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How Anti-de Sitter Black Holes Reach Thermal Equilibrium
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It is commonly known in the literature that large black holes in anti-de Sitter spacetimes (with
reflective boundary condition) are in thermal equilibrium with their Hawking radiation. Focusing on
black holes with event horizon of toroidal topology, we study a simple model to understand explicitly
how this thermal equilibrium is reached under Hawking evaporation. It is shown that it is possible
for a large toroidal black hole to evolve into a small (but stable) one.

I. INTRODUCTION: THERMAL EQUILIBRIUM OF BLACK HOLES IN ANTI-DE SITTER
SPACETIMES

Black holes in anti-de Sitter (AdS) spacetimes have been well studied in recent decades due to their applications
in holography (gauge/gravity duality). These black holes behave rather differently from their asymptotically flat
counterpart. Notably, their event horizon need not be spherical, topologically speaking. Instead, black holes with
hyperbolic or toroidal horizon are also valid solutions to the Einstein field equations. Regardless of their horizon
topology, AdS black holes possess very different thermodynamical behavior compared to the asymptotically flat ones.
The Hawking temperature in d-dimensions takes the form [1] (in the units G =c=h=kp = 1)
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where k = +1,0, —1 correspond to horizons that are positively curved, flat, and negatively curved, respectively, and rp,
denotes the radial location of the event horizon. For a sufficiently large black hole, namely those with horizon size
larger than the AdS curvature length scale (r, > L), the temperature is directly proportional to r,. That is to say,
large AdS black holes are “hot”!. This lies in stark contrast with the asymptotically flat Schwarzschild black hole,
whose temperature scales inversely proportional to its mass (and therefore size).

In addition, asymptotically locally AdS spacetimes have a timelike boundary at spatial infinity. Remarkably, null
geodesics from within the bulk can hit the boundary and be reflected back in a finite affine parameter interval (and
also in a finite coordinate time ¢, if we use the canonical Schwarzschild-like coordinates). To see this, let us focus on
the k = 0 case, which is widely used in holography. Hereinafter, we shall refer to such black holes as “flat black holes”.

Suppose there is no black hole. The metric tensor
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simply describes a flat foliation of the maximally symmetric AdS spacetime. This coordinate system fails at the center
r =0, so let us consider » = & > 0, where ¢ is small. The proper time between any two events both located at r = ¢ is
(e/L)At, where At for a photon that goes from r = € to oo and back is
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This is finite, although large. The proper time elapsed for the static observer is 2L. Note that ¢ drops out in the proper
time, as it should, since the AdS “center” is arbitrary. As a consequence, if a reflective boundary condition is imposed,
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1Even though the temperature of AdS black holes can be arbitrarily high from the viewpoint of the global geometry, local observers
never see thermal radiation at such Hawking temperature [2-4]. Keeping this subtlety in mind, we shall no longer put scare quotes around
the words hot or cold hereinafter.
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the Hawking photons will be reflected back into the black hole and so a sufficiently large black hole can attain thermal
equilibrium. (Another consequence is the non-linear instability of AdS: surprisingly a large class of arbitrarily small
perturbations can be reflected and refocused in the bulk, thus causing black hole formation [5]. See also the review [6].)

For the k = 1 case, small black holes are also hot (T" ~ 1/r, as can be seen from Eq.(1)), much like a small
asymptotically flat Schwarzschild black hole. Since Hawking radiation takes time to hit the boundary and be reflected
back, such small black holes can therefore completely evaporate before they have any hope to achieve thermal
equilibrium. In other words, large black holes (which have positive specific heat) are stable while small black holes
(which have negative specific heat) are therefore unstable. We could in principle use this stability criterion to define
“large” and “small”. While this criterion happens to coincide with using either the mass or the horizon size being
greater than L to define the black hole “size” in the k = 1 case, it does not hold for the & = 0 case that we would like
to focus on in this work. These black holes have Hawking temperature that is proportional to rj, regardless of the
black hole size, this means that small flat black holes are cold, i.e., their rate of evaporation is slow. Therefore it is not
impossible for small black holes to attain thermal equilibrium with their Hawking radiation. All k = 0 black holes
would therefore be “large” if we were to use the stability/specific heat to define its “size”. This is why we use r, > L
as the definition of a large black hole.

Furthermore, since the boundary condition can be changed to a completely absorptive one in which there is no
thermal equilibrium (see Sec.(IT)), we prefer to use a definition that holds independent of the boundary condition.
That is, a large black hole would remain large even if we change the boundary condition. Given a fixed black hole
in the bulk, it takes time for the radiation to reach the boundary and come back. Until the radiation reaches the
boundary (and potentially reflected back or absorbed depending on the boundary condition), the black hole has no
knowledge of whether it can reach equilibrium. So a local criteria that allows us to define the black hole size at any
given time, even before the first Hawking radiation is emitted (so that we can speak of whether an initially “large”
black hole can evolve into a “small” one or remains “large”, even in the k = 1 case) is more useful. As we shall see,
defined this way, large flat black holes can evaporate into a small black hole which is in thermal equilibrium with their
Hawking quanta’.

Indeed, our objective in this work is to explicitly study a simplified model that allows us to see how AdS black
holes attain thermal equilibrium. The end result is perhaps expected, but the detailed evolution — to our knowledge —
has not been explicitly studied.

II. EVAPORATION UNDER A COMPLETELY ABSORPTIVE BOUNDARY CONDITION

For comparison purpose, it is instructive to first review the evaporation of flat black holes under the assumption
that the boundary is completely absorptive, which was investigated in details in [8]. In holography this can be achieved
by coupling the boundary with another auxiliary CFT [9-11]. We remark that the boundary condition of AdS is
not only important classically (since AdS spacetime is not globally hyperbolic), but also crucial for a consistent
quantization scheme of the fields in the bulk [12]. Although boundary conditions are mathematically arbitrary, physical
considerations would dictate which type of conditions should be chosen. For example, an absorptive boundary condition
is imposed when one wants to allow large black holes to evaporate (to study Hawking evaporation and their associated
phenomena). In the context of the study of perturbations in the AdS bulk, the situation is a lot more complicated
(to ensure the perturbations have the correct asymptotic behavior) — see, for example, the highly nontrivial work of
Ishibashi and Wald, which determined all possible boundary conditions that can be imposed at infinity for scalar,
electromagnetic, and gravitational perturbations of AdS spacetime [13]; see also [14] for Kerr-AdS perturbations.
Boundary conditions have also been studied from the perspective of the Hamiltonian approach [15]. Here, our concern
is somewhat simpler: we are only interested in the mass evolution of the black hole M (t) under Hawking evaporation,
given a specified boundary condition.

Let us focus on the 4-dimensional case, in which a static black hole of mass M with toroidal topology is described
by the metric tensor [16-18]
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where K is the compactification parameter: if we consider the horizon to be a square flat torus 72 = S* x S!, then

2Gibbons and Perry argued that black holes can remain in thermal equilibrium with a heat bath even in the presence of particle
interactions, though his work is restricted to the asymptotically flat case, the conclusion is likely to be generic [7].



each S! has circumference 277 K. The coordinates x,y are the usual coordinates on a (compactified) plane. One can of
course consider taking the planar limit to obtain a black brane.
The black hole radius r, and the Hawking temperature are given by
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The effective potential for massless particles in the background of a toroidal black hole geometry does not have a local
maximum [19, 20]. It is explicitly given by
J? [ r? 2M
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where J is the angular momentum of the particle. This expression increases monotonically and asymptotically tends
to a constant value J2/L? near the boundary. The relevant area o that one should use in the Stefan-Boltzmann law
for luminosity, cT*, for the Hawking emission is 472K 2L?, which is fixed by the cosmological constant instead of the
black hole mass [19, 20]. To understand this, we note that a Hawking particle has to overcome a potential with height
J2/L? in order to reach null infinity. In other words, a particle must have a ratio of angular momentum to energy of
at least L to escape. The “cross section” defined with this scale is therefore proportional to® L?, which agrees with the
result obtained by the rigorous quantum approach of [20].
Applying the Stefan-Boltzmann law, the mass loss equation is

dM

dt
where a is the radiation constant and o = 472K?L? is the cross section defined above. The greybody factor o depends
on the type of emitted particles, but if the greybody factor is not equal to 1, it will have an effect on the black hole to

prolong the black hole lifetime. Since we are only interested in the qualitative picture of the evolution, let us thus
ignore the prefactors and simplify the equation as

= —aaoT?, (7)
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Integrating the above formula we see that the black hole lifetime is infinite, since
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(where My is the initial mass) tends to zero only when ¢ — oco.

In Fig. (1) we present some examples of the evolution of the toroidal black holes with different initial masses
under the completely absorptive boundary condition. Hereinafter, we set L = 1 for further simplification. Note that
arbitrarily large black holes can lose a lot of mass initially due to their high temperature. In fact, regardless of their
initial mass, all toroidal black holes take about the same time of the order of L? to evaporate down to M ~ L [8]. (For
the k = 1 case arbitrarily large black holes evaporate in a finite time of order L?, as shown by Page [21].) When the
black hole becomes smaller, the temperature also decreases, so the evaporation process is increasingly difficult. This
obeys the third law of black hole thermodynamics — the zero temperature state, which corresponds to a zero mass
black hole, is unattainable in a finite time.

III. THERMAL EQUILIBRIUM UNDER A COMPLETELY REFLECTIVE BOUNDARY CONDITION

We now consider the case in which the boundary is completely reflective, as is usually assumed in holography. We
shall model the evaporation process with a delayed differential equation (DDE):
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3The derivation and argument in [19] is incorrect, though the result is correct, and the general idea is contained therein.
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FIG. 1: The evolution of toroidal AdS black hole under the completely absorptive boundary condition. From top to bottom the initial masses are
chosen to be 20000, 2000, 200 respectively.

where t* denotes the time it took for an emitted particle to reach the boundary and be reflected back into the black
hole horizon. In other words, t* is the round trip duration, analogous to At in the empty AdS spacetime we computed
in the Introduction.

The DDE describes the following process: initially when the black hole starts to emit Hawking radiation (say just
after its formation), Hawking radiation takes time to travel to the boundary and back. Therefore, prior to time t*,
the black hole does not absorb any incoming radiation. After time ¢ > t*, it continues to emit at the temperature at
time ¢. The radiation that returns from infinity, however, has a higher temperature since it was emitted at an earlier
time t — t,. The redshift of the outgoing photon is canceled by the blueshift on its return trip. To be precise, the
cancellation is only perfect if we consider a static black hole. Here the black hole radius would have changed after
time ¢*, and thus the blueshift would not perfectly compensate for the redshift (see more in the Discussion for other
subtleties). Still, it is insightful to first study the most simplified model that captures the essence of the problem.

We will consider two cases: fixed t* and varying t*. Indeed, as the black hole evaporates, its size changes, and
t* will change accordingly. Thus, the varying t* case is more physical. However, as we shall see, even fixing t* for
simplicity still captures some of the important physical features. This suggests that despite the simplification of the
model it is somewhat robust.

A. Case I: Fixed t*

Let us fix t* to be a constant and solve the DDE numerically with MAPLE. In Fig. (2) and Fig. (3) we present
some examples of the black hole evolution for various values of t* and Mj,;. We see that the black hole mass fluctuates
with time, which is very similar to the echo behavior found in [22] (see their Fig. (6)). In Fig. (2), as the initial
mass of the black hole increases, the oscillations persist for a longer duration, which means that it is harder for the
black hole to reach a stable equilibrium state. On the other hand, in Fig. (3), as t* increases, we observe that the
oscillation frequency decreases. In other words, the longer it takes the Hawking particle to complete its round trip, the
less oscillation is observed in the mass evolution.
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FIG. 2: The black hole evolution at t* = 1. From left to right the initial mass of black hole are M;,; = 1, 10, 100 respectively.

In these plots, we observe that t* corresponds to the first “bounce” in the mass function M(t). If t,. — oo, the curve
would have continued to decrease to zero asymptotically, thus recovering the result for completely absorptive boundary
condition we reviewed in Sec.(IT). We note from the plots that this bounce is not smooth. The physical reason is this:
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FIG. 3: The black hole evolution at Mi,; = 1.5. From left to right the t* = 0.1, 1, 10 respectively.

a toroidal black hole has temperature directly proportional to its mass, so before t*, the emitted Hawking quanta are
relatively hot. By the time the black hole re-absorbed these particles at ¢ = t*, there is a huge jump in the energy
(mass) of the black hole as the hot radiation suddenly dumped into the horizon. Depending on the mass and the
temperature of the black hole, the subsequent bounces can still fail to be smooth, though eventually as the mass
fluctuation gets smaller, the bounce will become smoother.

In the literature, sometimes one defines “large” black hole by the condition M > L and “small” black hole by
M < L. With this criterion, in the middle diagram of Fig. (3), we have an example of a large black hole equilibrating
into a small black hole under Hawking evaporation. Since 7, is related to M by Eq. (5), M > L also means
rn > (2/(rK?)Y3L > L (for K = 1), so it does not matter if we use 7, or M to characterize “large” and “small”.
It is true that for larger values of K, these two characterizations could differ, but the point is that no matter which
variable we use in the evolution, M or ry, it is always possible to choose a suitable initial value such that transition
from a large black hole to a small one is possible.

Note that oscillations in the mass never truly dies off completely, so we need a practical definition of what
thermal equilibrium means. Denote the set of local maxima by {M™*} and the set of local minima by {M™"},
i € N. Let us denote the time that corresponds to either a local maximum or a local minimum by ¢;. We will
consider a black hole to have reached thermal equilibrium with a stable mass Mgy, if there exists N € N such that
(Mima" — M;nin) /Mser, < 0.001% for all i,j > N. We refer to ty as the stable time, henceforth denoted by #sp, at
which the mass is none other than Mg,. That is, we say that equilibrium/stable state has been reached when the
ratio of the mass fluctuation to the stable mass is sufficiently small (this cutoff can be made arbitrarily small if one
wishes, but in practice one should work within the numerical accuracy/resolution).
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FIG. 4: Left: The relationship between t* and the stable mass Mg1,. Right: The relationship between t* and the stable time tg1,. In both figures
we set Min; = 10 and L = 1.

In Fig. (4), we studied the behaviors of the final stable mass Mg, and the corresponding thermal equilibrium time
tstb as we change the values of the fixed t*. As can be seen from the left figure, for a larger value of t* we always have
a smaller Mgy, This is because as t* gets larger, more particles are dissipated in the process of Hawking emission, and
less mass is re-absorbed by the black hole. In the right figure, we observe that ts, becomes larger when t* increases.
Combining with Fig. (3), we see that a smaller ¢* implies a higher frequency of mass oscillation. This is to be expected
since a smaller ¢* makes it easier for the radiating particles to be reflected back and thus re-absorbed by the black hole.
The radiation “bouncing” back and forth between the horizon and the boundary thus causes the rapid mass oscillation.
On the contrary, a larger ¢* implies a longer journey time for the emitted particle, and the oscillation frequency is also
smaller, thus corresponding to a longer time for reaching thermal equilibrium.

In Fig. (5), we present the behaviors of My, and ty, with various initial black hole mass M;,; and fixed ¢*. In the
left figure, we see that the final stable mass increases with the initial mass. In the right figure, tyy, is also increasing
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FIG. 5: Left: The relationship between the initial mass M;jy,; and final stable mass Mgp; Right: The relationship between the initial mass Mip;
and the final stable time tsp. In both figures we set t* =1 and L = 1.

with M;,;. Ultimately the assumption of fixed t* is expected to break down and the results misleading when M;y;
grows too large. This is because — colloquially speaking — a very large black hole is “closer” to the boundary and so
one expects that the time a massless particle takes to reach the infinity and back to be shorter than a smaller black
hole. Hence, let us now move on to a more realistic model: allowing t* to vary as the mass changes.

B. Case II: Varying t*

During the evolution of the black hole, the radius of the black hole will change due to the absorption and emission
of particles. For black holes with a different radius, the emitted particles will take different duration to reach the AdS
boundary and be reflected back. Thus the case of varying t* is more physical. Explicitly we can calculate the round
trip time as t* as [22]
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where § > 0 is a regulator to avoid divergence of the integral. This can be understood as the particles get emitted and
re-absorbed at 7p, + d, which is near the horizon. The divergence in the integral for § = 0 is easy to understand: photon
emitted ezactly on the horizon is not emitted outward. (Indeed, for AdS black holes, it is expected that most Hawking
radiation comes from the near-horizon region [23], the “quantum atmosphere” is thin [24], which is not true in general
in the asymptotically flat case [24—26]. In this work we nevertheless consider 0 to be arbitrary, within O(1) of the
horizon scale, just to explore the effect on t*.) Strictly speaking, this expression of ¢* is only true if M is constant.
When the mass — and therefore the size of the black hole — changes, one should properly calculate t* by integrating
from the horizon to infinity, and then integrate from infinity back to the new position of the horizon. In our simple
model this is not taken into account, which is consistent with our DDE set up that ignores the redshift and blueshift
of the radiation (which only perfectly compensate each other in the static case). We hope that even with such a
short-coming, our model still captures the essential main features of the physics (we can be a little more explicit; see
below).

Substituting in the black hole radius rj, = (2M L2)3, the above integral F(r) can be obtained as

F(T) = /%dr
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The function F(r) tends to 23v/3L*37/6M3 as r — oco. On the other hand, taking the series expansion at
r =1y, + 0 for small § we have

Py + 6) = 21 O)L3 29 (32270211 L 2L L e o) (13
h ~ T 3M/3B 6M1/3 3v3M1/3  18M ) )




Thus we can obtain the expression of ¢* in the terms of M and §:

1 22/350 /305 92/3 ln(d)L% 2% In (3 . 2§M§L%> L3
T 18 M3 T 3Mi/B + 6M1L/3

(14)

Note that this is logarithmically divergent in the limit § — 0.
From Eq. (14) we should at least require that ¢* is positive, which yields the inequality for which the approximation
is applicable

53
M > 0.0063 x 7. (15)

This always holds for 6 ~ O(1)ry, that we assumed. On the other hand, if the periodicity of the torus (more precisely
the circumference of one of its S! direction) is comparable to or shorter than the local thermal wavelength of the
Hawking radiation (i.e. the Tolman temperature, Tiocal = T/+/|gtt]), then one would expect that the model needs to
take into account the discreteness of the modes [8], and our model would require corrections. This consideration can
be implemented by first defining p:= KM and t:=¢/K, tv:= Kr, so that
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The horizon is now at v = (2uL?/7)'/3, so the proper circumference of the horizon is 27 (2uL?/m)'/3. At large t, the
local Tolman temperature is Tjoca) ~ 1/L, so that the number of thermal wavelengths within a circumference of the
torus is at the order (pLz)l/ 3/L. Requiring that this is larger than unity to avoid the discreteness issue therefore
yields > L, or for K =1, the inequality M > L, for which our model is applicable.

Now we can solve the DDE numerically and study the black hole evolution. In Fig. (6) and Fig. (7) we present
some examples with different choices of the values of 0 and Miy;. The results are consistent with Fig. (2) and Fig. (3)
in the case of fixed t*.
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FIG. 6: The black hole evolution at §=1. From left to right the initial mass of black hole are M;,; = 1,10, 100 respectively.
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Similarly, we can analyze the behaviour of the final stable mass My, and corresponding time tg, under the
condition of varying ¢*. In the left figure of Fig. (8), as ¢ increases, My, also increases. This is because as § grows,
particles are emitted farther away from the event horizon, and so t* is smaller, which in turn implies that it is harder
for the black hole to evaporate.



The right side of Fig. (8) shows that ts, decreases with §. The black hole mass decreases rapidly when § is small.
This is because when § — 0 , as we have explained, t* — oo, thus the evolution is dominated by the first equation of
the DDE in Eq. (10) and the situation reduces to that of complete absorptive boundary condition. For small but
nonzero ¢, the oscillation in the black hole mass is more obvious, but eventually, it will reach a stable state, as shown
in the left figure of Fig. (7). When § is larger, the black hole oscillation is milder and it reaches a stable state sooner.
This is consistent with the situation with fixed t* (Fig. (5)) since t* is inversely proportional to d.
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FIG. 8: Left: The relationship between § and the stable mass Mgp.; Right: The relationship between § and the stable time ts,. In both figures
we set Mijn; = 10 and L = 1.

In Fig. (9), we present the behaviors of M, and tgp, with various initial black hole mass Miy; for fixed 6. In the
left figure we find that the final stable mass increases with the initial mass, which is to be expected. Notice that in the
right figure, tg1, decreases with the growth of Miy,;. Indeed, according to Eq. (14), the black hole mass M appears
in the denominator, thus a larger M;,; predicts a smaller t*, so the duration of the whole evaporation process will
decrease, and the time to reach thermal equilibrium will also become shorter.
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FIG. 9: The relationship between the initial mass M;jy,; and final stable mass Mg¢1,; Right: The relationship between the initial mass Mi,; and the
final stable time ts¢p. In both figures we set § =1 and L = 1.

Note that the behaviors one obtains for the varying ¢* case are qualitatively very similar to the fixed t* case, except
for the plot of ¢y against Miy;, which shows a completely opposite behavior, c.f. the right plot of Fig. (9) with the
right plot of Fig. (5). We see in the right plot of Fig. (4) that the (fixed) ¢* should decrease as tg, decreases (for fixed
Miyi), whereas in the right plot of Fig. (5), for fixed t* = 1, we observe that tyy, increases with Mj,;. Thus one must
consider these two effects together carefully, and from the varying ¢t* case we see that the overall effect is still for s,
to decrease with M;y;.

IV. DISCUSSION

Since asymptotically locally anti-de Sitter spacetimes have a timelike boundary, it is not globally hyperbolic. This
means that one must prescribe a boundary condition on the conformal boundary in order to solve for the evolution of
some given initial datum on a spacelike hypersurface. The usual choice is to impose a completely reflective boundary
condition. Under such an assumption, the massless Hawking emission will reach the boundary and be reflected back
into the black hole. As a result, large black holes are believed to be in equilibrium with their Hawking radiation. The
study of how black holes in AdS can reach thermal equilibrium is also closely related to the echoes of gravitational



waves in the bulk (and its possible holographic dual interpretation), which has recently gained some attention in the
literature [22, 27].

In this work, applying a completely reflective boundary condition, we modeled the Hawking evaporation of flat
black holes in AdS with a simple DDE. Note that we assume the black hole is pre-existing and that Hawking radiation
suddenly switches on at a particular time. The results could therefore be somewhat different if one considers instead
a fully dynamical gravitational collapse that forms a black hole (in that context, there is also a debate concerning
the importance of the so-called “pre-Hawking radiation” [28-30]). This would require setting up a model with a
Vaidya-like metric. We are also assuming the Stefan-Boltzmann equation holds for all time, and that the emitted
radiation follows null geodesics, i.e. we are assuming the geometric optics approximation. Of course, the fine print
is that such an approximation will eventually break down when the black hole is small enough. Nevertheless, as a
first step to concretely model the evaporation, we work within the simplest model possible to gain some insights into
the general picture?. The model can be made more sophisticated if we take into account the changes of the horizon
position and therefore the blueshift of the incoming radiation does not perfectly cancel with the redshift of the outgoing
radiation.

From our results, we see that the typical behavior is that the mass of the black hole displays a damped oscillation
behavior as a function of the coordinate time ¢, and eventually asymptotes to a stable state corresponding to thermal
equilibrium. Perhaps what is more surprising, is that a large black hole can evaporate into a small black hole that
eventually reaches thermal equilibrium with its Hawking radiation, whereas the usual folklore seems to give the
impression that a large black hole stays big. There is no contradiction however, since our analysis is restricted to black
holes with toroidal topology. Small toroidal black holes are cold, not hot, so they have a chance to reach thermal
equilibrium.

Black holes with £k = 1 and k£ = —1 are expected to behave differently. For example, we know that for k = 1,
small black holes are hot, so they are expected to completely evaporate even under a completely reflective boundary
condition. However, large AdS black holes are hot regardless of their topologies. Therefore we expect that at least
some of the qualitative pictures we found here continue to hold. However, for the kK = 1 case we would expect that
large black holes should be able to achieve thermal equilibrium (and stays large). It would be interesting to verify
this with our (very) simplified model. If we do not obtain the expected result, this might indicate that the model is
too simplistic. This is beyond our current work however, as the k = £1 cases are difficult to solve with our current
method (DDE solving with MAPLE and Mathematica still cannot handle these deceptively simple equations, so a
more sophisticated numerical method would be required in future work.) Note that for the k = —1 case, as is evident
from Eq. (1), there is a minimial radius at which the temperature vanishes. This would correspond to a negative mass
black hole [1]. We expect that this state cannot be reached (the third law of black hole thermodynamics).

We also have not considered other effects that could arise in toroidal black hole spacetimes. For example, for a
sufficiently small black hole, if its temperature drops below a critical temperature

1

T, = —— 1
¢ KL’ (17)

the black hole would undergo a phase transition into the Horowitz-Myers soliton [31-34] (this is essentially a toroidal
analogue for the well-known Hawking-Page phase transition [35]), despite the fact that there is no minimum temperature
for such black holes.

Lastly, it is important to emphasize that in this work we have only discussed how the black hole mass evolves
under Hawking evaporation. There are a lot of subtleties in the underlying physics that can be further explored (even
in the context of our “minimalistic model”). Notably, one could look at the semi-classical stress-energy tensor and
compute the flux of the particle production more precisely, even considering back-scattering in the stress-tensor (see,
e.g. [36]), or backreaction on black hole [37]. It would be interesting also to see how the energy condition is explicitly
broken and how we can observe this throughout the evaporation process. A related question would be to see if there is
any negative energy flux coming out from the black hole especially when quantum information aspects are considered
[38—40]. Indeed, in view of the recent trend to incorporate quantum information into the study of black hole physics
(partly motivated by the black hole information paradox), an ambitious aim would be to track how various quantities
like entanglement entropy, complexity, and mutual information evolve along with the black hole mass. Note that this
would require us to focus on the entire system, namely both the black hole and the thermal bath, instead of just
focusing on the mass loss and mass gain of the black hole.

4“All models are wrong, but some are useful.” — George E. P. Box.
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