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A delayed ecoepidemic model with ratio-dependent transmission rate has been proposed in this paper. Effects of the time delay
due to the gestation of the predator are the main focus of our work. Sufficient conditions for local stability and existence of a Hopf
bifurcation of the model are derived by regarding the time delay as the bifurcation parameter. Furthermore, properties of the Hopf
bifurcation are investigated by using the normal form theory and the center manifold theorem. Finally, numerical simulations are

carried out in order to validate our obtained theoretical results.

1. Introduction

In recent years, many dynamical models characterizing the
propagation of infectious disease [1-3], spread of computer
viruses [4-6], and dynamics of some other systems [7-10] are
studied by scholars. Ecoepidemiological research deals with
the study of the spread of diseases among interacting pop-
ulations, where the epidemic and demographic aspects are
merged within one model. And they have been investigated
by many scholars at home and abroad since the pioneer
work of Kermack and McKendrick [11], and the interests
in investigating the dynamics of ecoepidemic models will
be increasing steadily due to its importance from both the
mathematical and the ecological points of view.

Many scholars studied different predator-prey models
with disease infection in the prey. Chakraborty et al. [12] stud-
ied a ratio-dependent ecoepidemic model with prey harvest-
ing and they assumed that both the susceptible and infected
prey are subjected to combined harvesting. Upadhyay and
Roy [13] proposed an ecoepidemic model with simple law of
mass action and modified Holling type II functional response
based on the model in [14]. They analyzed stability (linear
and nonlinear) of the model. Zhang et al. [15] proposed a
three species ecoepidemic model perturbed by white noise

and they studied stochastic stability and longtime behavior of
the model. Zhou et al. [16] studied local and global stability
of a modified Leslie-Gower predator-prey model with prey
infection. Some delayed ecoepidemic models with disease
infection in the prey have been proposed, and the effect of the
delay on the models has been investigated [17-19]. Similarly,
some scholars proposed and investigated the ecoepidemic
models with disease in predators. Sarwardi et al. [20] and
Shaikh et al. [21] studied a Leslie-Gower Holling type II pre-
dator-prey model with disease in predator and Leslie-Gower
Holling type III predator-prey model with disease in predator,
respectively. Some other ecoepidemic models with disease in
predators one can refer to include [22-29].

Clearly, most of the epidemic models above are formu-
lated based on the bilinear transmission rate, which is based
on the law of mass action. As stated in [30], transmission
rate plays an important role in the modelling of epidemic
dynamics and the infection probability per contact is likely
influenced by the number of infective individuals. Thus, it can
be concluded that nonlinear transmission rate seems more
reasonable than the bilinear one. To study the effect of a
nonlinear incidence rate on the dynamics of an ecoepidemic
model, Maji et al. [31] proposed the following ecoepidemic
model based the work of Morozov [32]:
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where S(t) > 0, I(f) = 0, and P(t) > O present the
densities of the healthy prey, the infected prey, and the
predator population, respectively. More parameters are listed
in Table 1. They studied stability and persistence of system (1).

As we know, delay differential equations exhibit much
more complicated dynamics than ordinary differential equa-
tions, and delays can make a dynamical system lose its
stability and can induce various oscillations and periodic
solutions [17, 23, 26, 33-38]. It is interesting to study the effect
of time delay on system (1). To this end, and considering the
time required for the gestation of the predator, we incorporate
time delay due to the gestation of the predator into system (1)
and get the following delayed ecoepidemic system:

s S +1(t)
dt _S(t)[r<l_ K )
aP (1) ()

_<)‘°+1+bp(t)>5(t)+1(t)]’
It aP(®) \ SOI®
7_<A0+1+bP(t)>S(t)+I(t) am @
L al®P®)

L+pI(t)
dP(t)_OCZI(t—T)P(t—T)_
a1+ pI(t-1) SP(®),

subjected to the initial condition:

§(0) =¢,(0) >0,
1(6)=¢,(0) >0, 3)
PO)=¢;(6) >0, 6¢€[-1,0)

where 7 is the time delay due to the gestation of the predator.

This paper is organized as follows. Section 2 deals with
local stability and existence of the Hopf bifurcation. In
Section 3, direction and stability of the Hopf bifurcation are
obtained by using center manifold and normal form theory.
In Section 4, some numerical simulations are presented in
order to verify the analytical findings. Conclusions and
discussions are presented in Section 5.
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2. Local Stability of the Positive Equilibrium

By direct computation, we can conclude that if a, > 6, then
system (2) has positive equilibrium E, (S,,I,, P,), where
L%
o, —Op
i (4)
p - C,S8. +CS, +C,
* D, +D,S, +D,’

where S, is the positive root of (5)
KS +K,S'+ K8 + K, +K,S+K, =0, (5
with
Ky =—(A,C)+ A,CyDy + A,Dy),
K, = B,C. + B,CyD, + B,D; = 2A,C,C, — A,C,D,
- A,C,D, - 24,D,D,,
K, = 2B,C,C, + B,C,D, + B,C,D, + 2B,D,D,
- A,C? - 24,C,C, - A,C,Dy — A,C,D,

~ A,CyD, - A,D} - 2A,D,D,,

K, = B,C? +2B,C,C, + B,C,D, + B,C, D, ©
+ B,C,D, + B,D} + 2B,D,D, - 24,C,C,
- A,C,D, - A,C,D, - 24,D,D,,
K, = 2B,C,C, + B,C,D, + B,C,D, + 2B,D, D,
- Azci - AICZDZ - AOD;
Ks = B,C: + B,C,D,,
and
Ay=dI, (1+pL,),
A =oyl, +bdl, (1+pL,),
A, =boyl,,
By = (A —dL,)(1+BL,),
B, =[a+b(A,—dL,)] (1+pL,) -,
B, = -ba,,
7)
Co=7(K-1)I, — kAL,
¢ = R(K_ZI*),
C,=-r,

D, =KI, (bAy +a),
D, =brl,,

D, =br.
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TABLE 1: Parameters and their meanings in this paper.

Parameter Description

K The carrying capacity of the environment

r The maximal per capita growth rate of the healthy prey

Ao The transmission rate in the absence of predator

a The predator density mediated additional disease transmission rate
b The inhibitory effect

d The death rate of the infected prey population

a The per capita predator consumption rate

a, The conversion efficiency of the predator

B The encounter rate between the predator and the infected prey

a;p ap a3
J(E,)=| a1 ax a3 , (8
0 b3ze_’\r ass + b33e_)‘7
where
S.I, aP, rS,
ap=——= Aot -
(S, +1,) 1+DbP, K
aP, Si rS,
ap =—(Ag+ 7T oo
1+bP, (S, +1,) K

B aS, I,
(S, +1,)(1+bP,)*

(A aP, ) I’
ay = + ,
PO LHbP ) (s, + L)

a3 =

o, BIP, aP, S.I, )
Gy =773 |Aot 2>

(1+p1,) 1+bP,/ (8, +1,)
o = aS, I, B ol,
2s.+1,)(1+bp,)  1+BL
a3 = =0,

o, P,

by, = —2 2>

(1+pBL,)

o,l
by, = —22—.
BT 1+l

Thus, the characteristic equation of J(E,) about the
positive equilibrium E, is given by

N+ A+ Ag A+ Ay
2 -1 (10)
+ (BOZ/\ + By A+ BOO) e =0,
with

Agy = a33 (“12‘121 - anazz) >

Agy = ay10y; +ay1033 + Ay 033 — A1y,

Ay =~ (ay +ay +as3),

By = by, (“11“23 - ‘113‘121) +bs; (“12“21 - ‘111‘122) >

By, = by; (ay; + ay,) — aysbyy,

By, = —bs;.
(11)
When 7 = 0, (10) becomes
A+ pA* + pid+py =0, (12)
where
Po = Ago * Boos
p1 = Ay + By (13)

P2 = Agy + By

Based on the Routh-Hurwitz criterion and the discussion
in [31], it follows that the positive equilibrium E, is locally
asymptotically stable if the following condition holds: (H,):

Po >0, py >0and p,p, > py.
For 7 > 0,let A = iw(w > 0) be the root of (10); then

. 2 _ 2
By, sintw + (Boo — By,w )cos Tw=Apw — Ay,

(14)
By, cos Tw — (Boo - Bozwz) sinTw = w° - Ay w.
Thus,
o + Lo + Lo +1,, (15)
where
2 2
ly = Ao — Boos
I = A%n - B(2)1 —2A0Ag, + 2By By, (16)
2 2
L= A, = By, =2A¢;.
Suppose that

(H,) (15) has at least one positive root w,.
For w,, from (14)
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Ty = — X arccos {
Wo

Differentiating both sides of (10) with respect to 7 yields

[@]‘1__ A7+ 240 + Ay,
dr| AW+ AR+ AgA+Ay)

(18)
. 2By, A + By, T
A(BpA? + ByyA + Byy) A
Further, we have
a1 f(v..)
Re[d—] - = (1)
Tle=ry  (Biwy = Bswg)” + (By — Bow})

where f(v) = v’ + LY + v+l and v = 0, v,, = @}.

Obviously, if the condition (Hj;) f '(w(z)) # 0 holds, then
Re[d)t/dr];;o # 0. Therefore, based on the Hopf bifurcation
theorem in [39], we can obtain the following results.

Theorem 1. Suppose that the conditions (H,)-(H,) hold for
system (2). The positive equilibrium E,(S,,1,,P,) is locally
asymptotically stable when T € [0, 1,) and a Hopf bifurcation
occurs at the positive equilibrium E (S,, I,, P,) when T = 1,

3. Property of the Hopf Bifurcation

LetT = 15 + y, y € R; then y = 0 is the Hopf bifurcation
value of system (2). Rescaling the time delay t — (t/7), then
system (2) can be transformed into a functional differential
equation in C = C([-1, 0], R%) as

u(t) = Lu, +F(4u,) (20)
where
L= (7o + ) (M, (0) + My (-1)) (21)
and
T
F(u¢) = (1o +p) (F1, Fp, Fs) (22)
with
a; G 43
M, =\ ay ap» s |,
0 0 as
(23)
0 0 O
My={0 0 0 |,
0 by, b

(Byy — Ag2By,) “’3 + (AgBys + AgaByy — Agi Byy) wé — AgoByo } 17)
5 .
Bél“’g + (Bgo — Bozwé)

and
Fy = 9,42 (0) + 9>, (0) ¢, (0) + g3, (0) 5 (0)

+ 9, (0) 5 (0) + g5 (0) + ges (0)
+ 9,61 (0) + gs@; (0) + gob3 (0)
+ 91061 (095 (0) +---,

E, = Iyt (0) + hypy (0) 6, (0) + hsy (0) 5 (0)
+ by, (0) §5 (0) + sy (0) + hes (0)
+ hy¢7 (0) + By (0) + hggh) (0)
+ hygty (0) 5 (0) +---

Ey = ks (1) + oy (<1) 5 (<1) + ks (<1)
+ kg (1) s (=1) + -+,

(24)

with

:<A . _aP. )I*(I*‘S*)_L
9 " 1+0p, 2(S, +1,) 2K’

g_o d@)h@—m
.

+ b
T 1+bP, ) 2(s, +1,)
g = aS, I,
TS+ L)Y (1 40P
as?
s

C(S.+L) (1+bP)"

_ </\ N aP, ) S:
gs =\ o 1+bP, (S*+I*)3’
abS, I,

(s, +1)(1+bP,)

=<A N aP, )I*(ZS*—I*)
T\ T, ) (s, v 1)

Ys

_ <A N aP, ) s?
BN, ) 6(s, )"

aPb, S, (21* —S*)
9o = </\0 + b ) 1>
1+bP, /) 6(S, +1,)
21, (S, - 1,)
9o =

S o2(s,+ L)Y
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h1=—<A0+ aP. ) S
1+bP* (S*+I*)

aP. 28,1
h — A % 45 ,
2 < o 1+bP*>(S*+1*)3
aIf
hy = 2 2’
2(1+0bP,)" (S, +1,)
o, Bl aS, I,
hy = 2 2 2>
(1+BL)" (1+bP,) (S, +1,)
h =‘Xlﬁp* (l_ﬁ)
* 2(1+pL)
S.(I,-S
+</\0+ aP* ) *(* *2’
1+bP,/ 2(1+ BL,)
hy = - abS, 1,

(S, +1,)(1+bP,)"

P I
h7 = </\0 + k. ) - 7’
1+bP,/ (8, +1,)
_ 2a1ﬁ3I*P* + 28* (S* _I*)
(1+pL)" (S.+L)

_ ab®s, 1,
P(s.+L)(1+bp)Y

aP, 38,1,
th = - <A0 + b ) 4>
1+bP, (S* + I*)

“Zﬁp*
(1+81)"
_ %

(1+B1,)"
k _ “Zﬁzp*
P+pn)t
k= %P

(1+pL)’

ky =—

(25)

Thus, there exists a 3 x 3 matrix function #(0, u), 0 € [-1,0],
such that

0
Lg=| dn0.u)¢(©®), $eC. (26)
-1

In view of (21), we choose
1(0,p) = (1o + ) (M8 (6) + M8 (6 + 1)), (27)

where § is the Dirac delta function.

5
For ¢ € C([-1,0], R®), define
M -1<0<0
Ae=1 (28)
| ane.wo®. o-o
and
R {o, ~1<6<0, 09
U)o = 29
F(u¢), 0=0.
Then system (20) is equivalent to
i (t) = A(p)u, + R(p) u,. (30)
where 1,(0) = u(t + 0) for 6 € [-1,0].
For ¢ € C'([0,1], (R?)*), define
—M, 0<s<1,
A" () = ds (31)

JO d11T (5,00@(-s), s=0,
-1
and a bilinear inner product

(9 (s),9(8)) =9(0)$(0)

0 0 (32)
[ [ pe-omes@d

9=—1 Je=
where(6) = #(6,0). Then A(0) and A™ are adjoint operators.

Next, we suppose that p(6) = (1, p, p;) €™ is
the eigenvector of A(0) belonging to +iw,7, and p*(s) =
D(1, p;, pi)e ™ is the eigenvector of A*(0) belonging to
—iw,T,. According to the definition of A(0) and A", we can
obtain

_ Gy tayps
2 . >
1wy — dyy

(iwo - ‘111) (iwo - azz) —appdy)

P3 = ; >
a3 (iwy — ay) — ay,a5,
) (33)
. iwy + Ay,
R
21
. (iwy + ayy) (iwy + ay) — ay,ay
37 b326i‘row0 '
From (32), we can get
D= [1 + P2Ps + PsPs
(34)

—iTyw, —% R ol
+ 7€ (bs2pap, + b33P3P3)]

such that (p*, p) = 1.



Following the method in [39] and using similar compu-
tation process in [40], we can get the following coefficients:

G20 = 27,D [91 T 9202t G3P3 T GaPaPs + gstz
+ 9sP5 + P (hl + hypy + hyps + hapaps + hsp;
+ hspg) +P5 (klpzze_ZiTOwo + k2P2P33_2iT°w0)] >
g = 10D (29, + g, (p, + P,) + g5 (p3 + P3)
+ 94 (P2P5 + Pa) +295p2P, + 296P3P5 + P, (2
+hy (py | P,) +hs (ps +P5) + hy (paP5 + P,)
+2hsp,p, + 2hepsps) + B3 (2kipap, + Ky (paPs
+P,3))]
9or = 21,D [91 + 92Py T 93P + 9aPrPs + gsﬁg
+ 9sPs + Pa (hl + hyp, + hsps + hyp,Ps + hsp,
+ hsﬁg) +73 (klﬁge%%wn + kzﬁzﬁfmown)] >
g = 21,D [91 (2W1(11) (0) + Wz%) (0)) + 9, <W1(11) (0)
1 _ 1
Pt W )7, + W 0+ W )
1 —_ 1
+ 95 <W1(1” (0) ps + 5 Way' (075 + Wi (0) + 3
1 —
W2 )+ g, (WD ©) py + W2 O,
1 _
+ WD ) p + 3WE (07, + 95 (WS 0)
+ Wy, (0)7,) + 96 (2W1 (0) ps + Wiy (0)73)
+3g; + 398/32252 + 399/33253 + 910 (P2 +2p2P,)
+73 (m (WD © + W @) + by (W ©0)
L@ oy @) 1@
WS OF, + W 0+ SWE )
1 _
+hs (W ©0) oy + W ©F, + W ()
1 1 _
W ) +hy (WD )y 4 3WE )7
1 _
+ WD 0)p, + SWE) (O, )+ hs (2WED (0 py
+ Wz(g) (O)ﬁz) * s (2W1(13) 0)ps + Wz(g) (0) 53)
+ 3h; + 3hgp}P, + 3hops s + hig (P, + zpzﬁz))

o7 (ks (W (1) e )
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+k, <W1(12) (=1) pse ™ + sz(g) (-1) pye™
i 1 —
+ W1(13) (-1) pye oy sz(g) (-1) Pzeﬂowo)
—iTyWwy—

+ 3kypye” N + k, (Pze P3

20 )

(35)
with
Wy (0) = %e%“’oe + % oiTend
+ B2t 56
Wy, (0) = —Meirﬂwﬂg + Me—irowoe +E,,

ToWy ToWo

where E, and E, can be determined by the following two equa-
tions:

2iw, — ay, —ap —ay3
—ay 2iwy — ay, —y3 E,
0 —byye 2% iy, — ayy — byye
Ey,
=2| E, |, (37)
Ey;
a; adp as Ey
a1 G a3 E,=-| Ex |,
0 by a3 +by Ey;

and
Ej1 =91+ 92 + 93p3 + Jupops + gstz + gspz%’
Eyy = hy + hyp, + hyps + hypaps + hspl + heps,

_ 2 —2iTyw, —2iTyw,
E; =kipye +kapapse ,

Ej =291+ 92 (P2 +P2) + 95 (ps + 75) 38)
+ 94 (P2P3 + P2) +295P2P, + 296P5Ps>

Ey =2hy +hy (py | P,) + b3 (s + Ps)
+hy (paP5 +Py) + 2h5pyp, + 2hepsps,

Ey; = 2k1pyp, + k3 (p2Ps + P2ps) -

Then, we can get the following coefficients which deter-
mine the properties of the Hopf bifurcation:

. 2
1
€ 0= 27w, <g“g20 ~2lgn [ - |g(;2| ) ’ %

_ Re {Cl (0)}
27 Re W (m))
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B, = 2Re{C, (0)},

Im {CL O} + poIm {) (7)}

) = .
ToWo

(39)

In conclusion, we have the following results.

Theorem 2. For system (2), If u, > 0 (u, < 0), then the Hopf
bifurcation is supercritical (subcritical). If 3, < 0 (f3, > 0), then
the bifurcating periodic solutions are stable (unstable). If T, >
0 (T, < 00), then the bifurcating periodic solutions increase
(decrease).

4. Numerical Simulation

We choose the same parameters of system (2) as those in [21]:
r=3K=51 =15a=1b=1d=05aq =1,
o, =1, =1,and § = 0.5, while setting 7 as the bifurcation
parameter. Then, we get the specific case of system (2) as
follows:

M:S(t)[3<l_8<t)+1(n>

dt 5
P@) ()
_<1‘5+ 1+P(t))S(t)+I(t)]’
@ P@) \ SOOI
ar <1‘5+ 1+P(t))S(t)+I(t)

I P@)
1+1(@)°
dP(t) 1(t-1)P(t-1)

dt  1+I1(t-1) —05P®,

—0.5I(t)  (40)

from which we can obtain the unique positive equilibrium
E.(3.107,1,2.328). Numerically for 7 = 0 we have drawn the
figure of Lyapunov exponents (Figure 1). Since all the LEs are
negative, the system is stable for 7 = 0. Further, we can obtain
w, = 0.0042 and the critical value 7, = 0.3408 at which a
Hopf bifurcation occurs. As is shown in Figure 2, E, is locally
asymptotically stable when 7 = 0.265 < 7,. In this case,
the three species in system (40) can coexist in an ideal stable
state. However, E, loses its stability and a family of periodic
solutions bifurcate from E, when 7 = 0.405 > 7,, which can
be illustrated by Figure 3.

On the other hand, by some complex calculations, we
can obtain /\'(TO) = 0.002582 + 0.102144i and C — 1(0) =
-0.005236+0.000094i. And further we have y, = 2.0279 > 0,
B, = -0.0105 < 0 and T, = —144.7797 < 0. Thus, based
on the Theorem 2, we can conclude that the Hopf bifurcation
is supercritical and the bifurcating periodic solutions are
stable and decrease. Since the bifurcating periodic solutions
are stable, the three species in system (40) can coexist in
an oscillatory mode under some given conditions. This is
valuable from the viewpoint of biology.

[=}
T

|
I
wn

|
—

|
—
w

Lyapunov exponents

|
[3S)

0 10 20 30 40 50 60 70 80 90 100

Time (t)
— A, =-0.067619
—— 1, =-0.05826
—— A, =-1.0633

FIGURE I: Lyapunov exponents for 7 = 0, depicting a stable system.

5. Conclusions

In the present paper, we propose a delayed ecoepidemic
model by incorporating the time delay due to the gestation
of the predator in the model studied in [31]. Compared
with the work in [31], we mainly consider the effect of
the time delay on the stability of system (2). The model
investigated in our paper is more general since the time
required for the gestation of the predator and the results we
obtained are suitable complements to the literature [31]. By
regarding the time delay due to the gestation of the predator
as the bifurcation parameter, sufficient conditions for the
local stability of the model and the critical value 7, at which
a Hopf bifurcation occurs are derived. It is found that when
the value of the time delay is suitablely small, system (2) is
locally asymptotically stable. In this case, the densities of the
healthy prey, the infected prey, and the predator population
will tend to stabilization. Namely, the densities of the three
species will be in ideal stable state and the disease spreading
among the prey can be controlled. Once the value of the time
delay passes through the critical value 7, system (2) loses
stability and a family of periodic solutions bifurcate from the
positive equilibrium E,, which shows that the delay due to
the gestation of the predator plays a very complicated role in
destabilizing the stability of system (2). In this case, the den-
sities of the three species may coexist in an oscillatory and
the disease spreading among the prey will be out of control.
In addition, the explicit formulae determining stability and
direction of the Hopf bifurcation are derived by using the
normal form theory and then center manifold theorem for
the further investigation.

It should be pointed out that predator-prey models in-
volving delays and also spatial diffusion are increasingly ap-
plied to the study of a variety of situations. Based on this
consideration, we will investigate the dynamics of the eco-
epidemic model with diffusion based on the delayed model
in our present paper in the near future.

Data Availability

All the data can be accessed in our manuscript in the Numeri-
cal Simulation.



Journal of Function Spaces

4 14
1.2
=3 WWWVWW\MW =1 W sas s
% =
0.8
2 n n n n n n
0 200 400 600 800 0 200 400 600 800
Time t Time t
3
2.4
25
g 22 =
2| 1.5
4
1.8 . . - 0.8
0 200 400 600 800 1(t) 2 S(1)
Time t
FIGURE 2: E, is locally asymptotically stable when 7 = 0.265 < 7.
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FIGURE 3: E, loses its stability when 7 = 0.405 > 1,.
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