful to describe several examples. For pointed
spaces X and Y, the smash product X A'Y is the quotient space X AY = (X xY)/(X VY).
Let I be the unit interval, with 0 as basepoint. The (reduced) cone on X is the quotient space
CX =(IxX)/ ~, where (1,z) ~ (1,2') and (¢, %) ~ (0, ). The (reduced) join X Y is the quotient
space X Y = (X X I xY)/ ~ where (x,0,y) ~ (2/,0,y), (z,1,y) ~ (z,1,y’) and (x,t,*) ~ (x,0,*).
It is well known that there is a natural homotopy equivalence X *Y ~ X X AY. It is also well known

that X %Y is homotopy equivalent to the pushout

X xY CX xY

| |

X XCY —= (X xCY)Ux vy (CX xY).

Examples:

(1) Suppose that each A; is a point. If K is a disjoint union of m points, then
(X, ) =X, V-V X,
and if K is an (m — 1)-simplex A™~! then
(X, 02" = X1 x o x X

(2) Again, suppose that each A; is a point. For 0 < i <m — 1, let A;”_l be the full i-skeleton
of A™~ 1. Then
(&,i)A:’HI ={(x1,...,2m) € HXi | at least m —i — 1 of the x;’s equals *}.
i=1
The space on the right side is the i*"-stage of Whitehead’s filtration on I, X..

(3) If K is 2 disjoint points, then (D?, )X = D? x S1US! x D?, where the union is taken over
St x St. Therefore, (D?,S1)X is the boundary of D*, that is, S®. Since D? is contractible,
(D%, S1)K is homotopy equivalent to the pushout of the maps S' x S — CS* x S* and
S x 81 — §1 x CS*t. Thus

Zg = (D* SHE ~ st s 81 ~ 83,
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(4) Generalising (3), if K is 2 disjoint points then
(CX, X)X ~ Xy # X,

In particular,

(D"'H, S")K >~ 9D?H2 ~ G ST ~ G2

Polyhedral products have found many uses beyond those involving Stanley-Reisner rings and
complements of coordinate subspace arrangements. There is a large literature relating them to
quasi-toric manifolds and small covers. Other applications include studying group actions on graphs,
monodromy representations, configuration spaces of planar linkages, the Al-homotopy theory of
smooth toric varieties, and assorted classes of arrangements. Their rising popularity is owned to
the fact that they are complicated but approachable constructions which may be used to verify or

predict conjectures.

1.4. Problems. We now have a large collection of spaces whose homotopy theory is interesting
and connected to several other areas of mathematics. This gives rise to many natural problems,
including:

1) calculate the homology and cohomology of these spaces;

3) determine their stable homotopy theory;

(1)

(2) determine their rational homotopy theory;

(3)

(4) determine families of simplicial complexes K and CW-pairs (X, A) for which the homotopy

type of (X, A)X can be described precisely.

Many of these problems overlap and many lead to other questions, some of which will be indicated
as we go.

Most of what follows will be developed in its general polyhedral product form as a great deal
of the homotopy theory of the fundamental spaces, DJg and Zg, does not depend on properties
specific to these spaces. But it is important to always keep in mind that it is the connections between
algebraic topology, commutative algebra and combinatorics encoded by DJg and Zk that drives

most investigations.

2. STABLE HOMOTOPY

We first consider the stable decomposition of (X, A)® because it plays a central role in proving
many other properties of polyhedral products. A stable decomposition implies a description of
the homology of (X, A)X and, remarkably, it can be used to determine the cup product structure
in cohomology. It is also helpful when determining the homotopy type of particular families of
polyhedral products because it acts as a bookkeeper, keeping track of vital information such as

Poincaré series.
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The word stable may be a bit misleading, as the stable decomposition of (X, A)¥ to be described
occurs after only one suspension. However, it is a functorial decomposition which, stably, has no
functorial refinement. It may be the case that a particular polyhedral product splits further after
more suspensions but this arises from stable properties of the ingredient spaces rather than from the
polyhedral product itself.

To begin we require the notion of a smash polyhedral product. Let K be a simplicial complex on
the vertex set [m] and for 1 <i < m let (X;, 4;) be pairs of pointed CW-complexes. Recall that

(X, A) = ﬁYi where Y, — X, ifieo
i=1 A; ifido
and the polyhedral product is
(X, A% = |J X, 4)7.

ceEK
For o € K, let
_—— 0 ™ X, ifieo
(X, A) = /\ Y,  where Y=
i=1 A; ifido.
The smash polyhedral product is
—— K _—— 0
xa =,

oceK
Another way to think of this is to recall that (X, A)¥ is a subspace of the product []/", X;, and

—— K

(X,A) is the image of (X, A)X under the natural quotient map T, X — AL, X

As motivation for the stable decomposition, recall that there is a natural homotopy equivalence

E(Xl X XQ) ~ ZXl vV EX2 V (EXl A XQ)
Iterating this decomposition gives a natural homotopy equivalence
S(Xy X - X X)) \/ X A A X,
1<iy < <ip<m
The index set runs over all ordered subsequences of [m] and therefore there is one-to-one correspon-
dence with the faces in A™~!. Further, the polyhedral product (X, A)Amfl is precisely the product
_—— Ky

X1 X -+ X Xy, and each term X;, A --- A X;, equals the smash polyhedral product (X,A4) for
I ={i1,...,ix}. So the previous homotopy equivalence can be equivalently rewritten as

— Kr

DX, AN~ B(XA)
1C[m]

This suggests that the suspension of a polyhedral product ought to be a wedge sum of suspensions of
smash polyhedral products where the sum is taken over all full subcomplexes of K. This is exactly
what Bahri, Bendersky, Cohen and Gitler proved in [BBCG1].

Let K be a simplicial complex on the vertex set [m] and for 1 < i < m let (X;, A;) be pairs of

pointed CW-complexes. Let I C [m]. Including I into [m], there is an induced inclusion K; — K,
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which in turn induces a map of polyhedral products (X, A)% — (X, A)X7. We then obtain a

composition into a smash polyhedral product

Kr

(X, A)F — (X, )" — (X, A)
Suspending, we can add every such composition over all full subcomplexes of K, giving a composition
35X, A% — \/ sx,40% — \/ © X4
1C[m] 1C[m]

Bahri, Bendersky, Cohen and Gitler [BBCG1, Theorem 2.10] proved the following.

Theorem 2.1. Let K be a simplicial complex on the vertex set [m] and for 1 <i <m, let (X;, A;)

be pairs of pointed CW -complezes. The map

. _—— Kr
H:%(X, A% — |/ 2(X, 4)
1C[m]

is a homotopy equivalence. O

Further, in the special case when each X; is contractible, Bahri, Bendersky, Cohen and Gitler show
that: (i) if I € K, then the smash polyhedral product (ﬂ)KI is contractible [BBCG1, Theorem
2.21]; and (ii) if I ¢ K and I = (i1,...,%), then there is a homotopy equivalence (@)KI ~
S(|K;| A AT) where AT = /\;C:1 Aj;; [BBCGI, Theorem 2.19]. Specialising to the pairs (CX;, X;),
where CX; is the reduced cone on X;, we have (@)KI ~ %(|K;| A XT) and thus obtain the

following.

Theorem 2.2. Let K be a simplicial complex on the vertex set [m] and for 1 <1i <m, let X; be a

pointed CW -complex. Then the map H specialises to a homotopy equivalence

(5) S(CX, X)X — \/ 3( (CX, X X =N \/ 22K A XT).
I¢K I¢K

O

The key case is the moment-angle complex Zx. Here, each pair is (D?, S1) and D? is contractible.

Also, each X; = S, so X! = /\le(Sl)ij ~ S*. Write |I| = k. We obtain the following corollary.
Corollary 2.3. Let K be a simplicial complex on the vertex set [m]. There is a homotopy equivalence

(6) D2k — \/ BPK.
I¢K
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3. HoMoLOoGY AND COHOMOLOGY

The cohomology of the Davis-Januszkiewicz space has already been discussed. There is a ring
isomorphism

H*(DJx:;Z) = Z[K] = Zlvy, . . ., vm]/Txc

where the left side is the Stanley-Reisner algebra (face ring of K) and Zx is the homogeneous ideal
generated by all square free monomials v7 = v;, - - - v;, such that o = {v;,,...v;.} € K.

The integral cohomology of the moment-angle complex Zx was described as the Tor-algebra
Torzy, ... v (Z]K], Z), but this may be difficult to compute explicitly. More tractably, there is a
combinatorial description of the cup product structure in Zx for any simplicial complex K, proved

in [BBP, BP1, F]. Take homology with integer coefficients. The join of two simplicial complexes
K and Ky is Ky« Ko = {0’1 U oo | o; € Ki}.

Theorem 3.1. There is an isomorphism of graded commutative algebras
H*(2k)= €D H*(K).
IC[m]
Here, fl*(K;) denotes the reduced simplicial cohomology of the full subcomplex Ky C K. The
isomorphism is the sum of isomorphisms
HP(Zg)= > HP MW=L (K
IC[m]

and the ring structure (the Hochster ring) is given by the maps
HP*\I%I(KI) ® qu\Jlfl(KJ) N HerquIlf\J\fl(KIUJ)

which are induced by the canonical simplicial maps Kr,; — Kr* Ky for INJ = 0 and zero

otherwise. O

Two key points in Theorem 3.1 are that, additively, the cohomology of Zk is determined by that
of its full subcomplexes, and multiplicatively, non-trivial cup products exist only when cohomology
classes arise from disjoint full subcomplexes.

Bahri, Bendersky, Cohen and Gitler [BBCG2] generalised this to polyhedral products. The cup
product for any space M is induced by the diagonal map A: M — M x M. Composing A with

the quotient map to the smash product, we obtain the reduced diagonal
A: M —s MAM.

Now suppose that I C [m] and consider the space Y/ =[]/, Y; where Y; = X; ifi € [ and V; = 4;

if i ¢ I. Then there is a reduced diagonal

Ry P ATE,
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Let 77: Y™ — Y be the projection and let 77 be the composite
7yl Lyl Lyl

Observe that if I = J U L, then the composite Y — 2yl Ayl LR v AYT factors

through 7. Thus there is a commutative diagram

m]

A
yiml 5 yiml A ylml

i%l \L%‘]A%L
~ AR
Yt Y/ AYE

(7)

where ﬁfL is the quotient map. Notice that if I = J = L then ﬁfL is the usual reduced diagonal.

Restricting to (X, A)%X C X[™ we obtain a commutative diagram

_—~— K Ay —K _—K

XA e @A) A XA
®) i l

21
J,L
—— K ’ _—— K —— K

x4 L= x4 A A

Let u € HP((X,A)%X7) and v € H((X,A)Xr) be cohomology classes. The star product of u

and v is

I

NS, Ly * -+ ~ K
v = (AP (W) e B (X D) ).
The commutativity of (8) implies that
Fi(uso) = 77" (w) URE" (v)

where U is the cup product in (X, A)¥. Bahri, Bendersky, Cohen and Gitler [BBCG2, Theorem 1.4]

showed the following.

Theorem 3.2. Let K be a simplicial complex on the vertex set [m]| and suppose that (X, A) =
{(Xs, 4;) ™, are pairs of pointed CW -complexes. Then there is a ring isomorphism

* K\ ~ 7% ~ K1
H*((X,A)") 2 OrcmH (X, 4) )

where the product structure on the right is given by the star product. O

Theorem 3.2 corresponds to the first statement in Theorem 3.1 - the cohomology of (X, A)¥ is
determined by that of its full subcomplexes. The second statement connecting disjoint full sub-
complexes to non-trivial cup products generalises to the case when each pair is a suspension by a
simple observation: if M is a suspension (or more generally, a co-H-space), then the reduced diag-

onal M 25 M A M is null homotopic. Suppose that each of the constituent pairs in (X, A) is a
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suspension, (X;, A;) = (2X/,£A}). Suppose that I = J U L and there is at least one ¢ € J N L.

Consider the composite
9. ylml Bl yiml \ ylm] FIATL $7 ) PL

Since ¢ € JN L there is a copy of Y; in both Y7 and YL Permuting the terms of Y™ so Y; appears

first, 6 is the same as the composite
n B ; AN RIAT S\Ji SN
Y; x YlImMiE 2 oy sy ImIMihy A (v, x yImIMEY) ZEATE (yn o YMEN) A (v A YEME),
By (7), this composite factors through

~ L AL ~ ) ~ )
(Y; /\yl\{l}) - (V5 /\YJ\{%}) A (Y A yL\{Z})‘
But EfL factors through Y; A y i A—A% YiNY; A }A/I\{i}, which is null homotopic since Y; is a
—~ _— K
suspension. Therefore Ai’K is null homotopic. Restricting to (X,4) C X [m] | we obtain a null
_— K; AIL _—_ K Y

A .
homotopy for (X, A) N (X,A) " A (X,A) ", The latter map induces the star product in

cohomology, so we obtain the following, proved in [BBCG2, Theorem 1.6].

Theorem 3.3. Let K be a simplicial complex on the vertex set [m] and suppose that (X, A) =
{(X;, Ai)}, are pairs of suspended pointed CW -complexes. Suppose that I = JUL and JNL # 0.

— K — K

Then for any v € HP((X, A) J) andv € HI((X,A) L), the star product u x v is zero. O

3.1. Moment-angle complexes over simplicial posets. As we saw before, one way of gener-
alising a moment-angle complex Zx = (D?,S')X is to replace the topological pair (D2, S') by
any other topological pair or a sequence of pairs (X, A) to obtain a polyhedral product (X, A)%
determined by (X, A) and K. Another way of generalising Zk is to replace a simplicial complex
K by a more general combinatorial object. This approach was taken by Lii, Maeda, Masuda and
Panov [MMP, LP] who defined and studied moment-angle complexes over simplicial posets.

A poset (partially ordered set) S with the order relation < is called simplicial if it has an initial
element 0 and for each o € S the lower segment [0, o] is a boolean lattice (the face poset of a simplex).
We assume all posets to be finite and refer to elements o € S as simplices. The rank function |-| on
S is defined by setting |o| = k for o € S if [0, 0] is the face poset of a (k — 1)-dimensional simplex.
The wvertices of S are elements of rank one. We assume that S has m vertices and denote the vertex
set by V(8) = [m]. Similarly we denote by V(o) the vertex set of o, that is the set of ¢ with i < o.

To any simplicial poset S, an algebraic object, the face ring of S can be associated.

Definition 3.4. [S] The face ring of a simplicial poset S is the quotient
Z[S] = Z|vy|o € S]/Zs

where Zs is the ideal generated by the elements vy — 1 and

VoUr — Ugnr * E vy
n

€oVT
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The ring Z[S] generalises the Stanley-Reisner ring Z[K] of a simplicial complex K. The ring Z[S]
have remarkable algebraic and homological properties, albeit they are much more complicated than
the Stanley-Reisner rings Z[K]. Unlike Z[K], the ring Z[S] is not gencrated in the lowest positive
degree which makes their study more difficult.

To define a moment-angle complex over a simplicial poset, we need to set some notation. Using
a formal categorical language, we consider the face category CAT(S) whose objects are elements
o € S and there is a morphism from o to 7 whenever o < 7.

For every o € S, consider the following subset in (D?)™
By ={(21,---,2m € (D)™ | |25 = 1if j £ o}.

Then B, is homeomorphic to a product of |o| discs and m — |o]| circles. We have an inclusion
B, C B, whenever 7 < . It follows that the assignment o — B, defines a diagram from CAT(S)
to TOP, which we denote by (D?, S1)S.

Definition 3.5. The moment-angle compler corresponding to a simplicial poset S is
Zg = colim(D?, §1)®
from CAT(S) to TOP.

The space Zg has many important topological properties of the original moment-angle complex
Z associated to a simplicial complex K. Lii and Panov [LP] proved that the integral cohomology
algebra of Zs is isomorphic to the Tor-algebra of the face ring Z[S]. This led directly to a general-
isation of Hochster’s theorem, expressing the algebraic Betti numbers of the ring Z[S] in terms of

the homology of full subposets of S.

Theorem 3.6. There is a graded ring isomorphism

H*(Z2s;2) = Torygy,, (Z[S),7Z)

eeostm]

whose graded componetns are given by the group isomorphisms

HP(Z5;Z) 2 &_jyojq—pTorg 2" (Z[S],2)

Z[Ul 7~~~7U7n]

in each degree p. Here |a| = j1 4+ -+ + jm for a = (j1,-. ., Jm)-

4. RATIONAL HOMOTOPY THEORY

Rational homotopy theory is one of the great success stories in algebraic topology. The rational
homotopy type of (nilpotent, finite type) spaces is completely determined by algebraic invariants.
The most common way of calculating the rational homotopy theory of a space or a map is to use a

Sullivan minimal model, although there are other models and any would do.
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Formally, a rational model of a connected space X is a commutative differential graded Q-algebra
M which is connected, of finite type and quasi-isomorphic to the commutative differential graded
algebra APp,(X) of polynomial differential forms on X with rational coefficients. Félix and Tanré [FT)
constructed a model for the rational homotopy theory of any polyhedral product and used it to prove
their rational properties. To describe their results we need some notation.

Let (X,A) = {(X;, A:)}™, be pairs of pointed CTW-complexes which are nilpotent and of finite
type. For each pair (X;, A;) choose a surjective model ¢;: M; — M, of the inclusion 4; — X;.
For each o C [m], let I, be the ideal of ®]; M, defined by

ker(p;) ifieo
M; ifido.

I, =F®- ---®F, where E;, =

Let
I(K)=Yo¢xls.

Note the resemblance between ®7*;M;/I(K) and the cohomology of the Davis-Januskiewicz space,
H*(DJk;Z) = Zvy, ..., vm] /T where T is the homogeneous ideal generated by all square free

monomials v7 = v, -+ v, for o = {v;,,...,v;, } ¢ K. Félix and Tanré [FT] proved the following.

Theorem 4.1. Let (X, A) = {(X;, Ai) Y be pairs of pointed CW -complezes which are nilpotent
and of finite type. Choose a surjective rational model v;: M; — M}, of the inclusion A; — X;.
Then the following hold:

(a) the quotient @7 M;/I(K) is a rational model of (X, A)K;

(b) if J C K is a subcomplex, then the projection

Or, g Qi Mi/I(K) — @i~ M;/1(J)

is a rational model of the inclusion (X, A)’ — (X, A)X.

O

As with any rational space, the most interesting point is not that there is a good model for it
- Sullivan minimal models are guaranteed to exist, although tractable descriptions may be hard to
obtain - but what can be done with it.

A rational space X is formal if H*(X;Q) is a model for X. Suppose that each X; = X and
A; = x. The model for the polyhedral product in Theorem 4.1 immediately shows that if X is
formal then so is (X, *)%. This recovers the rational case of a more general result on formality that
holds for cohomology coefficients in any commutative ring by Notbohm and Ray [NR].

A rational space X is elliptic if m,(X) has finitely many Q-summands. Otherwise it is hyperbolic.
These notions have been well studied in rational homotopy theory and a remarkable fact is that if a
rational space is hyperbolic then the number of rational homotopy groups grows exponentially with

the degree d of m4(X). That is, there are no non-elliptic rational spaces whose rational homotopy



14 J. GRBIC AND S. THERIAULT

groups have polynomial growth. Félix and Tanré use their model for the polyhedral product to
show that if each X; = X and A; = * then (X, %)X is hyperbolic provided K # A™~! and
H*(X;Q) = Q[v] for some v of even degree. For the CW-pair (D?,S'), Bahri, Bendersky, Cohen
and Gitler [BBCG3| showed that the only moment-angle complexes Zf that are rationally elliptic
are those which are products of odd dimensional spheres and a disk, that is, Zx for K being a join

of the boundary of simplices.

5. THE HOMOTOPY TYPE OF Zx AND (CX, X)X: ParT I

Motivation for determining the homotopy type of the moment-angle complex Zx comes from its
equivalent description, up to equivariant homotopy, as the complement of a coordinate subspace
arrangement, as discussed in Section 1. A major problem in combinatorics for many years was to
describe families of simplicial complexes K for which the complement of the corresponding coordinate
subspace arrangement U(K) was homotopy equivalent to a wedge of spheres. This problem was
motivated by the fact that well-studied complements of hyperplane arrangements break into a wedge
of spheres after being suspended twice. The complement U(K) is substantially different as it may
contain any cohomology torsion. Great progress has been achieved in resolving this problem using
methods from homotopy theory to analyse the homotopy type of Zk. In fact, the methods used are
general enough to allow for a simultaneous analysis of the homotopy types of the polyhedral product
(CX, X)¥.

To begin the discussion, we start with some definitions from combinatorics. Let K be a simplicial
complex on the vertex set [m]. For a simplex o € K, the star, restriction (or deletion) and link of

o are the subcomplexes

starg (o) = {Tr€eK|oUTe K},
K\o =Ko = {reK|ont=0}
linkg (o) = starg(o) N K\o.

Recall that the join of two simplicial complexes K7, K5 on disjoint index sets is the simplicial complex
Ky« Ko ={01Uoy | 0; € K;}.
From the definitions, it follows that for a vertex {v} € K, the star starg (v) is a join,
starg (v) = {v} * linkg (v),
and there is a pushout

linkg (v) — starg (v)

T

K\v ——— K.
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Consider the vertex {m} € K. To compare the polyhedral products for K, linky (m), starg (m)
and K\{m}, we should really consider each simplicial complex as being on the vertex set [m].

This changes nothing for K and starg (m) as their vertex sets are already [m] but it introduces a

“ghost” vertex {m} for linkx(m) and K\{m}. Let linkx(m) and K\{m} be the simplicial com-
plexes linkg (m) and K\{m}, regarded as simplicial complexes on the vertex set [m]. Then from

pushout (9), we obtain a pushout of polyhedral products

(X7A)hnk;<(m) (X7A)StaI‘K(m)

(10) | l

The spaces and maps in (10) can be better identified. First, the definition of the polyhedral

product implies that
(K7A)1ink;<(m) — (X’ A)link;((m) x A,
(X, AN = (X, A)FMmE 4,

The inclusion linkg (m) — K\{m} therefore implies that the induced map of polyhedral prod-
ucts (X, A)hnk"(m) — (X, A)F\™} s the same as the product map (X, A)hnkK(m) x Ay —
(X, AV A,

Second, the definition of the join of two simplicial complexes implies that if K = K; *x Ko then

there is an identity of topological spaces
(X, A)F = (X, ) x (X, 4)".
In particular, since starg (m) = linkg (m) * {m}, there is an identity
(X, AT m) = (x, gYlinksm o x|

We may also regard linkg (m) as link g (m) % (), where @ corresponds to the ghost vertex at {m}. The

inclusion link g (m) — starg (m) therefore induces a map of joins
linkg (m) = linkg (m) * ) — link g (m) * {m} = starg (m).

Thus linkg (m) — starg (m) induces a product map (X, A)hnk’((m) X Apy — (X, A)hnk’((m) X X
Combining these two observations, (10) can be rewritten as a pushout of polyhedral products

1X%m

(x, Alinkictm) o 4, — (X, A)linktm)  x,,
(11) ljxl l
(X, Mmoo 4, —— > (X, A)K

where i,, is the inclusion and j is the map of polyhedral products induced by the inclusion link x (m) —

K\{m}.
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Now take the special case where each pair (X;, A;) has X; being contractible. Recall that it
is standard to adjust notation now, and consider pairs (CX, X) = {(CX;, X;)}™,, where CX; is
the reduced cone on X;. Then the map (CX, K)hnkf((m) X Xm i (CX, K)hnkK(m) x CX,, is
equivalent, up to homotopy, to the map (CX, X)hnkK(m) X X -5 (CX, X)hnkf{(m), where 71 is

the projection onto the first factor. Thus (11) specialises to a homotopy commutative diagram

(CiX,X)hnkK(m) X Xm L (CX,X)hnkK(m)

(12) J{jxl J{

(CX, X)FMm % X, (CX, X)¥.

Pushout (12) is a key part of the work of Grbié¢-Theriault [GT2, GT3], Iriye-Kishimoto [IK1] and
Grujié-Welker [GW] that determined families of simplicial complexes for which the homotopy type
of (CX, X)X can be identified as a wedge of iterated smashes of the X;’s. The important homotopy
theoretic observation is the following, first proved in [GT1]. The (right) half-smash of two pointed
spaces C' and B is the quotient space C' x B = C' x B/ ~ where (%,b) ~ *. It is well known that
if C' is a co-H-space then C x B~ CV (C A B).

Lemma 5.1. Suppose that there is a homotopy pushout

AxB —s A

- |

CxB——(Q

where m is the projection. Then there is a homotopy equivalence Q ~ (A * B) V (C x B). O

Now suppose that K is a simplicial complex for which the map (C X, X) linky(m) __, (CX, X)K\m}
is null homotopic. Then Lemma 5.1 can be applied to the homotopy pushout (12) to obtain a ho-

motopy equivalence
(CX, X)¥ ~ (Cx, x)linketm) o x ) v ((cx, X)K\Mm % X)),

Definition 5.2. Let W,, be the collection of spaces which are homotopy equivalent to a wedge of

suspensions of iterated smashes of the form X;, A---AX;, for 1 <i; <--- <ip <m.

Suppose that (CfX,X)hnkK(m) € W,, and (CX, X)X\t € W,,,. Then as (CX, X)5\Mm} is a

suspension, we obtain
(CX, X)F\) 50 X, 2 (CX, X)F\Hy (X, X)) A X, )
and a homotopy equivalence

(CX, X) = ((Cx, x)lmkxtm s X, ) v (X, X)F\ ™) v ((CX, )\ A X,
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implying that
(CX, X)¥ € W,

Notice that in the special case of primary interest, the moment-angle complex Zk, each X; = S*
so a suspension of an iterated smash of X;’s is homotopy equivalent to a sphere. Therefore in
this case W,, consists of those spaces which are homotopy equivalent to a wedge of spheres. So if
ZlinK(m) € Wi, and Zg\(yny € Wy, and the map Zg\ () NN Zg\{my is null homotopic then
Zi € Wy, that is, Zk is homotopy equivalent to a wedge of spheres.

The strategy is therefore to find a family K of simplicial complexes where, ideally: (i) if K € K
then linkg(m) € K and K\{m} € K so an inductive procedure can be established, and (ii) the
induced map of polyhedral products (CX, K)hnk’((m) — (CX, X)X\{"} is null homotopic.

The first such family was shifted complexes. A simplicial complex K is shifted if there is an
ordering on its vertices such that whenever o € K and v/ < v, then (0 —v) Uv' € K. Examples
include any full i-skeleton of the simplex A™~!. The definition of a shifted complex implies that if K
is shifted then both linkx (m) and K\{m} are shifted. In [GT3, IK1] the main work is in showing
that the map (CX, X)hnkK(m) — (CX, X)X\™} is null homotopic, implying the following.

Theorem 5.3. Let K be a shifted complex. Then
CX, X)X e W,,.
In particular, the moment-angle complexr Zx is homotopy equivalent to a wedge of spheres. O

The statement in Theorem 5.3 can be made more precise, in the sense that the wedge summands
in the decomposition for (CX, X)X can be made explicit. The best way to do this is to relate the
decomposition to the stable decomposition for £(CX, X)¥ in Theorem 2.1. The wedge summands
for the stable decomposition are of the form | K| X1 for I ¢ K. This implies that if Zx were to be
a wedge of spheres all full subcomplexes | K| for I ¢ K after I-fold suspension must be homotopy
equivalent to a wedge of spheres. When K is shifted, each |K;| is homotopy equivalent to a wedge
of spheres, so | K| * X1 eW,,. The explicit version of Theorem 5.3 proved in [GT3, IK1] says that
the decomposition for ©(CX, X)X desuspends.

Theorem 5.4. Let K be a shifted complex. Then there is a homotopy equivalence
(CX, X)% = \/ (K1« X7).
I¢K
In particular, if |I| equals the cardinality of I then there is a homotopy equivalence

Z~\/ (|KI|AS|”+1).

I¢K
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In earlier work of the authors [GT2] which used different methods, Theorem 5.3 was proved in
the special case when each pair (CX;, X;) has X; ~ QX! for some space X/. Note that when each
pair is (D?, S1) then S ~ QCP>, so the homotopy equivalence for Zy follows.

Theorem 5.4 generalizes results in classical homotopy theory proved by Ganea and Porter in the

1960s. For 0 < k < m, let
" ={(x1,...,2m) € HXi | at least k coordinates z; equal *.}
i=1

Notice that there are subspace inclusions

AU E N < | B

—

Il
-

K3
This is Whitehead’s filtration of the product H:’;l X;. Several of these spaces are known by other
names: observe that 7" ~ *, T/" = Xy V ---V X,,,, T, is the fat wedge and T/ = []", X,.

Including 77" , into the product, define the space F) , by the homotopy fibration
m
F;,Lnik _> T’Znnfk _> HXZ.
i=1

A natural problem is to try to determine the homotopy type of F,_j. Ganea [Ga] showed that FZ,
the homotopy fibre of the inclusion X; V Xo — X; x X5, is homotopy equivalent to 2X; * QX5
and Porter generalised this to F' , in a way that will be described momentarily.

First, we rephrase the problem in terms of polyhedral products. Observe that 7" , = (X, #)K
for K = A", that is, K is the full (m — k)-skeleton of the standard (m — 1)-simplex. Observe
as well that ", X; = (X, X)¥ for the same K. Bahri, Bendersky, Cohen and Gilter [BBCG1],

relying heavily on a theorem of Denham and Suciu [DS], proved a general result regarding homotopy

fibrations in this kind of setting. For a space X, let PX be the path space on X.

Theorem 5.5. For 1 <i<m, let X; be a pointed CW -complex. Let K be a simplicial complex on

the vertex set [m]. There is a homotopy fibration
O

It is usual to replace (PX,QX) with (CQX, QX) where CQX is the reduced cone on QX. This is
done via a natural homotopy equivalence of pairs (PY,QY) ~ (CQY,QY"). Doing so, and rewriting
(X, X)X as [[;~, X;, we obtain a homotopy fibration

(COX, QX)X — (X, )" — J[ X
i=1
In particular, taking K = AZ:}C we have a model for the homotopy fibration F' , — T" , —
HZL Xi.
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This lets us write Porter’s result in terms of polyhedral products. Porter [Po2] showed that for

any simply-connected spaces X1, ..., X,, there is a homotopy equivalence
(COX,0X)F =~ \/ \V ITE)SRIOX, A A QX
, . , E+1 !
j=k4+2 \1<i1<--<i;<m
Theorem 5.3 generalizes this. If X5, ..., X,, are any path-connected spaces then there is a homotopy
equivalence
K o o k+1 R )
(Cx. x)"~\/ V (kH)E Xiy Ao N X,

j=k4+2 \1<i;<---<ij<m

In particular, if K = Ag”fl then K is m disjoint points, and there is a homotopy equivalence

(13) (CX, X)X ~ \7 \ (G- DEXi A A X,
j=2

1< < <i;<m

Consequently, if K is m disjoint points then there is a homotopy equivalence

Zy ~ i(k ~1) (Z) gh

a case revisted in ([GT1]).
There are many shifted simplicial complexes which are not the full skeleta of simplices. For exam-
ple, let K be the simplicial complex with vertices {1, 2, 3,4} and edges {(1, 2), (1, 3),(1,4),(2,3),(2,4)}:

1

In [GT3] a detailed description is given of how (12) and Lemma (5.1) can be applied iteratively to

show that there is a homotopy equivalence
(CX, X)E ~ (ZX35AXg)V (Z2X1 A X0 A X))V (E2X1 A X A Xy V2 (22X A XA X3 AXy).
In particular, in the moment-angle complex case there is a homotopy equivalence

Z ~ 5%V 28°v 288,

6. THE HOMOTOPY TYPE OF Zx AND (CX, X)K: PartT 11

Ideally, one would like to push Theorem 5.4 as far as possible by identifying the maximal class of
simplicial complexes for which Bahri, Bendersky, Cohen and Gitler’s decomposition of L(CX, X)¥
desuspends. To find such a family, we go back to moment-angle complexes and take our cue from

combinatorics and commutative algebra.
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Recall from Section 1.2 that H*(Zx) = Torgy,, ... .v,,](Z[K],Z) and that the Stanley-Reisner ring

o) (K[K], k)
are trivial. In fact, Berglund and Jollenbeck [BJ] showed that the triviality of the higher Massey

k[K] is Golod over a field k if all cup products and higher Massey products in Toryg,, ...,
products follows from the triviality of cup products, so we may as well only consider cup products.
If Zk is homotopy equivalent to a wedge of spheres then all cup products in H*(Zk ) vanish so Z[K]
is Golod over any field. The converse does not hold as there are examples of Golod Zx with torsion
(an example will be discuss later in Section 7). For many years combinatorists and commutative
algebraists have identified classes K of simplicial complexes which have the property that if K € K
then Z[K] is Golod over any field k, implying that H*(Zk;k) has no cup products or higher Massey
products. One such class is shifted complexes, others are shellable and sequentially Cohen-Macaulay
complexes (to be discussed momentarily). In all these cases Ky for I ¢ K is homotopy equivalent
to a wedge of spheres. It is natural to ask whether in these cases Zx is homotopy equivalent to a
wedge of spheres. If k is any field, one might hope that there is a a maximal class K of simplicial

complexes with torsion free cohomology which produces three equivalent statements:

e K ek
o k[K] is Golod;
e Zy is homotopy equivalent to a wedge of spheres.

Proving implications between these statements has been a prime motivator in the area for the past

few years. In this section we will outline three directions where progress has been made.

6.1. Vertex-decomposable, shellable and sequentially Cohen-Macaulay complexes. It is
helpful to have candidates for the class K. As summarised in [BW], there is a hierarchy of families

of simplicial complexes:
shifted C vertex decomposable C shellable C sequentially Cohen-Macaulay

where the containments in each case are proper. The shifted case was discussed in the previous

section.

Definition 6.1. A simplicial complex K is vertex-decomposable if:
(i) K is a simplex or K = (), or
(ii) there exists a vertex v € K such that:
(a) K\v and linkg (v) are vertex-decomposable;

(b) no facet of linkg (v) is a facet of K\wv.

The vertex-decomposable case is similar in spirit to the shifted case in the sense that it is described
in terms of the vertices of the simplicial complex and is well suited to an inductive procedure using

Lemma 5.1 and (12) since both linkg (v) and K\{v} are also vertex-decomposable.
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Gruji¢ and Welker [GW] used combinatorial Morse theory and the general strategy of Lemma 5.1
and (12) to show the following. The statement is phrased in terms of the dual of a simplicial complex.

The Alexander dual of a simplicial complex K on the index set [m] is the simplicial complex
K° = {o C [m] | [m]\o ¢ K}.

Theorem 6.2. Suppose that K is a simplicial complex whose Alexander dual is vertex-decomposable.

Then (D™, S"~HE e W,,. O

Note that no mention was made of the Alexander dual in the corresponding statement for shifted
complexes in Theorem 5.3. This stems from the fact that shifted complexes are self-dual. Analysing
Gruji¢ and Welker’s approach, it is clear that it is really better to think in terms of the dual. Another
point to note about Theorem 6.2 is that it is specialised to the case of polyhedral products on pairs
(D", S"~1). This is due to the Morse theoretic methods used. Ideally, there should be a more
general statement that covers all polyhedral products (CX, X)%X.

However, instead of pursuing this, Iriye and Kishimoto [IK2] made the jump to shellable and
sequentially Cohen-Macaulay simplicial complexes. We give only the definition of a shellable complex
to illustrate a point. A facet of a simplicial complex is a maximal simplex and a simplicial complex

is pure if all facets have the same dimension.

Definition 6.3. A simplicial complex K is shellable if there is an ordering of the facets Fy,..., F}
such that

<Fk> N <f717 .. 7F‘k,1>

is pure and (dim(Fy) — 2)-dimensional for & = 2,...,¢, where ( ) denotes the linear span.

A simplicial complex is Cohen-Macaulay over Z if its Stanley-Reisner ring Z[K] is a Cohen-
Macaulay ring, meaning that the Krull dimension and the depth of Z[K] are equal. One property of
Cohen-Macaulay complexes is that they are pure. A non-pure generalisation is given by sequentially
Cohen-Macaulay complexes. To define these, we follow [BWW]. If K is a simplicial complex and
i >0, let K{ be the subcomplex of K generated by the faces of dimension > i. The simplicial
complex K is sequentially acyclic over Z if K9 has the property that H,(K®) =0 for all r < i <
dim K. The link of a face o in K is the subcomplex

linkg (o) ={re K|oUre K,ont =0}

Definition 6.4. A simplicial complex K is sequentially Cohen-Macaulay over Z if linkk (o) is

sequentially acyclic over Z for all o € K.

Observe that the definitions of shellable and sequentially Cohen-Macaulay complexes are very

different in spirit to that of shifted or vertex-decomposable simplicial complexes, in the sense that
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the definitions are not in terms of the vertices. So a different approach is needed for studying the
corresponding polyhedral products.

Iriye and Kishimoto [IK2] give a “fat wedge filtration” of the polyhedral product, which is gov-
erned by the fat wedge filtration of the real moment-angle complex (D!, S%)X. They show that if
this filtration satisfies a triviality condition then the Bahri-Bendersky-Cohen-Gitler decomposition
of ¥(CX, X)X desuspends. They then identify a family of simplicial complexes that satisfy this

triviality condition.

Definition 6.5. A simplicial complex K is fillable if there are minimal non-faces M, ..., M, of K

such that |K U M; U---U M,| is contractible.

They show that if every full subcomplex K; of K is fillable then the fat wedge filtration of K is
trivial and so the Bahri-Benersky-Cohen-Gitler decomposition of 3(CX, X)X desuspends. They go
on to show that if the Alexander dual of K is shellable then K is fillable, and hence (CX, X)X € W,,.

To deal with the sequentially Cohen-Macaulay case they generalise the notion of fillable to ho-
mology fillable, show that this also implies the triviality of the fat wedge filtration, and show that
the Alexander dual of a sequentially Cohen-Macaulay complex is homology fillable. Collecting these

results gives the following.

Theorem 6.6. Let K be a simplicial complex on the vertex set [m] whose Alexander dual is shellable
or sequentially Cohen-Macaulay (or more generally, K is fillable or homology fillable). Then the
Bahri-Bendersky-Cohen-Gitler decomposition of X(CX, X)X desuspends, implying that

Y(CX, X)E e W,,.
Consequently, Zx is homotopy equivalent to a wedge of spheres. O

6.2. Configuration spaces and polyhedral products. Theorem 6.6 is inspired by known results
in combinatorial commutative algebra. By [HRW] every sequentially Cohen-Macaulay simplicial
complex K has the property that Z[K] is Golod over every field. So it is natural to try to show
that if K is sequentially Cohen-Macaulay then Zg is homotopy equivalent to a wedge of spheres.
Along the way one discovers that the method used to prove this actually holds for a larger family
of complexes, the homology fillable complexes.

Alternatively, it may be fruitful to work with the Golod condition more directly. Recall that
the Stanley-Reisner face ring Z[K] is Golod if all cup products and higher Massey products in

H*(Zk) = Torg|u, ... v, (Z[K], Z) vanish. All cup products and higher Massey products in H*(Z)

also vanish if Z is homotopy equivalent to a wedge of spheres. But there are known examples (see
the end of Section 7) where Z[K] is Golod but Zk is not homotopy equivalent to a wedge of spheres.
So it is too strong to ask that Zx be homotopy equivalent to a wedge of spheres. Considering a

desuspension of (6), we see that Zx might have summands of the form Ll | K7| which can in general
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be any suspension space. Therefore a sensible alternative arises if the problem is considered more
abstractly. Any co-H space Y has the property that all cup products and higher Massey products in
H*(Y) vanish. A more reasonable question to ask is therefore: if Z[K] is Golod is Zk a co-H-space?
Are the two notions equivalent?

Resolving these questions is the motivation behind a recent paper by Beben and the first au-
thor [BG]. They constructed a configuration space model for certain mapping spaces. To keep
focused on the output we care most about in this paper, we consider a special case of their more

general construction. Let W = (X, A)%, a subspace of [[;~; X;. For £ > 0, let
W= (82X, 54)%

be a coordinate suspension space of W. For example, if W = (D!, S°)K then W ~ (D? S1)K = Zp.

They then consider the mapping space
map((Y, B); W*)

whose elements consist of maps f: Y — W with the property that B C Y is sent to the basepoint.
Note here that B may be empty, in which case one obtains a model for the space of free maps
from Y to W*. They show that for certain pairs (Y, B), which include the cases (D", S"~!), that
map((Y, B); W*) is homotopy equivalent to a certain configuration space of labelled particles.

An important special case is when (Y, B) = (S, %), in which case one obtains a configuration
space model for map((S*, *); W*) = QW*. The model is then used to produce a homotopy decompo-
sition of QW whose wedge summands correspond to quotient labelled configuration spaces, whose
properties are determined in part - but not exclusively - by the underlying simplicial complex K.

Specialising to W = (D', S%)X | in which case a model is obtained for QW' ~ QZk, and a
homotopy decomposition is obtained for XQZx. The goal, remember, is to say something about
Z[K] being Golod implying that Zk is a co-H-space. It is well known that a space Y is a co- H-space
if and only if Y retracts off ZQY. So the aim is to show that if Z[K] is Golod then the configuration
space model ensures that Zx retracts off ¥Q2Zk. In practise, the Golod condition is difficult to
work with so a variation of it is defined, called homotopy Golod, which tries to capture the notion of
the cup product and all higher Massey products being trivial in H*(Zk) from a homotopy theoretic
point of view. The definition, which follows, now, is defined directly on the simplicial complex rather

than the Stanley-Reisner ring.

Definition 6.7. A simplicial complex K on the vertex set [m] is homotopy Golod if K is a single
vertex, or recursively, if K'\{i} is homotopy Golod for each i € [m] and there is a basepoint preserving

map

Vg Y7 K| — Z|A™
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such that for any y = (t1,...,tm-1) € ([[}=,[-1,1])/0(TT~,[-1,1]) = S™~! that is not the base-
point, ¥y maps the subspace {y} A X|K| of X™|K| as follows:
(1) when ¢t; = -+ = t,,—1 = 0, the restriction of ¥ to {y} A X|K| is the suspension of the
inclusion X| K| — X|A™1|;
(2) letting Sy = (t1,...,tn—1,0) and (I1,...,I,) be an ordered partition of [m] that depends
on Sy, Vi maps {y} A X|K| to a subspace of ¥|Ky, *---x K | C S|A™L].

m

Two additional equivalent definitions of homotopy Golod are given in [BG], and they show that the
class of homotopy Golod simplicial complexes includes those whose Alexander duals are sequentially
Cohen-Macaulay. Beben and the first author also give an example to show that this class is strictly

larger than the class of sequentially Cohen-Macaulay complexes. They prove the following.
Theorem 6.8. Let K be a simplicial complex which is homotopy Golod. Then Zk is a co-H -space. [

Theorem 6.8 implies that a homotopy Golod complex K has trivial cup products and higher
Massey products in H*(Zg), and so Z[K] is Golod. It is not known if Z[K] is Golod then K is
homotopy Golod. Also, it is not known if the converse of Theorem 6.8 holds, that is, whether Zy
being a co-H-space implies that K is homotopy Golod. However, Beben and the first author go on
to show that a weaker version of the homotopy Golod property does establish an equivalence.

Let A,, be the diagonal
Ap={(x1,...,2,) ER™ |2y = --- =2, }.

Let Qg be the subspace of the half-smash product ((R™ —A,,) x Z|A™ 1) /(R™ — A,,,) x *) defined

as follows:
Qk = U W ANEIKy * - % K |
YER™ —Ap)
(Il vvvvv In):[m]y
where (I1,...,1,) = [m]y of [m] depending on y.

Definition 6.9. A simplicial complex K on the vertex set [m] is weakly homotopy Golod if K is a

single vertex, or recursively, if K'\{i} is weakly homotopy Golod for each i € [m] and the map
D Y"|K| — L0k
given for any z € |K|, t1,...,tm—1,t € [-1,1] and f = max(|t1|, - ,|tm-1],0) by
Dp(ty, . ytm-1,t,2)=(28—-1,(t1,...,tm-1,0), (¢, 2))
is null homotopic.

Theorem 6.10. The simplicial complex K is weakly homotopy Golod if and only if Zx is a co-H-
space. O
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Theorem 6.10 classifies those simplicial complexes K for which Zg is a co-H-space. However, it

remains open as to whether K being weakly homotopy Golod is equivalent to Z[K] being Golod.

6.3. Gluing along a common face. To this point the families of simplicial complexes which have
produced decompositions (CX, X)X € W, have all come from combinatorics - shifted, shellable,
sequentially Cohen-Macaulay - or from generalisations aimed at establishing these cases - fillable,
homology fillable, homotopy Golod. There is another operation on simplicial complexes which does
not behave well combinatorially but does behave well with polyhedral products: gluing two simplicial
complexes along a common face.

Let K be a simplicial complex on the vertex set [m]. Suppose that K = K; U, Ky where 7 is a

simplex in K. That is, there is a pushout of simplicial complexes
T — K,

(14) l l
Ky — K.

Geometrically, |K| is the result of gluing |K;| and |K3| together along a common face. Relabelling
the vertices if necessary, we may assume that K is defined on the vertices {1,...,¢}, K is defined
on the vertices {¢ — k +1,...,m} and 7 is defined on the vertices {£ — k + 1,...,¢}. Let K1, Ko
and 7 be K, K3 and 7 regarded as simplicial complexes on [m]. So K = K, UsKs.

Let 0 € K; and let & be its image in K. By definition of &, we have i ¢ & for i € {{+1,...,m}.
Thus (CX, X)? = (CX, X)° x Xgy1 X -+ X X,,. Consequently, taking the union over all the faces
in K, we obtain

(CX, X) = (CX, X)M x Xpyy % -+ X X
Similarly, we have

(CX, X)F2 = Xy x - x Xo_p, x (CX, X)Fe.

Since 7 = A*~! we have (CX, X)™ = C Xy 441 x -~ x CXy, so as above we obtain
(CX, X)" =Xy X x Xp_px X CXp_py1 X x CXp x Xogq X+ X Xppp.

Let M = X7 X+ x Xy and N = Xpq X --- X X,,. By applying polyhedral products to (14), we

obtain a pushout
M x (CX,X)" x N —— (CX, X)F1 x N
(15) \Lb

M x (CX, X)k>

(CX, X)K

where a and b are defined coordinate-wise. Since 7 is a simplex, (CX, X)7 is a product of cones
and so is contractible. The definitions of the maps immediately implies that a restricted to IV is

the identity map and similarly for b restricted to M. In [GT3] a straightforward lemma is proved
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to show that a restricted to M is null homotopic and similarly for b restricted to N. The homotopy

type of (CX, X)X is then identified by a general lemma, also proved in [GT3].

Lemma 6.11. Let
fxB
AxExB — (CxB

o]

AXD — Q
be a homotopy pushout, where E is contractible and f and g are null homotopic. Then there is a
homotopy equivalence

Q~(AxB)V(Ax D)V (C x B).

Applying Lemma 6.11 to the pushout in (15), we obtain the following.
Theorem 6.12. Let K be a simplicial complex on the vertex set [m]. Suppose that K = K1 U, Ky
where T is a common face of K1 and Ky. Then there is a homotopy equivalence

(CX, X)™ = (M *N)V ((CX, X)" x N) V (M x (CX, X)"?)

where M = X1 X -+ X Xy_p and N = Xypp1 X -+ X Xy O

Notice that M x N € W,,,. If (CX, X)%* € W, then it is a suspension, implying that

(CX, X)f % N~ (CX, X)" v ((CX, X)** AN) € Wi,

Similarly, if (CX, X)%2 € W,,, then (CX, X)X2 x N € W,,. We obtain the following corollary.

Corollary 6.13. With hypotheses as in Theorem 6.12, if (CX, X)Kl and (CX, X)Kz are in Wy,
then so is (CX, X)¥. O

As all what we need is that (CX, X)%* and (CX, X)X are suspension spaces, we can rephrase

Corollary 6.13 in much more general setting.

Corollary 6.14. With hypotheses as in Theorem 6.12, if the stable splittings (5) for (CX, X)51
and (CX, X)%2 desuspend, then the one for (CX, X)X does as well.

In particular, Corollary 6.13 holds if K; and K5 are shifted, shellable or sequentially Cohen-
Macaulay. Note that K need not be shifted, shellable or sequentially Cohen-Macaulay. On the other
hand, K is homology fillable and homotopy Golod in each case, so Corollary 6.13 does not strictly
extend the family of simplicial complexes for which (CX, X)¥ is now known to be in W,,. Never-
theless, Corollary 6.13 is a simple, practical means of producing interesting examples of simplicial
complexes with (CX, X)X € W,,.

In the terms of Golod complexes, looking combinatorially on all possible cup products, Limonchenko [Li]

produced an analogues result.
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Proposition 6.15. With hypotheses as in Theorem 6.12, if K1 and Ko are Golod complexes, then

sois K.

One very interesting example is flag complexes. A simplicial complex K is a flag complez if each
of its missing faces has two vertices. Equivalently, K is flag if any set of vertices of K which are
pairwise connected by edges spans a simplex. In [GPTW] it is shown that if K is Golod flag then
there is an ordering Iy, ..., I of its maximal faces such that (Uj<k Ij) N I is a simplex for each
k =1,...,s. That is, K can be formed by iteratively gluing on simplices along common faces.
Therefore, if K is flag then by iterating Corollary 6.13 we obtain (CX, X)X € W,,. In particular,
the moment-angle complex Zx is homotopy equivalent to a wedge of spheres.

The flag case was pursued more deeply in [GPTW] to show that the notional connection between

Golod rings and Zx being homotopy equivalent to a wedge of spheres can be made precise.

Theorem 6.16. Let K be a flag complex and k a field. The following conditions are equivalent:
(a) k[K] is a Golod ring;
(b) the multiplication in H*(Zk) is trivial;
(¢) Zk is homotopy equivalent to a wedge of spheres.

O

Another application of Corollary 6.13 arose in [GT3] in the context of the simplicial wedge con-

struction. Let K be a simplicial complex on vertices {vy, ..., vy }. Fix a vertex v;. By doubling the
vertex v;, define a new simplicial complex K (v;) on the m+1 vertices {v1, ..., Vi—1, i1, Vi 2, Vig1, - - - s Um }
by

K(v;) = (vi1,v4,2) * linkg (v;) U {v 1,052} * K\{v; }
where (v;1,v;2) denotes the one dimensional simplex on the vertices v; 1 and v; 2. The simplicial
complex K (v;) is called the simplicial wedge of K on v;. This combinatorial construction reflects
the process of polarising the Stanley-Reisner ring of a multicomplex, which needs not be square
free as introduced by Trevisan [Tr]. Let J = (j1,...,Jm) be an n tuple of positive integers, and let

n =1, ji. The simplicial multiwedge K (J) is the new simplicial complex on n-vertices

{Ul,h <oy U155 U215 -5 V2,555 -+ -5 Um 1y - - ”U"hjm}

obtained by iteratively applying the simplicial wedge construction, starting with K. It turns out
that the order in which the simplicial wedge construction is iterated does not affect the complex
produced, so K(J) is well-defined. Let X = (X1,...,X,,) be n topological spaces. Let no = 0 and
for 1 <i<m,let n; = Z};:ljk. Note that n,, = n. The n topological spaces Xi,...,X,, are then

written as

) SNTRND SIS SIS G IS IS TN G

) MNm—17
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Define

m

i=1"

(C(xsX), %5 X) = {(C( Xy yp1 %o % X)), Xy 1% ... % Xp,) }

In [GT3] the following was proved, with the consequence now following from Theorems 6.6 and 6.8.

Theorem 6.17. For a simplicial compler K on m-vertices, an m-tuple J = (j1,...,Jm) of posi-
tive integers and Z:’;l Ji topological pairs (CX;, X;) where X; is a finite CW-complex, there is a

homeomorphism of polyhedral products
(C(x,X), %, X)5 — (CX, X)X,

Consequently, if K is homology fillable or homotopy Golod then

(CX, X)KO) (\/ K]+ (AX>) :

I¢K

O

7. MINIMALLY NON-(GOLOD COMPLEXES AND CONNECTED SUMS OF PRODUCTS OF TWO SPHERES

There are now well established connections between a Stanley-Reisner face ring k[K] being Golod
for any field k and the corresponding moment-angle complex Zx being homotopy equivalent to a
wedge of spheres. One would like to take this to the next level.

A simplicial complex K is called Golod over a field k if its Stanley-Reisner face ring k[K] is Golod.
The following definition is due to Berglund and Jollenbeck [BJ].

Definition 7.1. Let K be a simplicial complex on m vertices. For 1 < i < m, let I; = [m]\{i}.

Then K is minimally non-Golod if every full subcomplex K7, is Golod.

An important family of examples of minimally non-Golod simplicial complexes is given by vertex
cutting operations on simple polytopes. A (convex) polytope is the convex hull of a finite set of
points in R™. Its dimension is the dimension of its affine hull. Let P be a d-dimensional polytope.
A facet of P is a (d — 1)-dimensional face. The polytope P is simple if each vertex lies in exactly
d facets of P. A partial ordering may be defined on the faces of P by inclusion. This determines
a poset called the face poset of P. The opposite poset, given by reversing the order, determines
another polytope P* called the dual of P. If P is simple then P* is a simplicial complex. Let 0P
be the boundary of P.

Definition 7.2. Let P be a simple polytope of dimension d and let V(P) be its vertex set. A
hyperplane H in R? cuts a vertex x of P if z and V(P)/{x} lie in different open half-spaces of H.
Let @ be the intersection of P with the closed half-space of H containing V(P)/{x}. We say that Q

is obtained from P by a vertex cut operation.
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Diagrammatically, this is pictured as follows:

AN

P Q

In particular, starting from A2, iteratively cutting off n vertices gives an (n + 3)-gon. Berglund and
Jollenbeck [BJ] showed that if P is a simple polytope that has been obtained from the d-simplex
by iteratively cutting off vertices then, regardless of the order in which the vertices were cut, the
simplicial complex OP* is minimally non-Golod.

Turning to topology (and geometry), again assume that P is a simple polytope that has been
obtained from A? by iteratively cutting off £ — 1 vertices. Bosio and Meersseman [BM], crediting an

earlier construction of MacGavran [M], showed that there is a diffeomorphism
(16) Zope = #LEL(GF x gi2d—ky#(E=2)( "))

where (S* x §¢24=F)#n ig the n-fold connected sum of S* x St+24=% with itself. Gitler and Lopez
de Medrano [GL] generalized this to show that for such polytopes P, if K = 9P* then for any
sequence J = (ji,...,Jm) the simplicial multiwedge K (J) has the property that it is diffeomorphic
to a connected sum of products of two spheres.

This suggests there is a correspondence analogous to that for K being Golod and Zg being

homotopy equivalent to a wedge of spheres:

e K is minimally non-Golod;

e Z is diffeomorphic to a connected sum of products of two spheres.

Some initial results on this problem have been obtained but much remains to be done. We give a
brief outline of some of what has been done.

Since Golod and minimally non-Golod properties are expressed in homotopy theoretical properties
of Z, one might look at connected sums from a homotopy theoretical point of view as a space where
only one top cell is attached. Let X and Y be topological spaces with one top n-dimensional cell
attached by ax and ay respectively. Then the connected sum X#Y of X and Y is the cofibre of
the map

gn—1oxtey ¥y,
where X and Y are (n — 1)-skeletons of X and Y, respectively.
Then more general correspondence between combinatorics and topology could be stated in the

following way.
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e K is minimally non-Golod;

e Zjx is homotopic to a connected sum of X and Y, where X and Y are Golod spaces.

When K is a flag complex an exact correspondence holds [GPTW].

Theorem 7.3. Assume that K is flag and k is a field. The following conditions are equivalent:

(a) K is minimally non-Golod;

(b) Zk is homeomorphic to a connected sum of products of two spheres.

In fact, if K is flag and minimally non-Golod then it is the boundary of an n-gon with n > 4.
Bosio and Meersseman [BM], or MacGavran [M], then say that Zk is diffeomorphic to a connected
sum of products of two spheres.

In [T] a connection is made between the homotopy type of Zx when K is ¢ disjoint points and
the diffeomorphism type of Zx when K = 0P* for P a simple polytope that has been obtained from
A9 by ¢ — 1 vertex cuts. When K is ¢ disjoint points, by (13) we obtain

{41 .
(17) Zie = \/ (55) -2 05)

k=3
where (S*)"" is the n-fold smash product of S* with itself. Comparing the formulas in (16) and (17)
we see that the dimensions of the spheres correspond and the binomial coefficients match. This is not
a coincidence. The order of the vertex cuts in producing the simple polytope P does not influence
the diffeomorphism type [BM], so one may choose a preferred order of the vertex cuts. The dual of
a vertex cut polytope is a stacked polytope, which starts with A% and iteratively glues on another
copy of A? along a common facet. In [T] a specific stacking order is chosen, producing a stacked

polytope L of dimension d, satisfying the following.

Theorem 7.4. The stacked polytope L has the following properties:
(a) there is a homotopy equivalence Zor—q1y = Zk, where Ky is £ disjoint points;
(b) the inclusion 0L — {1} — 0L induces a map Zyr_1y — Zoc, which up to
homotopy equivalences, is a map

41
£ \/(Sk)A(k&)(kfl) o #LL(SF SZ+2d7k)#(k72)(kfl)
k=3

)

(¢) f has a left homotopy inverse g;
(d) when restricted to a factor H*(S* x S*+24=F) in the cohomology of the connected

sum, f* is zero on precisely one of the ring generators.

O

Recently, Limonchenko [Li] showed that if K = 9P* for P a simple polytope and K is minimally

non-Golod then the simplicial multiwedge K(J) is also minimally non-Golod for any sequence J.
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This is the combinatorial counterpart to Gitler-Lopez de Medrano’s result on the diffeomorphism

type of Zg () being a connected sum of products of two spheres.

We close the survey by making some remarks on the subtlety of the connection between the
statements:
(i) K is Golod (that is, k[K] is Golod over every field k);
(ii) Zk is homotopy equivalent to a wedge of spheres,

and

(iii) K is minimally non-Golod;

(iv) Zk is diffeomorphic to a connected sum of products of two spheres.
In [GPTW] it was shown that if K is the minimal 6-vertex triangulation of RP? then K is Golod
but Zk is not homotopy equivalent to a wedge of spheres. In fact, Zx is homotopy equivalent
to a wedge of spheres and a copy of L"RP2. So a condition additional to Golodness is needed
on the Stanley-Reisner face ring Z[K]| to ensure that Zx is homotopy equivalent to a wedge of
spheres. However, even a torsion-free condition is not enough. Limonchenko [Li] showed that if L
is the minimal 9-vertex triangulation of CP? then L is Golod and has no torsion in the integral
cohomology of any full subcomplex but Zk is not homotopy equivalent to a wedge of spheres. In
fact, Z is homotopy equivalent to a wedge of spheres and a copy of X!°CP2. Limonchenko goes
on to show that this sort of problem persists in the minimally non-Golod case. If L’ is L with one
stack along a maximal 4-simplex then L’ is minimally non-Golod, has no torsion in the integral
cohomology of any of its full subcomplexes, but Z; is not homotopy equivalent to a connected sum

of products of two spheres because of the existence of a non-trivial triple Massey product.

Part 2. Higher Whitehead Products in Toric Topology

In the second part of the paper we consider the map w in the homotopy fibration Zg o DJ K —
[1;2, CP> and identify it as a sum of higher and iterated Whitehead products for a certain family

of simplicial complexes K.

8. STATEMENT OF RESULTS

As seen in Part 1, there has been considerable success in studying the homotopy type of Zk or its
suspension. However, no attempt has been made to study the map Zx — DJg. This means that
the interesting information that is known about the moment-angle complex Zx cannot be related
to the Davis-Januszkiewicz space DJg. The purpose of this paper is to remedy this deficiency. We
show that for a certain family of simplicial complexes K, Zk is homotopy equivalent to a wedge of
spheres and the homotopy equivalence may be chosen so that the map Zx — DJg consists of a

specified collection of higher Whitehead products and iterated Whitehead products. In particular,
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each missing face of K corresponds to the existence of a non-trivial higher Whitehead product whose
adjoint has a nonzero Hurewicz image in H,(QDJg; Q).

The focus in this part will be on DJg and Z§ but some of the results will be valid in a more general
setting. To make the notation reflect this, we make the following definitions. Let Xi,...,X,, be
path-connected pointed CW-complexes and let X = {X;,...,X,,}. Let K be a simplicial complex

on the vertex set [m]. Define
DJK(X) = (X, 0% and  Zx(X) = (COX, QXK.

By Theorem 5.5 there is a homotopy fibration

i=1

If Xyq,..., X, all equal a common space X, we instead write Zx (X) and DJg(X). When X; = CP*>°
for each 1 < i < m, the homotopy fibration (18) specializes to the case of primary interest in toric
topology, that is, to the homotopy fibration Zx — DJx — Hf;l CP=.

The homology of QDJk(X) with various coefficients has been calculated for different families
of simplicial complexes. Some simple but important examples of the homology of QD Jk (X) were
calculated by Lemaire [Le] in 1974 before the notion of Zx (X) and DJg (X) were introduced. Panov
and Ray [PR] introduced categorical formalism to study the homology of QD Jk (X) and gave explicit
calculations when K is a flag complex. Dobrinskaya [D] has a general approach for calculating the
homology of QD .Jk (X) for an arbitrary simplicial complex K in terms of the homology of Q(X) and
some special relations coming from the homology of QDJk (5?). However, the homology of QZx (X)
remains a mystery.

In this paper we first consider the case when each X is a sphere, writing § = (S™F1 ... §7m+1).
As an intermediate goal towards understanding the map Zx — DJg we need to calculate the
rational homology of QDJk (S) and QDJk. However, it is important to emphasize that we do this
in such a way as to remember the geometry of the space, that is, in such a way as to keep track
of specific Hurewicz images. The existing models for rational loop homology are not known to do
this, so we have to produce our own model which does. The methods we use lend themselves well
to concrete calculations, and we include some examples to illustrate this.

In what follows K will be a simplicial complex on the vertex set [m]. A simplex o € K corresponds
to a sequence (i1,...,4;) where 1 < i3 < --- < 4, < m and the integers i, are the vertices of K
which are in 0. Let dim(o) = k—1 be the dimension of . We concentrate on the collection M F(K)
of missing faces. To be precise, a sequence (i1, ...,1) is in MF(K) if: (i) (i1,...,%) ¢ K, and (ii)

every proper subsequence of (i1,...,4) is in K. For example, let K be the simplicial complex on 4
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vertices

(19) 2
Then MF(K) = {(3,4), (1,2,3),(1,2,4)}.

Definition 8.1. Let K be a simplicial complex the vertex set [m]. We say that K is an M F-complex
if
K= |J |oo]
ceEMF(K)

where |K| and |0o| denote the geometrical realisations of K and do, respectively.

A simple example of a non-M F-complex is the boundary of a square.

The class of M F-complexes is larger than we want for producing wedge decompositions of Zx (.S)
and Zgx. We will give an example in Section 9 of an M F-complex K with the property that Zx has
non-trivial cup-products. We wish to avoid this, so we add another condition which restricts how

the faces of K can be assembled.

Definition 8.2. Let K be an M F-complex on the vertex set [m]. We say that K is a directed
M F-complex if there is a sequence of subcomplexes ) C K; C --- C K; = K for some [, where

K;=K,;_1U00; for 0, € MF(K) and K,_1 No; is a face common to K;_; and o;.

Observe that the simplicial complex (19) is a directed M F-complex, but if the edge (3,4) is
also added (giving the 1-skeleton of a tetrahedron) then the resulting simplicial complex is an M F-
complex but not a directed M F-complex. More examples are given in Section 9.

Directed M F-complexes have the property that Zx decomposes as a wedge of spheres. In partic-
ular, all cup products and higher Massey products in H*(Zk) are zero. We obtain this as a special

case of a property for more general spaces.

Theorem 8.3. Let K be a directed MF-complex on the vertex set [m]. Let X = {X1,...,Xm}
where each X; is a path-connected topological space. Then Zx (X) is homotopy equivalent to a wedge
of spaces of the form X'QX;, N--- ANQX;, for various 1 <t < m and sequences (iy,...,i) where

1<ip <+ < <m.

Corollary 8.4. Let K be a directed M F-complex on the vertex set [m]. Then each of Zx(S) and Zk

is homotopy equivalent to a wedge of simply-connected spheres.
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Next, as an intermediate step, we calculate H,(QDJk(S); Q) and H,(2DJk; Q) using an Adams-
Hilton model, with the emphasis on detecting Hurewicz images. To state this we introduce some
notation. If V is a graded Q-vector space, let L(V) be the free graded Lie algebra generated by V,
and let UL(V') be its universal enveloping algebra. If V' has basis {v1,...,vm} let Lgs(v1, ..., 0m)
be the direct sum @72, L{v;). In particular, in Lgs(v1,...,v,) we have [v;,v;] = 0 if i # j. Notice
that if v; is of even degree then [v;, v;] = 0 but this is not the case if v; is of odd degree. On the other
hand, if v; is of odd degree then in UL{(v;) we have [v;,v;] = 202,

UL(v;) = Qv;]. Thus ULgs(vy,...,0m) = Q7 ,UL(v;). If L is a Lie algebra and 1, ...,z € L, let

so for v; of any parity we have

[[z1,22],...,2zx] denote the iterated bracket [...[[x1,z2], 23], ..., 2]

Let b; be the Hurewicz image of the adjoint of the coordinate inclusion S™ ! — DJk(S).
Abusing notation, let b; also be the Hurewicz image of the adjoint of the composite $? — CP>® —
DJg, where the left map is the inclusion of the bottom cell and the right map is the inclusion of
the i*"-coordinate. By u, we denote the Hurewicz image of the adjoint of the Whitehead product
corresponding to a missing face 0 € M F(K). We will phrase H,.(Q2DJk(S); Q) and H.(QDJk;Q)
as quotients of U(Lgs(b1,...,bm) [ L{us | 0 € MF(K))). A distinction needs to be made between
the elements u, where |o| = 2 and |o| > 2. The latter elements are independent from by, ..., by,.
On the other hand, if |o| = 2 then ¢ = (i1,42) and u, = [b;,, b;,], which is not independent from
b1,...,by. This leads to additional relations determined by the graded Jacobi identity and face
relations. Specifically, we have [u,, b;] = [[bi,, bi,], b;] = [biy, [biy, b;]] — (—1)IPixl1Pe2l by, [b;,,b,]] and
if (i1,7) € K or (i2,j) € K then [b;,b;] = 0 or [b;,,b;] = 0 repsectively. The collection of such
relations forms an ideal in U(Lgs(b1,...,bm) [[ L{us | 0 € MF(K))) which we label as J. Note that

if every missing face 0 € M F(K) is of dimension greater than 1, then J is trivial.
Theorem 8.5. Let K be a directed M F'-complex. There is an algebra isomorphism
Ho(QDJie(S); Q) 2 U(Las (b1, -, bn) 11 Lty | 0 € ME(K)))/J

where each u, s the Hurewicz image of the adjoint of a higher Whitehead product. Further, the loop
map QDJk(S) — [~ Q5™+ is modelled by the map
U(Las (b1, - b)) [T Lo | 0 € ME(E))) /T "5 ULgo (b, ... b)

where w is the projection.

Let 1: S2 —s CP® be the inclusion of the bottom cell. For any simplicial complex K, this
induces a map DJy(¢): DJg(S?) — DJk.

Theorem 8.6. Let K be a directed M F'-complex. There is an algebra isomorphism

H,(QDJi; Q) 2 U(Lgs(br, ..., by) [[ Llug | 0 € MF(K)))/(I+ J)
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where u, is the Hurewicz image of the adjoint of a higher Whitehead product and I is the ideal
I= (b2, [ug,b; ]| 1<i<m,o=(i1,...,ix) € MF(K),j, € {i1,...,ix}).

Further, there is a commutative diagram of algebras

~

H,(QDJk(52); Q) —— U(Lgs (b1, b)) [[L{uo | 0 € MF(K)))/J

J/ (2D Jk (2))« lq

HA(QDJi; Q) — = U(Lag{br, b T Lo | & € ME(K)))/(I+ J)

where q is the quotient map.

Notice that the relation b? in I lets us replace Lgs(b1,...,by) in the statement of Theorem 8.6
by Lap(b1,...,bm), where Ly is the free abelian Lie algebra generated by the indicated elements,
which is characterized by having its bracket identically zero.

Our main theorems are homotopy theoretic. For 1 < i < m, let a;: S™™' — DJx(S) be the
inclusion of the i*"-coordinate. The analogue of the algebraic ideal J occurs when o = (iy,1z),
in which case there is a Whitehead product w, = [a;,, a;,]; as in the algebraic case, this imposes
relations determined by the Jacobi identity and face relations in cases of the form [w,,a;] when
(i1,j) € K or (i2,j) € K. For |o] = 2, let W, be the collection of all independent Whitehead

products of the form [[wy,aj,]...,a;], where 1 < j; <--- <j<land1<1 < oc0.

Theorem 8.7. Let K be a directed M F-complex on the vertex set [m], so that there is a homotopy

equivalence Zi (S) = \/ . Ste. The equivalence can be chosen so that the composite

acl

\/ 8" — Zk(S) — DJk(S)

a€l
is a wedge sum of the following maps:
(a) a higher Whitehead product w,: St — DJg(S) for each missing face o =
(i1, ... ir) € MF(K), where t, = k — 14 (3_ny,);
(b) an iterated Whitehead product

[Wo,aj,] ... a;]: S* — DJk(S)

for each o € MF(K) of dimension greater than 1 and each list 1 < j; < --- < j; <1,
where 1 <1 < oo and t, =t, + Eézlnjt;
(c) the collection of independent iterated Whitehead products W, for each o € MF(K)

of dimension 1.

Let @; be the composite @;: S2 — CP> — DJg where the right map is the inclusion of the
ith-coordinate. If o = (i1,i2), let W, be the Whitehead product [d;,,a;,]. As above, for |o| = 2,
let W, be the collection of all independent Whitehead products of the form [[@,, aj,|...,a;] where

1<ji<---<ji<land 1<!< 0. Given o = (i1,...,4), let Jo, ={1,...,n} — {i1,... i}
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Theorem 8.8. Let K be a directed M F-complex on the vertex set [m], so that there is a homotopy

= S% . The equivalence can be chosen so that the composite

equivalence Zx =~ \/ ;.7

\/ 8% — Zx — DIk
ael

is a wedge sum of the following maps:

(a) a higher Whitehead product w,: S?1°1=1 — D.Jy for each missing face o €
MF(K);
(b) an iterated Whitehead product

(@, a5,] . aj,): ST — Dk

for each 0 € MF(K) of dimension greater than 1 and each list j1 < -+ < ji in Jy,
where 1 <1 < m;
(c) the collection of independent iterated Whitehead products W, for each o € MF(K)

of dimension 1.

Although in this paper our goal is to identify the map Zx — DJk for K a directed M F-
complex, we expect this can be generalized first to a much larger family of simplicial complexes and

second to the map between polyhedral products Zx(X) — DJg(X).

9. THE OBJECTS OF STUDY

This section gives an initial analysis of directed M F-complexes. First, we compare directed M F-
complexes to another family of simplicial complexes that has received considerable attention for
its role in producing wedge decompositions of Zy. Then we prove the wedge decompositions in
Theorem 8.3 and Corollary 8.4.

Recall that a simplicial complex K on n vertices is shifted if there is an ordering on the vertex set
such that whenever o is a simplex of K and v' < v, then (¢ —v) Uv’ is a simplex of K. In [GT2] it
was shown that if K is a shifted complex then Zx is homotopy equivalent to a wedge of spheres. In
fact, in [GT?2] it was shown that if K is shifted then the polyhedral product (CQX, QX) is homotopy
equivalent to a wedge of suspensions. This was generalised to any polyhedral product (CX, X)¥

in [GT3, IK1].
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We show that directed M F-complexes and shifted complexes form distinct families, with non-

trivial intersection. Consider the three examples:

1 1 1
5
4 3 4 3 4 3
2 2 2
K, Koy K

Observe that K7 and K5 are shifted but K3 is not. The list of minimal missing faces in each case is:

MF(K;) =4{(3,4),(1,2,3),(1,2,4) };

MF(Ks3) ={(2,4),(3,4),(1,2,3)};

MF(K3) ={(2,5),(3,4),(4,5),(1,2,3),(1,2,4),(1,3,5)}.
Observe that | K1 = U, crrp(x,) [00] and [Ks| = U, crrp(s,) 1001, but in contrast, U, ¢ rrp (s, [00] =
| K2 — (1,4)]. Aswell, K can be formed by gluing the boundary of (1,2, 3) to the boundary of (1, 2,4)
along the common face (1,2), and K5 can be formed by gluing the boundary of (1, 3,5) to K; along
the common face (1,3). Thus K is a shifted complex which is also a directed M F-complex, while
K is a shifted complex which is not a directed M F-complex, and K3 is a directed M F-complex
which is not shifted.

As noted in Section 8, a simple example of an M F-complex which is not a directed M F-complex

is the 1-skeleton of a tetrahedron. However, by [GT2], in this case the conclusions of Theorem 8.3
and Corollary 8.4 nevertheless hold; in particular, Zx is homotopy equivalent to a wedge of spheres.
It is useful to also give an example of an M F-complex which is not a directed M F-complex and for
which Theorem 8.3 and Corollary 8.4 fail. Let K be the simplicial complex on 8 vertices given by

1

Notice that K is the union of the boundaries of the faces {(1,5,6),(2,6,7),(3,7,8),(4,5,8)}. This
implies that [K| = U,cpp(x) [00], so K is an M F-complex. However, K is not a directed MF*-
complex. For, thinking of |K| as the union of the boundaries of four triangles, it is possible to glue
the second triangle to the first and the third to the first two along a common vertex, but the fourth

triangle is glued to the first three along two vertices, which is not a common face. In this case the
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existence of the boundary of the square in K leads to non-trivial cup products in the cohomology

of Zy, implying that Zx cannot be a wedge of spheres.

Now we turn to the homotopy types of Zx(X) and Zx when K is a directed M F-complex. For

clarity, we restate Theorem 8.3 and Corollary 8.4.

Theorem 9.1. Let K be a directed MF-complex on the vertex set [m]. Let X = {X1,...,Xm}
where each X; is a path-connected, pointed CW -complex. Then Zi (X) is homotopy equivalent to a
wedge of spaces of the form 3'QX;, A--- ANQX;, for various 1 <t < m and sequences (iy,...,ix)

where 1 <41 < -+ < i < m.

Proof. Write Y € W if Y is a space that is homotopy equivalent to a wedge of spaces of the form
EtQXil A=+ ANQX;, for various 1 < ¢ < m and sequences (i1, ...,4) where 1 <i; < -+ < ij < m.
For any such sequence, let FW (iy,..., i) be the fat wedge of the product H?Zl Xi,. By definition,
the homotopy fibre of the inclusion FW (i1, ... ,ix) — H§=1 X, is Zg for K = (A*),_; = 8o. On
the other hand, by [Po2], this homotopy fibre is homotopy equivalent to ¥ ~1QX; A---AQX;, . In
particular, in an M F-complex |K| = UUeMF(K) |0o|, we have Z5, € W for every 0 € M F(K).

By definition, since K is a directed M F-complex, there is a sequence of subcomplexes ) C K; C

- C K; = K for some [, where K; = K;_1 U 9o; for 0, € MF(K) and K;_1 No; is a face
common to K; 1 and o;. We proceed with the proof by induction. Since K; = doq, the previous
paragraph shows that Zx, € W. Now suppose that Zx, , € W. We have K; constructed by
gluing do; and K;_; along a common face, Z5,, € W by the preceding paragraph, and Zg, , € W
by assumption. Under these circumstances, [GT2, Theorem 1.3] implies that Zx, € W. (Actually,
[GT2, Theorem 1.3] is stated for the special case when X; = CP* for 1 < ¢ < n, but the proof goes

through without change in the general case.) Hence, by induction, Zx(X) = Zk, is in W. O

Corollary 9.2. Let K be a directed M F-complex on the vertex set [m]. Then Zx(S) is homotopy
equivalent to an infinite wedge of simply-connected spheres, and Zx is homotopy equivalent to a

finite wedge of simply-connected spheres.

Proof. In Theorem 8.3, suppose that X; = S™*! for each 1 < i < m. Then Z(S) is homotopy
equivalent to a wedge of spaces of the form X!QS™n+L A ... A QS™ Tt for various 1 < t < m
and sequences (i1, ...,ix). By [J], there is a homotopy equivalence XQS™+! ~ \/72 §/mitt,
Since S7™i*1 is a suspension, iterating this homotopy equivalence shows that each wedge sum-
mand XfQS™1 AL A QST is homotopy equivalent to an infinite wedge of simply-connected
spheres. Thus Zk (S) is homotopy equivalent to an infinite wedge of simply-connected spheres.
Next, in Theorem 8.3, suppose that X; = CP> for each 1 < ¢ < m. Then Zg is homotopy
equivalent to a wedge of spaces of the form EtQ(CPfIO A= ANQCPEe for various 1 < ¢ < m and
sequences (iy,...,i). Since QCP*> ~ S! each wedge summand EtQCPflC/\- - AQCP;? is homotopy
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equivalent to S**t. Thus Zk is homotopy equivalent to a finite wedge of simply-connected spheres.

O

10. HIGHER WHITEHEAD PRODUCTS AND FAT WEDGES

In this section we define a higher Whitehead product by means of a fat wedge, and relate the
existence of a missing face in K to the existence of a non-trivial higher Whitehead in DJk (X). Let

X1,..., X, be path-connected spaces and let X = {X4,...,X,,}. The fat wedge is the space
FW(X)={(z1,...,2m) € X1 X -+ x X, | at least one x; = *}.

Consider the homotopy fibration obtained by including FW (X) into the product X; X -+ X X,y,.
The homotopy type of the fibre was first identified by Porter [Po2], who showed that there is a
homotopy fibration

YIQXI A AKX, — FW(X) — Xy % - X X

There is a reformulation of this in terms of the polyhedral product. Let K = OA™ !, the boundary
of the (m — 1)-simplex. Let C'Y be the reduced cone on Y, parameterised as CY = [0,1] x Y/ ~
for (0,y) ~ * and (¢, *) ~ *. Note that the cone point is at 0. Observe that there is a map of pairs
(CNX,;,0X;) — (X;,*) given by sending (s,w) € CNX; to w(s). Then, essentially by [Po2], the
map X" 1QX; A+ AQX,, — FW(X) can be identified with the map (CQX, QX)X — (X, x)K.

If each X, is a suspension, X; = XY;, then the suspension map E: Y — QXY induces a

composite

G XTI A AY — ETTIQNY A - AQYY, — FW(ZY).
The map ¢,, is the attaching map that yields the product. That is, there is a homotopy cofibration

SV A A Y 2 FW(SY) — BY) X -+ x S,

In the case m = 2, we have FIW(XY) = XY; V XY5 and ¢9 is the Whitehead product [iy, i3],
where i1 and i are the inclusions of XY; and XY5 respectively into XY; V 3Y5. This is the universal
example for Whitehead products. Given a space Z and maps f: XY, — Z and g: XY, — Z,
the Whitehead product [f,g] of f and g is the composite ¥Y; A Y, 22, YY) VY, Iy Z, where |
denotes the wedge sum. Porter [Pol] used the maps ¢,, for m > 2 as universal examples to define

higher Whitehead products.

Definition 10.1. For m > 2, let Y3,...,Y,, and Z be path-connected spaces, and let f;: ¥Y; —
Z be maps. Suppose that the wedge sum \/", XY; — Z of the maps f; extends to a map
f: FW(XY) — Z. The m'"-higher Whitehead product of the maps fi,..., fm is the composite

Fioeoos fnl: SV A - A Y, 25 FW(RY) - 2.
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If m = 2, the Whitehead product of two maps fi and fs is always defined, and the homotopy
class of [f1, f2] is uniquely determined by the homotopy classes of f; and fo. If m > 2, it may
not be the case that the higher Whitehead product of m maps f1,..., f, exists, as there may be
non-trivial obstructions to extending the given map \/!, XY; — Z to the fat wedge FW (ZY).
Even if such an extension exists, there may be many inequivalent choices of an extension, implying
that the homotopy class of [fi,..., fm] need not be uniquely determined by the homotopy classes
of fi,. ., fm-

When m = 2, the adjoint of the Whitehead product [f1, f2] is homotopic to a Samelson product.
Its image in homology is given by commutators. We wish to have analogous information about
higher Whitehead products. The universal example is given by the adjoint of ¢,,, which is a map
SM2YI A AY,, — QFW(ZY). We want to know the Hurewicz image of this map. To do so we
need a good model for H,(QFW (XY)) which sees this Hurewicz image. Producing such a model in
the case when each Y; is a sphere is the subject of Section 11.

Before getting to this, we give a general result which identifies non-trivial higher Whitehead
products in DJg (XY) for any simplicial complex K. In short, there is a non-trivial higher Whitehead
product for each missing face of K which, moreover, lifts to Zx (XY’). In what follows we will consider
sub-products Hle Y, of [, XY. If 0 = (i1,...,ix), let FIW(XY,0) be the fat wedge of the
sub-product H?Zl XY,

Lemma 10.2. Let K be a simplicial complex on the vertex set [m]. If o = (i1,...,1x) € MF(K)
then there exists maps fy: FW(XY,0) — DJg(XY) and go: SF71Y;, A--- A Y, — Zg(ZY)

which both have left homotopy inverses, and which fit into a homotopy commutative diagram

SELY, A AY, e FW(ZY)
1 Tk .

\Lgo lf&
Zx(SY) — > DJk(ZY).

Proof. Since 0 € MF(K), it is the full subcomplex of K on the vertex set {i1,...,4x}. Therefore,
if (X, A) is any n pairs of CW-complexes (X;, 4;) then the polyhedral product (X, A)? is a natural
retract of (X, A)X. Applying this to the map (COXY, Q¥Y) — (XY, ) obtained from the maps
of pairs (CQXY;, QXY;) — (XY}, %), we obtain a homotopy commutative diagram

SELOSY;, A AQRY;, ——> FW(ZY)
lgé lfa
Zr(ZY) ——— DJg(ZY)

where f, and g/ have left homotopy inverses. Precompose the diagram with the map

e: XY AL A Y, — BFIORY, A AQRY,
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induced by the suspension maps Y; £, QYY;. By definition, ¢ is € composed with the upper hori-
zontal map in the preceding diagram, so if let g, = g/, o€ then we obtain the homotopy commutative
diagram asserted by the lemma.

It remains to show that g, has a left homotopy inverse. But as ¥ F has a left homotopy inverse,

so does €, and therefore as ¢/ has a left homotopy inverse, so does g, . O

11. ApaMS-HILTON MODELS

Let X be a simply-connected CW-complex of finite type and R a commutative ring. The Adams-
Hilton model [AH] is a means of calculating H,(QX; R). One advantage it has over other models
for H,(Q2X; R) is its relative simplicity, which allows for concrete calculations in certain cases. Its
presentation is stated in Theorem 11.1.

Let V be a graded R-module, and let T'(V) be the free tensor algebra on V. For a space X,
let CU,(X) be the cubical singular chain complex on X with coefficients in R. Note that CU,(X)
is naturally chain equivalent to the simplicial singular chain complex on X. If X is a homotopy
associative H-space then the multiplication on X induces a multiplication on CU,(X), giving it
the structure of a differential graded algebra. A map A — B of differential graded algebras is a

quasi-isomorphism if it induces an isomorphism in homology.

Theorem 11.1. Let R be a commutative ring and let X be a simply-connected CW -complex of finite
type. The Adams-Hilton model for X is a differential graded R-algebra AH(X) satisfying:
(a) if X = pt U(U,eg€a) is a CW-decomposition of X then AH(X) = T(V;dy)
where V = {ba tacs and |bs| = |ea] — 1;
(b) the differential dy depends on the attaching maps of the CW -complex X ;
(¢c) there is a map of differential graded algebras 0x: AH(X) — CU,(QX) which
induces an isomorphism H,(AH(X)) = H.(2X; R).

]

Notice that the generators of AH(X) are in one-to-one correspondence with the cells of X, shifted
down by one dimension. However, the differential dy and the quasi-isomorphism 6 x are not uniquely
determined by the C'W-structure of X. There may be many inequivalent choices of both dy and 6x
which result in an isomorphism H.(AH (X)) = H,.(QX;R). In that sense, there may be many
Adams-Hilton models for H,(Q2X;R). One would hope to choose a model which is particularly
advantageous. This is what we aim to do for X = DJg(S) or DJg and R = Q by choosing a model
which keeps track of the Hurewicz images of adjointed higher Whitehead products.

We start with some general constructions in the case of DJk(S?) and DJg, producing Adams-
Hilton models for both which are compatible with the inclusion §? — CP of the bottom cell.

The model will then be generalized to DJk (S), but without the need for an accompanying map.
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By definition, for o = (i1,...,1i), let S7 = H?zl Sfj,
position, and let D.J (S5?) = U, ek S7. Similarly, regarding CP> as BT where T' = S1, by definition
DJgx = U,ex BT?, where BT = BT;, x---x BT;, , again with the lower index recording coordinate
position. Let 27: S — BT be the product map H?Zl 1. Then the map DJk(S) DJL@ DJg is,

with the lower index recording coordinate

ko

by definition, (J, ¢ 27

Many useful properties of Adams-Hilton models were proved in [AH]; a nice summary can be found
in [An, 8.1]. First, an Adams-Hilton model of a CTW-subspace can be extended to one for the whole
space. Start with the inclusion of the bottom cell S — CP>. Then an Adams-Hilton model for S2
can be extended to one for CP*. Second, an Adams-Hilton model for a product AH(X xY) can be
chosen so that it is quasi-isomorphic to A(X)®A(Y"), and this respects the quasi-isomorphisms 0x xy
and 0x ®0y to the respective cubical singular chain complexes. In our case, this lets us take the given
model AH (5?%) for S? and its extension AH (CP>) for CP* and produce a model for S° mapping to
BT? which, up to quasi-isomorphisms, is AH (S5?)®° mapping factor-wise to AH(CP>)®°. Third,
Adams-Hilton models preserve colimits, given coherency conditions. That is, if {X,} is a family of
CW-subcomplexes of X and X = J, X, and there are models AH(X,) satisfying the coherency

conditions dVa‘AH(XaﬁXg) = de‘AH(XaﬁXB) and 9Xa|AH(XaﬁX5) = 0X[3|AH(XQQX,3) for all pairs

(a, B), then colim, AH (X,) is an Adams-Hilton model for X. In our case, we have DJk (S) DI

User ?”

DJk equalling, by definition, J 87 ——— U,k BT?. Notice that the intersection S7* N S

ceK
is again a sub-product, namely S92, Similarly, BT° N BT°2 = BT°"92, Thus the compatibility
of Adams-Hilton models with products implies that the coherency conditions will be satisfied for

User S7 and |, ¢ BT, and for the map |J, . i7. Hence there is a commutative diagram

AH(DJg(S)) — colimye x AH(S°)
(20) i AH(DJx (1)) i colim, c x AH(:7)

AH(DJy) — colimyex AH(BT®).

At this point one would like to say that homology commutes with colimits in order to describe
H.(QDJK(5%);Q), say, as colimyex Hy(257;Q). But there is a problem: AH(DJk(S)) is a non-
commutative differential graded algebra and in general, colimits of such objects do not commute
with homology. The point is that the colimit does not see higher bracket terms that may arise from
the interaction of the differential and noncommutativity. Instead, one needs to take an appropri-
ate homotopy colimit. However, in the case of directed M F-complexes, we are able to avoid this
problem.

To see this, consider an analogue of (20) with respect to directed M F-complexes and fat wedges.
To distinguish fat wedges, given o = (i1,...,ix), let FW(S%, o) be the fat wedge of H?=1 Sfj,
where the lower index refers to coordinate position. Let F'W (o) be the fat wedge of Hle Crpr.
Let 19: FW(S?,0) — FW(0) be the map of fat wedges induced by 2. Note that FW (S2%,0) =
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Ureary, , ST and FW (o) = U, ¢(ary, , BT". Suppose K is a directed M F-complex on n vertices.
The fact that K is an M F-complex (missing face complex) implies that
DIk(S) = |J Fw(sto= |J U s
ceEMF(K) cEMPF(K) te(AF) k1
Since K is a directed M F-complex, then in addition there is a sequence of subcomplexes ) C K C
- C K; = K where K; = K;_1 U0do; and K;_1 N Jo; is a face common to K;_1 and do;. Suppose

this common face is (¢1,...,%). Then topologically there is a (strict) pushout

Hé’:l St2] - DJKifl(‘SQ)

| |

W(SQ, O'i) e DJKI(SZ)

That is, DJg, ,(S?) and FW(S?,0;) have been glued together over the sub-product H;Zl Sfj of
[T, S?. This pushout satisfies the coherency conditions for the Adams-Hilton model. The same
is true for DJx and the map DJk(¢). Thus, in the case of directed M F-complexes, (20) can be

reformulated as a commutative diagram
AH(DJg(S)) — colimyenrp(r)AH(FW(S2,0))
(21) l AH(DJk (1)) l colim, ¢y () AH (%)
AH(DJg) —— colim, e yrp(x) AH(FW ().

Since K is a directed M F-complex, K; is obtained by gluing K, ; and Jo; along a common
face. Thus the Adams-Hilton model AH(DJk,) is a free extension of the differential graded
algebras AH(DJg,_,) and AH(FW (0;)) and consequently, the diagram (21) is Reedy cofibrant
(see [PR, Sections 3,4] for a discussion). Therefore, by [PR, Proposition 4.8] the colimits in (21)
are naturally weakly equivalent to homotopy colimits. As homotopy colimits of differential graded

algebras commute with homology, we immediately obtain the following.

Proposition 11.2. Let K be a directed M F-complex. There is a commutative diagram of algebras

~

H.(QDJ(S?);Q) — colimgenrp(rc) Ho(QFW (S2,0); Q)
\L(SZD,]K(Z))* i COliMyy ¢ s p ey ()

H,(QDJk; Q)

~

colimyeprp () Hy(QFEW (0); Q)

O

Proposition 11.2 reduces the problem of calculating H,(Q2DJx (S?); Q) and H,(QDJg; Q) to that
of calculating the rational homology of looped fat wedges — with the proviso that the underlying

model for the fat wedges must be compatible with the inclusion of sub-products. In our case we
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want more, that the homology of the looped fat wedges also keeps track of the Hurewicz images of
adjointed higher Whitehead products. We will discuss this further in the next section.

Observe that the arguments above are equally valid for DJg (X), where X = {X1,..., X, }. The
cases we particularly care about are S = {S™*1 ... SmmF1l with the special case of DJg (S?), and
the case of DJg. The focus is on these cases as they give models which can be explicitly calculated.
We do so for DJk(S) in Section 13 and DJk in Section 14. For future reference, we state the case

for S.
Proposition 11.3. Let K be a directed M F-complex. An Adams-Hilton model for DJk(S) is
AH(DJg(S)) = colimyeprpx)yAH(FW (o))
and there is an isomorphism
H.(QDJk(S); Q) = colimgenrpx)yH« (QFW (0); Q). O

12. AN ADAMS-HILTON MODEL FOR FW(S)

We are aiming for an Adams-Hilton model for FW(S) over Q which is compatible with the
inclusion of sub-products, and which keeps track of the Hurewicz images of adjointed higher White-
head products. We will obtain one by using Allday’s construction of a minimal Quillen model for
T (QFW(S)) ® Q and then using this to produce an Adams-Hilton model for H,(QFW (S);Q).

We begin with some general statements which hold for any path-connected space X. Assume from
now on that the ground ring R is Q. Observe that 7. (X) can be given the structure of a graded Lie
algebra by using the Whitehead product to define the bracket. Equivalently, by adjointing, m.(QX)
may be given the structure of a graded Lie algebra by using the Samelson product. Quillen [Q]
associated to X a free differential graded Lie algebra A(X) over Q with the property that there is
an isomorphism H, (A(X)) — m.(2X) ® Q. The free property of A(X) lets us write it as L(V;dy)
for some graded @Q-module V and differential dy on V. A Quillen model MQ(X) is minimal if the
differential has the property that d(L{V)) C [L(V), L(V)].

Allday [Al] gave an explicit construction of a minimal Quillen model for 7, (QFW(S)) ® Q. This
is stated in Theorem 12.1 once some notation has been introduced. The cells of FIWW(S) are in
one-to-one correspondence with sequences (i1, ...,i;) where 1 <i; < .-+ < i <m and k < m. The
sequence (iy,...,i;) corresponds to the top cell of the coordinate subspace S™i1F! x ... x Smip Tl
within FW(S). This cell has dimension ¥*_;(n;, + 1). Note that the condition k¥ < m excludes
only one sequence, (1,2,...,m), corresponding to the top cell of the product S™*1 x ... x §nm+L

Allday’s minimal Quillen model for 7, (QFW(S)) ® Q is of the form

MQ(FW(S)) = L(V; dv)
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where V' has one generator b; for each sequence I = (i1,...,4) with 1 < i3 < -+ < i < m
and k < m, and the degree of by is (¥¥_;(n;, + 1)) — 1. Similarly, his minimal Quillen model for
T (Q[T~, ™) @ Q is of the form

Hsnﬁ-l W dw>

where W has one generator by for each sequence I = (iy,...,4) with 1 <43 < --- < i, < m, and
the degree of by is (Z*_;(n;, +1)) — 1.

To describe the differentials dy and dyy, fix a sequence I = (iy,...,i) where 1 <iy < -+ <igj <
m and k > 2. If & < m this corresponds to a generator by of V, and if k¥ < m this corresponds to a
generator by of W. In either case, the degree of by is |br| = (X¥_;n;, +1)—1. Let S; be the collection
of all shuffles (J, J) of {i1,...,ix} with the property that j; = 1 (known as a type II shuffle relative
to 1). If (J,J') is an (r,s)-shuffle of {1,...,k}, let e(J,J') € {0,1} be the number determined

1)e(J,J/)

by the equation z;, ---z;, = (— Zjy *+* 24,24, -z, in the graded rational symmetric algebra

generated by z;,,..., 2, with |z;,| =mn;, +1for 1 <t <k. Let

ik
ar = —%(5,Je8z (—1)br+e T 5 b ).

As special cases, let b= b1, ;) and a = a1, m)-

Theorem 12.1. With V and W as defined above, minimal Quillen models L{V;dy) and L{W;dw)
for m (QFW(S)) @ Q and 7, ([T, Q5™ *1) @ Q can be chosen to satisfy the following properties:

e) dw(b) =
f) the adjoint of the higher order Whitehead product S°1=1 Py - FW(S) which at-

(a) W=V & {b};

(b) dy(br) =0 if I = (3) for 1 <i <m;

(¢) dv(br) = ar for I = (i1,... i) with2 <k <m;
(d) dw restricted to V is dy;

(

(

taches the top cell to the product [~ , Smitl s homotopic to a.

O

There is an explicit map a: L{(V) — 7. (QFW(S)). Let by € V for I = (i1,...,i). This
corresponds to the top cell of the coordinate subspace S™1+1 x ... x S+l in FW(S). Let
FW (iy,...,i) be the fat wedge in S™+! x ... x S" Tl Let a(br) be the adjoint of the com-
posite Slbrl—1 SN FW(iy,...,ig) — H?,l S§™iutl — FW(S), where the latter two maps are
the inclusions. Now extend « to L(V) by using the fact that 7. (QFW(S)) ® Q is a Lie algebra
under the Samelson product. Allday’s statement that L(V;dy) is a minimal Quillen model for
T (QFW(S)) ® Q says two things: first, that « can be upgraded from a map of Lie algebras to
a map of differential graded Lie algebras, where the differential on 7, (QFW(S)) ® Q is zero, and
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second, that this upgraded map induces an isomorphism in homology. A similar construction can
be made with respect to [/, S™i*1.

We now pass from a minimal Quillen model to an Adams-Hilton model. In general, observe that
the Hurewicz homomorphism 7, (QX)®Q — H,(2X;Q) factors as the composite 7. (2X)®Q —
CU.(9QX) SN H,(QX;Q), where CU,(Q2X) is the cubical singular chain complex with coefficients
in Q, ¢ is the canonical map to the cubical singular chains, and A is the quotient map to the homology
of the chain complex. Note that h is an algebra map. Let MQ(X) be a minimal Quillen model for
7 (2X)®Q, and suppose there is an associated map of differential graded Lie algebras av: MQ(X) =
L{Vx;dy,) — m.(2X) ® Q which induces an isomorphism in homology. Since CU,(2X) is a
differential graded algebra, the composite ¢ o & extends to a map 0x: UL(Vx;dy,) — CU.(QX)

of differential graded algebras. Thus there is a commutative diagram

LV dvy) ——> UL(Vy;dyy)

(22) i“ lh

(QX)®Q CUL(QX) — = H.(QX;Q)

where i is the inclusion. By Milnor-Moore [MM], regarding 7. (2X) ® Q as a Lie algebra, we have
H,.(QX;Q) =2 U(m.(22X) ® Q), with the isomorphism induced by the Hurewicz homomorphism.
On the other hand, h is a map of differential graded algebras once H,.(QX;Q) has been given
the zero differential. Thus h o 0x is a map of differential graded algebras, and therefore it is
determined by its restriction to the generating set V. The commutativity of the diagram implies
that hofx|y = hocoaly =: ¢. Thus hofx = U(q), implying that hofx induces an isomorphism in
rational homology. Hence U L(Vx;dy, ) together with the quasi-isomorphism 6x is an Adams-Hilton
model for X.

In our case, we obtain Adams-Hilton models (UL(V'; dv ), 0w ) and (UL(W; dw ), 07) for FW(S)
and []/", S™ T, respectively. Theorem 12.1 therefore implies the following.

Theorem 12.2. The Adams-Hilton models AH(FW (S)) = (UL(V;dv),0pw) and AH([]/~, S™it!) =
(UL(W;dw),077) have the following properties:

(a) W=V @& {b};

(b) dy(br) =0 if I = (i) for 1 <i <m;

(¢) dv(br) = ar for I = (i1,... i) with2 <k <m;

(d) dw restricted to AH(FW(S)) is dy;

(e) dw(b) =

(f) the adjoint of the higher order Whitehead product SIP1=1 Py — FW(S) which at-

taches the top cell to the product [\~ , S™itl has “Hurewicz” image a.
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Remark 12.3. The inductive definition of the differential dy in the minimal Quillen model L{V’; dy)
for FW(S) in Theorem 12.2 implies that the differential is compatible with the inclusion of sub-
products. The same is therefore true in UL(V;dy). Moreover, the differential dy is what turns
the map « into a map of differential graded Lie algebras, and so both « and its extension to the

quasi-isomorphism 6 gy, are compatible with the inclusion of sub-products.

As well as the inductive nature of the Adams-Hilton model, Theorem 12.2 also explicitly identifies
the “Hurewicz” image of the adjoint of the higher order Whitehead product ¢,,. We put Hurewicz
in quotes as this image is an element in an Adams-Hilton model, whereas the honest Hurewicz im-
age is obtained after taking homology. That is, a is a cycle in AH(FW(S)), which could also be
a boundary. This turns out not to be the case. Observe that there is a sequence of isomorphisms
H.(AH(FW(S))) & H.(UL{V;dy)) = U(H.(L{V;dy))), since homology commutes with the uni-
versal enveloping algebra functor. To calculate H,.(L(V;dy)) we proceed exactly as in [B], where
Bubenik used separated Lie models to elegantly obtain the answer. This is stated in Theorem 12.4
in terms of the universal enveloping algebra rather than the Lie algebra as we are ultimately after
H.(QFW(S); Q). To state the result we need to introduce more notation. For 1 < i < m, let b;
be the generator in V' (or W) corresponding to the sequence I = (i). That is, b; corresponds to
the cell S™F! in Smitl x ... x Snmtl Tet N = (X5 n; + 1) — 2. Recall from Section (8) that,
Las(b1,. .. by) = @, L{b;). Observe that H,(AH([T5_; S™+1)) 2 ULas (b1, ..., bm)-

Theorem 12.4. For m > 3, there are algebra isomorphisms
H.(QFW(S); Q) = H.(AH(FW(S))) = U(Las(b1, - - -, bm) [T L(w))
where u, of degree N, is the Hurewicz image of the adjoint of the higher Whitehead product ¢,.

Further, the looped inclusion QFW (S) — [[i~, QS™ T is modelled by the map

U(m
U(Las (1, o) TTLW)) T UL gy (b, ... by

where w is the projection. (|

Note that the calculation of H,(QFW(S);Q) is not new, it was originally done by Lemaire [Le].
What is new and important to keep in mind about Theorem 12.4 is that the calculation also keeps

track of the Hurewicz image of the adjointed higher Whitehead product ¢, .

Remark 12.5. When m = 2, we have FW(S) = S™+1 v §"2F1 and then it is well known that
H.(QFW(S);Q) = H,(Q(S™T1vS™2H1); Q) = UL(by, by). In this case ¢ is the ordinary Whitehead
product and its adjoint has Hurewicz image u = [b1,b2]. In this case we can regard L(by,bs) as

Las{b1,b2) [[ L{u), modulo Jacobi identities on brackets of the form [u, —] = [[b1, ba], —].
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13. PROPERTIES OF QDJk(S) AND QZk(S) FOR DIRECTED M F-COMPLEXES

In this section we explicitly calculate H.(2DJk(S); Q) when K is a directed M F-complex,
proving Theorem 8.5. This is then used in tandem with the loops on the homotopy fibration
Zk(S) N DJg(S) L T, S™+! to calculate H,(QZk(S); Q). We then give a homotopy de-
composition of Zx(S) as a wedge of spheres and describe the map Zx(S) — DJg(S) in terms of

higher Whitehead products and iterated Whitehead products, proving Theorem 8.7.

Remark 13.1. To simplify the presentation, for the remainder of Sections 13 and 14 we will assume
that the given directed M F-complex K has the property that |o| > 2 for every o € MF(K). This is
to appeal directly to Theorem 12.4. If |o| = 2 for some o = (i1,i2) € MF(K), then the calculations
can be modified by regarding L(b;,, b,) as Las(bi,, bi,) [[ L{u) for u = [b;,, bs,] as in Remark 12.5,

and by introducing the ideal J discussed in Section 8.

We begin by calculating H.(Q2DJk(S); Q) using the Adams-Hilton model
AH(DJk(S)) = colimgenrr(x)AH(FW (o))

in Proposition 11.3. Let by, ..., b, be the generators in AH(DJk(S)) corresponding to the cells
Smtl o S§nmtl regpectively. For o = (iy,...,i;) € K, observe that {b;,,...,b;, } corresponds to
the cells S™*! which are in FW (o). Let N, = (E§:1nij + 1) — 2. By Theorem 12.4, we have
H,.(AH(FW (0))) 2 U(Lqgs{(bi,,---,bi,) [] L{us)) where u, is the Hurewicz image of the adjoint of
a higher Whitehead product SNe+1 — FW (o).

We now prove Theorem 8.5, restated below to match the simplifying assumption in Remark 13.1.

Theorem 13.2. Let K be a directed M F'-complex such that |o| > 2 for every o € MF(K). There

s an algebra isomorphism
H.(Q2DJk(S); Q) 2 U(Lgs(b1,...,bm) 1 L{us | 0 € MF(K)))

where each u, is the Hurewicz image of the adjoint of a higher Whitehead product. Further, the loop
map QDJg(S) — [~ QS™ ! is modelled by the map

U(Las (b1, - .. bo) [ Lluy | 0 € MEE))) /T 25 ULas by, ..., b

g

where w is the projection.

Proof. Consider the string of isomorphisms

H.(QDJk(5);Q) = H.(AH(DJk(S))
=~ colimyen pxy H«(AH(FW(0)))
=~ colimyenp(r)U(Las(biys - -, b)) 1T L{us))
= U(colimyenspiryLas(biy, - -5 biy) [T L{ug))
U(Lgs{b1,...,bm) [ L{u, | 0 € MF(K))).

1
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The first isomorphism holds because AH(DJg(S)) is an Adams-Hilton model. The second isomor-
phism holds because by Proposition 11.3. The third isomorphism holds by Theorem 12.4. For the
fourth isomorphism, Remark 12.3 implies that in the case of directed M F-complexes (when the miss-
ing faces are glued along common faces, which topologically correspond to sub-products in DJk (S))
the calculation of H,(AH(FW (0))) =2 U(Lgs(bi,,..-,b;,)) is compatible with the inclusion of sub-
products. Therefore both the underlying Lie algebra and its universal enveloping algebra respect the
colimit over M F(K), and so the fourth isomorphism holds. Provided the fifth isomorphism holds,
the string of isomorphisms establishes the isomorphism asserted by the theorem. The statement
regarding Hurewicz images now follows from that in Theorem 12.4. The statement regarding the
model for the looped map QDJg(S) — [[i~, 2S™ ! follows again from Remark 12.3 regarding
the compatibility of the colimit with the inclusion of sub-products.

It remains to establish the fifth isomorphism in the string of isomorphisms above. This is really

a statement about Lie algebras, so we will show that

colimy ¢ nr g (rc) Las (biy s - - - iy HL Ug) = Ly, bl,...,bm>HL<ug|cr € MF(K)).

Since the set M F(K) of minimal missing faces of K is finite, the colimit can be rewritten as a free co-

product modulo relations. To indicate the dependence on o = (i1, ..., i), write Lgs (biy, - -, bi, ) [T L{to)
as Lgs(bg ,...,b¢ ) I] L(us). Rearranging terms, there is an isomorphism of free coproducts
1 (Lds 7o) [T Llus ) > I Zas®.....88) | [] Lluolo € MF(K)).
ceEMF(K) cEMF(K)

Thus there is an isomorphism
(23) colimyeprp(x)Las (b5, - .., b7, HL Uy) =

I Zasg,....00) | [] Liuslo € MF(K)) | / ~
ocEMF(K)

where the relations ~ are as follows. By definition of a directed M F-complex, two minimal missing
faces 0,0’ € MF(K) intersect along a common proper face, which we label as 7. If 7 = (), then
as subspaces of DJg(S), FW (o) and FW (¢') intersect only at the basepoint. The Adams-Hilton
model of FW (0)V FW (o) is therefore the coproduct of the Adams-Hilton models for each individual
space, so after taking homology no relation is introduced on the underlying Lie algebras in (23). If
T # (), suppose that 7 = (r1,...,rs). Topologically, this intersection corresponds to the inclusion
of the proper subproduct [];_, S? into DJg(S). The Adams-Hilton model for the loop space of
this subproduct has homology isomorphic to UL(b] ,...,b] ), and by Remark 12.3 the inclusion
of this subproduct is compatible with the Adams-Hilton models for both QF W(J) and QFW (o).
Therefore, upon taking homology, in U(Lgs(b7,, - - -, b7, ) [ L{uy)) and U(Las (b5, , - - -, 7’k/> 1 L{us))

we have by, = bZt for every ry,...,r;. This relation holds equally well on the underlying Lie algebras.



50 J. GRBIC AND S. THERIAULT

Hence the relation ~ in (23) is given by identifying b7, and bﬁ; whenever 7, € 0 No’. Consequently,

considering all the minimal missing faces of K, we obtain

T Zas®l.....00) | [ L(uolo € MF(K)) | / ~ =
cEMF(K)

Las(by, .., bm) [ [ Lluslo € MF(K)).
0

Theorem 13.2 is the crucial algebraic result. We first use it to determine H,(2Zx(S);Q), and
then to determine a more detailed description of the Hurewicz homomorphism.

Since Lgs(b1,...,bm) [[L{us | 0 € MF(K)) is a coproduct, there is a short exact sequence of
graded Lie algebras

(24) L(R) = Las(br,- - b)) [1 L{ug | 0 € MF(K)) 5 Lgg(by,- .., by)
where i is the inclusion, 7 is the projection, and

(25) R = {[[us,bj,];---,bj] o e MF(K),1 <j3 <---<j;<m,0<1I< oo}
Here, when [ = 0 we interpret the bracket as simply being u,,.

Proposition 13.3. There is a commutative diagram of algebras

(Q2f)
H,(Q2k(S);Q) H,(QDJk(S):Q)

= |

UL(R) U(Las (b, ..., bw) 1] L{uo | 0 € MF(K))).

Proof. By [CMN, 3.7], a short exact sequence of graded Lie algebras induces a short exact sequence

of Hopf algebras. In our case, (24) induces a short exact sequence

UL(R) 2 U(Lay (b1, ... b)) [ Lty | 0 € ME(K)Y) 2 ULy (b1, ..., bun).

—

Here, by a short exact sequence of Hopf algebras, we mean that there is an isomorphism
U(Las(biy.. s bm) [[L{us | 0 € MF(K))) 2 ULgs(b1,...,bm) @ UL(R)

as right U L(R)-modules and left ULgs (b1, . . ., by )-comodules. In particular, U (i) is the algebra ker-
nel of U(7). On the other hand, Theorem 13.2 implies that U(7) is a model for the looped inclusion
QDJk(S) 29, [T, ©uS™*1. Since Qg has a right homotopy inverse, the homotopy decomposition
QODJk(S) ~ ([T7%, S™*1) x QZk (S) implies that there is a short exact sequence of Hopf algebras
H,(Q2k(5);Q) — H.(QDJk(S); Q) Y H, ([T%, @S™*1 Q). Thus H,(2Z2k(S); Q) is also the

algebra kernel of U(r), and the proposition follows. O
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Theorem 13.2 implies that the rational homology of QD Jk(S) is generated by Hurewicz images.

To be precise, suppose that o = (iy,...,ix) € MF(K). Recall that S = (S"a+l ... S"it1) and

let N, = (2*

jzlnij+1) — 2. Let

wy: SN 25 FW () — DJk(S)
be the higher Whitehead product. Let
Sg: SNo — QDJk(S)

be the adjoint of w,. As stated in Theorem 13.2, the element u, € H,(QDJk(S); Q) is the Hurewicz

image of s,. For 1 <i <m, let

a;: M — DJg(S)

be the coordinate inclusion and let
a;: S — QDJK(E)

be the adjoint of a;. The Hurewicz image of a; is b;. Let Z be the index set for R introduced
in (25). Then a € Z corresponds to a missing face 0 € M F(K) and a sequence (ji,...,J;) where
1< <~ <jr<mand 0 <[ < oco. Given such an «, let t, = (Eézlnjt) 4+ N,. Then there is a

Samelson product

[[s‘,,djl], .. .,@jl]l Sta — QDJK(E)

Since Samelson products commute with Hurewicz images, the Hurewicz image of [[s,,aj,],...,a;,]
is [[ue, b ], - - -, b;,]. Adjointing, we have a Whitehead product
([wo,aj],--.,aj]: St — DJg(9).

Taking the wedge sum over all possible «, we obtain a map
Wi \/ St — DJk(S).
a€l

Corollary 13.4. The map Q(\/ ez S™t) 2w QDJk(S) induces in rational homology the map

UL(R) YD U(Lag (b, ... b) [T Lluy | o € ME(E))).
Proof. Let S be the composite

E QW
S:\/ S = a(\/ ST =5 QDJK(S).
o€l acl

Then S is homotopic to the adjoint of W. In particular, the wedge summands of S are the Samelson

products [[s5,Gj, ] - -, G ] for & € Z. Thus, taking Hurewicz images, S, is the composite

i R UL(R) 28 U(Lag (b b)) [[ Lo | o € MF(K))) =5 H.(QDJk(S)).
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By the Bott-Samelson theorem, H.,((\/ o7 S'1); Q) = T(ﬁ*(\/aez Sta;Q)), and the latter alge-
bra is isomorphic to UL(R). Therefore, as (QW), is the multiplicative extension of S,, it induces

the multiplicative extension U (i) of i. O
Finally, we bring Zx (S) back into the picture.

Theorem 13.5. The map \/ o7 St , DJk(S) lifts to Zx(S), and induces a homotopy equiv-

alence \/ ez Sttt — Zg(S).

Proof. By Lemma 10.2, each higher Whitehead product w, lifts to Zx(.S). Therefore each iterated
Whitehead product [[wy,aj,], ..., a;,] into DJk(S) composes trivially to [];~, S™*! and so lifts to
Zk(S). Hence there is a lift

(26) / l w

for some map .

After looping, Corollary 13.4 implies that the map Q(\/, .7 S™™1) 2N 0z (8) induces an inclu-
sion UL(R) (@ H.(22xk(S); Q). By Proposition 13.3, there is an isomorphism H,(QZk(S); Q) =
UL(R). Therefore a counting argument implies that the inclusion (Q\), must be an isomorphism.
Hence QA is a rational homotopy equivalence. That is, QA induces an isomorphism of rational
homotopy groups. Therefore, so does A, and so A is a rational homotopy equivalence.

To upgrade this to an integral homotopy equivalence, proceed as follows.

Step 1: Let g,: SNot1 — Z(S) be a lift of the higher Whitehead product w,. By Lemma 10.2,

go can be chosen so that it has a left homotopy inverse. Now take the adjoint of (26) to obtain a

homotopy commutative diagram

QZk(S) —= QDJk(S)

where W, X are the adjoints of W, X respectively. Let g, : SNo — QZ(S) be the adjoint of g,.
Then g, is homotopic to the composite SN~ E QgNe+1 291 QZk(S) where E is the suspension
map. Since g, has a left homotopy inverse, so does {2g,. Since E, is the inclusion of the generator
in H,(QSNe*t1:7Z) = Z[zy,], we have that g, has nonzero Hurewicz image 1, for some element
Uy € Hi(QZx(S);Z). Let wy: SNo — QDJg(S) be the adjoint of w,. Since g, is a lift of w,
through ¢, g, is a lift of w, through Q. Therefore, if we identify u, € H.(QZk(S);Z) with its
image in H,(QDJk(S);Z), then @, has Hurewicz image .
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Step 2: Observe that the homotopy fibration QZ(S) 2% ODJg (S) — [Ii~, S* splits as

QDJk(S) ~ ﬁ St x QZk(S).

i=1

. The

For 1 < i < m, the coordinate inclusion S? %% D.Jg(S) adjoints to a map S* RN QDJk(S)
decomposition of Q2D.J (S) implies that @; has a nonzero Hurewicz image b; € Hy(Q2DJk (S);7Z). As

Samelson products commute with Hurewicz images, the iterated Samelson product [[@s, @, ], - -, @j,]
has Hurewicz image [[ty,bj,], ..., b;,].

Step 3: Now consider the rationalisation map
H.(QDJk(S);Z) — H.(QDJk(S5); Q).

The integral splittings of spheres off Zx(S) via the maps g, and the integral decomposition of
QD Jg(S) induce corresponding rational splittings and a rational decomposition. Thus r(t,) = u,
and r(b;) = b;, where u, and b; is the notation used for the rational classes in H,(2DJx(S); Q)
in Corollary 6.4. As r commutes with commutators, we therefore have 7([[tuy,bj,],...,b;]) =
[[to,bj, ], ..., b5]. In particular, since [[us,bj,],...,b;] is a generator of R (notation as in Corol-
lary 6.4), the Hurewicz image [[ty, bj, ], ..., b;,] in Ho (2D J (S); Z) is nonzero and maps by a degree
one map to [[us,bj,],.. .0

Notice that the iterated Samelson product [[@Ws,a;,],. .., a;,] is the adjoint of the iterated White-
head product [[we,aj,],...,a;]. Therefore the collection of adjointed higher Whitehead products w,
and iterated Samelson products [[Wy,dj,],. .., a;] comprise the map W, and collectively lift by the
map \ to QZk(S). Each has an integral Hurewicz image which the rationalisation map r sends
by a degree one map to a generator in R C H,(2Zk(S);Q) C H.(QDJk(S); Q). Moreover, these
integral Hurewicz images are linearly independent since their rationalizations are, and they are in
one-to-one correspondence with the rational classes in R.
Step 4: By Theorem 1.4, Zx(S) is homotopy equivalent to a wedge of simply-connected spheres, say
Zr(8) = B(Vges 5%). Thus (R) = H.(V e, S';Q) and the inclusion of R into H.(QZk(S); Q)

is induced by the suspension map E. Therefore, A maps H.(\/ Ste:7Z) isomorphically onto a

acl
set R C H*(\/,Bej Sts:7), which the rationalization r sends by degree one maps to R. But r
sends H.(\/ gc 7 S'?;Z) by degree one maps to H.(\ e 5;Q). Thus (R') = H.(V e, S Z).
Adjointing, we obtain that the map \/ . Statl A, Zk(S) induces an isomorphism in integral

homology. Hence A is an integral homotopy equivalence. (|

Proof of Theorem 8.7. This is simply a rephrasing of Theorem 13.5. |
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14. PROPERTIES OF QDJg AND QZx FOR DIRECTED M F-COMPLEXES

Recall that 2: 2 — CP™ is the inclusion of the bottom cell. By naturality, there is a homotopy

fibration diagram

Zg(8?) — DJk(S?) —— []i_, S?

l Zrk (1) \L DJk (2) i ITizie

Zk DJk [T_, CP>.

In this section we will use the calculations of H,(Q2DJx (S?); Q) and H,.(2Zk(S8?); Q) in Section 13
to calculate H.(Q2DJg;Q), proving Theorem 8.6, and H.(2Zk;Q). We then give a homotopy
decomposition of Zx as a wedge of spheres and describe the map Zx — DJg in terms of higher
Whitehead products and iterated Whitehead products, proving Theorem 8.8.

By Proposition 11.2, H.(Q2DJ) = colim, e px) H«(QFW (0); Q), so we first need to calculate
H,.(QFW (0);Q) and then take a colimit to put the pieces together. We do this in Lemma 14.3
and Theorem 14.4 after two preliminary lemmas. In general, let Xi,..., X,, be path-connected
pointed CW-complexes and consider the fat wedge FW(X) in [[;-, X;. Let j be the inclusion
ji FW(X) — [I0 Xe.

Q]

Lemma 14.1. The map QFW (X) — [[\2, QX, has a right homotopy inverse, which can be chosen

to be natural for maps X; — Y;.

Proof. The inclusion /", X; — FW/(X) is natural, as are the inclusions X; — \/*, X; for
1 <4 < m. Now loop and consider the composite
m: [[ox: H (\V X)) 5\ X)) — QFW(X),
i=1 i=1 =1 i=1
where p is the loop multiplication. All three maps in the composite are natural, and @ is a right

homotopy inverse of €2j. |

Let F' be the homotopy fibre of j. As mentioned earlier, Porter [Po2] showed that there is a
homotopy equivalence F' ~ Y™ 1QX; A --- A QX,,. Further, in [Pol, 1.2] he showed that this

homotopy equivalence is natural for maps X; — Y;. We record this as follows.

Lemma 14.2. Let f;: X; — Y; be maps between simply-connected spaces. There is a homotopy

commutative diagram between fibrations

SmIOX A A QX FW(X) e, X
\LZ”LIQfl/\“'/\QJCm iFW(flv'“vf’m) lnznl fl
SOV A AQY, —————> FW(Y) -, v
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Let FW(S?) and FW (CP>) be the fat wedges of [[;~, S? and [[;~, CP> respectively. Let
FW(1): FW(S?) — FW(CP>) be the map induced by the inclusion S? — CP>.

Lemma 14.3. There is a commutative diagram of algebras

~

H.(QFW(5%);Q) —— U(Lgs(b1 .., bm) [T L{w))

l (QFW (2))« l q

~

H,(QFW (CP>®); Q) — U(Lgs (b1, - .., bm) [TL{u))/I

where u, of degree 2m — 2, is the Hurewicz image of the adjoint of a higher Whitehead product, I is
the ideal (b7, [u,b;] | 1 <i < m), and q is the quotient map.

Proof. The isomorphism for H,(QFW (S5?);Q) holds by Theorem 12.4. To obtain the compatible
isomorphism for H,(QFW (CP>); Q) we first consider what happens on the level of spaces. For a
space X, let X (™) be the m-fold smash product of X with itself. By Lemma 14.2, the map 2 induces

a homotopy commutative diagram
Sm-1(Q82)M) o FW(S?) — = [T, 52

\L £m=1(0q)(m) l FW(2) i [Tt

Sm-LQCP®) M —~ FW(CP®) —— [[, CP>.
Note that QCP> ~ S! so Zm—1(QCP>)(™ ~ §2m=1 Also, since S! -2 Q52 is a right homotopy
inverse for O, if we let s = X 1E() and t = ™ 1(Qi)(™), then the composite $?™~1 2,
»m-1(Q852)m) ty gam—1 g homotopic to the identity map.

After looping we obtain a homotopy commutative diagram

Qi
Q(Zm—l(QSQ)(m)) _ QFW(Sz) 4j> H:,;l Qs?
(27) i s l e l e

o
Qg2m-1 QFW (CP®) — = T[™, S

By Lemma 14.1, €25 has a natural right homotopy inverse, so there is a homotopy commutative

diagram of sections
[T, @s?
(28) J{ e, &

1", 8" —= QFW(CP>).

QFW (S?)

l QFW (1)

Now we examine the effect of (28) in homology. By Theorem 13.2 and Proposition 13.3, a model
for the homology of the homotopy fibration along the top row of (27) is

(29) UL(R) YU (Las (b1, - o) TTL W) 22 ULas (b, -, bn)
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where R = {[[u,b;,],...,b;] | 1 < j1 <--- <ji <m,0 <1 < oo}. From (28), we obtain a right
inverse 1z, of U(m). In particular, if H.([];~, 25% Q) = Q[c1,...,¢m], then T, (c;) = b; + 7; for
some v; € UL(R). However, the least degree of UL(R) which is non-trivial is 2m — 2, while ¢; has
degree 1. As m > 3, for degree reasons we must have v; = 0. Thus [, (¢;) = b;. For similar degree
reasons, we have T, (c?) = b? (even though fi, may not be multiplicative). On the other hand, ().
is an isomorphism on the first homology group and the same is true after composing with 1, , while
(2).(c?) = 0. Thus the commutativity of (28) after taking homology implies that for 1 < i < m,
(QFW (1)) is degree one on b; while (QFW (2)).(b?) = 0. The latter implies by multiplicativity that
(QFW (1)), sends the ideal (b3,...,b2) to 0.

Next, consider the commutator [u,b;] € H.(QFW(S?);Q). In terms of (29), [u,b;] composes
trivially with U(7) and so is the image of an element §; € UL(R). Note that §; has degree 2n — 1.
Taking homology in (27), we see that (Qt).(d;) = 0 for degree reasons. Thus the commutativity of
the left square in (27) implies that (QFW (2)).([u, b;]) = 0. By multiplicativity, (QFW (z)). therefore
sends the ideal I = (b7, [u,b;] | 1 <i < m) to 0.

Thus there is a factorization

IR

H,(QFW(5%);Q) U(Las(by - bm) T L{u))

(30) l (QFW (2)). J{ a
H,(QFW(CP>); Q) <—— U(Las (b, bw) [T L{u)) /1

for some algebra map h, which is degree one on b; for each 1 < i < m. In addition, the fact that Q¢
has a right homotopy inverse implies that h is degree one on wu.

We claim that A is an isomorphism, from which the lemma would follow. To see the isomor-
phism, let I’ be the ideal ([u,b;] | 1 < i < m). Observe that U(Lgs(b1,...,bm) [ L{u))/I" is iso-
morphic to ULgs(b1, .-, bm,u) = Q[by,...bm,ul. Thus U(Lgs(b1,...,bm) [ L{(u))/I is isomorphic
to A(b1,...,bm) ® Q[u]. On the other hand, the section f in (28) implies that there is a homo-
topy decomposition QFW (CP>) ~ ([];~, S') x QS*™~!. Thus there is a coalgebra isomorphism
H,(QFW(CP>);Q) = Alc1, - - ., cm) ® Q[v] where v has degree 2m — 2. From the use of i and ¢ in
both the homotopy decomposition of QFW (CP>) and the factorisation of (QFW (1)), through h,
we see that h(b;) = ¢; for 1 <i < m and h(u) = v. As h is an algebra map, it therefore induces an

isomorphism. O

Now we pass to a colimit of fat wedges to prove Theorem 8.6, restated below to match the

simplifying condition in Remark 13.1.

Theorem 14.4. Let K be a directed M F-complex such that |o| > 2 for every o € MF(K). There

is an algebra isomorphism

H, (QDJg;Q) = U(Lgy(by, ..., bp) [[L{uo | 0 € MF(K)))/I
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where u, is the Hurewicz image of the adjoint of a higher Whitehead product and I is the ideal
I= (b2, [ug,b;, ]| 1<i<m,o=(i1,...,ix) € MF(K),j, € {i1,...,ix}).

Further, there is a commutative diagram of algebras

o

H*<QDJK(52)7Q) U(Lds<b1a . 7bm> HL<UO’ ‘ oc MF(K)>)

i (QDJK (2))« lq

~

H,(QDJg; Q) —— U(Las (b1, ..., by) [ L{us | 0 € MF(K)))/I
where q s the quotient map.

Proof. With o = (i1,...,1;), consider the diagram

(QDJK(l))*
H,(QDJk(5%); Q) H,(QDJk;Q)

| -

. Q .
colimyenrp(k)U(Las(biys - - - biy) [ L(ug)) —— colimgenspryU(Las(biy s - - - 03,,) [ L{ug)) /15

| ]

U(Las(by, ... .b) [ L{uy | 0 € MF(K))) U(Las(biy s .- b, ) [ L{uo | o € MF(K)))/I

1R

1R

where Q = colim, e r(x)qo and I, is the ideal generated by (b2, [ue,b;.] | jo € {i1,...,ix}). The
upper square commutes by combining Proposition 11.2 and Lemma 14.3. The lower square is the
result of evaluating the colimit, and so commutes. Note that both squares commute as maps of
algebras. The lower row is the epimorphism asserted by the theorem, and the outer rectangle is the

asserted commutative diagram. (|

Next, we use Theorem 14.4 to calculate H,(2Zk; Q) in Proposition 14.6 as the universal envelop-
ing algebra of a certain free graded Lie algebra. This will involve some explicit calculations involving
graded Lie algebra identities, which we recall now. In general, if L is a graded Lie algebra over Q
with bracket [, |, there is a graded anti-symmetry identity [z,y] = —(—1)1*l¥[y, 2] for all 2,y € L
and a graded Jacobi identity [[x,y], 2] = [z, [y, 2] — (=1)1*I¥/[y, [z, 2]] for all x,y, 2 € L.

The ideal in Theorem 14.4 involves brackets of the form [u,,b;] where j € {i1,... i}, where
o = (i1,...,i). Thus in the quotient we need to keep track of brackets of the form [u,,b;] where j
is in the complement of {i1,...,4x}. Let J, = {1,...,m} — {i1,...,ix}. Consider the free graded
Lie algebra generated by

R ={[[tg,bj,],...,b;,] | 0 € MF(K),{j1,..., 1} C Joy1 < j1 <--- <51 <m,0<1<m}.

Note that each j; can appear at most once in any given bracket. This should be compared to the
Q-module R, where each j; can appear arbitrarily many times in a given bracket. Let ig: R—R

be the inclusion and 7z: R —> R be the projection.
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Lemma 14.5. There is a short exact sequence of Lie algebras
L(R) = (Las(by, ..., bm) 11 Lty | 0 € MF(K)))/T = Las(by, ..., bm) /T’

where T is the ideal T = ([bs, b, [ug,b;,] | 1 <i <m,o € MF(K),js € {i1,...,ix}), I’ is the ideal

([bi,bs] | 1 <i <m), 1 is the inclusion, and T is the projection.

Proof. To simplify notation, let L = Lgs(b1,...,bm)[[L{us | 0 € MF(K)). Observe from the

definitions of I and I’ that there is a commutative diagram

L —"— Lay(bi,... by

A"

L/f i) Lds<b1a .. .,b7rL>/f/

where ¢ and ¢’ are the quotient maps. By (24), the kernel of 7 is L{R). Let L be the kernel of 7.
The commutativity of the diagram implies that there is an induced map §: L{R) — L.

We claim that ¢ is a surjection. Let = € L and let z also denote its image in L/f As ¢ is onto
there is an element y € L such that ¢(y) = z. Let z = w(y). If z = 0 then by exactness y lifts
to § € L(R) and so ¢(§) = x. If z # 0, then ¢/(z) = 0 by exactness. Since L is a coproduct, the
projection 7 has a right inverse r: Lgs(by,...,bn) — L which is a map of Lie algebras. As the
generators of the ideal I’ are all generators of the ideal I, we have (q o r)(b) = 0 if and only if
q'(b) = 0 for any b € Lgs(b1,...,by). Thus r(z) has the property that (¢ o 7)(z) = 0. Therefore
g =1y —r(z) lifts to L(R) and q(y — r(2)) = q(y) = z, so ¢(g) = x. Hence q is a surjection.

Now ¢ is a surjection and L injects into L/ I. Therefore L is isomorphic to the image of L(R)

under . We next show that this image is L(R). We first perform two short calculations.
Calculation 1: The Jacobi identity states that [[a, b;],b;] = [a, [b;, b;]] — (=1)1@l1%I[b;, [a, b;]] for any
a € L and any 1 <i,j < m. The abelian property of Lys(b1,...,bn) implies that [b;, b;] = 0 and so
[a, [bi, bj]] = 0. By the anti-symmetry identity, —(—1)1%1%I[b;, [a,b,]] = (—1)lallbd+billlabsll[[q, b)), b,].
Since |b;| = 1 for 1 < i < m, the sign on the right side of this equation equals (—1)2/%1*1  which
is —1. Therefore [[a, b;],b;] = —[[a, bj], bs].
Calculation 2: The Jacobi identity states that [[a, b;], b;] = [a, [b;, bi]]— (—=1)1%I1%1[b;, [a, b;]] for any a €
L and 1 <4 <m. Since [b;,b;] = 0in L as |b;| is even, we have [a, [b;, b;]] = 0. As in Calculation 1, the
anti-symmetry identity shows that —(—1)I%![b;, [a, b;]] = —[[a, b;], bs]. Thus [[a, bs], b;] = —[[a, bs], bi],
and so 2[[a, b;],b;] = 0. As L is a Lie algebra over Q, 2 is invertible and so [[a, b;],b;] = 0.

By Calculation 1, up to sign change, whenever consecutive b’s appear in a bracket of L(R) or L
their order can be interchanged. By Calculation 2, the effect of taking the quotient in L(R) and
L by the ideal I’ = ([b;,b;] | 1 < 4 < n) is to annihilate all brackets in which appears a copy of

[a, [b;, b;]]. Together with Calculation 1 which lets us freely interchange consecutive b’s, any bracket
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of the form [[us,b;,],...,b;] is zero if any b;, appears more than once. Thus, the only such non-
trivial brackets must have 1 < j; < --- < j; < m, 0 <[ < n, as in the definition of R. The effect
of then taking the quotient by the ideal generated by [us,b;, ]| for j, € {i1,...,ix} is to annihilate
those brackets in {[[us,bj,],...,b;] |0 € MF(K),1 <j; <---<ji <n,0 <1< m} which do not

have ji,...,7 € J,. Thus the image of L{R) under ¢ is L(R). |

In general, the image of a graded Lie algebra L in its universal enveloping algebra UL has the
property that [z,y] = 2y — (—1)!*IIWlyz, where the multiplication is taking place in UL. In particular,
the anti-symmetry identity implies that [x,z] = 22? if the degree of x is odd. Thus if 2 has been
inverted in the ground ring, then the ideal in UL generated by [z, z] is identical to the ideal generated
by 22. In our case, the short exact sequence of Lie algebras in Lemma 14.5 implies that there is a

short exact sequence of Hopf algebras

(31) UL(R) — U(Lgs{b1, .- bm) [[ L{uy | 0 € MF(K)))/T -5 ULgs(b1,...,by) /I’
where I is the ideal in Theorem 8.6 and I’ = (b? | 1 < i < m).

Proposition 14.6. There is a commutative diagram of algebras

H,.(QZ2k;Q) H.(QDJk;Q)

- ;

ULGR) — o U(Las(br, . b) ] L{ug | o € ME(EK))/I.

Proof. Argue as in Proposition 13.3, replacing the short exact sequence of Hopf algebras appearing

there with that in (31), and replacing Theorem 13.2 with Theorem 14.4. d

Now we use the description of H,(QDJk;Q) in Theorem 14.4 to produce maps as was done in

the case of QDJk(S). For 0 € MF(K), let
g S27171 2% pw (82, 0) VY Fw (o) — DK

be the higher Whitehead product. By Theorem 14.4, the element u, € H,(Q2DJk(S); Q) is the

Hurewicz image of the adjoint of w,. For 1 < i < m, let a; be the composite
a;: 82 - CP>*® — DJg

where the right map is the i*"-coordinate inclusion. Let 7 be the index set for R. Then & € T
corresponds to a face 0 € MF(K) and a sequence (ji,...,J;) where 1 < j; < --- < j; < m and
0 <! < m. Given such an &, let tz = N,+1—2. The inclusion i induces a map ip: Vaez Statt —
Ve Sta*1. Note that (Qig). can be identified with U(ir). Consider the composite

W\ statt 2 \/ gtett Wy pe(s?) P g
ael acl
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If & indexes 0 € MF(K), then the restriction of W to S'&+! is the higher Whitehead product i,
Otherwise, the restriction of W to Sta+1 is an iterated Whitehead product of a single w, with some

selection of the coordinate inclusions aq, ..., a,,, where each a; appears at most once.

Corollary 14.7. The map Q(\/ ;.3 S'=*) 2 ODJx induces in homology the map UL(R) v

a

U(Lgs(b1,...,bm) [[ L{us | 0 € MF(K)))/I.
Proof. Let S be the composite
§:\/ sttt Era(\/ st 25 oDy
ael aez
The definition of W implies that §* induces the composite

Qw).

~ UL(iR) UL(R) H,(QDJg(5%)) (M* H,.(QDJk).

R < UL(R)

Now argue as in Corollary 13.4, using the description of (QDJk (2))« in Theorem 14.4, to obtain the

asserted inclusion in homology. O

We finish by bringing Zx back into the picture.

Theorem 14.8. The map Vaef gtat1 Wy DJg lifts to Zk, and induces a homotopy equivalence

a+1
\/&efst”+ —)ZK

Proof. Argue as in Theorem 13.5, using Proposition 14.6 and Corollary 14.7 in place of Proposi-
tion 13.3 and Corollary 13.4 respectively. O

Proof of Theorem 8.8: This is simply a rephrasing of Theorem 14.8. ]

15. EXAMPLES

First, we consider the example of the shifted complex (19) which appeared in Section 8.

Example 15.1. Let K be the following simplicial complex on 4 vertices

1

Under this ordering of the vertices, K is shifted. The missing faces of K are given by MF(K) =
{(3,4),(1,2,3),(1,2,4)}. Observe that in this case |K| = Usenr(x) [00]. In fact, K = 0(1,2,3) U
0(1,2,4), where the boundaries of the two missing faces have been glued along the common face

(1,2). So K is a directed M F-complex.
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By Theorem 8.5, there is an algebra isomorphism
H.(QDJk(8S)) = U (Las(b1, ba, b3, ba) [T L{ur, uz,uz)) /J

where u; is the Hurewicz image of the adjoint of the Whitehead product corresponding to the missing
face (3,4), and ug,u3 are the Hurewicz images of the adjoints of the higher Whitehead products
corresponding to the missing faces(1,2,3), (1,2,4), respectively. The ideal .J is determined by Jacobi
identities and face relations based on the one missing face (3,4) of dimension 1. Specifically, observe
that the Jacobi identity gives [uy,b1] = [[bs, ba], b1] = [bs, [ba, b1]] + [b4, [bs, b1]]. As both (1,3) and
(1,4) are faces of K, we have [b3,b1] = 0 and [by,b;] = 0. Therefore [uj,b1] = 0. Similarly,
[u1,b2] = 0. Thus J = ([uq, b1], [u1, ba]).

By Theorem 8.7, the wedge summands of Zx(S) and the maps to DJg(S) are as follows. For
simplicity, we assume that each of the spheres in S is S2?. Part (a) gives the three summands S2,
S5 and S® with maps wq, wo and ws respectively. Since the missing faces (1,2,3) and (1,2,4) are

of dimension greater than 1, part (b) gives the following additional summands and maps:

(32) [[w27aj1]7...,ajl]: 55+l —>DJK(§)

(33) (w3, aj,],- .. a5,]: S°T — DJg(S)

for each list 1 < j3 < --- < j <l with 1 <1 < oco. Note that the collection of spheres in (32) is
identical to the collection in (33). In either case, let Wa be the wedge of spheres. Since the missing

face (3,4) is of dimension 1, part (c) gives the following additional summands:
(34) [[wl,ajl],...,ajl]: 53+l —)DJK(S)

for each list 1 < j; <--- <4 <l with 1 <[ < oo and each j; € {3,4}. Note that the restriction to
Ji € {3,4} is from the fact that the Whitehead products [w1, a1], [w1, az] correspond to elements in
the ideal J, so any iterated Whitehead product involving a; or as must be excluded from the list of
independent Whitehead products W3 4). Let W) be the wedge of all possible spheres in (34).

Collectively, we obtain a homotopy equivalence
Zr(8) ~ 83V 25° VW V2,

and a map

Zr(S) ~ 83V 25° VWiV 2Wy — DJg(S)

which is the wedge sum of wy, wy, ws and the three lists of iterated Whitehead products in (34),
(32) and (33).

It is useful to reorganize the wedge summands of Zx(S). Recall that the join of two spaces A
and B is denoted A % B; for our purposes it suffices to know that A x B ~ ¥A A B. The right
half-smash of A and B is the quotient space A x B = (A x B)/(x x B). If A is a suspension, then
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AxB~AV(AAB). For 1 <i <4, let S? be the copy of S? associated with vertex i. Observe
that the wedge summands of SV W; are in one-to-one correspondence with the wedge summands
of Q5% x QS%, where the James splitting is used to iteratively decompose this space into a wedge of
spheres. As well, the wedge summands of S° V W5 from (32) are in one-to-one correspondence with
the wedge summands of (257 x Q.53 * Q253) x Q5%, and the wedge summands of S® V Wy from (33)
are in one-to-one correspondence with the wedge summands of (257 * 253 x QS53) x QS52. Thus the
wedge decomposition of Zx (S) above agrees with that in [GT2, Section 6].

Next, by Theorem 8.6, there is an algebra isomorphism

H*(QDJK) >U (Lds<b1,b2,b3,b4>HL<’LL1,u2,U3>) /(I+ J)

where u; is the Hurewicz image of the adjoint of the Whitehead product w; : S —s CPSeVCPX —
DJg, while uy and ugz are the Hurewicz images of the adjoints of the higher Whitehead products
wy: S° — FW(1,2,3) — DJg, and w3: S5 — FW(1,2,4) — DJg, respectively; J is as
above, and I = (b2, [u1, bs], [u1, ba], [uz, b1], [uz, ba], [ua, bs), [us, b1], [us, ba], [uz, ba)).

By Theorem 8.8, the wedge summands of Zx and the maps to DJk are as follows. Part (a) gives
the three summands S3, S° and S® with maps w0, ws and w3 respectively. Since the missing faces
(1,2,3) and (1,2,4) are of dimension greater than 1, part (b) gives two additional summands S°

and S from the iterated Whitehead products

[@2,&4]: 56 — DJg and [@37(33]: S6 — DJk.

For the missing face (3,4) of dimension 1, part (c) is vacuous in this case. To see this, observe
that the Whitehead products [wy, @3] and [wy, a4] correspond to the algebraic elements [u1, as] and
[u1,a4], both of which appear in the ideal I, while the Whitehead products [w;,a1] and [wy, as)
correspond to the algebraic elements [u1,b1] and [uj, bs], both of which appear in the ideal J. Thus
the collection of independent Whitehead products W(S,ZL) is empty.

Collectively then, we obtain a homotopy equivalence Zx ~ S3V 25° v 256 and a map

S3v28°v 2SS — DJk

which is the wedge sum of W, Wa, W3, [W2,ad4] and [ws,as]. Note that the homotopy equivalence

matches that of [GT1, Example 10.2], which was calculated by different means.

The next example is similar to the previous one, but boosted up one dimension.
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Example 15.2. Let K be the following simplicial complex on 5 vertices

Here, K = 0(1,2,3,4)U0(1, 2,3,5) where 9(1,2,3,4) and 9(1, 2, 3,5) have been glued along the com-
mon face (1,2,3). This implies that K is a directed M F-complex. Also, under this ordering of the
vertices, K is shifted. The missing faces of K are given by MF(K) = {(4,5),(1,2,3,4),(1,2,3,5)}.
This example is analogous to the previous one, so the algebraic descriptions of H,(QDJk(S)) and
H.(2DJk) are as before, but with a dimensional shift to account for the fact that the higher White-
head products corresponding to the missing faces (1,2,3,4) and (1,2,3,5) are maps w;: S7 —
DJg(S) and w;: ST — DJg for i € {2,3}. In particular, arguing as before, we obtain a homotopy

equivalence Zx ~ S%Vv 257 v 288 and a map
S3v287v 258 — DJk

which is the wedge sum of Wy, ws, W3, [Wa,as] and [Ws, d4].
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