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❍♦✉s✐♥❣ ♠❛r❦❡ts✱ ❡①♣❡❝t❛t✐♦♥ ❢♦r♠❛t✐♦♥ ❛♥❞ ✐♥t❡r❡st r❛t❡s✩

❈❛r♦❧✐♥ ▼❛rt✐♥✱ ◆♦❡♠✐ ❙❝❤♠✐tt ❛♥❞ ❋r❛♥❦ ❲❡st❡r❤♦✛✯

❯♥✐✈❡rs✐t② ♦❢ ❇❛♠❜❡r❣✱ ❉❡♣❛rt♠❡♥t ♦❢ ❊❝♦♥♦♠✐❝s✱

❋❡❧❞❦✐r❝❤❡♥str❛ss❡ ✷✶✱ ✾✻✵✹✺ ❇❛♠❜❡r❣✱ ●❡r♠❛♥②

❆❜str❛❝t

❇❛s❡❞ ♦♥ ❛ ❜❡❤❛✈✐♦r❛❧ st♦❝❦✲✢♦✇ ❤♦✉s✐♥❣ ♠❛r❦❡t ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ t❤❡ ❡①♣❡❝t❛t✐♦♥ ❢♦r♠❛✲

t✐♦♥ ❜❡❤❛✈✐♦r ♦❢ ❜♦✉♥❞❡❞❧② r❛t✐♦♥❛❧ ❛♥❞ ❤❡t❡r♦❣❡♥❡♦✉s ✐♥✈❡st♦rs ♠❛② ❣❡♥❡r❛t❡ ❡♥❞♦❣❡✲

♥♦✉s ❜♦♦♠✲❜✉st ❝②❝❧❡s✱ ✇❡ ❡①♣❧♦r❡ ✇❤❡t❤❡r ❝❡♥tr❛❧ ❜❛♥❦s ❝❛♥ st❛❜✐❧✐③❡ ❤♦✉s✐♥❣ ♠❛r❦❡ts

✈✐❛ t❤❡ ✐♥t❡r❡st r❛t❡✳ ❯s✐♥❣ ❛ ♠✐① ♦❢ ❛♥❛❧②t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ t♦♦❧s✱ ✇❡ ✜♥❞ t❤❛t t❤❡

❛❜✐❧✐t② ♦❢ ❝❡♥tr❛❧ ❜❛♥❦s t♦ t❛♠❡ ❤♦✉s✐♥❣ ♠❛r❦❡ts ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ❜❛s❡ ✭t❛r❣❡t✮ ✐♥t❡r❡st

r❛t❡✱ t❤❡r❡❜② s♦❢t❡♥✐♥❣ t❤❡ ❞❡♠❛♥❞ ♣r❡ss✉r❡ ♦♥ ❤♦✉s❡ ♣r✐❝❡s✱ ✐s r❛t❤❡r ❧✐♠✐t❡❞✳ ❍♦✇❡✈❡r✱

❝❡♥tr❛❧ ❜❛♥❦s ❝❛♥ ❣r❡❛t❧② ✐♠♣r♦✈❡ t❤❡ st❛❜✐❧✐t② ♦❢ ❤♦✉s✐♥❣ ♠❛r❦❡ts ❜② ❢♦❧❧♦✇✐♥❣ ❛♥ ✐♥✲

t❡r❡st r❛t❡ r✉❧❡ t❤❛t ❛❞❥✉sts t❤❡ ✐♥t❡r❡st r❛t❡ ✇✐t❤ r❡s♣❡❝t t♦ ♠✐s♣r✐❝✐♥❣ ✐♥ t❤❡ ❤♦✉s✐♥❣

♠❛r❦❡t✳

❑❡②✇♦r❞s✿ ❍♦✉s✐♥❣ ♠❛r❦❡ts✱ ❤❡t❡r♦❣❡♥❡♦✉s ❡①♣❡❝t❛t✐♦♥s✱ ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s✱ ❡♥❞♦❣❡♥♦✉s

❜♦♦♠✲❜✉st ❝②❝❧❡s✱ ✐♥t❡r❡st r❛t❡s✱ ♥♦♥❧✐♥❡❛r ❞②♥❛♠✐❝s

❏❊▲ ❝❧❛ss✐✜❝❛t✐♦♥✿ ❉✾✶✱ ❊✺✽✱ ❘✸✶

✶✳ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ♣❛st ❤❛s r❡♣❡❛t❡❞❧② ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ ✐♥st❛❜✐❧✐t② ♦❢ ❤♦✉s✐♥❣ ♠❛r❦❡ts ♠❛② ♣♦s❡

s❡r✐♦✉s t❤r❡❛ts ❢♦r t❤❡ r❡❛❧ ❡❝♦♥♦♠②✳ ❆s ❞✐s❝✉ss❡❞ ✐♥ ❚❛②❧♦r ✭✷✵✵✾✮✱ ●❧❛❡s❡r ❡t ❛❧✳ ✭✷✵✶✸✮✱

❙❤✐❧❧❡r ✭✷✵✶✺✮ ❛♥❞ P✐❛③③❡s✐ ❛♥❞ ❙❝❤♥❡✐❞❡r ✭✷✵✶✻✮✱ t❤❡ ❡♥♦r♠♦✉s ❜♦♦♠✲❜✉st ❝②❝❧❡ ♦❢ t❤❡

❯✳❙✳ ❤♦✉s✐♥❣ ♠❛r❦❡t✱ ✇❤✐❝❤ ♣❡❛❦❡❞ ✐♥ ✷✵✵✻✱ ✐♥✐t✐❛t❡❞ ♦♥❡ ♦❢ t❤❡ ♠♦st ❤❛r♠❢✉❧ ❣❧♦❜❛❧

r❡❝❡ss✐♦♥s ✐♥ ❤✐st♦r②✳ ❆s ❛ ♠❛tt❡r ♦❢ ❢❛❝t✱ t❤❡ ❯✳❙✳ ❤♦✉s✐♥❣ ♠❛r❦❡t ❜♦♦♠ ✇❛s ❝❛✉s❡❞ ❛t

✩❲❡ t❤❛♥❦ ❘♦❜❡rt♦ ❉✐❡❝✐ ❢♦r ❤✐s ❤❡❧♣❢✉❧ ❝♦♠♠❡♥ts✳
∗❈♦rr❡s♣♦♥❞✐♥❣ ❛✉t❤♦r✬s ❡♠❛✐❧ ❛❞❞r❡ss✿ ❢r❛♥❦✳✇❡st❡r❤♦✛❅✉♥✐✲❜❛♠❜❡r❣✳❞❡

❏❛♥✉❛r② ✶✶✱ ✷✵✶✾



❧❡❛st ✐♥ ♣❛rt ❜② t❤❡ ❧♦✇ ✐♥t❡r❡st r❛t❡ ♣♦❧✐❝② ❛❞♦♣t❡❞ ❜② t❤❡ ❋❡❞❡r❛❧ ❘❡s❡r✈❡ ❙②st❡♠ ✭❋❡❞✮

✐♥ ✐ts ❡✛♦rts t♦ ❝♦♠❜❛t ✜♥❛♥❝✐❛❧ ❛♥❞ ❡❝♦♥♦♠✐❝ ❞✐str❡ss ✐♥ t❤❡ ❛❢t❡r♠❛t❤ ♦❢ t❤❡ ❞♦t✲❝♦♠

❜✉❜❜❧❡✳ ❲❤✐❧❡ ❍✐♠♠❡❧❜❡r❣ ❡t ❛❧✳ ✭✷✵✵✺✮ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♠❛❥♦r ❞❡❝❧✐♥❡ ✐♥ ✐♥t❡r❡st r❛t❡s

❞✉r✐♥❣ t❤❡ ❡❛r❧② ✷✵✵✵s ♠❡r❡❧② r❡s✉❧t❡❞ ✐♥ ❛ ✭♠❛ss✐✈❡✮ ❢✉♥❞❛♠❡♥t❛❧ ❤♦✉s❡ ♣r✐❝❡ ✐♥❝r❡❛s❡✱

❚❛②❧♦r ✭✷✵✵✾✮ ❝r✐t✐❝❛❧❧② ❛r❣✉❡s t❤❛t t❤❡ ❋❡❞✬s ❛❣❣r❡ss✐✈❡ ✐♥t❡r❡st r❛t❡ ❛❞❥✉st♠❡♥ts ✇❡r❡

r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ t❤❡ ❯✳❙✳ ❤♦✉s✐♥❣ ♠❛r❦❡t✬s ❜♦♦♠✲❜✉st ❝②❝❧❡ ❛♥❞ t❤❡

❝♦♥s❡q✉❡♥t ✜♥❛♥❝✐❛❧ ♠❛r❦❡t t✉r♠♦✐❧✳ ❚❤❡ ✐♥t❡♥s✐t② ♦❢ t❤❡ ❛❝❛❞❡♠✐❝ ❝♦♥tr♦✈❡rs② ✐♥ t❤✐s

❧✐♥❡ ♦❢ r❡s❡❛r❝❤ ♦✈❡r t❤❡ ❧❛st ❝♦✉♣❧❡ ♦❢ ②❡❛rs s❤♦✉❧❞ ♥♦t ❜❡ ✉♥❞❡r❡st✐♠❛t❡❞✳ ■♠♠❡❞✐❛t❡❧②

❜❡❢♦r❡ t❤❡ ❝r❛s❤ ♦❢ t❤❡ ❯✳❙✳ ❤♦✉s✐♥❣ ♠❛r❦❡t✱ ❨❡❧❧❡♥ ✭✷✵✵✺✮ st❛t❡❞ t❤❛t ♠♦♥❡t❛r② ♣♦❧✐❝② ✐s

♥♦t t❤❡ ❜❡st t♦♦❧ ❢♦r ❞❡✢❛t✐♥❣ ❤♦✉s✐♥❣ ♠❛r❦❡t ❜✉❜❜❧❡s✱ ❛♥❞ ✈❡♥t✉r❡❞ t❤❛t ❡❝♦♥♦♠✐❡s ✇✐❧❧

❜❡ ❧✐tt❧❡ ❛✛❡❝t❡❞ ❜② s❤r✐♥❦✐♥❣ ❤♦✉s✐♥❣ ♠❛r❦❡ts✳ ❚❡♥ ②❡❛rs ❧❛t❡r✱ ●❧❛❡s❡r ❛♥❞ ◆❛t❤❛♥s♦♥

✭✷✵✶✺✮ ✇❛r♥ t❤❛t ♣♦❧✐❝②♠❛❦❡rs s❤♦✉❧❞ ♥❡✈❡r ❛❣❛✐♥ ❜❡ s♦ ❝♦♥✜❞❡♥t t❤❛t ❛ ❤♦✉s✐♥❣ ♠❛r❦❡t

❝r❛s❤ ✇♦✉❧❞ ♥♦t ❤❛✈❡ s❡r✐♦✉s ❡❝♦♥♦♠✐❝ ❝♦♥s❡q✉❡♥❝❡s✳ ❆❣❛✐♥st t❤✐s ❜❛❝❦❞r♦♣✱ t❤❡ ❣♦❛❧

♦❢ ♦✉r ♣❛♣❡r ✐s t♦ ❡①♣❧♦r❡ ❤♦✇ t❤❡ ✐♥t❡r❡st r❛t❡ s❡tt✐♥❣ ♦❢ ❝❡♥tr❛❧ ❜❛♥❦s ♠❛② ❛✛❡❝t t❤❡

st❛❜✐❧✐t② ♦❢ ❤♦✉s✐♥❣ ♠❛r❦❡ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ st✉❞② t❤❡ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ ❝❡♥tr❛❧

❜❛♥❦s ♠❛② ♣r❡✈❡♥t ✕ ♦r ❛t ❧❡❛st t❛♠❡ ✕ ❜♦♦♠✲❜✉st ❝②❝❧❡s ✐♥ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t✱ ❛♥❞

✇❤✐❝❤ ♣♦❧✐❝✐❡s ♠❛② tr✐❣❣❡r t❤❡ ♦♣♣♦s✐t❡ ❡✛❡❝t✳

❆s ❛ ✇♦r❦❤♦rs❡✱ ✇❡ ✉s❡ t❤❡ ❜❡❤❛✈✐♦r❛❧ st♦❝❦✲✢♦✇ ❤♦✉s✐♥❣ ♠❛r❦❡t ♠♦❞❡❧ ❜② ❉✐❡❝✐ ❛♥❞

❲❡st❡r❤♦✛ ✭✷✵✶✻✮✳ ❚❤❡✐r ♠♦❞❡❧ r❡✈❡❛❧s t❤❛t ♥♦♥❧✐♥❡❛r ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ s♣❡❝✉❧❛t✐✈❡

❛♥❞ r❡❛❧ ❢♦r❝❡s ❝❛♥ ❣❡♥❡r❛t❡ s✐❣♥✐✜❝❛♥t ❡♥❞♦❣❡♥♦✉s ✢✉❝t✉❛t✐♦♥s ✐♥ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t✳

❚❤❡ s♣❡❝✉❧❛t✐✈❡ ❢♦r❝❡s ✐♥ t❤✐s ♠♦❞❡❧ r❡s✉❧t ❢r♦♠ t❤❡ ❡①♣❡❝t❛t✐♦♥ ❢♦r♠❛t✐♦♥ ❜❡❤❛✈✐♦r ♦❢

❜♦✉♥❞❡❞❧② r❛t✐♦♥❛❧ ❛♥❞ ❤❡t❡r♦❣❡♥❡♦✉s ✐♥✈❡st♦rs✳ ■♥s♣✐r❡❞ ❜② ❉❛② ❛♥❞ ❍✉❛♥❣ ✭✶✾✾✵✮✱

❞❡ ●r❛✉✇❡ ❡t ❛❧✳ ✭✶✾✾✸✮ ❛♥❞ ❇r♦❝❦ ❛♥❞ ❍♦♠♠❡s ✭✶✾✾✽✮✱ ✐♥✈❡st♦rs s✇✐t❝❤ ❜❡t✇❡❡♥

❡①tr❛♣♦❧❛t✐✈❡ ❛♥❞ r❡❣r❡ss✐✈❡ ❡①♣❡❝t❛t✐♦♥ r✉❧❡s t♦ ❢♦r❡❝❛st ❢✉t✉r❡ ❤♦✉s❡ ♣r✐❝❡s ✇✐t❤ r❡s♣❡❝t

t♦ ❝✉rr❡♥t ♠❛r❦❡t ❝✐r❝✉♠st❛♥❝❡s✳✶ ❚❤❡ r❡❛❧ ❢♦r❝❡s ✐♥ t❤✐s ♠♦❞❡❧ ❛r❡ ❞✉❡ t♦ ❛ st❛♥❞❛r❞

❤♦✉s✐♥❣ ♠❛r❦❡t ♠♦❞❡❧ ✭P♦t❡r❜❛ ✶✾✽✹✱ ✶✾✾✶✱ ❲❤❡❛t♦♥ ✶✾✾✾✮ ✇✐t❤ ❛ r❡♥t❛❧ ♠❛r❦❡t ❛♥❞ ❛

❤♦✉s✐♥❣ ❝❛♣✐t❛❧ ♠❛r❦❡t✱ t②✐♥❣ ❦❡② r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❤♦✉s❡ ♣r✐❝❡s✱ t❤❡ r❡♥t ❧❡✈❡❧ ❛♥❞ t❤❡

❤♦✉s✐♥❣ st♦❝❦✳ ❇❛s❡❞ ♦♥ ❛♥ ❡♠♣✐r✐❝❛❧❧② ♠♦t✐✈❛t❡❞ ♣❛r❛♠❡t❡r s❡tt✐♥❣✱ t❤❡ ♠♦❞❡❧ ✐s ❛❜❧❡

✶❉❡✈✐❛t✐♦♥s ❢r♦♠ ❛ ❢✉❧❧② r❛t✐♦♥❛❧ ❜❡❤❛✈✐♦r ❛r❡ str♦♥❣❧② s✉♣♣♦rt❡❞ ❜② ❡♠♣✐r✐❝❛❧ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧
❡✈✐❞❡♥❝❡ ✭❈❛s❡ ❛♥❞ ❙❤✐❧❧❡r ✷✵✵✸✱ ❈❛s❡ ❡t ❛❧✳ ✷✵✶✷✱ ❍♦♠♠❡s ✷✵✶✶✮✳ ▼♦r❡♦✈❡r✱ ●❧❛❡s❡r ✭✷✵✶✸✮ ❛♥❞
❍♦♠♠❡s ✭✷✵✶✸✮ ♣♦✐♥t ♦✉t t❤❛t s✐♠♣❧❡ ❛♥❞ ♣❧❛✉s✐❜❧❡ r✉❧❡✲❣♦✈❡r♥❡❞ ❜❡❤❛✈✐♦r s❡❡♠s t♦ ❞❡s❝r✐❜❡ r❡❛❧✐t②
❜❡tt❡r t❤❛♥ ❢✉❧❧② r❛t✐♦♥❛❧ ❜❡❤❛✈✐♦r✳
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t♦ ❣❡♥❡r❛t❡ ❝②❝❧✐❝❛❧ ❤♦✉s✐♥❣ ♠❛r❦❡t ❞②♥❛♠✐❝s ✇✐t❤ ❧❛st✐♥❣ ♣❡r✐♦❞s ♦❢ ♦✈❡r✈❛❧✉❛t✐♦♥ ❛♥❞

♦✈❡r❜✉✐❧❞✐♥❣✱ ❛s ♦❜s❡r✈❡❞ ✐♥ r❡❛❧ ♠❛r❦❡ts✳

❲❡ ❣❡♥❡r❛❧✐③❡ t❤❡ ♠♦❞❡❧ ❜② ❉✐❡❝✐ ❛♥❞ ❲❡st❡r❤♦✛ ✭✷✵✶✻✮ ❛❧♦♥❣ t✇♦ ✐♠♣♦rt❛♥t ❞✐♠❡♥✲

s✐♦♥s✳ ❋✐rst✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ❝❡♥tr❛❧ ❜❛♥❦ t❤❛t ❢♦❧❧♦✇s ❛ s✐♠♣❧❡ ❧❡❛♥✐♥❣✲❛❣❛✐♥st✲t❤❡✲✇✐♥❞

✐♥t❡r❡st r❛t❡ r✉❧❡ ✭❚❛②❧♦r ✷✵✵✾✱ ▲❛♠❜❡rt✐♥✐ ❡t ❛❧✳ ✷✵✶✸✮✱ ❝♦♥s✐st✐♥❣ ♦❢ t✇♦ ❝♦♠♣♦♥❡♥ts✳

◆♦t ♦♥❧② ♠❛② t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❛✉t♦♥♦♠♦✉s❧② ❛❞❥✉st t❤❡ ❜❛s❡ ✭t❛r❣❡t✮ ✐♥t❡r❡st r❛t❡✱ ✐t

♠❛② ❛❧s♦ ❞❡❝✐❞❡ t♦ ❛✉t♦♠❛t✐❝❛❧❧② ❝❤❛♥❣❡ t❤❡ ✐♥t❡r❡st r❛t❡ ✇✐t❤ ❛ ✈✐❡✇ t♦ ♠✐s♣r✐❝✐♥❣ ✐♥

t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t✳ ■♥ t❤❡ ❧❛tt❡r ❝❛s❡✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐♥❝r❡❛s❡s ✭❞❡❝r❡❛s❡s✮ t❤❡ ✐♥✲

t❡r❡st r❛t❡ ✐❢ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t ✐s ♦✈❡r✈❛❧✉❡❞ ✭✉♥❞❡r✈❛❧✉❡❞✮ ✐♥ ♦r❞❡r t♦ ❞❡✢❛t❡ ✭❢✉❡❧✮

t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t✳ ❙❡❝♦♥❞✱ ✇❡ ❡♥❞♦❣❡♥✐③❡ ✐♥✈❡st♦rs✬ ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s✳ ■♥ t❤❡ ♠♦❞❡❧ ❜②

❉✐❡❝✐ ❛♥❞ ❲❡st❡r❤♦✛ ✭✷✵✶✻✮✱ ✐♥✈❡st♦rs ❤❛✈❡ ❝♦♥st❛♥t ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s✳ ❙✐♥❝❡ t❤❡ ❝❡♥tr❛❧

❜❛♥❦✬s ✐♥t❡r❡st r❛t❡ s❡tt✐♥❣ s❤❛♣❡s t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t✱ ✇❡ ❧❡t ✐♥✈❡st♦rs

❧❡❛r♥ ✭✉♣❞❛t❡✮ t❤❡✐r ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s ✭●❛✉♥❡rs❞♦r❢❡r ✷✵✵✵✱ ❈❤✐❛r❡❧❧❛ ❡t ❛❧✳ ✷✵✵✼✮✳ ❲❤✐❧❡

t❤✐s ♠♦❞❡❧ ❢❡❛t✉r❡ ❤❛s ✐♥t❡r❡st✐♥❣ ✐♠♣❧✐❝❛t✐♦♥s ♣❡r s❡ ❢♦r t❤❡ ♠♦❞❡❧ ❞②♥❛♠✐❝s✱ s✐♥❝❡ ✐t

♠❛② ❛♠♣❧✐❢② ❤♦✉s✐♥❣ ♠❛r❦❡t ❝r❛s❤❡s✱ ❢♦r ✐♥st❛♥❝❡✱ ✐t ❛❧s♦ ✐♥✢✉❡♥❝❡s t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢

t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s ✐♥t❡r❡st r❛t❡ ♣♦❧✐❝②✳

❖✉r ♠❛✐♥ r❡s✉❧ts ♠❛② ❜❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ ♦✉r ♠♦❞❡❧ ✐s ❞r✐✈❡♥

❜② ❛ ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ ♥♦♥❧✐♥❡❛r ♠❛♣✳ ❚❤❡ ♠♦❞❡❧ ♣♦ss❡ss❡s ❛ ❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡

✐♥ ✇❤✐❝❤ t❤❡ ♣r✐❝❡ ♦❢ ❤♦✉s❡s r❡✢❡❝ts t❤❡✐r ❢✉t✉r❡ r✐s❦✲❛❞❥✉st❡❞ r❡♥t ♣❛②♠❡♥ts✳ ❍♦✇❡✈❡r✱

t❤❡ ❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡ ♠❛② ❜❡❝♦♠❡ ✉♥st❛❜❧❡ ❞✉❡ t♦ ❛ ◆❡✐♠❛r❦✲❙❛❝❦❡r ❜✐❢✉r❝❛✲

t✐♦♥✱ ✐✳❡✳ ❡♥❞♦❣❡♥♦✉s ❤♦✉s❡ ♣r✐❝❡ ✢✉❝t✉❛t✐♦♥s ❛r✐s❡ ✐❢ ✐♥✈❡st♦rs ❡①tr❛♣♦❧❛t❡ ❤♦✉s❡ ♣r✐❝❡s

t♦♦ str♦♥❣❧②✳ ◆♦t❡ t❤❛t s✉❝❤ ✢✉❝t✉❛t✐♦♥s ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② s❤♦rt✲r✉♥ ♠♦♠❡♥t✉♠✱

❧♦♥❣✲r✉♥ ♠❡❛♥ r❡✈❡rs✐♦♥ ❛♥❞ ❡①❝❡ss ✈♦❧❛t✐❧✐t②✱ ✐♠♣♦rt❛♥t ❡♠♣✐r✐❝❛❧ ❢❡❛t✉r❡s ♦❢ ❛❝t✉❛❧

❤♦✉s✐♥❣ ♠❛r❦❡t ❞②♥❛♠✐❝s ✭●❧❛❡s❡r ✷✵✶✸✮✳ ▼♦r❡♦✈❡r✱ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡ ♠❛②

❛❧s♦ ❜❡❝♦♠❡ ✉♥st❛❜❧❡ ❞✉❡ t♦ ❛ P✐t❝❤❢♦r❦ ❜✐❢✉r❝❛t✐♦♥✳ ■♥ s✉❝❤ ❛ s❝❡♥❛r✐♦✱ t✇♦ ❧♦❝❛❧❧②

st❛❜❧❡ ♥♦♥❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡s ✕ s✉rr♦✉♥❞✐♥❣ t❤❡ ✉♥st❛❜❧❡ ❢✉♥❞❛♠❡♥t❛❧ st❡❛❞②

st❛t❡ ✕ ❡♠❡r❣❡✱ ✐♠♣❧②✐♥❣ t❤❛t t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t ✐s ❡✐t❤❡r ♣❡r♠❛♥❡♥t❧② ♦✈❡r✈❛❧✉❡❞ ♦r

✉♥❞❡r✈❛❧✉❡❞✳ ❚❤❡ P✐t❝❤❢♦r❦ s❝❡♥❛r✐♦ ♦❝❝✉rs ✐❢ t❤❡ ❤♦✉s✐♥❣ s✉♣♣❧② ✐s r❛t❤❡r s❧✉❣❣✐s❤ ❛♥❞

✐❢ ✐♥✈❡st♦rs ✉s❡ t❤❡ ❡①tr❛♣♦❧❛t✐✈❡ ❡①♣❡❝t❛t✐♦♥ r✉❧❡ t♦♦ str♦♥❣❧②✳ ❋✐♥❛❧❧②✱ t❤❡r❡ ✐s ❛❧s♦ t❤❡

✭t❤❡♦r❡t✐❝❛❧✮ ♣♦ss✐❜✐❧✐t② t❤❛t ❛ ❋❧✐♣ ❜✐❢✉r❝❛t✐♦♥ ❝♦♠♣r♦♠✐s❡s t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ❤♦✉s✐♥❣

♠❛r❦❡t✳ ■♥t❡r❡st✐♥❣❧②✱ ❛ ❝❡rt❛✐♥ ❡①tr❛♣♦❧❛t✐✈❡ str❡♥❣t❤ ♦❢ ✐♥✈❡st♦rs ✐s t❤❡♥ ♥❡❡❞❡❞ t♦
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❡♥s✉r❡ st❛❜✐❧✐t② ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡✳ ❋r♦♠ ❛♥ ❡♠♣✐r✐❝❛❧ ♣❡rs♣❡❝t✐✈❡✱ t❤❡

◆❡✐♠❛r❦✲❙❛❝❦❡r ❜✐❢✉r❝❛t✐♦♥ s❝❡♥❛r✐♦ s❡❡♠s t♦ ❜❡ t❤❡ ♠♦st r❡❛❧✐st✐❝ ♦♥❡✳ ❋♦r ✐♥st❛♥❝❡✱

t❤❡ ❝❛❧✐❜r❛t❡❞ ❤♦✉s✐♥❣ ♠❛r❦❡t ♠♦❞❡❧s ❜② ❲❤❡❛t♦♥ ✭✶✾✾✾✮✱ ❉✐❡❝✐ ❛♥❞ ❲❡st❡r❤♦✛ ✭✷✵✶✻✮

❛♥❞ ●❧❛❡s❡r ❛♥❞ ◆❛t❤❛♥s♦♥ ✭✷✵✶✼✮ ❛s ✇❡❧❧ ❛s t❤❡ ❡st✐♠❛t❡❞ ❤♦✉s✐♥❣ ♠❛r❦❡t ♠♦❞❡❧s ❜②

❑♦✉✇❡♥❜❡r❣ ❛♥❞ ❩✇✐♥❦❡❧s ✭✷✵✶✹✱ ✷✵✶✺✮ ♣r♦❞✉❝❡ ❡♥❞♦❣❡♥♦✉s ❤♦✉s❡ ♣r✐❝❡ ♦s❝✐❧❧❛t✐♦♥s✳

❍♦✇❡✈❡r✱ ❇♦❧t ❡t ❛❧✳ ✭✷✵✶✹✮ ❞❡t❡❝t ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ ♦❢ ♠✉❧t✐♣❧❡ st❡❛❞② st❛t❡s✳

❆s ✐t t✉r♥s ♦✉t✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❤❛s ❛ ❧✐♠✐t❡❞ ❛❜✐❧✐t② t♦ ✐♥❝r❡❛s❡ t❤❡ ♣❛r❛♠❡t❡r ❞♦✲

♠❛✐♥ t❤❛t ❣✉❛r❛♥t❡❡s st❛❜✐❧✐t② ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡ ❜② ❛✉t♦♥♦♠♦✉s❧② ✐♥❝r❡❛s✲

✐♥❣ t❤❡ ❜❛s❡ ✭t❛r❣❡t✮ ✐♥t❡r❡st r❛t❡✳ ❊❝♦♥♦♠✐❝❛❧❧②✱ ❤✐❣❤❡r ✐♥t❡r❡st r❛t❡s r❡❞✉❝❡ ✐♥✈❡st♦rs✬

❞❡♠❛♥❞ ♣r❡ss✉r❡ ♦♥ ❤♦✉s❡ ♣r✐❝❡s✳ ❋r♦♠ ❛ q✉❛♥t✐t❛t✐✈❡ ♣❡rs♣❡❝t✐✈❡✱ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❣❛✐♥

✐♥ t❤❡ st❛❜✐❧✐t②✲❡♥❢♦r❝✐♥❣ ♣❛r❛♠❡t❡r ❞♦♠❛✐♥ s❡❡♠s t♦ ❜❡ ♥❡❣❧✐❣✐❜❧❡✳ ▼♦r❡♦✈❡r✱ ❤✐❣❤ ✐♥t❡r✲

❡st r❛t❡s ❞❡❝r❡❛s❡ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❤♦✉s❡ ♣r✐❝❡ ✭❛♥❞ ♠❛② ❧❡❛❞ t♦ ❢✉rt❤❡r ❛❞✈❡rs❡ ❡✛❡❝ts

♦✉ts✐❞❡ t❤❡ s❝♦♣❡ ♦❢ ♦✉r ♠♦❞❡❧✮✳ ❙✐♠✉❧❛t✐♦♥s ❛❧s♦ r❡✈❡❛❧ t❤❛t ❛ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ❜❛s❡ ✭t❛r✲

❣❡t✮ ✐♥t❡r❡st r❛t❡ ❝❛♥ s♣❛r❦ ❛ t❡♠♣♦r❛r② ❜✉❜❜❧❡ ♦r ❡✈❡♥ ❝r❡❛t❡ ♣❡r♠❛♥❡♥t ❤♦✉s❡ ♣r✐❝❡

♦s❝✐❧❧❛t✐♦♥s ✕ ❛ s✐t✉❛t✐♦♥ r❡♠✐♥✐s❝❡♥t ♦❢ t❤❡ st❛rt ♦❢ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❯✳❙✳ ❤♦✉s✐♥❣

♠❛r❦❡t ❜✉❜❜❧❡✳ ❈❡♥tr❛❧ ❜❛♥❦s s❤♦✉❧❞ ❦❡❡♣ t❤✐s ✐♥ ♠✐♥❞ ✇❤❡♥ ♣❧❛♥♥✐♥❣ t♦ ❛❞❥✉st t❤❡

✐♥t❡r❡st r❛t❡✳

❋♦rt✉♥❛t❡❧②✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❤❛s ❛ ❣r❡❛t ❛❜✐❧✐t② t♦ ❝♦♥tr♦❧ ❤♦✉s✐♥❣ ♠❛r❦❡t ✢✉❝t✉❛✲

t✐♦♥s ❜② ❞②♥❛♠✐❝❛❧❧② ❛❞❥✉st✐♥❣ t❤❡ ✐♥t❡r❡st r❛t❡ ✇✐t❤ ❛ ✈✐❡✇ t♦ ♠✐s♣r✐❝✐♥❣ ✐♥ t❤❡ ❤♦✉s✐♥❣

♠❛r❦❡t✳ ❇② ✐♥❝r❡❛s✐♥❣ ✭❞❡❝r❡❛s✐♥❣✮ t❤❡ ✐♥t❡r❡st r❛t❡ ✐♥ ♣❡r✐♦❞s ♦❢ ♦✈❡r✈❛❧✉❛t✐♦♥ ✭✉♥✲

❞❡r✈❛❧✉❛t✐♦♥✮✱ s✉❝❤ ❛ ❧❡❛♥✐♥❣✲❛❣❛✐♥st✲t❤❡✲✇✐♥❞ ♣♦❧✐❝② s♠♦♦t❤❡s ✐♥✈❡st♦rs✬ ❡①♣❡❝t❛t✐♦♥✲

❞r✐✈❡♥ ❤♦✉s✐♥❣ ❞❡♠❛♥❞✳ ▼♦st ✐♠♣♦rt❛♥t❧②✱ t❤✐s ♣♦❧✐❝② ❛❧❧♦✇s t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ t♦ ♣r❡✈❡♥t

✭♦r ❛t ❧❡❛st r❡❞✉❝❡✮ t❤❡ ✐♥st❛❜✐❧✐t② ♦❢ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t ❛r✐s✐♥❣ ❢r♦♠ t❤❡ ◆❡✐♠❛r❦✲❙❛❝❦❡r

❜✐❢✉r❝❛t✐♦♥✱ ✐✳❡✳ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t r❡♠❛✐♥s st❛❜❧❡ ♦r ✐ts ♦s❝✐❧❧❛t✐♦♥s ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞

❜② ❛ ❧♦✇❡r ❛♠♣❧✐t✉❞❡✳ ❚❤❡ st❛❜✐❧✐③✐♥❣ ❡✛❡❝t ♦❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s ❞②♥❛♠✐❝ ✐♥t❡r❡st r❛t❡

s❡tt✐♥❣ ✐s ❛❧s♦ ♣r❡s❡♥t ✐♥ t❤❡ P✐t❝❤❢♦r❦ ❜✐❢✉r❝❛t✐♦♥ s❝❡♥❛r✐♦✱ ✐✳❡✳ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❤❛s

❛♥ ❡✛❡❝t✐✈❡ t♦♦❧ t♦ ♣r❡✈❡♥t t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ♥♦♥❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡s✳ ❚❤❡ ❋❧✐♣

❜✐❢✉r❝❛t✐♦♥ ❜♦✉♥❞❛r② ♦♥❧② ❜❡❝♦♠❡s ♠♦r❡ r❡❧❡✈❛♥t ✐❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ r❡❛❝ts ✈❡r② ❛❣❣r❡s✲

s✐✈❡❧② t♦ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t✬s ♠✐s♣r✐❝✐♥❣ ✭t❤♦✉❣❤ t❤✐s ♣♦ss✐❜✐❧✐t② r❡q✉✐r❡s s♦♠❡ ♠♦r❡

❡①tr❡♠❡ ♣❛r❛♠❡t❡r ❝♦♥st❡❧❧❛t✐♦♥s✮✳

❋✐♥❛❧❧②✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ str❡ss t❤❛t ♦✉r ✐♥s✐❣❤ts ❛r❡ ❜❛s❡❞ ♦♥ ❛ ♠✐① ♦❢ ❛♥❛❧②t✐❝❛❧

✹



r❡s✉❧ts ❛♥❞ ❡①t❡♥s✐✈❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✱ ❛❧s♦ ✐♥❝❧✉❞✐♥❣ ❡①♦❣❡♥♦✉s s❤♦❝❦s ❛♥❞ ❛❧t❡r✲

♥❛t✐✈❡ ♠♦❞❡❧ s♣❡❝✐✜❝❛t✐♦♥s✱ s✉❝❤ ❛s ✐♥✈❡st♦rs✬ ❡♥❞♦❣❡♥♦✉s ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s✱ ❛♥❞ ♠❛② t❤✉s

❜❡ r❡❣❛r❞❡❞ ❛s r❡❧❛t✐✈❡❧② r♦❜✉st✳✷ ❚❤❡ r❡♠❛✐♥❞❡r ♦❢ ♦✉r ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳

■♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ s✉r✈❡② s♦♠❡ r❡❧❛t❡❞ ❧✐t❡r❛t✉r❡✳ ■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ❡①t❡♥❞ t❤❡ ❤♦✉s✐♥❣

♠❛r❦❡t ♠♦❞❡❧ ❜② ❉✐❡❝✐ ❛♥❞ ❲❡st❡r❤♦✛ ✭✷✵✶✻✮✳ ❲❡ ♣r❡s❡♥t ♦✉r ❛♥❛❧②t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧

r❡s✉❧ts ✐♥ ❙❡❝t✐♦♥s ✹ ❛♥❞ ✺✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ ❙❡❝t✐♦♥ ✻✱ ✇❡ ❝♦♥❝❧✉❞❡ ♦✉r ♣❛♣❡r✳ Pr♦♦❢s

❛♥❞ ♠♦❞❡❧ ❡①t❡♥s✐♦♥s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳

✷✳ ❘❡❧❛t❡❞ ❧✐t❡r❛t✉r❡

❚❤❡ ✐♠♣♦rt❛♥t ②❡t ✐♥tr✐❝❛t❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❤♦✉s❡ ♣r✐❝❡s✱ ✐♥t❡r❡st r❛t❡s ❛♥❞ ❡①♣❡❝✲

t❛t✐♦♥s ❤❛s r❡❝❡✐✈❡❞ ✐♥❝r❡❛s✐♥❣ ❛❝❛❞❡♠✐❝ ❛tt❡♥t✐♦♥ ✐♥ t❤❡ r❡❝❡♥t ♣❛st✳ ❯♥❢♦rt✉♥❛t❡❧②✱

♥♦ ❝❧❡❛r ❝♦♥s❡♥s✉s ❛❜♦✉t t❤❡✐r ✐♥t❡r♣❧❛② ❤❛s ❜❡❡♥ r❡❛❝❤❡❞ s♦ ❢❛r✳ ❋♦r ✐♥st❛♥❝❡✱ ❍✐♠✲

♠❡❧❜❡r❣ ❡t ❛❧✳ ✭✷✵✵✺✮ ❛r❣✉❡ t❤❛t t❤❡ r❛♣✐❞ ♣r✐❝❡ ❣r♦✇t❤ ✐♥ t❤❡ ❯✳❙✳ ❤♦✉s✐♥❣ ♠❛r❦❡t

✐♥ t❤❡ ✷✵✵✵s ✇❛s ♣r✐♠❛r✐❧② ❝❛✉s❡❞ ❜② ❢✉♥❞❛♠❡♥t❛❧ ❡❝♦♥♦♠✐❝ ❢❛❝t♦rs✱ ❡s♣❡❝✐❛❧❧② ❜② ❧♦✇

✐♥t❡r❡st r❛t❡s✳ ❚❤❡ r❡❧❡✈❛♥❝❡ ♦❢ ✐♥t❡r❡st r❛t❡s ❢♦r t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❤♦✉s❡ ♣r✐❝❡s✱ ❛❧r❡❛❞②

❛rt✐❝✉❧❛t❡❞ ❜② P♦t❡r❜❛ ✭✶✾✽✹✱ ✶✾✾✶✮ t♦ ❡①♣❧❛✐♥ ❤♦✉s✐♥❣ ♠❛r❦❡t ✢✉❝t✉❛t✐♦♥s ✐♥ t❤❡ ✶✾✼✵s

❛♥❞ ✶✾✽✵s✱ ✐s✱ ♠♦r❡ r❡❝❡♥t❧②✱ ❛❧s♦ str❡ss❡❞ ❜② ▲❛♥❞✈♦✐❣t ✭✷✵✶✼✮✳ ❍♦✇❡✈❡r✱ ●❧❛❡s❡r ❡t ❛❧✳

✭✷✵✶✸✮ ❝♦♥❝❧✉❞❡ t❤❛t ✐♥t❡r❡st r❛t❡ ❝❤❛♥❣❡s ❝❛♥♥♦t ❛❝❝♦✉♥t ❢♦r ♠♦r❡ t❤❛♥ ♦♥❡✲✜❢t❤ ♦❢ t❤❡

❯✳❙✳ ❤♦✉s✐♥❣ ♠❛r❦❡t ❜♦♦♠✳ ■♥st❡❛❞✱ t❤❡② ❝♦♥❥❡❝t✉r❡ t❤❛t ♦✈❡r❧② ♦♣t✐♠✐st✐❝ ❡①♣❡❝t❛t✐♦♥s

❛♥❞ ♠❛ss ♣s②❝❤♦❧♦❣②✱ ❛s ♣✉t ❢♦r✇❛r❞ ❜② ❈❛s❡ ❛♥❞ ❙❤✐❧❧❡r ✭✷✵✵✸✮✱ ❈❛s❡ ❡t ❛❧✳ ✭✷✵✶✷✮

❛♥❞ P✐❛③③❡s✐ ❛♥❞ ❙❝❤♥❡✐❞❡r ✭✷✵✵✾✮✱ ❛r❡ ♠❛❥♦r ❞r✐✈❡rs ♦❢ ❤♦✉s❡ ♣r✐❝❡ ❞②♥❛♠✐❝s✳ ●❧❛❡s❡r

✭✷✵✶✸✮ ❛♥❞ ❙❤✐❧❧❡r ✭✷✵✶✺✮ s❦❡t❝❤ ❛ t②♣✐❝❛❧ ❜♦♦♠✲❜✉st ❝②❝❧❡ ❛s ❢♦❧❧♦✇s✳ ❲❤✐❧❡ ❛ ❞❡❝r❡❛s❡

✐♥ ✐♥t❡r❡st r❛t❡s ♠❛② s❡t ✐♥ ♠♦t✐♦♥ ❛ ❢✉♥❞❛♠❡♥t❛❧❧② ❥✉st✐✜❡❞ ✐♥❝r❡❛s❡ ✐♥ ❤♦✉s❡ ♣r✐❝❡s✱

t❤❡ ❜❡❤❛✈✐♦r ♦❢ ♦♣t✐♠✐st✐❝ ♠♦♠❡♥t✉♠ ✐♥✈❡st♦rs ❝❛♥ tr❛♥s❢♦r♠ t❤❡ ✐♥✐t✐❛❧ ♣r✐❝❡ ✐♥❝r❡❛s❡

✐♥t♦ ❛ s❡r✐♦✉s ❜♦♦♠✱ r❡s✉❧t✐♥❣✱ ♦❢ ❝♦✉rs❡✱ ✐♥ ❛♥ ✐♥❡✈✐t❛❜❧❡ ❜✉st ❛t ❛ ❧❛t❡r st❛❣❡✳

❋♦r t❤✐s r❡❛s♦♥✱ t❤❡ ❡①♣❡❝t❛t✐♦♥ ❢♦r♠❛t✐♦♥ ❜❡❤❛✈✐♦r ♦❢ ❜♦✉♥❞❡❞❧② r❛t✐♦♥❛❧ ✐♥✈❡st♦rs

✐s ❛ ❝r✉❝✐❛❧ ❢❛❝t♦r ✐♥ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t ♠♦❞❡❧ ❜② ❉✐❡❝✐ ❛♥❞ ❲❡st❡r❤♦✛ ✭✷✵✶✻✮✱ ❢♦r♠✐♥❣

t❤❡ ❝♦r❡ ♦❢ ♦✉r ♠♦❞❡❧✱ ❛♥❞ ❛ ♥✉♠❜❡r ♦❢ r❡❧❛t❡❞ ❤♦✉s✐♥❣ ♠❛r❦❡t ♠♦❞❡❧s✱ ❡✳❣✳ ❜② ❉✐❡❝✐

✷❲❡ ✇✐❧❧ ❛❧s♦ ❞✐s❝✉ss s♦♠❡ ♠♦r❡ s✉❜t❧❡ ✐ss✉❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s ✐♥t❡r❡st r❛t❡ s❡tt✐♥❣✳
❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ♠❛② ❛❧s♦ ♠❛♥✐♣✉❧❛t❡ t❤❡ ❜❛s✐♥s ♦❢ ❛ttr❛❝t✐♦♥ ♦❢ ❝♦❡①✐st✐♥❣ st❡❛❞② st❛t❡s
✐♥ ❛ ♥♦♥tr✐✈✐❛❧ ②❡t st❛❜✐❧✐③✐♥❣ ♠❛♥♥❡r✳ ❙✉❝❤ ✐♠♣♦rt❛♥t ✐ss✉❡s ❛r❡ ♦❢t❡♥ ♦✈❡r❧♦♦❦❡❞✳

✺



❛♥❞ ❲❡st❡r❤♦✛ ✭✷✵✶✷✮✱ ❇♦❧t ❡t ❛❧✳ ✭✷✵✶✹✮✱ ❑♦✉✇❡♥❜❡r❣ ❛♥❞ ❩✇✐♥❦❡❧s ✭✷✵✶✹✮✱ ❊✐❝❤❤♦❧t③

❡t ❛❧✳ ✭✷✵✶✺✮✱ ❇✉r♥s✐❞❡ ❡t ❛❧✳ ✭✷✵✶✻✮✱ ❉✐❦s ❛♥❞ ❲❛♥❣ ✭✷✵✶✻✮✱ ❈❤✐❛ ❡t ❛❧✳ ✭✷✵✶✼✮✱ ●❧❛❡s❡r

❛♥❞ ◆❛t❤❛♥s♦♥ ✭✷✵✶✼✮ ❛♥❞ ❆s❝❛r✐ ❡t ❛❧✳ ✭✷✵✶✽✮✳ ❖✈❡r❛❧❧✱ t❤❡s❡ ♠♦❞❡❧s ❞❡♠♦♥str❛t❡ t❤❛t

✐♥✈❡st♦rs✬ ❡①♣❡❝t❛t✐♦♥ ❢♦r♠❛t✐♦♥ ❜❡❤❛✈✐♦r ❝❛♥ ✐♥❞✉❝❡ s✐❣♥✐✜❝❛♥t ❡♥❞♦❣❡♥♦✉s ❤♦✉s❡ ♣r✐❝❡

♦s❝✐❧❧❛t✐♦♥s✳ ❆❧t❤♦✉❣❤ t❤✐s ❧✐♥❡ ♦❢ r❡s❡❛r❝❤ ✐s st✐❧❧ ❛t ❛♥ ❡❛r❧② st❛❣❡✱ ✐t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t

✐t ✐s ❞❡❡♣❧② r♦♦t❡❞ ✐♥ t❤❡ ❤❡t❡r♦❣❡♥❡♦✉s ❛❣❡♥t ❛ss❡t✲♣r✐❝✐♥❣ ❧✐t❡r❛t✉r❡✱ ❛ r❛t❤❡r ♣♦✇❡r❢✉❧

r❡s❡❛r❝❤ str❛♥❞ t❤❛t ❝♦♥✈✐♥❝✐♥❣❧② ❡①♣❧❛✐♥s t❤❡ ❞②♥❛♠✐❝s ♦❢ ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts✱ s❡❡✱ ❡✳❣✳

❉❛② ❛♥❞ ❍✉❛♥❣ ✭✶✾✾✵✮✱ ❞❡ ●r❛✉✇❡ ❡t ❛❧✳ ✭✶✾✾✸✮✱ ▲✉① ✭✶✾✾✺✮✱ ❇r♦❝❦ ❛♥❞ ❍♦♠♠❡s ✭✶✾✾✽✮✱

❋❛r♠❡r ❛♥❞ ❏♦s❤✐ ✭✷✵✵✷✮✱ ❍✉❛♥❣ ❛♥❞ ❩❤❡♥❣ ✭✷✵✶✷✮ ❛♥❞ ❋r❛♥❦❡ ❛♥❞ ❲❡st❡r❤♦✛ ✭✷✵✶✷✮✳

❙❡❡ ❉✐❡❝✐ ❛♥❞ ❍❡ ✭✷✵✶✽✮ ❢♦r ❛♥ ✐♥s✐❣❤t❢✉❧ s✉r✈❡②✳

❘❡t✉r♥✐♥❣ t♦ t❤❡ t❤❡ ✐♥t❡r❡st r❛t❡ s❡tt✐♥❣ ♦❢ ❝❡♥tr❛❧ ❜❛♥❦s✱ ❚❛②❧♦r ✭✷✵✵✾✮ ❢♦r❝❡❢✉❧❧②

st❛t❡s t❤❛t ♠♦♥❡t❛r② ❡①❝❡ss ❝❛✉s❡❞ t❤❡ ❯✳❙✳ ❤♦✉s✐♥❣ ♠❛r❦❡t ❜✉❜❜❧❡✳ ■t ✐s ❝❧❡❛r t❤❛t

s✉❝❤ ❛ ✈✐❡✇ ✕ str❡ss✐♥❣ ❛ str♦♥❣ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ✐♥t❡r❡st r❛t❡s ❛♥❞ ❤♦✉s❡ ♣r✐❝❡s ✕ ❤❛s

str❛✐❣❤t❢♦r✇❛r❞ ♣♦❧✐❝② ✐♠♣❧✐❝❛t✐♦♥s✳ ■♥ ❢❛❝t✱ ❚❛②❧♦r ✭✷✵✵✾✮ ✐s ❝♦♥✈✐♥❝❡❞ t❤❛t ❛ r✉❧❡✲❜❛s❡❞

✐♥t❡r❡st r❛t❡ ♣♦❧✐❝②✱ ♠♦❞❡r❛t❡❧② ❛❞❥✉st✐♥❣ t❤❡ ✐♥t❡r❡st r❛t❡ ✇✐t❤ r❡s♣❡❝t t♦ ✐♥✢❛t✐♦♥

❛♥❞ ♦✉t♣✉t ✭t❤❡ s♦✲❝❛❧❧❡❞ ❚❛②❧♦r ♣r✐♥❝✐♣❧❡✱ ❣♦✐♥❣ ❜❛❝❦ t♦ ❚❛②❧♦r ✶✾✾✸✮✱ ✇♦✉❧❞ ❤❛✈❡

❝♦♥s✐❞❡r❛❜❧② ❞❛♠♣❡♥❡❞ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t✬s ❜♦♦♠✲❜✉st ❝②❝❧❡✳ ■♥ ❛

s✐♠✐❧❛r ✈❡✐♥✱ ❆❣♥❡❧❧♦ ❡t ❛❧✳ ✭✷✵✶✽✮✱ ❡①♣❧♦r✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❤♦✉s✐♥❣ ♠❛r❦❡ts ❢♦r ✷✵

✐♥❞✉str✐❛❧ ❝♦✉♥tr✐❡s ❜❡t✇❡❡♥ ✶✾✼✵ ❛♥❞ ✷✵✶✷✱ ✜♥❞ t❤❛t ❤♦✉s✐♥❣ ♠❛r❦❡t ❜✉❜❜❧❡s ❝❛♥ ❜❡

❞❡✢❛t❡❞ ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ✐♥t❡r❡st r❛t❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡② ❛r❣✉❡ t❤❛t t❤❡✐r ✇♦r❦ s✉♣♣♦rts

t❤❡ ✐❞❡❛ t❤❛t ❛ ❧❡❛♥✐♥❣✲❛❣❛✐♥st✲t❤❡✲✇✐♥❞ ♠♦♥❡t❛r② ♣♦❧✐❝② r✉❧❡ ❝❛♥ ❤❡❧♣ t♦ st❛❜✐❧✐③❡ t❤❡

❤♦✉s✐♥❣ ♠❛r❦❡t✳ ❘❡❧❛t❡❞ t♦ t❤✐s✱ ▲❛♠❜❡rt✐♥✐ ❡t ❛❧✳ ✭✷✵✶✸✮ s❤♦✇ t❤❛t ❛♥ ✐♥t❡r❡st r❛t❡

r✉❧❡ t❤❛t r❡s♣♦♥❞s t♦ ❤♦✉s❡ ♣r✐❝❡ ❣r♦✇t❤ ❝❛♥ ❢♦st❡r ✇❡❧❢❛r❡ ❜② r❡❞✉❝✐♥❣ t❤❡ ✈♦❧❛t✐❧✐t②

♦❢ ❤♦✉s❡ ♣r✐❝❡s✳ ■♥ ❝♦♥tr❛st✱ ■❛❝♦✈✐❡❧❧♦ ✭✷✵✵✺✮✱ ❛❧s♦ ✉s✐♥❣ ❛ ♠♦❞❡❧ ✇✐t❤ r❛t✐♦♥❛❧ ❛♥❞

♦♣t✐♠✐③✐♥❣ ❛❣❡♥ts✱ ❝♦♥❝❧✉❞❡s t❤❛t ❛♥ ✐♥t❡r❡st r❛t❡ r❡s♣♦♥s❡ t♦ ❤♦✉s❡ ♣r✐❝❡s ❞♦❡s ♥♦t

②✐❡❧❞ s✐❣♥✐✜❝❛♥t ✇❡❧❢❛r❡ ❣❛✐♥s ❛s ✐t ❢❛✐❧s t♦ ✐♠♣r♦✈❡ ♠❛r❦❡t st❛❜✐❧✐t②✳ ❨❡❧❧❡♥ ✭✷✵✵✺✮ ✐s

❡✈❡♥ ♠♦r❡ ♣❡ss✐♠✐st✐❝✱ ❝❧❛✐♠✐♥❣ t❤❛t ♠♦♥❡t❛r② ♣♦❧✐❝② s❤♦✉❧❞ ♥♦t ❜❡ ✉s❡❞ t♦ ❞❡✢❛t❡

❤♦✉s✐♥❣ ♠❛r❦❡t ❜✉❜❜❧❡s✳

❍♦✇❡✈❡r✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ❛ r❡❧❛t❡❞ ❧✐♥❡ ♦❢ r❡s❡❛r❝❤ ✉♥❞❡r❧✐♥❡s t❤❡ r♦❧❡ ♦❢

t❤❡ s✉♣♣❧② s✐❞❡ ❢♦r t❤❡ st❛❜✐❧✐t② ♦❢ ❤♦✉s✐♥❣ ♠❛r❦❡ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ●❧❛❡s❡r ❡t ❛❧✳ ✭✷✵✵✽✮

s❤♦✇ t❤❛t ❤♦✉s✐♥❣ ♠❛r❦❡t ❜✉❜❜❧❡s ❛r❡ ♠♦r❡ ❧✐❦❡❧② t♦ ♦❝❝✉r ✐♥ ♣❧❛❝❡s ✇❤❡r❡ ❤♦✉s✐♥❣ s✉♣✲
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♣❧② ✐s r❛t❤❡r ✐♥❡❧❛st✐❝✳ ❚❤❡② ❛r❣✉❡ t❤❛t ♣♦❧✐❝②♠❛❦❡rs ♥❡❡❞ t♦ ♠❛❦❡ ❤♦✉s✐♥❣ s✉♣♣❧② ♠♦r❡

❡❧❛st✐❝✱ ❡✳❣✳ ❜② ♣r♦✈✐❞✐♥❣ ♠♦r❡ ❜✉✐❧❞✐♥❣ ❧❛♥❞ ♦r r❡❞✉❝✐♥❣ ❝♦♥str✉❝t✐♦♥ ❝♦sts✱ t♦ ♦❜t❛✐♥

❢❡✇❡r ❛♥❞ s❤♦rt❡r ❜✉❜❜❧❡s ✇✐t❤ s❤♦rt❡r ♣r✐❝❡ ✐♥❝r❡❛s❡s✳ ❙✐♠✐❧❛r ❛r❣✉♠❡♥ts ❛r❡ ♦✛❡r❡❞ ❜②

●②♦✉r♦❦♦ ❡t ❛❧✳ ✭✷✵✶✸✮✱ ✇❤♦ ❛r❣✉❡ t❤❛t ❧✐♠✐t❛t✐♦♥s ✐♥ ❜✉✐❧❞✐♥❣ ❧❛♥❞ ✐♥❝r❡❛s❡ ❜✉✐❧❞✐♥❣

❝♦sts✱ ❛♥❞ ❜② ●❧❛❡s❡r ❛♥❞ ●②♦✉r❦♦ ✭✷✵✶✽✮✱ ✇❤♦ ♣♦✐♥t ♦✉t t❤❛t ♦✈❡r❧② r❡❣✉❧❛t❡❞ ❤♦✉s✐♥❣

♠❛r❦❡ts ❛❧s♦ ❡①❤✐❜✐t ❤✐❣❤❡r ❜✉✐❧❞✐♥❣ ❝♦sts✳ ❖❜✈✐♦✉s❧②✱ ❡❧❡♠❡♥t❛r② ❧❛✇s ♦❢ ❞❡♠❛♥❞ ❛♥❞

s✉♣♣❧② ✐♠♣❧② t❤❛t ❤♦✉s✐♥❣ ♠❛r❦❡ts ✇✐❧❧ ❡①❤✐❜✐t str♦♥❣❡r ♣r✐❝❡ r❡❛❝t✐♦♥s t♦ s❤✐❢ts ✐♥ ❤♦✉s✲

✐♥❣ ❞❡♠❛♥❞✱ ❡✳❣✳ tr✐❣❣❡r❡❞ ❜② ❝❤❛♥❣❡s ✐♥ ✐♥t❡r❡st r❛t❡s ♦r ❡①♣❡❝t❛t✐♦♥s✱ ✇❤❡♥ ❤♦✉s✐♥❣

s✉♣♣❧② ✐s ✐♥❡❧❛st✐❝ t❤❛♥ ✇❤❡♥ ✐t ✐s ❡❧❛st✐❝✳ ❙✉❝❤ ❛s♣❡❝ts s❤♦✉❧❞ ♥♦t ❜❡ ♦✈❡r❧♦♦❦❡❞ ✇❤❡♥

✐t ❝♦♠❡s t♦ ❡①♣❧❛✐♥✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❤♦✉s✐♥❣ ♠❛r❦❡ts✳

❖✉r r❡s✉❧ts ♠❛② ❤❡❧♣ t♦ ❞✐s❡♥t❛♥❣❧❡ t❤❡ ✐♥tr✐❝❛t❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❤♦✉s❡ ♣r✐❝❡s✱

✐♥t❡r❡st r❛t❡s ❛♥❞ ❡①♣❡❝t❛t✐♦♥s✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ♦✉r ♠♦❞❡❧ r❡✈❡❛❧s t❤❛t ✐♥t❡r❡st r❛t❡s

❛✛❡❝t t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡ ♦❢ ❤♦✉s❡ ♣r✐❝❡s✱ ♣❛rt✐❝✉❧❛r❧② ✐❢ ✐♥t❡r❡st r❛t❡s ❛r❡ ❛❧r❡❛❞②

❧♦✇✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛❝t✉❛❧ ❤♦✉s❡ ♣r✐❝❡s ❤❡❛✈✐❧② ❞❡♣❡♥❞ ♦♥ ✐♥✈❡st♦rs✬ ❡①♣❡❝t❛t✐♦♥

❢♦r♠❛t✐♦♥ ❜❡❤❛✈✐♦r✳ ❈❧❡❛r❧②✱ ✐♥✈❡st♦rs✬ ❡①♣❡❝t❛t✐♦♥s ❝❛♥ ✐♥❞✉❝❡ ❡♥❞♦❣❡♥♦✉s ❤♦✉s❡ ♣r✐❝❡

✢✉❝t✉❛t✐♦♥s ✐♥ ✇❤✐❝❤ ❤♦✉s❡ ♣r✐❝❡s s✐❣♥✐✜❝❛♥t❧② ♦s❝✐❧❧❛t❡s ❛r♦✉♥❞ t❤❡✐r ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡✱

❧❡tt✐♥❣ ❛♥② ✭st❡❛❞②✲st❛t❡✮ r❡s♣♦♥s❡ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❤♦✉s❡ ♣r✐❝❡ ❛♣♣❡❛r r❛t❤❡r s♠❛❧❧✳

▼♦r❡♦✈❡r✱ ❛ r❡❞✉❝t✐♦♥ ✐♥ ✐♥t❡r❡st r❛t❡s ♠❛② s♣❛r❦ ❛ t❡♠♣♦r❛r② ❤♦✉s✐♥❣ ♠❛r❦❡t ❜♦♦♠

♦r✱ ❜② ✐♥❝r❡❛s✐♥❣ ✐♥✈❡st♦rs✬ ❞❡♠❛♥❞ ❢♦r ❤♦✉s✐♥❣✱ ♣❡r♠❛♥❡♥t❧② ❝♦♠♣r♦♠✐s❡ t❤❡ st❛❜✐❧✐t②

♦❢ ❤♦✉s✐♥❣ ♠❛r❦❡ts✳ ◆❛t✉r❛❧❧②✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ✐♥t❡r❡st r❛t❡ r❡❞✉❝❡s ❤♦✉s❡ ♣r✐❝❡s ❛♥❞

❡♥❢♦r❝❡s ♠♦r❡ st❛❜✐❧✐t②✱ ❛❧❜❡✐t ✇✐t❤ ❛ r❛t❤❡r s♠❛❧❧ ❡✛❡❝t✳ ❚❤❡ ❣♦♦❞ ♥❡✇s ✐s t❤❛t t❤❡

❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥ st❛❜✐❧✐③❡ ❤♦✉s✐♥❣ ♠❛r❦❡ts ❜② ❞②♥❛♠✐❝❛❧❧② ❛❞❥✉st✐♥❣ t❤❡ ✐♥t❡r❡st r❛t❡

✇✐t❤ ❛ ✈✐❡✇ t♦ ♠✐s♣r✐❝✐♥❣ ✐♥ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t✳ ❖✉r ❛♥❛❧②t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts

s✉❣❣❡st t❤❛t✱ ❛s ❧♦♥❣ ❛s t❤❡ r❡❛❝t✐♦♥ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ✐♥t❡r❡st r❛t❡ r✉❧❡ ✐s ♥♦t t♦♦ str♦♥❣✱

❛ ❧❡❛♥✐♥❣✲❛❣❛✐♥st✲t❤❡✲✇✐♥❞ ✐♥t❡r❡st r❛t❡ ♣♦❧✐❝② s✉❜st❛♥t✐❛❧❧② ✐♥❝r❡❛s❡s t❤❡ ♣❛r❛♠❡t❡r ❞♦✲

♠❛✐♥ t❤❛t ❡♥s✉r❡s t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t ♦r✱ ❛t ❧❡❛st✱ s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡s

t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ ❤♦✉s❡ ♣r✐❝❡ ❝②❝❧❡s✳ ❲❤✐❧❡ t❤❡ s✉♣♣❧② s✐❞❡ ♦❢ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t ✐♥✲

✢✉❡♥❝❡s t❤❡ ❞✉r❛t✐♦♥ ❛♥❞ ♠❛❣♥✐t✉❞❡ ♦❢ ❜♦♦♠✲❜✉st ❝②❝❧❡s✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥ ❛❧✇❛②s

❝♦♥tr♦❧ t❤❡s❡ ❡✛❡❝ts ❜② ♠❛♥✐♣✉❧❛t✐♥❣ t❤❡ ❞❡♠❛♥❞ s✐❞❡ ♦❢ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t ❜② ❞②♥❛♠✲

✐❝❛❧❧② ❛❞❥✉st✐♥❣ t❤❡ ✐♥t❡r❡st r❛t❡✳ ■♥❞❡❡❞✱ ✐t ✐s t❤❡ ❞❡♠❛♥❞ s✐❞❡ ♦❢ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t

✼



t❤❛t ✐s s✉❜❥❡❝t t♦ t❤❡ ♦♣t✐♠✐st✐❝✴♣❡ss✐♠✐st✐❝ ❡①♣❡❝t❛t✐♦♥s ♦❢ ❤♦✉s✐♥❣ ♠❛r❦❡t ✐♥✈❡st♦rs✳✸

✸✳ ❚❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t ♠♦❞❡❧

❉✐❡❝✐ ❛♥❞ ❲❡st❡r❤♦✛ ✭✷✵✶✻✮ ❝♦♠❜✐♥❡ ❛ st❛♥❞❛r❞ st♦❝❦✲✢♦✇ ❤♦✉s✐♥❣ ♠❛r❦❡t ❢r❛♠❡✇♦r❦

✭P♦t❡r❜❛ ✶✾✽✹✱ ✶✾✾✶✱ ❲❤❡❛t♦♥ ✶✾✾✾✮✱ ❝♦♠♣r✐s✐♥❣ ❡①♣❧✐❝✐t r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❤♦✉s❡ ♣r✐❝❡s✱

t❤❡ r❡♥t ❧❡✈❡❧ ❛♥❞ t❤❡ ❤♦✉s✐♥❣ st♦❝❦✱ ✇✐t❤ ❛ ♣❛rs✐♠♦♥✐♦✉s ❛♣♣r♦❛❝❤ t❤❛t ❝❛♣t✉r❡s t❤❡

❡①♣❡❝t❛t✐♦♥ ❢♦r♠❛t✐♦♥ ❜❡❤❛✈✐♦r ♦❢ ❜♦✉♥❞❡❞❧② r❛t✐♦♥❛❧ ❛♥❞ ❤❡t❡r♦❣❡♥❡♦✉s ✐♥✈❡st♦rs ✭❉❛②

❛♥❞ ❍✉❛♥❣ ✶✾✾✵✱ ❞❡ ●r❛✉✇❡ ❡t ❛❧✳ ✶✾✾✸✱ ❇r♦❝❦ ❛♥❞ ❍♦♠♠❡s ✶✾✾✽✮✳ ❆❝❝♦r❞✐♥❣ t♦

t❤❡ st♦❝❦✲✢♦✇ ❤♦✉s✐♥❣ ♠❛r❦❡t ♣❛rt ♦❢ t❤❡✐r ♠♦❞❡❧✱ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t ❝♦♥s✐sts ♦❢ t✇♦

✐♥t❡rr❡❧❛t❡❞ ♠❛r❦❡ts✿ ❛ r❡♥t❛❧ ✭✢♦✇✮ ♠❛r❦❡t ❛♥❞ ❛ ❤♦✉s✐♥❣ ❝❛♣✐t❛❧ ✭st♦❝❦✮ ♠❛r❦❡t✳ ❋♦r

❛ ❣✐✈❡♥ ❤♦✉s✐♥❣ st♦❝❦✱ t❤❡ ❞❡♠❛♥❞ ❢♦r ❤♦✉s✐♥❣ s❡r✈✐❝❡s ❞❡t❡r♠✐♥❡s t❤❡ r❡♥t ❧❡✈❡❧ ✐♥ t❤❡

r❡♥t❛❧ ♠❛r❦❡t✳ ❍♦✉s❡ ♣r✐❝❡s ❞❡♣❡♥❞ ♦♥ ✐♥✈❡st♦rs✬ ❞❡♠❛♥❞ ❢♦r ❤♦✉s✐♥❣ st♦❝❦ r❡❧❛t✐✈❡

t♦ t❤❡ ❡①✐st✐♥❣ ❤♦✉s✐♥❣ st♦❝❦✳ ■♥✈❡st♦rs✬ ❞❡♠❛♥❞ ❢♦r ❤♦✉s✐♥❣ st♦❝❦ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢

t❤❡✐r ❤♦✉s❡ ♣r✐❝❡ ❡①♣❡❝t❛t✐♦♥s✱ t❤❡ r❡♥t ❧❡✈❡❧✱ t❤❡ ♣❡r❝❡✐✈❡❞ ❤♦✉s✐♥❣ ♠❛r❦❡t r✐s❦ ❛♥❞ t❤❡

✐♥t❡r❡st r❛t❡✱ ✇❤✐❧❡ t❤❡ ❤♦✉s✐♥❣ st♦❝❦ ❡✈♦❧✈❡s ✇✐t❤ r❡s♣❡❝t t♦ ♥❡✇ ❤♦✉s✐♥❣ ❝♦♥str✉❝t✐♦♥

❛♥❞ ❤♦✉s✐♥❣ ❞❡♣r❡❝✐❛t✐♦♥✳ ❚❤❡ ❡①♣❡❝t❛t✐♦♥ ❢♦r♠❛t✐♦♥ ♣❛rt ♦❢ t❤❡✐r ♠♦❞❡❧ ❛ss✉♠❡s t❤❛t

✐♥✈❡st♦rs r❡❧② ♦♥ ❡①tr❛♣♦❧❛t✐✈❡ ❛♥❞ r❡❣r❡ss✐✈❡ ❡①♣❡❝t❛t✐♦♥ r✉❧❡s t♦ ❢♦r❡❝❛st ❢✉t✉r❡ ❤♦✉s❡

♣r✐❝❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥✈❡st♦rs ✐♥❝r❡❛s✐♥❣❧② t✉r♥ t♦ t❤❡ r❡❣r❡ss✐✈❡ ❡①♣❡❝t❛t✐♦♥ r✉❧❡ ❛s

❤♦✉s❡ ♣r✐❝❡s ❞✐s❝♦♥♥❡❝t ❢r♦♠ t❤❡✐r ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡s✳ ❲❡ ❡①t❡♥❞ t❤❡ ♠♦❞❡❧ ❜② ❉✐❡❝✐

❛♥❞ ❲❡st❡r❤♦✛ ✭✷✵✶✻✮ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ❝❡♥tr❛❧ ❜❛♥❦ t❤❛t ❛❞❥✉sts t❤❡ ✐♥t❡r❡st r❛t❡ ✇✐t❤

❛ ✈✐❡✇ t♦ ♠✐s♣r✐❝✐♥❣ ✐♥ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t✳ ❙✐♥❝❡ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s ✐♥t❡r❡st r❛t❡ s❡tt✐♥❣

♠❛② ❛✛❡❝t t❤❡ ✭♣❡r❝❡✐✈❡❞✮ r✐s❦✐♥❡ss ♦❢ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t✱ ✇❡ ❛❧s♦ ❧❡t ✐♥✈❡st♦rs ✉♣❞❛t❡

t❤❡✐r ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s✳ ❚❡❝❤♥✐❝❛❧❧②✱ t❤✐s t✉r♥s t❤❡ ♦r✐❣✐♥❛❧ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❢r❛♠❡✇♦r❦

✐♥t♦ ❛ ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧✳

▲❡t ✉s st❛rt ✇✐t❤ t❤❡ r❡♥t❛❧ ♠❛r❦❡t✳ ❚❤❡ ♠❛r❦❡t ❝❧❡❛r✐♥❣ ❝♦♥❞✐t✐♦♥ ❢♦r ❤♦✉s✐♥❣

s❡r✈✐❝❡s ✐♠♣❧✐❡s t❤❛t t❤❡ ❞❡♠❛♥❞ ❢♦r ❤♦✉s✐♥❣ s❡r✈✐❝❡s Dt ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t ✐s ❡q✉❛❧ t♦ t❤❡

✸▼❛rt✐♥ ❛♥❞ ❲❡st❡r❤♦✛ ✭✷✵✶✾✮ ❡①♣❧♦r❡ ✇❤❡t❤❡r ♣✉❜❧✐❝ ❤♦✉s✐♥❣ ❝♦♥str✉❝t✐♦♥ ♣r♦❣r❛♠s ♠❛② st❛❜✐❧✐③❡
❤♦✉s✐♥❣ ♠❛r❦❡ts✳ ❆s ✐t t✉r♥s ♦✉t✱ ✐t ✐s ❞✐✣❝✉❧t t♦ ❝♦✉♥t❡r ❡①♣❡❝t❛t✐♦♥✲❞r✐✈❡♥ ❞❡♠❛♥❞ ❝❤❛♥❣❡s ✈✐❛ s✉♣♣❧②
❛❞❥✉st♠❡♥ts✱ ❞✉❡ t♦ t❤❡ ❧♦♥❣ ❞✉r❛❜✐❧✐t② ♦❢ t❤❡ ❤♦✉s✐♥❣ st♦❝❦✳ ❲❤✐❧❡ t❤❡ ❤♦✉s✐♥❣ st♦❝❦ ♠❛② ❣r♦✇ ❞✉r✐♥❣
❛ ❜♦♦♠ t♦ ❞❛♠♣❡♥ t❤❡ ❤♦✉s❡ ♣r✐❝❡ ✐♥❝r❡❛s❡✱ t❤❡ st♦❝❦ ♦❢ ❤♦✉s✐♥❣ r❡♠❛✐♥s ❤✐❣❤ ❢♦r ❛ ❝♦♥s✐❞❡r❛❜❧❡ ❛♠♦✉♥t
♦❢ t✐♠❡✱ ❛♥❞ ♠❛② t❤✉s ✇♦rs❡♥ t❤❡ ❝♦♥s❡q✉❡♥t ❜✉st✳

✽



s✉♣♣❧② ✭♦r ✢♦✇✮ ♦❢ ❤♦✉s✐♥❣ s❡r✈✐❝❡s St ✐♥ t❤❡ s❛♠❡ ♣❡r✐♦❞✱ ✐✳❡✳

Dt = St. ✭✶✮

❚❤❡ ❞❡♠❛♥❞ ❢♦r ❤♦✉s✐♥❣ s❡r✈✐❝❡s ✐s ✇r✐tt❡♥ ❛s

Dt = a− bRt. ✭✷✮

❙✐♥❝❡ ♣❛r❛♠❡t❡rs a ❛♥❞ b ❛r❡ ♣♦s✐t✐✈❡✱ ✭✷✮ ✐♥❞✐❝❛t❡s t❤❛t Dt ❞❡♣❡♥❞s ♥❡❣❛t✐✈❡❧② ♦♥ r❡♥t

❧❡✈❡❧ Rt✱ t❤❡ ♣r✐❝❡ ♦❢ ❤♦✉s✐♥❣ s❡r✈✐❝❡s✳ ❚❤❡ s✉♣♣❧② ♦❢ ❤♦✉s✐♥❣ s❡r✈✐❝❡s ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦

t❤❡ ✐♥✐t✐❛❧ st♦❝❦ ♦❢ ❤♦✉s✐♥❣ Ht✱ ❛♥❞ ✐s ❞❡s❝r✐❜❡❞ ❛s

St = cHt, ✭✸✮

✇❤❡r❡ c > 0✳ ❇② ✐♥s❡rt✐♥❣ ✭✷✮ ❛♥❞ ✭✸✮ ✐♥ ✭✶✮✱ r❡♥t ❧❡✈❡❧ Rt ✐s ❣✐✈❡♥ ❜② ❛ ❞❡❝r❡❛s✐♥❣

❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t ❤♦✉s✐♥❣ st♦❝❦

Rt = α− βHt, ✭✹✮

✇❤❡r❡ α = a
b > 0 ✐s ❛ s❝❛❧✐♥❣ ♣❛r❛♠❡t❡r ❛♥❞ β = c

b > 0 r❡♣r❡s❡♥ts t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡

r❡♥t ❧❡✈❡❧ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❤♦✉s✐♥❣ st♦❝❦✳ ❖❢ ❝♦✉rs❡✱ α ❛♥❞ β ❤❛✈❡ t♦ ❜❡ s✉❝❤ t❤❛t

Rt ≥ 0✳

❆s r❡❣❛r❞s t❤❡ ❝❛♣✐t❛❧ ♠❛r❦❡t✱ t❤❡ ♠❛r❦❡t ❝❧❡❛r✐♥❣ ❝♦♥❞✐t✐♦♥ ❢♦r ❤♦✉s✐♥❣ st♦❝❦

Zt = Ht ✭✺✮

✐♥❞✐❝❛t❡s t❤❛t t❤❡ ❞❡♠❛♥❞ ❢♦r ❤♦✉s✐♥❣ st♦❝❦ Zt ✐s ❡q✉❛❧ t♦ t❤❡ s✉♣♣❧② ♦❢ ❤♦✉s✐♥❣ st♦❝❦

Ht✳ ❚❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ❤♦✉s✐♥❣ st♦❝❦ ✐s ❣✐✈❡♥ ❜②

Ht = It + (1− δ)Ht−1, ✭✻✮

✇❤❡r❡ 0 < δ < 1 ✐s t❤❡ ❤♦✉s✐♥❣ ❞❡♣r❡❝✐❛t✐♦♥ r❛t❡ ❛♥❞ It ❞❡♥♦t❡s t❤❡ ❛♠♦✉♥t ♦❢ ♥❡✇

❤♦✉s✐♥❣ ❝♦♥str✉❝t✐♦♥✳ ❙✐♥❝❡ ❤♦✉s✐♥❣ ✐♥✈❡st♠❡♥ts ✐♥ ♣❡r✐♦❞ t ❞❡♣❡♥❞ ♣♦s✐t✐✈❡❧② ♦♥ t❤❡

✾



♣r✐❝❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ♣❡r✐♦❞ Pt−1✱ ✐✳❡✳

It = γPt−1, ✭✼✮

✇❤❡r❡ γ > 0 r❡♣r❡s❡♥ts ❛♥ ✐♥✈❡rs❡ ❝♦st ♣❛r❛♠❡t❡r✱ ✇❡ ♦❜t❛✐♥

Ht = γPt−1 + (1− δ)Ht−1 ✭✽✮

❛s t❤❡ ❡q✉❛t✐♦♥ t❤❛t ❞❡s❝r✐❜❡s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❤♦✉s✐♥❣ st♦❝❦✳ ◆♦t❡ t❤❛t t❤❡ ❧♦✇❡r

♣❛r❛♠❡t❡r γ ✐s✱ t❤❡ ♠♦r❡ s❧✉❣❣✐s❤ t❤❡ ❤♦✉s✐♥❣ st♦❝❦✳ ❙✐♥❝❡ ●❧❛❡s❡r ❡t ❛❧✳ ✭✷✵✵✽✮ ❛r❣✉❡

t❤❛t t❤❡ ❞✉r❛t✐♦♥ ❛♥❞ ♠❛❣♥✐t✉❞❡ ♦❢ ❤♦✉s✐♥❣ ❜✉❜❜❧❡s ❝r✉❝✐❛❧❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ♣r✐❝❡✲

r❡s♣♦♥s✐✈❡♥❡ss ♦❢ t❤❡ s✉♣♣❧② s✐❞❡✱ ♣❛r❛♠❡t❡r γ ✐s ❛ ❦❡② ♣❛r❛♠❡t❡r ♦❢ ♦✉r ♠♦❞❡❧✳✹

❲❡ ♠♦❞❡❧ ✐♥✈❡st♦rs✬ ❞❡♠❛♥❞ ❢♦r ❤♦✉s✐♥❣ st♦❝❦ ✉s✐♥❣ ❛ st❛♥❞❛r❞ ♦♥❡✲♣❡r✐♦❞ ♠❡❛♥✲

✈❛r✐❛♥❝❡ ❢r❛♠❡✇♦r❦✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐♥✈❡st♦r ✐ ❢❛❝❡s ❛ ✇❡❛❧t❤ ❛❧❧♦❝❛t✐♦♥ ♣r♦❜❧❡♠ ❜❡t✇❡❡♥

❤♦✉s✐♥❣ ❝❛♣✐t❛❧ ❛♥❞ ❛♥ ❛❧t❡r♥❛t✐✈❡ r✐s❦❧❡ss ❛ss❡t ♦✈❡r t❤❡ t✐♠❡ ❤♦r✐③♦♥ ❢r♦♠ ♣❡r✐♦❞ t t♦

t+1✳ ❋♦r ❛ ❤②♣♦t❤❡t✐❝❛❧ ❤♦✉s❡ ♣r✐❝❡ ❧❡✈❡❧ Pt ❛t t✐♠❡ t✱ ✐♥✈❡st♦r ✐ ✬s ❡♥❞✲♦❢✲♣❡r✐♦❞ ✇❡❛❧t❤

✐s ❣✐✈❡♥ ❜②

W i
t+1 = (1 + rt)W

i
t + Zi

t(Pt+1 +Rt − (1 + rt + δ)Pt), ✭✾✮

✇❤❡r❡ W i
t ❛♥❞ Zi

t st❛♥❞ ❢♦r t❤❡ ✇❡❛❧t❤ ❛♥❞ t❤❡ ❛♠♦✉♥t ♦❢ ❤♦✉s✐♥❣ ✉♥✐ts ❤❡❧❞ ❜② ✐♥✈❡st♦r

✐ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣❡r✐♦❞✳ ◆♦t❡ t❤❛t ✈❛r✐❛❜❧❡s ✐♥❞❡①❡❞ ✇✐t❤ t + 1 ❛r❡ r❛♥❞♦♠✳

❲❡ ❛ss✉♠❡ ❛❝❝♦r❞✐♥❣❧②✱ t❤❛t r❡♥t ❧❡✈❡❧ Rt ❛♥❞ ✐♥t❡r❡st r❛t❡ rt ❛r❡ ❞❡t❡r♠✐♥❡❞ ❛t t❤❡

❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣❡r✐♦❞✳

❚❤❡ ❣♦❛❧ ♦❢ ❤♦✉s✐♥❣ ♠❛r❦❡t ✐♥✈❡st♦rs ✐s t♦ ♠❛①✐♠✐③❡ t❤❡ ❝❡rt❛✐♥t② ❡q✉✐✈❛❧❡♥t ♦❢ ✜♥❛❧

✇❡❛❧t❤✳ ❋♦r ✐♥✈❡st♦r ✐✱ t❤✐s r❡s✉❧ts ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡❛♥✲✈❛r✐❛♥❝❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

maxZi

t

[

Ei
t [W

i
t+1]−

λi

2
V i
t [W

i
t+1]

]

, ✭✶✵✮

✹■♥✈❡st♠❡♥t ❢✉♥❝t✐♦♥ ✭✼✮ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❜❡❤❛✈✐♦r ♦❢ r✐s❦✲♥❡✉tr❛❧ ✜r♠s✱ ✇❤✐❝❤ ♠❛①✐♠✐③❡ ❡①✲
♣❡❝t❡❞ ♣r♦✜ts ❛♥❞ ❢❛❝❡ ❛ q✉❛❞r❛t✐❝ ❝♦st ❢✉♥❝t✐♦♥ Ct =

1

2γ
I2t ✳ ❆❝❝♦r❞✐♥❣❧②✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ♣❛r❛♠❡t❡r γ

✐♠♣❧✐❡s ❛ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ❝♦sts ♦❢ ❜✉✐❧❞✐♥❣ ❤♦✉s❡s✳ ❙✐♥❝❡ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♥❡✇ ❤♦✉s❡s r❡q✉✐r❡s t✐♠❡✱
✜r♠s ❤❛✈❡ t♦ ❢♦r♠ ♣r✐❝❡ ❡①♣❡❝t❛t✐♦♥s✳ ❆♣♣❛r❡♥t❧②✱ ✭✼✮ ✐s ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❛ ♦♥❡✲♣❡r✐♦❞
♣r♦❞✉❝t✐♦♥ ❧❛❣ ❛♥❞ ♥❛✐✈❡ ❡①♣❡❝t❛t✐♦♥s✳ ■♥ ❛ r❡❧❛t❡❞ ❢r❛♠❡✇♦r❦✱ ❉✐❡❝✐ ❛♥❞ ❲❡st❡r❤♦✛ ✭✷✵✶✷✮ st✉❞② t❤❡
❝❛s❡ ✐♥ ✇❤✐❝❤ ✜r♠s ❤❛✈❡ ♣❡r❢❡❝t ❢♦r❡s✐❣❤t ❡①♣❡❝t❛t✐♦♥s✱ ✇❤✐❧❡ ❈❛♠♣✐s✐ ❡t ❛❧✳ ✭✷✵✶✽✮ ❡❧❛❜♦r❛t❡ ♦♥ t❤❡
❝❛s❡ ✐♥ ✇❤✐❝❤ ✜r♠s r❡❧② ♦♥ ❛ ♠✐① ♦❢ ♣❡r❢❡❝t ❢♦r❡s✐❣❤t ❛♥❞ ♥❛✐✈❡ ❡①♣❡❝t❛t✐♦♥s✳

✶✵



✇❤❡r❡ Ei
t [W

i
t+1] ❛♥❞ V i

t [W
i
t+1] r❡♣r❡s❡♥t ✐♥✈❡st♦r ✐ ✬s ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ❛♥❞ ✈❛r✐✲

❛♥❝❡ ❛❜♦✉t ❤✐s ❡♥❞✲♦❢✲♣❡r✐♦❞ ✇❡❛❧t❤✱ ✇❤✐❧❡ ♣❛r❛♠❡t❡r λi > 0 r❡✢❡❝ts ❤✐s ✭❛❜s♦❧✉t❡✮ r✐s❦

❛✈❡rs✐♦♥✳

❆s ✐s ✇❡❧❧ ❦♥♦✇♥✱ ✐♥✈❡st♦r ✐ ✬s s♦❧✉t✐♦♥ t♦ t❤❡ ❛❜♦✈❡ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ②✐❡❧❞s

Zi
t =

Ei
t [Pt+1] +Rt − (1 + rt + δ)Pt

λiV i
t [Pt+1]

. ✭✶✶✮

❖❜✈✐♦✉s❧②✱ ✐♥✈❡st♦r ✐ ✬s ♦♣t✐♠❛❧ ❞❡♠❛♥❞ ✭❛♠♦✉♥t ♦❢ ❤♦✉s✐♥❣ ✉♥✐ts✮ ✐♥❝r❡❛s❡s ✐♥ ❧✐♥❡ ✇✐t❤

t❤❡ ❡①♣❡❝t❡❞ ❢✉t✉r❡ ❤♦✉s❡ ♣r✐❝❡ ❛♥❞ t❤❡ r❡♥t ❧❡✈❡❧✱ ✇❤✐❧❡ ✐t ❞❡❝r❡❛s❡s ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡

✐♥t❡r❡st r❛t❡✱ t❤❡ ✭❝✉rr❡♥t✮ ❤♦✉s❡ ♣r✐❝❡ ❛♥❞ t❤❡ ♣❡r❝❡✐✈❡❞ ❤♦✉s✐♥❣ ♠❛r❦❡t r✐s❦✳

■♥ ♦✉r ♣❛♣❡r✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ ✐♥✈❡st♦rs✬ ❜❡❧✐❡❢s ❛❜♦✉t ❢✉t✉r❡ ❤♦✉s❡

♣r✐❝❡s ❛r❡ ❤❡t❡r♦❣❡♥❡♦✉s✱ ✇❤✐❧❡ t❤❡✐r ❜❡❧✐❡❢s ❛❜♦✉t t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ❢✉t✉r❡ ❤♦✉s❡ ♣r✐❝❡s

❛r❡ ❤♦♠♦❣❡♥❡♦✉s ②❡t t✐♠❡✲✈❛r②✐♥❣✳ ▲❡t Et[Pt+1] st❛♥❞ ❢♦r ✐♥✈❡st♦rs✬ ❛✈❡r❛❣❡ ❢✉t✉r❡ ❤♦✉s❡

♣r✐❝❡ ❡①♣❡❝t❛t✐♦♥ ❛♥❞ Vt[Pt+1] ❢♦r t❤❡✐r ❤♦♠♦❣❡♥❡♦✉s ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s✳ ◆♦r♠❛❧✐③✐♥❣ t❤❡

♠❛ss ♦❢ ✐♥✈❡st♦rs t♦ ♦♥❡ ❛♥❞ ❛ss✉♠✐♥❣ t❤❡ s❛♠❡ r✐s❦ ❛✈❡rs✐♦♥ ❢♦r ❛❧❧ ✐♥✈❡st♦rs ❛❧❧♦✇s ✉s

t♦ ❡①♣r❡ss ✐♥✈❡st♦rs✬ t♦t❛❧ ❤♦✉s✐♥❣ ❞❡♠❛♥❞ ❛s

Zt =
Et[Pt+1] +Rt − (1 + rt + δ)Pt

λVt[Pt+1]
. ✭✶✷✮

❋r♦♠ t❤❡ ♠❛r❦❡t ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥ ✭✺✮✱ ✇❡ t❤❡♥ ❣❡t

Pt =
Et[Pt+1] +Rt −HtλVt[Pt+1]

1 + rt + δ
+ ǫt, ✭✶✸✮

✇❤❡r❡ ǫt ∼ N(0, σ2) r❡✢❡❝ts ❛❞❞✐t✐♦♥❛❧ ❡①♦❣❡♥♦✉s ♥♦✐s❡ ❛✛❡❝t✐♥❣ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t✳

❆♣♣❛r❡♥t❧②✱ t❤❡ ❤♦✉s❡ ♣r✐❝❡ ❞❡♣❡♥❞s ♣♦s✐t✐✈❡❧② ♦♥ ✐♥✈❡st♦rs✬ ❤♦✉s❡ ♣r✐❝❡ ❡①♣❡❝t❛t✐♦♥s

❛♥❞ t❤❡ r❡♥t ❧❡✈❡❧✱ ❛♥❞ ♥❡❣❛t✐✈❡❧② ♦♥ t❤❡ st♦❝❦ ♦❢ ❤♦✉s✐♥❣✱ ✐♥✈❡st♦rs✬ r✐s❦ ♣❡r❝❡♣t✐♦♥ ❛♥❞

t❤❡ ✐♥t❡r❡st r❛t❡✳

❍♦♠♠❡s ✭✷✵✶✸✮ ❛r❣✉❡s t❤❛t ❛❣❡♥ts ❛r❡ ❜♦✉♥❞❡❞❧② r❛t✐♦♥❛❧ ❛♥❞✱ ✇❤❡♥ ❢❛❝✐♥❣ ❝♦♠♣❧❡①

❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠s✱ r❡❧② ♦♥ s✐♠♣❧❡ ②❡t ♣❧❛✉s✐❜❧❡ ❤❡✉r✐st✐❝s✳ ❆ s✐♠✐❧❛r ✈✐❡✇ ✐s ♦✛❡r❡❞ ❜②

●❧❛❡s❡r ✭✷✵✶✸✮✳ ❚♦ ❦❡❡♣ t❤❡ ♠♦❞❡❧ tr❛❝t❛❜❧❡✱ ✐♥✈❡st♦rs s❡❧❡❝t ♦♥❧② ❜❡t✇❡❡♥ t✇♦ ❡①♣❡❝t❛✲

t✐♦♥ r✉❧❡s t♦ ❢♦r❡❝❛st ❢✉t✉r❡ ❤♦✉s❡ ♣r✐❝❡s✿ ❛♥ ❡①tr❛♣♦❧❛t✐✈❡ ❛♥❞ ❛ r❡❣r❡ss✐✈❡ ❡①♣❡❝t❛t✐♦♥

r✉❧❡✳ ▼♦r❡♦✈❡r✱ ❡①♣❡❝t❛t✐♦♥s ❢♦r♠❡❞ ✐♥ ♣❡r✐♦❞ t ❛❜♦✉t t❤❡ ❤♦✉s❡ ♣r✐❝❡ ✐♥ ♣❡r✐♦❞ t + 1

✶✶



r❡❧② ♦♥ t❤❡ ❧❛st ♦❜s❡r✈❛❜❧❡ ❤♦✉s❡ ♣r✐❝❡✱ ♥❛♠❡❧② t❤❡ ❤♦✉s❡ ♣r✐❝❡ ✐♥ ♣❡r✐♦❞ t−1✳ ❆❝❝♦r❞✐♥❣

t♦ t❤❡ ❡①tr❛♣♦❧❛t✐✈❡ ❡①♣❡❝t❛t✐♦♥ r✉❧❡✱ ✐♥✈❡st♦rs ♣r❡❞✐❝t t❤❡ ♥❡①t ♣❡r✐♦❞✬s ❤♦✉s❡ ♣r✐❝❡ ❜②

EE
t [Pt+1] = Pt−1 + χ(Pt−1 − P ∗), ✭✶✹✮

✇❤❡r❡ χ > 0 ❞❡♥♦t❡s t❤❡ r✉❧❡✬s ❡①tr❛♣♦❧❛t✐♦♥ str❡♥❣t❤ ❛♥❞ P ∗ st❛♥❞s ❢♦r t❤❡ ❤♦✉s✐♥❣

♠❛r❦❡t✬s ❢✉♥❞❛♠❡♥t❛❧ ♣r✐❝❡✳ ❍❡♥❝❡✱ t❤❡ ❡①tr❛♣♦❧❛t✐✈❡ ❡①♣❡❝t❛t✐♦♥ r✉❧❡ ♣r❡❞✐❝ts ❛ ❝♦♥✲

t✐♥✉❛t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t ❜♦♦♠ ♦r ❜✉st ♣❡r✐♦❞ ✐♥ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t✳ ■♥ ❝♦♥tr❛st✱ t❤❡

r❡❣r❡ss✐✈❡ ❡①♣❡❝t❛t✐♦♥ r✉❧❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ❤♦✉s❡ ♣r✐❝❡ r❡✈❡rts t♦

✐ts ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡✳ ❚❤✐s r✉❧❡ ✐s ❢♦r♠❛❧✐③❡❞ ❜②

ER
t [Pt+1] = Pt−1 + φ(P ∗ − Pt−1), ✭✶✺✮

✇❤❡r❡ 0 < φ < 1 st❛♥❞s ❢♦r t❤❡ r✉❧❡✬s ♠❡❛♥✲r❡✈❡rs✐♦♥ s♣❡❡❞✳ ◆♦t❡ t❤❛t ❡①♣❡❝t❛t✐♦♥ r✉❧❡s

✭✶✹✮ ❛♥❞ ✭✶✺✮ ❝❛♥ ❜❡ tr❛❝❡❞ ❜❛❝❦ t♦ t❤❡ s❡♠✐♥❛❧ ❛ss❡t✲♣r✐❝✐♥❣ ♠♦❞❡❧s ❜② ❉❛② ❛♥❞ ❍✉❛♥❣

✭✶✾✾✵✮ ❛♥❞ ❇r♦❝❦ ❛♥❞ ❍♦♠♠❡s ✭✶✾✾✽✮✳ ❊♠♣✐r✐❝❛❧ s✉♣♣♦rt ❢♦r t❤❡s❡ r✉❧❡s ✐s ♣r♦✈✐❞❡❞ ❜②

❝♦♥tr✐❜✉t✐♦♥s s✉❝❤ ❛s ❇♦s✇✐❥❦ ❡t ❛❧✳ ✭✷✵✵✼✮ ❛♥❞ ❲❡st❡r❤♦✛ ❛♥❞ ❋r❛♥❦❡ ✭✷✵✶✷✮✳✺

■♥✈❡st♦rs✬ ❝❤♦✐❝❡ ♦❢ ♣r❡❞✐❝t✐♦♥ r✉❧❡s ❞❡♣❡♥❞s ♦♥ ❝✉rr❡♥t ♠❛r❦❡t ❝✐r❝✉♠st❛♥❝❡s✳ ❲❤✐❧❡

✐♥✈❡st♦rs s❡❡❦ t♦ ❝❤❛s❡ ♣r✐❝❡ tr❡♥❞s✱ t❤❡② ❛❧s♦ ❢❡❛r ❢✉♥❞❛♠❡♥t❛❧ ♣r✐❝❡ ❝♦rr❡❝t✐♦♥s✳ ❆ss✉♠✲

✐♥❣ t❤❛t ✐♥✈❡st♦rs ♣r❡❢❡r t❤❡ r❡❣r❡ss✐✈❡ ❡①♣❡❝t❛t✐♦♥ r✉❧❡ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ♠✐s♣r✐❝✐♥❣✱ t❤❡

♠❛r❦❡t s❤❛r❡ ♦❢ ✐♥✈❡st♦rs t❤❛t ❢♦❧❧♦✇ t❤❡ ❡①tr❛♣♦❧❛t✐✈❡ ❡①♣❡❝t❛t✐♦♥ r✉❧❡ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞

❜②

NE
t =

1

1 + η(P ∗ − Pt−1)2
. ✭✶✻✮

◆❡❛r t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡✱ t❤❡ ♠❛r❦❡t s❤❛r❡ ♦❢ t❤❡ ❡①tr❛♣♦❧❛t✐✈❡ ❡①♣❡❝t❛t✐♦♥ r✉❧❡ ✐s

r❡❧❛t✐✈❡❧② ❤✐❣❤✳ ■♥ s✉❝❤ ❛♥ ❡♥✈✐r♦♥♠❡♥t✱ t❤❡ ❜✉❧❦ ♦❢ ✐♥✈❡st♦rs r❡❣❛r❞ ❛♥② ♣r✐❝❡ ❝❤❛♥❣❡

❛✇❛② ❢r♦♠ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡ ❛s t❤❡ st❛rt ♦❢ ❛♥ ❡①♣❧♦✐t❛❜❧❡ ❜✉❧❧ ♦r ❜❡❛r ♠❛r❦❡t✳

❍♦✇❡✈❡r✱ t❤❡ ❧❛r❣❡r t❤❡ s✇✐t❝❤✐♥❣ ♣❛r❛♠❡t❡r η > 0✱ t❤❡ ❢❛st❡r ✐♥✈❡st♦rs s✇✐t❝❤ t♦ t❤❡

✺❊①♣❡❝t❛t✐♦♥ r✉❧❡s ✭✶✹✮ ❛♥❞ ✭✶✺✮✱ ❛s ✇❡❧❧ ❛s t❤❡ s✇✐t❝❤✐♥❣ ❢✉♥❝t✐♦♥ ✭✶✻✮ ❛♥❞ t❤❡ ✐♥t❡r❡st r❛t❡ r✉❧❡
✭✷✷✮✱ ✐♠♣❧② t❤❛t t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❤♦✉s❡ ♣r✐❝❡ ✐s ❝♦♠♠♦♥ ❦♥♦✇❧❡❞❣❡✳ ❆s ✇❡ ✇✐❧❧ s❡❡ ✐♥ ♠♦r❡ ❞❡t❛✐❧ ✐♥
❙❡❝t✐♦♥ ✹✱ t❤✐s ✐s ♥♦t ❛ t♦♦ str♦♥❣ ❛ss✉♠♣t✐♦♥ s✐♥❝❡ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❤♦✉s❡ ♣r✐❝❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡
❞✐s❝♦✉♥t❡❞ ✈❛❧✉❡ ♦❢ ❢✉t✉r❡ ✭r✐s❦✲❛❞❥✉st❡❞✮ r❡♥ts ❛♥❞ ❝❛♥ t❤✉s ❜❡ ✐❞❡♥t✐✜❡❞ ❜② ✐♥✈❡st♦rs ❛♥❞ t❤❡ ❝❡♥tr❛❧
❜❛♥❦✳

✶✷



r❡❣r❡ss✐✈❡ ❡①♣❡❝t❛t✐♦♥ r✉❧❡ ❛s ♠✐s♣r✐❝✐♥❣ ✐♥ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t ✐♥❝r❡❛s❡s✳ ❖❢ ❝♦✉rs❡✱

t❤❡ ♠❛r❦❡t s❤❛r❡ ♦❢ t❤❡ r❡❣r❡ss✐✈❡ ❡①♣❡❝t❛t✐♦♥ r✉❧❡ ✐s ❣✐✈❡♥ ❜② NR
t = 1 − NE

t ✳ ❚❤❡

❜❡❧❧✲s❤❛♣❡❞ s✇✐t❝❤✐♥❣ ❢✉♥❝t✐♦♥ ✭✶✻✮ ✇❛s ♦r✐❣✐♥❛❧❧② ♣r♦♣♦s❡❞ ❜② ❞❡ ●r❛✉✇❡ ❡t ❛❧✳ ✭✶✾✾✸✮

t♦ ❡①♣❧❛✐♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❢♦r❡✐❣♥ ❡①❝❤❛♥❣❡ ♠❛r❦❡ts✳ ❙❡❡ ❍❡ ❛♥❞ ❲❡st❡r❤♦✛ ✭✷✵✵✺✮ ❢♦r

❛ ♠♦r❡ r❡❧❛t❡❞ ❛♣♣❧✐❝❛t✐♦♥ ❛♥❞ ❋r❛♥❦❡ ❛♥❞ ❲❡st❡r❤♦✛ ✭✷✵✶✷✮ ❢♦r ❡♠♣✐r✐❝❛❧ s✉♣♣♦rt✳

■♥✈❡st♦rs✬ ❛✈❡r❛❣❡ ❤♦✉s❡ ♣r✐❝❡ ❡①♣❡❝t❛t✐♦♥s ❛r❡ ❞❡✜♥❡❞ ❜②

Et[Pt+1] = NE
t EE

t [Pt+1] +NR
t ER

t [Pt+1]. ✭✶✼✮

❈♦♠❜✐♥✐♥❣ ✭✶✹✮✲✭✶✼✮ r❡✈❡❛❧s t❤❛t

Et[Pt+1] =
Pt−1 + χ(Pt−1 − P ∗) + Pt−1η(P

∗ − Pt−1)
2 + φη(P ∗ − Pt−1)

3

1 + η(P ∗ − Pt−1)2
, ✭✶✽✮

✐✳❡✳ ✐♥✈❡st♦rs✬ ❡①♣❡❝t❛t✐♦♥ ❢♦r♠❛t✐♦♥ ❜❡❤❛✈✐♦r ❛❞❞s ❛ str♦♥❣ ♥♦♥❧✐♥❡❛r✐t② t♦ ♦✉r ❤♦✉s✐♥❣

♠❛r❦❡t ♠♦❞❡❧✳

❋♦❧❧♦✇✐♥❣ ❈❤✐❛r❡❧❧❛ ❡t ❛❧✳ ✭✷✵✵✼✱ ✷✵✶✸✮✱ ✐♥✈❡st♦rs✬ ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s ❞❡♣❡♥❞ ♦♥ ❛ ❢✉♥✲

❞❛♠❡♥t❛❧ ❛♥❞ ❛ s♣❡❝✉❧❛t✐✈❡ ❝♦♠♣♦♥❡♥t✱ s♦ t❤❛t ✇❡ ❝❛♥ ✇r✐t❡

Vt[Pt+1] = Ω + κV S
t . ✭✶✾✮

❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✈❛r✐❛♥❝❡ ❝♦♠♣♦♥❡♥t Ω ✐s ❝♦♥st❛♥t ❛♥❞ ❝❛♣t✉r❡s ✐♥✈❡st♦rs✬ ♣❡r❝❡✐✈❡❞

r✐s❦ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♦✇♥✐♥❣ ❛ ❤♦✉s❡ ✭❡✳❣✳ ❞❛♠❛❣❡s t♦ t❤❡ ❤♦✉s❡✱ ♥♦t r❡❝❡✐✈✐♥❣ t❤❡ r❡♥t✱

✉♥❢♦r❡s❡❡♥ r❡❣✉❧❛t✐♦♥s ❝♦♥♥❡❝t❡❞ ✇✐t❤ ❜✉②✐♥❣ ❛♥❞ s❡❧❧✐♥❣ ❤♦✉s❡s ♦r ♦t❤❡r ❢✉♥❞❛♠❡♥t❛❧

❞✐st✉r❜❛♥❝❡s✮✳✻ ❚❤❡ s♣❡❝✉❧❛t✐✈❡ ✈❛r✐❛♥❝❡ ❝♦♠♣♦♥❡♥t V S
t ✐s t✐♠❡✲✈❛r②✐♥❣ ❛♥❞ ❞❡♣❡♥❞s ♦♥

❤♦✉s✐♥❣ ♠❛r❦❡t ✈♦❧❛t✐❧✐t②✱ ✇❤❡r❡ ♣❛r❛♠❡t❡r κ ≥ 0 ♠❡❛s✉r❡s ✐♥✈❡st♦rs✬ s❡♥s✐t✐✈✐t② ✇✐t❤

r❡s♣❡❝t t♦ t❤❡ ❧❛tt❡r ❝♦♠♣♦♥❡♥t✳ ◆♦t❡ t❤❛t κ = 0 ✐♠♣❧✐❡s t❤❛t ✐♥✈❡st♦rs✬ ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s

❛r❡ ❝♦♥st❛♥t✱ ❛s ✐s t❤❡ ❝❛s❡ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❤♦✉s✐♥❣ ♠❛r❦❡t ♠♦❞❡❧ ❜② ❉✐❡❝✐ ❛♥❞ ❲❡st❡r❤♦✛

✭✷✵✶✻✮ ❛♥❞ ❛❧♠♦st ❛❧❧ ♦t❤❡r r❡❧❛t❡❞ ❤❡t❡r♦❣❡♥❡♦✉s ❛❣❡♥t ❛ss❡t✲♣r✐❝✐♥❣ ♠♦❞❡❧s ✭s❡❡✱ ❢♦r

✻P✐❛③❡ss✐ ❛♥❞ ❙❝❤♥❡✐❞❡r ✭✷✵✶✻✮ ♣♦✐♥t ♦✉t t❤❛t t❤❡ ✈♦❧❛t✐❧✐t② ♦❢ ❤♦✉s❡ ♣r✐❝❡s ❞❡♣❡♥❞s ♠♦r❡ str♦♥❣❧②
♦♥ ✐❞✐♦s②♥❝r❛t✐❝ s❤♦❝❦s t❤❛♥ t❤❡ ✈♦❧❛t✐❧✐t② ♦❢ st♦❝❦s✳ ❙✐♥❝❡ ❤♦✉s❡s ❛r❡ ✐♥❞✐✈✐s✐❜❧❡ ✭t❤❡② ❛r❡ s♦❧❞ ✐♥ t❤❡✐r
❡♥t✐r❡t② ❛♥❞ ♥♦t ✐♥ s♠❛❧❧ ♣✐❡❝❡s✮✱ ✐❞✐♦s②♥❝r❛t✐❝ s❤♦❝❦s t♦ ❤♦✉s✐♥❣ ❛r❡ ❞✐✣❝✉❧t t♦ ❞✐✈❡rs✐❢②✳ ❋✉rt❤❡r♠♦r❡✱
r❡❛❧ ❤♦✉s✐♥❣ ♠❛r❦❡ts ❛r❡ ✉s✉❛❧❧② ♥♦t ✈❡r② ❧✐q✉✐❞✱ ❛♥❞ ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❤✐❣❤ tr❛♥s❛❝t✐♦♥ ❝♦sts✱ ❛s♣❡❝ts
t❤❛t ❛❞❞ t♦ t❤❡ r✐s❦ ♦❢ ♦✇♥✐♥❣ ❛ ❤♦✉s❡✳

✶✸



✐♥st❛♥❝❡✱ t❤❡ r❡❝❡♥t s✉r✈❡② ❜② ❉✐❡❝✐ ❛♥❞ ❍❡ ✷✵✶✽✮✳

❲❡ ♠♦❞❡❧ ✐♥✈❡st♦rs✬ s♣❡❝✉❧❛t✐✈❡ ✈❛r✐❛♥❝❡ ❝♦♠♣♦♥❡♥t ✉s✐♥❣ ❛ ❧❡❛r♥✐♥❣ r✉❧❡ ✐♥tr♦❞✉❝❡❞

❜② ●❛✉♥❡rs❞♦r❢❡r ✭✷✵✵✵✮✱ t❤❛t ✐s

V S
t = νV S

t−1 + (1− ν)(Pt−1 − Ut−1)
2 ✭✷✵✮

❛♥❞

Ut = µUt−1 + (1− µ)Pt−1, ✭✷✶✮

✇❤❡r❡ 0 < ν, µ < 1 ❛r❡ ♠❡♠♦r② ♣❛r❛♠❡t❡rs✳ ❆❝❝♦r❞✐♥❣❧②✱ ✐♥✈❡st♦rs ✉♣❞❛t❡ t❤❡✐r s♣❡❝✉❧❛✲

t✐✈❡ ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s ❜② ❝♦♠♣✉t✐♥❣ ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ t❤❡✐r ♣❛st s♣❡❝✉❧❛t✐✈❡ ✈❛r✐❛♥❝❡

❜❡❧✐❡❢s ❛♥❞ t❤❡ ♠♦st r❡❝❡♥t ♦❜s❡r✈❛❜❧❡ sq✉❛r❡❞ ❞❡✈✐❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❤♦✉s❡ ♣r✐❝❡ ❛♥❞

❛♥ ❛✈❡r❛❣❡ ❤♦✉s❡ ♣r✐❝❡✳ ❖❜✈✐♦✉s❧②✱ t❤❡ ❛✈❡r❛❣❡ ❤♦✉s❡ ♣r✐❝❡ ✐s ❛❧s♦ ✉♣❞❛t❡❞ ✐♥ t❤❡ ❢♦r♠

♦❢ ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡✳✼

■♥s♣✐r❡❞ ❜② ❚❛②❧♦r ✭✷✵✵✾✮✱ ▲❛♠❜❡rt✐♥✐ ❡t ❛❧✳ ✭✷✵✶✸✮ ❛♥❞ ❆❣♥❡❧❧♦ ❡t ❛❧✳ ✭✷✵✶✽✮✱ ✇❡

❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ s❡ts t❤❡ ✐♥t❡r❡st r❛t❡ ✇✐t❤ ❛ ✈✐❡✇ t♦ t❤❡

❢✉♥❞❛♠❡♥t❛❧ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ tr✐❡s t♦

st❛❜✐❧✐③❡ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t ❜② ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r❡st r❛t❡ r✉❧❡

rt = r0 + ρ

(

Pt−1 − P ∗

P ∗

)

, ✭✷✷✮

✇❤❡r❡ r0 ✐s t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s ❜❛s❡ ✭t❛r❣❡t✮ ✐♥t❡r❡st r❛t❡✳ ❋✉rt❤❡r♠♦r❡✱ ρ ≥ 0 ✐s ❛

♣❛r❛♠❡t❡r t❤❛t ❝♦♥tr♦❧s ❤♦✇ str♦♥❣❧② t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ r❡❛❝ts t♦ ♠✐s♣r✐❝✐♥❣ ✐♥ t❤❡ ❤♦✉s✐♥❣

♠❛r❦❡t✳ ◆❛t✉r❛❧❧②✱ rt ≥ 0✱ ✐✳❡✳ t❤❡ ✐♥t❡r❡st r❛t❡ ❝❛♥♥♦t ❜❡❝♦♠❡ ♥❡❣❛t✐✈❡✳✽ ◆♦t❡ t❤❛t

✭✷✷✮ s✉❣❣❡sts ✐♥❝r❡❛s✐♥❣ ✭❞❡❝r❡❛s✐♥❣✮ t❤❡ ✐♥t❡r❡st r❛t❡ ✐❢ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t ✐s ♦✈❡r✈❛❧✉❡❞

✭✉♥❞❡r✈❛❧✉❡❞✮✳ ■♥ ❢❛❝t✱ r❡❝❛❧❧ ❢r♦♠ ✭✶✷✮ ❛♥❞ ✭✶✸✮ t❤❛t ❤✐❣❤❡r ✭❧♦✇❡r✮ ✐♥t❡r❡st r❛t❡s ✕

✼■♥ t❤❡ ❆♣♣❡♥❞✐①✱ ✇❡ st✉❞② ❛♥ ❛❧t❡r♥❛t✐✈❡ ❧❡❛r♥✐♥❣ r✉❧❡ ♣r♦♣♦s❡❞ ❜② ❈❤✐❛r❡❧❧❛ ❡t ❛❧✳ ✭✷✵✵✼✱ ✷✵✶✸✮✳
❲❤✐❧❡ t❤❡✐r ❧❡❛r♥✐♥❣ r✉❧❡ ♠❛② ❛✛❡❝t ♦✉r ♠♦❞❡❧✬s ❣❧♦❜❛❧ ❜❡❤❛✈✐♦r✱ ✐t ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ ❢✉♥❞❛♠❡♥t❛❧
st❡❛❞② st❛t❡✬s st❛❜✐❧✐t② ❞♦♠❛✐♥✳ ❋✉rt❤❡r ❧❡❛r♥✐♥❣ r✉❧❡s ✇✐t❤ ✜①❡❞ ♠❡♠♦r② ❧❡♥❣t❤ ❛r❡ st✉❞✐❡❞ ❜② ❈❤✐❛r❡❧❧❛
❛♥❞ ❍❡ ✭✷✵✵✷✮✳

✽❲❤✐❧❡ t❤❡ ✐♥t❡r❡st r❛t❡ ✐s ❛❧✇❛②s ♣♦s✐t✐✈❡ ✐♥ t❤❡ ❛♥❛❧②t✐❝❛❧ ♣❛rt ♦❢ ♦✉r ♣❛♣❡r ✭❙❡❝t✐♦♥ ✹✮✱ ✐t ♠❛② ❤✐t
t❤❡ ③❡r♦✲❧♦✇❡r ❜♦✉♥❞ ✇❤❡♥ ✇❡ s✐♠✉❧❛t❡ ♦✉r ♠♦❞❡❧✬s ♦✉t✲♦❢ ❡q✉✐❧✐❜r✐✉♠ ❞②♥❛♠✐❝s ✭❙❡❝t✐♦♥ ✺✮✳ ■♥ ❢❛❝t✱
✭✷✷✮ t❤❡♥ ✐♠♣❧✐❡s t❤❛t t❤❡ ♠♦❞❡❧✬s ♠❛♣ ✐s ♣✐❡❝❡✇✐s❡ ❞❡✜♥❡❞✱ ❛♥ ❛s♣❡❝t t❤❛t ♠❛② ❝❛✉s❡ ✐♥t❡r❡st✐♥❣ s✐❞❡
❡✛❡❝ts✳ ❙❡❡ ❆✈r✉t✐♥ ❡t ❛❧✳ ✭✷✵✶✾✮ ❢♦r ❛♥ ♦✈❡r✈✐❡✇ ♦❢ ♣♦ss✐❜❧❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ s✉❝❤ ♠❛♣s✱ ❛♥❞ t♦♦❧s t♦
❡①♣❧♦r❡ t❤❡♠✱ ❛♥❞ ❙❝❤♠✐tt ❡t ❛❧✳ ✭✷✵✶✼✮ ❢♦r ❡❝♦♥♦♠✐❝ ❡①❛♠♣❧❡s✳

✶✹



❛❝❝♦♠♣❧✐s❤❡❞ ❜② ❛❞❥✉st✐♥❣ t❤❡ ❜❛s❡ ✭t❛r❣❡t✮ ✐♥t❡r❡st r❛t❡ ♦r r❡❛❝t✐♥❣ t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧

❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t ✕ ❞❡❝r❡❛s❡ ✭✐♥❝r❡❛s❡✮ ✐♥✈❡st♦rs✬ ❞❡♠❛♥❞ ❢♦r ❤♦✉s✐♥❣

st♦❝❦✱ ❛♥❞ t❤❡r❡❢♦r❡ ❞❡♣r❡ss ✭❡❧❡✈❛t❡✮ ❤♦✉s❡ ♣r✐❝❡s✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥s✱ ✇❡ ✉s❡ ❛ ♠✐① ♦❢

❛♥❛❧②t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ t♦♦❧s t♦ ❡①♣❧♦r❡ t❤❡ ❡①t❡♥t t♦ ✇❤✐❝❤ t❤❡ ✐♥t❡r❡st r❛t❡ r✉❧❡ ✭✷✷✮

❛❧❧♦✇s t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ t♦ ❝♦♥tr♦❧ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❤♦✉s✐♥❣ ♠❛r❦❡ts✳

✹✳ ❆♥❛❧②t✐❝❛❧ ✐♥s✐❣❤ts

❇② ❝♦♠❜✐♥✐♥❣ ♦✉r ❡q✉❛t✐♦♥s✱ ✇❡ ❝❛♥ ❡❛s✐❧② ❡①♣r❡ss t❤❡ ♠♦❞❡❧ ❜② t❤❡ ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧

♥♦♥❧✐♥❡❛r ♠❛♣

S :











































Pt =
Et[Pt+1]+α−(β+λVt[Pt+1])γPt−1−(β+λVt[Pt+1])(1−δ)Ht−1

1+r0+ρ
(

Pt−1−P∗

P∗

)

+δ

Ht = γPt−1 + (1− δ)Ht−1

V S
t = νV S

t−1 + (1− ν)(Pt−1 − Ut−1)
2

Ut = µUt−1 + (1− µ)Pt−1

✱ ✭✷✸✮

✇❤❡r❡

Et[Pt+1] =
Pt−1 + χ(Pt−1 − P ∗) + Pt−1η(P

∗ − Pt−1)
2 + φη(P ∗ − Pt−1)

3

1 + η(P ∗ − Pt−1)2

❛♥❞

Vt[Pt+1] = Ω + κV S
t ✳

❆s ❝❛♥ ❜❡ s❡❡♥✱ t❤❡ ❞②♥❛♠✐❝s ❞❡♣❡♥❞s ♦♥ ✶✹ ♣❛r❛♠❡t❡rs✿ α✱ β✱ γ✱ δ✱ λ✱ ν✱ µ✱ r0✱ ρ✱ χ✱ η✱

φ✱ κ ❛♥❞ Ω✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✿

Pr♦♣♦s✐t✐♦♥ ✶✳ ❚❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ✭✷✸✮ ❛❧✇❛②s ❣✐✈❡s r✐s❡ t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ st❡❛❞②

st❛t❡ FSS =
(

P ∗, H∗, V S∗, U∗

)

=
(

P ∗, γ
δP

∗, 0, P ∗

)

✇✐t❤ P ∗ = αδ
(r0+δ)δ+(β+λΩ)γ ✳ ▼♦r❡✲

♦✈❡r✱ t❤❡ ❋❙❙ ✐s ❧♦❝❛❧❧② ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢

✭✐✮ χ >
4+2r0−2ρ−δ(δ+r0−ρ)−γ(β+λΩ)

δ−2 ✱ ✭✐✐✮ χ <
γ(β+λΩ)

δ +δ+r0+ρ ❛♥❞ ✭✐✐✐✮ χ < 2δ+r0
1−δ +ρ✳

Pr♦♦❢✳ ❆ st❡❛❞②✲st❛t❡ s♦❧✉t✐♦♥ (P ,H, V
S
, U) ♦❢ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ✭✷✸✮ ♥❡❝❡ss❛r✐❧②

✶✺



s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s

P =
Et[P ] + α− (β + λ(Ω + κV

S
))γP − (β + λ(Ω + κV

S
))(1− δ)H

1 + r0 + ρ
(

P−P∗

P∗

)

+ δ
,

H = γP + (1− δ)H,

V
S
= νV

S
+ (1− ν)(P − U)2

❛♥❞

U = µU + (1− µ)P ,

✇❤❡r❡ Et[P ] ❞❡♥♦t❡s t❤❡ ♣r✐❝❡ ❡①♣❡❝t❛t✐♦♥s ❛t t❤❡ st❡❛❞② st❛t❡✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ ❢✉♥❞❛✲

♠❡♥t❛❧ st❡❛❞② st❛t❡ FSS = (P ∗, H∗, V S∗, U∗) ❛s ❛ st❡❛❞②✲st❛t❡ s♦❧✉t✐♦♥ t♦ ✭✷✸✮ ✐♥ ✇❤✐❝❤

Et[P ] = P ❛♥❞ rt = r0✱ ✐✳❡✳ P
∗ = P ✳ ❚❤❡r❡❢♦r❡✱ ❡①♣❡❝t❛t✐♦♥s ❛r❡ r❡❛❧✐③❡❞ ❛t t❤❡ st❡❛❞②

st❛t❡ ❛♥❞ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❞♦❡s ♥♦t ❝❤❛♥❣❡ ✐ts ❜❛s❡ ✭t❛r❣❡t✮ ✐♥t❡r❡st r❛t❡✱ s✐♥❝❡ ♣r✐❝❡s

♠✐rr♦r t❤❡✐r ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡s✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡ ♣r✐❝❡ ❛t t❤❡ ❢✉♥❞❛♠❡♥t❛❧ st❡❛❞②

st❛t❡ ✐s ❣✐✈❡♥ ❜②

P ∗ =
αδ

(r0 + δ)δ + (β + λΩ)γ
,

✇❤✐❧❡ H∗ = γ
δP

∗✱ U∗ = P ∗ ❛♥❞ V S∗ = 0✳ ❍♦✇❡✈❡r✱ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ✭✷✸✮ ♠❛② ❛❧s♦

❣✐✈❡ r✐s❡ t♦ ❢✉rt❤❡r ♥♦♥❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡s (P ,H, V
S
, U)✱ s✉❝❤ t❤❛t Et[P ] 6= P ✳

❲❤✐❧❡ t❤❡s❡ st❡❛❞② st❛t❡s ❝❛♥♥♦t ❜❡ ❡①♣r❡ss❡❞ ❛♥❛❧②t✐❝❛❧❧②✱ ✇❡ ✇✐❧❧ ♥✉♠❡r✐❝❛❧❧② ❡♥❝♦✉♥t❡r

t❤❡♠ ✐♥ ❙❡❝t✐♦♥ ✺✳

❋r♦♠ t❤❡ ❏❛❝♦❜✐❛♥ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡✱ ✐✳❡✳

J(FSS) =

















1−ρ+χ−γ(β+λΩ)
1+δ+r0

(δ−1)(β+λΩ)
1+δ+r0

− αγκλν
(1+δ+r0)(δ(δ+r0)+γ(β+λΩ)) 0

γ 1− δ 0 0

0 0 ν 0

1− µ 0 0 µ

















,

✇❡ ✐♠♠❡❞✐❛t❡❧② s❡❡ t❤❛t t✇♦ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ ❣✐✈❡♥ ❜② z1 = ν ❛♥❞ z2 = µ✳ ❙✐♥❝❡ 0 <

✶✻



ν, µ < 1✱ ✇❡ ❤❛✈❡ |z1,2| < 1✳ ❚❤❡ t✇♦ ❢✉rt❤❡r ❡✐❣❡♥✈❛❧✉❡s ❛r❡ t❤❡ ♦♥❡s ♦❢ t❤❡ ✷✲❉ ❜❧♦❝❦

Q =





1−ρ+χ−γ(β+λΩ)
1+δ+r0

(δ−1)(β+λΩ)
1+δ+r0

γ 1− δ





❢r♦♠ ✇❤✐❝❤ ✇❡ ♦❜t❛✐♥ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧ P (z) = z2 − zTr(Q) +Det(Q) ✇✐t❤

Tr(Q) = 1−ρ+χ−γ(β+λΩ)
1+δ+r0

+ 1 − δ ❛♥❞ Det(Q) = (δ−1)(ρ−χ−1)
1+δ+r0

✳ ◆❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t

❝♦♥❞✐t✐♦♥s ✭●❛♥❞♦❧❢♦ ✷✵✵✾✱ ▼❡❞✐♦ ❛♥❞ ▲✐♥❡s ✷✵✵✶✮ ❢♦r z3,4 t♦ ❜❡ s♠❛❧❧❡r t❤❛♥ ♦♥❡ ✐♥

♠♦❞✉❧✉s✱ ✇❤✐❝❤ ✐♠♣❧✐❡s ❧♦❝❛❧ ❛s②♠♣t♦t✐❝ st❛❜✐❧✐t② ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡✱ ❛r❡

❣✐✈❡♥ ❜② 1 + Tr(Q) + Det(Q) > 0✱ 1 − Tr(Q) + Det(Q) > 0 ❛♥❞ 1 − Det(Q) > 0✳

❘❡✇r✐t✐♥❣ t❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s ✐♥ t❡r♠s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs r❡✈❡❛❧s

χ >
4 + 2r0 − 2ρ− δ(δ + r0 − ρ)− γ(β + λΩ)

δ − 2
,

χ <
γ(β + λΩ)

δ
+ δ + r0 + ρ,

❛♥❞

χ <
2δ + r0

1− δ
+ ρ.

❆s s❤♦✇♥ ❛❜♦✈❡✱ t❤❡ ♠♦❞❡❧ ❤❛s ❛ ❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡ ✇❤❡r❡ t❤❡ ❤♦✉s❡ ♣r✐❝❡ ❡q✉❛❧s

✐ts ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡✱ ✐✳❡✳ P = P ∗ = αδ
(r0+δ)δ+(β+λΩ)γ ✱ ✇❤✐❧❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡s ❢♦r

t❤❡ ❤♦✉s✐♥❣ st♦❝❦✱ t❤❡ s♣❡❝✉❧❛t✐✈❡ ✈❛r✐❛♥❝❡ ❝♦♠♣♦♥❡♥t ❛♥❞ t❤❡ ❛✈❡r❛❣❡ ❤♦✉s❡ ♣r✐❝❡ ❛r❡

❣✐✈❡♥ ❜② H∗ = γ
δP

∗✱ V S∗ = 0 ❛♥❞ U∗ = P ∗✱ r❡s♣❡❝t✐✈❡❧②✳ ◆♦t❡ t❤❛t P ∗ ✐s ✐♥❞❡♣❡♥❞❡♥t

♦❢ ❛♥② ❜❡❤❛✈✐♦r❛❧ ♣❛r❛♠❡t❡rs✱ s✉❝❤ ❛s χ✱ φ ♦r η✱ ❛♥❞ ❞❡♣❡♥❞s ♦♥❧② ♦♥ ❢✉♥❞❛♠❡♥t❛❧

♣❛r❛♠❡t❡rs✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐♥❝r❡❛s❡s t❤❡ ❜❛s❡ ✭t❛r❣❡t✮ ✐♥t❡r❡st r❛t❡

r0✱ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❤♦✉s❡ ♣r✐❝❡ ❞❡❝r❡❛s❡s✱ ✇❤✐❝❤✱ ✐♥ t✉r♥✱ ✐♠♣❧✐❡s ❞❡❝r❡❛s✐♥❣ ✈❛❧✉❡s ❢♦r

t❤❡ ❤♦✉s✐♥❣ st♦❝❦ ❛♥❞ ❤✐❣❤❡r r❡♥t ❧❡✈❡❧s ✭❛♥❞ ✈✐❝❡ ✈❡rs❛✮✳

❙✐♥❝❡ t❤❡ r❡♥t ❧❡✈❡❧ ❛t t❤❡ ❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡ ✐s ❣✐✈❡♥ ❜② R∗ = α − βH∗✱

✐t ❢♦❧❧♦✇s t❤❛t P ∗ = R∗

−λΩH∗

r0+δ ✳ ❇② ❞❡✜♥✐♥❣ r✐s❦✲❛❞❥✉st❡❞ r❡♥ts ❛s R̂∗ = R∗ − λΩH∗

✭s❡❡ ❉✐❡❝✐ ❛♥❞ ❲❡st❡r❤♦✛ ✷✵✶✻ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✮✱ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❤♦✉s❡ ♣r✐❝❡ ❝❛♥ ❜❡

❡①♣r❡ss❡❞ ❛s t❤❡ ❞✐s❝♦✉♥t❡❞ ✈❛❧✉❡ ♦❢ ❢✉t✉r❡ r✐s❦✲❛❞❥✉st❡❞ r❡♥ts✱ ✐✳❡✳ P ∗ = R̂∗

r0+δ ✱ ✇❤❡r❡

✶✼



t❤❡ t❡r♠ r0 + δ r❡✢❡❝ts t❤❡ ✉s❡r ❝♦st ♦❢ ❤♦✉s✐♥❣✳ ❚❤✐s ✐s ❛ ❦❡② ♣r♦♣❡rt② ♦❢ P♦t❡r❜❛✬s

✭✶✾✽✹✱ ✶✾✾✶✮ s❡♠✐♥❛❧ ❤♦✉s✐♥❣ ♠❛r❦❡t ♠♦❞❡❧ ✐♥s♣✐r❡❞ ❜② ❛ss❡t ♣r✐❝✐♥❣✳ ❆s ♣♦✐♥t❡❞ ♦✉t

❜② ❍✐♠♠❡❧❜❡r❣ ❡t ❛❧✳ ✭✷✵✵✺✮✱ t❤❡ ♥♦♥❧✐♥❡❛r✐t② ✐♥ t❤❡ ❞✐s❝♦✉♥t✐♥❣ ♦❢ r✐s❦✲❛❞❥✉st❡❞ r❡♥ts

❝❛♥ ❝❛✉s❡ s❤❛r♣ ❢✉♥❞❛♠❡♥t❛❧ ❤♦✉s❡ ♣r✐❝❡ ❝❤❛♥❣❡s ✇✐t❤ r❡s♣❡❝t t♦ ✐♥t❡r❡st r❛t❡ ❝❤❛♥❣❡s✳

■♥ ❢❛❝t✱ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❤♦✉s❡ ♣r✐❝❡ t♦ ❝❤❛♥❣❡s ✐♥ t❤❡ ✐♥t❡r❡st r❛t❡ ✐s

❤✐❣❤❡r ❛t t✐♠❡s ✇❤❡♥ ✐♥t❡r❡st r❛t❡s ❛r❡ ❛❧r❡❛❞② ❧♦✇✳ ■♥ ❛ ❧♦✇ ✐♥t❡r❡st r❛t❡ ❡♥✈✐r♦♥♠❡♥t✱

❢♦r ✐♥st❛♥❝❡✱ ❛ ❣✐✈❡♥ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ✐♥t❡r❡st r❛t❡ ✐♥❞✉❝❡s ❛ ❧❛r❣❡r ✐♥❝r❡❛s❡ ✐♥ ❤♦✉s❡

♣r✐❝❡s t❤❛♥ t❤❡ s❛♠❡ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ✐♥t❡r❡st r❛t❡ t❤❛t ✇♦✉❧❞ ✐♥✐t✐❛t❡ st❛rt✐♥❣ ❢r♦♠ ❛

❤✐❣❤ ✐♥t❡r❡st r❛t❡✳ ❖❢ ❝♦✉rs❡✱ t❤❡ r❡✈❡rs❡ ✐s ❛❧s♦ tr✉❡✳ ❆♥ ✐♥❝r❡❛s❡ ✐♥ ✐♥t❡r❡st r❛t❡s ✐♥

❛ ❧♦✇ ✐♥t❡r❡st r❛t❡ ❡♥✈✐r♦♥♠❡♥t ✇♦✉❧❞ ❝❛✉s❡ ❛ ❞✐s♣r♦♣♦rt✐♦♥❛❧❧② ❧❛r❣❡ ❞❡❝❧✐♥❡ ✐♥ ❤♦✉s❡

♣r✐❝❡s✱ ❡s♣❡❝✐❛❧❧② ✐❢ r✐s❦✲❛❞❥✉st❡❞ r❡♥ts r❡♠❛✐♥ ❝♦♥st❛♥t✱ ♦r ❛❞❥✉st ♦♥❧② s❧♦✇❧②✳

❚♦ ✐❧❧✉str❛t❡ t❤❡ st❛❜✐❧✐t② ❞♦♠❛✐♥ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡✱ ✇❡ ♣❧♦t ✐♥ ❋✐❣✉r❡ ✶

t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✐♥ ✭χ✱γ✮✲♣❛r❛♠❡t❡r s♣❛❝❡✳ ❚❤❡ ❞❡♣✐❝t✐♦♥ ✐s st②❧✐③❡❞ ❛♥❞ ❜❛s❡❞ ♦♥

ρ = 0✳ ❚❤❡ ✜rst✱ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ ❝♦♥❞✐t✐♦♥s ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ r❡❞✱ ❜❧✉❡ ❛♥❞ ❣r❡❡♥

❧✐♥❡✱ r❡s♣❡❝t✐✈❡❧②✳ ❆❝❝♦r❞✐♥❣❧②✱ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡ ✐s ❧♦❝❛❧❧② ❛s②♠♣t♦t✐❝❛❧❧②

st❛❜❧❡ ❢♦r t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ t❤❛t ✐s ❜♦✉♥❞❡❞ ❜② t❤❡ t❤r❡❡ ❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡s ✭❤✐❣❤✲

❧✐❣❤t❡❞ ✐♥ ❣r❛②✮✳ ❋♦r 0 < γ < A1✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ✐♥✈❡st♦rs✬ ❡①tr❛♣♦❧❛t✐♦♥ ❜❡❤❛✈✐♦r ♠❛②

✈✐♦❧❛t❡ t❤❡ s❡❝♦♥❞ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥✱ ✇❤✐❝❤ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ P✐t❝❤❢♦r❦ ❜✐❢✉r❝❛t✐♦♥✱

✐✳❡✳ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡ ❜❡❝♦♠❡s ✉♥st❛❜❧❡ ❛♥❞ t✇♦ ❛❞❞✐t✐♦♥❛❧ ♥♦♥❢✉♥❞❛♠❡♥t❛❧

st❡❛❞② st❛t❡s ❛r❡ ❝r❡❛t❡❞✳ ❚❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t t❤❡♥ r❡♠❛✐♥s ♣❡r♠❛♥❡♥t❧② ❡✐t❤❡r ♦✈❡r✲

✈❛❧✉❡❞ ♦r ✉♥❞❡r✈❛❧✉❡❞✳ ◆♦t❡ t❤❛t t❤✐s s❝❡♥❛r✐♦ ♠❛② ♦❝❝✉r ✐❢ t❤❡ ❤♦✉s✐♥❣ s✉♣♣❧② ✐s r❛t❤❡r

s❧✉❣❣✐s❤✳ ■❢ A1 < γ < A2✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ χ ♠❛② ❝❛✉s❡ ❛ ◆❡✐♠❛r❦✲❙❛❝❦❡r ❜✐❢✉r❝❛t✐♦♥✱ ❛♥❞

t❤✉s t❤❡ ♦♥s❡t ♦❢ ❛ q✉❛s✐✲♣❡r✐♦❞✐❝ ♠♦t✐♦♥✳✾ ■❢ t❤❡ ❤♦✉s✐♥❣ s✉♣♣❧② r❡❛❝ts ♠♦r❡ str♦♥❣❧②

t♦ t❤❡ ♣❛st ❤♦✉s❡ ♣r✐❝❡✱ ✐✳❡✳ ✐❢ A2 < γ < A3✱ t❤❡ ❧♦❝❛❧ ❛s②♠♣t♦t✐❝ st❛❜✐❧✐t② ♦❢ t❤❡

❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡ r❡q✉✐r❡s t❤❛t ✐♥✈❡st♦rs✬ ❡①tr❛♣♦❧❛t✐♦♥ ❜❡❤❛✈✐♦r ✐s ♥❡✐t❤❡r t♦♦

❧♦✇ ✭✈✐♦❧❛t✐♦♥ ♦❢ t❤❡ ❋❧✐♣ ❜✐❢✉r❝❛t✐♦♥ ❜♦✉♥❞❛r②✮ ♥♦r t♦♦ ❤✐❣❤ ✭✈✐♦❧❛t✐♦♥ ♦❢ t❤❡ ◆❡✐♠❛r❦✲

❙❛❝❦❡r ❜✐❢✉r❝❛t✐♦♥ ❜♦✉♥❞❛r②✮✳ ❍❡♥❝❡✱ t❤❡r❡ ❛r❡ s❝❡♥❛r✐♦s ✇❤❡r❡ ❛ ♠♦❞❡st ❡①tr❛♣♦❧❛t✐✈❡

❜❡❤❛✈✐♦r ♦❢ ✐♥✈❡st♦rs ✐s ❜❡♥❡✜❝✐❛❧ ❢♦r t❤❡ st❛❜✐❧✐t② ♦❢ ❤♦✉s✐♥❣ ♠❛r❦❡ts✳ ❋✐♥❛❧❧②✱ t❤❡ ❢✉♥✲

✾❙❡✈❡r❛❧ ❡♠♣✐r✐❝❛❧ ♣❛♣❡rs ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ❝②❝❧✐❝❛❧ ♥❛t✉r❡ ♦❢ ❤♦✉s✐♥❣ ♠❛r❦❡ts ✐s ❞✉❡ t♦ ❛ ◆❡✐♠❛r❦✲
❙❛❝❦❡r ❜✐❢✉r❝❛t✐♦♥✱ ❡✳❣✳ ❲❤❡❛t♦♥ ✭✶✾✾✾✮✱ ❑♦✉✇❡♥❜❡r❣ ❛♥❞ ❩✇✐♥❦❡❧s ✭✷✵✶✹✱ ✷✵✶✺✮✱ ❉✐❡❝✐ ❛♥❞ ❲❡st❡r❤♦✛
✭✷✵✶✻✮ ❛♥❞ ●❧❛❡s❡r ❛♥❞ ◆❛t❤❛♥s♦♥ ✭✷✵✶✼✮✳ ❍♦✇❡✈❡r✱ ❇♦❧t ❡t ❛❧✳ ✭✷✵✶✹✮ ❞❡t❡❝t ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ ❢♦r
❝♦❡①✐st✐♥❣ ❛ttr❛❝t♦rs ❞✉❡ t♦ ❛ P✐t❝❤❢♦r❦ ❜✐❢✉r❝❛t✐♦♥✳

✶✽



❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡ ✐s ❛❧✇❛②s ✉♥st❛❜❧❡ ✐❢ γ > A3✱ ✐✳❡✳ ✐❢ t❤❡ ♣r✐❝❡✲r❡s♣♦♥s✐✈❡♥❡ss ♦❢

t❤❡ ❤♦✉s✐♥❣ st♦❝❦ ❜❡❝♦♠❡s ✈❡r② ❧❛r❣❡✳ ❖✈❡r❛❧❧✱ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡ ♦❢ γ s❡❡♠s t♦ ❜❡

♥❡❡❞❡❞ t♦ ❣❡♥❡r❛t❡ ❡♥❞♦❣❡♥♦✉s ❤♦✉s❡ ♣r✐❝❡ ❝②❝❧❡s✳✶✵

- Flip

- Pitchfork

- Neimark-Sacker

0 A1 A2 A3

r0+δ

r0 +2δ
1-δ

χ

γ
❋✐❣✉r❡ ✶✿ ❙t❛❜✐❧✐t② ❞♦♠❛✐♥ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡ ✐♥ ✭χ✱γ✮✲♣❛r❛♠❡t❡r s♣❛❝❡✳ ❙✐♥❝❡ t❤❡ ❜❧✉❡✱
r❡❞ ❛♥❞ ❣r❡❡♥ ❧✐♥❡s r❡♣r❡s❡♥t t❤❡ t❤r❡❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s✱ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ ❤✐❣❤❧✐❣❤t❡❞ ✐♥ ❣r❛②
✐❧❧✉str❛t❡s t❤❡ r❡❣✐♦♥ ❢♦r ✇❤✐❝❤ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡ ✐s ❧♦❝❛❧❧② ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡✳ ◆♦t❡ t❤❛t
ρ = 0✳

❚❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ♠❛② ❜❡ ❛❜❧❡ t♦ ✐♥✢✉❡♥❝❡ t❤❡ st❛❜✐❧✐t② ❞♦♠❛✐♥ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧

st❡❛❞② st❛t❡ ❜② ✈❛r②✐♥❣ r0 ❛♥❞ ρ✳ ■❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐♥❝r❡❛s❡s t❤❡ ❜❛s❡ ✭t❛r❣❡t✮ ✐♥t❡r❡st

r❛t❡✱ ❛❧❧ t❤r❡❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❜❡❝♦♠❡ r❡❧❛①❡❞✱ ❛♥❞ t❤❡ r❡❣✐♦♥ ❢♦r ✇❤✐❝❤ P ∗ ✐s ❧♦❝❛❧❧②

❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡ ❜❡❝♦♠❡s ❧❛r❣❡r✳ ❋r♦♠ ❛♥ ❡♠♣✐r✐❝❛❧ ♣❡rs♣❡❝t✐✈❡✱ ❤♦✇❡✈❡r✱ t❤✐s

❡✛❡❝t s❡❡♠s t♦ ❜❡ r❛t❤❡r ❧✐♠✐t❡❞✳ ❚❤✐s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✳ ❋♦r

q✉❛rt❡r❧② ❞❛t❛✱ r0 = δ = 0.005 ✐s ❛ r❡❛s♦♥❛❜❧❡ ❛ss✉♠♣t✐♦♥✱ ✐♠♣❧②✐♥❣ t❤❛t χNS ≈ 0.015✳

❙✐♥❝❡ γ s❡❡♠s t♦ ❜❡ ♠✉❝❤ ❧❛r❣❡r ❡♠♣✐r✐❝❛❧❧②✱ s❛② γemp = 0.15 ✭s❡❡ ❙❡❝t✐♦♥ ✺ ❢♦r ♠♦r❡

❞❡t❛✐❧s✮✱ ❡①tr❡♠❡❧② ❤✐❣❤ ✭❛♥❞ ✉♥r❡❛❧✐st✐❝✮ ❜❛s❡ ✭t❛r❣❡t✮ ✐♥t❡r❡st r❛t❡s ♠❛② ❜❡ ♥❡❡❞❡❞

t♦ st❛❜✐❧✐③❡ ❤♦✉s✐♥❣ ♠❛r❦❡ts✳ ■♥ ❝♦♥tr❛st✱ t❤❡ st❛❜✐❧✐③✐♥❣ ❡✛❡❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡

❝❡♥tr❛❧ ❜❛♥❦✬s r❡❛❝t✐♦♥ ♣❛r❛♠❡t❡r ρ ❛♣♣❡❛rs t♦ ❜❡ ♠✉❝❤ str♦♥❣❡r✳ ❲❤✐❧❡ ❛♥ ✐♥❝r❡❛s❡ ✐♥

ρ ♠❛❦❡s t❤❡ ♣r❡s✉♠❛❜❧② ♥♦t s♦ ✐♠♣♦rt❛♥t ❋❧✐♣ ❜✐❢✉r❝❛t✐♦♥ ❜♦✉♥❞❛r② ♠♦r❡ ❜✐♥❞✐♥❣✱ ✐t

✶✵❈❧❡❛r❧②✱ t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ t❤❡ ✜rst✱ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✐s ❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r
t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ ❛ ❋❧✐♣✱ P✐t❝❤❢♦r❦ ❛♥❞ ◆❡✐♠❛r❦✲❙❛❝❦❡r ❜✐❢✉r❝❛t✐♦♥✳ ❈♦♠❜✐♥❡❞ ✇✐t❤ ♥✉♠❡r✐❝❛❧ ❡✈✐❞❡♥❝❡
✐♥❞✐❝❛t✐♥❣ t❤❛t s✉❝❤ ❜✐❢✉r❝❛t✐♦♥s ♦❝❝✉r✱ t❤❡② ❝♦♥st✐t✉t❡ str♦♥❣ ❡✈✐❞❡♥❝❡ ✭▼❡❞✐♦ ❛♥❞ ▲✐♥❡s ✷✵✵✶✮✳

✶✾



r❡❧❛①❡s t❤❡ ❤✐❣❤❧② r❡❧❡✈❛♥t P✐t❝❤❢♦r❦ ❛♥❞ ◆❡✐♠❛r❦✲❙❛❝❦❡r ❜✐❢✉r❝❛t✐♦♥ ❜♦✉♥❞❛r✐❡s✳ ●✐✈❡♥

r0 = δ = 0.005 ❛♥❞ χemp = 0.15✱ ❢♦r ✐♥st❛♥❝❡✱ ✇❡ ♥❡❡❞ ρ ≈ 0.135 t♦ ❡♥s✉r❡ st❛❜✐❧✐t② ♦❢

t❤❡ ❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡✱ ✇❤✐❝❤ s❡❡♠s t♦ ❜❡ r❡❛s♦♥❛❜❧❡✳

❚♦ s✉♠ ✉♣✿ ✐♥✈❡st♦rs✬ ❡①tr❛♣♦❧❛t✐♦♥ ❜❡❤❛✈✐♦r ♠❛② ❞❡st❛❜✐❧✐③❡ ❤♦✉s✐♥❣ ♠❛r❦❡ts✳ ■♥

♣❛rt✐❝✉❧❛r✱ ❛ ✈✐♦❧❛t✐♦♥ ♦❢ t❤❡ ◆❡✐♠❛r❦✲❙❛❝❦❡r ❜✐❢✉r❝❛t✐♦♥ ❝❛♥ s❡t ❡♥❞♦❣❡♥♦✉s ❤♦✉s❡ ♣r✐❝❡

❝②❝❧❡s ✐♥ ♠♦t✐♦♥✳ ❲❤✐❧❡ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❤❛s ❛ ❧✐♠✐t❡❞ ❛❜✐❧✐t② t♦ t❛♠❡ ❤♦✉s✐♥❣ ♠❛r❦❡ts

❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ❜❛s❡ ✭t❛r❣❡t✮ ✐♥t❡r❡st r❛t❡✱ ✐t ❤❛s ❛ str♦♥❣ ♣♦t❡♥t✐❛❧ t♦ st❛❜✐❧✐③❡ ❤♦✉s✐♥❣

♠❛r❦❡ts ❜② ❢♦❧❧♦✇✐♥❣ ❛ ❧❡❛♥✐♥❣✲❛❣❛✐♥st✲t❤❡✲✇✐♥❞ ✐♥t❡r❡st r❛t❡ r✉❧❡✳ ■♥ t❤✐s s❡♥s❡✱ ♦✉r ❧♦❝❛❧

st❛❜✐❧✐t② r❡s✉❧ts s✉♣♣♦rt t❤❡ ✈✐❡✇ ♦❢ ❚❛②❧♦r ✭✷✵✵✾✮✱ ❆❣♥❡❧❧♦ ❡t ❛❧✳ ✭✷✵✶✽✮ ❛♥❞ ▲❛♠❜❡rt✐♥✐

❡t ❛❧✳ ✭✷✵✶✸✮✳

✺✳ ◆✉♠❡r✐❝❛❧ ✐♥s✐❣❤ts

❊q✉✐♣♣❡❞ ✇✐t❤ ♦✉r ❛♥❛❧②t✐❝❛❧ ✐♥s✐❣❤ts✱ ✇❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ❡①♣❧♦r❡ t❤❡ ♠♦❞❡❧✬s ♦✉t✲♦❢✲

❡q✉✐❧✐❜r✐✉♠ ❜❡❤❛✈✐♦r✳ ■♥ ❙❡❝t✐♦♥ ✺✳✶✱ ✇❡ ✜rst ✐♥tr♦❞✉❝❡ ♦✉r ❜❛s❡ ♣❛r❛♠❡t❡r s❡tt✐♥❣ ❛♥❞

❡①♣❧❛✐♥ t❤❡ ❜❛s✐❝ ❢✉♥❝t✐♦♥✐♥❣ ♦❢ ♦✉r ♠♦❞❡❧✳ ■♥ ❙❡❝t✐♦♥ ✺✳✷✱ ✇❡ ✐♥✈❡st✐❣❛t❡ ✐♥ ♠♦r❡ ❞❡t❛✐❧

t❤❡ ❡①t❡♥t t♦ ✇❤✐❝❤ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❝❛♥ st❛❜✐❧✐③❡ ❤♦✉s✐♥❣ ♠❛r❦❡ts ❜② ❛❞❥✉st✐♥❣ t❤❡

✐♥t❡r❡st r❛t❡ ✇✐t❤ ❛ ✈✐❡✇ t♦ ♠✐s♣r✐❝✐♥❣ ♦❢ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t✱ ♣❛②✐♥❣ s♣❡❝✐❛❧ ❛tt❡♥t✐♦♥

t♦ t❤❡ ◆❡✐♠❛r❦✲❙❛❝❦❡r ❜✐❢✉r❝❛t✐♦♥ s❝❡♥❛r✐♦ ✭❙❡❝t✐♦♥ ✺✳✷✳✶✮✱ t❤❡ P✐t❝❤❢♦r❦ ❜✐❢✉r❝❛t✐♦♥

s❝❡♥❛r✐♦ ✭❙❡❝t✐♦♥ ✺✳✷✳✷✮ ❛♥❞ t❤❡ ❋❧✐♣ ❜✐❢✉r❝❛t✐♦♥ s❝❡♥❛r✐♦ ✭❙❡❝t✐♦♥ ✺✳✷✳✸✮✳ ■♥ ❙❡❝t✐♦♥ ✺✳✸✱

✇❡ ❞✐s❝✉ss ❤♦✇ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐♥✢✉❡♥❝❡s t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t ❜② ❛❞❥✉st✐♥❣ t❤❡ ❜❛s❡

✭t❛r❣❡t✮ ✐♥t❡r❡st r❛t❡✳

✺✳✶✳ ❇❛s❡ ♣❛r❛♠❡t❡r s❡tt✐♥❣ ❛♥❞ ❢✉♥❝t✐♦♥✐♥❣ ♦❢ t❤❡ ♠♦❞❡❧

❚❛❜❧❡ ✶ s❤♦✇s t❤❡ ❜❛s❡ ♣❛r❛♠❡t❡r s❡tt✐♥❣ ♦❢ ♦✉r s✐♠✉❧❛t✐♦♥s✳ ❆ t✐♠❡ ♣❡r✐♦❞ ✐♥ t❤❡

❝❛❧✐❜r❛t❡❞ ♠♦❞❡❧ ✐s ❡q✉✐✈❛❧❡♥t t♦ ♦♥❡ q✉❛rt❡r ♦❢ ❛ ②❡❛r✳ ❚❤❡ r❡❛❧ ♣❛r❛♠❡t❡rs✱ s✉❝❤ ❛s

t❤❡ ❜❛s❡ ✭t❛r❣❡t✮ ✐♥t❡r❡st r❛t❡ ❛♥❞ t❤❡ ❞❡♣r❡❝✐❛t✐♦♥ r❛t❡✱ ❛r❡ ❣r♦✉♥❞❡❞ ♦♥ ❡♠♣✐r✐❝❛❧ ♦❜✲

s❡r✈❛t✐♦♥s✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤♦s❡ t❤❛t ✐♥❝❧✉❞❡ ❛❣❡♥ts✬

❡①♣❡❝t❛t✐♦♥ ❢♦r♠❛t✐♦♥✱ ❛r❡ s❡t s✉❝❤ t❤❛t t❤❡ ♠♦❞❡❧ ❞②♥❛♠✐❝s r❡✢❡❝ts ❛ ♥✉♠❜❡r ♦❢ ✐♠♣♦r✲

t❛♥t ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ r❡❛❧ ❤♦✉s✐♥❣ ♠❛r❦❡ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ✇✐❧❧ s❡❡ t❤❛t ♦✉r ♠♦❞❡❧ ✐s

❛❜❧❡ t♦ ♣r♦❞✉❝❡ ❜♦♦♠✲❜✉st ❝②❝❧❡s ✇✐t❤ s❤♦rt✲r✉♥ ♠♦♠❡♥t✉♠✱ ❧♦♥❣✲r✉♥ ♠❡❛♥ r❡✈❡rs✐♦♥

❛♥❞ ❡①❝❡ss ✈♦❧❛t✐❧✐t②✱ ❝r✉❝✐❛❧ ❢❡❛t✉r❡s ♦❢ ❛❝t✉❛❧ ❤♦✉s✐♥❣ ♠❛r❦❡t ❞②♥❛♠✐❝s ✭●❧❛❡s❡r ❛♥❞

✷✵



◆❛t❤❛♥s♦♥ ✷✵✶✺✱ P✐❛③③❡s✐ ❛♥❞ ❙❝❤♥❡✐❞❡r ✷✵✶✻✮✳ ■♥ ❛❞❞✐t✐♦♥✱ ❛ s♠❛❧❧ ❛♠♦✉♥t ♦❢ ❡①♦❣❡✲

♥♦✉s ♥♦✐s❡ ✐s ❛❞❞❡❞ t♦ t❤❡ ❤♦✉s❡ ♣r✐❝❡ ❡q✉❛t✐♦♥✱ ✇❤✐❝❤ ✐s ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞ ✇✐t❤ ③❡r♦

♠❡❛♥ ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ σ✳ ❙❡❡ ❉✐❡❝✐ ❛♥❞ ❲❡st❡r❤♦✛ ✭✷✵✶✻✮ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳

❚❛❜❧❡ ✶✿ P❛r❛♠❡t❡r s❡tt✐♥❣ ✉s❡❞ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s ✭q✉❛rt❡r❧② ❞❛t❛✮

α = 62 s❝❛❧✐♥❣ ♣❛r❛♠❡t❡r r❡♥t❛❧ ♠❛r❦❡t
β = 0.06 s❡♥s✐t✐✈✐t② ♦❢ r❡♥t❛❧ ♠❛r❦❡t
γ = 0.06 s❡♥s✐t✐✈✐t② ♦❢ ❤♦♠❡ ❜✉✐❧❞✐♥❣ s✉♣♣❧② s✐❞❡ ♦❢ ❤♦✉s✐♥❣ ♠❛r❦❡t
δ = 0.005 ❞❡♣r❡❝✐❛t✐♦♥ r❛t❡
r0 = 0.005 ❜❛s❡ ✭t❛r❣❡t✮ ✐♥t❡r❡st r❛t❡ ❝❡♥tr❛❧ ❜❛♥❦
ρ = 0.1 r❡❛❝t✐♦♥ ♣❛r❛♠❡t❡r ♦❢ ❝❡♥tr❛❧ ❜❛♥❦
χ = 0.15 ❡①tr❛♣♦❧❛t✐✈❡ ♣❛r❛♠❡t❡r ♣r✐❝❡ ❡①♣❡❝t❛t✐♦♥s
φ = 0.125 r❡❣r❡ss✐✈❡ ♣❛r❛♠❡t❡r
η = 0.1 s✇✐t❝❤✐♥❣ ✐♥t❡♥s✐t②
λ = 0.00025 r✐s❦ ❛✈❡rs✐♦♥ r✐s❦ ❛✈❡rs✐♦♥ ❛♥❞
Ω = 4 ❜❛s❡ ❢✉♥❞❛♠❡♥t❛❧ r✐s❦ ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s
κ = 0.25 s❡♥s✐t✐✈✐t② t♦ s♣❡❝✉❧❛t✐✈❡ r✐s❦
ν = 0.5 ♠❡♠♦r② ♣❛r❛♠❡t❡r ✈❛r✐❛♥❝❡
µ = 0.5 ♠❡♠♦r② ♣❛r❛♠❡t❡r ♠❡❛♥
σ = 2 st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ♥♦✐s❡ ❡①♦❣❡♥♦✉s s❤♦❝❦s

❚❤❡ ❝❛❧✐❜r❛t❡❞ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ✐♠♣❧② t❤❛t t❤❡ ❋❙❙ ✐s ❣✐✈❡♥ ❜② P ∗ = E[P ] = U∗ = 100

❛♥❞ H∗ = 1000✳ ❙✐♥❝❡ t❤❡ r❡♥t ❧❡✈❡❧ ❛t t❤❡ ❋❙❙ ❛♠♦✉♥ts t♦ R∗ = 2✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡

✭❛♥♥✉❛❧✮ ♣r✐❝❡✲r❡♥t r❛t✐♦ ✐s P∗

4R∗ = 12.5✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ st❡❛❞② st❛t❡ ❧❡✈❡❧ ♦❢ ✐♥✈❡st♦rs✬

✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s ❛♥❞ t❤❡ ✐♥t❡r❡st r❛t❡ ✐s V ∗[P ∗] = 4 ❛♥❞ r∗ = 0.005✱ r❡s♣❡❝t✐✈❡❧②✳ ❆t t❤❡

❋❙❙✱ ❛❧❧ ❛❣❡♥ts ❢♦r♠ ❡①tr❛♣♦❧❛t✐✈❡ ❡①♣❡❝t❛t✐♦♥s✱ ✐✳❡✳ NE∗

= 1✳ ◆♦t❡ t❤❛t t❤❡ ◆❡✐♠❛r❦✲

❙❛❝❦❡r ❝♦♥❞✐t✐♦♥ ✐s ✈✐♦❧❛t❡❞ ✇❤✐❧❡ t❤❡ ❋❧✐♣ ❛♥❞ t❤❡ P✐t❝❤❢♦r❦ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✳ ❍❡♥❝❡✱

t❤❡ ❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡ ✐s ✉♥✐q✉❡ ❜✉t ✉♥st❛❜❧❡✳

❚♦ st❛rt✱ ❋✐❣✉r❡ ✷ s❤♦✇s t❤❡ ❢✉♥❝t✐♦♥✐♥❣ ♦❢ ❛ r❡str✐❝t❡❞ ✈❡rs✐♦♥ ♦❢ ♦✉r ♠♦❞❡❧✳ ■♥ t❤❡

❞❡♣✐❝t❡❞ s✐♠✉❧❛t✐♦♥ r✉♥✱ t❤❡ ♣❛r❛♠❡t❡r ♦❢ ❛❣❡♥ts✬ s❡♥s✐t✐✈✐t② t♦ s♣❡❝✉❧❛t✐✈❡ r✐s❦ κ ❛♥❞

t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s r❡❛❝t✐♦♥ ♣❛r❛♠❡t❡r ρ ❛r❡ s❡t t♦ ③❡r♦✱ ✐✳❡✳ ✐♥✈❡st♦rs✬ ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s

❛r❡ ❝♦♥st❛♥t ❛♥❞ rt = r0✳ ◆♦t❡ t❤❛t t❤✐s s❡t✉♣ ✐s ❝❧♦s❡ t♦ t❤❛t ♦❢ ❉✐❡❝✐ ❛♥❞ ❲❡st❡r❤♦✛

✭✷✵✶✻✮✱ ✇❤♦ s❤♦✇ t❤❛t t❤❡✐r ♠♦❞❡❧ ❝❛♥ ♣r♦❞✉❝❡ r❡❛❧✐st✐❝ ❤♦✉s✐♥❣ ♠❛r❦❡t ❞②♥❛♠✐❝s ✇✐t❤

❧❛st✐♥❣ ♣❡r✐♦❞s ♦❢ ♦✈❡r❜✉✐❧❞✐♥❣ ❛♥❞ ♦✈❡r✈❛❧✉❛t✐♦♥✳ ❚❤❡ ✷✵✵ ♦❜s❡r✈❛t✐♦♥s r❡♣r❡s❡♥t ❛ t✐♠❡

s♣❛♥ ♦❢ ✺✵ ②❡❛rs✳ ❚❤❡ ♣❛♥❡❧s s❤♦✇✱ ❢r♦♠ t♦♣ ❧❡❢t t♦ ❜♦tt♦♠ r✐❣❤t✱ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❤♦✉s❡

♣r✐❝❡s✱ t❤❡ ❤♦✉s✐♥❣ st♦❝❦✱ t❤❡ ♠❛r❦❡t s❤❛r❡ ♦❢ r❡❣r❡ss✐✈❡ ❡①♣❡❝t❛t✐♦♥s✱ t❤❡ r❡♥t ❧❡✈❡❧✱

✐♥✈❡st♦rs✬ ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s✱ ❛♥❞ t❤❡ ✐♥t❡r❡st r❛t❡✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❣r❛② ❧✐♥❡s s❤♦✇♥ ✐♥

✷✶



t❤❡ ♣❛♥❡❧s ❞❡♣✐❝t t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡s✳ ❋♦r ❝♦♠♣❛r❛❜✐❧✐t②✱ ✇❡ ❛❧s♦ ✉s❡ t❤✐s ❞❡s✐❣♥

❢♦r ❋✐❣✉r❡s ✸✲✺✳ ❖❜✈✐♦✉s❧②✱ ✐♥✈❡st♦rs✬ ❡①tr❛♣♦❧❛t✐✈❡ ❜❡❤❛✈✐♦r ❝❛✉s❡s s✐❣♥✐✜❝❛♥t ❤♦✉s✐♥❣

♠❛r❦❡t ✢✉❝t✉❛t✐♦♥s✳ ❚❤❡ ❢✉♥❝t✐♦♥✐♥❣ ♦❢ t❤❡ r❡str✐❝t❡❞ ♠♦❞❡❧ ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❛s

❢♦❧❧♦✇s✳ ■♥✐t✐❛❧❧② ✭❛t t = 1✮✱ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t ✐s str♦♥❣❧② ♦✈❡r✈❛❧✉❡❞✱ ✇❤✐❝❤ ♠❡❛♥s

t❤❛t t❤❡ ♠❛r❦❡t s❤❛r❡ ♦❢ r❡❣r❡ss✐✈❡ ❡①♣❡❝t❛t✐♦♥s ✐s r❡❧❛t✐✈❡❧② ❤✐❣❤✳ ❙✐♥❝❡ r❡❣r❡ss✐✈❡

❡①♣❡❝t❛t✐♦♥s ❤❛✈❡ ❛ st❛❜✐❧✐③✐♥❣ ❡✛❡❝t✱ ❤♦✉s❡ ♣r✐❝❡s r❡t✉r♥ t♦✇❛r❞s t❤❡✐r ❢✉♥❞❛♠❡♥t❛❧

✈❛❧✉❡✳ ▼♦r❡♦✈❡r✱ ❤✐❣❤ ❤♦✉s❡ ♣r✐❝❡s ✐♥❞✉❝❡ s✉❜st❛♥t✐❛❧ ♥❡✇ ❤♦✉s✐♥❣ ❝♦♥str✉❝t✐♦♥✱ ✇❤✐❝❤

❧❡❛❞s t♦ ❛♥ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❤♦✉s✐♥❣ st♦❝❦ ❛♥❞ ❛ ❞❡♣r❡ss✐♦♥ ♦❢ t❤❡ r❡♥t ❧❡✈❡❧✳ ❖♥❝❡ ❤♦✉s❡

♣r✐❝❡s ❞r♦♣ ❜❡❧♦✇ t❤❡✐r ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡✱ ✐♥✈❡st♦rs ✇✐t❤ ❡①tr❛♣♦❧❛t✐✈❡ ❡①♣❡❝t❛t✐♦♥s

❜❡❝♦♠❡ ♣❡ss✐♠✐st✐❝✳ ❙✐♥❝❡ t❤❡✐r ♠❛r❦❡t s❤❛r❡ ✐s r❡❧❛t✐✈❡❧② ❤✐❣❤✱ ♣r✐❝❡s ❞r♦♣ ❡✈❡♥ ❢✉rt❤❡r

✉♥t✐❧ s❤♦rt❧② ❛❢t❡r ♣❡r✐♦❞ t = 50✳ ❆t t❤✐s ♣♦✐♥t✱ t❤❡ s✐t✉❛t✐♦♥ st❛rts t♦ ❝❤❛♥❣❡✳ ■❢ ❤♦✉s❡

♣r✐❝❡s ❛r❡ ✈❡r② ❧♦✇✱ ♠♦r❡ ❛♥❞ ♠♦r❡ ✐♥✈❡st♦rs s✇✐t❝❤ t♦ t❤❡ r❡❣r❡ss✐✈❡ ❡①♣❡❝t❛t✐♦♥ r✉❧❡

❛♥❞ ♣r❡❞✐❝t ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❤♦✉s❡ ♣r✐❝❡s✳ ❙✐♥❝❡ t❤❡ ❤♦✉s✐♥❣ st♦❝❦ ✐s st✐❧❧ r❡❧❛t✐✈❡❧② s♠❛❧❧✱

t❤❡ r❡♥t ❧❡✈❡❧ r❡❝♦✈❡rs ❛♥❞ t❤❡ st♦r② r❡♣❡❛ts ✐ts❡❧❢ ✉♥t✐❧ t❤❡ ♥❡①t ❝r❛s❤ ♦❝❝✉rs✳

❚♦ ✐♥✈❡st✐❣❛t❡ ❤♦✇ ❡♥❞♦❣❡♥♦✉s ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s ❝❤❛♥❣❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❤♦✉s✐♥❣

♠❛r❦❡t ♠♦❞❡❧✱ ✇❡ ♥♦✇ s❡t t❤❡ ♣❛r❛♠❡t❡r ♦❢ ❛❣❡♥ts✬ s❡♥s✐t✐✈✐t② t♦ s♣❡❝✉❧❛t✐✈❡ r✐s❦ t♦

κ = 0.25 ✐♥st❡❛❞ ♦❢ κ = 0✳ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♠♦❞❡❧ ✇✐t❤ ❡♥❞♦❣❡♥♦✉s ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s

❛♥❞ ❝♦♥st❛♥t ✐♥t❡r❡st r❛t❡s ✭✐✳❡✳ ρ = 0✮ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳ ❆s ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠

t❤❡ ❜♦tt♦♠ ❧❡❢t ♣❛♥❡❧✱ ✐♥✈❡st♦rs✬ ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s ✢✉❝t✉❛t❡ s❧✐❣❤t❧② ❛❜♦✈❡ t❤❡ ❢✉♥❞❛♠❡♥t❛❧

✈❛❧✉❡ V ∗[P ∗] = 4✱ ❡①❝❡♣t ❛r♦✉♥❞ ♣❡r✐♦❞ t = 65✱ ✇❤❡r❡ ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s ✐♥❝r❡❛s❡ t♦ ♦✈❡r

Vt = 20✳ ❆❝❝♦r❞✐♥❣ t♦ ❡q✉❛t✐♦♥s ✭✶✸✮ ❛♥❞ ✭✶✾✮✱ ❛ r❛♣✐❞ ❞r♦♣ ✐♥ ❤♦✉s❡ ♣r✐❝❡s ❧❡❛❞s t♦

❛♥ ✐♥❝r❡❛s❡ ✐♥ V S
t ✱ ❛♥❞ t❤✉s ❛♥ ✐♥❝r❡❛s❡ ✐♥ ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s Vt✳ ■♥ ❢❛❝t✱ t❤✐s ✐s ❡①❛❝t❧②

✇❤❛t ✇❡ ♦❜s❡r✈❡✳ ❆r♦✉♥❞ ♣❡r✐♦❞ t = 65✱ ❤♦✉s❡ ♣r✐❝❡s ❢❛❧❧ s❤❛r♣❧② ❞✉❡ t♦ t❤❡ ❤✐❣❤

❧❡✈❡❧ ♦❢ t❤❡ ❤♦✉s✐♥❣ st♦❝❦ ❛♥❞ t❤❡ ❧♦✇ r❡♥t ❧❡✈❡❧✱ ❝❛✉s✐♥❣ ❛ r❛♣✐❞ ✐♥❝r❡❛s❡ ✐♥ ✐♥✈❡st♦rs✬

✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s✳ P✉t ❞✐✛❡r❡♥t❧②✱ t❤❡ s❤❛r♣ ❞r♦♣ ✐♥ ❤♦✉s❡ ♣r✐❝❡s ♠❛❦❡s t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t

❛♣♣❡❛r ♠♦r❡ r✐s❦②✳ ■♥✈❡st♦rs t❤❡♥ r❡tr❡❛t✱ ❛♠♣❧✐❢②✐♥❣ t❤❡ ❝r❛s❤✱ ❛♥❞ ❤♦✉s❡ ♣r✐❝❡s ❞r♦♣

❜❡❧♦✇ Pt = 75✳ ❚❤✐s ❣✐✈❡s t❤❡ ♠♦❞❡❧ ❛ s❧✐❣❤t❧② ❛s②♠♠❡tr✐❝ ♥❛t✉r❡✱ ✐✳❡ t❤❡ ❧❡✈❡❧ ♦❢ t❤❡

❤♦✉s✐♥❣ st♦❝❦ ❞❡❝r❡❛s❡s ❛♥❞ t❤❡ r❡♥t ❧❡✈❡❧ ✐♥❝r❡❛s❡s✳ ❆s ❤♦✉s❡ ♣r✐❝❡s r✐s❡✱ ✐♥✈❡st♦rs✬

✉♥❝❡rt❛✐♥t② r❡❝❡❞❡s ❛♥❞ t❤❡✐r ❤♦✉s✐♥❣ ❞❡♠❛♥❞ ✐♥❝r❡❛s❡s✱ ✇❤✐❝❤ ❢✉rt❤❡r str❡♥❣t❤❡♥s t❤❡

✉♣✇❛r❞ tr❡♥❞✳ ●❧❛❡s❡r ❛♥❞ ◆❛t❤❛♥s♦♥ ✭✷✵✶✺✮ r❡♠❛r❦ t❤❛t ✇❤✐❧❡ r❡❛❧ ❤♦✉s✐♥❣ ♠❛r❦❡ts

❛r❡ ❡①❝❡ss✐✈❡❧② ✈♦❧❛t✐❧❡✱ ❤♦✉s❡ ♣r✐❝❡s ❞♦ ♥♦t ❞✐s♣❧❛② ❛ ❝♦♥st❛♥t ❧❡✈❡❧ ♦❢ ✈♦❧❛t✐❧✐t②✳ ■♥st❡❛❞✱
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❋✐❣✉r❡ ✷✿ ❚❤❡ ❢✉♥❝t✐♦♥✐♥❣ ♦❢ t❤❡ ♠♦❞❡❧ ✇✐t❤ ❝♦♥st❛♥t ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s ❛♥❞ ❛ ❝♦♥st❛♥t ✐♥t❡r❡st r❛t❡✳
❚❤❡ ♣❛♥❡❧s s❤♦✇✱ ❢r♦♠ t♦♣ ❧❡❢t t♦ ❜♦tt♦♠ r✐❣❤t✱ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❤♦✉s❡ ♣r✐❝❡s✱ t❤❡ ❤♦✉s✐♥❣ st♦❝❦✱ t❤❡
♠❛r❦❡t s❤❛r❡ ♦❢ r❡❣r❡ss✐✈❡ ❡①♣❡❝t❛t✐♦♥s✱ t❤❡ r❡♥t ❧❡✈❡❧✱ ✐♥✈❡st♦rs✬ ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s✱ ❛♥❞ t❤❡ ✐♥t❡r❡st r❛t❡✱
r❡s♣❡❝t✐✈❡❧②✳ ❇❛s❡ ♣❛r❛♠❡t❡r s❡tt✐♥❣✱ ❡①❝❡♣t t❤❛t κ = 0 ❛♥❞ ρ = 0✳

❤♦✉s❡ ♣r✐❝❡s ❡①♣❡r✐❡♥❝❡ ❜r✐❡❢ ♠♦♠❡♥ts ♦❢ ❡①tr❡♠❡ ✈❛r✐❛♥❝❡ t❤❛t ✐♥t❡rr✉♣t ❧♦♥❣❡r ♣❡r✐♦❞s

♦❢ ❧♦✇❡r ✈❛r✐❛♥❝❡✳ ◆♦t❡ t❤❛t ♦✉r ♠♦❞❡❧ ✇✐t❤ ❡♥❞♦❣❡♥♦✉s ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s ❝❛♥ r❡♣❧✐❝❛t❡

t❤✐s ❡♠♣✐r✐❝❛❧ ♣r♦♣❡rt②✳

■♥ ❋✐❣✉r❡ ✹✱ ✇❡ ❡①❛♠✐♥❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t ✇✐t❤ ❡♥❞♦❣❡♥♦✉s ✈❛r✐✲

❛♥❝❡ ❜❡❧✐❡❢s ❛♥❞ ✇✐t❤ ❛ ❝♦♥st❛♥t✱ ②❡t ❤✐❣❤ ✐♥t❡r❡st r❛t❡✳ ❆s ❝❛♥ ❜❡ s❡❡♥✱ ❛♥ ✐♥❝r❡❛s❡

✐♥ t❤❡ ❜❛s❡ ✭t❛r❣❡t✮ ✐♥t❡r❡st r❛t❡ ❤❛s ❛ ✇❡❛❦❧② st❛❜✐❧✐③✐♥❣ ❡✛❡❝t ♦♥ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t✱

s✐♥❝❡ ❜♦t❤ ❤♦✉s❡ ♣r✐❝❡s ❛♥❞ t❤❡ ❤♦✉s✐♥❣ st♦❝❦✱ ❛s ✇❡❧❧ ❛s t❤❡ r❡♥t ❧❡✈❡❧✱ ✢✉❝t✉❛t❡ s❧✐❣❤t❧②

❝❧♦s❡r ❛r♦✉♥❞ t❤❡✐r ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡s✳ ❚♦ ❜❡ ❛❜❧❡ t♦ ✈✐s✉❛❧✐③❡ t❤❡s❡ ✇❡❛❦ ❡✛❡❝ts✱ ❤❡r❡

✇❡ s❡t t❤❡ ❜❛s❡ ✭t❛r❣❡t✮ ✐♥t❡r❡st r❛t❡ t♦ r0 = 0.04✱ ✐✳❡✳ ✇❡ ✐♥❝r❡❛s❡ t❤❡ ❛♥♥✉❛❧ ✐♥t❡r❡st

r❛t❡ ❢r♦♠ 2% ✭❋✐❣✉r❡ ✸✮ t♦ 16% ✭❋✐❣✉r❡ ✹✮✳ ■♥ ❧✐♥❡ ✇✐t❤ ❍✐♠♠❡❧❜❡r❣ ❡t ❛❧✳ ✭✷✵✵✺✮✱

t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡s ♦❢ ❤♦✉s❡ ♣r✐❝❡s ❛♥❞ t❤❡ ❤♦✉s✐♥❣ st♦❝❦ ❞❡❝r❡❛s❡ t♦ P ∗ = 94.66

❛♥❞ H∗ = 946.57✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡ ♦❢ t❤❡ r❡♥t ❧❡✈❡❧ ✐♥❝r❡❛s❡s t♦

✷✸
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❋✐❣✉r❡ ✸✿ ❚❤❡ ❢✉♥❝t✐♦♥✐♥❣ ♦❢ t❤❡ ♠♦❞❡❧ ✇✐t❤ ❡♥❞♦❣❡♥♦✉s ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s ❛♥❞ ❛ ❝♦♥st❛♥t ✐♥t❡r❡st r❛t❡✳
❚❤❡ ♣❛♥❡❧s s❤♦✇✱ ❢r♦♠ t♦♣ ❧❡❢t t♦ ❜♦tt♦♠ r✐❣❤t✱ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❤♦✉s❡ ♣r✐❝❡s✱ t❤❡ ❤♦✉s✐♥❣ st♦❝❦✱ t❤❡
♠❛r❦❡t s❤❛r❡ ♦❢ r❡❣r❡ss✐✈❡ ❡①♣❡❝t❛t✐♦♥s✱ t❤❡ r❡♥t ❧❡✈❡❧✱ ✐♥✈❡st♦rs✬ ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s✱ ❛♥❞ t❤❡ ✐♥t❡r❡st r❛t❡✱
r❡s♣❡❝t✐✈❡❧②✳ ❇❛s❡ ♣❛r❛♠❡t❡r s❡tt✐♥❣✱ ❡①❝❡♣t t❤❛t ρ = 0✳

R∗ = 5.21 ✭t❤❡ s❝❛❧✐♥❣ ♦❢ H✱ R ❛♥❞ r ❤❛s ❜❡❡♥ ❛❞❥✉st❡❞ ❛❝❝♦r❞✐♥❣❧②✮✳ ❙✐♥❝❡ ❛ ❤✐❣❤❡r

✐♥t❡r❡st r❛t❡ ✐♥❝r❡❛s❡s t❤❡ ♦♣♣♦rt✉♥✐t② ❝♦st ♦❢ ❜✉②✐♥❣ ❛ ❤♦✉s❡✱ ❤♦✉s✐♥❣ ❞❡♠❛♥❞ ❜❡❝♦♠❡s

❞❡♣r❡ss❡❞✱ ♣✉s❤✐♥❣ ❤♦✉s❡ ♣r✐❝❡s ❞♦✇♥✳ ❆s ❛ r❡s✉❧t✱ ❤♦✉s✐♥❣ ❝♦♥str✉❝t✐♦♥ ❛♥❞ t❤✉s t❤❡

❤♦✉s✐♥❣ st♦❝❦ ❞❡❝r❡❛s❡✱ r❡s✉❧t✐♥❣ ✐♥ ❤✐❣❤❡r r❡♥t ❧❡✈❡❧s✳ ❲❤✐❧❡ t❤❡ ❤✐❣❤❡r ✐♥t❡r❡st r❛t❡ ♠❛②

s❧✐❣❤t❧② st❛❜✐❧✐③❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t✱ ❞❡❝r❡❛s❡❞ ❤♦✉s❡ ♣r✐❝❡s ❛♥❞ ❤♦✉s✐♥❣

st♦❝❦ ♠❛② r❡s✉❧t ✐♥ ✉♥❞❡s✐r❛❜❧❡ ❝♦♥s❡q✉❡♥❝❡s t❤❛t ♠❛② ♥♦t ❜❡ ❥✉st✐✜❡❞ ❜② ♠❛r❣✐♥❛❧❧②

♠♦r❡ st❛❜❧❡ ♠❛r❦❡ts✳✶✶

❋✐♥❛❧❧②✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❝♦♠♣❧❡t❡ ♠♦❞❡❧ ✇✐t❤ ❡♥❞♦❣❡♥♦✉s ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s ❛♥❞

✶✶❚❤❡ ❞r♦♣ ✐♥ ❤♦✉s❡ ♣r✐❝❡s ❛♥❞ t❤❡ ❤♦✉s✐♥❣ st♦❝❦ ♠❛② ❤❛✈❡ ♥❡❣❛t✐✈❡ ❡✛❡❝ts ♦♥ ✇❡❛❧t❤✱ ✐♥❝♦♠❡ ❛♥❞
✜♥❛♥❝✐❛❧ ♠❛r❦❡ts✳ ❙✐♥❝❡ t❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❤♦✉s✐♥❣ ✇❡❛❧t❤ ❛♥❞ ❝♦♥s✉♠♣t✐♦♥✱
❤♦✉s❡❤♦❧❞s ♠❛② s♣❡♥❞ ❧❡ss t❤❛♥ ✉s✉❛❧ ✇❤❡♥ ❤♦✉s❡ ♣r✐❝❡s ❢❛❧❧✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❞❡❝❧✐♥❡ ✐♥ ❛❣❣r❡❣❛t❡
❡①♣❡♥❞✐t✉r❡ ♠❛② ❝❛✉s❡ ❛ r❡❞✉❝t✐♦♥ ✐♥ ✐♥❝♦♠❡ ❛♥❞ ❡♠♣❧♦②♠❡♥t✱ ✐✳❡✳ ❛ ♥❡❣❛t✐✈❡ ✐♥❝♦♠❡ ❡✛❡❝t✳ ❙✐♥❝❡
t❤❡ ❞r♦♣ ✐♥ ❤♦✉s❡ ♣r✐❝❡s ❛❧s♦ r❡❞✉❝❡s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♥❡✇ ❤♦✉s❡s✱ t❤❡ ❝♦♥str✉❝t✐♦♥ ✐♥❞✉str② ❢❛❝❡s ❛
❞❡❝❧✐♥❡ ✐♥ ❞❡♠❛♥❞ ❛♥❞ ❡①♣❡r✐❡♥❝❡s ❛ ❞✐r❡❝t ❧♦ss ♦❢ ✐♥❝♦♠❡✳

✷✹
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❋✐❣✉r❡ ✹✿ ❚❤❡ ❢✉♥❝t✐♦♥✐♥❣ ♦❢ t❤❡ ♠♦❞❡❧ ✇✐t❤ ❡♥❞♦❣❡♥♦✉s ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s ❛♥❞ ❛ ❝♦♥st❛♥t✱ ②❡t ❤✐❣❤
✐♥t❡r❡st r❛t❡✳ ❚❤❡ ♣❛♥❡❧s s❤♦✇✱ ❢r♦♠ t♦♣ ❧❡❢t t♦ ❜♦tt♦♠ r✐❣❤t✱ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❤♦✉s❡ ♣r✐❝❡s✱ t❤❡ ❤♦✉s✐♥❣
st♦❝❦✱ t❤❡ ♠❛r❦❡t s❤❛r❡ ♦❢ r❡❣r❡ss✐✈❡ ❡①♣❡❝t❛t✐♦♥s✱ t❤❡ r❡♥t ❧❡✈❡❧✱ ✐♥✈❡st♦rs✬ ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s✱ ❛♥❞ t❤❡
✐♥t❡r❡st r❛t❡✱ r❡s♣❡❝t✐✈❡❧②✳ ❇❛s❡ ♣❛r❛♠❡t❡r s❡tt✐♥❣✱ ❡①❝❡♣t t❤❛t r0 = 0.04 ❛♥❞ ρ = 0✳

✐♥t❡r❡st r❛t❡s✳ ❋✐❣✉r❡ ✺ r❡✈❡❛❧s t❤❛t t❤❡ ❞②♥❛♠✐❝ ♣❛rt ♦❢ t❤❡ ✐♥t❡r❡st r❛t❡ r✉❧❡ ♠❛♥❛❣❡s

t♦ st❛❜✐❧✐③❡ ❤♦✉s✐♥❣ ♠❛r❦❡ts✳ ❖♥ ❛✈❡r❛❣❡✱ ✇❡ ♦❜s❡r✈❡ ❛ ❞❡❝r❡❛s❡ ✐♥ ❤♦✉s❡ ♣r✐❝❡ ❞✐st♦rt✐♦♥✱

✐✳❡✳ ❛ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ❛✈❡r❛❣❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❤♦✉s❡ ♣r✐❝❡s ❛♥❞ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡✱

❛♥❞✱ ❤❡♥❝❡✱ ❛ ♠♦r❡ ❡✣❝✐❡♥t ❤♦✉s✐♥❣ ♠❛r❦❡t✳ ❙✐♥❝❡ ❤♦✉s❡ ♣r✐❝❡s ✢✉❝t✉❛t❡ s✐❣♥✐✜❝❛♥t❧②

❝❧♦s❡r ❛r♦✉♥❞ t❤❡✐r ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡✱ ♥♦ str♦♥❣ ❜✉❜❜❧❡s ♦r ❝r❛s❤❡s ♦❝❝✉r✳ ❚❤❡ s❛♠❡

❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❢♦r t❤❡ ❤♦✉s✐♥❣ st♦❝❦ ❛♥❞ t❤❡ r❡♥t ❧❡✈❡❧✱ ❜♦t❤ ♦❢ ✇❤✐❝❤ ♠♦✈❡ ❝❧♦s❡r t♦

t❤❡✐r ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡s✳ ❆ ❢✉rt❤❡r st❛❜✐❧✐③✐♥❣ ❡✛❡❝t ♦❢ t❤❡ ✐♥t❡r❡st r❛t❡ r✉❧❡ ✐s t❤❛t

✐♥✈❡st♦rs✬ ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s ❛r❡ ❧❡ss ❡①tr❡♠❡✳ ❚❤✐s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❜♦♦♠

♣❡r✐♦❞s✱ ✐✳❡✳ ✐❢ Pt > P ∗✱ t❤❡ ✐♥t❡r❡st r❛t❡ ✐s r❡❧❛t✐✈❡❧② ❤✐❣❤✱ ❧❡❛❞✐♥❣ t♦ ❛ ❞❡❝❧✐♥❡ ✐♥

❤♦✉s✐♥❣ ❞❡♠❛♥❞✳ ❚❤✐s ❝❛✉s❡s ❤♦✉s❡ ♣r✐❝❡s t♦ ❢❛❧❧✳ ❇✉t s✐♥❝❡ t❤❡ ❞r♦♣ ✐♥ ❤♦✉s❡ ♣r✐❝❡s ✐s

❧❡ss ❡①tr❡♠❡✱ ✐♥✈❡st♦rs✬ ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s✱ ❛♥❞ t❤✉s t❤❡✐r ❞❡♠❛♥❞✱ r❡♠❛✐♥ ♠♦r❡ ❜❛❧❛♥❝❡❞✳

▼♦r❡♦✈❡r✱ ♥❡✇ ❤♦✉s✐♥❣ ❝♦♥str✉❝t✐♦♥✱ t❤❡ ❤♦✉s✐♥❣ s✉♣♣❧② ❛♥❞ t❤❡ r❡♥t ❧❡✈❡❧ ❛❧s♦ ❜❡♥❡✜t

✷✺



❢r♦♠ ♠♦r❡ st❛❜❧❡ ❤♦✉s❡ ♣r✐❝❡s✳ ❚❤✐s ❜❡❝♦♠❡s ❛♣♣❛r❡♥t ❜❡t✇❡❡♥ ♣❡r✐♦❞s t = 1 ❛♥❞ t = 50✳

■♥ t❤❡ ♦t❤❡r ❝❛s❡✱ ✐❢ Pt < P ∗✱ t❤❡ ✐♥t❡r❡st r❛t❡ ❞❡❝r❡❛s❡s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❜❡t✇❡❡♥

♣❡r✐♦❞s t = 50 ❛♥❞ t = 100✳ ❆s ❤♦✉s✐♥❣ ❞❡♠❛♥❞ ✐♥❝r❡❛s❡s✱ s♦ ❞♦ ❤♦✉s❡ ♣r✐❝❡s✳ ◆♦t❡ t❤❛t

t❤❡ ✐♥t❡r❡st r❛t❡ ✢✉❝t✉❛t❡s ♠❛✐♥❧② ❜❡t✇❡❡♥ ✵ ❛♥❞ ✵✳✵✶✱ ✇❤✐❝❤ s❡❡♠s t♦ ❜❡ r❡❛s♦♥❛❜❧❡✳

❋✉rt❤❡r♠♦r❡✱ t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s st✐❧❧ ✈✐♦❧❛t❡❞✱ ✐✳❡✳ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♠♦❞❡❧ st✐❧❧

♣r♦❞✉❝❡s ❡♥❞♦❣❡♥♦✉s ❝②❝❧❡s✱ ❛❧❜❡✐t ✇✐t❤ ❛ ♠✉❝❤ ❧♦✇❡r ❛♠♣❧✐t✉❞❡✳

1 50 100 150 200

100

125

75

time

P

1 50 100 150 200

1000

1020

980

time

H

1 50 100 150 200

0.5

0.9

0.1

time

1
-
W

1 50 100 150 200

1.0

2.0

3.0

time

R

1 50 100 150 200

4

12

20

time

V

1 50 100 150 200

0.00

0.01

0.02

time

r

❋✐❣✉r❡ ✺✿ ❚❤❡ ❢✉♥❝t✐♦♥✐♥❣ ♦❢ t❤❡ ♠♦❞❡❧ ✇✐t❤ ❡♥❞♦❣❡♥♦✉s ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s ❛♥❞ ❡♥❞♦❣❡♥♦✉s ✐♥t❡r❡st r❛t❡s✳
❚❤❡ ♣❛♥❡❧s s❤♦✇✱ ❢r♦♠ t♦♣ ❧❡❢t t♦ ❜♦tt♦♠ r✐❣❤t✱ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❤♦✉s❡ ♣r✐❝❡s✱ t❤❡ ❤♦✉s✐♥❣ st♦❝❦✱ t❤❡
♠❛r❦❡t s❤❛r❡ ♦❢ r❡❣r❡ss✐✈❡ ❡①♣❡❝t❛t✐♦♥s✱ t❤❡ r❡♥t ❧❡✈❡❧✱ ✐♥✈❡st♦rs✬ ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s✱ ❛♥❞ t❤❡ ✐♥t❡r❡st r❛t❡✱
r❡s♣❡❝t✐✈❡❧②✳ ❇❛s❡ ♣❛r❛♠❡t❡r s❡tt✐♥❣✳

✺✳✷✳ ❊♥❞♦❣❡♥♦✉s ✐♥t❡r❡st r❛t❡ ❛❞❥✉st♠❡♥ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞✐s❝✉ss ✐♥ ♠♦r❡ ❞❡t❛✐❧ ❤♦✇ t❤❡ ❡♥❞♦❣❡♥♦✉s ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❝❡♥tr❛❧

❜❛♥❦✬s ✐♥t❡r❡st r❛t❡ r✉❧❡ ♠❛② ❛✛❡❝t t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t✳

✷✻



✺✳✷✳✶✳ ❚❤❡ ◆❡✐♠❛r❦✲❙❛❝❦❡r ❜✐❢✉r❝❛t✐♦♥ s❝❡♥❛r✐♦

■♥ ❋✐❣✉r❡ ✻✱ ✇❡ ✉s❡ ❜✐❢✉r❝❛t✐♦♥ ❞✐❛❣r❛♠s t♦ r❡❧❛t❡ t❤❡ ❤♦✉s❡ ♣r✐❝❡ t♦ t❤❡ ❡①tr❛♣♦❧❛t✐✈❡

♣❛r❛♠❡t❡r χ ✐♥ t❤❡ ◆❡✐♠❛r❦✲❙❛❝❦❡r s❝❡♥❛r✐♦✳ ❚❤❡ ♣❛r❛♠❡t❡r s❡tt✐♥❣ ✐s ❛s ✐♥ ❚❛❜❧❡ ✶✱

❡①❝❡♣t t❤❛t κ = 0✱ ρ = 0✱ σ = 0 ✐♥ t❤❡ t♦♣ ❧❡❢t ♣❛♥❡❧✱ ρ = 0✱ σ = 0 ✐♥ t❤❡ t♦♣ r✐❣❤t

♣❛♥❡❧✱ κ = 0✱ σ = 0 ✐♥ t❤❡ ❝❡♥t❡r ❧❡❢t ♣❛♥❡❧✱ σ = 0 ✐♥ t❤❡ ❝❡♥t❡r r✐❣❤t ♣❛♥❡❧ ❛♥❞ κ = 0

✐♥ t❤❡ ❜♦tt♦♠ ❧❡❢t ♣❛♥❡❧✳ ❚❤❡ t♦♣ ♣❛♥❡❧s ♦❢ ❋✐❣✉r❡ ✻ r❡✈❡❛❧ t❤❛t t❤❡ str♦♥❣❡r ✐♥✈❡st♦rs✬

❡①tr❛♣♦❧❛t✐♦♥ ✐s✱ t❤❡ ❧❛r❣❡r t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ ❤♦✉s❡ ♣r✐❝❡ ✢✉❝t✉❛t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱

t❤❡ ❜✐❢✉r❝❛t✐♦♥ r♦✉t❡ ❡✈♦❧✈❡s ❢r♦♠ ❛ st❛❜❧❡ st❡❛❞② st❛t❡ t♦ q✉❛s✐✲♣❡r✐♦❞✐❝ ❞②♥❛♠✐❝s ❛s χ

✐♥❝r❡❛s❡s ❢r♦♠ ✵ t♦ ✵✳✹✳ ❚♦ ❜❡ ♠♦r❡ ♣r❡❝✐s❡✱ ❢♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ χ✱ t❤❡ ♠♦❞❡❧✬s ❢✉♥❞❛♠❡♥t❛❧

st❡❛❞② st❛t❡ ✐s st❛❜❧❡✱ ❜✉t ❜❡❝♦♠❡s ✉♥st❛❜❧❡ ✇❤❡♥ t❤❡ ❡①tr❛♣♦❧❛t✐✈❡ ♣❛r❛♠❡t❡r ❡①❝❡❡❞s

χ = 0.015✱ ❛s ♣r❡❞✐❝t❡❞ ❜② ♦✉r ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts✳ ❚♦ ❡①♣❧♦r❡ t❤❡ ❡✛❡❝t ♦❢ ❡♥❞♦❣❡♥♦✉s

✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s✱ ✇❡ r❡♣❡❛t ♦✉r s✐♠✉❧❛t✐♦♥s ❢r♦♠ t❤❡ t♦♣ ❧❡❢t ♣❛♥❡❧ ✐♥ t❤❡ t♦♣ r✐❣❤t ♣❛♥❡❧✱

❜✉t ♥♦✇ ✇✐t❤ t❤❡ ❜❛s❡ s❡tt✐♥❣ κ = 0.25✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜✐❢✉r❝❛t✐♦♥ r♦✉t❡ s❤♦✇s t❤❛t

t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ ❤♦✉s❡ ♣r✐❝❡ s✇✐♥❣s ✐s ❜✐❛s❡❞ ❞♦✇♥✇❛r❞s ❢♦r ❤✐❣❤ ✈❛❧✉❡s ♦❢ ♣❛r❛♠❡t❡r

χ✱ ❛♥ ♦✉t❝♦♠❡ ✇❤✐❝❤ ✐s ❞✉❡ t♦ t❤❡ ❝r❛s❤❡s ✐♥❞✉❝❡❞ ❜② ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s✳

❚❤❡ st❛❜✐❧✐③✐♥❣ ✐♠♣❛❝t ♦❢ ❛♥ ❡♥❞♦❣❡♥♦✉s ✐♥t❡r❡st r❛t❡ ♦♥ ❤♦✉s❡ ♣r✐❝❡ s✇✐♥❣s ✐s s❤♦✇♥

✐♥ t❤❡ t✇♦ ❝❡♥t❡r ♣❛♥❡❧s✳ ❆s ❝❛♥ ❜❡ s❡❡♥✱ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ ❤♦✉s❡ ♣r✐❝❡ ✢✉❝t✉❛t✐♦♥s ❝❛♥

❜❡ s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡❞ ✐♥ ❜♦t❤ ❝❛s❡s✱ ✇✐t❤ ❝♦♥st❛♥t ❛♥❞ ❡♥❞♦❣❡♥♦✉s ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s✳

▼♦r❡♦✈❡r✱ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t r❡♠❛✐♥s st❛❜❧❡ ❢♦r ❧❛r❣❡r ✈❛❧✉❡s ♦❢ χ✱ ♥❛♠❡❧② ✉♣ t♦ ❛❜♦✉t

χ = 0.15✳ ❆❣❛✐♥✱ t❤✐s ♦❜s❡r✈❛t✐♦♥ ✐s ✐♥ ❧✐♥❡ ✇✐t❤ ♦✉r ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts✳ ❚❤✉s t❤❡ ❝❡♥✲

tr❛❧ ❜❛♥❦✬s ❞②♥❛♠✐❝ ✐♥t❡r❡st r❛t❡ r✉❧❡ ❤❛s ❛ s✐❣♥✐✜❝❛♥t st❛❜✐❧✐③✐♥❣ ❡✛❡❝t ♦♥ t❤❡ ❤♦✉s✐♥❣

♠❛r❦❡t✬s ❞②♥❛♠✐❝s ❜② r❡❞✉❝✐♥❣ ✐♥st❛❜✐❧✐t②✱ ✇❤✐❝❤ ❛r✐s❡s ❢r♦♠ t❤❡ ◆❡✐♠❛r❦✲❙❛❝❦❡r ❜✐❢✉r✲

❝❛t✐♦♥✳ ❚❤❡ t✇♦ ❜♦tt♦♠ ♣❛♥❡❧s r❡♣❡❛t ♦✉r s✐♠✉❧❛t✐♦♥s ✐♥ ❛ ♥♦✐s② ❡♥✈✐r♦♥♠❡♥t✳ ❆s ✐t

t✉r♥s ♦✉t✱ t❤❡ ❞✐st♦rt✐♥❣ ❡✛❡❝t ♦❢ ❡♥❞♦❣❡♥♦✉s ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s ✐s r♦❜✉st ✇✐t❤ r❡s♣❡❝t t♦

❛❞❞✐t✐♦♥❛❧ ❡①♦❣❡♥♦✉s ♥♦✐s❡ ✕ ❛t ❧❡❛st ✇✐t❤ ❛ ✈✐❡✇ t♦ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ ♣r✐❝❡ ✢✉❝t✉❛t✐♦♥s✳

❋✐❣✉r❡ ✼ ✐❧❧✉str❛t❡s ❤♦✇ t❤❡ ❞②♥❛♠✐❝s ❝❤❛♥❣❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s

r❡❛❝t✐♦♥ ♣❛r❛♠❡t❡r ρ✳ ❚❤❡ ❡①tr❛♣♦❧❛t✐✈❡ ♣❛r❛♠❡t❡r ✐♥ t❤❡ t♦♣ ❧❡❢t ♣❛♥❡❧ ✐s s❡t t♦ χ = 0.4✱

✐✳❡✳ ✐♥✈❡st♦rs ❡①tr❛♣♦❧❛t❡ ❤♦✉s❡ ♣r✐❝❡s q✉✐t❡ str♦♥❣❧②✳ ◆♦t❡ t❤❛t ✐❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦

r❡❛❝ts ♠♦r❡ ❛❣❣r❡ss✐✈❡❧② t♦ ♠✐s♣r✐❝✐♥❣ ✐♥ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t✱ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ ❤♦✉s❡

♣r✐❝❡ ✢✉❝t✉❛t✐♦♥s ❞❡❝r❡❛s❡s✳ ▼♦r❡♦✈❡r✱ ❛ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ st❡❛❞② st❛t❡ s❡ts ✐♥ ✇❤❡♥ ρ

❡①❝❡❡❞s ✵✳✸✽✺✳ ■♥ t❤❡ ❝❡♥t❡r ❧❡❢t ♣❛♥❡❧✱ ✇❡ r❡♣❡❛t t❤❡s❡ s✐♠✉❧❛t✐♦♥s ❢♦r t❤❡ ❜❛s❡ s❡tt✐♥❣✱
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❋✐❣✉r❡ ✻✿ ❚❤❡ ❞❡st❛❜✐❧✐③✐♥❣ ❡✛❡❝t ♦❢ ❡①tr❛♣♦❧❛t✐✈❡ ❡①♣❡❝t❛t✐♦♥s ✐♥ t❤❡ ◆❡✐♠❛r❦✲❙❛❝❦❡r ❜✐❢✉r❝❛t✐♦♥ s❝❡✲
♥❛r✐♦✳ ❚❤❡ ♣❛♥❡❧s s❤♦✇ ❜✐❢✉r❝❛t✐♦♥ ❞✐❛❣r❛♠s ❢♦r t❤❡ ❤♦✉s❡ ♣r✐❝❡ ✈❡rs✉s ❡①tr❛♣♦❧❛t✐✈❡ ♣❛r❛♠❡t❡r χ✳ ❇❛s❡
♣❛r❛♠❡t❡r s❡tt✐♥❣✱ ❡①❝❡♣t t❤❛t κ = 0✱ ρ = 0✱ σ = 0 ✭t♦♣ ❧❡❢t✮✱ ρ = 0✱ σ = 0 ✭t♦♣ r✐❣❤t✮✱ κ = 0✱ σ = 0

✭❝❡♥t❡r ❧❡❢t✮✱ σ = 0 ✭❝❡♥t❡r r✐❣❤t✮✱ κ = 0 ✭❜♦tt♦♠ ❧❡❢t✮✳ ▼♦r❡♦✈❡r✱ ♣❛r❛♠❡t❡r χ ✐s ✈❛r✐❡❞ ❜❡t✇❡❡♥ ✵ ❛♥❞
✵✳✹✳

❛♥❞ ❛❣❛✐♥ ♦❜s❡r✈❡ ❛ st❛❜✐❧✐③✐♥❣ ❡✛❡❝t✿ t❤❡ st❡❛❞② st❛t❡ ✐s r❡❛❝❤❡❞ ❢♦r ❛ ❧♦✇❡r ✈❛❧✉❡ ♦❢

t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s r❡❛❝t✐♦♥ ♣❛r❛♠❡t❡r✱ ♥❛♠❡❧② ❢♦r ρ = 0.13✳ ■♥ ❛❞❞✐t✐♦♥✱ ❤♦✉s❡ ♣r✐❝❡

✢✉❝t✉❛t✐♦♥s ❛r❡ s✐❣♥✐✜❝❛♥t❧② ♠♦r❡ ❞❛♠♣❡♥❡❞ ❢♦r ✐♥❝r❡❛s✐♥❣ ✈❛❧✉❡s ♦❢ ρ✳ ❆❝❝♦r❞✐♥❣ t♦

t❤❡ t♦♣ r✐❣❤t ❛♥❞ t❤❡ ❝❡♥t❡r r✐❣❤t ♣❛♥❡❧✱ t❤❡ st❛❜✐❧✐③✐♥❣ ❡✛❡❝t ♦❢ ❛♥ ✐♥❝r❡❛s✐♥❣ ♣❛r❛♠❡t❡r

ρ ❤♦❧❞s ✇✐t❤ r❡s♣❡❝t t♦ ❡①♦❣❡♥♦✉s ♥♦✐s❡✱ ✇❤✐❝❤✱ ✐♥ t✉r♥✱ ✐s ❢✉rt❤❡r s✉♣♣♦rt❡❞ ❜② t❤❡ t✇♦

❜♦tt♦♠ ♣❛♥❡❧s ✐♥ ✇❤✐❝❤ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❞✐st♦rt✐♦♥ ♦❢ ❛ ❤♦✉s✐♥❣ ♠❛r❦❡t ❛s t❤❡ ❛✈❡r❛❣❡
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r❡❧❛t✐✈❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❤♦✉s❡ ♣r✐❝❡ ❛♥❞ ✐ts ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡✳ ◆♦t❡ t❤❛t ❜♦t❤ t❤❡

❞✐st♦rt✐♦♥ ❢♦r χ = 0.4 ✭❜♦tt♦♠ ❧❡❢t ♣❛♥❡❧✮ ❛♥❞ t❤❡ ❞✐st♦rt✐♦♥ ❢♦r χ = 0.15 ✭❜♦tt♦♠ r✐❣❤t

♣❛♥❡❧✮ ❞❡❝r❡❛s❡ str♦♥❣❧② ❛s ♣❛r❛♠❡t❡r ρ ✐♥❝r❡❛s❡s ❢r♦♠ ✵ t♦ ✵✳✺✳

❋✐❣✉r❡ ✼✿ ❚❤❡ st❛❜✐❧✐③✐♥❣ ❡✛❡❝t ♦❢ t❤❡ ❡♥❞♦❣❡♥♦✉s ♣❛rt ♦❢ t❤❡ ✐♥t❡r❡st r❛t❡ r✉❧❡ ✐♥ t❤❡ ◆❡✐♠❛r❦✲❙❛❝❦❡r
❜✐❢✉r❝❛t✐♦♥ s❝❡♥❛r✐♦✳ ❚❤❡ ✜rst ❢♦✉r ♣❛♥❡❧s s❤♦✇ ❜✐❢✉r❝❛t✐♦♥ ❞✐❛❣r❛♠s ❢♦r t❤❡ ❤♦✉s❡ ♣r✐❝❡ ✈❡rs✉s t❤❡
❝❡♥tr❛❧ ❜❛♥❦✬s r❡❛❝t✐♦♥ ♣❛r❛♠❡t❡r ρ✳ ❚❤❡ ❜♦tt♦♠ t✇♦ ♣❛♥❡❧s s❤♦✇ t❤❡ ❞✐st♦rt✐♦♥ ♦❢ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t
✈❡rs✉s t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s r❡❛❝t✐♦♥ ♣❛r❛♠❡t❡r ρ✳ ❇❛s❡ ♣❛r❛♠❡t❡r s❡tt✐♥❣✱ ❡①❝❡♣t t❤❛t χ = 0.4✱ σ = 0 ✭t♦♣
❧❡❢t✮✱ χ = 0.4 ✭t♦♣ r✐❣❤t✮✱ σ = 0 ✭❝❡♥t❡r ❧❡❢t✮✱ χ = 0.4 ✭❜♦tt♦♠ ❧❡❢t✮✳
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✺✳✷✳✷✳ ❚❤❡ P✐t❝❤❢♦r❦ ❜✐❢✉r❝❛t✐♦♥ s❝❡♥❛r✐♦

■♥ ❋✐❣✉r❡ ✽✱ ✇❡ ❛♥❛❧②③❡ t❤❡ P✐t❝❤❢♦r❦ ❜✐❢✉r❝❛t✐♦♥ s❝❡♥❛r✐♦✳ ❚❤❡ ♣❛♥❡❧s s❤♦✇ ❤♦✇ ❡①✲

tr❛♣♦❧❛t✐✈❡ ❡①♣❡❝t❛t✐♦♥s ✭t♦♣ ♣❛♥❡❧s✮ ❛♥❞ t❤❡ ❡♥❞♦❣❡♥♦✉s ♣❛rt ♦❢ t❤❡ ✐♥t❡r❡st r❛t❡ r✉❧❡

✭❝❡♥t❡r ❛♥❞ ❜♦tt♦♠ ♣❛♥❡❧s✮ ❛✛❡❝t t❤❡ ❞②♥❛♠✐❝s ♦❢ ♦✉r ♠♦❞❡❧✳ ❘❡❝❛❧❧ t❤❛t t❤❡ P✐t❝❤❢♦r❦

❜✐❢✉r❝❛t✐♦♥ s❝❡♥❛r✐♦ ♦❝❝✉rs ✐❢ t❤❡ ❤♦✉s✐♥❣ s✉♣♣❧② ✐s r❡❧❛t✐✈❡❧② s❧✉❣❣✐s❤✳ ■t ❜❡❝♦♠❡s ❛♣♣❛r✲

❡♥t ❢r♦♠ t❤❡ t♦♣ ❧❡❢t ♣❛♥❡❧ ✭❜❛s❡ ♣❛r❛♠❡t❡r s❡tt✐♥❣✱ ❡①❝❡♣t t❤❛t σ = 0✱ β = 0.0005 ❛♥❞

ρ = 0✮ t❤❛t ✐❢ ✐♥✈❡st♦rs ✉s❡ t❤❡ ❡①tr❛♣♦❧❛t✐✈❡ ❡①♣❡❝t❛t✐♦♥ r✉❧❡ t♦♦ str♦♥❣❧②✱ t❤❡ st❡❛❞②

st❛t❡ ❜❡❝♦♠❡s ✉♥st❛❜❧❡ ❛♥❞ t✇♦ ❧♦❝❛❧❧② st❛❜❧❡ ♥♦♥❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡s ❡♠❡r❣❡✱

s✉rr♦✉♥❞✐♥❣ t❤❡ ✉♥st❛❜❧❡ ❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡✳ ❚❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t t❤❡♥ r❡♠❛✐♥s

♣❡r♠❛♥❡♥t❧② ♦✈❡r✈❛❧✉❡❞ ✭r❡❞ ❧✐♥❡✮ ♦r ✉♥❞❡r✈❛❧✉❡❞ ✭❜❧✉❡ ❧✐♥❡✮✳ ❋✉rt❤❡r♠♦r❡✱ ♠✐s♣r✐❝✐♥❣

✐♥ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ ❡①tr❛♣♦❧❛t✐✈❡ ♣❛r❛♠❡t❡r χ✳ ❚❤❡ ❜✐❢✉r❝❛t✐♦♥

r♦✉t❡ ✐♥ t❤❡ t♦♣ r✐❣❤t ♣❛♥❡❧ ✭❜❛s❡ ♣❛r❛♠❡t❡r s❡tt✐♥❣✱ ❡①❝❡♣t t❤❛t σ = 0 ❛♥❞ β = 0.0005✮

s❤♦✇s t❤❛t ❛♥ ❡♥❞♦❣❡♥♦✉s ✐♥t❡r❡st r❛t❡ ❝❛✉s❡s t❤❡ ❜✐❢✉r❝❛t✐♦♥ t♦ ♦❝❝✉r ❢♦r ❛ ❤✐❣❤❡r ✈❛❧✉❡

♦❢ t❤❡ ❡①tr❛♣♦❧❛t✐✈❡ ♣❛r❛♠❡t❡r✱ ♥❛♠❡❧② ❢♦r χ = 0.128 ✐♥st❡❛❞ ♦❢ χ = 0.028✱ ❛s ❝❛♥ ❜❡

✈❡r✐✜❡❞ ❛♥❛❧②t✐❝❛❧❧②✳ ❆ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ t✇♦ t♦♣ ♣❛♥❡❧s ❛❧s♦ r❡✈❡❛❧s t❤❛t ♠✐s♣r✐❝✐♥❣ ✐♥

t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t ✐s ✕ ❢♦r ❛ ❣✐✈❡♥ ✈❛❧✉❡ ♦❢ χ ✕ ❧♦✇❡r ✐❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❞②♥❛♠✐❝❛❧❧②

❛❞❥✉sts t❤❡ ✐♥t❡r❡st r❛t❡✳

❚♦ ✐❧❧✉str❛t❡ t❤❡s❡ r❡s✉❧ts ✐♥ ♠♦r❡ ❞❡t❛✐❧✱ ✇❡ ♣r❡s❡♥t t❤r❡❡ ❜✐❢✉r❝❛t✐♦♥ ❞✐❛❣r❛♠s ✐♥

✇❤✐❝❤ ✇❡ ✈❛r② t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s r❡❛❝t✐♦♥ ♣❛r❛♠❡t❡r ρ ❜❡t✇❡❡♥ ✵ ❛♥❞ ✵✳✺✳ ■♥ t❤❡ ❝❡♥t❡r

❧❡❢t ♣❛♥❡❧ ✭❜❛s❡ ♣❛r❛♠❡t❡r s❡tt✐♥❣✱ ❡①❝❡♣t t❤❛t σ = 0✱ β = 0.0005 ❛♥❞ χ = 0.4✮✱ ✐♥✈❡st♦rs

str♦♥❣❧② ❡①tr❛♣♦❧❛t❡ ♣r✐❝❡s✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜✐❢✉r❝❛t✐♦♥ r♦✉t❡ ✉♥❞♦✉❜t❡❞❧② r❡✈❡❛❧s

t❤❛t ♠✐s♣r✐❝✐♥❣ ✐♥ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t ❞❡❝r❡❛s❡s ✇✐t❤ ρ✳ ❆s ❞❡♣✐❝t❡❞ ✐♥ t❤❡ ❝❡♥t❡r r✐❣❤t

♣❛♥❡❧ ✭❜❛s❡ ♣❛r❛♠❡t❡r s❡tt✐♥❣✱ ❡①❝❡♣t t❤❛t σ = 1✱ β = 0.0005 ❛♥❞ χ = 0.4✮✱ t❤✐s

r❡s✉❧t ✐s r♦❜✉st ✇✐t❤ r❡s♣❡❝t t♦ ♥♦✐s❡✱ ❜✉t ✇❡ ♦❜s❡r✈❡ ❛ttr❛❝t♦r s✇✐t❝❤✐♥❣ ✭❢♦r ♠♦r❡

❞❡t❛✐❧s✱ s❡❡ ❋✐❣✉r❡ ✾✮✳ ❚❤✐s ❛ttr❛❝t♦r s✇✐t❝❤✐♥❣ ♦❝❝✉rs ♠♦r❡ ❢r❡q✉❡♥t❧② ✇✐t❤ ❤✐❣❤❡r

♥♦✐s❡✱ ✇❤✐❝❤ ✐s ✐❧❧✉str❛t❡❞ ✐♥ t❤❡ ❜♦tt♦♠ ❧❡❢t ♣❛♥❡❧ ✭❜❛s❡ ♣❛r❛♠❡t❡r s❡tt✐♥❣✱ ❡①❝❡♣t t❤❛t

σ = 5✱ β = 0.0005 ❛♥❞ χ = 0.4✮✳ ❍❡r❡ ❛❣❛✐♥✱ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ ❤♦✉s❡ ♣r✐❝❡ ✢✉❝t✉❛t✐♦♥s

❞❡❝r❡❛s❡s ❛s ρ ✐♥❝r❡❛s❡s✳ ❋✉rt❤❡r ❡✈✐❞❡♥❝❡ ♦❢ t❤✐s r❡s✉❧t ✐s ♣r♦✈✐❞❡❞ ❜② t❤❡ ❜♦tt♦♠ r✐❣❤t

♣❛♥❡❧ ✭❜❛s❡ ♣❛r❛♠❡t❡r s❡tt✐♥❣✱ ❡①❝❡♣t t❤❛t σ = 5✱ β = 0.0005 ❛♥❞ χ = 0.4✮✱ ✇❤✐❝❤ r❡✈❡❛❧s

t❤❛t ❞✐st♦rt✐♦♥ ❞❡❝r❡❛s❡s ✇✐t❤ ρ✳ ❚❤✉s✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s ❞②♥❛♠✐❝ ✐♥t❡r❡st r❛t❡ s❡tt✐♥❣ ✐s

❛♥ ❡✛❡❝t✐✈❡ ✐♥str✉♠❡♥t ❢♦r ♣r❡✈❡♥t✐♥❣ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ♥♦♥❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡s✳
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❋✐❣✉r❡ ✽✿ ❚❤❡ ❞❡st❛❜✐❧✐③✐♥❣ ✭st❛❜✐❧✐③✐♥❣✮ ❡✛❡❝t ♦❢ ❡①tr❛♣♦❧❛t✐✈❡ ❡①♣❡❝t❛t✐♦♥s ✈❡rs✉s t❤❡ ❡♥❞♦❣❡♥♦✉s ♣❛rt
♦❢ t❤❡ ✐♥t❡r❡st r❛t❡ r✉❧❡✳ ❚❤❡ t♦♣ ❧❡❢t ♣❛♥❡❧ s❤♦✇s ❛ ❜✐❢✉r❝❛t✐♦♥ ❞✐❛❣r❛♠ ❢♦r t❤❡ ❤♦✉s❡ ♣r✐❝❡ ✈❡rs✉s t❤❡
❡①tr❛♣♦❧❛t✐✈❡ ♣❛r❛♠❡t❡r χ ❢♦r t❤❡ ❜❛s❡ ♣❛r❛♠❡t❡r s❡tt✐♥❣✱ ❡①❝❡♣t t❤❛t σ = 0✱ β = 0.0005 ❛♥❞ ρ = 0✳
❚❤❡ t♦♣ r✐❣❤t ♣❛♥❡❧ s❤♦✇s t❤❡ s❝❡♥❛r✐♦✱ ❡①❝❡♣t t❤❛t σ = 0 ❛♥❞ β = 0.0005✳ ❚❤❡ ❝❡♥t❡r ❧❡❢t ♣❛♥❡❧ s❤♦✇s
❛ ❜✐❢✉r❝❛t✐♦♥ ❞✐❛❣r❛♠ ❢♦r t❤❡ ❤♦✉s❡ ♣r✐❝❡ ✈❡rs✉s t❤❡ ❡♥❞♦❣❡♥♦✉s ♣❛rt ♦❢ t❤❡ ✐♥t❡r❡st r❛t❡ ρ ❢♦r t❤❡ ❜❛s❡
♣❛r❛♠❡t❡r s❡tt✐♥❣✱ ❡①❝❡♣t t❤❛t σ = 0✱ β = 0.0005 ❛♥❞ χ = 0.4✳ ❚❤❡ ❝❡♥t❡r r✐❣❤t ♣❛♥❡❧ s❤♦✇s t❤❡
s❝❡♥❛r✐♦✱ ❡①❝❡♣t t❤❛t σ = 1✱ β = 0.0005 ❛♥❞ χ = 0.4✳ ❚❤❡ ❜♦tt♦♠ ❧❡❢t ♣❛♥❡❧ s❤♦✇s t❤❡ s❝❡♥❛r✐♦✱ ❡①❝❡♣t
t❤❛t σ = 5✱ β = 0.0005 ❛♥❞ χ = 0.4✳ ❚❤❡ ❜♦tt♦♠ r✐❣❤t ♣❛♥❡❧ s❤♦✇s t❤❡ s❝❡♥❛r✐♦✱ ❡①❝❡♣t t❤❛t σ = 5✱
β = 0.0005 ❛♥❞ χ = 0.4✳

■♥ ❋✐❣✉r❡ ✾✱ ✇❡ ❛♥❛❧②③❡ ❝♦❡①✐st✐♥❣ ❛ttr❛❝t♦rs ❛♥❞ ❜❛s✐♥s ♦❢ ❛ttr❛❝t✐♦♥ ✐♥ t❤❡ P✐t❝❤❢♦r❦

❜✐❢✉r❝❛t✐♦♥ s❝❡♥❛r✐♦ ✐♥ ♠♦r❡ ❞❡t❛✐❧✳ ❚❤❡ t♦♣ ❧❡❢t ♣❛♥❡❧ ✭❜❛s❡ ♣❛r❛♠❡t❡r s❡tt✐♥❣✱ ❡①❝❡♣t
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t❤❛t β = 0.0005✱ σ = 1 ❛♥❞ ρ = 0✮ s❤♦✇s ❛ t✐♠❡ s❡r✐❡s ❢♦r ❝♦♥st❛♥t ✐♥t❡r❡st r❛t❡s✳ ❆s ❝❛♥

❜❡ s❡❡♥✱ ❤♦✉s❡ ♣r✐❝❡ Pt ✢✉❝t✉❛t❡s ❛r♦✉♥❞ t❤❡ ❧♦✇❡r ♥♦♥❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡ ✭❜❧✉❡

❧✐♥❡✮✱ ❛♥❞ ❤❡♥❝❡ t❤❡ ❛✈❡r❛❣❡ ♣r✐❝❡ ✐s ❜❡❧♦✇ P ∗ ✭❣r❛② ❧✐♥❡✮✳ ❆♥ ✐♥❝r❡❛s❡ ✐♥ ρ ❢r♦♠ ✵ t♦ ✵✳✶✸

❜r✐♥❣s t❤❡ ♥♦♥❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡s ❝❧♦s❡r t♦✇❛r❞s P ∗✱ ❛s ❞❡♣✐❝t❡❞ ✐♥ t❤❡ ❜♦tt♦♠

❧❡❢t ♣❛♥❡❧✳ ❆s ❛ r❡s✉❧t✱ ✇❡ ♠❛② ♦❜s❡r✈❡ ❛ttr❛❝t♦r s✇✐t❝❤✐♥❣ ❛♥❞ t❤✉s ❛ ♣r✐❝❡ ❝♦rr❡❝t✐♦♥

t♦✇❛r❞s t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♣r✐❝❡ P ∗✱ ✇❤✐❝❤ ✐s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ❝❡♥t❡r r✐❣❤t ♣❛♥❡❧ ♦❢

❋✐❣✉r❡ ✽✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❤❛♥❣❡ ✐♥ t❤❡ ❜❛s✐♥s ♦❢ ❛ttr❛❝t✐♦♥ ✐s ✈✐s✉❛❧✐③❡❞ ✐♥ t❤❡ r✐❣❤t

♣❛♥❡❧s ♦❢ ❋✐❣✉r❡ ✾✳ ■♥ ❢❛❝t✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ t♦♣ r✐❣❤t ♣❛♥❡❧ ✭✇✐t❤ ρ = 0✮✱ t❤❡ ❜❛s✐♥ ♦❢

t❤❡ ✉♣♣❡r ♥♦♥❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡ ✭r❡❞ ❛r❡❛✮ ❜❡❝♦♠❡s s♠❛❧❧❡r ❛♥❞ t❤❡ ❜❛s✐♥ ♦❢ t❤❡

❧♦✇❡r ♥♦♥❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡ ✭❜❧✉❡ ❛r❡❛✮ ❜❡❝♦♠❡s ❧❛r❣❡r ❞✉❡ t♦ t❤❡ ✐♥tr♦❞✉❝t✐♦♥

♦❢ ❛♥ ❡♥❞♦❣❡♥♦✉s ✐♥t❡r❡st r❛t❡✳ ■♥ t❤❡ ❜♦tt♦♠ r✐❣❤t ♣❛♥❡❧✱ ❤♦✇❡✈❡r✱ ♥♦♥❢✉♥❞❛♠❡♥t❛❧

st❡❛❞② st❛t❡s ✭r❡❞ ❛♥❞ ❜❧✉❡ ❞♦t✮ ❛r❡ ❝❧♦s❡r t♦ t❤❡ ❜♦r❞❡rs ♦❢ t❤❡✐r ❜❛s✐♥s ♦❢ ❛ttr❛❝t✐♦♥✱

✇❤✐❝❤ ❡①♣❧❛✐♥s ❛ttr❛❝t♦r s✇✐t❝❤✐♥❣ ✭❛ ♥♦♥tr✐✈✐❛❧ ❡✛❡❝t ♦❢ ρ✮✳

❈♦❡①✐st✐♥❣ ❛ttr❛❝t♦rs ♠❛② ❤❛✈❡ ✐♥t❡r❡st✐♥❣ ♣♦❧✐❝② ✐♠♣❧✐❝❛t✐♦♥s✳ ❙✉♣♣♦s❡ t❤❛t t❤❡

♣r✐❝❡ ❤❛s ❝♦♥✈❡r❣❡❞ t♦✇❛r❞s t❤❡ ♠♦❞❡❧✬s ❧♦✇❡r ♥♦♥❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡ ✐♥ ❛ ❝♦♥st❛♥t

✐♥t❡r❡st r❛t❡ ❡♥✈✐r♦♥♠❡♥t✳ ❆s ❧♦♥❣ ❛s ❡①♦❣❡♥♦✉s s❤♦❝❦s ❛r❡ ♥♦t t♦♦ ❧❛r❣❡✱ t❤❡ s②st❡♠

❞♦❡s ♥♦t ❧❡❛✈❡ t❤❡ st❡❛❞② st❛t❡✬s ❜❛s✐♥ ♦❢ ❛ttr❛❝t✐♦♥ ✭❜❧✉❡ ❛r❡❛✮✱ ❛♥❞ ❡♥❞♦❣❡♥♦✉s ❢♦r❝❡s

❞r✐✈❡ t❤❡ ♣r✐❝❡ ❜❛❝❦ t♦✇❛r❞s ✐ts ❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡✳ ❲❤✐❧❡ ❡♥❞♦❣❡♥♦✉s ✐♥t❡r❡st r❛t❡s ❝❛✉s❡

t❤❡ ❜❧✉❡ ❛r❡❛ t♦ ✐♥❝r❡❛s❡✱ ♥♦♥❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡s ♠♦✈❡ ❝❧♦s❡r t♦ t❤❡ ❜♦✉♥❞❛r② ♦❢

t❤❡✐r ❜❛s✐♥s ♦❢ ❛ttr❛❝t✐♦♥✳ P♦❧✐❝②♠❛❦❡rs ♠❛② t❤✉s ❤❛✈❡ t❤❡ ♦♣♣♦rt✉♥✐t② t♦ ❞r✐✈❡ ❜❛❝❦

♥♦♥❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡s t♦✇❛r❞s P ∗ ❜② ✐♥❝r❡❛s✐♥❣ ρ✱ r❡❞✉❝✐♥❣ ♠✐s♣r✐❝✐♥❣ ✐♥ t❤❡

❤♦✉s✐♥❣ ♠❛r❦❡t✳

✺✳✷✳✸✳ ❚❤❡ ❋❧✐♣ ❜✐❢✉r❝❛t✐♦♥ s❝❡♥❛r✐♦

❋✐❣✉r❡ ✶✵ ✐❧❧✉str❛t❡s ❤♦✇ ❡①tr❛♣♦❧❛t✐✈❡ ❡①♣❡❝t❛t✐♦♥s ✭t♦♣ ♣❛♥❡❧s✮ ❛♥❞ ❛♥ ❡♥❞♦❣❡♥♦✉s

✐♥t❡r❡st r❛t❡ ✭❝❡♥t❡r ❛♥❞ ❜♦tt♦♠ ♣❛♥❡❧s✮ ❛✛❡❝t t❤❡ ❞②♥❛♠✐❝s ♦❢ ♦✉r ♠♦❞❡❧ ✐♥ t❤❡ ❋❧✐♣

❜✐❢✉r❝❛t✐♦♥ s❝❡♥❛r✐♦✳ ❚❤❡ ❧❡❢t ✭r✐❣❤t✮ ♣❛♥❡❧s s❤♦✇ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❤♦✉s❡ ♣r✐❝❡s ✭✐♥t❡r❡st

r❛t❡s✮✳ ❆s ❝❛♥ ❜❡ s❡❡♥ ✐♥ t❤❡ t♦♣ ♣❛♥❡❧s ✭♣❛r❛♠❡t❡r s❡tt✐♥❣✱ ❡①❝❡♣t t❤❛t σ = 0 ❛♥❞

ρ = 2.5✮✱ t❤❡ ❋❧✐♣ ❜✐❢✉r❝❛t✐♦♥ ✈❛❧✉❡ ✐s χ = 0.4915✱ ❤❡♥❝❡ t❤✐s ❡①tr❛♣♦❧❛t✐✈❡ str❡♥❣t❤ ✐s

♥❡❡❞❡❞ t♦ ❡♥s✉r❡ ❤♦✉s✐♥❣ ♠❛r❦❡t st❛❜✐❧✐t②✳ ❋♦r χ < 0.4915✱ t❤❡ st❡❛❞② st❛t❡ ✐s ✉♥st❛❜❧❡

❛♥❞ t❤❡ s②st❡♠ t❡♥❞s t♦ ❡①♣❧♦❞❡ ✉♥t✐❧ ✐♥t❡r❡st r❛t❡s ❤✐t t❤❡ ③❡r♦ ❧♦✇❡r ❜♦✉♥❞ ❛t ✇❤✐❝❤

t❤❡ ♠❛♣ ❜❡❝♦♠❡s ♣✐❡❝❡✇✐s❡ ❞❡✜♥❡❞ ✭❆✈r✉t✐♥ ❡t ❛❧✳ ✷✵✶✾✮✳ ❚❤❡ ❞❡st❛❜✐❧✐③✐♥❣ ✐♠♣❛❝t
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❋✐❣✉r❡ ✾✿ ❈♦❡①✐st✐♥❣ ❛ttr❛❝t♦rs ❛♥❞ ❜❛s✐♥s ♦❢ ❛ttr❛❝t✐♦♥ ✐♥ t❤❡ P✐t❝❤❢♦r❦ ❜✐❢✉r❝❛t✐♦♥ s❝❡♥❛r✐♦✳ ❚❤❡ t♦♣
❧❡❢t ♣❛♥❡❧ s❤♦✇s ❛ s✐♠✉❧❛t✐♦♥ r✉♥ ♦❢ ❤♦✉s❡ ♣r✐❝❡s ❢♦r t❤❡ ❜❛s❡ ♣❛r❛♠❡t❡r s❡tt✐♥❣✱ ❡①❝❡♣t t❤❛t β = 0.0005✱
σ = 1 ❛♥❞ ρ = 0✳ ❚❤❡ ♥♦♥❢✉♥❞❛♠❡♥t❛❧ ❛♥❞ ❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡s ❛r❡ ❣✐✈❡♥ ✐♥ r❡❞✱ ❜❧✉❡ ❛♥❞ ❣r❛②✳
❚❤❡ ❜♦tt♦♠ ❧❡❢t ♣❛♥❡❧ s❤♦✇s t❤❡ s❛♠❡ ❢♦r ρ = 0.13✳ ❚❤❡ r✐❣❤t ♣❛♥❡❧s ✈✐s✉❛❧✐③❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜❛s✐♥s
♦❢ ❛ttr❛❝t✐♦♥ ❢♦r ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ♦❢ P ❛♥❞ H✱ ❛❜str❛❝t✐♥❣ ❢r♦♠ ❡①♦❣❡♥♦✉s ♥♦✐s❡✳

♦❢ ❡♥❞♦❣❡♥♦✉s ✐♥t❡r❡st r❛t❡s ✐s ❞❡♣✐❝t❡❞ ✐♥ t❤❡ s❡❝♦♥❞ ❧✐♥❡ ♦❢ ♣❛♥❡❧s ✭❜❛s❡ ♣❛r❛♠❡t❡r

s❡tt✐♥❣✱ ❡①❝❡♣t t❤❛t σ = 0 ❛♥❞ χ = 0.01✳ ■❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ r❡❛❝ts ✈❡r② ❛❣❣r❡ss✐✈❡❧② t♦

♠✐s♣r✐❝✐♥❣ ✐♥ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t ✭❢r♦♠ ❛ ✈❛❧✉❡ ♦❢ χ = 0.01✮✱ t❤❡ st❡❛❞② st❛t❡ ❜❡❝♦♠❡s

✉♥st❛❜❧❡✱ ❛♥❞ ❝❤❛♦t✐❝ ❞②♥❛♠✐❝s ❡♠❡r❣❡s✳ ❚❤✐s ✜♥❞✐♥❣ ❛❧s♦ ❤♦❧❞s ✐♥ ❛ ♥♦✐s② ❡♥✈✐r♦♥♠❡♥t✱

❛s ✐s ✇✐t♥❡ss❡❞ ✐♥ t❤❡ ❜♦tt♦♠ ❧❡❢t ♣❛♥❡❧ ✭❜❛s❡ ♣❛r❛♠❡t❡r s❡tt✐♥❣✱ ❡①❝❡♣t t❤❛t σ = 0.2

❛♥❞ χ = 0.01✮✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐st♦rt✐♦♥ ✭❜♦tt♦♠ r✐❣❤t ♣❛♥❡❧✮ ❢✉rt❤❡r s✉♣♣♦rts ♦✉r

✜♥❞✐♥❣s✳ ❈❧❡❛r❧②✱ t❤❡ ❞✐st♦rt✐♦♥ ✐♥❝r❡❛s❡s ✇✐t❤ ρ✳

✺✳✸✳ ❊①♦❣❡♥♦✉s ✐♥t❡r❡st r❛t❡ ❛❞❥✉st♠❡♥ts

❋✐♥❛❧❧②✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡①t❡♥t t♦ ✇❤✐❝❤ t❤❡ ❛✉t♦♥♦♠♦✉s ♣❛rt ♦❢ t❤❡ ✐♥t❡r❡st r❛t❡ r✉❧❡

✐s ❛❜❧❡ t♦ t❛♠❡ ❤♦✉s✐♥❣ ♠❛r❦❡ts ✐♥ t❤❡ ◆❡✐♠❛r❦✲❙❛❝❦❡r ❜✐❢✉r❝❛t✐♦♥ s❝❡♥❛r✐♦✳ ❚❤❡ ❧❡❢t

✭r✐❣❤t✮ ♣❛♥❡❧s ♦❢ ❋✐❣✉r❡ ✶✶ r❡❧② ♦♥ ♦✉r ❜❛s❡ ♣❛r❛♠❡t❡r s❡tt✐♥❣✱ ❡①❝❡♣t t❤❛t χ = 0.014 ❛♥❞

σ = 0 ✭σ = 0✮✳ ■♥ t❤❡ t♦♣ ❧❡❢t ✭❝❡♥t❡r ❧❡❢t✮ ♣❛♥❡❧ ♦❢ ❋✐❣✉r❡ ✶✶✱ ✇❡ ✐♥❝r❡❛s❡ ✭❞❡❝r❡❛s❡✮ t❤❡

✸✸



❋✐❣✉r❡ ✶✵✿ ❚❤❡ st❛❜✐❧✐③✐♥❣ ✭❞❡st❛❜✐❧✐③✐♥❣✮ ❡✛❡❝t ♦❢ ❡①tr❛♣♦❧❛t✐✈❡ ❡①♣❡❝t❛t✐♦♥ ✭❡♥❞♦❣❡♥♦✉s ✐♥t❡r❡st r❛t❡s✮
✐♥ t❤❡ ❋❧✐♣ ❜✐❢✉r❝❛t✐♦♥ s❝❡♥❛r✐♦✳ ❚❤❡ ✜rst ❧✐♥❡ ♦❢ t❤❡ ♣❛♥❡❧s s❤♦✇s ❜✐❢✉r❝❛t✐♦♥ ❞✐❛❣r❛♠s ❢♦r ❤♦✉s❡ ♣r✐❝❡s
❛♥❞ t❤❡ ✐♥t❡r❡st r❛t❡ ✈❡rs✉s ♣❛r❛♠❡t❡r χ ❢♦r t❤❡ ❜❛s❡ ♣❛r❛♠❡t❡r s❡tt✐♥❣✱ ❡①❝❡♣t t❤❛t σ = 0 ❛♥❞ ρ = 2.5✳
❚❤❡ s❡❝♦♥❞ ❧✐♥❡ ♦❢ t❤❡ ♣❛♥❡❧s s❤♦✇s ❜✐❢✉r❝❛t✐♦♥ ❞✐❛❣r❛♠s ❢♦r ❤♦✉s❡ ♣r✐❝❡s ❛♥❞ t❤❡ ✐♥t❡r❡st r❛t❡ ✈❡rs✉s
♣❛r❛♠❡t❡r ρ ❢♦r t❤❡ ❜❛s❡ ♣❛r❛♠❡t❡r s❡tt✐♥❣✱ ❡①❝❡♣t t❤❛t σ = 0 ❛♥❞ χ = 0.01✳ ❚❤❡ t❤✐r❞ ❧✐♥❡ ♦❢ t❤❡ ♣❛♥❡❧s
s❤♦✇s ❜✐❢✉r❝❛t✐♦♥ ❞✐❛❣r❛♠s ❢♦r ❤♦✉s❡ ♣r✐❝❡s ❛♥❞ ❞✐st♦rt✐♦♥ ✈❡rs✉s ♣❛r❛♠❡t❡r ρ✱ ❡①❝❡♣t t❤❛t σ = 0.2 ❛♥❞
χ = 0.01✳

❜❛s❡ ✭t❛r❣❡t✮ ✐♥t❡r❡st r❛t❡ r0 ✐♥ ♣❡r✐♦❞ ✶✵✵ ❢r♦♠ ✵✳✵✵✺ t♦ ✵✳✵✶✵ ✭✵✳✵✵✵✺✮✳ ❇❡❢♦r❡ t = 100✱

t❤❡ ❤♦✉s❡ ♣r✐❝❡ ✐s ❡q✉❛❧ t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡✳ ❚❤❡ ✐♥❝r❡❛s❡ ✐♥ r0 ✐♥ t = 100

♠❛❦❡s t❤❡ s②st❡♠ ♠♦r❡ st❛❜❧❡✱ ❜✉t ❝r❡❛t❡s ❛♥ ❛❞❥✉st♠❡♥t ♣r♦❝❡ss ✇✐t❤ str♦♥❣ ❤♦✉s❡ ♣r✐❝❡

✢✉❝t✉❛t✐♦♥s t♦✇❛r❞s ❛ ❧♦✇❡r st❡❛❞②✲st❛t❡ ❤♦✉s❡ ♣r✐❝❡ ❧❡✈❡❧✳ ❲❤✐❧❡ ♦✉r ♠❛✐♥ ❢♦❝✉s ✐s ♦♥

✸✹



❡♥❞♦❣❡♥♦✉s ❤♦✉s✐♥❣ ❞②♥❛♠✐❝s✱ t❤❡ r❡❧❡✈❛♥❝❡ ♦❢ t❡♠♣♦r❛r② ❤♦✉s✐♥❣ ❞②♥❛♠✐❝s s❤♦✉❧❞ ♥♦t

❜❡ ✉♥❞❡r❡st✐♠❛t❡❞✳ ❋♦r ✐♥st❛♥❝❡✱ ●❧❛❡s❡r ❛♥❞ ◆❛t❤❛♥s♦♥ ✭✷✵✶✼✮ ❞✐s❝✉ss ✐♥ ❞❡t❛✐❧ ❤♦✇

❡①♦❣❡♥♦✉s s❤♦❝❦s ♠❛② ❝❛✉s❡ t❡♠♣♦r❛r② ✢✉❝t✉❛t✐♦♥s ✐♥ ❛ ❤♦✉s✐♥❣ ♠❛r❦❡t ♠♦❞❡❧ ✐♥ ✇❤✐❝❤

❛❣❡♥ts ❢♦r♠ ❡①tr❛♣♦❧❛t✐✈❡ ❡①♣❡❝t❛t✐♦♥s✳ ▼♦r❡♦✈❡r✱ ❚❛②❧♦r ✭✷✵✵✾✮ ❛r❣✉❡s t❤❛t t❤❡ ❋❡❞✬s

str♦♥❣ ✐♥t❡r❡st r❛t❡ ❛❞❥✉st♠❡♥ts ❜❡t✇❡❡♥ ✷✵✵✶ ❛♥❞ ✷✵✵✻ ❤❛✈❡ ❣r❡❛t❧② ❝♦♥tr✐❜✉t❡❞ t♦ t❤❡

✐♥st❛❜✐❧✐t② ♦❢ t❤❡ ❯✳❙✳ ❤♦✉s✐♥❣ ♠❛r❦❡t✳ ◆♦t❡ t❤❛t ❛ ❞❡❝r❡❛s❡ ✐♥ r0 ❝❛♥ ❝r❡❛t❡ ♣❡r♠❛♥❡♥t

❤♦✉s❡ ♣r✐❝❡ ♦s❝✐❧❧❛t✐♦♥s ❛r♦✉♥❞ ❛♥ ✐♥❝r❡❛s❡❞ st❡❛❞②✲st❛t❡ ♣r✐❝❡ ❧❡✈❡❧✳ ❲❡ ♠❛② ♦❜s❡r✈❡

s✐♠✐❧❛r ❡✛❡❝ts ♦❢ t❤❡ ✐♥❝r❡❛s❡ ✭❞❡❝r❡❛s❡✮ ✐♥ t❤❡ ✐♥t❡r❡st r❛t❡ ✐♥ ♣❡r✐♦❞ ✺✵✵ ❢r♦♠ ✵✳✵✵✺ t♦

✵✳✵✺ ✭✵✮ ✐♥ t❤❡ t♦♣ r✐❣❤t ✭❝❡♥t❡r r✐❣❤t✮ ♣❛♥❡❧✳ ❲❤✐❧❡ ❛♥ ✐♥❝r❡❛s❡ ✐♥ r0 ❧❡❛❞s t♦ s♠❛❧❧❡r

❛♠♣❧✐t✉❞❡s ♦❢ ❤♦✉s❡ ♣r✐❝❡ ✢✉❝t✉❛t✐♦♥s ❛r♦✉♥❞ ❛ ❧♦✇❡r st❡❛❞②✲st❛t❡ ❧❡✈❡❧✱ ❛ ❞❡❝r❡❛s❡ ✐♥

r0 ❡♥❧❛r❣❡s t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ ❤♦✉s❡ ♣r✐❝❡ ♦s❝✐❧❧❛t✐♦♥s✳ ❋✉rt❤❡r ❡✈✐❞❡♥❝❡ ♦❢ t❤❡s❡ r❡s✉❧ts ✐s

♣r♦✈✐❞❡❞ ❜② t❤❡ ❜♦tt♦♠ ♣❛♥❡❧s✱ ✇❤✐❝❤ s❤♦✇ t❤❡ ♠♦❞❡❧ ❞②♥❛♠✐❝s ❢♦r ✐♥❝r❡❛s✐♥❣ r0✳ ■t ❝❛♥

❜❡ s❡❡♥ t❤❛t✱ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❜❛s❡ ✭t❛r❣❡t✮ ✐♥t❡r❡st r❛t❡s✱ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ ❤♦✉s❡ ♣r✐❝❡

✢✉❝t✉❛t✐♦♥s ❜❡❝♦♠❡s s♠❛❧❧❡r ✉♣ t♦ t❤❡ ❜✐❢✉r❝❛t✐♦♥ ✈❛❧✉❡ r0 = 0.00393 ✭❜♦tt♦♠ ❧❡❢t ♣❛♥❡❧✮

❛♥❞ r0 = 0.13925 ✭❜♦tt♦♠ r✐❣❤t ♣❛♥❡❧✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❆t t❤✐s ♣♦✐♥t✱ t❤❡ q✉❛s✐✲♣❡r✐♦❞✐❝

❞②♥❛♠✐❝s s❡❣✉❡s ✐♥t♦ ❛ st❛❜❧❡ ❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡✳ ❍♦✇❡✈❡r✱ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❤♦✉s❡

♣r✐❝❡ P ∗ ❞❡❝r❡❛s❡s ✇✐t❤ ♣❛r❛♠❡t❡r r0✱ ✇❤✐❝❤ ♠❛② ❤❛✈❡ ❢✉rt❤❡r ✉♥❢❛✈♦r❛❜❧❡ ❡✛❡❝ts✳ ❆❧❧ ✐♥

❛❧❧✱ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s ❛❜✐❧✐t② t♦ r❡❞✉❝❡ t❤❡ ❞②♥❛♠✐❝s ♦♥ ❤♦✉s✐♥❣ ♠❛r❦❡ts ❜② ✐♥❝r❡❛s✐♥❣

t❤❡ ❜❛s❡ ✭t❛r❣❡t✮ ✐♥t❡r❡st r❛t❡✱ ✇❡❛❦❡♥✐♥❣ t❤❡ ❞❡♠❛♥❞ ♣r❡ss✉r❡ ♦♥ ❤♦✉s❡ ♣r✐❝❡s✱ ✐s r❛t❤❡r

❧✐♠✐t❡❞✳

✻✳ ❈♦♥❝❧✉s✐♦♥s

❙❤✐❧❧❡r ✭✷✵✶✺✮✱ ●❧❛❡s❡r ✭✷✵✶✸✮ ❛♥❞ P✐❛③③❡s✐ ❛♥❞ ❙❝❤♥❡✐❞❡r ✭✷✵✶✻✮ ❞❡♠♦♥str❛t❡ t❤❛t✱ ✇❤✐❧❡

t❤❡ ❯✳❙✳ ❤♦✉s✐♥❣ ♠❛r❦❡t ❜✉❜❜❧❡ ❜❡t✇❡❡♥ ✶✾✾✽ ❛♥❞ ✷✵✶✷ ♠❛② s❡❡♠ ❡①tr❡♠❡✱ ✐t ✇❛s

❤❛r❞❧② ✉♥✐q✉❡✳ ■♥ ❢❛❝t✱ ❤✐st♦r② ✐s r❡♣❧❡t❡ ✇✐t❤ ❞r❛♠❛t✐❝ ❤♦✉s✐♥❣ ♠❛r❦❡t ✐♥st❛❜✐❧✐t✐❡s

t❤❛t ❤❛✈❡ ❤❛❞ ❞✐r❡ ❡❝♦♥♦♠✐❝ ❝♦♥s❡q✉❡♥❝❡s✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ❡❝♦♥♦♠✐❝s ♦❢ ❤♦✉s✐♥❣

♠❛r❦❡t ❜✉❜❜❧❡s ✐s st✐❧❧ ✐♥ ✐ts ✐♥❢❛♥❝②✳ ❆❝❝♦r❞✐♥❣ t♦ ●❧❛❡s❡r ❛♥❞ ◆❛t❤❛♥s♦♥ ✭✷✵✶✺✮✱ ♠❛♥②

✐♠♣♦rt❛♥t q✉❡st✐♦♥s r❡♠❛✐♥ ✉♥r❡s♦❧✈❡❞✱ ❡✳❣✳ ✇❤② ❞✐❞ t❤❡ ❯✳❙✳ ❜♦♦♠✲❜✉st ❝②❝❧❡ ♦❝❝✉r

❛♥❞ ✇❤❛t ❛r❡ ✐ts ♣♦❧✐❝② ✐♠♣❧✐❝❛t✐♦♥s❄ ❚❤❡ ❣♦❛❧ ♦❢ ♦✉r ♣❛♣❡r ✐s t♦ s❤❡❞ ❧✐❣❤t ♦♥ t❤❡

✐♥tr✐❝❛t❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❤♦✉s❡ ♣r✐❝❡s✱ ❡①♣❡❝t❛t✐♦♥s ❛♥❞ ✐♥t❡r❡st r❛t❡s✱ ❛❧s♦ ❦❡❡♣✐♥❣

✐♥ ♠✐♥❞ t❤❡ s✉♣♣❧② s✐❞❡ ♦❢ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t✳

✸✺



❋✐❣✉r❡ ✶✶✿ ❙♦♠❡ ❡✛❡❝ts ♦❢ t❤❡ ❛✉t♦♥♦♠♦✉s ♣❛rt ♦❢ t❤❡ ✐♥t❡r❡st r❛t❡ r✉❧❡ ✐♥ t❤❡ ◆❡✐♠❛r❦✲❙❛❝❦❡r ❜✐❢✉r❝❛t✐♦♥
s❝❡♥❛r✐♦✳ ❚❤❡ ❧❡❢t ♣❛♥❡❧s r❡❧② ♦♥ t❤❡ ❜❛s❡ ♣❛r❛♠❡t❡r s❡tt✐♥❣ ❡①❝❡♣t t❤❛t χ = 0.014 ❛♥❞ σ = 0✳ ▼♦r❡♦✈❡r✱
✐♥ t❤❡ t♦♣ ❧❡❢t ✭❝❡♥t❡r ❧❡❢t✮ ♣❛♥❡❧✱ t❤❡ ✐♥t❡r❡st r❛t❡ ✐♥❝r❡❛s❡s ✭❞❡❝r❡❛s❡s✮ ✐♥ ♣❡r✐♦❞ ✶✵✵ ❢r♦♠ ✵✳✵✵✺ t♦
✵✳✵✶✵ ✭t♦ ✵✳✵✵✵✺✮✳ ❚❤❡ r✐❣❤t ♣❛♥❡❧s r❡❧② ♦♥ t❤❡ ❜❛s❡ ♣❛r❛♠❡t❡r s❡tt✐♥❣✱ ❡①❝❡♣t t❤❛t σ = 0✳ ■♥ ❛❞❞✐t✐♦♥✱
✐♥ t❤❡ t♦♣ r✐❣❤t ✭❝❡♥t❡r r✐❣❤t✮ ♣❛♥❡❧✱ t❤❡ ✐♥t❡r❡st r❛t❡ ✐♥❝r❡❛s❡s ✭❞❡❝r❡❛s❡s✮ ✐♥ ♣❡r✐♦❞ ✶✵✵ ❢r♦♠ ✵✳✵✵✺ t♦
✵✳✵✺✵ ✭t♦ ✵✮✳

❋♦r t❤✐s r❡❛s♦♥✱ ✇❡ ❣❡♥❡r❛❧✐③❡ t❤❡ ❜❡❤❛✈✐♦r❛❧ st♦❝❦✲✢♦✇ ❤♦✉s✐♥❣ ♠❛r❦❡t ♠♦❞❡❧ ❜②

❉✐❡❝✐ ❛♥❞ ❲❡st❡r❤♦✛ ✭✷✵✶✻✮✳ ❖✉r ❛♥❛❧②s✐s r❡✈❡❛❧s t❤❛t ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ✐♥✈❡st♦rs✬

❡①♣❡❝t❛t✐♦♥s✱ t❤❡✐r ✈❛r✐❛♥❝❡ ❜❡❧✐❡❢s ❛♥❞ t❤❡ s✉♣♣❧② s✐❞❡ ♦❢ ❤♦✉s✐♥❣ ♠❛r❦❡ts ♠❛② ❣✐✈❡ r✐s❡

t♦ s✉❜st❛♥t✐❛❧ ❜♦♦♠✲❜✉st ❞②♥❛♠✐❝s✳ ❙✐♥❝❡ t❤❡ s❡t✉♣ ♦❢ ♦✉r ♠♦❞❡❧ ✐s ❛❜❧❡ t♦ ❡①♣❧❛✐♥

❛ ♥✉♠❜❡r ♦❢ st②❧✐③❡❞ ❢❛❝ts ♦❢ ❤♦✉s✐♥❣ ♠❛r❦❡t ❞②♥❛♠✐❝s✱ ✐♥❝❧✉❞✐♥❣ s❤♦rt✲r✉♥ ♠♦♠❡♥✲

✸✻



t✉♠✱ ❧♦♥❣✲r✉♥ ♠❡❛♥ r❡✈❡rs✐♦♥ ❛♥❞ ❡①❝❡ss ✈♦❧❛t✐❧✐t②✱ ✐t s❡❡♠s ✐❞❡❛❧❧② s✉✐t❡❞ ❢♦r ❡①♣❧♦r✐♥❣

✇❤❡t❤❡r t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ♠❛② st❛❜✐❧✐③❡ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t ✈✐❛ ✐♥t❡r❡st r❛t❡s✳ ❯s✐♥❣ ❛

♠✐① ♦❢ ❛♥❛❧②t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ t♦♦❧s✱ ✇❡ ✜♥❞ t❤❛t t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❤❛s ♦♥❧② ❛ ❧✐♠✐t❡❞

❛❜✐❧✐t② t♦ t❛♠❡ ❤♦✉s✐♥❣ ♠❛r❦❡ts ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ❜❛s❡ ✭t❛r❣❡t✮ ✐♥t❡r❡st r❛t❡✳ ▼♦r❡♦✈❡r✱

❛♥② ❝❤❛♥❣❡ ✐♥ t❤❡ ❜❛s❡ ✭t❛r❣❡t✮ ✐♥t❡r❡st r❛t❡ ❝❛✉s❡s ❛t ❧❡❛st t❡♠♣♦r❛r② ❤♦✉s✐♥❣ ♠❛r❦❡t

✢✉❝t✉❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ✇❡ ❛r❡ ❛❧s♦ ❛❜❧❡ t♦ s❤♦✇ t❤❛t ❛ ❧❡❛♥✐♥❣✲❛❣❛✐♥st✲t❤❡✲✇✐♥❞ ✐♥t❡r❡st

r❛t❡ r✉❧❡✱ ✇❤✐❝❤ ❛❞❥✉sts t❤❡ ✐♥t❡r❡st r❛t❡ ✇✐t❤ ❛ ✈✐❡✇ t♦ ♠✐s♣r✐❝✐♥❣ ✐♥ t❤❡ ❤♦✉s✐♥❣ ♠❛r✲

❦❡t✱ ❝❛♥ s✐❣♥✐✜❝❛♥t❧② ✐♠♣r♦✈❡ t❤❡ st❛❜✐❧✐t② ♦❢ ❤♦✉s✐♥❣ ♠❛r❦❡ts✳ ❲✐t❤✐♥ ♦✉r ♠♦❞❡❧✱ ❛♥❞

✐♥ ❧✐♥❡ ✇✐t❤ ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ ✭❈❛s❡ ❛♥❞ ❙❤✐❧❧❡r ✷✵✵✸ ❛♥❞ ❈❛s❡ ❡t ❛❧✳ ✷✵✶✷✮✱ ❤♦✉s✐♥❣

♠❛r❦❡t ❜✉❜❜❧❡s ❛r❡ ❞r✐✈❡♥ ❜② ✐♥✈❡st♦rs✬ ♦♣t✐♠✐st✐❝ ❡①♣❡❝t❛t✐♦♥s✱ ❛♥ ❛s♣❡❝t t❤❛t ❣r❡❛t❧②

❞❡st❛❜✐❧✐③❡s t❤❡ ❞❡♠❛♥❞ ❢♦r ❤♦✉s✐♥❣✳ ❆♥ ✐♥t❡r❡st r❛t❡ ♣♦❧✐❝② t❤❛t ❝♦✉♥t❡rs t❤❡s❡ ❞❡♠❛♥❞

✢✉❝t✉❛t✐♦♥s ♠❛② ❡✛❡❝t✐✈❡❧② st❛❜✐❧✐③❡ ❤♦✉s✐♥❣ ♠❛r❦❡ts✳

❲❡ ❤♦♣❡ t❤❛t ♦✉r ♣❛♣❡r ❢♦st❡rs ♦✉r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❢✉♥❝t✐♦♥✐♥❣ ♦❢ ❤♦✉s✐♥❣ ♠❛r✲

❦❡ts ❛♥❞ ❡♥❛❜❧❡s ✉s t♦ ❞❡s✐❣♥ ❜❡tt❡r t♦♦❧s t❤❛t r❡❞✉❝❡ ❞❛♠❛❣❡ ❛r✐s✐♥❣ ❢r♦♠ ❜✉rst✐♥❣

❜✉❜❜❧❡s✳ ▼♦r❡ ✇♦r❦ ✐s ✉♥❞♦✉❜t❡❞❧② ♥❡❡❞❡❞ ✐♥ t❤✐s ✐♠♣♦rt❛♥t r❡s❡❛r❝❤ ❞✐r❡❝t✐♦♥✳

❆♣♣❡♥❞✐①

❇② ❢♦❧❧♦✇✐♥❣ ❈❤✐❛r❡❧❧❛ ❡t ❛❧✳ ✭✷✵✵✼✱ ✷✵✶✸✮✱ ✇❡ ❝❛♥ ❡①♣r❡ss t❤❡ ✐♥✈❡st♦rs✬ s♣❡❝✉❧❛t✐✈❡

✈❛r✐❛♥❝❡ ❝♦♠♣♦♥❡♥t ❛s

V S
t = mV S

t−1 +m(1−m)(Pt − Ut−1)
2,

✇❤❡r❡

Ut = mUt−1 + (1−m)Pt✳

◆♦t❡ t❤❛t 0 < m < 1 ❛❧s♦ r❡♣r❡s❡♥ts ❛ ♠❡♠♦r② ♣❛r❛♠❡t❡r✳ ❚❤❡ ❤✐❣❤❡r m ✐s✱ t❤❡ ❤✐❣❤❡r

t❤❡ ✇❡✐❣❤t ❣✐✈❡♥ t♦ ♣❛st ♣r✐❝❡s✳ ❈♦♥s✐❞❡r✐♥❣ t❤✐s ❛❧t❡r♥❛t✐✈❡ ❧❡❛r♥✐♥❣ r✉❧❡ ②✐❡❧❞s t❤❡

✸✼



❢♦❧❧♦✇✐♥❣ ❞②♥❛♠✐❝❛❧ s②st❡♠

S :











































Pt =
Et[Pt+1]+α−(β+λVt[Pt+1])γPt−1−(β+λVt[Pt+1])(1−δ)Ht−1

1+r0+ρ
(

Pt−1−P∗

P∗

)

+δ

Ht = γPt−1 + (1− δ)Ht−1

V S
t = mV S

t−1 +m(1−m)(Pt − Ut−1)
2

Ut = mUt−1 + (1−m)Pt

✱

✇❤❡r❡

Et[Pt+1] =
Pt−1 + χ(Pt−1 − P ∗) + Pt−1η(P

∗ − Pt−1)
2 + φη(P ∗ − Pt−1)

3

1 + η(P ∗ − Pt−1)2

❛♥❞

Vt[Pt+1] = Ω + κV S
t−1✳

❙tr❛✐❣❤t❢♦r✇❛r❞ ❝♦♠♣✉t❛t✐♦♥s r❡✈❡❛❧ t❤❛t t❤❡ ❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡ ✐s ❛❧s♦ ❣✐✈❡♥

❜② FSS =
(

P ∗, H∗, V S∗, U∗

)

=
(

P ∗, γ
δP

∗, 0, P ∗

)

✱ ✇❤❡r❡ P ∗ = αδ
(r0+δ)δ+(β+λΩ)γ ✳ ❚❤❡

❏❛❝♦❜✐❛♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

J(FSS) =

















1−ρ+χ−γ(β+λΩ)
1+δ+r0

(δ−1)(β+λΩ)
1+δ+r0

− αγκλ
(1+δ+r0)(δ(δ+r0)+γ(β+λΩ)) 0

γ 1− δ 0 0

0 0 m 0

(m−1)(βγ+ρ−χ−1+γλΩ)
1+δ+r0

− (δ−1)(m−1)(β+λΩ)
1+δ+r0

(m−1)αγκλ
(1+δ+r0)(δ(δ+r0)+γ(β+λΩ)) m

















,

r❡✈❡❛❧✐♥❣ t❤❛t t✇♦ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ ❣✐✈❡♥ ❜② z1/2 = m✳ ❙✐♥❝❡ 0 < m < 1✱ t❤❡ ❧♦❝❛❧

st❛❜✐❧✐t② ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ st❡❛❞② st❛t❡ ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ t✇♦ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡

r❡♠❛✐♥✐♥❣ ✷✲❉ ❜❧♦❝❦

Q =





1−ρ+χ−γ(β+λΩ)
1+δ+r0

(δ−1)(β+λΩ)
1+δ+r0

γ 1− δ



 .

❆s ✐t ✐s t❤❡ s❛♠❡ ✷✲❉ ❜❧♦❝❦ ❛s ✐♥ t❤❡ ♦t❤❡r ❝❛s❡✱ ✇❡ ❤❛✈❡ t❤❡ s❛♠❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s

❢♦r |z3,4| < 1✳
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❘❡❢❡r❡♥❝❡s

❆❣♥❡❧❧♦✱ ▲✳✱ ❈❛str♦✱ ❱✳ ❛♥❞ ❙♦✉s❛✱ ❘✳ ✭✷✵✶✽✮✿ ❊❝♦♥♦♠✐❝ ❛❝t✐✈✐t②✱ ❝r❡❞✐t ♠❛r❦❡t ❝♦♥❞✐✲

t✐♦♥s✱ ❛♥❞ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t✳ ▼❛❝r♦❡❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s✱ ✷✷✱ ✶✼✻✾✲✶✼✽✾✳

❆s❝❛r✐✱ ●✳✱ P❡❝♦r❛✱ ◆✳ ❛♥❞ ❙♣❡❧t❛✱ ❆✳ ✭✷✵✶✽✮✿ ❇♦♦♠s ❛♥❞ ❜✉sts ✐♥ ❛ ❤♦✉s✐♥❣ ♠❛r❦❡t

✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ❛❣❡♥ts✳ ▼❛❝r♦❡❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s✱ ✷✷✱ ✶✽✵✽✲✶✽✷✹✳

❆✈r✉t✐♥✱ ❱✳✱ ●❛r❞✐♥✐✱ ▲✳✱ ❙❝❤❛♥③✱ ▼✳✱ ❙✉s❤❦♦✱ ■✳ ❛♥❞ ❚r❛♠♦♥t❛♥❛✱ ❋✳ ✭✷✵✶✾✮✿ ❈♦♥✲

t✐♥✉♦✉s ❛♥❞ ❞✐s❝♦♥t✐♥✉♦✉s ♣✐❡❝❡✇✐s❡✲s♠♦♦t❤ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♠❛♣s✿ ■♥✈❛r✐❛♥t ❙❡ts ❛♥❞

❇✐❢✉r❝❛t✐♦♥ ❙tr✉❝t✉r❡s✳ ❲♦r❧❞ ❙❝✐❡♥t✐✜❝✱ ❙✐♥❣❛♣♦r❡✳

❇♦❧t✱ ❲✳✱ ❉❡♠❡rt③✐s✱ ▼✳✱ ❉✐❦s✱ ❈✳✱ ❍♦♠♠❡s✱ ❈✳ ❛♥❞ ✈❛♥ ❞❡r ▲❡✐❥✱ ▼✳ ✭✷✵✶✹✮✿ ■❞❡♥✲

t✐❢②✐♥❣ ❜♦♦♠s ❛♥❞ ❜✉sts ✐♥ ❤♦✉s❡ ♣r✐❝❡s ✉♥❞❡r ❤❡t❡r♦❣❡♥❡♦✉s ❡①♣❡❝t❛t✐♦♥s✳ ❈❡◆❉❊❋

❲♦r❦✐♥❣ P❛♣❡r ✶✹✲✶✸✱ ❯♥✐✈❡rs✐t② ♦❢ ❆♠st❡r❞❛♠✱ ❆♠st❡r❞❛♠✳

❇♦s✇✐❥❦✱ P✳✱ ❍♦♠♠❡s✱ ❈✳ ❛♥❞ ▼❛♥③❛♥✱ ❙✳ ✭✷✵✵✼✮✿ ❇❡❤❛✈✐♦r❛❧ ❤❡t❡r♦❣❡♥❡✐t② ✐♥ st♦❝❦

♣r✐❝❡s✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s ❛♥❞ ❈♦♥tr♦❧✱ ✸✶✱ ✶✾✸✽✲✶✾✼✵✳

❇r♦❝❦✱ ❲✳ ❛♥❞ ❍♦♠♠❡s✱ ❈✳ ✭✶✾✾✽✮✿ ❍❡t❡r♦❣❡♥❡♦✉s ❜❡❧✐❡❢s ❛♥❞ r♦✉t❡s t♦ ❝❤❛♦s ✐♥ ❛

s✐♠♣❧❡ ❛ss❡t ♣r✐❝✐♥❣ ♠♦❞❡❧✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s ❛♥❞ ❈♦♥tr♦❧✱ ✷✷✱ ✶✷✸✺✲✶✷✼✹✳

❇✉r♥s✐❞❡✱ ❈✳✱ ❊✐❝❤❡♥❜❛✉♠✱ ▼✳ ❛♥❞ ❘❡❜❡❧♦✱ ❙✳ ✭✷✵✶✻✮✿ ❯♥❞❡rst❛♥❞✐♥❣ ❜♦♦♠s ❛♥❞

❜✉sts ✐♥ ❤♦✉s✐♥❣ ♠❛r❦❡ts✳ ❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠②✱ ✶✷✹✱ ✶✵✽✽✲✶✶✹✼✳

❈❛♠♣✐s✐✱ ●✳✱ ◆❛✐♠③❛❞❛✱ ❆✳ ❛♥❞ ❚r❛♠♦♥t❛♥❛✱ ❋✳ ✭✷✵✶✽✮✿ ▲♦❝❛❧ ❛♥❞ ❣❧♦❜❛❧ ❛♥❛❧②s✐s ♦❢

❛ s♣❡❝✉❧❛t✐✈❡ ❤♦✉s✐♥❣ ♠❛r❦❡t ✇✐t❤ ♣r♦❞✉❝t✐♦♥ ❧❛❣✳ ❈❤❛♦s ✷✽✱ ✵✺✺✾✵✶✳

❈❛s❡ ❑✳ ❛♥❞ ❙❤✐❧❧❡r ❘✳ ✭✷✵✵✸✮✿ ■s t❤❡r❡ ❛ ❜✉❜❜❧❡ ✐♥ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t❄ ❇r♦♦❦✐♥❣s

P❛♣❡rs ♦♥ ❊❝♦♥♦♠✐❝ ❆❝t✐✈✐t②✱ ✷✱ ✷✾✾✲✸✹✷✳

❈❛s❡✱ ❑✳ ❛♥❞ ❙❤✐❧❧❡r✱ ❘✳ ❛♥❞ ❚❤♦♠♣s♦♥✱ ❆✳ ✭✷✵✶✷✮✿ ❲❤❛t ❤❛✈❡ t❤❡② ❜❡❡♥ t❤✐♥❦✐♥❣❄

❍♦♠❡ ❜✉②❡r ❜❡❤❛✈✐♦r ✐♥ ❤♦t ❛♥❞ ❝♦❧❞ ♠❛r❦❡ts✳ ❇r♦♦❦✐♥❣s P❛♣❡rs ♦♥ ❊❝♦♥♦♠✐❝ ❆❝t✐✈✐t②✱

✷✱ ✷✻✺✲✾✽✳

❈❤✐❛✱ ❲✳✲▼✳✱ ▲✐✱ ▼✳ ❛♥❞ ❩❤❡♥❣✱ ❍✳ ✭✷✵✶✼✮✿ ❇❡❤❛✈✐♦r❛❧ ❤❡t❡r♦❣❡♥❡✐t② ✐♥ t❤❡ ❆✉s✲

tr❛❧✐❛♥ ❤♦✉s✐♥❣ ♠❛r❦❡t✳ ❆♣♣❧✐❡❞ ❊❝♦♥♦♠✐❝s✱ ✹✾✱ ✽✼✷✲✽✽✺✳

❈❤✐❛r❡❧❧❛✱ ❈✳✱ ❉✐❡❝✐✱ ❘✳✱ ❍❡✱ ❳✳✲❩✳ ❛♥❞ ▲✐✱ ❑✳ ✭✷✵✶✸✮✿ ❆♥ ❡✈♦❧✉t✐♦♥❛r② ❈❆P▼ ✉♥❞❡r

❤❡t❡r♦❣❡♥❡♦✉s ❜❡❧✐❡❢s✳ ❆♥♥❛❧s ♦❢ ❋✐♥❛♥❝❡✱ ✾✱ ✶✽✺✲✷✶✺✳

❈❤✐❛r❡❧❧❛✱ ❈✳✱ ❉✐❡❝✐✱ ❘✳ ❛♥❞ ❍❡✱ ❳✳✲❩✳ ✭✷✵✵✼✮✿ ❍❡t❡r♦❣❡♥❡♦✉s ❡①♣❡❝t❛t✐♦♥s ❛♥❞ s♣❡❝✲

✉❧❛t✐✈❡ ❜❡❤❛✈✐♦r ✐♥ ❛ ❞②♥❛♠✐❝ ♠✉❧t✐✲❛ss❡t ❢r❛♠❡✇♦r❦✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❇❡❤❛✈✐♦r

❛♥❞ ❖r❣❛♥✐③❛t✐♦♥✱ ✻✷✱ ✹✵✽✲✹✷✼✳

✸✾



❈❤✐❛r❡❧❧❛✱ ❈✳ ❛♥❞ ❍❡✱ ❳✳✲❩✳ ✭✷✵✵✷✮✿ ❍❡t❡r♦❣❡♥❡♦✉s ❜❡❧✐❡❢s✱ r✐s❦ ❛♥❞ ❧❡❛r♥✐♥❣ ✐♥ ❛

s✐♠♣❧❡ ❛ss❡t ♣r✐❝✐♥❣ ♠♦❞❡❧✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❊❝♦♥♦♠✐❝s✱ ✶✾✱ ✾✺✲✶✸✷✳

❉❛②✱ ❘✳ ❛♥❞ ❍✉❛♥❣✱ ❲✳ ✭✶✾✾✵✮✿ ❇✉❧❧s✱ ❜❡❛rs ❛♥❞ ♠❛r❦❡t s❤❡❡♣✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝

❇❡❤❛✈✐♦r ❛♥❞ ❖r❣❛♥✐③❛t✐♦♥✱ ✶✹✱ ✷✾✾✲✸✷✾✳

❉❡ ●r❛✉✇❡✱ P✳✱ ❉❡✇❛❝❤t❡r✱ ❍✳ ❛♥❞ ❊♠❜r❡❝❤ts✱ ▼✳ ✭✶✾✾✸✮✿ ❊①❝❤❛♥❣❡ ❘❛t❡ ❚❤❡♦r② ✲

❈❤❛♦t✐❝ ▼♦❞❡❧s ♦❢ ❋♦r❡✐❣♥ ❊①❝❤❛♥❣❡ ▼❛r❦❡ts✳ ❇❧❛❝❦✇❡❧❧✱ ❖①❢♦r❞✳

❉✐❡❝✐✱ ❘✳ ❛♥❞ ❍❡✱ ❳✳✲❩✳ ✭✷✵✶✽✮✿ ❍❡t❡r♦❣❡♥❡♦✉s ❛❣❡♥t ♠♦❞❡❧s ✐♥ ✜♥❛♥❝❡✳ ■♥✿ ❍♦♠♠❡s✱

❈✳✱ ▲❡❇❛r♦♥✱ ❇✳ ✭❊❞s✳✮✱ ❍❛♥❞❜♦♦❦ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ❊❝♦♥♦♠✐❝s✱ ✹✱ ❍❡t❡r♦❣❡♥❡♦✉s ❆❣❡♥t

▼♦❞❡❧✐♥❣✳ ◆♦rt❤✲❍♦❧❧❛♥❞✱ ❆♠st❡r❞❛♠✱ ✷✺✼✲✸✷✽✳

❉✐❡❝✐✱ ❘✳ ❛♥❞ ❲❡st❡r❤♦✛✱ ❋✳ ✭✷✵✶✷✮✿ ❆ s✐♠♣❧❡ ♠♦❞❡❧ ♦❢ t❤❡ s♣❡❝✉❧❛t✐✈❡ ❤♦✉s✐♥❣

♠❛r❦❡t✳ ❏♦✉r♥❛❧ ♦❢ ❊✈♦❧✉t✐♦♥❛r② ❊❝♦♥♦♠✐❝s✱ ✷✷✱ ✸✵✸✲✸✷✾✳

❉✐❡❝✐✱ ❘✳ ❛♥❞❲❡st❡r❤♦✛✱ ❋✳ ✭✷✵✶✻✮✿ ❍❡t❡r♦❣❡♥❡♦✉s ❡①♣❡❝t❛t✐♦♥s✱ ❜♦♦♠✲❜✉st ❤♦✉s✐♥❣✱

❛♥❞ s✉♣♣❧② ❝♦♥❞✐t✐♦♥s✿ ❛ ♥♦♥❧✐♥❡❛r ❞②♥❛♠✐❝s ❛♣♣r♦❛❝❤✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s

❛♥❞ ❈♦♥tr♦❧✱ ✼✶✱ ✷✶✲✹✹✳

❉✐❦s✱ ❈✳ ❛♥❞ ❲❛♥❣✱ ❏✳ ✭✷✵✶✻✮✿ ❈❛♥ ❛ st♦❝❤❛st✐❝ ❝✉s♣ ❝❛t❛str♦♣❤❡ ♠♦❞❡❧ ❡①♣❧❛✐♥

❤♦✉s✐♥❣ ♠❛r❦❡t ❝r❛s❤❡s❄ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s ❛♥❞ ❈♦♥tr♦❧✱ ✻✾✱ ✻✽✲✽✽✳

❊✐❝❤❤♦❧t③✱ P✳✱ ❍✉✐s♠❛♥✱ ❘✳ ❛♥❞ ❩✇✐♥❦❡❧s✱ ❘✳ ✭✷✵✶✺✮✿ ❋✉♥❞❛♠❡♥t❛❧s ♦r tr❡♥❞s❄ ❆

❧♦♥❣✲t❡r♠ ♣❡rs♣❡❝t✐✈❡ ♦♥ ❤♦✉s❡ ♣r✐❝❡s✳ ❆♣♣❧✐❡❞ ❊❝♦♥♦♠✐❝s✱ ✹✼✱ ✶✵✺✵✲✶✵✺✾✳

❋❛r♠❡r✱ ❏✳ ❛♥❞ ❏♦s❤✐✱ ❙✳ ✭✷✵✵✷✮✿ ❚❤❡ ♣r✐❝❡ ❞②♥❛♠✐❝s ♦❢ ❝♦♠♠♦♥ tr❛❞✐♥❣ str❛t❡❣✐❡s✳

❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❇❡❤❛✈✐♦r ❛♥❞ ❖r❣❛♥✐③❛t✐♦♥✱ ✷✱ ✶✹✾✲✶✼✶✳

❋r❛♥❦❡✱ ❘✳ ❛♥❞ ❲❡st❡r❤♦✛✱ ❋✳ ✭✷✵✶✷✮✿ ❙tr✉❝t✉r❛❧ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ✐♥ ❛ss❡t ♣r✐❝✐♥❣

❞②♥❛♠✐❝s✿ ❡st✐♠❛t✐♦♥ ❛♥❞ ♠♦❞❡❧ ❝♦♥t❡st✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s ❛♥❞ ❈♦♥tr♦❧✱

✸✻✱ ✶✶✾✸✲✶✷✶✶✳

●❛♥❞♦❧❢♦✱ ●✳ ✭✷✵✵✾✮✿ ❊❝♦♥♦♠✐❝ ❞②♥❛♠✐❝s✳ ❙♣r✐♥❣❡r✱ ❍❡✐❞❡❧❜❡r❣✳

●❛✉♥❡rs❞♦r❢❡r✱ ❆✳ ✭✷✵✵✵✮✿ ❊♥❞♦❣❡♥♦✉s ✢✉❝t✉❛t✐♦♥s ✐♥ ❛ s✐♠♣❧❡ ❛ss❡t ♣r✐❝✐♥❣ ♠♦❞❡❧

✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ❛❣❡♥ts✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s ❛♥❞ ❈♦♥tr♦❧✱ ✷✹✱ ✼✾✾✲✽✸✶✳

●❧❛❡s❡r✱ ❊✳ ✭✷✵✶✸✮✿ ❆ ♥❛t✐♦♥ ♦❢ ❣❛♠❜❧❡rs✿ ❘❡❛❧ ❡st❛t❡ s♣❡❝✉❧❛t✐♦♥ ❛♥❞ ❆♠❡r✐❝❛♥

❤✐st♦r②✳ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✶✵✸✱ ✶✲✹✷✳

●❧❛❡s❡r✱ ❊✳ ❛♥❞ ●②♦✉r❦♦✱ ❏✳ ✭✷✵✶✽✮✿ ❚❤❡ ❡❝♦♥♦♠✐❝ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ❤♦✉s✐♥❣ s✉♣♣❧②✳

❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ P❡rs♣❡❝t✐✈❡s✱ ✸✷✱ ✸✲✸✵✳

●❧❛❡s❡r✱ ❊✳✱ ●②♦✉r❦♦✱ ❏✳ ❛♥❞ ❙❛✐③✱ ❆✳ ✭✷✵✵✽✮✿ ❍♦✉s✐♥❣ s✉♣♣❧② ❛♥❞ ❤♦✉s✐♥❣ ❜✉❜❜❧❡s✳

✹✵



❏♦✉r♥❛❧ ♦❢ ❯r❜❛♥ ❊❝♦♥♦♠✐❝s✱ ✻✹✱ ✶✾✽✲✷✶✼✳

●❧❛❡s❡r✱ ❊✳ ❛♥❞ ◆❛t❤❛♥s♦♥ ❈✳ ✭✷✵✶✺✮✿ ❍♦✉s✐♥❣ ❜✉❜❜❧❡s✳ ■♥✿ ❉✉r❛♥t♦♥✱ ●✳✱ ❍❡♥✲

❞❡rs♦♥✱ ❱✳ ❛♥❞ ❙tr❛♥❣❡✱ ❲✳ ✭❊❞s✳✮✿ ❍❛♥❞❜♦♦❦ ♦❢ ❘❡❣✐♦♥❛❧ ❛♥❞ ❯r❜❛♥ ❊❝♦♥♦♠✐❝s✱ ✺❇✱

✼✵✶✲✼✺✶✱ ◆♦rt❤✲❍♦❧❧❛♥❞✱ ❆♠st❡r❞❛♠✳

●❧❛❡s❡r✱ ❊✳ ❛♥❞ ◆❛t❤❛♥s♦♥ ❈✳ ✭✷✵✶✼✮✿ ❆♥ ❡①tr❛♣♦❧❛t✐✈❡ ♠♦❞❡❧ ♦❢ ❤♦✉s❡ ♣r✐❝❡ ❞②♥❛♠✲

✐❝s✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✶✷✻✱ ✶✹✼✲✶✼✵✳

●❧❛❡s❡r✱ ❊✳✱ ●♦tt❧✐❡❜✱ ❏✳ ❛♥❞ ●②♦✉r❦♦✱ ❏✳ ✭✷✵✶✸✮✿ ❈❛♥ ❝❤❡❛♣ ❝r❡❞✐t ❡①♣❧❛✐♥ t❤❡ ❤♦✉s✲

✐♥❣ ❜♦♦♠❄ ■♥✿ ●❧❛❡s❡r✱ ❊✳ ❛♥❞ ❙✐♥❛✐✱ ❚✳ ✭❊❞s✳✮✱ ❍♦✉s✐♥❣ ❛♥❞ t❤❡ ✜♥❛♥❝✐❛❧ ❝r✐s✐s✱ ❯♥✐✲

✈❡rs✐t② ♦❢ ❈❤✐❝❛❣♦ Pr❡ss✱ ❈❤✐❝❛❣♦✱ ✸✵✶✲✸✺✾✳

●②♦✉r❦♦✱ ❏✳✱ ▼❛②❡r✱ ❈✳ ❛♥❞ ❙✐♥❛✐✱ ❚✳ ✭✷✵✶✸✮✿ ❙✉♣❡rst❛r ❈✐t✐❡s✳ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝

❏♦✉r♥❛❧✿ ❊❝♦♥♦♠✐❝ P♦❧✐❝②✱ ✺✱ ✶✻✼✲✾✾✳

❍❡✱ ❳✳✲❩✳ ❛♥❞ ❲❡st❡r❤♦✛✱ ❋✳ ✭✷✵✵✺✮✿ ❈♦♠♠♦❞✐t② ♠❛r❦❡ts✱ ♣r✐❝❡ ❧✐♠✐t❡rs ❛♥❞ s♣❡❝✉✲

❧❛t✐✈❡ ♣r✐❝❡ ❞②♥❛♠✐❝s✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s ❛♥❞ ❈♦♥tr♦❧✱ ✷✾✱ ✶✺✼✼✲✶✺✾✻✳

❍✐♠♠❡❧❜❡r❣✱ ❈✳✱ ▼❛②❡r✱ ❈✳ ❛♥❞ ❙✐♥❛✐✱ ❚✳ ✭✷✵✵✺✮✿ ❆ss❡ss✐♥❣ ❤✐❣❤ ❤♦✉s❡ ♣r✐❝❡s✿ ❇✉❜✲

❜❧❡s✱ ❢✉♥❞❛♠❡♥t❛❧s ❛♥❞ ♠✐s♣❡r❝❡♣t✐♦♥s✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ P❡rs♣❡❝t✐✈❡s✱ ✶✾✱ ✻✼✲✾✷✳

❍♦♠♠❡s✱ ❈✳ ✭✷✵✶✶✮✿ ❚❤❡ ❤❡t❡r♦❣❡♥❡♦✉s ❡①♣❡❝t❛t✐♦♥s ❤②♣♦t❤❡s✐s✿ ❙♦♠❡ ❡✈✐❞❡♥❝❡

❢r♦♠ t❤❡ ❧❛❜✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s ❛♥❞ ❈♦♥tr♦❧✱ ✸✺✱ ✶✲✷✹✳

❍♦♠♠❡s✱ ❈✳ ✭✷✵✶✸✮✿ ❇❡❤❛✈✐♦r❛❧ r❛t✐♦♥❛❧✐t② ❛♥❞ ❤❡t❡r♦❣❡♥❡♦✉s ❡①♣❡❝t❛t✐♦♥s ✐♥ ❝♦♠✲

♣❧❡① ❡❝♦♥♦♠✐❝ s②st❡♠s✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ❈❛♠❜r✐❞❣❡✳

❍✉❛♥❣✱ ❲✳ ❛♥❞ ❩❤❡♥❣✱ ❍✳ ✭✷✵✶✷✮✿ ❋✐♥❛♥❝✐❛❧ ❝r✐s✐s ❛♥❞ r❡❣✐♠❡✲❞❡♣❡♥❞❡♥t ❞②♥❛♠✐❝s✳

❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❇❡❤❛✈✐♦r ❛♥❞ ❖r❣❛♥✐③❛t✐♦♥✱ ✽✷✱ ✹✹✺✲✹✻✶✳

■❛❝♦✈✐❡❧❧♦✱ ▼✳ ✭✷✵✵✺✮✿ ❍♦✉s❡ ♣r✐❝❡s✱ ❜♦rr♦✇✐♥❣ ❝♦♥str❛✐♥ts✱ ❛♥❞ ♠♦♥❡t❛r② ♣♦❧✐❝② ✐♥

t❤❡ ❜✉s✐♥❡ss ❝②❝❧❡✳ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✾✺✱ ✼✸✾✲✼✻✹✳

❑♦✉✇❡♥❜❡r❣✱ ❘✳ ❛♥❞ ❩✇✐♥❦❡❧s✱ ❘✳ ✭✷✵✶✹✮✿ ❋♦r❡❝❛st✐♥❣ t❤❡ ❯❙ ❤♦✉s✐♥❣ ♠❛r❦❡t✳ ■♥✲

t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❋♦r❡❝❛st✐♥❣✱ ✸✵✱ ✹✶✺✲✹✷✺✳

❑♦✉✇❡♥❜❡r❣✱ ❘✳ ❛♥❞ ❩✇✐♥❦❡❧s✱ ❘✳ ✭✷✵✶✺✮✿ ❊♥❞♦❣❡♥♦✉s ♣r✐❝❡ ❜✉❜❜❧❡s ✐♥ ❛ ♠✉❧t✐✲❛❣❡♥t

s②st❡♠ ♦❢ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t✳ P❧♦❙ ❖◆❊✱ ✶✵✱ ❡✵✶✷✾✵✼✵✳

▲❛♠❜❡rt✐♥✐✱ ▲✳✱ ▼❡♥❞✐❝✐♥♦✱ ❈✳ ❛♥❞ P✉♥③✐✱ ▼✳ ✭✷✵✶✸✮✿ ▲❡❛♥✐♥❣ ❛❣❛✐♥st ❜♦♦♠✲❜✉st

❝②❝❧❡s ✐♥ ❝r❡❞✐t ❛♥❞ ❤♦✉s✐♥❣ ♣r✐❝❡s✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s ❛♥❞ ❈♦♥tr♦❧✱ ✸✼✱

✶✺✵✵✲✶✺✷✷✳

▲❛♥❞✈♦✐❣t✱ ❚✳ ✭✷✵✶✼✮✿ ❍♦✉s✐♥❣ ❞❡♠❛♥❞ ❞✉r✐♥❣ t❤❡ ❜♦♦♠✿ ❚❤❡ r♦❧❡ ♦❢ ❡①♣❡❝t❛t✐♦♥s

✹✶



❛♥❞ ❝r❡❞✐t ❝♦♥str❛✐♥ts✳ ❚❤❡ ❘❡✈✐❡✇ ♦❢ ❋✐♥❛♥❝✐❛❧ ❙t✉❞✐❡s✱ ✸✵✱ ✶✽✻✺✲✶✾✵✷✳

▲✉①✱ ❚✳ ✭✶✾✾✺✮✿ ❍❡r❞ ❜❡❤❛✈✐♦✉r✱ ❜✉❜❜❧❡s ❛♥❞ ❝r❛s❤❡s✳ ❚❤❡ ❊❝♦♥♦♠✐❝ ❏♦✉r♥❛❧✱ ✽✽✶✲

✽✾✻✳

▼❛rt✐♥✱ ❈✳ ❛♥❞ ❲❡st❡r❤♦✛✱ ❋✳ ✭✷✵✶✾✮✿ ❘❡❣✉❧❛t✐♥❣ s♣❡❝✉❧❛t✐✈❡ ❤♦✉s✐♥❣ ♠❛r❦❡ts ✈✐❛

♣✉❜❧✐❝ ❤♦✉s✐♥❣ ❝♦♥str✉❝t✐♦♥ ♣r♦❣r❛♠s✿ ■♥s✐❣❤ts ❢r♦♠ ❛ ❤❡t❡r♦❣❡♥❡♦✉s ❛❣❡♥t ♠♦❞❡❧✳

❏❛❤r❜ü❝❤❡r ❢ür ◆❛t✐♦♥❛❧ö❦♦♥♦♠✐❡ ✉♥❞ ❙t❛t✐st✐❦✱ ✐♥ ♣r❡ss✳

▼❡❞✐♦✱ ❆✳ ❛♥❞ ▲✐♥❡s✱ ▼✳ ✭✷✵✵✶✮✿ ◆♦♥❧✐♥❡❛r ❞②♥❛♠✐❝s✿ ❆ ♣r✐♠❡r✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡r✲

s✐t② Pr❡ss✱ ❈❛♠❜r✐❞❣❡✳

P✐❛③③❡s✐✱ ▼✳ ❛♥❞ ❙❝❤♥❡✐❞❡r✱ ▼✳ ✭✷✵✵✾✮✿ ▼♦♠❡♥t✉♠ tr❛❞❡rs ✐♥ t❤❡ ❤♦✉s✐♥❣ ♠❛r❦❡t✿

❙✉r✈❡② ❊✈✐❞❡♥❝❡ ❛♥❞ ❛ s❡❛r❝❤ ♠♦❞❡❧✳ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✿ P❛♣❡rs ❛♥❞ Pr♦✲

❝❡❡❞✐♥❣s✱ ✾✾✱ ✹✵✻✲✹✶✶✳

P✐❛③③❡s✐✱ ▼✳ ❛♥❞ ❙❝❤♥❡✐❞❡r✱ ▼✳ ✭✷✵✶✻✮✿ ❍♦✉s✐♥❣ ❛♥❞ ♠❛❝r♦❡❝♦♥♦♠✐❝s✳ ■♥✿ ❚❛②❧♦r✱

❏✳ ❛♥❞ ❯❤❧✐❣✱ ❍✳ ✭❊❞s✳✮✿ ❍❛♥❞❜♦♦❦ ♦❢ ▼❛❝r♦❡❝♦♥♦♠✐❝s✱ ✷✱ ✶✺✹✼✲✶✻✹✵✱ ◆♦rt❤✲❍♦❧❧❛♥❞✱

❆♠st❡r❞❛♠✳

P♦t❡r❜❛✱ ❏✳ ✭✶✾✽✹✮✿ ❚❛① s✉❜s✐❞✐❡s t♦ ♦✇♥❡r✲♦❝❝✉♣✐❡❞ ❤♦✉s✐♥❣✿ ❛♥ ❛ss❡t ♠❛r❦❡t ❛♣✲

♣r♦❛❝❤✳ ❚❤❡ ◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✾✾✱ ✼✷✾✲✼✺✷✳

P♦t❡r❜❛✱ ❏✳ ✭✶✾✾✶✮✿ ❍♦✉s❡ ♣r✐❝❡ ❞②♥❛♠✐❝s✿ t❤❡ r♦❧❡ ♦❢ t❛① ♣♦❧✐❝② ❛♥❞ ❞❡♠♦❣r❛♣❤②✳

❇r♦♦❦✐♥❣s P❛♣❡rs ♦♥ ❊❝♦♥♦♠✐❝ ❆❝t✐✈✐t②✱ ✷✱ ✶✹✸✲✷✵✸✳

❙❝❤♠✐tt✱ ◆✳✱ ❚✉✐♥str❛✱ ❏✳ ❛♥❞ ❲❡st❡r❤♦✛✱ ❋✳ ✭✷✵✶✼✮✿ ❙✐❞❡ ❡✛❡❝ts ♦❢ ♥♦♥❧✐♥❡❛r ♣r♦✜t

t❛①❡s ✐♥ ❛ ❜❡❤❛✈✐♦r❛❧ ♠❛r❦❡t ❡♥tr② ♠♦❞❡❧✿ ❛❜r✉♣t ❝❤❛♥❣❡s✱ ❝♦❡①✐st✐♥❣ ❛ttr❛❝t♦rs ❛♥❞

❤②st❡r❡s✐s ♣r♦❜❧❡♠s✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❇❡❤❛✈✐♦r ❛♥❞ ❖r❣❛♥✐③❛t✐♦♥✱ ✶✸✺✱ ✶✺✲✸✽✳

❙❤✐❧❧❡r✱ ❘✳ ✭✷✵✶✺✮✿ ■rr❛t✐♦♥❛❧ ❡①✉❜❡r❛♥❝❡✳ Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t② Pr❡ss✱ Pr✐♥❝❡t♦♥✳
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