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HOPF ALGEBRAS WITH NONSEMISIMPLE ANTIPODE

EARL J. TAFT! AND ROBERT LEE WILSON?

ABSTRACT. An example is given to show that the antipode of a fi-
nite dimensional Hopf algebra over a field of prime characteristic p >2
need not be semisimple. (For p = 2 examples were previously known.)
The example is a pointed irreducible Hopf algebra H (with antipode S) of
dimension p3 such that S22 = 14 s2,

Radford [4] has recently shown that the antipode S of a finite dimension-
al Hopf algebra H over a field K has finite order. Consequently, if K is of
characteristic zero then the antipode of H is semisimple. On the other hand,
if K is of characteristic 2 then S is semisimple only if S = I. (For other- :
wise § has even order, say 2k, and so 0= sk _ o (Sk’ — D?2.) In this note
we show that § may fail to be semisimple for any characteristic p > 3. We do
this by constructing a pointed irreducible Hopf algebra of dimension p> over
an arbitrary field of characteristic p > 3 in which the antipode has order 2p
(and hence is not semisimple).

A related problem is that of finding a bound for the order of S. In [7] the
authors have shown that if H is pointed, if G(H) has exponent e and if H0
C Hl C--- C Hm = H is the coradical filtration then ($%2€ — D™ = 0. Thus if
K has characteristic p and p”~! <m < p" then §2?” _ |, Thus the order of
S divides 2ep™. A number of finite dimensional pointed Hopf algebras are
known [2], [3], [6] in which the order of the antipode is 2e. (In one of these,
due independently to Radford [3] and Sweedler (described in [2]), » = 0 and
hence the upper bound 2ep™ is actually attained.) The example given here is
the first of a pointed Hopf algebra in which the order of § exceeds 2e (here
e = 1). Whether the order of the antipode can actually equal 2ep”™ when n> 1

remains an open question.
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270 E. J. TAFT AND R. L. WILSON

1. Definition of H. Let K be a field of characteristic p> 3 and let R
denote the free algebra over K on three noncommuting variables X, Y, and Z.
Since R is free there is a unique homomorphism A: R — R ® R such that

AX)=1®X+X®1, AN=1Q@Y+Y®1,
AZ2)=1Q®Z+Z®1+X®Y.

It is easily checked that (I ® A)A and (A & DA agree on the free generators
X, Y, and Z and hence that A is coassociative. We define an algebra homo-
morphism €: R — K by e(X) = €(Y) = ¢(Z) = 0. It is immediate that (I ® ¢)A
=(e ®I)A = I. Hence R is a bialgebra.

Let § be the ideal in R generated by [X, Y] - X, [Y, Z] + Z, [X, Z] -
X%/2, XP, Y’ ~ Y, and ZP.

We wish to show that § is a bi-ideal, i.e., that AY)CR®I+I®R
(obviously €(9) = (0)). Tt is sufficient to check this on generators for §. For
the generators [X, Y] - X, X?, and Y? - Y the result follows from the fact
that in a bialgebra over a field of characteristic p the primitive elements
form a restricted Lie algebra. For the remaining generators we compute:

A(Y, Z1+ Z2) = [AY, AZ) + AZ
=1®Y+Y®1,1®Z+Z®1+X®Y]
+1®Z+Z®1+X®Y
=1®[Y,Z1+[y,Z1 ®1+[Y, XI®Y
+1®Z+Z®1+X®Y
=1®(Y,Z21+2)+(Y,Z1+2)®1-([X, Y]-X) ®Y;
A(X, Z] - X%2/2) = [AX, AZ] - (AX)?%/2
=[1®X+X®1,10Z+Z®1+X®Y]
- (X2/2)®1-X®X-1®(x2/2)
=1®[X, Z1+[X, Z1®1 + X®[X, Y]
-(X2/2)@1-X®X-1®(x?/2)
=18 (X, Z]1 - (x%/2) + X ® ([X, Y] - X)

+ (X, Z1 - (X2/2) ®1;

AZ)=(AZ)? =(1®Z+Z@®1+ X®Y)P.
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HOPF ALGEBRAS WITH NONSEMISIMPLE ANTIPODE 271

Jacobson [1, formula (63), p. 187] has shown that if @ and b are elements of
an associative algebra over a field of characteristic p then

p-1
(@a+ b =a® + 0% + Y s;
i=1
(%) .
where is; is the coefficient of Al in alad(Aa+b))P-1,
Hence

p-1
AMZPY=(1®Z2? + (Z®1+ X Q®Y)? 4+ Z s;
i=1

where is, is the coefficient of A'~! in

(1®2)(adM1®2)+Z®1 4+ X®Y))P-1,
Now

M®Z,M1®2)+Z®1+XQ®Y]|=X®[Z, Y]=X®Z
(where all congruences are modulo § ® R + R® 9). Now since [X, Z] = X2/2

(and [ab, c] = d[b, c] + [a, c]b for any elements a, b, and ¢ in an associative
algebra) we have [X", Z] = (n/2)X"*1. Hence

X®Z M1 ®2)+(Z®1+X®Y)]=[X, Z1®Z+ X*'® [z, v]

=((i + 2/2)Xx'* @ Z.
Thus by induction we see that

(192)adM1®Z2)+Z®1+X®Y)i=((i+1)/2)X' ®Z

and so

1®Z2)EdAN1®2) +Z®1+X®Y)?-1=0.

Hence we have
AZP)=1®Z° +(Z®1+ X ® V).
Using (*) again we see that
(z®1+xe’Y)"=(Z®1)"+(xezn')f'+pz-:1 t;

i=1
where z'ti is the coefficient of Ai~! in

(Z®1NadMZ®1) + X ® V)P-1,

Now

ZOILAMZO®D+X®Y]=[Z, X1 ®Y=-4X2® Y.
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272 E. J. TAFT AND R. L. WILSON

Furthermore,
(X' ®Y, MZ®1)+ X ®Y]= XX/, Z1 ®Y=(Mi/2X* ® Y.

It follows by induction that (Z ® 1)(ad (MZ ® 1) + X ® Y))? is congruent to a
multiple of X!*! ® Z and hence that (Z ® 1)(ad (MZ ®1) + X ® Y))?~1 = 0.
Hence A(ZP)=1®Z? + Z? ® 1. This completes the proof that § is a bi-
ideal.

Let S be the unique antihomomorphism of R such that

SX)=-X, S(Y)=-Y, S2Z)=XY-Z

We claim that S(§) CY. It is sufficient to check this on generators. We do this
as follows (where all congruences are modulo 5]):

SX, Y1- X) = [S(Y), S(X)] - $(X) = [-Y, -X]+ X = ~([X, Y] - X);
SCY, Z1+ 2) =[8(2), (V)] + S(Z) = [XY-Z, -Y] + XY - Z
=-[X, YIY = [Y, Z] + XY - Z = =([Y, Z] + 2);
S([X, Z] - x2/2) =[8(2), S(X)] - $(X)2/2 = [XY - Z, -X] - X%/2
= X[X, Y1+[Z, X] - X2/2 =-([X, Z] - X?/2);
S(XP) = (S(X))? = -X?;

S(Y? - Y) = (S(Y))? - S(Y) = -(Y? - Y);
S(zP) = (S(2))? = (XY - 2)? = (XY)P - ZP + pz-;l u,
i=1

where iu; is the coefficient of A in (XYNad AXY = 2))2! (again by (%)).
Now as [X, Y] = X it is immediate that (XY)? = 0. Also Z? = 0. Now [X, XY]
= X[X, Y] = X? and so [X, XY] = iX?*!. Also [X, Z] = (i/2)X**!. Thus

(X5, AXY - Z]1 = i(A - 4) X**1, Furthermore,

[(XY/2) - Z, AXY - Z] = (A = B)[XY, Z]= (A - 9)([X, Z]Y + X[V, Z])

= - ¥)X(U(XY/2) - Z).
Thus

INT((XY/2) = 2), AXY = Z) =X, AXY = Z)(XY/2) - 2) + X[(XY/2) -Z,AXY - 7]

= (i + XA = X M(XY/2) - 2.
LicekLQWo;ﬁrjgﬁ%ric[a’Xs%ay A% Xremstgllior—n see LI&YMlsagmM%yo/@ - Z) it fO UOWS by induc~
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tion that
(XV)(@dOAXY = 2)) = — i1\ = ¥)i-1Xi(XY/2) - 2)
and so
(XY)(ad AXY - 2))P1 = —(p - DA = BP=2XP-1(XY/2) - 2)
=-(\- }/)"‘ZXP“IZ.

But then

N s f‘ W=B¥Y-2a\|xt-1z-0

ié:l ul. =\1- 0 - 2 = V.

Hence S(Z?) = 0, as required.

Now let H=R/3 and let x=X+g, y = Y+9, and z=Z+9. As § isa
bi-ideal, H is a bialgebra. We denote the coalgebra structure maps in H by
A and e. Also, since S(9) gg, § induces an antihomomorphism of H, which
we again denote by S. Then S(x) = —x, S(y) = -y, and $(z) = xy - z. We claim
that H is a Hopf algebra with antipode S. To verify this we must check that
m(S® I)A = m(I ® S)A = pe (where m and p are the algebra structure maps
for H). Now it is sufficient to check this on generators for H. For x and y

this is immediate, and for z we have

m(S ® DA(z) = m(I @ $)A(z) = $(2) + z - xy = 0 = pe(2),

as required.

2. A basis for H. It is clear that H is spanned by {x%y/z%| 0<i,j,k<p-1}.
We will now show that this is a basis for H.
Consider the following p by p matrices over K (where El.]. denotes the
usual matrix unit):
|4
A.=E ISISP—I, B=Z(i+l)Eii,

-1,p?
z b-1,p =

and
p-1
C = Z ((l + 1)/2)E1’1+1‘
i=1
It is easily checked that [4, A].] =0for 1<i,j<p-1,[A, Bl =iA, for

1<i<p-1,[4, Cl=(/24A,,, for 15i5p—2,[Ap_1, cl=0,I[B, C]l=-C,

AP=0for 1<i<p-1, BP=B, and C* = 0. Thus {4 |1<i<p-1} U
U {C} forms a basis for a restricted Lie algebra. Denote this algebra by
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274 E. J. TAFT AND R. L. WILSON

B and its restricted enveloping algebra by ‘U.
Let § denote the linear span of the set {4, - A’l| 2<i<p~-1} of ele-
ments of U. It is easily seen that [, B] C JU. (The only nontrivial verifica-

tions are
; . i-1
4, - AL, €)= (i/2(4,,, - 4i™4))

= /D4, - 41 - (4, - 4DAITY) for 2<i<p-1

i+1

and

(4

Since B generates U this shows that UJU = JU. Let @ = U/(JU). Let A+
JU=a, B+JU =15, and C + JU = c. Clearly {a’b'c*| 0< i, j, k< p ~ 1} spans
(. We wish to show that this set is linearly independent. To this end assume

2 oy aibjc"= 0

i,j,k

e - A =Y 5AE= 2A = %4, - AD)AR-2)

where aijk € K. Then

T ayaict gl

Since

('l

p-1pi k ; '
-App_l B'C*0< iy, *o iy 1
is a basis for U it follows that for each j and &, 2, aijkAli €90 where O is

the linear span of
i .
{a! AP1|o<z ceeyd,_ <p-1k
Define a homomorphism ¢: 0—0 by

¢(A1;1 e A p—l) = A’1+212 r@e-Dip
Note that § and hence O are contained in ker ¢. On the other hand
$(E; a,,4) =3, a”kA’l Thus £; o, A} €90 implies ; o, 4AL =0 s0
Qip = 0 for all 7, j, and &, as requlred Thus ® is of dlmensxon p3.

Now define a homomorphism ¥/ : R — @ by ¢/(X) = a, ¢ (Y) = b, and
¥ (Z) = c. Then ker ¢ _D_g so ¢ induces a homomorphism of H onto Q. Hence
dim H > p3. Since we already have that {x’y/z%| 0< i, j, k< p -1} spans H
this shows that {x iz"l 0<i, 7, k<p—1]} is a basis for H.

h p’s//www‘a S,
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3. Properties of H. We will now show that H is pointed and irreducible
and that the antipode of H has order 2p.

Lemma 1. If C is a coalgebra and W is a simple subcoalgebra, then
A™W is an irreducible subcoalgebra of C.

Proof. That A"W is a subcoalgebra follows from Proposition 9.0.0(i) of
[5). We prove irreducibility by induction on n. Since AW = W is simple the
result holds for » = 1. Assume the result for -~ 1. Let Y be a simple sub-
coalgebra of A"W. Then

(04 AYC(Y®Y) N(COA™ W+ W ®C)
c(yey n(c e A" 'w+ A" lw ® O).

It then follows that Y N A”~1W £ (0) and so, since Y is simple, Y C
A"-W. Then by the induction assumption Y = W.

Lemma 2. If M is a bialgebra and W is a subbialgebra then

(A™W(A"W) ¢ A *-tw

forall m and n> 1.

Proof. Since multiplication is a coalgebra map this follows from Lemmas

9.1.3 and 9.2.1 of [5].

Corollary. H is a pointed irreducible Hopf algebra.

Proof. Take W = K. Then W is a subbialgebra and a simple coalgebra.
Now x and y € /A’W and z € A3W. Then since {x, y, z} generates H, Lem-
ma 2 shows that H= A"W for some n Hence by Lemma 1 H is irreducible
(and is. pointed since W is pointed). We have already shown that H is a Hopf
algebra with antipode S (although we could have avoided doing this, since by
Theorem 9.2.2 of [5] every irreducible bialgebra is a Hopf algebra).

1t remains only to determine the order of S. Now
$2(z) = S(PS(x) = S(z) = yx = xy + z=[y, xl + z= 2z - x.

Then $2i(z) = z — ix for all i. Hence S has order 2p.

We summarize our results in the following

Proposition. H is a pointed irreducible Hopf algebra of dimension p3.
The antipode of H bas order 2p.

4. A property of H*. Let ] be the ideal of H generated by x and z.
veéFhe mrvjonissuaiond tpoeenteideat i rilw(For whenarmoromial is straightened its
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total degree in x and z is preserved.) The quotient H/] has basis
fy/ + JI0<j<p-1} and is hence isomorphic to K[t]/(# - #), i.e., it is iso-
morphic to a direct product of p copies of K. It follows that | = Rad H, that
H* is pointed, and that G(H*) has order p. Thus order of §* = order of § =
2p = 2(exponent of G(H™)).

Whether or not there exists a finite dimensional pointed Hopf algebra H
with H* pointed, order S > 2(exponent of G(H)), and order S > 2(exponent of
G(H*)) remains an open question.
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