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Documentos de Investigación

Banco de México
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Documento de Investigación Working Paper

2011-15 2011-15

How Far Do Shocks Move Across Borders? Examining
Volatility Transmission in Major Agricultural Futures

Markets*

Manuel A. Hernández† Raúl Ibarra-Ramı́rez‡
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Abstract: This paper examines the level of interdependence and volatility transmission

in global agricultural futures markets. We follow a multivariate GARCH approach to explore

the dynamics and cross-dynamics of volatility across major exchanges of corn, wheat, and

soybeans between the United States, Europe, and Asia. We account for the potential bias

that may arise when considering exchanges with different closing times. The results indicate

that agricultural markets are highly interrelated and there are both own- and cross- volatility

spillovers and dependence among most of the exchanges. The results also show the major

role Chicago plays in terms of spillover effects over the other markets, particularly for corn

and wheat. Additionally, the level of interdependence between exchanges has only increased

in recent years for some of the commodities.
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Resumen: En este trabajo se analiza el nivel de interdependencia y transmisión de

volatilidad en los mercados internacionales de futuros agŕıcolas. Se sigue un enfoque de

GARCH multivariado para explorar la dinámica y la dinámica cruzada de la volatilidad para

los principales mercados de máız, trigo y soya en Estados Unidos, Europa y Asia. Se toma

en cuenta el posible sesgo que puede surgir cuando se consideran mercados con diferentes

horarios de cierre. Los resultados indican que los mercados agŕıcolas se encuentran altamente

interrelacionados y que existen derrames propios y cruzados de volatilidad y dependencias

entre la mayoŕıa de los mercados. Los resultados indican además el importante papel que

juega Chicago en términos de efectos de derrame de volatilidad sobre los otros mercados,

particularmente para máız y trigo. Adicionalmente, el nivel de interdependencia entre los

mercados sólo se ha incrementado en años recientes para algunos de los productos primarios.
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♦✇♥✲✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs ❛♥❞ ♣❡rs✐st❡♥❝❡ ✇✐t❤✐♥ ♠❛r❦❡ts✱ t❤❡ ❢✉❧❧ ❇❊❑❑ ♠♦❞❡❧ ✐s

s✉✐t❛❜❧❡ t♦ ❝❤❛r❛❝t❡r✐③❡ ✈♦❧❛t✐❧✐t② tr❛♥s♠✐ss✐♦♥ ❛❝r♦ss ❡①❝❤❛♥❣❡s s✐♥❝❡ ✐t ✐s ✢❡①✐❜❧❡

❡♥♦✉❣❤ t♦ ❛❝❝♦✉♥t ❢♦r ♦✇♥✲ ❛♥❞ ❝r♦ss✲✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs ❛♥❞ ♣❡rs✐st❡♥❝❡ ❜❡t✇❡❡♥

♠❛r❦❡ts✳ ❚❤❡ ❈❈❈ ♠♦❞❡❧✱ ✐♥ t✉r♥✱ ❡✈❛❧✉❛t❡s t❤❡ ❞❡❣r❡❡ ♦❢ ✐♥t❡r❞❡♣❡♥❞❡♥❝❡ ❜❡✲

t✇❡❡♥ ♠❛r❦❡ts✱ ♠❡❛s✉r❡❞ t❤r♦✉❣❤ ❛ ❝♦♥st❛♥t ❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐①✱ ✇❤✐❧❡

t❤❡ ❉❈❈ ♣❡r♠✐ts t♦ ❡①❛♠✐♥❡ ✐❢ t❤❡ ❞❡❣r❡❡ ♦❢ ✐♥t❡r❞❡♣❡♥❞❡♥❝❡ ❤❛s ❝❤❛♥❣❡❞ ❛❝r♦ss

t✐♠❡✳

❚❤❡ ♣❛♣❡r ❝♦♥tr✐❜✉t❡s t♦ t❤❡ ❧✐t❡r❛t✉r❡ ✐♥ s❡✈❡r❛❧ ❛s♣❡❝ts✳ ❋✐rst✱ ✐t ♣r♦✈✐❞❡s ❛♥

✐♥✲❞❡♣t❤ ❛♥❛❧②s✐s ♦❢ ✈♦❧❛t✐❧✐t② tr❛♥s♠✐ss✐♦♥ ❛❝r♦ss s❡✈❡r❛❧ ✐♠♣♦rt❛♥t ❡①❝❤❛♥❣❡s

✷ ❚❤❡ ❞✐❛❣♦♥❛❧ ❛♥❞ ❢✉❧❧ ❇❊❑❑ ♠♦❞❡❧s st❛♥❞ ❢♦r ❊♥❣❧❡ ❛♥❞ ❑r♦♥❡r ✭✶✾✾✺✮ ♠✉❧t✐✈❛r✐❛t❡ ♠♦❞❡❧s❀
t❤❡ ❛❝r♦♥②♠ ❇❊❑❑ ❝♦♠❡s ❢r♦♠ s②♥t❤❡s✐③❡❞ ✇♦r❦ ♦♥ ♠✉❧t✐✈❛r✐❛t❡ ♠♦❞❡❧s ❜② ❇❛❜❛✱ ❊♥❣❧❡✱ ❑r❛❢t✱
❛♥❞ ❑r♦♥❡r✱ ✇❤✐❧❡ ❚ ✐♥❞✐❝❛t❡s t❤❛t ✇❡ ✉s❡ ❛ ❚✲st✉❞❡♥t ❞❡♥s✐t② ✐♥ t❤❡ ❡st✐♠❛t✐♦♥s ✭❢♦r r❡❛s♦♥s t❤❛t
✇✐❧❧ ❜❡❝♦♠❡ ❝❧❡❛r ❧❛t❡r✮✳ ❚❤❡ ❈❈❈ ♠♦❞❡❧ ✐s ❇♦❧❧❡rs❧❡✈ ✭✶✾✾✵✮ ❈♦♥st❛♥t ❈♦♥❞✐t✐♦♥❛❧ ❈♦rr❡❧❛t✐♦♥
♠♦❞❡❧✱ ✇❤✐❧❡ t❤❡ ❉❈❈ ♠♦❞❡❧ ✐s ❊♥❣❧❡ ✭✷✵✵✷✮ ❉②♥❛♠✐❝ ❈♦♥❞✐t✐♦♥❛❧ ❈♦rr❡❧❛t✐♦♥ ♠♦❞❡❧✳

✷



♦❢ ❞✐✛❡r❡♥t ❛❣r✐❝✉❧t✉r❛❧ ❝♦♠♠♦❞✐t✐❡s✳ ▼♦st ♦❢ t❤❡ ♣r❡✈✐♦✉s r❡s❡❛r❝❤ ✐♥❝❧✉❞✐♥❣

❙♣r✐❣❣s✱ ❑❛②❧❡♥✱ ❛♥❞ ❇❡ss❧❡r ✭✶✾✽✷✮✱ ●✐❧♠♦✉r ❛♥❞ ❋❛✇❝❡tt ✭✶✾✽✼✮✱ ●♦♦❞✇✐♥ ❛♥❞

❙❝❤r♦❡❞❡r ✭✶✾✾✶✮ ❛♥❞ ▼♦❤❛♥t②✱ P❡t❡rs♦♥✱ ❛♥❞ ❑r✉s❡ ✭✷✵✵✺✮ ❤❛✈❡ ❡✐t❤❡r ❡①❛♠✐♥❡❞

♣r✐❝❡ ✈♦❧❛t✐❧✐t② ♦❢ ❛❣r✐❝✉❧t✉r❛❧ ❝♦♠♠♦❞✐t✐❡s ✉♥❞❡r ❛ ✉♥✐✈❛r✐❛t❡ ❛♣♣r♦❛❝❤ ♦r ❤❛✈❡

❢♦❝✉s❡❞ ♦♥ t❤❡ ✐♥t❡r❞❡♣❡♥❞❡♥❝❡ ❛♥❞ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❛❣r✐❝✉❧t✉r❛❧ ❢✉t✉r❡s ♠❛r❦❡ts ✐♥

t❡r♠s ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✜rst ♠♦♠❡♥ts ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ r❡t✉r♥s✳✸ ❲❡ ❡①♣❧♦r❡

❢✉t✉r❡s ♠❛r❦❡ts ✐♥t❡r❛❝t✐♦♥s ✐♥ t❡r♠s ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ s❡❝♦♥❞ ♠♦♠❡♥t ✉♥❞❡r ❛

♠✉❧t✐✈❛r✐❛t❡ ❛♣♣r♦❛❝❤✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s ❜❡tt❡r ✐♥s✐❣❤t ✐♥t♦ t❤❡ ❞②♥❛♠✐❝ ♣r✐❝❡ r❡❧❛✲

t✐♦♥s❤✐♣ ♦❢ ✐♥t❡r♥❛t✐♦♥❛❧ ♠❛r❦❡ts ❜② ✐♥❝♦r♣♦r❛t✐♥❣ ✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs✳✹ ■♥❢❡r❡♥❝❡s

❛❜♦✉t t❤❡ ♠❛❣♥✐t✉❞❡ ❛♥❞ ♣❡rs✐st❡♥❝❡ ♦❢ t❤❡ s❤♦❝❦s t❤❛t ♦r✐❣✐♥❛t❡ ✐♥ ♦♥❡ ♠❛r❦❡t

❛♥❞ t❤❛t tr❛♥s♠✐t t♦ t❤❡ ♦t❤❡r ♠❛r❦❡ts ❛r❡ s❤♦✇♥ t♦ ❞❡♣❡♥❞ ✐♠♣♦rt❛♥t❧② ♦♥ ❤♦✇

✇❡ ♠♦❞❡❧ t❤❡ ❝r♦ss✲♠❛r❦❡t ❞②♥❛♠✐❝s ✐♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈♦❧❛t✐❧✐t✐❡s ♦❢ t❤❡ ❝♦rr❡✲

s♣♦♥❞✐♥❣ ♠❛r❦❡ts ✭●❛❧❧❛❣❤❡r ❛♥❞ ❚✇♦♠❡② ✶✾✾✽✮✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇✐t❤ ❛ ♠✉❧t✐✈❛r✐❛t❡

♠♦❞❡❧ ✇❡ ❝❛♥ ❝❛♣t✉r❡ t❤❡ ❢❡❡❞❜❛❝❦ ✐♥t❡rr❡❧❛t✐♦♥s❤✐♣s ❛♠♦♥❣ t❤❡ ✈♦❧❛t✐❧✐t✐❡s ❛❝r♦ss

♠❛r❦❡ts❀ t❤✐s ✐s ✐♠♣♦rt❛♥t s✐♥❝❡ ✐t ✐s ✇✐❞❡❧② ❛❝❝❡♣t❡❞ t❤❛t ✜♥❛♥❝✐❛❧ ✈♦❧❛t✐❧✐t✐❡s

♠♦✈❡ t♦❣❡t❤❡r ♦✈❡r t✐♠❡ ❛❝r♦ss ♠❛r❦❡ts✳

❙❡❝♦♥❞✱ ❛♥❞ ❝♦♥tr❛r② t♦ ♣r❡✈✐♦✉s r❡❧❛t❡❞ st✉❞✐❡s✱ ✇❡ ❛❝❝♦✉♥t ❢♦r t❤❡ ♣♦t❡♥t✐❛❧

❜✐❛s t❤❛t ♠❛② ❛r✐s❡ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ❛❣r✐❝✉❧t✉r❛❧ ❡①❝❤❛♥❣❡s ✇✐t❤ ❞✐✛❡r❡♥t ❝❧♦s✐♥❣

t✐♠❡s✳ ❲❡ s②♥❝❤r♦♥✐③❡ ♦✉r ❞❛t❛ ❜② ❡①♣❧♦✐t✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ ♠❛r❦❡ts t❤❛t ❛r❡

♦♣❡♥ t♦ ❞❡r✐✈❡ ❡st✐♠❛t❡s ❢♦r ♣r✐❝❡s ✇❤❡♥ ♠❛r❦❡ts ❛r❡ ❝❧♦s❡❞✳ ❚❤✐r❞✱ ♦✉r s❛♠♣❧❡

♣❡r✐♦❞ ❛❧❧♦✇s ✉s t♦ ❡①❛♠✐♥❡ ✐❢ t❤❡r❡ ❤❛✈❡ ❜❡❡♥ ❝❤❛♥❣❡s ✐♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ ✈♦❧❛t✐❧✐t②

❞✉❡ t♦ t❤❡ r❡❝❡♥t ❢♦♦❞ ♣r✐❝❡ ❝r✐s✐s ♦❢ ✷✵✵✼✲✷✵✵✽✱ ❛ ♣❡r✐♦❞ ♦❢ s♣❡❝✐❛❧ ✐♥t❡r❡st ✇✐t❤

✉♥♣r❡❝❡❞❡♥t ♣r✐❝❡ ✈❛r✐❛t✐♦♥s✳ ❋✐♥❛❧❧②✱ ✇❡ ❛♣♣❧② ❞✐✛❡r❡♥t ▼●❆❘❈❍ s♣❡❝✐✜❝❛t✐♦♥s

✸ ❚✇♦ ❡①❝❡♣t✐♦♥s ❛r❡ ❨❛♥❣✱ ❩❤❛♥❣✱ ❛♥❞ ▲❡❛t❤❛♠ ✭✷✵✵✸✮ ❛♥❞ ✈♦♥ ▲❡❞❡❜✉r ❛♥❞ ❙❝❤♠✐t③ ✭✷✵✵✾✮✳
❚❤❡ ❢♦r♠❡r ❡①❛♠✐♥❡ ✈♦❧❛t✐❧✐t② tr❛♥s♠✐ss✐♦♥ ✐♥ ✇❤❡❛t ❜❡t✇❡❡♥ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s✱ ❈❛♥❛❞❛ ❛♥❞
❊✉r♦♣❡ ✉s✐♥❣ ❛ ❇❊❑❑ ♠♦❞❡❧❀ t❤❡ ❧❛tt❡r ❡①❛♠✐♥❡ ✈♦❧❛t✐❧✐t② tr❛♥s♠✐ss✐♦♥ ✐♥ ❝♦r♥ ❜❡t✇❡❡♥ t❤❡
❯♥✐t❡❞ ❙t❛t❡s✱ ❊✉r♦♣❡ ❛♥❞ ❇r❛③✐❧ ✉s✐♥❣ ❛ r❡str✐❝t✐✈❡ s♣❡❝✐✜❝❛t✐♦♥✳

✹ ❖✉r st✉❞② ✐s ♠♦r❡ ✐♥ ❧✐♥❡ ✇✐t❤ ❑❛r♦❧②✐ ✭✶✾✾✺✮✱ ❑♦✉t♠♦s ❛♥❞ ❇♦♦t❤ ✭✶✾✾✺✮✱ ❛♥❞ ❲♦rt❤✐♥❣✲
t♦♥ ❛♥❞ ❍✐❣❣s ✭✷✵✵✹✮✱ ✇❤♦ ❡①❛♠✐♥❡ ✈♦❧❛t✐❧✐t② tr❛♥s♠✐ss✐♦♥ ✐♥ st♦❝❦ ♠❛r❦❡ts ✉s✐♥❣ ♠✉❧t✐✈❛r✐❛t❡
♠♦❞❡❧s✳ ❖t❤❡r ♠❛r❦❡ts ✇❤✐❝❤ ❛❧s♦ ❤❛✈❡ ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ✐♥❝❧✉❞❡ ❊✉r♦❞♦❧❧❛r ❢✉t✉r❡s ✭❚s❡✱ ▲❡❡✱
❛♥❞ ❇♦♦t❤ ✶✾✾✻✮ ❛♥❞ ❢♦r❡✐❣♥ ❡①❝❤❛♥❣❡ ✭❊♥❣❧❡✱ ■t♦✱ ❛♥❞ ▲✐♥ ✶✾✾✵✮✳
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t♦ ❛♥❛❧②③❡ ✐♥ ❞❡t❛✐❧ t❤❡ ❝r♦ss✲♠❛r❦❡t ❞②♥❛♠✐❝s ✐♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈♦❧❛t✐❧✐t✐❡s ♦❢ t❤❡

❡①❝❤❛♥❣❡s✳

❚❤❡ ❡st✐♠❛t✐♦♥ r❡s✉❧ts ✐♥❞✐❝❛t❡ t❤❛t t❤❡r❡ ✐s ❛ str♦♥❣ ❝♦rr❡❧❛t✐♦♥ ❛♠♦♥❣ ✐♥t❡r✲

♥❛t✐♦♥❛❧ ♠❛r❦❡ts✳ ❲❡ ✜♥❞ ❜♦t❤ ♦✇♥✲ ❛♥❞ ❝r♦ss✲✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs ❛♥❞ ❞❡♣❡♥❞❡♥❝❡

❜❡t✇❡❡♥ ♠♦st ♦❢ t❤❡ ❡①❝❤❛♥❣❡s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❛♥❛❧②s✐s✳ ❚❤❡r❡ ✐s ❛❧s♦ ❛ ❤✐❣❤❡r

✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❈❤✐❝❛❣♦ ❛♥❞ ❜♦t❤ ❊✉r♦♣❡ ❛♥❞ ❆s✐❛ t❤❛♥ ✇✐t❤✐♥ t❤❡ ❧❛tt❡r✳

❚❤❡ r❡s✉❧ts ❢✉rt❤❡r ✐♥❞✐❝❛t❡ t❤❡ ♠❛❥♦r r♦❧❡ ♦❢ ❈❤✐❝❛❣♦ ✐♥ t❡r♠s ♦❢ s♣✐❧❧♦✈❡r ❡✛❡❝ts

♦✈❡r t❤❡ ♦t❤❡r ♠❛r❦❡ts✱ ♣❛rt✐❝✉❧❛r❧② ❢♦r ❝♦r♥ ❛♥❞ ✇❤❡❛t✳ ■♥ t❤❡ ❝❛s❡ ♦❢ s♦②❜❡❛♥s✱

❜♦t❤ ❈❤✐♥❛ ❛♥❞ ❏❛♣❛♥ ❛❧s♦ s❤♦✇ ✐♠♣♦rt❛♥t ❝r♦ss✲✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs✳ ■♥ ❛❞❞✐t✐♦♥✱

t❤❡ ❧❡✈❡❧ ♦❢ ✐♥t❡r❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❡①❝❤❛♥❣❡s ❤❛s ♥♦t ♥❡❝❡ss❛r✐❧② s❤♦✇♥ ❛♥ ✉♣✲

✇❛r❞ tr❡♥❞ ✐♥ r❡❝❡♥t ②❡❛rs ❢♦r ❛❧❧ ❝♦♠♠♦❞✐t✐❡s✳ ❋r♦♠ ❛ ♣♦❧✐❝② ♣❡rs♣❡❝t✐✈❡✱ t❤❡

r❡s✉❧ts s✉❣❣❡st t❤❛t ✐❢ ❛❣r✐❝✉❧t✉r❛❧ ❢✉t✉r❡s ♠❛r❦❡ts ❛r❡ ❞❡❝✐❞❡❞ t♦ ❜❡ r❡❣✉❧❛t❡❞✱

t❤❡ r❡❣✉❧❛t✐♦♥ ♥❡❡❞s t♦ ❜❡ ❝♦♦r❞✐♥❛t❡❞ ❛❝r♦ss ❜♦r❞❡rs ✭❡①❝❤❛♥❣❡s✮❀ ❧♦❝❛❧✐③❡❞ r❡❣✉✲

❧❛t✐♦♥ ♦❢ ♠❛r❦❡ts ✇✐❧❧ ❤❛✈❡ ❧✐♠✐t❡❞ ❡✛❡❝ts ❣✐✈❡♥ t❤❡ ❤✐❣❤ ❧❡✈❡❧ ♦❢ ✐♥t❡r❞❡♣❡♥❞❡♥❝❡

❛♥❞ ✈♦❧❛t✐❧✐t② tr❛♥s♠✐ss✐♦♥ ❛❝r♦ss ❡①❝❤❛♥❣❡s✳

❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ♥❡①t s❡❝t✐♦♥ ♣r❡s❡♥ts

t❤❡ ❡❝♦♥♦♠❡tr✐❝ ❛♣♣r♦❛❝❤ ✉s❡❞ t♦ ❡①❛♠✐♥❡ ✈♦❧❛t✐❧✐t② tr❛♥s♠✐ss✐♦♥ ❛♠♦♥❣ ♠❛❥♦r

❛❣r✐❝✉❧t✉r❛❧ ❡①❝❤❛♥❣❡s✳ ❚❤❡ s✉❜s❡q✉❡♥t s❡❝t✐♦♥ ❞❡s❝r✐❜❡s t❤❡ ❞❛t❛ ❛♥❞ ❤♦✇ ✇❡

❛❞❞r❡ss t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛s②♥❝❤r♦♥♦✉s tr❛❞✐♥❣ ❤♦✉rs ❛♠♦♥❣ t❤❡ ♠❛r❦❡ts ❝♦♥s✐❞❡r❡❞

✐♥ t❤❡ ❛♥❛❧②s✐s✳ ❚❤❡ ❡st✐♠❛t✐♦♥ r❡s✉❧ts ❛r❡ r❡♣♦rt❡❞ ❛♥❞ ❞✐s❝✉ss❡❞ ♥❡①t✱ ✇❤✐❧❡ t❤❡

❝♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s ❛r❡ ♣r❡s❡♥t❡❞ ❛t t❤❡ ❡♥❞✳

▼♦❞❡❧

❚♦ ❡①❛♠✐♥❡ ✐♥t❡r❞❡♣❡♥❞❡♥❝❡ ❛♥❞ ✈♦❧❛t✐❧✐t② tr❛♥s♠✐ss✐♦♥ ❛❝r♦ss ❢✉t✉r❡s ♠❛r❦❡ts ♦❢

❛❣r✐❝✉❧t✉r❛❧ ❝♦♠♠♦❞✐t✐❡s✱ ❞✐✛❡r❡♥t ▼●❆❘❈❍ ♠♦❞❡❧s ❛r❡ ❡st✐♠❛t❡❞✳ ❚❤❡ ❡st✐♠❛✲

t✐♦♥ ♦❢ s❡✈❡r❛❧ ♠♦❞❡❧s r❡s♣♦♥❞s t♦ t❤❡ ❞✐✛❡r❡♥t q✉❡st✐♦♥s ✇❡ ✇❛♥t t♦ ❛❞❞r❡ss ❛♥❞

✹



s❡r✈❡s t♦ ❜❡tt❡r ❡✈❛❧✉❛t❡ t❤❡ ❝r♦ss✲♠❛r❦❡t ❞②♥❛♠✐❝s ✐♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈♦❧❛t✐❧✐t✐❡s

♦❢ t❤❡ ❡①❝❤❛♥❣❡s ✉s✐♥❣ ❞✐✛❡r❡♥t s♣❡❝✐✜❝❛t✐♦♥s✳

❋♦❧❧♦✇✐♥❣ ❇❛✉✇❡♥s✱ ▲❛✉r❡♥t✱ ❛♥❞ ❘♦♠❜♦✉ts ✭✷✵✵✻✮✱ ✇❡ ❝❛♥ ❞✐st✐♥❣✉✐s❤ t❤r❡❡

♥♦♥✲♠✉t✉❛❧❧② ❡①❝❧✉s✐✈❡ ❛♣♣r♦❛❝❤❡s ❢♦r ❝♦♥str✉❝t✐♥❣ ▼●❆❘❈❍ ♠♦❞❡❧s✿ ✐✮ ❞✐r❡❝t

❣❡♥❡r❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ✉♥✐✈❛r✐❛t❡ ●❆❘❈❍ ♠♦❞❡❧ ✭❡✳❣✳ ❞✐❛❣♦♥❛❧ ❛♥❞ ❢✉❧❧ ❇❊❑❑

♠♦❞❡❧s✱ ❢❛❝t♦r ♠♦❞❡❧s✮✱ ✐✐✮ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ✉♥✐✈❛r✐❛t❡ ●❆❘❈❍ ♠♦❞❡❧s ✭❡✳❣✳

❖✲●❆❘❈❍✮✱ ❛♥❞ ✐✐✐✮ ♥♦♥❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ✉♥✐✈❛r✐❛t❡ ●❆❘❈❍ ♠♦❞❡❧s ✭❡✳❣✳

❈❈❈ ❛♥❞ ❉❈❈♠♦❞❡❧s✱ ❝♦♣✉❧❛✲●❆❘❈❍♠♦❞❡❧s✮✳✺ ●✐✈❡♥ t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ ♦✉r st✉❞②✱

✇❡ ❛♣♣❧② t❤❡ ✜rst ❛♥❞ t❤❡ t❤✐r❞ ❛♣♣r♦❛❝❤ ✐♥ t❤❡ ❛♥❛❧②s✐s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❡st✐♠❛t❡

t❤❡ ❞✐❛❣♦♥❛❧ ❚✲❇❊❑❑✱ ❢✉❧❧ ❚✲❇❊❑❑✱ ❈❈❈✱ ❛♥❞ ❉❈❈ ♠♦❞❡❧s✳✻

❚❤❡ ❝r✉❝✐❛❧ ❛s♣❡❝t ✐♥ ▼●❆❘❈❍ ♠♦❞❡❧✐♥❣ ✐s t♦ ♣r♦✈✐❞❡ ❛ r❡❛❧✐st✐❝ ❜✉t ♣❛rs✐♠♦✲

♥✐♦✉s s♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈❛r✐❛♥❝❡ ♠❛tr✐①✱ ❡♥s✉r✐♥❣ t❤❛t ✐t ✐s ♣♦s✐t✐✈❡

❞❡✜♥✐t❡✳ ❚❤❡r❡ ✐s ❛ ❞✐❧❡♠♠❛ ❜❡t✇❡❡♥ ✢❡①✐❜✐❧✐t② ❛♥❞ ♣❛rs✐♠♦♥②✳ ❋✉❧❧ ❇❊❑❑ ♠♦❞✲

❡❧s✱ ❢♦r ❡①❛♠♣❧❡✱ ❛r❡ ✢❡①✐❜❧❡ ❜✉t r❡q✉✐r❡ t♦♦ ♠❛♥② ♣❛r❛♠❡t❡rs ❢♦r ♠♦r❡ t❤❛♥ ❢♦✉r

s❡r✐❡s✳ ❉✐❛❣♦♥❛❧ ❇❊❑❑ ♠♦❞❡❧s ❛r❡ ♠✉❝❤ ♠♦r❡ ♣❛rs✐♠♦♥✐♦✉s ❜✉t ✈❡r② r❡str✐❝t✐✈❡

❢♦r t❤❡ ❝r♦ss✲❞②♥❛♠✐❝s❀ t❤❡② ❛r❡ ♥♦t s✉✐t❛❜❧❡ ✐❢ ✈♦❧❛t✐❧✐t② tr❛♥s♠✐ss✐♦♥ ✐s t❤❡ s♦❧❡

♦❜❥❡❝t ♦❢ t❤❡ st✉❞②✳ ❈❈❈ ♠♦❞❡❧s ❛❧❧♦✇ t♦ s❡♣❛r❛t❡❧② s♣❡❝✐❢② t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❝♦♥❞✐✲

t✐♦♥❛❧ ✈❛r✐❛♥❝❡s ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ♦❢ t❤❡ s❡r✐❡s✱ ❜✉t ❛ss✉♠❡

❝♦♥st❛♥t ❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥s✳ ❉❈❈ ♠♦❞❡❧s ❛❧❧♦✇✱ ✐♥ t✉r♥✱ ❢♦r ❜♦t❤ ❛ ❞②♥❛♠✐❝

❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ❛♥❞ ❞✐✛❡r❡♥t ♣❡rs✐st❡♥❝❡ ❜❡t✇❡❡♥ ✈❛r✐❛♥❝❡s ❛♥❞ ❝♦✲

✈❛r✐❛♥❝❡s✱ ❜✉t ✐♠♣♦s❡ ❝♦♠♠♦♥ ♣❡rs✐st❡♥❝❡ ✐♥ t❤❡ ❝♦✈❛r✐❛♥❝❡s✳

❚❤❡ ▼●❆❘❈❍ ♠♦❞❡❧s ❡♠♣❧♦②❡❞ ✐♥ t❤✐s ♣❛♣❡r ❝❛♥♥♦t ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥

✐❞✐♦s②♥❝r❛t✐❝ ❛♥❞ ❛❣❣r❡❣❛t❡ s❤♦❝❦s✳ ❚♦ ✐❞❡♥t✐❢② ❛❣❣r❡❣❛t❡ s❤♦❝❦s✱ ✐t ✇♦✉❧❞ ❜❡

♥❡❝❝❡s❛r② t♦ ❡st✐♠❛t❡ ❛ ❢❛❝t♦r ●❆❘❈❍ ♠♦❞❡❧ t❤❛t ❝❛♣t✉r❡s t❤❡ ❝♦♠♠♦♥❛❧✐t②

✐♥ ✈♦❧❛t✐❧✐t② ❝❧✉st❡r✐♥❣ ❛❝r♦ss ❞✐✛❡r❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❍♦✇❡✈❡r✱ t❤❡s❡ ♠♦❞❡❧s

✺ ❖✲●❆❘❈❍ ✐s t❤❡ ♦rt❤♦❣♦♥❛❧ ▼●❆❘❈❍✳ ❊①❛♠♣❧❡s ♦❢ ❝♦♣✉❧❛✲●❆❘❈❍ ♠♦❞❡❧s ✐♥❝❧✉❞❡ P❛tt♦♥
✭✷✵✵✵✮ ❛♥❞ ▲❡❡ ❛♥❞ ▲♦♥❣ ✭✷✵✵✾✮✳

✻ ❇♦t❤ ❢❛❝t♦r ♠♦❞❡❧s ❛♥❞ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ✉♥✐✈❛r✐❛t❡ ●❆❘❈❍ ♠♦❞❡❧s r❡q✉✐r❡ ❛ ❧❛r❣❡
♥✉♠❜❡r ♦❢ ✉♥✐✈❛r✐❛t❡ ♣r♦❝❡ss❡s ❢♦r t❤❡ ❡st✐♠❛t✐♦♥✳ ❈♦♣✉❧❛✲●❆❘❈❍ ♠♦❞❡❧s✱ ✐♥ t✉r♥✱ ❤❛✈❡ ❜❛s✐✲
❝❛❧❧② ❜❡❡♥ ❛♣♣❧✐❡❞ ❢♦r ❜✐✈❛r✐❛t❡ ❝❛s❡s✳

✺



❛r❡ ✐♥t❡♥❞❡❞ t♦ ❛♥❛❧②③❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈♦❧❛t✐❧✐t✐❡s ❢♦r ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ s❡r✐❡s✱

✇❤✐❝❤ ♠❛❦❡s t❤❡♠ ❧❡ss s✉✐t❛❜❧❡ ❢♦r t❤✐s st✉❞②✳✼

❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧✱

✭✶✮ yt = µt(θ) + εt, εt|It−1 ∼ (0, Ht)

✇❤❡r❡ ④yt} ✐s ❛♥ N × 1 ✈❡❝t♦r st♦❝❤❛st✐❝ ♣r♦❝❡ss ♦❢ r❡t✉r♥s✱ ✇✐t❤ N ❜❡✐♥❣ t❤❡

♥✉♠❜❡r ♦❢ ❡①❝❤❛♥❣❡s ❝♦♥s✐❞❡r❡❞ ❢♦r ❡❛❝❤ ♦❢ t❤❡ t❤r❡❡ ❛❣r✐❝✉❧t✉r❛❧ ❝♦♠♠♦❞✐t✐❡s t♦

❜❡ st✉❞✐❡❞ ✭❝♦r♥✱ ✇❤❡❛t✱ ❛♥❞ s♦②❜❡❛♥s✮✱ θ ✐s ❛ ✜♥✐t❡ ✈❡❝t♦r ♦❢ ♣❛r❛♠❡t❡rs✱ µt(θ) ✐s

t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♠❡❛♥ ✈❡❝t♦r✱ ❛♥❞ εt ✐s ❛ ✈❡❝t♦r ♦❢ ❢♦r❡❝❛st ❡rr♦rs ♦❢ t❤❡ ❜❡st ❧✐♥❡❛r

♣r❡❞✐❝t♦r ♦❢ yt ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ♣❛st ✐♥❢♦r♠❛t✐♦♥ ❞❡♥♦t❡❞ ❜② It−1✳ ❚❤❡ ❝♦♥❞✐t✐♦♥❛❧

♠❡❛♥ ✈❡❝t♦r µt(θ) ❝❛♥ ❜❡ s♣❡❝✐✜❡❞ ❛s ❛ ✈❡❝t♦r ♦❢ ❝♦♥st❛♥ts ♣❧✉s ❛ ❢✉♥❝t✐♦♥ ♦❢ ♣❛st

✐♥❢♦r♠❛t✐♦♥✱ t❤r♦✉❣❤ ❛ ❱❆❘ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r t❤❡ ❧❡✈❡❧ ♦❢ t❤❡ r❡t✉r♥s✳

❋♦r t❤❡ ❇❊❑❑ ♠♦❞❡❧ ✇✐t❤ ♦♥❡ t✐♠❡ ❧❛❣✱ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈❛r✐❛♥❝❡ ♠❛tr✐① ✐s

❞❡✜♥❡❞ ❛s

✭✷✮ Ht =C ′C + A′εt−1ε
′
t−1A+B′Ht−1B

✇❤❡r❡ cij ❛r❡ ❡❧❡♠❡♥ts ♦❢ ❛♥ N ×N ✉♣♣❡r tr✐❛♥❣✉❧❛r ♠❛tr✐① ♦❢ ❝♦♥st❛♥ts C, t❤❡

❡❧❡♠❡♥ts aij ♦❢ t❤❡ N ×N ♠❛tr✐① A ♠❡❛s✉r❡ t❤❡ ❞❡❣r❡❡ ♦❢ ✐♥♥♦✈❛t✐♦♥ ❢r♦♠ ♠❛r❦❡t

i t♦ ♠❛r❦❡t j, ❛♥❞ t❤❡ ❡❧❡♠❡♥ts bij ♦❢ t❤❡ N ×N ♠❛tr✐① B s❤♦✇ t❤❡ ♣❡rs✐st❡♥❝❡ ✐♥

❝♦♥❞✐t✐♦♥❛❧ ✈♦❧❛t✐❧✐t② ❜❡t✇❡❡♥ ♠❛r❦❡ts i ❛♥❞ j. ❚❤✐s s♣❡❝✐✜❝❛t✐♦♥ ❣✉❛r❛♥t❡❡s✱ ❜②

❝♦♥str✉❝t✐♦♥✱ t❤❛t t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ❛r❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ❆ ❞✐❛❣♦♥❛❧ ❇❊❑❑

♠♦❞❡❧ ❢✉rt❤❡r ❛ss✉♠❡s t❤❛t A ❛♥❞ B ❛r❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐❝❡s✳

✼ ❋❛❝t♦r ●❆❘❈❍ ♠♦❞❡❧s ♣r♦✈✐❞❡ ❛ ♣❛rs✐♠♦♥✐♦✉s ♣❛r❛♠❡tr✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✱
t❤✉s r❡❞✉❝✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs t♦ ❜❡ ❡st✐♠❛t❡❞✳ ❚❤❡ ♠♦t✐✈❛t✐♦♥ ❢♦r t❤❡s❡ ♠♦❞❡❧s ✐s
❝♦♠♠♦♥❛❧✐t② ✐♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈❛r✐❛♥❝❡ ♠♦✈❡♠❡♥ts✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ❛ ❢❛❝t♦r ♠♦❞❡❧ t②♣✐❝❛❧❧②
❡♥❝♦♠♣❛ss❡s t❤❡ ✐❞❡❛ t❤❛t t❤❡r❡ ❛r❡ ❛ r❡❧❛t✐✈❡❧② s♠❛❧❧ ♥✉♠❜❡r ♦❢ ❝♦♠♠♦♥ ✉♥❞❡r❧②✐♥❣ ✈❛r✐❛❜❧❡s✱
✇❤❡r❡❛s t❤❡ ❛❧t❡r♥❛t✐✈❡ ✭❣❡♥❡r❛❧✐③❡❞✮ ♦rt❤♦❣♦♥❛❧ ♠♦❞❡❧s ♦❢ ✈❛♥ ❞❡r ❲❡✐❞❡ ✭✷✵✵✷✮ ❛♥❞ ❱r♦♥t♦s✱
❉❡❧❧❛♣♦rt❛s✱ ❛♥❞ P♦❧✐t✐s ✭✷✵✵✸✮ ✉s✉❛❧❧② ❞♦ ♥♦t ❤❛✈❡ ❛ r❡❞✉❝❡❞ ♥✉♠❜❡r ♦❢ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts✳
❈♦♥s❡q✉❡♥t❧②✱ ✭❣❡♥❡r❛❧✐③❡❞✮ ♦rt❤♦❣♦♥❛❧ ♠♦❞❡❧s ❛r❡ r❛t❤❡r r❡str✐❝t✐✈❡ ❢♦r ✜♥❛♥❝✐❛❧ ❞❛t❛ ✐♥ t❤❛t
t❤❡② ❞♦ ♥♦t ❛❧❧♦✇ ❢♦r ✐❞✐♦s②♥❝r❛t✐❝ s❤♦❝❦s✳

✻



❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈❛r✐❛♥❝❡ ♠❛tr✐① Ht s♣❡❝✐✜❡❞ ✐♥ ❡①♣r❡ss✐♦♥ ✭✷✮ ❛❧❧♦✇s ✉s t♦ ❡①✲

❛♠✐♥❡ ✐♥ ❞❡t❛✐❧ t❤❡ ❞✐r❡❝t✐♦♥✱ ♠❛❣♥✐t✉❞❡ ❛♥❞ ♣❡rs✐st❡♥❝❡ ♦❢ ✈♦❧❛t✐❧✐t② tr❛♥s♠✐ss✐♦♥

❛❝r♦ss ♠❛r❦❡ts✳ ❋♦r ✐♥st❛♥❝❡✱ ❜❛s❡❞ ♦♥ t❤✐s s♣❡❝✐✜❝❛t✐♦♥✱ ✇❡ ❛r❡ ❛❜❧❡ ❜❡❧♦✇ t♦

❞❡r✐✈❡ ✐♠♣✉❧s❡✲r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥s t♦ ✐❧❧✉str❛t❡ t❤❡ ❡✛❡❝ts ♦❢ ✐♥♥♦✈❛t✐♦♥s ♦r✐❣✐♥❛t❡❞

✐♥ ♦♥❡ ♠❛r❦❡t ❛♥❞ tr❛♥s♠✐tt❡❞ t♦ t❤❡ r❡st ♦❢ t❤❡ ♠❛r❦❡ts ✉♥❞❡r ❛♥❛❧②s✐s✳

❋♦r t❤❡ ❈❈❈ ♠♦❞❡❧✱ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈❛r✐❛♥❝❡ ♠❛tr✐① ✐s ❞❡✜♥❡❞ ❛s

✭✸✮ Ht =DtRDt = (ρij
√

hiithjjt)

✇❤❡r❡

✭✹✮ Dt = diag(h
1/2
11t ...h

1/2
NNt),

✭✺✮ hiit = ωi + αiε
2

i,t−1 + βihii,t−1,

✐✳❡✳✱ hiit ✐s ❞❡✜♥❡❞ ❛s ❛ ●❆❘❈❍✭✶✱✶✮ s♣❡❝✐✜❝❛t✐♦♥✱ i= 1, ..., N ✱ ❛♥❞

✭✻✮ R= (ρij)

✐s ❛ s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐① t❤❛t ❝♦♥t❛✐♥s t❤❡ ❝♦♥st❛♥t ❝♦♥❞✐t✐♦♥❛❧

❝♦rr❡❧❛t✐♦♥s✱ ✇✐t❤ ρii = 1 ∀i.

❚❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ Ht ✐♥ ❡①♣r❡ss✐♦♥ ✭✸✮ ✐s ❛♣♣r♦♣r✐❛t❡ t♦ ❡st✐♠❛t❡ t❤❡ ❞❡❣r❡❡

♦❢ ✐♥t❡r❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ ♠❛r❦❡ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❝♦♥st❛♥t ❝♦♥❞✐t✐♦♥❛❧ ❝♦r✲

r❡❧❛t✐♦♥ ♠❛tr✐① R s❤❡❞s ❧✐❣❤t ♦♥ ❤♦✇ ♠❛r❦❡ts ❛r❡ ✐♥t❡rr❡❧❛t❡❞ ✐♥ t❤❡ ❧♦♥❣ r✉♥✳ ❆♥

❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤ ✐♥✈♦❧✈❡s ✐♥tr♦❞✉❝✐♥❣ ❛ t✐♠❡✲❞❡♣❡♥❞❡♥t ❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥

♠❛tr✐①✳ ❚❤❡ ❉❈❈ ♠♦❞❡❧ ✐s ❞❡✜♥❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t

✭✼✮ Ht =DtRtDt

✼



✇✐t❤ Dt ❞❡✜♥❡❞ ❛s ✐♥ ✭✹✮✱ hiit ❞❡✜♥❡❞ ❛s ✐♥ ✭✺✮✱ ❛♥❞

✭✽✮ Rt = diag(q
−1/2
ii,t )Qtdiag(q

−1/2
ii,t )

✇✐t❤ t❤❡ N ×N s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ♠❛tr✐① Qt = (qij,t) ❣✐✈❡♥ ❜②

✭✾✮ Qt = (1− α− β)Q̄+ αut−1u
′
t−1 + βQt−1,

❛♥❞ uit = εit/
√
hiit. Q̄ ✐s t❤❡ N ×N ✉♥❝♦♥❞✐t✐♦♥❛❧ ✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ ut, ❛♥❞ α ❛♥❞

β ❛r❡ ♥♦♥✲♥❡❣❛t✐✈❡ s❝❛❧❛r ♣❛r❛♠❡t❡rs s❛t✐s❢②✐♥❣ α + β < 1. ❚❤❡ t②♣✐❝❛❧ ❡❧❡♠❡♥t ♦❢

Rt ✇✐❧❧ ❤❛✈❡ t❤❡ ❢♦r♠ ρij,t =
qij,t√

qii,tqjj,t
✳

❉❛t❛

❲❡ ❤❛✈❡ ❞❛✐❧② ❞❛t❛ ♦♥ ❝❧♦s✐♥❣ ♣r✐❝❡s ❢♦r ❢✉t✉r❡s ❝♦♥tr❛❝ts ♦❢ ❝♦r♥✱ ✇❤❡❛t✱ ❛♥❞

s♦②❜❡❛♥s tr❛❞❡❞ ♦♥ ❞✐✛❡r❡♥t ♠❛❥♦r ❡①❝❤❛♥❣❡s ❛❝r♦ss t❤❡ ✇♦r❧❞✱ ✐♥❝❧✉❞✐♥❣ ❈❤✐❝❛❣♦

✭❈❇❖❚✮✱ ❑❛♥s❛s ✭❑❈❇❚✮✱ ❉❛❧✐❛♥✲❈❤✐♥❛ ✭❉❈❊✮✱ ❋r❛♥❝❡ ✭▼❆❚■❋✮✱ ❯♥✐t❡❞ ❑✐♥❣✲

❞♦♠ ✭▲■❋❋❊✮✱ ❏❛♣❛♥ ✭❚●❊✮✱ ❛♥❞ ❩❤❡♥❣③❤♦✉✲❈❤✐♥❛ ✭❩❈❊✮✳ ❚❤❡ ❯♥✐t❡❞ ❙t❛t❡s✱

❊❯✱ ❛♥❞ ❈❤✐♥❛ ❛r❡ ♠❛❥♦r ♣❧❛②❡rs ✐♥ ❣❧♦❜❛❧ ❛❣r✐❝✉❧t✉r❛❧ ♠❛r❦❡ts ❛♥❞ tr❛❞❡ ✇❤✐❧❡

❏❛♣❛♥ ✐s ❛ ♠❛❥♦r ✐♠♣♦rt❡r✱ ❛♥❞ t❤❡ ❡①❝❤❛♥❣❡s ❝♦♥s✐❞❡r❡❞ ❛r❡ ❜❛s✐❝❛❧❧② t❤❡ ❧❡❛❞✐♥❣

❛❣r✐❝✉❧t✉r❛❧ ❢✉t✉r❡s ♠❛r❦❡ts ✐♥ t❡r♠s ♦❢ ✈♦❧✉♠❡ tr❛❞❡❞✳ ❈❤✐♥❛ ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡

❝♦♥s✐❞❡r✐♥❣ t❤❛t ✐t ✐s ❜♦t❤ ❛ ♠❛❥♦r ❣❧♦❜❛❧ ♣r♦❞✉❝❡r ❛♥❞ ❝♦♥s✉♠❡r ♦❢ ❛❣r✐❝✉❧t✉r❛❧

♣r♦❞✉❝ts✱ ❜✉t ❛t t❤❡ s❛♠❡ t✐♠❡ ✐t ✐s ❛ ❧♦❝❛❧❧② ♦r✐❡♥t❡❞ ❛♥❞ ❤✐❣❤❧② r❡❣✉❧❛t❡❞ ♠❛r❦❡t✳

❚❤❡ ❞❛t❛ ✇❛s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❢✉t✉r❡s ❞❛t❛❜❛s❡ ♦❢ t❤❡ ❈♦♠♠♦❞✐t② ❘❡s❡❛r❝❤

❇✉r❡❛✉ ✭❈❘❇✮✳ ❚❛❜❧❡ ✶ ❞❡t❛✐❧s t❤❡ s♣❡❝✐✜❝ ❡①❝❤❛♥❣❡s ❛♥❞ ❝♦♠♠♦❞✐t✐❡s ❢♦r ✇❤✐❝❤

✇❡ ❤❛✈❡ ❞❛t❛✱ ❛s ✇❡❧❧ ❛s t❤❡✐r st❛rt✐♥❣ s❛♠♣❧❡ ♣❡r✐♦❞✱ ♣r✐❝❡ q✉♦t❛t✐♦♥✱ ❛♥❞ ❝♦♥tr❛❝t

✉♥✐t✳ ❚❤❡ ✜♥❛❧ ❞❛t❡ ✐♥ ♦✉r s❛♠♣❧❡ ✐s ❏✉♥❡ ✸✵✱ ✷✵✵✾✳

❆s ❞♦❝✉♠❡♥t❡❞ ❜② Pr♦t♦♣❛♣❛❞❛❦✐s ❛♥❞ ❙t♦❧❧ ✭✶✾✽✸✮✱ t❤❡ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥

✐♥t❡r♥❛t✐♦♥❛❧ ❝♦♠♠♦❞✐t② ♠❛r❦❡ts ♠❛② ❜❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ✐ts ♣✉r❡st ❢♦r♠ ✉s✐♥❣ ❝♦♠✲

✽



♠♦❞✐t② ❢✉t✉r❡s ♣r✐❝❡s ✐♥st❡❛❞ ♦❢ s♣♦t ♣r✐❝❡s✳ ❙✐♠✐❧❛r❧②✱ ❨❛♥❣✱ ❇❡ss❧❡r✱ ❛♥❞ ▲❡❛t❤❛♠

✭✷✵✵✶✮ ✐♥❞✐❝❛t❡ t❤❛t ❢✉t✉r❡s ♣r✐❝❡s ♠❛② ♣❧❛② ❛ ❜❡tt❡r ✐♥❢♦r♠❛t✐♦♥❛❧ r♦❧❡ t❤❛♥ ❝❛s❤

♣r✐❝❡s ✐♥ ❛❣❣r❡❣❛t✐♥❣ ♠❛r❦❡t ✐♥❢♦r♠❛t✐♦♥✱ ♣❛rt✐❝✉❧❛r❧② ❢♦r ❝♦♠♠♦❞✐t✐❡s tr❛❞❡❞ ✐♥

✐♥t❡r♥❛t✐♦♥❛❧ ♠❛r❦❡ts✳ ●❛r❜❛❞❡ ❛♥❞ ❙✐❧✈❡r ✭✶✾✽✸✮✱ ❈r❛✐♥ ❛♥❞ ▲❡❡ ✭✶✾✾✻✮✱ ❛♥❞ ❍❡r✲

♥❛♥❞❡③ ❛♥❞ ❚♦r❡r♦ ✭✷✵✶✵✮ ❛❧s♦ ♣r♦✈✐❞❡ ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ t❤❛t s♣♦t ♣r✐❝❡s ♠♦✈❡

t♦✇❛r❞ ❢✉t✉r❡s ♣r✐❝❡s ✐♥ ❛❣r✐❝✉❧t✉r❛❧ ♠❛r❦❡ts ❜② ❡①❛♠✐♥✐♥❣ ❧❡❛❞✲❧❛❣ r❡❧❛t✐♦♥s❤✐♣s

❜❡t✇❡❡♥ t❤❡♠✳

Pr♦✈✐❞❡❞ t❤❛t ❢✉t✉r❡s ❝♦♥tr❛❝ts ✇✐t❤ ❞✐✛❡r❡♥t ♠❛t✉r✐t✐❡s ❛r❡ tr❛❞❡❞ ❡✈❡r② ❞❛②

♦♥ ❞✐✛❡r❡♥t ❡①❝❤❛♥❣❡s✱ t❤❡ ❞❛t❛ ✐s ❝♦♠♣✐❧❡❞ ✉s✐♥❣ ♣r✐❝❡s ❢r♦♠ t❤❡ ♥❡❛r❜② ❝♦♥tr❛❝t✱

❛s ✐♥ ❈r❛✐♥ ❛♥❞ ▲❡❡ ✭✶✾✾✻✮✳ ❚❤❡ ♥❡❛r❜② ❝♦♥tr❛❝t ✐s ❣❡♥❡r❛❧❧② t❤❡ ♠♦st ❧✐q✉✐❞

❝♦♥tr❛❝t✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐t ✐s ✇✐❞❡❧② ❛❝❝❡♣t❡❞ t❤❛t ♥❡❛r❜② ❝♦♥tr❛❝ts ❛r❡ t❤❡ ♠♦st

❛❝t✐✈❡ ❛♥❞ t❤❛t ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡s❡ ❝♦♥tr❛❝ts ✭❇♦♦t❤ ❛♥❞ ❈✐♥❡r

✶✾✾✼✮✳

❚♦ ❛✈♦✐❞ r❡❣✐st❡r✐♥❣ ♣r✐❝❡s ❞✉r✐♥❣ t❤❡ s❡tt❧❡♠❡♥t ♠♦♥t❤ ♦r ❡①♣✐r❛t✐♦♥ ❞❛t❡✱ t❤❡

♥❡❛r❜② ❝♦♥tr❛❝t t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐s t❤❡ ♦♥❡ ✇❤♦s❡ ❞❡❧✐✈❡r② ♣❡r✐♦❞ ✐s ❛t ❧❡❛st ♦♥❡

♠♦♥t❤ ❛❤❡❛❞✳ ❉✉❡ t♦ ❞✐✛❡r❡♥t ❤♦❧✐❞❛②s ❛❝r♦ss ❡①❝❤❛♥❣❡s✱ ❢♦r ❡①❛♠♣❧❡✱ ✇❡ ♦♥❧②

✐♥❝❧✉❞❡ ✐♥ t❤❡ ❡st✐♠❛t✐♦♥s t❤♦s❡ ❞❛②s ❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡ ❛✈❛✐❧❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥ ❢♦r

❛❧❧ ❡①❝❤❛♥❣❡s✳

❚❤❡ ❛♥❛❧②s✐s ❝♦♥s✐sts ♦❢ s❡♣❛r❛t❡❧② ❡①❛♠✐♥✐♥❣ ♠❛r❦❡t ✐♥t❡r❞❡♣❡♥❞❡♥❝❡ ❛♥❞

✈♦❧❛t✐❧✐t② tr❛♥s♠✐ss✐♦♥ ❛❝r♦ss t❤r❡❡ ❞✐✛❡r❡♥t ❡①❝❤❛♥❣❡s ♣❡r ❝♦♠♠♦❞✐t②✳ ■♥ t❤❡

❝❛s❡ ♦❢ ❝♦r♥✱ ✇❡ ❡①❛♠✐♥❡ t❤❡ ❞②♥❛♠✐❝s ❛♥❞ ❝r♦ss✲❞②♥❛♠✐❝s ♦❢ ✈♦❧❛t✐❧✐t② ❜❡✲

t✇❡❡♥ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s ✭❈❇❖❚✮✱ ❊✉r♦♣❡✴❋r❛♥❝❡ ✭▼❆❚■❋✮✱ ❛♥❞ ❈❤✐♥❛ ✭❉❛❧✐❛♥✲

❉❈❊✮❀ ❢♦r ✇❤❡❛t✱ ❜❡t✇❡❡♥ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s✱ ❊✉r♦♣❡✴▲♦♥❞♦♥ ✭▲■❋❋❊✮✱ ❛♥❞ ❈❤✐♥❛

✭❩❤❡♥❣③❤♦✉✲❩❈❊✮❀ ❢♦r s♦②❜❡❛♥s✱ ❜❡t✇❡❡♥ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s✱ ❈❤✐♥❛ ✭❉❈❊✮✱ ❛♥❞

❏❛♣❛♥ ✭❚♦❦②♦✲❚●❊✮✳✽ ❚❤❡ st❛rt✐♥❣ ❞❛t❡ ✐s ❝❤♦s❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❡①❝❤❛♥❣❡ ✇✐t❤

t❤❡ s❤♦rt❡st ❞❛t❛ ♣❡r✐♦❞ ❛✈❛✐❧❛❜❧❡ ❢♦r ❡❛❝❤ ❛❣r✐❝✉❧t✉r❛❧ ❝♦♠♠♦❞✐t②✳ ❙✐♥❝❡ t❤❡ ❝♦♥✲

✽ ❲❡ ✜♥❞ ✈❡r② s✐♠✐❧❛r r❡s✉❧ts ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❑❛♥s❛s ❈✐t② ❇♦❛r❞ ♦❢ ❚r❛❞❡ ✭❑❈❇❚✮
✐♥st❡❛❞ ♦❢ ❈❇❖❚ ❢♦r ✇❤❡❛t✳ ❋✉rt❤❡r ❞❡t❛✐❧s ❛r❡ ❛✈❛✐❧❛❜❧❡ ✉♣♦♥ r❡q✉❡st✳

✾



tr❛❝t ✉♥✐ts ❛♥❞ ♣r✐❝❡ q✉♦t❛t✐♦♥s ✈❛r② ❜② ♠❛r❦❡t✱ ❛❧❧ ♣r✐❝❡s ❛r❡ st❛♥❞❛r❞✐③❡❞ t♦ ❯❙

❞♦❧❧❛rs ♣❡r ♠❡tr✐❝ t♦♥ ✭▼❚✮✳✾ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ♣♦t❡♥t✐❛❧ ✐♠♣❛❝t

♦❢ t❤❡ ❡①❝❤❛♥❣❡ r❛t❡ ♦♥ t❤❡ ❢✉t✉r❡s r❡t✉r♥s✳

❚❤❡ ❞❛✐❧② r❡t✉r♥ ❛t t✐♠❡ t ✐s ❝❛❧❝✉❧❛t❡❞ ❛s yt = log(St/St−1)✱ ✇❤❡r❡ St ✐s t❤❡

❝❧♦s✐♥❣ ❢✉t✉r❡s ♣r✐❝❡ ✐♥ ❯❙ ❞♦❧❧❛rs ❛t t✐♠❡ t✳ ❚❛❜❧❡ ✷ ♣r❡s❡♥ts ❞❡s❝r✐♣t✐✈❡ st❛t✐st✐❝s

♦❢ t❤❡ r❡t✉r♥s s❡r✐❡s ❝♦♥s✐❞❡r❡❞✱ ♠✉❧t✐♣❧✐❡❞ ❜② ✶✵✵✱ ❢♦r ❡❛❝❤ ♦❢ t❤❡ t❤r❡❡ ❛❣r✐✲

❝✉❧t✉r❛❧ ❝♦♠♠♦❞✐t✐❡s✳ ❙❛♠♣❧❡ ♠❡❛♥s✱ ♠❡❞✐❛♥s✱ ♠❛①✐♠✉♠s✱ ♠✐♥✐♠✉♠s✱ st❛♥❞❛r❞

❞❡✈✐❛t✐♦♥s✱ s❦❡✇♥❡ss✱ ❦✉rt♦s✐s✱ t❤❡ ❏❛rq✉❡✲❇❡r❛ st❛t✐st✐❝✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

p✲✈❛❧✉❡ ❛r❡ ♣r❡s❡♥t❡❞✳ ❈❇❖❚ ❡①❤✐❜✐ts✱ ♦♥ ❛✈❡r❛❣❡✱ t❤❡ ❤✐❣❤❡st r❡t✉r♥ ❛❝r♦ss ♠❛r✲

❦❡ts ❢♦r ❛❧❧ ❛❣r✐❝✉❧t✉r❛❧ ❝♦♠♠♦❞✐t✐❡s ❛♥❞ t❤❡ ❤✐❣❤❡st st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ❢♦r ❝♦r♥

❛♥❞ ✇❤❡❛t✳

❚❤❡ ❞✐str✐❜✉t✐♦♥❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ r❡t✉r♥s ❛♣♣❡❛r t♦ ❜❡ ♥♦♥✲♥♦r♠❛❧ ✐♥ ❛❧❧

t❤❡ s❡r✐❡s✳ ❆s ✐♥❞✐❝❛t❡❞ ❜② t❤❡ p✲✈❛❧✉❡ ♦❢ t❤❡ ❏❛rq✉❡✲❇❡r❛ st❛t✐st✐❝✱ ✇❡ r❡❥❡❝t t❤❡

♥✉❧❧ ❤②♣♦t❤❡s✐s t❤❛t t❤❡ r❡t✉r♥s ❛r❡ ✇❡❧❧ ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✳

❚❤❡ ❦✉rt♦s✐s ✐♥ ❛❧❧ ♠❛r❦❡ts ❡①❝❡❡❞s t❤r❡❡✱ ✐♥❞✐❝❛t✐♥❣ ❛ ❧❡♣t♦❦✉rt✐❝ ❞✐str✐❜✉t✐♦♥✳

●✐✈❡♥ t❤❡s❡ r❡s✉❧ts✱ ✇❡ ✉s❡ ❛ ❚✲st✉❞❡♥t ❞❡♥s✐t② ✭✐♥st❡❛❞ ♦❢ ❛ ♥♦r♠❛❧ ❞❡♥s✐t②✮

❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❇❊❑❑ ♠♦❞❡❧s✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ❢♦r ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥

✐♥✈♦❧✈❡s t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♦❢ ❛ ❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥ ❝♦♥str✉❝t❡❞ ✉♥❞❡r t❤❡ ❛✉①✐❧✐❛r②

❛ss✉♠♣t✐♦♥ ♦❢ ❛♥ ✐✳✐✳❞✳ ❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡ st❛♥❞❛r❞✐③❡❞ ✐♥♥♦✈❛t✐♦♥s✳ ❋♦r ❞❡t❛✐❧s ♦♥

t❤❡ ❚✲st✉❞❡♥t ❞❡♥s✐t② ❡st✐♠❛t✐♦♥ ❢♦r ▼●❆❘❈❍ ♠♦❞❡❧s✱ s❡❡ ❋✐♦r❡♥t✐♥✐✱ ❙❡♥t❛♥❛✱

❛♥❞ ❈❛❧③♦❧❛r✐ ✭✷✵✵✸✮✳

❚❛❜❧❡ ✷ ❛❧s♦ ♣r❡s❡♥ts t❤❡ s❛♠♣❧❡ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ❢♦r t❤❡ r❡t✉r♥s ❛♥❞

sq✉❛r❡❞✲r❡t✉r♥s s❡r✐❡s ✉♣ t♦ t✇♦ ❧❛❣s ❛♥❞ t❤❡ ▲❥✉♥❣✲❇♦① ✭▲❇✮ st❛t✐st✐❝s ✉♣ t♦ ✻ ❛♥❞

✶✷ ❧❛❣s✳ ❚❤❡ ▲❇ st❛t✐st✐❝s ❢♦r t❤❡ r❛✇ r❡t✉r♥s s❡r✐❡s r❡❥❡❝t t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ♦❢

✇❤✐t❡ ♥♦✐s❡ ✐♥ s♦♠❡ ❝❛s❡s✱ ✇❤✐❧❡ t❤❡ ▲❇ st❛t✐st✐❝s ❢♦r t❤❡ sq✉❛r❡❞ r❡t✉r♥s r❡❥❡❝t t❤❡

♥✉❧❧ ❤②♣♦t❤❡s✐s ✐♥ ♠♦st ❝❛s❡s✳ ❚❤❡ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❢♦r t❤❡ sq✉❛r❡❞ ❞❛✐❧② r❡t✉r♥s

s✉❣❣❡sts ❡✈✐❞❡♥❝❡ ♦❢ ♥♦♥❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝② ✐♥ t❤❡ r❡t✉r♥s s❡r✐❡s✱ ♣♦ss✐❜❧② ❞✉❡ t♦

✾ ❚❤❡ ❞❛t❛ ❢♦r ❡①❝❤❛♥❣❡ r❛t❡s ✇❡r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❋❡❞❡r❛❧ ❘❡s❡r✈❡ ❇❛♥❦ ♦❢ ❙t✳ ▲♦✉✐s✳

✶✵



t✐♠❡ ✈❛r②✐♥❣ ❝♦♥❞✐t✐♦♥❛❧ ✈♦❧❛t✐❧✐t②✳ ❊✈✐❞❡♥❝❡ ♦❢ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ✈♦❧❛t✐❧✐t② ✐♥

❛❣r✐❝✉❧t✉r❛❧ ❝♦♠♠♦❞✐t✐❡s ✐s ❞♦❝✉♠❡♥t❡❞ ✐♥ ❍✉❞s♦♥ ❛♥❞ ❈♦❜❧❡ ✭✶✾✾✾✮ ❛♥❞ ●♦♦❞✇✐♥

❛♥❞ ❙❝❤♥❡♣❢ ✭✷✵✵✵✮✳

❋✐❣✉r❡ ✶✱ ✐♥ t✉r♥✱ s❤♦✇s t❤❡ ❞❛✐❧② r❡t✉r♥s ✐♥ ❡❛❝❤ ♦❢ t❤❡ t❤r❡❡ ❡①❝❤❛♥❣❡s ❝♦♥s✐❞✲

❡r❡❞ ❢♦r ❡❛❝❤ ❝♦♠♠♦❞✐t②✳ ❚❤❡ ✜❣✉r❡ ✐♥❞✐❝❛t❡s t✐♠❡✲✈❛r②✐♥❣ ❝♦♥❞✐t✐♦♥❛❧ ✈♦❧❛t✐❧✐t②

✐♥ t❤❡ r❡t✉r♥s✳ ❚❤❡ ✜❣✉r❡ ❛❧s♦ ♣r♦✈✐❞❡s s♦♠❡ ❡✈✐❞❡♥❝❡ ♦❢ ❝r♦ss✲♠❛r❦❡t ✐♥✢✉❡♥❝❡s

❛❝r♦ss ❡①❝❤❛♥❣❡s✳ ❚❤❡s❡ r❡s✉❧ts ♠♦t✐✈❛t❡ t❤❡ ✉s❡ ♦❢ ▼●❆❘❈❍ ♠♦❞❡❧s t♦ ❝❛♣t✉r❡

t❤❡ ❞❡♣❡♥❞❡♥❝✐❡s ✐♥ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♠♦♠❡♥ts ♦❢ t❤❡ r❡t✉r♥s ✇✐t❤✐♥ ❛♥❞ ❛❝r♦ss

❡①❝❤❛♥❣❡s✳

❚❤❡ ❆s②♥❝❤r♦♥♦✉s Pr♦❜❧❡♠

●✐✈❡♥ t❤❛t t❤❡ ❡①❝❤❛♥❣❡s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❛♥❛❧②s✐s ❤❛✈❡ ❞✐✛❡r❡♥t tr❛❞✐♥❣ ❤♦✉rs✱

♣♦t❡♥t✐❛❧ ❜✐❛s ♠❛② ❛r✐s❡ ❢r♦♠ ✉s✐♥❣ ❛s②♥❝❤r♦♥♦✉s ❞❛t❛✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♥♦♥s②♥✲

❝❤r♦♥♦✉s tr❛❞✐♥❣ ❝❛♥ ✐♥tr♦❞✉❝❡ s♣✉r✐♦✉s ❧❛❣❣❡❞ s♣✐❧❧♦✈❡rs ❡✈❡♥ ✇❤❡♥ ♠❛r❦❡ts ❛r❡

✐♥❞❡♣❡♥❞❡♥t✳ ❚♦ ❛❞❞r❡ss t❤✐s ✐ss✉❡✱ ✇❡ ❢♦❧❧♦✇ ❇✉r♥s✱ ❊♥❣❧❡✱ ❛♥❞ ▼❡③r✐❝❤ ✭✶✾✾✽✮

❛♥❞ ❊♥❣❧❡ ❛♥❞ ❘❛♥❣❡❧ ✭✷✵✵✾✮ ❛♥❞ ❝♦♠♣✉t❡ ❡st✐♠❛t❡s ❢♦r t❤❡ ♣r✐❝❡s ✇❤❡♥ ♠❛r❦❡ts

❛r❡ ❝❧♦s❡❞✱ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ ♠❛r❦❡ts t❤❛t ❛r❡ ♦♣❡♥✳ ❲❡ s②♥❝❤r♦✲

♥✐③❡ t❤❡ ❞❛t❛ ❜❡❢♦r❡ ♣r♦❝❡❡❞✐♥❣ t♦ ❡st✐♠❛t❡ t❤❡ ♠♦❞❡❧s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s

s❡❝t✐♦♥✳

❋✐❣✉r❡ ✷ ✐❧❧✉str❛t❡s t❤❡ ♣r♦❜❧❡♠ ♦❢ ✉s✐♥❣ ❛s②♥❝❤r♦♥♦✉s ❞❛t❛✳ ❈♦♥s✐❞❡r✱ ❢♦r ❡①✲

❛♠♣❧❡✱ t❤❛t ✇❡ ✇❛♥t t♦ s②♥❝❤r♦♥✐③❡ t❤❡ r❡t✉r♥s ♦❢ ❝♦r♥ ❢✉t✉r❡s ✐♥ ❋r❛♥❝❡ ✭▼❆❚■❋✮

✇✐t❤ t❤❡ r❡t✉r♥s ✐♥ ❈❤✐❝❛❣♦ ✭❈❇❖❚✮✱ ✇❤✐❝❤ ❝❧♦s❡s ❧❛t❡r✳ ❚❤❡ s②♥❝❤r♦♥✐③❡❞ r❡t✉r♥

✐♥ ❋r❛♥❝❡ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s

✭✶✵✮ yfs,t = yfu,t − ξf,t−1 + ξf,t

✇❤❡r❡ yfu,t ✐s t❤❡ ♦❜s❡r✈❡❞✱ ✉♥s②♥❝❤r♦♥✐③❡❞ r❡t✉r♥ ✐♥ ❋r❛♥❝❡ ❛t t ❛♥❞ ξf,t ✐s t❤❡

r❡t✉r♥ t❤❛t ✇❡ ✇♦✉❧❞ ❤❛✈❡ ♦❜s❡r✈❡❞ ❢r♦♠ t❤❡ ❝❧♦s✐♥❣ t✐♠❡ ♦❢ ❋r❛♥❝❡ ❛t t t♦ t❤❡

✶✶



❝❧♦s✐♥❣ t✐♠❡ ♦❢ ❈❤✐❝❛❣♦ ❛t t✳ ❋♦❧❧♦✇✐♥❣ ❇✉r♥s✱ ❊♥❣❧❡✱ ❛♥❞ ▼❡③r✐❝❤ ✭✶✾✾✽✮✱ ✇❡

❡st✐♠❛t❡ t❤❡ ✉♥♦❜s❡r✈❡❞ ❝♦♠♣♦♥❡♥t ✉s✐♥❣ t❤❡ ❧✐♥❡❛r ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ♦❜s❡r✈❡❞

✉♥s②♥❝❤r♦♥✐③❡❞ r❡t✉r♥ ♦♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥ s❡t t❤❛t ✐♥❝❧✉❞❡s ❛❧❧ r❡t✉r♥s ❦♥♦✇♥ ❛t

t❤❡ t✐♠❡ ♦❢ s②♥❝❤r♦♥✐③❛t✐♦♥✳

❋✐rst✱ ✇❡ ❡①♣r❡ss t❤❡ ❛s②♥❝❤r♦♥♦✉s ♠✉❧t✐✈❛r✐❛t❡ ●❆❘❈❍ ♠♦❞❡❧ ❛s ❛ ✜rst ♦r❞❡r

✈❡❝t♦r ♠♦✈✐♥❣ ❛✈❡r❛❣❡✱ ❱▼❆✭✶✮✱ ✇✐t❤ ❛ ●❆❘❈❍ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①

✭✶✶✮ yt = νt +Mνt−1, Vt−1(νt) =Hν,t

✇❤❡r❡ M ✐s t❤❡ ♠♦✈✐♥❣ ❛✈❡r❛❣❡ ♠❛tr✐① ❛♥❞ νt ✐s t❤❡ ✉♥♣r❡❞✐❝t❛❜❧❡ ❝♦♠♣♦♥❡♥t ♦❢

t❤❡ r❡t✉r♥s✱ ✐✳❡✳✱ Et(yt+1) =Mνt.

◆❡①t✱ ✇❡ ❞❡✜♥❡ t❤❡ ✉♥s②♥❝❤r♦♥✐③❡❞ r❡t✉r♥s ❛s t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❧♦❣ ♦❢ ✉♥s②♥✲

❝❤r♦♥✐③❡❞ ♣r✐❝❡s✱ yt = log(St)− log(St−1), ✇❤❡r❡❛s t❤❡ s②♥❝❤r♦♥✐③❡❞ r❡t✉r♥s ❛r❡

❞❡✜♥❡❞ ❛s t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❧♦❣ ♦❢ s②♥❝❤r♦♥✐③❡❞ ♣r✐❝❡s✱ ŷt = log(Ŝt)− log(Ŝt−1).

❚❤❡ ❡①♣❡❝t❡❞ ♣r✐❝❡ ❛t t+ 1 ✐s ❛❧s♦ ❛♥ ✉♥❜✐❛s❡❞ ❡st✐♠❛t♦r ♦❢ t❤❡ s②♥❝❤r♦♥✐③❡❞ ♣r✐❝❡

❛t t✱ ♣r♦✈✐❞❡❞ t❤❛t ❢✉rt❤❡r ❝❤❛♥❣❡s ✐♥ s②♥❝❤r♦♥✐③❡❞ ♣r✐❝❡s ❛r❡ ✉♥♣r❡❞✐❝t❛❜❧❡✱ ✐✳❡✳✱

log(Ŝt) =E(log(St+1)|It). ❚❤✉s✱ t❤❡ s②♥❝❤r♦♥✐③❡❞ r❡t✉r♥s ❛r❡ ❣✐✈❡♥ ❜②

ŷt =Et(log(St+1))− Et−1(log(St))

=Et(yt+1)− Et−1(yt) + log(St)− log(St−1)

=Mνt −Mνt−1 + yt

= νt +Mνt.✭✶✷✮

✶✷



❋✐♥❛❧❧②✱ t❤❡ s②♥❝❤r♦♥✐③❡❞ ✈❡❝t♦r ♦❢ r❡t✉r♥s ❛♥❞ ✐ts ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❝❛♥ ❜❡

❡st✐♠❛t❡❞ ❛s

ŷt = (I + M̂)νt,

Vt−1(ŷt) = (I + M̂)Ĥν,t(I + M̂)′✭✶✸✮

✇❤❡r❡ I ✐s t❤❡ N ×N ✐❞❡♥t✐t② ♠❛tr✐① ❛♥❞ M̂ ❝♦♥t❛✐♥s t❤❡ ❡st✐♠❛t❡❞ ❝♦❡✣❝✐❡♥ts

♦❢ t❤❡ ❱▼❆✭✶✮ ♠♦❞❡❧✳

❲❡ ❡st✐♠❛t❡ M ❜❛s❡❞ ♦♥ ❛ ✈❡❝t♦r ❛✉t♦r❡❣r❡ss✐✈❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ♦r❞❡r p,

❱❆❘✭p✮✱ ❢♦❧❧♦✇✐♥❣ ●❛❧❜r❛✐t❤✱ ❯❧❧❛❤✱ ❛♥❞ ❩✐♥❞❡✲❲❛❧s❤ ✭✷✵✵✷✮✳ ❚❤❡ ❡st✐♠❛t♦r ✐s

s❤♦✇♥ t♦ ❤❛✈❡ ❛ ❧♦✇❡r ❜✐❛s ✇❤❡♥ t❤❡ r♦♦ts ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥ ❛r❡

s✉✣❝✐❡♥t❧② ❞✐st❛♥t ❢r♦♠ t❤❡ ✉♥✐t ❝✐r❝❧❡✱ ❛♥❞ ✐t ❞❡❝❧✐♥❡s ❡①♣♦♥❡♥t✐❛❧❧② ✇✐t❤ p✳ ❙✐♥❝❡

✇❡ ✇♦r❦ ✇✐t❤ r❡t✉r♥s ❞❛t❛✱ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ♠♦❞❡st ♦r❞❡r ❢♦r t❤❡ ❱❆❘ ♣r♦✈✐❞❡s ❛

r❡❧❛t✐✈❡❧② ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ M.

■♥ ♣❛rt✐❝✉❧❛r✱ M ✐s ❡st✐♠❛t❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ❱▼❆✭✶✮ ✐s r❡♣r❡s❡♥t❡❞ ❛s t❤❡

❢♦❧❧♦✇✐♥❣ ✐♥✜♥✐t❡✲♦r❞❡r ❱❆❘ ♣r♦❝❡ss

✭✶✹✮ yt =
∞
∑

j=1

Bjyt−j + νt

✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ♠❛tr✐❝❡s Bj ❛r❡ ❣✐✈❡♥ ❜②

B1 =M1,

Bj =−Bj−1M1, ❢♦r j = 2, ....✭✶✺✮

❇② ❛♣♣❧②✐♥❣ ❛ ❱❆❘ ❛♣♣r♦①✐♠❛t✐♦♥✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ❱▼❆ ❝♦❡✣❝✐❡♥ts ❢r♦♠

t❤♦s❡ ♦❢ t❤❡ ❱❆❘✳ ❲❡ ✜t t❤❡ ❱❆❘✭p✮ ♠♦❞❡❧ ✇✐t❤ p > 1 ❜② ❧❡❛st sq✉❛r❡s✳ ❋r♦♠ t❤❡

p ❡st✐♠❛t❡❞ ❝♦❡✣❝✐❡♥t ♠❛tr✐❝❡s ♦❢ ❞✐♠❡♥s✐♦♥ N ×N ♦❢ t❤❡ ❱❆❘ r❡♣r❡s❡♥t❛t✐♦♥

✶✸



yt =B1yt−1 + ...+Bpyt−p + νt, ✇❡ ❡st✐♠❛t❡ t❤❡ ♠♦✈✐♥❣ ❛✈❡r❛❣❡ ❝♦❡✣❝✐❡♥t ♠❛tr✐①

♦❢ ❞✐♠❡♥s✐♦♥ N ×N ❜② t❤❡ r❡❧❛t✐♦♥ M̂1 = B̂1 ❜❛s❡❞ ♦♥ ✭✶✺✮✳

❚❤❡ r❡s✉❧ts ❢r♦♠ t❤❡ s②♥❝❤r♦♥✐③❡❞ ❞❛✐❧② r❡t✉r♥s ❛r❡ ✜♥❛❧❧② ❝♦♠♣❛r❡❞ ✇✐t❤ t❤♦s❡

❢r♦♠ t❤❡ ✭✉♥s②♥❝❤r♦♥✐③❡❞✮ ✇❡❡❦❧② r❡t✉r♥s t♦ s❡❧❡❝t p✳✶✵ ❋♦r ❞✐✛❡r❡♥t p ✈❛❧✉❡s✱

✇❡ ❝♦♠♣❛r❡ t❤❡ ❝♦♥t❡♠♣♦r❛♥❡♦✉s ❛♥❞ ♦♥❡✲❧❛❣ ❝♦rr❡❧❛t✐♦♥s ✭❛♠♦♥❣ ❡①❝❤❛♥❣❡s✮ ♦❢

t❤❡ s②♥❝❤r♦♥✐③❡❞ ❞❛✐❧② r❡t✉r♥s ✇✐t❤ t❤❡ ❝♦rr❡❧❛t✐♦♥s ♦❜t❛✐♥❡❞ ✇❤❡♥ ✉s✐♥❣ ✇❡❡❦❧②

r❡t✉r♥s✳ ❲❡ ✜♥❞ s✐♠✐❧❛r r❡s✉❧ts ❢♦r p= 2 t❤r♦✉❣❤ p= 5✳ ❋♦r ♣❛rs✐♠♦♥②✱ ✇❡ s❡❧❡❝t

p= 2✳

❚❛❜❧❡ ✸ s❤♦✇s t❤❡ ❝♦♥t❡♠♣♦r❛♥❡♦✉s ❝♦rr❡❧❛t✐♦♥ ❛❝r♦ss ❡①❝❤❛♥❣❡s ❢♦r ❡❛❝❤ ❝♦♠✲

♠♦❞✐t②✳✶✶ ❲❡ r❡♣♦rt t❤❡ ❝♦rr❡❧❛t✐♦♥s ❢♦r ❛s②♥❝❤r♦♥♦✉s✱ ✇❡❡❦❧②✱ ❛♥❞ s②♥❝❤r♦♥✐③❡❞

r❡t✉r♥s✳ ❉❛✐❧② ❝♦rr❡❧❛t✐♦♥s s❡❡♠ t♦ ❜❡ s♠❛❧❧❡r ✇❤❡♥ ♠❛r❦❡ts ❛r❡ ❤✐❣❤❧② ❛s②♥✲

❝❤r♦♥♦✉s✳

❆ ❜❡tt❡r ♠❡❛s✉r❡ ♦❢ t❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ✇❡❡❦❧②

r❡t✉r♥s✳ ❆s ♥♦t❡❞ ❛❜♦✈❡✱ s✉❝❤ ❞❛t❛ ❛r❡ ❧❡ss ❛✛❡❝t❡❞ ❜② t❤❡ t✐♠✐♥❣ ♦❢ t❤❡ ♠❛r❦❡ts

s✐♥❝❡ t❤❡ ❞❡❣r❡❡ ♦❢ ❛s②♥❝❤r♦♥✐❝✐t② ✐s ❧♦✇❡r✳ ■♥ ❣❡♥❡r❛❧✱ ✇❡❡❦❧② ❝♦rr❡❧❛t✐♦♥s ❛r❡ ❧❛r❣❡r

t❤❛♥ ❞❛✐❧② ❝♦rr❡❧❛t✐♦♥s✱ ❛♥❞ t❤❡ s②♥❝❤r♦♥✐③❡❞ r❡t✉r♥s ❝♦rr❡❧❛t✐♦♥s ❛r❡ ❝❧♦s❡r t♦ t❤❡

✇❡❡❦❧② ❝♦rr❡❧❛t✐♦♥s t❤❛♥ t❤❡ ✉♥s②♥❝❤r♦♥✐③❡❞ r❡t✉r♥s ❝♦rr❡❧❛t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡

❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❈❇❖❚ ❛♥❞ ❚●❊ ✐s ✵✳✶✷✼ ❢♦r ❞❛✐❧② ❞❛t❛✱ ✵✳✹✺✺ ❢♦r ✇❡❡❦❧② ❞❛t❛

❛♥❞ ✵✳✸✽✹ ✇❤❡♥ ✉s✐♥❣ t❤❡ s②♥❝❤r♦♥✐③❡❞ ❞❛t❛✳✶✷ ❚❤❡s❡ r❡s✉❧ts s✉❣❣❡st✱ t❤❡♥✱ t❤❛t t❤❡

s②♥❝❤r♦♥✐③❛t✐♦♥ ♠❡t❤♦❞ ❛♣♣❡❛rs t♦ s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠ ✐♥tr♦❞✉❝❡❞ ❜② ❛s②♥❝❤r♦♥♦✉s

tr❛❞✐♥❣✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ❢✉❧❧② ❡①♣❧♦✐t ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❝♦♥t❛✐♥❡❞ ✐♥ ♦✉r ❞❛t❛

t♦ ❛♥❛❧②③❡ ✈♦❧❛t✐❧✐t② ❞②♥❛♠✐❝s ❛❝r♦ss ♠❛r❦❡ts ✐♥ t❤❡ s❤♦rt r✉♥✳✶✸

✶✵ ❲❡❡❦❧② r❡t✉r♥s ❛r❡ ✉s❡❞ ❛s ❛ ♠❡❛s✉r❡ t♦ ❝♦rr❡❝t ✉♥❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ♠❛r❦❡ts✳
❙✉❝❤ ❞❛t❛ ❛r❡ r❡❧❛t✐✈❡❧② ✉♥❛✛❡❝t❡❞ ❜② t❤❡ t✐♠✐♥❣ ♦❢ t❤❡ ♠❛r❦❡ts s✐♥❝❡ t❤❡ ❞❡❣r❡❡ ♦❢ ❛s②♥❝❤r♦♥✐❝✐t②
✐s ♠✉❝❤ ❧♦✇❡r ✭❇✉r♥s✱ ❊♥❣❧❡✱ ❛♥❞ ▼❡③r✐❝❤ ✶✾✾✽✮✳

✶✶ ❖♥❡✲❧❛❣ ❝♦rr❡❧❛t✐♦♥s ❛r❡ ❛✈❛✐❧❛❜❧❡ ✉♣♦♥ r❡q✉❡st✳
✶✷ ❚❤❡ ❞❡s❝r✐♣t✐✈❡ st❛t✐st✐❝s ♦❢ t❤❡ s②♥❝❤r♦♥✐③❡❞ r❡t✉r♥s ❛r❡ s✐♠✐❧❛r t♦ t❤♦s❡ ♦❢ t❤❡ ✉♥s②♥✲

❝❤r♦♥✐③❡❞ r❡t✉r♥s✳ ❚♦ s❛✈❡ s♣❛❝❡✱ ✇❡ ♦♥❧② r❡♣♦rt t❤❡ s✉♠♠❛r② st❛t✐st✐❝s ♦❢ t❤❡ ✉♥s②♥❝❤r♦♥✐③❡❞
r❡t✉r♥s✳

✶✸ ❲❡ ❛❧s♦ ✉s❡ ❞❛✐❧② r❡t✉r♥ ❞❛t❛✱ ✐♥st❡❛❞ ♦❢ ❧♦✇❡r ❢r❡q✉❡♥❝② ❞❛t❛ s✉❝❤ ❛s ✇❡❡❦❧② ❛♥❞ ♠♦♥t❤❧②
r❡t✉r♥s✱ ❜❡❝❛✉s❡ ❧♦♥❣❡r ❤♦r✐③♦♥ r❡t✉r♥s ❝❛♥ ♦❜s❝✉r❡ t❡♠♣♦r❛r② r❡s♣♦♥s❡s t♦ ✐♥♥♦✈❛t✐♦♥s✱ ✇❤✐❝❤
♠❛② ❧❛st ❢♦r ❛ ❢❡✇ ❞❛②s ♦♥❧② ✭❊❧②❛s✐❛♥✐✱ P❡r❡r❛✱ ❛♥❞ P✉r✐ ✶✾✾✽✮✳

✶✹



❘❡s✉❧ts

❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts t❤❡ ❡st✐♠❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ ▼●❆❘❈❍ s♣❡❝✐✜❝❛t✐♦♥s ❛♣♣❧✐❡❞

t♦ ❡①❛♠✐♥❡ ✈♦❧❛t✐❧✐t② tr❛♥s♠✐ss✐♦♥ ✐♥ ❛❣r✐❝✉❧t✉r❛❧ ❡①❝❤❛♥❣❡s✳ ❚❤❡s❡ ✐♥❝❧✉❞❡ t❤❡ ❞✐✲

❛❣♦♥❛❧ ❚✲❇❊❑❑✱ ❢✉❧❧ ❚✲❇❊❑❑✱ ❈❈❈✱ ❛♥❞ ❉❈❈ ♠♦❞❡❧s✳ ❊①❛♠✐♥✐♥❣ ✈♦❧❛t✐❧✐t② ❛s

t❤❡ s❡❝♦♥❞ ♠♦♠❡♥t ♣r♦✈✐❞❡s ❢✉rt❤❡r ✐♥s✐❣❤t ✐♥t♦ t❤❡ ❞②♥❛♠✐❝ ♣r✐❝❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡✲

t✇❡❡♥ ♠❛r❦❡ts✳ ❆s ♥♦t❡❞ ❛❜♦✈❡✱ ✇❡ ❡st✐♠❛t❡ ❚✲❇❊❑❑ ♠♦❞❡❧s ✐♥st❡❛❞ ♦❢ st❛♥❞❛r❞

❇❊❑❑ ♠♦❞❡❧s ❜❡❝❛✉s❡ t❤❡ ♥♦r♠❛❧✐t② ♦❢ ❛❧❧ t❤❡ r❡t✉r♥s ✐♥ ♦✉r s❛♠♣❧❡ ✐s r❡❥❡❝t❡❞

❛t t❤❡ ✾✺✪ s✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧ ❛♥❞ t❤❡ ❦✉rt♦s✐s ✐s ❣r❡❛t❡r t❤❛♥ t❤r❡❡ ✐♥ ❛❧❧ ❝❛s❡s✳

❚❛❜❧❡ ✹ r❡♣♦rts t❤❡ ❡st✐♠❛t❡❞ ❝♦❡✣❝✐❡♥ts ❛♥❞ st❛♥❞❛r❞ ❡rr♦rs ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧

✈❛r✐❛♥❝❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❢♦r t❤❡ ❞✐❛❣♦♥❛❧ ❚✲❇❊❑❑ ♠♦❞❡❧✳ ❚❤❡ aii ❝♦❡✣❝✐❡♥ts✱

i= 1, ..., 3✱ q✉❛♥t✐❢② ♦✇♥✲✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs ✭✐✳❡✳ t❤❡ ❡✛❡❝t ♦❢ ❧❛❣❣❡❞ ♦✇♥ ✐♥♥♦✈❛✲

t✐♦♥s ♦♥ t❤❡ ❝✉rr❡♥t ❝♦♥❞✐t✐♦♥❛❧ r❡t✉r♥ ✈♦❧❛t✐❧✐t② ✐♥ ♠❛r❦❡t i✮✳ ❚❤❡ bii ❝♦❡✣❝✐❡♥ts

♠❡❛s✉r❡ ♦✇♥✲✈♦❧❛t✐❧✐t② ♣❡rs✐st❡♥❝❡ ✭✐✳❡✳ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈♦❧❛t✐❧✲

✐t② ✐♥ ♠❛r❦❡t i ♦♥ ✐ts ♦✇♥ ♣❛st ✈♦❧❛t✐❧✐t②✮✳ ❚❤❡ r❡s✉❧ts ✐♥❞✐❝❛t❡ t❤❛t ♦✇♥✲✈♦❧❛t✐❧✐t②

s♣✐❧❧♦✈❡rs ❛♥❞ ♣❡rs✐st❡♥❝❡ ❛r❡ st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t ❛❝r♦ss ♠♦st ♦❢ t❤❡ ♠❛r❦❡ts

❝♦♥s✐❞❡r❡❞ ❢♦r ❡❛❝❤ ❛❣r✐❝✉❧t✉r❛❧ ❝♦♠♠♦❞✐t②✳ ❖✇♥ ✐♥♥♦✈❛t✐♦♥ s❤♦❝❦s ❛♣♣❡❛r t♦ ❤❛✈❡

❛ ♠✉❝❤ ❤✐❣❤❡r ❡✛❡❝t ✐♥ ❈❤✐♥❛ t❤❛♥ ✐♥ t❤❡ ♦t❤❡r ❡①❝❤❛♥❣❡s✳ ❚❤✐s ♠❛r❦❡t✱ ❤♦✇❡✈❡r✱

❛❧s♦ ❡①❤✐❜✐ts t❤❡ ❧♦✇❡st ✈♦❧❛t✐❧✐t② ♣❡rs✐st❡♥❝❡❀ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❩❤❡♥❣③❤♦✉ ✭✇❤❡❛t✮✱

✐t ✐s ♥♦t s✐❣♥✐✜❝❛♥t ❛t t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ❧❡✈❡❧s✳ ❚❤✐s ❝♦✉❧❞ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡

❢❛❝t t❤❛t ❈❤✐♥❛ ✐s ❛ r❡❣✉❧❛t❡❞ ♠❛r❦❡t ✇❤❡r❡ ♦✇♥ ✐♥❢♦r♠❛t✐♦♥ s❤♦❝❦s ❝♦✉❧❞ ❤❛✈❡

❛ r❡❧❛t✐✈❡❧② ✐♠♣♦rt❛♥t ✭s❤♦rt✲t❡r♠✮ ❡✛❡❝t ♦♥ t❤❡ r❡t✉r♥ ✈♦❧❛t✐❧✐t②✱ ❜✉t ✇❤❡r❡ ♣❛st

✈♦❧❛t✐❧✐t② ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ❡①♣❧❛✐♥ ❝✉rr❡♥t ✈♦❧❛t✐❧✐t② ✭❛s ✐♥ ♦t❤❡r ❡①❝❤❛♥❣❡s✮

❞✉❡ t♦ ♠❛r❦❡t ✐♥t❡r✈❡♥t✐♦♥s✳ ❈♦♥tr❛r② t♦ ❈❤✐♥❛✱ ❡①❝❤❛♥❣❡s ✐♥ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s✱

❊✉r♦♣❡ ❛♥❞ ❏❛♣❛♥ ❞❡r✐✈❡ r❡❧❛t✐✈❡❧② ♠♦r❡ ♦❢ t❤❡✐r ✈♦❧❛t✐❧✐t② ♣❡rs✐st❡♥❝❡ ❢r♦♠ ✇✐t❤✐♥

t❤❡ ❞♦♠❡st✐❝ ♠❛r❦❡t✳✶✹

✶✹ ❲❡ ❧❛t❡r ❡①❛♠✐♥❡ ❤♦✇ s❡♥s✐t✐✈❡ ♦✉r ❡st✐♠❛t✐♦♥ r❡s✉❧ts ❛r❡ ✇❤❡♥ ✇❡ ❡①❝❧✉❞❡ ❈❤✐♥❛ ❢r♦♠ t❤❡
❛♥❛❧②s✐s✳

✶✺



❋r♦♠ t❤❡ r❡s✉❧ts✱ ✇❡ ❝❛♥ ❛❧s♦ ✐♥❢❡r t❤❛t t❤❡r❡ ❛r❡ ✐♥t❡r❛❝t✐♦♥s✱ ❛t ❧❡❛st ✐♥❞✐✲

r❡❝t ✈✐❛ t❤❡ ❝♦✈❛r✐❛♥❝❡✱ ❜❡t✇❡❡♥ ❡①❝❤❛♥❣❡s✳✶✺ ■♥ t❤❡ ❝❛s❡ ♦❢ ❝♦r♥ ❛♥❞ s♦②❜❡❛♥s✱

t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❝♦✈❛r✐❛♥❝❡ ❜❡t✇❡❡♥ ❛♥② ♣❛✐r ♦❢ ♠❛r❦❡ts s❤♦✇s ♣❡rs✐st❡♥❝❡ ❛♥❞ ✐s

❛✛❡❝t❡❞ ❜② ✐♥❢♦r♠❛t✐♦♥ s❤♦❝❦s t❤❛t ♦❝❝✉r ✐♥ ♦♥❡ ♦r ❜♦t❤ ♠❛r❦❡ts✳ ■♥ t❤❡ ❝❛s❡ ♦❢

✇❤❡❛t✱ ♦♥❧② t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❝♦✈❛r✐❛♥❝❡ ❜❡t✇❡❡♥ ❈❤✐❝❛❣♦ ❛♥❞ ▲■❋❋❊ s❤♦✇s ♣❡rs✐s✲

t❡♥❝❡ ❛♥❞ ♠❛② ✈❛r② ✇✐t❤ ✐♥♥♦✈❛t✐♦♥s ✐♥ ♦♥❡ ♦❢ t❤❡ ♠❛r❦❡ts❀ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❜❡t✇❡❡♥

❈❤✐♥❛ ✭❩❈❊✮ ❛♥❞ ❈❤✐❝❛❣♦ ❛♥❞ ❈❤✐♥❛ ❛♥❞ ▲■❋❋❊ ❞♦❡s ♥♦t s❤♦✇ ♣❡rs✐st❡♥❝❡✳

❖✉r r❡s✉❧ts ❞✐✛❡r✱ ❢♦r ❡①❛♠♣❧❡✱ ❢r♦♠ t❤❡ r❡s✉❧ts ♦❢ ✈♦♥ ▲❡❞❡❜✉r ❛♥❞ ❙❝❤♠✐t③

✭✷✵✵✾✮ ✇❤♦ ❛♣♣❧② ❛ ❞✐❛❣♦♥❛❧ ❇❊❑❑ ♠♦❞❡❧ t♦ ❛♥❛❧②③❡ ♠❛r❦❡t ✐♥t❡rr❡❧❛t✐♦♥s ❜❡✲

t✇❡❡♥ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s ✭❈❇❖❚✮✱ ❋r❛♥❝❡ ✭▼❆❚■❋✮ ❛♥❞ ❇r❛③✐❧ ❢♦r ❝♦r♥ ❞✉r✐♥❣

✷✵✵✼✲✷✵✵✽✳ ❚❤❡② ✜♥❞ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❝♦✈❛r✐❛♥❝❡ ❜❡t✇❡❡♥ ❈❇❖❚ ❛♥❞ ▼❆❚■❋

✭❛♥❞ ❜❡t✇❡❡♥ ❈❇❖❚ ❛♥❞ ❇r❛③✐❧✮ ✐s ♥♦t ❛✛❡❝t❡❞ ❜② ✐♥❢♦r♠❛t✐♦♥ s❤♦❝❦s t❤❛t ❝♦✉❧❞

♦❝❝✉r ✐♥ ♦♥❡ ♦r ❜♦t❤ ♠❛r❦❡ts✳ ❚❤❡② ❧✐♥❦ t❤✐s r❡s✉❧t t♦ ❛ ♣❛rt✐❛❧ ❞❡❝♦✉♣❧✐♥❣ ♦❢ t❤❡

❯✳❙✳ ♠❛r❦❡t ❢r♦♠ t❤❡ ♦t❤❡r ♠❛r❦❡ts ❞✉❡ t♦ ❛ ♣♦❧✐t✐❝❛❧❧② ✐♥❞✉❝❡❞ ♠❛r❦❡t ❞❡✈❡❧✲

♦♣♠❡♥t ❛♥❞ ❛ t✐❣❤t s✉♣♣❧② s✐t✉❛t✐♦♥ ❞✉r✐♥❣ t❤❡ ♣❡r✐♦❞ ♦❢ ❛♥❛❧②s✐s✳ ✈♦♥ ▲❡❞❡❜✉r

❛♥❞ ❙❝❤♠✐t③✱ ❤♦✇❡✈❡r✱ ❞♦ ♥♦t ❛❝❝♦✉♥t ❢♦r t❤❡ ♥♦♥✲♥♦r♠❛❧✐t② ♦❢ s♦♠❡ ♦❢ t❤❡ s❡r✐❡s

❛♥❛❧②③❡❞ ✭t❤❡② ✉s❡ ❛ ❞✐❛❣♦♥❛❧ ❇❊❑❑ ✐♥st❡❛❞ ♦❢ ❛ ❞✐❛❣♦♥❛❧ ❚✲❇❊❑❑ ♠♦❞❡❧✮✱ ❛♥❞

❢♦r t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ tr❛❞✐♥❣ ❤♦✉rs ❜❡t✇❡❡♥ ❡①❝❤❛♥❣❡s✱ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ❛✛❡❝t✐♥❣

t❤❡ ♠❛❣♥✐t✉❞❡ ❛♥❞ s✐❣♥✐✜❝❛♥❝❡ ♦❢ t❤❡✐r r❡s✉❧ts✳

❲❡ ♥♦✇ t✉r♥ t♦ t❤❡ ❢✉❧❧ ❚✲❇❊❑❑ ♠♦❞❡❧✱ ✇❤✐❝❤ ❝❛♥ ♣r♦✈✐❞❡ ❢✉rt❤❡r ✐♥s✐❣❤ts

✐♥t♦ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❞✐r❡❝t ✈♦❧❛t✐❧✐t② tr❛♥s♠✐ss✐♦♥ ❛❝r♦ss ❡①❝❤❛♥❣❡s✳ ❈♦♥tr❛r② t♦

t❤❡ ❞✐❛❣♦♥❛❧ ❚✲❇❊❑❑✱ t❤✐s ♠♦❞❡❧ ❞♦❡s ♥♦t ❛ss✉♠❡ t❤❛t A ❛♥❞ B ❛r❡ ❞✐❛❣♦♥❛❧

♠❛tr✐❝❡s ✐♥ ❡q✉❛t✐♦♥ ✭✷✮✱ ❛❧❧♦✇✐♥❣ ❢♦r ❜♦t❤ ♦✇♥✲ ❛♥❞ ❝r♦ss✲✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs

❛♥❞ ♦✇♥✲ ❛♥❞ ❝r♦ss✲✈♦❧❛t✐❧✐t② ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ ♠❛r❦❡ts✳ ❚❛❜❧❡ ✺ ♣r❡s❡♥ts t❤❡

❡st✐♠❛t✐♦♥ r❡s✉❧ts ✉s✐♥❣ t❤✐s ♠♦❞❡❧✳ ❚❤❡ ♦✛✲❞✐❛❣♦♥❛❧ ❝♦❡✣❝✐❡♥ts ♦❢ ♠❛tr✐① A✱ aij✱

❝❛♣t✉r❡ t❤❡ ❡✛❡❝ts ♦❢ ❧❛❣❣❡❞ ✐♥♥♦✈❛t✐♦♥s ♦r✐❣✐♥❛t✐♥❣ ✐♥ ♠❛r❦❡t i ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧

✶✺ ❙❡❡ ❆♣♣❡♥❞✐① ❆ ❢♦r ❢✉rt❤❡r ❞❡t❛✐❧s ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈❛r✐❛♥❝❡ ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ❡q✉❛t✐♦♥s
❢♦r t❤❡ ❞✐✛❡r❡♥t ▼●❆❘❈❍ ♠♦❞❡❧s✳

✶✻



r❡t✉r♥ ✈♦❧❛t✐❧✐t② ✐♥ ♠❛r❦❡t j ✐♥ t❤❡ ❝✉rr❡♥t ♣❡r✐♦❞✳ ❚❤❡ ♦✛✲❞✐❛❣♦♥❛❧ ❝♦❡✣❝✐❡♥ts

♦❢ ♠❛tr✐① B✱ bij✱ ♠❡❛s✉r❡ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈♦❧❛t✐❧✐t② ✐♥ ♠❛r❦❡t

j ♦♥ t❤❛t ♦❢ ♠❛r❦❡t i✳ ❚❤❡ ❲❛❧❞ t❡sts✱ r❡♣♦rt❡❞ ❛t t❤❡ ❜♦tt♦♠ ♦❢ ❚❛❜❧❡ ✺✱ r❡❥❡❝t

t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s t❤❛t t❤❡ ♦✛✲❞✐❛❣♦♥❛❧ ❝♦❡✣❝✐❡♥ts✱ aij ❛♥❞ bij✱ ❛r❡ ❥♦✐♥t❧② ③❡r♦

❛t ❝♦♥✈❡♥t✐♦♥❛❧ s✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧s✳

❙❡✈❡r❛❧ ♣❛tt❡r♥s ❡♠❡r❣❡ ❢r♦♠ t❤❡ t❛❜❧❡✳ ❋✐rst✱ t❤❡ ♦✇♥✲✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs

❛♥❞ ♣❡rs✐st❡♥❝❡ ✐♥ ❛❧❧ ♠❛r❦❡ts ❛r❡ ✈❡r② s✐♠✐❧❛r t♦ t❤♦s❡ ❢♦✉♥❞ ✇✐t❤ t❤❡ ❞✐❛❣♦♥❛❧

❚✲❇❊❑❑ ♠♦❞❡❧✳ ❚❤❡s❡ ♦✇♥ ❡✛❡❝ts ❛r❡ ❣❡♥❡r❛❧❧② ❧❛r❣❡ ✭❛♥❞ st❛t✐st✐❝❛❧❧② s✐❣♥✐✜✲

❝❛♥t✮ ♣♦✐♥t✐♥❣ t♦✇❛r❞s t❤❡ ♣r❡s❡♥❝❡ ♦❢ str♦♥❣ ●❆❘❈❍ ❡✛❡❝ts✳ ❙❡❝♦♥❞✱ t❤❡ ❝r♦ss✲

✈♦❧❛t✐❧✐t② ❡✛❡❝ts✱ ❛❧t❤♦✉❣❤ s♠❛❧❧❡r ✐♥ ♠❛❣♥✐t✉❞❡ t❤❛♥ t❤❡ ♦✇♥ ❡✛❡❝ts✱ ✐♥❞✐❝❛t❡ t❤❛t

t❤❡r❡ ❛r❡ s♣✐❧❧♦✈❡r ❡✛❡❝ts ♦❢ ✐♥❢♦r♠❛t✐♦♥ s❤♦❝❦s ❛♥❞ ✈♦❧❛t✐❧✐t② ♣❡rs✐st❡♥❝❡ ❜❡t✇❡❡♥

t❤❡ ❡①❝❤❛♥❣❡s ❛♥❛❧②③❡❞✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ✐♥❢♦r♠❛t✐♦♥ s❤♦❝❦s✱ ♣❛st ✐♥♥♦✈❛t✐♦♥s ✐♥

❈❤✐❝❛❣♦ ❤❛✈❡ ❛ ❧❛r❣❡r ❡✛❡❝t ♦♥ t❤❡ ❝✉rr❡♥t ♦❜s❡r✈❡❞ ✈♦❧❛t✐❧✐t② ✐♥ ❊✉r♦♣❡❛♥ ❛♥❞

❈❤✐♥❡s❡ ❝♦r♥ ❛♥❞ ✇❤❡❛t ♠❛r❦❡ts t❤❛♥ t❤❡ ❝♦♥✈❡rs❡✱ ✇❤✐❝❤ ♣♦✐♥ts t♦✇❛r❞s t❤❡ ♠❛✲

❥♦r r♦❧❡ ❈❇❖❚ ♣❧❛②s ✐♥ t❡r♠s ♦❢ ❝r♦ss✲✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs ❢♦r t❤❡s❡ ❝♦♠♠♦❞✐t✐❡s✳

❋♦r s♦②❜❡❛♥s✱ t❤❡ ♠❛❥♦r r♦❧❡ ♦❢ ❈❤✐❝❛❣♦ ✐s ❧❡ss ❝❧❡❛r✳ ❚❤❡r❡ ✐s ❛ r❡❧❛t✐✈❡❧② ❧❛r❣❡

s♣✐❧❧♦✈❡r ❡✛❡❝t ❢r♦♠ ❈❇❖❚ t♦ ❈❤✐♥❛ ✭❉❈❊✮✱ ❜✉t t❤❡ ❡✛❡❝t ❢r♦♠ ❉❈❊ t♦ ❈❇❖❚

✐s ❛❧s♦ ✐♠♣♦rt❛♥t❀ ❏❛♣❛♥ s✐♠✐❧❛r❧② s❤♦✇s ❛ ❧❛r❣❡ s♣✐❧❧♦✈❡r ❡✛❡❝t ✭❡s♣❡❝✐❛❧❧② ♦✈❡r

❈❤✐♥❛✮✳ ❨❡t✱ ✐♥ t❡r♠s ♦❢ ❝r♦ss✲✈♦❧❛t✐❧✐t② ♣❡rs✐st❡♥❝❡✱ t❤❡r❡ ✐s ❛ r❡❧❛t✐✈❡❧② ✐♠♣♦rt❛♥t

❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♦❜s❡r✈❡❞ ✈♦❧❛t✐❧✐t② ✐♥ t❤❡ ❈❤✐♥❡s❡ s♦②❜❡❛♥s ♠❛r❦❡t ♦♥ t❤❡ ♣❛st

✈♦❧❛t✐❧✐t② ✐♥ ❈❇❖❚✳

❚❤❡ r❡s✉❧ts ✇✐t❤ t❤✐s ♠♦❞❡❧ ❞✐✛❡r ❢r♦♠ t❤♦s❡ ♦❢ ❨❛♥❣✱ ❩❤❛♥❣✱ ❛♥❞ ▲❡❛t❤❛♠

✭✷✵✵✸✮ ✇❤♦ ❛❧s♦ ✉s❡ ❛ ❢✉❧❧ ❇❊❑❑ ♠♦❞❡❧ t♦ ❡①❛♠✐♥❡ ✈♦❧❛t✐❧✐t② tr❛♥s♠✐ss✐♦♥ ✐♥

✇❤❡❛t ❜❡t✇❡❡♥ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s ✭❈❇❖❚✮✱ ❊✉r♦♣❡ ✭▲■❋❋❊✮ ❛♥❞ ❈❛♥❛❞❛ ❢♦r t❤❡

♣❡r✐♦❞ ✶✾✾✻✲✷✵✵✷✳ ❚❤❡ ❛✉t❤♦rs ✜♥❞ t❤❛t t❤❡ ❯✳❙✳ ♠❛r❦❡t ✐s ❛✛❡❝t❡❞ ❜② ✈♦❧❛t✐❧✐t②

❢r♦♠ ❊✉r♦♣❡ ✭❛♥❞ ❈❛♥❛❞❛✮✱ ✇❤✐❧❡ t❤❡ ❊✉r♦♣❡❛♥ ♠❛r❦❡t ✐s ❤✐❣❤❧② ❡①♦❣❡♥♦✉s ❛♥❞

❧✐tt❧❡ ❛✛❡❝t❡❞ ❜② t❤❡ ❯✳❙✳ ❛♥❞ ❈❛♥❛❞✐❛♥ ♠❛r❦❡ts✳ ❍♦✇❡✈❡r✱ t❤❡② r❡❝♦❣♥✐③❡ t❤❛t

t❤❡ ❡①♦❣❡♥❡✐t② ❛♥❞ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❊✉r♦♣❡❛♥ ♠❛r❦❡t ❝♦✉❧❞ ❜❡ ♦✈❡r❡st✐♠❛t❡❞ ❞✉❡
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t♦ t❤❡ t✐♠❡ ③♦♥❡ ❞✐✛❡r❡♥❝❡ ♦❢ ❢✉t✉r❡s tr❛❞✐♥❣ ❜❡t✇❡❡♥ ❊✉r♦♣❡ ❛♥❞ ◆♦rt❤ ❆♠❡r✐❝❛✳

❲❡ ♣r❡❝✐s❡❧② ✜♥❞ ❛ ♠❛❥♦r r♦❧❡ ♦❢ ❈❇❖❚ ✐♥ t❡r♠s ♦❢ ✈♦❧❛t✐❧✐t② tr❛♥s♠✐ss✐♦♥ ✇❤❡♥

❝♦♥tr♦❧✐♥❣ ❢♦r ❞✐✛❡r❡♥❝❡s ✐♥ tr❛❞✐♥❣ ❤♦✉rs ❛❝r♦ss ❡①❝❤❛♥❣❡s✳

❉❡s♣✐t❡ t❤❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❝♦r♥✲❜❛s❡❞ ❡t❤❛♥♦❧ ✐♥ r❡❝❡♥t ②❡❛rs

❛s ✇❡❧❧ ❛s t❤❡ ♠❛♥② r❡❣✉❧❛t✐♦♥s ❛♥❞ tr❛❞❡ ♣♦❧✐❝✐❡s ❣♦✈❡r♥✐♥❣ ❛❣r✐❝✉❧t✉r❛❧ ♣r♦❞✉❝ts

✭❧✐❦❡ t❡♠♣♦r❛r② ❡①♣♦rt t❛①❡s ❛♥❞ ✐♠♣♦rt ❜❛♥s✮✱ ✐t ✐s ✐♥t❡r❡st✐♥❣ t❤❛t ❈❇❖❚ st✐❧❧

❤❛s ❛ ❧❡❛❞✐♥❣ r♦❧❡ ♦✈❡r ♦t❤❡r ❢✉t✉r❡s ❡①❝❤❛♥❣❡s✱ ✐♥❝❧✉❞✐♥❣ ❈❤✐♥❛✬s ❝❧♦s❡❞✱ ❤✐❣❤❧②

r❡❣✉❧❛t❡❞ ♠❛r❦❡t✳ ❚❤✐s r❡s✉❧t ❝♦♥✜r♠s t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❈❤✐❝❛❣♦ ✐♥ ❣❧♦❜❛❧ ❛❣r✐✲

❝✉❧t✉r❛❧ ♠❛r❦❡ts✳ ❚❤❡ ❢❛❝t t❤❛t ❈❤✐♥❛ ❤❛s s♣✐❧❧♦✈❡r ❡✛❡❝ts ♦✈❡r ♦t❤❡r ❡①❝❤❛♥❣❡s

✭❛t ❧❡❛st ✐♥ s♦②❜❡❛♥s✮ ✐s ❛❧s♦ r❡♠❛r❦❛❜❧❡✱ ❛♥❞ ✐s ♣r♦❜❛❜❧② ❜❡❝❛✉s❡ ❈❤✐♥❛ ✐s ❜♦t❤

❛ ♠❛❥♦r ❣❧♦❜❛❧ ♣r♦❞✉❝❡r ❛♥❞ ❝♦♥s✉♠❡r ♦❢ ❛❣r✐❝✉❧t✉r❛❧ ♣r♦❞✉❝ts✳ ❚❤✉s✱ ❛♥② ❡①♦❣❡✲

♥♦✉s s❤♦❝❦ ✐♥ t❤✐s ♠❛r❦❡t ♠❛② ❛❧s♦ ❛✛❡❝t t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦✐♥❣ ♣r♦❝❡ss ✐♥ ♦t❤❡r

✐♥t❡r♥❛t✐♦♥❛❧ ♠❛r❦❡ts✳

❖✉r r❡s✉❧ts s✉♣♣♦rt t❤❡ ✧♠❡t❡♦r s❤♦✇❡r ❤②♣♦t❤❡s✐s✧ ♦❢ ❊♥❣❧❡✱ ■t♦✱ ❛♥❞ ▲✐♥

✭✶✾✾✵✮✳ ❆❝❝♦r❞✐♥❣ t♦ t❤✐s t❤❡♦r②✱ ❢♦r❡✐❣♥ ♠❛r❦❡t ♥❡✇s ❢♦❧❧♦✇ ❛ ♣r♦❝❡ss ❧✐❦❡ ❛ ♠❡t❡♦r

s❤♦✇❡r ❤✐tt✐♥❣ t❤❡ ❡❛rt❤ ❛s ✐t r❡✈♦❧✈❡s✳ ❚❤❡ ✐♠♣❛❝t ♦❢ t❤✐s ♣r♦❝❡ss ✐s ♠❛♥✐❢❡st❡❞ ✐♥

t❤❡ ❢♦r♠ ♦❢ ✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs ❢r♦♠ ♦♥❡ ♠❛r❦❡t t♦ t❤❡ ♥❡①t✳ ❚❤✐s ✐s ✐♥ ❝♦♥tr❛st t♦

t❤❡ ❛❧t❡r♥❛t✐✈❡ ✧❤❡❛t ✇❛✈❡s ❤②♣♦t❤❡s✐s✧✱ ✇❤❡r❡ ✈♦❧❛t✐❧✐t② ❤❛s ♦♥❧② ❝♦✉♥tr②✲s♣❡❝✐✜❝

❛✉t♦❝♦rr❡❧❛t✐♦♥ s✉❝❤ t❤❛t ❛ ✈♦❧❛t✐❧❡ ❞❛② ✐♥ ♦♥❡ ♠❛r❦❡t ✐s ❧✐❦❡❧② t♦ ❜❡ ❢♦❧❧♦✇❡❞ ❜②

❛♥♦t❤❡r ✈♦❧❛t✐❧❡ ❞❛② ✐♥ t❤❡ s❛♠❡ ♠❛r❦❡t✱ ❜✉t ♥♦t t②♣✐❝❛❧❧② ❛ ✈♦❧❛t✐❧❡ ❞❛② ✐♥ ♦t❤❡r

♠❛r❦❡ts✳

❚❛❜❧❡ ✻ s❤♦✇s t❤❡ r❡s✉❧ts ❢♦r t❤❡ ❈❈❈ ♠♦❞❡❧✳ ■♥ t❤✐s s♣❡❝✐✜❝❛t✐♦♥✱ t❤❡ ❧❡✈❡❧ ♦❢

✐♥t❡r❞❡♣❡♥❞❡♥❝❡ ❛❝r♦ss ♠❛r❦❡ts ✐s ❝❛♣t✉r❡❞ ❜② t❤❡ ❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥ts ρij✳ ❚❤❡

r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❡①❝❤❛♥❣❡s ❛r❡ ♣♦s✐t✐✈❡ ❛♥❞ st❛t✐st✐❝❛❧❧②

s✐❣♥✐✜❝❛♥t ❛t t❤❡ ✶✪ ❧❡✈❡❧ ❢♦r t❤❡ t❤r❡❡ ❛❣r✐❝✉❧t✉r❛❧ ❝♦♠♠♦❞✐t✐❡s✱ ✇❤✐❝❤ ✐♠♣❧✐❡s

t❤❛t ♠❛r❦❡ts ❛r❡ ✐♥t❡rr❡❧❛t❡❞✳ ■♥ ❣❡♥❡r❛❧✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥

t❤❡ ❯♥✐t❡❞ ❙t❛t❡s ✭❈❇❖❚✮ ❛♥❞ t❤❡ r❡st ♦❢ t❤❡ ♠❛r❦❡ts ✭❊✉r♦♣❡ ❛♥❞ ❆s✐❛✮ ✐s ❤✐❣❤❡r

❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤✐♥ t❤❡ ❧❛tt❡r✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ r❡s✉❧ts s❤♦✇
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t❤❛t t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❈❇❖❚ ❛♥❞ t❤❡ ❊✉r♦♣❡❛♥ ♠❛r❦❡ts ✐s t❤❡ ❤✐❣❤❡st

❛♠♦♥❣ t❤❡ ❡①❝❤❛♥❣❡s ❢♦r ❝♦r♥ ❛♥❞ ✇❤❡❛t✳ ❚❤❡ r❡s✉❧ts ❛❧s♦ ✐♥❞✐❝❛t❡ t❤❛t ❈❤✐♥❛✬s

✇❤❡❛t ♠❛r❦❡t ✐s ❜❛r❡❧② ❝♦♥♥❡❝t❡❞ ✇✐t❤ t❤❡ ♦t❤❡r ♠❛r❦❡ts✱ ✇❤✐❧❡ ✐♥ t❤❡ ❝❛s❡ ♦❢

s♦②❜❡❛♥s✱ ❈❤✐♥❛ ❤❛s ❛ ❤✐❣❤❡r ❛ss♦❝✐❛t✐♦♥ ✇✐t❤ ❈❇❖❚ t❤❛♥ ❏❛♣❛♥✱ s✐♠✐❧❛r t♦ t❤❡

✜♥❞✐♥❣s ✇✐t❤ t❤❡ ❢✉❧❧ ❚✲❇❊❑❑ ♠♦❞❡❧✳

❊✈❡♥ t❤♦✉❣❤ t❤❡ ❈❈❈ ♠♦❞❡❧ ❞♦❡s ♥♦t ❛❧❧♦✇ ✉s t♦ ✐❞❡♥t✐❢② t❤❡ s♦✉r❝❡ ♦❢ ✈♦❧❛t✐❧✲

✐t② tr❛♥s♠✐ss✐♦♥✱ ✐t ❤❡❧♣s ✉s t♦ ❛❞❞r❡ss ✇❤❡t❤❡r t❤❡r❡ ✐s ✐♥t❡r❛❝t✐♦♥ ❛♠♦♥❣ ♠❛r❦❡ts✱

❛s ✇❡❧❧ ❛s t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ ✐♥t❡r❞❡♣❡♥❞❡♥❝❡✳ ❚❤❡ ❉❈❈ ♠♦❞❡❧✱ ✐♥ t✉r♥✱ ❣❡♥❡r❛❧✐③❡s

t❤❡ ❈❈❈ ♠♦❞❡❧✱ ❛❧❧♦✇✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥s t♦ ❜❡ t✐♠❡ ✈❛r②✐♥❣✳ ❚❛❜❧❡ ✼

♣r❡s❡♥ts t❤❡ ❡st✐♠❛t✐♦♥ r❡s✉❧ts ❢♦r t❤❡ ❉❈❈ ♠♦❞❡❧✳ P❛r❛♠❡t❡rs α ❛♥❞ β ❝❛♥ ❜❡

✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ✏♥❡✇s✑ ❛♥❞ ✏❞❡❝❛②✑ ♣❛r❛♠❡t❡rs✳ ❚❤❡s❡ ✈❛❧✉❡s s❤♦✇ t❤❡ ❡✛❡❝t ♦❢

✐♥♥♦✈❛t✐♦♥s ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥s ♦✈❡r t✐♠❡✱ ❛s ✇❡❧❧ ❛s t❤❡✐r ♣❡rs✐st❡♥❝❡✳

❋♦r t❤❡ t❤r❡❡ ❝♦♠♠♦❞✐t✐❡s✱ t❤❡ ❡st✐♠❛t❡❞ ✏♥❡✇s✑ ♣❛r❛♠❡t❡rs ❛r❡ s♠❛❧❧ ✭α< 0.01)❀

♦♥❧② ❢♦r ❝♦r♥ α ✐s st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t ❛t t❤❡ ✺✪ ❧❡✈❡❧. ❋♦r ❝♦r♥ ❛♥❞ ✇❤❡❛t✱ t❤❡

❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs s❤♦✇ ❛ s❧♦✇ ✏❞❡❝❛②✑ ✭β > 0.98✮ ❛♥❞ ❛r❡ s✐❣♥✐✜❝❛♥t ❛t t❤❡ ✶✪

❧❡✈❡❧✳ ■♥ t❤❡ ❝❛s❡ ♦❢ s♦②❜❡❛♥s✱ t❤❡r❡ ✐s ♥♦ ♣❡rs✐st❡♥❝❡ ✭β ≈ 0) ♥♦r s✐❣♥✐✜❝❛♥❝❡✳

❋✐❣✉r❡ ✸ s❤♦✇s t❤❡ ❞②♥❛♠✐❝ ❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥s ✭ρij,t) ❡st✐♠❛t❡❞ ✇✐t❤ t❤❡

❉❈❈♠♦❞❡❧✳ ❋♦r ❝♦r♥✱ ✇❡ ♦❜s❡r✈❡ ❤✐❣❤ ✈❛r✐❛❜✐❧✐t② ✐♥ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❈❇❖❚

❛♥❞ ▼❆❚■❋ ✭r❛♥❣✐♥❣ ❢r♦♠ 0.20 t♦ 0.55), ✇✐t❤ ♣❡❛❦ ✈❛❧✉❡s ❛❢t❡r t❤❡ ✷✵✵✼✲✷✵✵✽ ❝r✐✲

s✐s✳ ■t ✐s ❛❧s♦ ❝❧❡❛r t❤❛t t❤❡ t❤r❡❡ ❡st✐♠❛t❡❞ ❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥s ❛♠♦♥❣ ❝♦r♥

❡①❝❤❛♥❣❡s ❤❛✈❡ s❤♦✇♥ ❛♥ ✉♣✇❛r❞ tr❡♥❞ ✐♥ r❡❝❡♥t ②❡❛rs✳ ❚❤❡ s❛♠❡ ❤✐❣❤ ✈❛r✐❛❜✐❧✲

✐t② ❛♥❞ ✉♣✇❛r❞ tr❡♥❞ ✐s ♦❜s❡r✈❡❞ ✐♥ ✇❤❡❛t ✇❤❡♥ ❧♦♦❦✐♥❣ ❛t t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡

❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❈❤✐❝❛❣♦ ❛♥❞ ❊✉r♦♣❡ ✭▲■❋❋❊✮✳ ❚❤❡ ♦t❤❡r t✇♦ ❝♦r✲

r❡❧❛t✐♦♥s ❛♠♦♥❣ ✇❤❡❛t ❡①❝❤❛♥❣❡s ✭❈❇❖❚✲❩❈❊ ❛♥❞ ▲■❋❋❊✲❩❈❊✮✱ ✐♥ ❝♦♥tr❛st✱ ❞♦

♥♦t s❤♦✇ ❛♥ ✉♣✇❛r❞ tr❡♥❞✱ ❛❧t❤♦✉❣❤ t❤❡② ✭♠♦❞❡r❛t❡❧②✮ ✐♥❝r❡❛s❡❞ ❞✉r✐♥❣ t❤❡ r❡✲

❝❡♥t ❝r✐s✐s✳ ❋♦r s♦②❜❡❛♥s✱ t❤❡ t❤r❡❡ ❞②♥❛♠✐❝ ❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥s ❛r❡ r❛t❤❡r

❝♦♥st❛♥t✱ ❝♦✐♥❝✐❞✐♥❣ ✇✐t❤ t❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥s ❡st✐♠❛t❡❞ ✇✐t❤ t❤❡ ❈❈❈✳

✶✾



❚❤✐s ✐s ❛❧s♦ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❡st✐♠❛t❡❞ ✈❛❧✉❡s ♦❢ ❜♦t❤ α ❛♥❞ β, ✇❤✐❝❤ ❛r❡ ❝❧♦s❡

t♦ ③❡r♦ ✐♥ t❤❡ ❝❛s❡ ♦❢ s♦②❜❡❛♥s✳

■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t t❤❡ r❡s✐❞✉❛❧ ❞✐❛❣♥♦st✐❝ st❛t✐st✐❝s✱ r❡♣♦rt❡❞ ❛t t❤❡ ❜♦tt♦♠

♦❢ ❚❛❜❧❡s ✹✲✼✱ ❣❡♥❡r❛❧❧② s✉♣♣♦rt ❛❞❡q✉❛❝② ♦❢ t❤❡ ♠♦❞❡❧ s♣❡❝✐✜❝❛t✐♦♥s ❝♦♥s✐❞❡r❡❞✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ▲❥✉♥❣✲❇♦① ✭▲❇✮ st❛t✐st✐❝s✱ ✉♣ t♦ ✻ ❛♥❞ ✶✷ ❧❛❣s✱ s❤♦✇ ✐♥ ♠♦st

❝❛s❡s ♥♦ ❡✈✐❞❡♥❝❡ ♦❢ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ✐♥ t❤❡ st❛♥❞❛r❞✐③❡❞ r❡s✐❞✉❛❧s ♦❢ t❤❡ ❡st✐♠❛t❡❞

♠♦❞❡❧s ❛t ❛ ✺✪ ❧❡✈❡❧✳

❈♦♥s✐❞❡r✐♥❣ t❤❛t ♠❛r❦❡ts ✐♥ ❈❤✐♥❛ ❛r❡ ❤✐❣❤❧② r❡❣✉❧❛t❡❞ ✭❛♥❞ ❧♦❝❛❧❧② ♦r✐❡♥t❡❞✮✱

✇❡ ❛❧s♦ ❡✈❛❧✉❛t❡ t❤❡ r♦❜✉st♥❡ss ♦❢ ♦✉r ✜♥❞✐♥❣s ✇❤❡♥ ❡①❝❧✉❞✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

❈❤✐♥❡s❡ ❡①❝❤❛♥❣❡s ✭❉❛❧✐❛♥ ❛♥❞ ❩❤❡♥❣③❤♦✉✮✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❝♦r♥✱ ✇❡ ❜♦t❤ r❡str✐❝t

t❤❡ ❛♥❛❧②s✐s t♦ ❈❤✐❝❛❣♦ ❛♥❞ ▼❆❚■❋ ❛♥❞ ❝♦♥s✐❞❡r ❏❛♣❛♥ ✭❚●❊✮ ✐♥st❡❛❞ ♦❢ ❉❛❧✐❛♥❀

❢♦r ✇❤❡❛t ❛♥❞ s♦②❜❡❛♥s✱ ✇❡ ❥✉st r❡str✐❝t t❤❡ ❛♥❛❧②s✐s t♦ ❈❤✐❝❛❣♦ ❛♥❞ ▲■❋❋❊ ❛♥❞

❈❤✐❝❛❣♦ ❛♥❞ ❚●❊✳ ❚❤❡ ❡st✐♠❛t✐♦♥ r❡s✉❧ts ❛r❡ r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡s ❇✳✶✲❇✳✹ ❛♥❞ ❋✐❣✲

✉r❡ ❇✳✶ ✐♥ ❆♣♣❡♥❞✐① ❇✳ ❖✈❡r❛❧❧✱ t❤❡ r❡s✉❧ts ❛r❡ q✉❛❧✐t❛t✐✈❡❧② s✐♠✐❧❛r t♦ ♦✉r ❜❛s❡

r❡s✉❧ts✱ s✉❣❣❡st✐♥❣ t❤❛t ♦✉r ✜♥❞✐♥❣s ❛r❡ ♥♦t s❡♥s✐t✐✈❡ t♦ t❤❡ ✐♥❝❧✉s✐♦♥ ♦r ❡①❝❧✉s✐♦♥

♦❢ ❈❤✐♥❛✳ ❲❡ st✐❧❧ ♦❜s❡r✈❡ ❛ ❤✐❣❤ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❡①❝❤❛♥❣❡s✱ ♣❛rt✐❝✉❧❛r❧② ❜❡✲

t✇❡❡♥ ❈❤✐❝❛❣♦ ❛♥❞ ❜♦t❤ ❊✉r♦♣❡ ❛♥❞ ❏❛♣❛♥✱ ❛s ✇❡❧❧ ❛s ❤✐❣❤❡r s♣✐❧❧♦✈❡r ❡✛❡❝ts ❢r♦♠

❈❤✐❝❛❣♦ t♦ t❤❡ ♦t❤❡r ♠❛r❦❡ts t❤❛♥ t❤❡ ❝♦♥✈❡rs❡✳ ❙✐♠✐❧❛r❧②✱ ♦♥❧② ❝♦r♥ ❛♥❞ ✇❤❡❛t

❡①❝❤❛♥❣❡s ❡①❤✐❜✐t ❛♥ ✐♥❝r❡❛s✐♥❣ ❧❡✈❡❧ ♦❢ ✐♥t❡r❞❡♣❡♥❞❡♥❝❡ ✐♥ r❡❝❡♥t ②❡❛rs✳

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ r❡❛s♦♥s ✇❤② t❤❡ r❡t✉r♥s ❛♥❞ ✈♦❧❛t✐❧✐t② ✐♥ t❤❡ ❛❣r✐❝✉❧t✉r❛❧

❡①❝❤❛♥❣❡s ♠❛② ❜❡ r❡❧❛t❡❞✳ ❙✐♥❝❡ t❤❡ ❡❝♦♥♦♠✐❡s ❛r❡ r❡❧❛t❡❞ t❤r♦✉❣❤ tr❛❞❡ ❛♥❞ ✐♥✲

✈❡st♠❡♥ts✱ ❛♥② ♥❡✇s ❛❜♦✉t ❡❝♦♥♦♠✐❝ ❢✉♥❞❛♠❡♥t❛❧s ✐♥ ♦♥❡ ❝♦✉♥tr② ❤❛s ✐♠♣❧✐❝❛t✐♦♥s

❢♦r t❤❡ ♦t❤❡r ❝♦✉♥tr✐❡s✳ ▼♦r❡♦✈❡r✱ t❤❡ ❞❡❣r❡❡ ♦❢ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❡①❝❤❛♥❣❡s

♠❛② ✐♥❝r❡❛s❡ ❛s ❛ r❡s✉❧t ♦❢ t❤❡ ❣r♦✇✐♥❣ ✜♥❛♥❝✐❛❧ ♠❛r❦❡t ✐♥t❡❣r❛t✐♦♥s✱ ❜r♦✉❣❤t

❛❜♦✉t ❜② t❤❡ r❡❧❛t✐✈❡❧② ❢r❡❡ ✢♦✇ ♦❢ ❣♦♦❞s ❛♥❞ s❡r✈✐❝❡s ❛♥❞ ❝❛♣✐t❛❧ ❛s ✇❡❧❧ ❛s t❤❡

r❡✈♦❧✉t✐♦♥ t❡❝❤♥♦❧♦❣②✳ ❆♥♦t❤❡r ♣♦ss✐❜❧❡ r❡❛s♦♥ ❢♦r t❤❡ ✐♥t❡r♥❛t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥ ✐s

♠❛r❦❡t ❝♦♥t❛❣✐♦♥✳ ❚❤❛t ✐s✱ t❤❡ ❢✉t✉r❡ ♣r✐❝❡ ✐♥ ♦♥❡ ❝♦✉♥tr② ♠✐❣❤t ❜❡ ❛✛❡❝t❡❞ ❜②

❝❤❛♥❣❡s ✐♥ ❛♥♦t❤❡r ❝♦✉♥tr② ❜② ❝♦♥♥❡❝t✐♦♥s t❤♦✉❣❤ ❡❝♦♥♦♠✐❝ ❢✉♥❞❛♠❡♥t❛❧s✳ ❯♥❞❡r
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t❤✐s ❝♦♥t❛❣✐♦♥ s❝❡♥❛r✐♦✱ s♣❡❝✉❧❛t✐✈❡ tr❛❞✐♥❣ ❛s ✇❡❧❧ ❛s ♥♦✐s❡ tr❛❞✐♥❣ ❝❛♥ ♦❝❝✉r ✐♥

✐♥t❡r♥❛t✐♦♥❛❧ ♠❛r❦❡ts ✭▲♦♥❣ ❡t ❛❧✳ ✶✾✾✵✮✱ s✉❝❤ t❤❛t ♣r✐❝❡ ♠♦✈❡♠❡♥ts ❞r✐✈❡♥ ❜②

❢❛❞s ❛♥❞ ❤❡r❞ ✐♥st✐♥❝t ♠✐❣❤t tr❛♥s♠✐t ❛❝r♦ss ❜♦r❞❡rs✳

❱♦❧❛t✐❧✐t② ❚r❛♥s♠✐ss✐♦♥ ❆❝r♦ss ❚✐♠❡

◆❡①t✱ ✇❡ ❡①❛♠✐♥❡ ✇❤❡t❤❡r t❤❡ ❞②♥❛♠✐❝s ♦❢ ✈♦❧❛t✐❧✐t② tr❛♥s♠✐ss✐♦♥ ❜❡t✇❡❡♥ ❢✉t✉r❡s

♠❛r❦❡ts ❤❛s ❝❤❛♥❣❡❞ ❛❝r♦ss t✐♠❡✱ ♣❛rt✐❝✉❧❛r❧② ❛❢t❡r t❤❡ r❡❝❡♥t ❢♦♦❞ ♣r✐❝❡ ❝r✐s✐s ♦❢

✷✵✵✼✲✷✵✵✽ ✇✐t❤ ✉♥♣r❡❝❡❞❡♥t ♣r✐❝❡ ✈❛r✐❛t✐♦♥s✳ ❚♦ ❞✐✈✐❞❡ ♦✉r ✇♦r❦✐♥❣ s❛♠♣❧❡ ✐♥t♦

❛ ♣❡r✐♦❞ ♣r❡✲❝r✐s✐s ❛♥❞ ❛ ♣❡r✐♦❞ ♣♦st✲❝r✐s✐s✱ ✇❡ ❛♣♣❧② t❤❡ t❡st ❢♦r t❤❡ ♣r❡s❡♥❝❡ ♦❢

str✉❝t✉r❛❧ ❜r❡❛❦s ♣r♦♣♦s❡❞ ❜② ▲❛✈✐❡❧❧❡ ❛♥❞ ▼♦✉❧✐♥❡s ✭✷✵✵✵✮✳ ❈♦♠♣❛r❡❞ t♦ ♦t❤❡r

t❡sts ❢♦r str✉❝t✉r❛❧ ❜r❡❛❦s✱ t❤❡ t❡st ❞❡✈❡❧♦♣❡❞ ❜② ▲❛✈✐❡❧❧❡ ❛♥❞ ▼♦✉❧✐♥❡s ✐s ♠♦r❡

s✉✐t❛❜❧❡ ❢♦r str♦♥❧❣② ❞❡♣❡♥❞❡♥t ♣r♦❝❡ss❡s s✉❝❤ ❛s ●❆❘❈❍ ♣r♦❝❡ss❡s ✭❈❛rr❛s❝♦ ❛♥❞

❈❤❡♥ ✷✵✵✷✮✳

❙✐♠✐❧❛r t♦ ❇❡♥❛✈✐❞❡s ❛♥❞ ❈❛♣✐strá♥ ✭✷✵✵✾✮✱ ✇❡ ❛♣♣❧② t❤❡ t❡st ♦✈❡r t❤❡ sq✉❛r❡

♦❢ t❤❡ s②♥❝❤r♦♥✐③❡❞ r❡t✉r♥s✱ ❛s ❛ ♣r♦①② ❢♦r ✈♦❧❛t✐❧✐t②✳ ❚❛❜❧❡ ❇✳✺ ✐♥ ❆♣♣❡♥❞✐① ❇

r❡♣♦rts t❤❡ ❜r❡❛❦ ❞❛t❡s ✐❞❡♥t✐✜❡❞ ❢♦r ❡❛❝❤ ♦❢ t❤❡ s❡r✐❡s ♦❢ ✐♥t❡r❡st✳✶✻ ▼♦st ♦❢ t❤❡

❜r❡❛❦s ❛r❡ ❞✉r✐♥❣ t❤❡ ✜rst s❡♠❡st❡r ♦❢ ✷✵✵✽✱ ♣❡r✐♦❞ ✇❤❡r❡ t❤❡ ❢♦♦❞ ❝r✐s✐s ✇❛s ❢❡❧t

♠♦st s❡✈❡r❡❧②✳ ❇❛s❡❞ ♦♥ t❤❡s❡ ❜r❡❛❦ ❞❛t❡s✱ ✇❡ t❤❡♥ ❞✐✈✐❞❡ t❤❡ ✇❤♦❧❡ s❛♠♣❧❡ ❢♦r

❡❛❝❤ ❝♦♠♠♦❞✐t② ✐♥t♦ t✇♦ ❞✐✛❡r❡♥t s✉❜s❛♠♣❧❡s ❛s ❢♦❧❧♦✇s✿ ❙❡♣t❡♠❜❡r ✷✸r❞ ✷✵✵✹

✉♥t✐❧ ❋❡❜r✉❛r② ✷✻t❤ ✷✵✵✽ ❛♥❞ ❏✉♥❡ ✸✵t❤ ✷✵✵✽ ✉♥t✐❧ ❏✉♥❡ ✸✵t❤ ✷✵✵✾ ❢♦r ❝♦r♥❀ ▼❛②

✶✵t❤ ✷✵✵✺ ✉♥t✐❧ ❏✉♥❡ ✷✷♥❞ ✷✵✵✼ ❛♥❞ ◆♦✈❡♠❜❡r ✺t❤ ✷✵✵✽ ✉♥t✐❧ ❏✉♥❡ ✸✵t❤ ✷✵✵✾ ❢♦r

✇❤❡❛t❀ ❛♥❞ ❏❛♥✉❛r② ✺t❤ ✷✵✵✹ ✉♥t✐❧ ❋❡❜r✉❛r② ✷✻t❤ ✷✵✵✽ ❛♥❞ ❆✉❣✉st ✶st ✷✵✵✽ ✉♥t✐❧

❏✉♥❡ ✸✵t❤ ✷✵✵✾ ❢♦r s♦②❜❡❛♥s✳

❚❛❜❧❡s ✽ ❛♥❞ ✾ ♣r❡s❡♥t t❤❡ ❡st✐♠❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ ❢✉❧❧ ❚✲❇❊❑❑ ♠♦❞❡❧ ❢♦r

t❤❡ ♣❡r✐♦❞s ♣r❡✲ ❛♥❞ ♣♦st✲❝r✐s✐s✱ ❜❛s❡❞ ♦♥ t❤❡ str✉❝t✉r❛❧ ❜r❡❛❦s ✐❞❡♥t✐✜❡❞ ❛❜♦✈❡

✶✻ ❚❤❡ t❡st ♦❢ ▲❛✈✐❡❧❧❡ ❛♥❞ ▼♦✉❧✐♥❡s s❡❛r❝❤❡s ❢♦r ♠✉❧t✐♣❧❡ ❜r❡❛❦s ♦✈❡r ❛ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢
♣r❡✲❞❡✜♥❡❞ ♣♦ss✐❜❧❡ s❡❣♠❡♥ts✱ ❛♥❞ ✉s❡s ❛ ♠✐♥✐♠✉♠ ♣❡♥❛❧✐③❡❞ ❝♦♥tr❛st t♦ ✐❞❡♥t✐❢② t❤❡ ♥✉♠❜❡r ♦❢
❜r❡❛❦✐♥❣ ♣♦✐♥ts✳ ❲❡ ❛❧❧♦✇❡❞ ❢♦r t✇♦ ❛♥❞ t❤r❡❡ s❡❣♠❡♥ts ❛s t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ s❡❣♠❡♥ts
❛♥❞ ✺✵ ❛s t❤❡ ♠✐♥✐♠✉♠ ❧❡♥❣t❤ ♦❢ ❡❛❝❤ s❡❣♠❡♥t✱ ♦❜t❛✐♥✐♥❣ s✐♠✐❧❛r r❡s✉❧ts✳

✷✶



❢♦r ❡❛❝❤ ❝♦♠♠♦❞✐t②✳ ❖✈❡r❛❧❧✱ t❤❡ ♣❛tt❡r♥ ♦❢ ♦✇♥✲ ❛♥❞ ❝r♦ss✲✈♦❧❛t✐❧✐t② ❞②♥❛♠✐❝s

❛♠♦♥❣ t❤❡ ❢✉t✉r❡s ♠❛r❦❡ts ❛♥❛❧②③❡❞ ❞♦❡s ♥♦t ❛♣♣❡❛r t♦ ❤❛✈❡ ❝❤❛♥❣❡❞ ❝♦♥s✐❞✲

❡r❛❜❧② ✇❤❡♥ ❝♦♠♣❛r✐♥❣ t❤❡ ♣❡r✐♦❞ ❜❡❢♦r❡ t❤❡ ❢♦♦❞ ♣r✐❝❡ ❝r✐s✐s ✇✐t❤ t❤❡ ♣❡r✐♦❞

❛❢t❡r t❤❡ ❝r✐s✐s✳ ❙✐♠✐❧❛r t♦ t❤❡ ❢✉❧❧✲s❛♠♣❧❡ ❡st✐♠❛t✐♦♥s✱ ✇❡ ❣❡♥❡r❛❧❧② ♦❜s❡r✈❡ ❧❛r❣❡

❛♥❞ st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t ♦✇♥✲✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs ❛♥❞ ♣❡rs✐st❡♥❝❡ s✉❣❣❡st✐♥❣ t❤❡

♣r❡s❡♥❝❡ ♦❢ str♦♥❣ ●❆❘❈❍ ❡✛❡❝ts✳ ❚❤❡ ♦♥❧② ✐♠♣♦rt❛♥t ✈❛r✐❛t✐♦♥ ✇❤❡♥ ❝♦♠♣❛r✐♥❣

t❤❡ t✇♦ ♣❡r✐♦❞s ✐s t❤❡ ♠✉❝❤ str♦♥❣❡r ♦✇♥✲✈♦❧❛t✐❧✐t② ♣❡rs✐st❡♥❝❡ ❡①❤✐❜✐t❡❞ ❜② ✇❤❡❛t

❡①❝❤❛♥❣❡s ❛❢t❡r t❤❡ ❝r✐s✐s✳

❚❤❡ ❝r♦ss✲✈♦❧❛t✐❧✐t② ❡✛❡❝ts✱ ✐♥ t✉r♥✱ ❛r❡ ❥♦✐♥t❧② st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t ✐♥ ❜♦t❤

♣❡r✐♦❞s✱ s✉♣♣♦rt✐♥❣ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❝r♦ss s♣✐❧❧♦✈❡rs ♦❢ ✐♥♥♦✈❛t✐♦♥ s❤♦❝❦s ❛♥❞ ❝r♦ss✲

✈♦❧❛t✐❧✐t② ♣❡rs✐st❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❡①❝❤❛♥❣❡s✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ ♠❛❣♥✐t✉❞❡s ♦❢ t❤❡

❝r♦ss ❡✛❡❝ts ❛r❡ r❡❧❛t✐✈❡❧② s♠❛❧❧❡r t❤❛♥ t❤❡ ♦✇♥ ❡✛❡❝ts ✐♥ ♠♦st ♠❛r❦❡ts✱ s✐♠✐❧❛r t♦

♦✉r ❜❛s❡ r❡s✉❧ts✳ ❚❤❡ ❲❛❧❞ t❡sts✱ ❤♦✇❡✈❡r✱ ❢✉rt❤❡r ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ❝r♦ss ❡✛❡❝ts

❛r❡ r❡♠❛r❦❛❜❧② str♦♥❣❡r ❢♦r ❝♦r♥ ❛♥❞ ✇❡❛❦❡r ❢♦r ✇❤❡❛t ✐♥ t❤❡ ♣❡r✐♦❞ ♣♦st✲❝r✐s✐s✱

r❡❧❛t✐✈❡ t♦ t❤❡ ♣❡r✐♦❞ ♣r❡✲❝r✐s✐s❀ ❢♦r s♦②❜❡❛♥s✱ t❤❡ ❞❡❣r❡❡ ♦❢ tr❛♥s♠✐ss✐♦♥ ❞♦❡s

♥♦t ❛♣♣❡❛r t♦ ❤❛✈❡ ❝❤❛♥❣❡❞ ❜❡t✇❡❡♥ ♣❡r✐♦❞s✳ ❚❤✐s ♣❛tt❡r♥ ❝❧♦s❡❧② r❡s❡♠❜❧❡s t❤❡

❞②♥❛♠✐❝ ❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥s ❛❝r♦ss ♠❛r❦❡ts ❡st✐♠❛t❡❞ ✇✐t❤ t❤❡ ❉❈❈ ♠♦❞❡❧

❢♦r ❡❛❝❤ ❝♦♠♠♦❞✐t② ✭s❡❡ ❋✐❣✉r❡ ✸✮✳ ❚❤❡ r❡s✉❧ts ❛❧s♦ ❝♦♥✜r♠ t❤❡ ❧❡❛❞✐♥❣ r♦❧❡ ♦❢

❈❤✐❝❛❣♦ ✐♥ t❡r♠s ♦❢ ✈♦❧❛t✐❧✐t② tr❛♥s♠✐ss✐♦♥ ♦✈❡r t❤❡ ♦t❤❡r ♠❛r❦❡ts ✐♥ r❡❝❡♥t ②❡❛rs✳

■♠♣✉❧s❡✲❘❡s♣♦♥s❡ ❆♥❛❧②s✐s

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ♣❡r❢♦r♠ ❛♥ ✐♠♣✉❧s❡✲r❡s♣♦♥s❡ ❛♥❛❧②s✐s t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡

s✐♠✉❧❛t❡❞ r❡s♣♦♥s❡ ♦❢ ❡①❝❤❛♥❣❡s✱ ✐♥ t❡r♠s ♦❢ t❤❡✐r ❝♦♥❞✐t✐♦♥❛❧ ✈♦❧❛t✐❧✐t②✱ t♦ ✐♥✲

♥♦✈❛t✐♦♥s s❡♣❛r❛t❡❧② ♦r✐❣✐♥❛t✐♥❣ ✐♥ ❡❛❝❤ ♠❛r❦❡t✳ ❚❤✐s ❡①❡r❝✐s❡ ✐s ❜❛s❡❞ ♦♥ t❤❡

❡st✐♠❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ ❢✉❧❧ ❚✲❇❊❑❑ ♠♦❞❡❧ ✭r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡ ✺✮ ❛♥❞ ♣r♦✈✐❞❡s

❛ ❝❧❡❛r❡r ♣✐❝t✉r❡ ❛❜♦✉t ✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs ❛❝r♦ss ❡①❝❤❛♥❣❡s✳

✷✷



■♠♣✉❧s❡✲r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥s ❛r❡ ❞❡r✐✈❡❞ ❜② ✐t❡r❛t✐♥❣✱ ❢♦r ❡❛❝❤ ❡❧❡♠❡♥t hii r❡s✉❧t✲

✐♥❣ ❢r♦♠ ❡①♣r❡ss✐♦♥ ✭✷✮✱ t❤❡ r❡s♣♦♥s❡ t♦ ❛ ✶✪✲✐♥♥♦✈❛t✐♦♥ ✐♥ t❤❡ ♦✇♥ ❝♦♥❞✐t✐♦♥❛❧

✈♦❧❛t✐❧✐t② ♦❢ t❤❡ ♠❛r❦❡t ✇❤❡r❡ t❤❡ ✐♥♥♦✈❛t✐♦♥ ✜rst ♦❝❝✉rs✳✶✼ ❚❤❡ r❡s♣♦♥s❡s ❛r❡ ♥♦r✲

♠❛❧✐③❡❞ ❜② t❤❡ s✐③❡ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ s❤♦❝❦ t♦ ❛❝❝♦✉♥t ❢♦r ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ✐♥✐t✐❛❧

❝♦♥❞✐t✐♦♥❛❧ ✈♦❧❛t✐❧✐t✐❡s ❛❝r♦ss ❡①❝❤❛♥❣❡s✳

❋✐❣✉r❡ ✹ ♣r❡s❡♥ts t❤❡ ✐♠♣✉❧s❡✲r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥s ❢♦r t❤❡ t❤r❡❡ ❝♦♠♠♦❞✐t✐❡s

❛s ❛ r❡s✉❧t ♦❢ ✐♥♥♦✈❛t✐♦♥s ♦r✐❣✐♥❛t❡❞ ✐♥ ❡❛❝❤ ♦❢ t❤❡ ♠❛r❦❡ts ❛♥❛❧②③❡❞✳ ❋♦r ❝♦r♥

❛♥❞ s♦②❜❡❛♥s✱ t❤❡ ♣❧♦ts s❤♦✇ t❤❡ ✐♠♣✉❧s❡✲r❡s♣♦♥s❡ ❝♦❡✣❝✐❡♥ts ✉♣ t♦ ✶✵✵ ❞❛②s

❛❢t❡r t❤❡ ✐♥✐t✐❛❧ s❤♦❝❦✳ ❋♦r ✇❤❡❛t✱ t❤❡ ♣❧♦ts s❤♦✇ t❤❡ r❡s♣♦♥s❡s ✉♣ t♦ ✷✵✵ ❞❛②s✱

❣✐✈❡♥ t❤❡ ❤✐❣❤ ♣❡rs✐st❡♥❝❡ ♦❜s❡r✈❡❞ ✐♥ t❤❡s❡ ♠❛r❦❡ts ✭❡s♣❡❝✐❛❧❧② ❢r♦♠ r❡s♣♦♥s❡s t♦

✐♥♥♦✈❛t✐♦♥s ❛r✐s✐♥❣ ✐♥ ❈❤✐❝❛❣♦✮✳

❈♦♥s✐st❡♥t ✇✐t❤ t❤❡ r❡s✉❧ts s❤♦✇♥ ❛❜♦✈❡✱ t❤❡ ✐♠♣✉❧s❡✲r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥s ❝♦♥✲

✜r♠ t❤❛t t❤❡r❡ ❛r❡ ✐♠♣♦rt❛♥t ❝r♦ss✲✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs ❛❝r♦ss ♠❛r❦❡ts ❛♥❞ t❤❛t

❈❤✐❝❛❣♦ ♣❧❛②s ❛ ❧❡❛❞✐♥❣ r♦❧❡ ✐♥ t❤❛t r❡s♣❡❝t✱ ♣❛rt✐❝✉❧❛r❧② ❢♦r ❝♦r♥ ❛♥❞ ✇❤❡❛t✳ ❚❤❡

❝❛s❡ ♦❢ s♦②❜❡❛♥s ✐s ✐♥t❡r❡st✐♥❣ s✐♥❝❡ ❛ s❤♦❝❦ ♦r✐❣✐♥❛t❡❞ ✐♥ ❈❇❖❚✱ ❡q✉✐✈❛❧❡♥t t♦ ✶✪

♦❢ ✐ts ♦✇♥ ❝♦♥❞✐t✐♦♥❛❧ ✈♦❧❛t✐❧✐t②✱ r❡s✉❧ts ✐♥ ❛ ❤✐❣❤❡r ✭❛❧♠♦st ❞♦✉❜❧❡✮ ✐♥✐t✐❛❧ ✐♥❝r❡❛s❡

✐♥ ❈❤✐♥❛✬s ♦✇♥ ❝♦♥❞✐t✐♦♥❛❧ ✈♦❧❛t✐❧✐t②✳ ❨❡t✱ ❛ s❤♦❝❦ ✐♥ ❈❤✐♥❛ ❛❧s♦ ❤❛s ❛♥ ✐♠♣♦rt❛♥t

✭❛❧t❤♦✉❣❤ ♠✐♥♦r✮ ❡✛❡❝t ♦♥ ❈❤✐❝❛❣♦✱ ✇❤✐❧❡ ❛♥ ✐♥♥♦✈❛t✐♦♥ ✐♥ ❏❛♣❛♥ ❤❛s ❛ ❝♦♠♣❛✲

r❛❜❧❡ ❡✛❡❝t ♦♥ ❈❤✐♥❛✳ ❆♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ♣❛tt❡r♥ t❤❛t ❡♠❡r❣❡s ❢r♦♠ t❤❡ ✜❣✉r❡

✐s t❤❡ ❧❛❝❦ ♦❢ ♣❡rs✐st❡♥❝❡ ✐♥ t❤❡ ✐♠♣✉❧s❡✲r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡

❈❤✐♥❡s❡ ♠❛r❦❡ts✿ t❤❡ ❛❞❥✉st♠❡♥t ♣r♦❝❡ss ✐s ✈❡r② ❢❛st ❛❢t❡r ❛♥ ♦✇♥ ♦r ❝r♦ss ✐♥♥♦✲

✈❛t✐♦♥✳ ❚❤✐s ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❢❛❝t t❤❛t t❤❡s❡ ♠❛r❦❡ts ❛r❡ r❡❣✉❧❛t❡❞✱ ✇❤✐❝❤

♣r♦✈✐❞❡s ❢✉rt❤❡r s✉♣♣♦rt t♦ t❤❡ r♦❜✉st♥❡ss ♦❢ ♦✉r r❡s✉❧ts✳

✶✼ ■t ✐s ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣ t❤❛t t❤❡ ❡st✐♠❛t❡❞ r❡s✐❞✉❛❧s ❢r♦♠ t❤❡ ❢✉❧❧ ❚✲❇❊❑❑ ♠♦❞❡❧ ❛r❡ ❣❡♥✲
❡r❛❧❧② ✉♥❝♦rr❡❧❛t❡❞ ❛❝r♦ss ❡①❝❤❛♥❣❡s ❢♦r ❡❛❝❤ ❝♦♠♠♦❞✐t②✱ r❡❛s♦♥ ✇❤② ✇❡ ❝❡♥t❡r t❤❡ ❛♥❛❧②s✐s ♦♥
✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡r ❡✛❡❝ts ❢r♦♠ ✐♥♥♦✈❛t✐♦♥s s❡♣❛r❛t❡❧② ♦r✐❣✐♥❛t✐♥❣ ✐♥ ❡❛❝❤ ♠❛r❦❡t✳

✷✸



❈♦♥❝❧✉❞✐♥❣ ❘❡♠❛r❦s

❚❤✐s ♣❛♣❡r ❤❛s ❡①❛♠✐♥❡❞ t❤❡ ❞②♥❛♠✐❝s ❛♥❞ ❝r♦ss✲❞②♥❛♠✐❝s ♦❢ ✈♦❧❛t✐❧✐t② ❛❝r♦ss

♠❛❥♦r ❛❣r✐❝✉❧t✉r❛❧ ❡①❝❤❛♥❣❡s ✐♥ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s✱ ❊✉r♦♣❡✱ ❛♥❞ ❆s✐❛✳ ❲❡ ❢♦❝✉s

♦♥ t❤r❡❡ ❦❡② ❛❣r✐❝✉❧t✉r❛❧ ❝♦♠♠♦❞✐t✐❡s✿ ❝♦r♥✱ ✇❤❡❛t✱ ❛♥❞ s♦②❜❡❛♥s✳ ❲❡ ❛♥❛❧②③❡

❢✉t✉r❡s ♠❛r❦❡ts ✐♥t❡r❛❝t✐♦♥s ✐♥ t❡r♠s ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ s❡❝♦♥❞ ♠♦♠❡♥t ✉♥❞❡r ❛

♠✉❧t✐✈❛r✐❛t❡ ●❆❘❈❍ ❛♣♣r♦❛❝❤✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s ❜❡tt❡r ✐♥s✐❣❤t ✐♥t♦ t❤❡ ❞②♥❛♠✐❝

✐♥t❡rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ♠❛r❦❡ts✳ ❲❡ ❢✉rt❤❡r ❛❝❝♦✉♥t ❢♦r t❤❡ ♣♦t❡♥t✐❛❧ ❜✐❛s t❤❛t ♠❛②

❛r✐s❡ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ❛❣r✐❝✉❧t✉r❛❧ ❡①❝❤❛♥❣❡s ✇✐t❤ ❞✐✛❡r❡♥t ❝❧♦s✐♥❣ t✐♠❡s✳

❚❤❡ ❡st✐♠❛t✐♦♥ r❡s✉❧ts ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ❛❣r✐❝✉❧t✉r❛❧ ♠❛r❦❡ts ❛♥❛❧②③❡❞ ❛r❡

❤✐❣❤❧② ✐♥t❡rr❡❧❛t❡❞✳ ❚❤❡r❡ ❛r❡ ❜♦t❤ ♦✇♥✲ ❛♥❞ ❝r♦ss✲✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs ❛♥❞ ❞❡✲

♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ ♠♦st ♦❢ t❤❡ ❡①❝❤❛♥❣❡s✳ ❲❡ ❛❧s♦ ✜♥❞ ❛ ❤✐❣❤❡r ✐♥t❡r❛❝t✐♦♥ ❜❡✲

t✇❡❡♥ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s ✭❈❤✐❝❛❣♦✮ ❛♥❞ ❜♦t❤ ❊✉r♦♣❡ ❛♥❞ ❆s✐❛ t❤❛♥ ✇✐t❤✐♥ t❤❡

❧❛tt❡r✳ ❋✉rt❤❡r♠♦r❡✱ ❈❤✐❝❛❣♦ ♣❧❛②s ❛ ♠❛❥♦r r♦❧❡ ✐♥ t❡r♠s ♦❢ s♣✐❧❧♦✈❡r ❡✛❡❝ts ♦✈❡r

t❤❡ ♦t❤❡r ♠❛r❦❡ts✱ ❡s♣❡❝✐❛❧❧② ❢♦r ❝♦r♥ ❛♥❞ ✇❤❡❛t✳ ❈❤✐♥❛ ❛♥❞ ❏❛♣❛♥ ❛❧s♦ s❤♦✇

✐♠♣♦rt❛♥t ❝r♦ss✲✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs ❢♦r s♦②❜❡❛♥s✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ❞❡❣r❡❡ ♦❢ ✐♥✲

t❡r❞❡♣❡♥❞❡♥❝❡ ❛❝r♦ss ❡①❝❤❛♥❣❡s ❤❛s ♥♦t ♥❡❝❡ss❛r✐❧② ✐♥❝r❡❛s❡❞ ✐♥ r❡❝❡♥t ②❡❛rs ❢♦r

❛❧❧ ❝♦♠♠♦❞✐t✐❡s✳

❚❤❡ ❧❡❛❞✐♥❣ r♦❧❡ ♦❢ ❈❤✐❝❛❣♦ ♦✈❡r ♦t❤❡r ✐♥t❡r♥❛t✐♦♥❛❧ ♠❛r❦❡ts ✐s ✐♥t❡r❡st✐♥❣

❞❡s♣✐t❡ s♣❡❝✐✜❝ r❡❣✉❧❛t✐♦♥s ❛♥❞ tr❛❞❡ ♣♦❧✐❝✐❡s ❣♦✈❡r♥✐♥❣ ❛❣r✐❝✉❧t✉r❛❧ ♣r♦❞✉❝ts✱ ❡s✲

♣❡❝✐❛❧❧② ✐♥ ❝❧♦s❡❞✱ ❤✐❣❤❧② r❡❣✉❧❛t❡❞ ♠❛r❦❡ts ❧✐❦❡ ❈❤✐♥❛✳ ❚❤✐s r❡s✉❧t ❝♦♥✜r♠s t❤❡

✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s ✐♥ ❣❧♦❜❛❧ ❛❣r✐❝✉❧t✉r❛❧ ♠❛r❦❡ts✳ ❚❤❡ ❢❛❝t t❤❛t ❈❤✐♥❛

❤❛s s♣✐❧❧♦✈❡r ❡✛❡❝ts ♦✈❡r ♦t❤❡r ❡①❝❤❛♥❣❡s ✐s s✐♠✐❧❛r❧② r❡♠❛r❦❛❜❧❡✳ ❚❤❡ r❡s✉❧ts ❢✉r✲

t❤❡r s✉❣❣❡st t❤❛t t❤❡r❡ ❤❛s ♥♦t ❜❡❡♥ ❛♥② ❞❡❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ❯✳❙✳ ❝♦r♥ ♠❛r❦❡t ❢r♦♠

♦t❤❡r ♠❛r❦❡ts ❛❢t❡r t❤❡ ❡t❤❛♥♦❧ ❜♦♦♠ ♦❢ ✷✵✵✻✳

❇❡s✐❞❡s ♣r♦✈✐❞✐♥❣ ❛♥ ✐♥✲❞❡♣t❤ ❛♥❛❧②s✐s ♦♥ ❢✉t✉r❡s ♠❛r❦❡ts✬ ✐♥t❡rr❡❧❛t✐♦♥s✱ t❤✐s

st✉❞② ✐♥t❡♥❞s t♦ ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ♦♥❣♦✐♥❣ ❞❡❜❛t❡ ♦♥ ❛❧t❡r♥❛t✐✈❡ ♠❡❛s✉r❡s t♦ ❛❞✲

❞r❡ss ❡①❝❡ss✐✈❡ ♣r✐❝❡ ✈♦❧❛t✐❧✐t② ✐♥ ❛❣r✐❝✉❧t✉r❛❧ ♠❛r❦❡ts✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡ t❤❡ ♣♦t❡♥t✐❛❧
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r❡❣✉❧❛t✐♦♥ ♦❢ ❢✉t✉r❡s ❡①❝❤❛♥❣❡s✳ ❚❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ s✉❣❣❡st t❤❛t ✐❢ ❢✉t✉r❡s ♠❛r✲

❦❡ts ❛r❡ ❞❡❝✐❞❡❞ t♦ ❜❡ r❡❣✉❧❛t❡❞✱ ❛♥② ♣♦t❡♥t✐❛❧ r❡❣✉❧❛t♦r② s❝❤❡♠❡ ♦♥ t❤❡s❡ ♠❛r❦❡ts

s❤♦✉❧❞ ❜❡ ❝♦♦r❞✐♥❛t❡❞ ❛❝r♦ss ❡①❝❤❛♥❣❡s❀ ❢♦r ❡①❛♠♣❧❡✱ t❤r♦✉❣❤ ❛ ❣❧♦❜❛❧ ✐♥❞❡♣❡♥✲

❞❡♥t ✉♥✐t✳ ❆♥② ❧♦❝❛❧ r❡❣✉❧❛t♦r② ♠❡❝❤❛♥✐s♠ ✇✐❧❧ ❤❛✈❡ ❧✐♠✐t❡❞ ❡✛❡❝ts ❣✐✈❡♥ t❤❛t

t❤❡ ❡①❝❤❛♥❣❡s ❛r❡ ❤✐❣❤❧② ✐♥t❡rr❡❧❛t❡❞ ❛♥❞ t❤❡r❡ ❛r❡ ✐♠♣♦rt❛♥t ✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs

❛❝r♦ss ♠❛r❦❡ts✳

❚♦ ❝♦♥❝❧✉❞❡✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ str❡ss ♦✉t t❤❛t t❤❡ ❛♥❛❧②s✐s ❛❜♦✈❡ ❤❛s ❢♦❝✉s❡❞

♦♥ t❤❡ ✈♦❧❛t✐❧✐t② ❞②♥❛♠✐❝s ❛❝r♦ss ♠❛r❦❡ts ✐♥ t❤❡ s❤♦rt✲r✉♥✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❤❛✈❡ ♥♦t

❛❝❝♦✉♥t❡❞ ❢♦r ♣♦t❡♥t✐❛❧ ❛s②♠♠❡tr✐❡s t❤❛t ♠❛② ❡①✐st ✐♥ t❤❡ ✈♦❧❛t✐❧✐t② tr❛♥s♠✐ss✐♦♥

♣r♦❝❡ss✳ ❋✉t✉r❡ r❡s❡❛r❝❤ ❝♦✉❧❞ ❡①❛♠✐♥❡ ❧♦♥❣✲t❡r♠ ❞②♥❛♠✐❝s ✐♥ ✈♦❧❛t✐❧✐t② tr❛♥s♠✐s✲

s✐♦♥ ❛❝r♦ss ❡①❝❤❛♥❣❡s✱ ✇❤✐❝❤ ❝♦✉❧❞ ♣r♦✈✐❞❡ ❢✉rt❤❡r ✐♥s✐❣❤ts ❛❜♦✉t t❤❡ ♠❡❝❤❛♥✐s♠s

❣♦✈❡r♥✐♥❣ t❤❡ ✐♥t❡r❞❡♣❡♥❞❡♥❝✐❡s ❜❡t✇❡❡♥ ❛❣r✐❝✉❧t✉r❛❧ ♠❛r❦❡ts✳ ▲✐❦❡✇✐s❡✱ ❛s②♠♠❡✲

tr✐❡s ✐♥ ✈♦❧❛t✐❧✐t② tr❛♥s♠✐ss✐♦♥ ❝♦✉❧❞ ❜❡ ✐♥❝♦r♣♦r❛t❡❞ ✐♥t♦ t❤❡ ❛♥❛❧②s✐s✳ ❈❡rt❛✐♥❧②✱

❣♦♦❞ ♥❡✇s ✐♥ ❛ ♠❛r❦❡t ♠❛② ♣r♦❞✉❝❡ ❛ ❞✐✛❡r❡♥t ❡✛❡❝t ♦♥ ❛♥♦t❤❡r ♠❛r❦❡t t❤❛♥ ❜❛❞

♥❡✇s✱ ✇❤✐❝❤ ❝♦✉❧❞ ❜r✐♥❣ ❛❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ t♦ ❢✉rt❤❡r ✉♥❞❡rst❛♥❞ ❛❣r✐❝✉❧t✉r❛❧

♠❛r❦❡t ✐♥t❡rr❡❧❛t✐♦♥s ❛♥❞ ❤❡❧♣ ✐♥ ❛♥② ♣♦❧✐❝② ❞❡s✐❣♥✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❲❡ t❤❛♥❦ t❤❡ ✈❛❧✉❛❜❧❡ ❝♦♠♠❡♥ts ♦❢ ▼❛①✐♠♦ ❚♦r❡r♦✱ ❈♦r♥❡❧✐s ●❛r❞❡❜r♦❡❦✱ ●♦♥✲

③❛❧♦ ❘❛♥❣❡❧✱ ●✉✐❧❧❡r♠♦ ❇❡♥❛✈✐❞❡s✱ ❈❛r❧♦s ❈❛♣✐str❛♥✱ ❛♥❞ ❙❛♥t✐❛❣♦ ●❛r❝✐❛✳ ❲❡

❛❧s♦ t❤❛♥❦ s❡♠✐♥❛r ♣❛rt✐❝✐♣❛♥ts ❛t ❇❛♥❝♦ ❞❡ ▼❡①✐❝♦ ❛♥❞ t❤❡ ❳■■■ ❈♦♥❣r❡ss ♦❢ t❤❡

❊✉r♦♣❡❛♥ ❆ss♦❝✐❛t✐♦♥ ♦❢ ❆❣r✐❝✉❧t✉r❛❧ ❊❝♦♥♦♠✐sts✳

✷✺



❘❡❢❡r❡♥❝❡s

❇❛✉✇❡♥s✱ ▲✳✱ ❙✳ ▲❛✉r❡♥t✱ ❛♥❞ ❏✳ ❱✳ ❑✳ ❘♦♠❜♦✉ts✳ ✷✵✵✻✳ ▼✉❧t✐✈❛r✐❛t❡ ●❆❘❈❍

▼♦❞❡❧s✿ ❆ ❙✉r✈❡②✳ ❏♦✉r♥❛❧ ♦❢ ❆♣♣❧✐❡❞ ❊❝♦♥♦♠❡tr✐❝s ✷✶✿ ✼✾✕✶✵✾✳

❇❡♥❛✈✐❞❡s✱ ●✳✱ ❛♥❞ ❈✳ ❈❛♣✐strá♥✳ ✷✵✵✾✳ ❆ ◆♦t❡ ♦♥ t❤❡ ❱♦❧❛t✐❧✐t✐❡s ♦❢ t❤❡ ■♥t❡r❡st

❘❛t❡ ❛♥❞ t❤❡ ❊①❝❤❛♥❣❡ ❘❛t❡ ❯♥❞❡r ❉✐✛❡r❡♥t ▼♦♥❡t❛r② P♦❧✐❝② ■♥str✉♠❡♥ts✿

▼❡①✐❝♦ ✶✾✾✽✲✷✵✵✽✳ ❲♦r❦✐♥❣ P❛♣❡r ❙❡r✐❡s ✷✵✵✾✲✶✵✱ ❇❛♥❝♦ ❞❡ ▼é①✐❝♦✳

❇♦❧❧❡rs❧❡✈✱ ❚✳ ✶✾✾✵✳ ▼♦❞❡❧✐♥❣ t❤❡ ❈♦❤❡r❡♥❝❡ ✐♥ ❙❤♦rt✲❘✉♥ ◆♦♠✐♥❛❧ ❊①❝❤❛♥❣❡

❘❛t❡s✿ ❆ ▼✉❧t✐✈❛r✐❛t❡ ●❡♥❡r❛❧✐③❡❞ ❆❘❈❍ ▼♦❞❡❧✳ ❚❤❡ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝s

❛♥❞ ❙t❛t✐st✐❝s ✼✷✭✸✮✿ ✹✾✽✕✺✵✺✳

❇♦♦t❤✱ ●✳ ●✳✱ ❛♥❞ ❈✳ ❈✐♥❡r✳ ✶✾✾✼✳ ■♥t❡r♥❛t✐♦♥❛❧ ❚r❛♥s♠✐ss✐♦♥ ♦♥ ■♥❢♦r♠❛t✐♦♥

✐♥ ❈♦r♥ ❋✉t✉r❡s ▼❛r❦❡ts✳ ❏♦✉r♥❛❧ ♦❢ ▼✉❧t✐♥❛t✐♦♥❛❧ ❋✐♥❛♥❝✐❛❧ ▼❛♥❛❣❡♠❡♥t ✽✿

✶✼✺✕✶✽✼✳

❇✉r♥s✱ P✳✱ ❘✳ ❊♥❣❧❡✱ ❛♥❞ ❏✳ ▼❡③r✐❝❤✳ ✶✾✾✽✳ ❈♦rr❡❧❛t✐♦♥s ❛♥❞ ❱♦❧❛t✐❧✐t✐❡s ♦❢ ❆s②♥✲

❝❤r♦♥♦✉s ❉❛t❛✳ ❏♦✉r♥❛❧ ♦❢ ❉❡r✐✈❛t✐✈❡s ✺✿ ✼✕✶✽✳

❈❛rr❛s❝♦✱ ▼✳✱ ❛♥❞ ❳✳ ❈❤❡♥✳ ✷✵✵✷✳ ▼✐①✐♥❣ ❛♥❞ ♠♦♠❡♥t ♣r♦♣❡rt✐❡s ♦❢ ✈❛r✐♦✉s ●❛r❝❤

❛♥❞ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ♠♦❞❡❧s✳ ❊❝♦♥♦♠❡tr✐❝ ❚❤❡♦r② ✶✽✭✶✮✿ ✶✼✕✸✾✳

❈r❛✐♥✱ ❙✳ ❏✳✱ ❛♥❞ ❏✳ ❍✳ ▲❡❡✳ ✶✾✾✻✳ ❱♦❧❛t✐❧✐t② ✐♥ ❲❤❡❛t ❙♣♦t ❛♥❞ ❋✉t✉r❡s ▼❛r✲

❦❡ts✱ ✶✾✺✵✲✶✾✾✸✿ ●♦✈❡r♥♠❡♥t ❋❛r♠ Pr♦❣r❛♠s✱ ❙❡❛s♦♥❛❧✐t②✱ ❛♥❞ ❈❛✉s❛❧✐t②✳ ❚❤❡

❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝❡ ✺✶✭✶✮✿ ✸✷✺✕✸✹✸✳

❊❧②❛s✐❛♥✐✱ ❊✳✱ P✳ P❡r❡r❛✱ ❛♥❞ ❚✳ P✉r✐✳ ✶✾✾✽✳ ■♥t❡r❞❡♣❡♥❞❡♥❝❡ ❛♥❞ ❞②♥❛♠✐❝ ❧✐♥❦✲

❛❣❡s ❜❡t✇❡❡♥ st♦❝❦ ♠❛r❦❡ts ♦❢ ❙r✐ ▲❛♥❦❛ ❛♥❞ ✐ts tr❛❞✐♥❣ ♣❛rt♥❡rs✳ ❏♦✉r♥❛❧ ♦❢

▼✉❧t✐♥❛t✐♦♥❛❧ ❋✐♥❛♥❝✐❛❧ ▼❛♥❛❣❡♠❡♥t ✽✭✶✮✿ ✽✾✕✶✵✶✳

❊♥❣❧❡✱ ❘✳ ✷✵✵✷✳ ❉②♥❛♠✐❝ ❈♦♥❞✐t✐♦♥❛❧ ❈♦rr❡❧❛t✐♦♥✕❆ ❙✐♠♣❧❡ ❈❧❛ss ♦❢ ▼✉❧t✐✈❛r✐❛t❡

●❆❘❈❍ ▼♦❞❡❧s✳ ❏♦✉r♥❛❧ ♦❢ ❇✉s✐♥❡ss ❛♥❞ ❊❝♦♥♦♠✐❝ ❙t❛t✐st✐❝s ✷✵✭✸✮✿ ✸✸✾✕✸✺✵✳

❊♥❣❧❡✱ ❘✳✱ ❛♥❞ ❋✳ ❑✳ ❑r♦♥❡r✳ ✶✾✾✺✳ ▼✉❧t✐✈❛r✐❛t❡ ❙✐♠✉❧t❛♥❡♦✉s ●❡♥❡r❛❧✐③❛❡❞

❆❘❈❍✳ ❊❝♦♥♦♠❡tr✐❝ ❚❤❡♦r② ✶✶✿ ✶✷✷✕✶✺✵✳

✷✻



❊♥❣❧❡✱ ❘✳✱ ❛♥❞ ❏✳ ●✳ ❘❛♥❣❡❧✳ ✷✵✵✾✳ ❍✐❣❤ ❛♥❞ ▲♦✇ ❋r❡q✉❡♥❝② ❈♦rr❡❧❛t✐♦♥s ✐♥ ●❧♦❜❛❧

❊q✉✐t② ▼❛r❦❡ts✳ ❲♦r❦✐♥❣ P❛♣❡r ❙❡r✐❡s ✷✵✵✾✲✶✼✱ ❇❛♥❝♦ ❞❡ ▼é①✐❝♦✳

❊♥❣❧❡✱ ❘✳ ❋✳✱ ❚✳ ■t♦✱ ❛♥❞ ❲✳ ▲✳ ▲✐♥✳ ✶✾✾✵✳ ▼❡t❡♦r ❙❤♦✇❡rs ♦r ❍❡❛t ❲❛✈❡s❄✿

❍❡t❡r♦s❝❡❞❛st✐❝ ■♥tr❛✲❞❛✐❧② ❱♦❧❛t✐❧✐t② ✐♥ t❤❡ ❋♦r❡✐❣♥ ❊①❝❤❛♥❣❡ ▼❛r❦❡ts✳ ❊❝♦♥♦✲

♠❡tr✐❝❛ ✺✽✿ ✺✷✺✕✺✹✷✳

❋✐♦r❡♥t✐♥✐✱ ●✳✱ ❊✳ ❙❡♥t❛♥❛✱ ❛♥❞ ●✳ ❈❛❧③♦❧❛r✐✳ ✷✵✵✸✳ ▼❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t✐♦♥

❛♥❞ ✐♥❢❡r❡♥❝❡ ✐♥ ♠✉❧t✐✈❛r✐❛t❡ ❝♦♥❞✐t✐♦♥❛❧❧② ❤❡t❡r♦s❦❡❞❛st✐❝ ❞②♥❛♠✐❝ r❡❣r❡ss✐♦♥

♠♦❞❡❧s ✇✐t❤ ❙t✉❞❡♥t t ✐♥♥♦✈❛t✐♦♥s✳ ❏♦✉r♥❛❧ ♦❢ ❇✉s✐♥❡ss ❛♥❞ ❊❝♦♥♦♠✐❝ ❙t❛t✐s✲

t✐❝s ✷✶✭✹✮✿ ✺✸✷✕✺✹✻✳

●❛❧❜r❛✐t❤✱ ❏✳✱ ❆✳ ❯❧❧❛❤✱ ❛♥❞ ❱✳ ❩✐♥❞❡✲❲❛❧s❤✳ ✷✵✵✷✳ ❊st✐♠❛t✐♦♥ ♦❢ t❤❡ ❱❡❝t♦r

▼♦✈✐♥❣ ❆✈❡r❛❣❡ ▼♦❞❡❧ ❜② ❱❡❝t♦r ❆✉t♦r❡❣r❡ss✐♦♥✳ ❊❝♦♥♦♠❡tr✐❝ ❘❡✈✐❡✇s ✷✶✭✷✮✿

✷✵✺✕✷✶✾✳

●❛❧❧❛❣❤❡r✱ ▲✳✱ ❛♥❞ ❈✳ ❚✇♦♠❡②✳ ✶✾✾✽✳ ■❞❡♥t✐❢②✐♥❣ t❤❡ s♦✉r❝❡ ♦❢ ♠❡❛♥ ❛♥❞ ✈♦❧❛t✐❧✐t②

s♣✐❧❧♦✈❡rs ✐♥ ■r✐s❤ ❡q✉✐t✐❡s✿ ❛ ♠✉❧t✐✈❛r✐❛t❡ ●❆❘❈❍ ❛♥❛❧②s✐s✳ ❊❝♦♥♦♠✐❝ ❛♥❞ ❙♦❝✐❛❧

❘❡✈✐❡✇ ✷✾✿ ✸✹✶✕✸✺✻✳

●❛r❜❛❞❡✱ ❑✳✱ ❛♥❞ ❲✳ ❙✐❧✈❡r✳ ✶✾✽✸✳ Pr✐❝❡ ▼♦✈❡♠❡♥ts ❛♥❞ Pr✐❝❡ ❉✐s❝♦✈❡r② ✐♥ ❋✉t✉r❡s

❛♥❞ ❈❛s❤ ▼❛r❦❡ts✳ ❚❤❡ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝s ❛♥❞ ❙t❛t✐st✐❝s ✻✺✭✷✮✿ ✷✽✾✕✷✾✼✳

●✐❧❜❡rt✱ ❈✳ ▲✳ ✷✵✶✵✳ ❍♦✇ t♦ ❯♥❞❡rst❛♥❞ ❍✐❣❤ ❋♦♦❞ Pr✐❝❡s✳ ❏♦✉r♥❛❧ ♦❢ ❆❣r✐❝✉❧t✉r❛❧

❊❝♦♥♦♠✐❝s ✻✶✿ ✸✾✽✕✹✷✺✳

●✐❧♠♦✉r✱ ❇✳✱ ❛♥❞ P✳ ❋❛✇❝❡tt✳ ✶✾✽✼✳ ❚❤❡ ❘❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ ❯❙ ❛♥❞ ❈❛♥❛❞✐❛♥

❲❤❡❛t Pr✐❝❡s✳ ❈❛♥❛❞✐❛♥ ❏♦✉r♥❛❧ ♦❢ ❆❣r✐❝✉❧t✉r❛❧ ❊❝♦♥♦♠✐❝s ✸✺✿ ✺✼✕✽✾✳

●♦♦❞✇✐♥✱ ❇✳ ❑✳✱ ❛♥❞ ❘✳ ❙❝❤♥❡♣❢✳ ✷✵✵✵✳ ❉❡t❡r♠✐♥❛♥ts ♦❢ ❊♥❞♦❣❡♥♦✉s Pr✐❝❡ ❘✐s❦

✐♥ ❈♦r♥ ❛♥❞ ❲❤❡❛t ▼❛r❦❡ts✳ ❏♦✉r♥❛❧ ♦❢ ❋✉t✉r❡s ▼❛r❦❡ts ✷✵✿ ✼✺✸✕✼✼✹✳

●♦♦❞✇✐♥✱ ❇✳ ❑✳✱ ❛♥❞ ❚✳ ❈✳ ❙❝❤r♦❡❞❡r✳ ✶✾✾✶✳ Pr✐❝❡ ❉②♥❛♠✐❝s ✐♥ ■♥t❡r♥❛t✐♦♥❛❧

❲❤❡❛t ▼❛r❦❡ts✳ ❈❛♥❛❞✐❛♥ ❏♦✉r♥❛❧ ♦❢ ❆❣r✐❝✉❧t✉r❛❧ ❊❝♦♥♦♠✐❝s ✸✾✿ ✷✸✼✕✷✺✹✳

❍❡r♥❛♥❞❡③✱ ▼✳ ❆✳✱ ❛♥❞ ▼✳ ❚♦r❡r♦✳ ✷✵✶✵✳ ❊①❛♠✐♥✐♥❣ t❤❡ ❉②♥❛♠✐❝ ❘❡❧❛t✐♦♥s❤✐♣

❇❡t✇❡❡♥ ❙♣♦t ❛♥❞ ❋✉t✉r❡s Pr✐❝❡s ♦❢ ❆❣r✐❝✉❧t✉r❛❧ ❈♦♠♠♦❞✐t✐❡s✳ ❋❆❖ ❈♦♠♠♦❞✐t②

▼❛r❦❡t ❘❡✈✐❡✇ ✷✵✵✾✲✷✵✶✵ ✿ ✹✼✕✽✻✳

✷✼



❍✉❞s♦♥✱ ❉✳✱ ❛♥❞ ❑✳ ❈♦❜❧❡✳ ✶✾✾✾✳ ❍❛r✈❡st ❈♦♥tr❛❝t Pr✐❝❡ ❱♦❧❛t✐❧✐t② ✐♥ ❈♦tt♦♥✳

❏♦✉r♥❛❧ ♦❢ ❋✉t✉r❡s ▼❛r❦❡ts ✶✾✿ ✼✶✼✕✼✸✸✳

❑❛r♦❧②✐✱ ●✳ ✶✾✾✺✳ ❆ ▼✉❧t✐✈❛r✐❛t❡ ●❆❘❈❍ ▼♦❞❡❧ ♦❢ ■♥t❡r♥❛t✐♦♥❛❧ ❚r❛♥s♠✐ss✐♦♥s

♦❢ ❙t♦❝❦ ❘❡t✉r♥s ❛♥❞ ❱♦❧❛t✐❧✐t②✿ ❚❤❡ ❈❛s❡ ♦❢ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s ❛♥❞ ❈❛♥❛❞❛✳

❏♦✉r♥❛❧ ♦❢ ❇✉s✐♥❡ss ❛♥❞ ❊❝♦♥♦♠✐❝ ❙t❛t✐st✐❝s ✶✸✭✶✮✿ ✶✶✕✷✺✳

❑♦✉t♠♦s✱ ●✳✱ ❛♥❞ ●✳ ❇♦♦t❤✳ ✶✾✾✺✳ ❆s②♠♠❡tr✐❝ ❱♦❧❛t✐❧✐t② ❚r❛♥s♠✐ss✐♦♥ ✐♥ ■♥t❡r✲

♥❛t✐♦♥❛❧ ❙t♦❝❦ ▼❛r❦❡ts✳ ❏♦✉r♥❛❧ ♦❢ ■♥t❡r♥❛t✐♦♥❛❧ ▼♦♥❡② ❛♥❞ ❋✐♥❛♥❝❡ ✶✹✭✻✮✿

✼✹✼✕✼✻✷✳

▲❛✈✐❡❧❧❡✱ ▼✳✱ ❛♥❞ ❊✳ ▼♦✉❧✐♥❡s✳ ✷✵✵✵✳ ▲❡❛st✲sq✉❛r❡s ❡st✐♠❛t✐♦♥ ♦❢ ❛♥ ✉♥❦♥♦✇♥

♥✉♠❜❡r ♦❢ s❤✐❢ts ✐♥ ❛ t✐♠❡ s❡r✐❡s✳ ❏♦✉r♥❛❧ ♦❢ ❚✐♠❡ ❙❡r✐❡s ❆♥❛❧②s✐s ✷✶✭✶✮✿ ✸✸✕✺✾✳

▲❡❡✱ ❚✳ ❍✳✱ ❛♥❞ ❳✳ ▲♦♥❣✳ ✷✵✵✾✳ ❈♦♣✉❧❛✲❇❛s❡❞ ▼✉❧t✐✈❛r✐❛t❡ ●❆❘❈❍ ▼♦❞❡❧ ✇✐t❤

❯♥❝♦rr❡❧❛t❡❞ ❉❡♣❡♥❞❡♥t ❊rr♦rs✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠❡tr✐❝s ✶✺✵✭✷✮✿ ✷✵✼✕✷✶✽✳

▲♦♥❣✱ ❏✳ ❉✳✱ ❆✳ ❙❤❧❡✐❢❡r✱ ▲✳ ❍✳ ❙✉♠♠❡rs✱ ❛♥❞ ❘✳ ❏✳ ❲❛❧❞♠❛♥♥✳ ✶✾✾✵✳ ◆♦✐s❡ ❚r❛❞❡r

❘✐s❦ ✐♥ ❋✐♥❛♥❝✐❛❧ ▼❛r❦❡ts✳ ❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠② ✾✽✿ ✼✵✸✕✼✸✽✳

▼♦❤❛♥t②✱ ❙✳✱ ❊✳ ❲✳ ❋✳ P❡t❡rs♦♥✱ ❛♥❞ ◆✳ ❈✳ ❑r✉s❡✳ ✷✵✵✺✳ Pr✐❝❡ ❆s②♠♠❡tr② ✐♥ t❤❡

■♥t❡r♥❛t✐♦♥❛❧ ❲❤❡❛t ▼❛r❦❡t✳ ❈❛♥❛❞✐❛♥ ❏♦✉r♥❛❧ ♦❢ ❆❣r✐❝✉❧t✉r❛❧ ❊❝♦♥♦♠✐❝s ✹✸✿

✸✺✺✕✸✻✻✳

P❛tt♦♥✱ ❆✳ ✷✵✵✵✳ ▼♦❞❡❧❧✐♥❣ ❚✐♠❡✲❱❛r②✐♥❣ ❊①❝❤❛♥❣❡ ❘❛t❡ ❉❡♣❡♥❞❡♥❝❡ ❯s✐♥❣ t❤❡

❈♦♥❞✐t✐♦♥❛❧ ❈♦♣✉❧❛✳ ❯♥✐✈❡rs✐t② ♦❢ ❈❛❧✐❢♦r♥✐❛✱ ❙❛♥ ❉✐❡❣♦✱ ❉✐s❝✉ss✐♦♥ P❛♣❡r ✵✶✲

✵✾✳

Pr♦t♦♣❛♣❛❞❛❦✐s✱ ❆✳✱ ❛♥❞ ❍✳ ❘✳ ❙t♦❧❧✳ ✶✾✽✸✳ ❙♣♦t ❛♥❞ ❋✉t✉r❡s Pr✐❝❡s ❛♥❞ t❤❡ ▲❛✇

♦❢ ❖♥❡ Pr✐❝❡✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝❡ ✸✽✿ ✶✹✸✶✕✶✹✺✺✳

❙♣r✐❣❣s✱ ❏✳✱ ▼✳ ❑❛②❧❡♥✱ ❛♥❞ ❉✳ ❇❡ss❧❡r✳ ✶✾✽✷✳ ❚❤❡ ▲❡❛❞✲▲❛❣ ❘❡❧❛t✐♦♥s❤✐♣ ❜❡✲

t✇❡❡♥ ❈❛♥❛❞✐❛♥ ❛♥❞ ❯❙ ✇❤❡❛t ♣r✐❝❡s✳ ❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧ ♦❢ ❆❣r✐❝✉❧t✉r❛❧ ❊❝♦✲

♥♦♠✐❝s ✻✹✿ ✺✻✾✕✺✼✷✳

❚s❡✱ ❨✳✱ ❚✳ ❍✳ ▲❡❡✱ ❛♥❞ ●✳ ●✳ ❇♦♦t❤✳ ✶✾✾✻✳ ❚❤❡ ■♥t❡r♥❛t✐♦♥❛❧ ❚r❛♥s♠✐ss✐♦♥ ♦❢

■♥❢♦r♠❛t✐♦♥ ✐♥ ❊✉r♦❞♦❧❧❛r ❋✉t✉r❡s✿ ❆ ❈♦♥t✐♥✉♦✉s❧② ❚r❛❞✐♥❣ ▼❛r❦❡t ❍②♣♦t❤❡s✐s✳

❏♦✉r♥❛❧ ♦❢ ■♥t❡r♥❛t✐♦♥❛❧ ▼♦♥❡② ❛♥❞ ❋✐♥❛♥❝❡ ✶✺✿ ✺✻✾✕✺✼✷✳

✷✽



✈❛♥ ❞❡r ❲❡✐❞❡✱ ❘✳ ✷✵✵✷✳ ●❖✲●❆❘❈❍✿ ❛ ♠✉❧t✐✈❛r✐❛t❡ ❣❡♥❡r❛❧✐③❡❞ ♦rt❤♦❣♦♥❛❧

●❆❘❈❍ ♠♦❞❡❧✳ ❏♦✉r♥❛❧ ♦❢ ❆♣♣❧✐❡❞ ❊❝♦♥♦♠❡tr✐❝s ✶✼✭✺✮✿ ✺✹✾✕✺✻✹✳

✈♦♥ ▲❡❞❡❜✉r✱ ❖✳✱ ❛♥❞ ❏✳ ❙❝❤♠✐t③✳ ✷✵✵✾✳ ❈♦r♥ Pr✐❝❡ ❇❡❤❛✈✐♦r✲❱♦❧❛t✐❧✐t② ❚r❛♥s✲

♠✐ss✐♦♥ ❉✉r✐♥❣ t❤❡ ❇♦♦♠ ♦♥ ❋✉t✉r❡s ▼❛r❦❡ts✳ P❛♣❡r ♣r❡♣❛r❡❞ ❢♦r t❤❡ ❊❆❆❊

❙❡♠✐♥❛r ✏❆ ❘❡s✐❧✐❡♥t ❊✉r♦♣❡❛♥ ❋♦♦❞ ■♥❞✉str② ❛♥❞ ❋♦♦❞ ❈❤❛✐♥ ✐♥ ❛ ❈❤❛❧❧❡♥❣✐♥❣

❲♦r❧❞✑ ❈❤❛♥✐❛✱ ❈r❡t❡✱ ●r❡❡❝❡✱ ✸✲✻ ❙❡♣t❡♠❜❡r✳

❱r♦♥t♦s✱ ■✳✱ P✳ ❉❡❧❧❛♣♦rt❛s✱ ❛♥❞ ❉✳ P♦❧✐t✐s✳ ✷✵✵✸✳ ❆ ❢✉❧❧✲❢❛❝t♦r ♠✉❧t✐✈❛r✐❛t❡ ●❆❘❈❍

♠♦❞❡❧✳ ❊❝♦♥♦♠❡tr✐❝s ❏♦✉r♥❛❧ ✻✭✷✮✿ ✸✶✷✕✸✸✹✳

❲♦rt❤✐♥❣t♦♥✱ ❆✳✱ ❛♥❞ ❍✳ ❍✐❣❣s✳ ✷✵✵✹✳ ❚r❛♥s♠✐ss✐♦♥ ♦❢ ❊q✉✐t② ❘❡t✉r♥s ❛♥❞ ❱♦❧❛t✐❧✲

✐t② ✐♥ ❆s✐❛♥ ❉❡✈❡❧♦♣❡❞ ❛♥❞ ❊♠❡r❣✐♥❣ ▼❛r❦❡ts✿ ❆ ▼✉❧t✐✈❛r✐❛t❡ ●❛r❝❤ ❆♥❛❧②s✐s✳

■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝❡ ❛♥❞ ❊❝♦♥♦♠✐❝s ✾✭✶✮✿ ✼✶✕✽✵✳

❨❛♥❣✱ ❏✳✱ ❉✳ ❇❡ss❧❡r✱ ❛♥❞ ❉✳ ▲❡❛t❤❛♠✳ ✷✵✵✶✳ ❆ss❡t ❙t♦r❛❜✐❧✐t② ❛♥❞ Pr✐❝❡ ❉✐s❝♦✈❡r②

✐♥ ❈♦♠♠♦❞✐t② ❋✉t✉r❡s ▼❛r❦❡ts✿ ❆ ◆❡✇ ▲♦♦❦✳ ❏♦✉r♥❛❧ ♦❢ ❋✉t✉r❡s ▼❛r❦❡ts ✷✶✭✸✮✿

✷✼✾✕✸✵✵✳

❨❛♥❣✱ ❏✳✱ ❏✳ ❩❤❛♥❣✱ ❛♥❞ ❉✳ ▲❡❛t❤❛♠✳ ✷✵✵✸✳ Pr✐❝❡ ❛♥❞ ❱♦❧❛t✐❧✐t② ❚r❛♥s♠✐ss✐♦♥ ✐♥

■♥t❡r♥❛t✐♦♥❛❧ ❲❤❡❛t ❋✉t✉r❡s ▼❛r❦❡ts✳ ❆♥♥❛❧s ♦❢ ❊❝♦♥♦♠✐❝s ❛♥❞ ❋✐♥❛♥❝❡ ✹✿

✸✼✕✺✵✳

✷✾



❆♣♣❡♥❞✐① ❆✳ ❈♦♥❞✐t✐♦♥❛❧ ❈♦✈❛r✐❛♥❝❡ ✐♥ ▼●❆❘❈❍

▼♦❞❡❧s

■♥ t❤❡ ❇❊❑❑ ♠♦❞❡❧ ✇✐t❤ ♦♥❡ t✐♠❡ ❧❛❣ ❛♥❞ t❤r❡❡ ♠❛r❦❡ts ✭N = 3✮✱ t❤❡ ❝♦♥❞✐✲

t✐♦♥❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Ht ❞❡✜♥❡❞ ✐♥ ❡q✉❛t✐♦♥ ✭✷✮ ❝❛♥ ❜❡ ❡①♣❛♥❞❡❞ ❛s ❢♦❧❧♦✇s✱

Ht =













c11 0 0

c12 c22 0

c13 c23 c33

























c11 c12 c13

0 c22 c23

0 0 c33













+













a11 a21 a31

a12 a22 a32

a13 a23 a33

























ε2
1,t−1

ε1,t−1ε2,t−1 ε1,t−1ε3,t−1

ε2,t−1ε1,t−1 ε2
2,t−1

ε2,t−1ε3,t−1

ε3,t−1ε1,t−1 ε3,t−1ε2,t−1 ε2
3,t−1

























a11 a12 a13

a21 a22 a23

a31 a32 a33













+













b11 b21 b31

b12 b22 b32

b13 b23 b33

























h11,t−1 h12,t−1 h13,t−1

h21,t−1 h22,t−1 h23,t−1

h31,t−1 h32,t−1 h33,t−1

























b11 b12 b13

b21 b22 b23

b31 b32 b33













.✭❆✳✶✮

❚❤❡ r❡s✉❧t✐♥❣ ✈❛r✐❛♥❝❡ ❡q✉❛t✐♦♥ ❢♦r ♠❛r❦❡t ✶✱ ❢♦r ❡①❛♠♣❧❡✱ ✐s ❡q✉❛❧ t♦

h11,t = c2
11

+ a2
11
ε2
1,t−1

+ 2a11a21ε1,t−1ε2,t−1 + a2
21
ε2
2,t−1

+ 2a11a31ε1,t−1ε3,t−1 + a2
31
ε2
3,t−1

+ 2a21a31ε2,t−1ε3,t−1

+ b2
11
h11,t−1 + 2b11b21h12,t−1 + b2

21
h22,t−1

+ 2b11b31h13,t−1 + b2
31
h33,t−1 + 2b21b31h23,t−1.✭❆✳✷✮

❚❤❡ ❝♦✈❛r✐❛♥❝❡ ❡q✉❛t✐♦♥ ❢♦r ♠❛r❦❡ts ✶ ❛♥❞ ✷✱ ✐♥ t✉r♥✱ ✐s ❡q✉❛❧ t♦

h12,t = c11c12 + a11a12ε
2

1,t−1
+ a21a22ε

2

2,t−1
+ a31a32ε

2

3,t−1

+ (a11a22 + a21a12)ε1,t−1ε2,t−1 + (a11a32 + a31a12)ε1,t−1ε3,t−1

+ (a21a32 + a31a22)ε2,t−1ε3,t−1 + b11b12h11,t−1

+ b21b22h22,t−1 + b31b32h33,t−1 + (b11b22 + b21b12)h12,t−1

+ (b11b32 + b31b12)h13,t−1 + (b21b32 + b31b22)h23,t−1.✭❆✳✸✮

✸✵



■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❞✐❛❣♦♥❛❧ ❇❊❑❑ ♠♦❞❡❧✱ ✇❤❡r❡ A ❛♥❞ B ❛r❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐❝❡s✱

t❤❡ ✈❛r✐❛♥❝❡ ❡q✉❛t✐♦♥ ❢♦r ♠❛r❦❡t ✶ ✐s ❣✐✈❡♥ ❜②

✭❆✳✹✮ h11,t = c2
11

+ a2
11
ε2
1,t−1

+ b2
11
h11,t−1

✇❤✐❧❡ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❡q✉❛t✐♦♥ ❢♦r ♠❛r❦❡ts ✶ ❛♥❞ ✷ ✐s ❡q✉❛❧ t♦

✭❆✳✺✮ h12,t = c11c12 + a11a22ε1,t−1ε2,t−1 + b11b22h12,t−1.

❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Ht ❢♦r t❤❡ ❈❈❈ ♠♦❞❡❧ ❞❡✜♥❡❞ ✐♥ ❡q✉❛t✐♦♥

✭✸✮✱ ❛❧s♦ ✇✐t❤ ♦♥❡ t✐♠❡ ❧❛❣ ❛♥❞ N = 3✱ ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❛s ❢♦❧❧♦✇s✱

Ht =













h
1/2
11,t 0 0

0 h
1/2
22,t 0

0 0 h
1/2
33,t

























1 ρ12 ρ13

ρ12 1 ρ23

ρ13 ρ23 1

























h
1/2
11,t 0 0

0 h
1/2
22,t 0

0 0 h
1/2
33,t













✭❆✳✻✮

✇❤❡r❡ hii,t ✐s ❞❡✜♥❡❞ ❛s ❛ GARCH(1, 1) s♣❡❝✐✜❝❛t✐♦♥✱ i= 1, ..., 3✱ ❛♥❞ ρij r❡♣r❡s❡♥ts

t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ♠❛r❦❡ts i ❛♥❞ j✳ ❚❤❡ ✈❛r✐❛♥❝❡ ❡q✉❛t✐♦♥ ❢♦r

♠❛r❦❡t ✶ ✐s ❡q✉❛❧ t♦

✭❆✳✼✮ h11,t = ω1 + α1ε
2

1,t−1
+ β1h11,t−1,

✇❤✐❧❡ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❡q✉❛t✐♦♥ ❢♦r ♠❛r❦❡ts ✶ ❛♥❞ ✷ ✐s ❣✐✈❡♥ ❜②

✭❆✳✽✮ h12,t = [(ω1 + α1ε
2

1,t−1
+ β1h11,t−1)(ω2 + α2ε

2

2,t−1
+ β2h22,t−1)]

1/2ρ12.

✸✶



❙✐♠✐❧❛r❧②✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥❞✐t✐♦♥❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Ht ❢♦r t❤❡ ❉❈❈

♠♦❞❡❧ ❞❡✜♥❡❞ ✐♥ ❡q✉❛t✐♦♥ ✭✼✮ ✐s ❡q✉❛❧ t♦

Ht =













(

h11,t

q11,t

)1/2

0 0

0
(

h22,t

q22,t

)1/2

0

0 0
(

h33,t

q33,t

)1/2













Qt

×













(

h11,t

q11,t

)1/2

0 0

0
(

h22,t

q22,t

)1/2

0

0 0
(

h33,t

q33,t

)1/2













✭❆✳✾✮

✇❤❡r❡

Qt = (1− α− β)













q
11

q
12

q
13

q
21

q
22

q
23

q
31

q
32

q
33













+ α













u2

1,t−1
u1,t−1u2,t−1 u1,t−1u3,t−1

u2,t−1u1,t−1 u2

2,t−1
u2,t−1u3,t−1

u3,t−1u1,t−1 u3,t−1u2,t−1 u2

3,t−1













+ β













q11,t−1 q12,t−1 q13,t−1

q21,t−1 q22,t−1 q23,t−1

q31,t−1 q32,t−1 q33,t−1













.

❚❤❡ ✈❛r✐❛♥❝❡ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ❉❈❈ ♠♦❞❡❧✱ hii,t✱ i= 1, ..., 3✱ ❛r❡ ❡q✉❛❧ t♦ t❤❡ ✈❛r✐✲

❛♥❝❡ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ❈❈❈ ♠♦❞❡❧✱ ✇❤✐❧❡ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❡q✉❛t✐♦♥ ❢♦r ♠❛r❦❡ts ✶

❛♥❞ ✷✱ ❢♦r ❡①❛♠♣❧❡✱ ✐s ❣✐✈❡♥ ❜②

✭❆✳✶✵✮ h12,t = q12,t

(

h11,th22,t

q11,tq22,t

)1/2

✇❤❡r❡

q12,t = (1− α− β)q̄12 + αu2,t−1u1,t−1 + βq12,t−1,

q11,t = (1− α− β)q̄11 + αu2

1,t−1
+ βq11,t−1,

q22,t = (1− α− β)q̄22 + αu2

2,t−1
+ βq22,t−1,

u1,t−1 = ε1,t−1 (h11,t−1)
−1/2

,

u2,t−1 = ε2,t−1 (h22,t−1)
−1/2

.

✸✷



Corn

Wheat

Soybeans

❋✐❣✉r❡ ✶✳ ❉❛✐❧② r❡t✉r♥s

◆♦t❡✿ ❈❇❖❚❂❈❤✐❝❛❣♦❀ ▼❆❚■❋❂❋r❛♥❝❡✲P❛r✐s❀ ❉❈❊❂❈❤✐♥❛✲❉❛❧✐❛♥❀ ▲■❋❋❊❂❯♥✐t❡❞ ❑✐♥❣❞♦♠✲▲♦♥❞♦♥❀
❩❈❊❂❈❤✐♥❛✲❩❤❡♥❣③❤♦✉❀ ❚●❊❂❏❛♣❛♥✲❚♦❦②♦✳

✸✸



t-1 t

GMT

Period

24:00 24:00 24:00

DCE
(local time) 9:00 15:00

MATIF

(local time)
10:45 18:30

CBOT

(local time)
9:30 13:15

15:00

10:45 18:30

9:30 13:15

9:00

Return DCE

Return MATIF

Return CBOT

ξf,tξf,t-1

ξd,t-1 ξd,t

ydu,t

yfu,t

ycu,t

❋✐❣✉r❡ ✷✳ ❆s②♥❝❤r♦♥♦✉s tr❛❞✐♥❣ ❤♦✉rs

◆♦t❡✿ ❚❤✐s ✜❣✉r❡ ✐❧❧✉str❛t❡s t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛s②♥❝❤r♦♥♦✉s tr❛❞✐♥❣ ❤♦✉rs ✐♥ ❈❤✐❝❛❣♦ ✭❈❇❖❚✮✱ ❋r❛♥❝❡ ✭▼❆❚■❋✮
❛♥❞ ❈❤✐♥❛ ✭❉❛❧✐❛♥✲❉❈❊✮✳ ❚❤❡ ✜❣✉r❡s s❤♦✇s t❤❡ ♦♣❡♥✐♥❣ ❛♥❞ ❝❧♦s✐♥❣ ✭❧♦❝❛❧✮ t✐♠❡s ✐♥ ❡❛❝❤ ♠❛r❦❡t✱ t❤❡
❛s②♥❝❤r♦♥♦✉s ♦❜s❡r✈❡❞ r❡t✉r♥s ✭y✮✱ ❛♥❞ t❤❡ ✉♥♦❜s❡r✈❡❞ ♠✐ss✐♥❣ ❢r❛❝t✐♦♥s ✭ξ✮ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧❛st ♠❛r❦❡t t♦
❝❧♦s❡ ✭❈❇❖❚✮✳

✸✹



Corn

Wheat

Soybeans

❋✐❣✉r❡ ✸✳ ❉②♥❛♠✐❝ ❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥s ✭❉❈❈ ♠♦❞❡❧✮

◆♦t❡✿ ❈❇❖❚❂❈❤✐❝❛❣♦❀ ▼❆❚■❋❂❋r❛♥❝❡✲P❛r✐s❀ ❉❈❊❂❈❤✐♥❛✲❉❛❧✐❛♥❀ ▲■❋❋❊❂❯♥✐t❡❞ ❑✐♥❣❞♦♠✲▲♦♥❞♦♥❀
❩❈❊❂❈❤✐♥❛✲❩❤❡♥❣③❤♦✉❀ ❚●❊❂❏❛♣❛♥✲❚♦❦②♦✳

✸✺



Corn

Wheat

Soybeans

❋✐❣✉r❡ ✹✳ ■♠♣✉❧s❡✲r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥s✱ ❋✉❧❧ ❚✲❇❡❦❦ ♠♦❞❡❧

◆♦t❡✿ ❚❤❡ r❡s♣♦♥s❡s ❛r❡ t❤❡ r❡s✉❧t ♦❢ ❛ ✶✪✲✐♥♥♦✈❛t✐♦♥ ✐♥ t❤❡ ♦✇♥ ❝♦♥❞✐t✐♦♥❛❧ ✈♦❧❛t✐❧✐t② ♦❢ t❤❡ ♠❛r❦❡t ✇❤❡r❡ t❤❡
✐♥♥♦✈❛t✐♦♥ ✜rst ♦❝❝✉rs✳ ❚❤❡ r❡s♣♦♥s❡s ❛r❡ ♥♦r♠❛❧✐③❡❞ ❜② t❤❡ s✐③❡ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ s❤♦❝❦✳ ❈❇❖❚❂❈❤✐❝❛❣♦❀
▼❆❚■❋❂❋r❛♥❝❡✲P❛r✐s❀ ❉❈❊❂❈❤✐♥❛✲❉❛❧✐❛♥❀ ▲■❋❋❊❂❯♥✐t❡❞ ❑✐♥❣❞♦♠✲▲♦♥❞♦♥❀ ❩❈❊❂❈❤✐♥❛✲❩❤❡♥❣③❤♦✉❀
❚●❊❂❏❛♣❛♥✲❚♦❦②♦✳

✸✻



❚❛❜❧❡ ✶✳ ❉❛t❛

❈♦r♥

❊①❝❤❛♥❣❡ Pr♦❞✉❝t✱ ❙②♠❜♦❧ ❙t❛rt✐♥❣ ❉❛t❡ Pr✐❝❡ ◗✉♦t❛t✐♦♥ ❈♦♥tr❛❝t ❯♥✐t

❈❇❖❚ ❈♦r♥ ◆♦✳✷ ②❡❧❧♦✇✱ ❈ ✵✶✴✵✸✴✶✾✾✹ ❈❡♥ts✴❜✉s❤❡❧ ✺✱✵✵✵ ❜✉s❤❡❧s
▼❆❚■❋ ❈♦r♥✱ ▼❈ ✵✺✴✵✾✴✷✵✵✸ ❊✉r♦s✴t♦♥♥❡ ✺✵ t♦♥♥❡s
❉❈❊ ❈♦r♥✱ ❳❱ ✵✾✴✷✷✴✷✵✵✹ ❨✉❛♥✴▼❚ ✶✵ ▼❚
❚●❊ ❈♦r♥ ◆♦✳✸✱ ❈❱ ✵✽✴✶✻✴✶✾✾✹ ❨❡♥✴▼❚ ✺✵ ▼❚

❲❤❡❛t

❊①❝❤❛♥❣❡ Pr♦❞✉❝t✱ ❙②♠❜♦❧ ❙t❛rt✐♥❣ ❉❛t❡ Pr✐❝❡ ◗✉♦t❛t✐♦♥ ❈♦♥tr❛❝t ❯♥✐t

❈❇❖❚ ❲❤❡❛t ◆♦✳✷ s♦❢t✱ ❲ ✵✶✴✵✸✴✶✾✾✹ ❈❡♥ts✴❜✉s❤❡❧ ✺✱✵✵✵ ❜✉s❤❡❧s
▲■❋❋❊ ❲❤❡❛t ❊❈✱ ❋❲ ✵✽✴✵✻✴✶✾✾✶ P♦✉♥❞s✴t♦♥♥❡ ✶✵✵ t♦♥♥❡s
❩❈❊ ❲✐♥t❡r ❲❤❡❛t✱ ❲❘ ✵✺✴✵✾✴✷✵✵✺ ❨✉❛♥✴▼❚ ✶✵ ▼❚

❙♦②❜❡❛♥s

❊①❝❤❛♥❣❡ Pr♦❞✉❝t✱ ❙②♠❜♦❧ ❙t❛rt✐♥❣ ❉❛t❡ Pr✐❝❡ ◗✉♦t❛t✐♦♥ ❈♦♥tr❛❝t ❯♥✐t

❈❇❖❚ ❙♦②❜❡❛♥s ◆♦✳✶ ②❡❧❧♦✇✱ ❙ ✵✶✴✵✸✴✶✾✾✹ ❈❡♥ts✴❜✉s❤❡❧ ✺✱✵✵✵ ❜✉s❤❡❧s
❉❈❊ ❙♦②❜❡❛♥s ◆♦✳✶✱ ❳❚ ✵✶✴✵✷✴✷✵✵✹ ❨✉❛♥✴▼❚ ✶✵ ▼❚
❚●❊ ❙♦②❜❡❛♥s✱ ●❚ ✵✺✴✶✽✴✷✵✵✵ ❨❡♥✴▼❚ ✶✵ ▼❚

◆♦t❡✿ ❈❇❖❚❂❈❤✐❝❛❣♦❀ ▼❆❚■❋❂❋r❛♥❝❡✲P❛r✐s❀ ❉❈❊❂❈❤✐♥❛✲❉❛❧✐❛♥❀ ▲■❋❋❊❂❯♥✐t❡❞ ❑✐♥❣❞♦♠✲▲♦♥❞♦♥❀
❩❈❊❂❈❤✐♥❛✲❩❤❡♥❣③❤♦✉❀ ❚●❊❂❏❛♣❛♥✲❚♦❦②♦✳ ❯♥✐ts ♦❢ ♠❡❛s✉r❡✿ ✺✱✵✵✵ ❜✉s❤❡❧s ♦❢ ❝♦r♥❂✶✷✼ ▼❚ ✭♠❡tr✐❝ t♦♥✮❀
✺✱✵✵✵ ❜✉s❤❡❧s ♦❢ ✇❤❡❛t ✭s♦②❜❡❛♥s✮❂✶✸✻ ▼❚❀ ✶✵✵✵❦❣❂✶ ▼❚❀ ✶ t♦♥♥❡❂✶ ▼❚✳
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❚❛❜❧❡ ✷✳ ❙✉♠♠❛r② ❙t❛t✐st✐❝s ❢♦r ❉❛✐❧② ❘❡t✉r♥s

❈♦r♥ ❲❤❡❛t ❙♦②❜❡❛♥s

❈❇❖❚ ▼❆❚■❋ ❉❈❊ ❈❇❖❚ ▲■❋❋❊ ❩❈❊ ❈❇❖❚ ❉❈❊ ❚●❊

▼❡❛♥ ✵✳✵✹✷ ✵✳✵✹✶ ✵✳✵✸✶ ✵✳✵✸✺ ✵✳✵✶✶ ✵✳✵✷✵ ✵✳✵✸✾ ✵✳✵✵✽ ✲✵✳✵✶✵
▼❡❞✐❛♥ ✵✳✵✵✵ ✵✳✵✺✵ ✵✳✵✵✹ ✵✳✵✵✵ ✲✵✳✵✷✺ ✵✳✵✵✵ ✵✳✶✷✻ ✵✳✵✷✾ ✵✳✵✻✼
▼❛①✐♠✉♠ ✾✳✽✵✶ ✽✳✹✾✽ ✽✳✻✷✼ ✽✳✼✾✹ ✻✳✵✷✻ ✶✹✳✺✶✽ ✻✳✹✹✺ ✺✳✷✹✹ ✶✵✳✷✻✼
▼✐♥✐♠✉♠ ✲✽✳✵✼✻ ✲✽✳✻✵✼ ✲✸✳✸✺✸ ✲✾✳✾✼✸ ✲✶✵✳✻✵✷ ✲✹✳✻✵✾ ✲✶✵✳✺✸✵ ✲✾✳✹✺✺ ✲✶✹✳✾✽✺
❙t❞✳ ❉❡✈✳ ✷✳✶✶✼ ✶✳✹✼✼ ✵✳✽✻✾ ✷✳✸✼✷ ✶✳✻✶✵ ✶✳✷✺✾ ✶✳✽✾✷ ✶✳✶✼✷ ✷✳✸✽✽
❙❦❡✇♥❡ss ✵✳✶✷✾ ✲✵✳✶✹✵ ✷✳✻✶✵ ✲✵✳✵✽✼ ✲✵✳✷✸✺ ✸✳✷✾✽ ✲✵✳✹✷✷ ✲✵✳✼✼✻ ✲✵✳✹✼✺
❑✉rt♦s✐s ✹✳✼✼✺ ✼✳✵✶✼ ✷✹✳✺✾✼ ✹✳✹✵✶ ✺✳✾✸✾ ✸✻✳✶✹✻ ✹✳✾✽✾ ✶✵✳✷✶✷ ✼✳✶✷✺
❏❛rq✉❡✲❇❡r❛ ✶✹✽✳✺ ✼✹✽✳✹ ✷✷✼✾✵✳✼ ✽✵✳✵ ✸✺✺✳✺ ✹✺✽✷✾✳✼ ✷✸✾✳✸ ✷✼✽✽✳✼ ✾✶✽✳✺
p✲✈❛❧✉❡ ✵✳✵✵✵ ✵✳✵✵✵ ✵✳✵✵✵ ✵✳✵✵✵ ✵✳✵✵✵ ✵✳✵✵✵ ✵✳✵✵✵ ✵✳✵✵✵ ✵✳✵✵✵
★ ♦❜s❡r✈❛t✐♦♥s ✶✶✵✽ ✶✶✵✽ ✶✶✵✽ ✾✻✸ ✾✻✸ ✾✻✸ ✶✷✸✵ ✶✷✸✵ ✶✷✸✵

❘❡t✉r♥s ❝♦rr❡❧❛t✐♦♥s

❘❤♦✭❧❛❣❂✶✮ ✵✳✵✵✾ ✵✳✵✼✷✯ ✵✳✵✸✶ ✲✵✳✵✷✶ ✵✳✵✷✼ ✲✵✳✶✵✵ ✲✵✳✵✶✻ ✵✳✵✾✼✯ ✵✳✶✾✹✯
❘❤♦✭❧❛❣❂✷✮ ✲✵✳✵✵✸ ✲✵✳✵✹✵ ✲✵✳✵✻✽ ✲✵✳✵✷✻ ✵✳✵✶✻ ✲✵✳✵✶✾ ✲✵✳✵✵✻ ✵✳✶✵✶✯ ✵✳✵✽✽✯
▲❇✭✻✮ ✷✳✻✹✷ ✶✺✳✶✾✹✯ ✶✹✳✶✺✹✯ ✺✳✽✾✸ ✼✳✹✾✽ ✶✸✳✷✻✷✯ ✾✳✶✼✸ ✺✷✳✼✾✸✯ ✺✼✳✹✾✾✯
▲❇✭✶✷✮ ✼✳✺✶✵ ✷✶✳✺✾✸✯ ✶✻✳✷✶✷ ✶✵✳✷✻✽ ✷✶✳✹✾✵✯ ✶✽✳✺✾✺ ✶✺✳✷✹✽ ✺✹✳✽✾✺✯ ✻✹✳✺✶✻✯

❙q✉❛r❡❞ r❡t✉r♥s ❝♦rr❡❧❛t✐♦♥s

❘❤♦✭❧❛❣❂✶✮ ✵✳✶✹✶✯ ✵✳✶✵✵✯ ✵✳✵✺✵ ✵✳✷✵✽✯ ✵✳✶✸✹✯ ✵✳✵✹✷ ✵✳✵✺✾✯ ✵✳✶✽✹✯ ✵✳✸✹✾✯
❘❤♦✭❧❛❣❂✷✮ ✵✳✵✼✵ ✵✳✶✵✷✯ ✵✳✵✼✺✯ ✵✳✶✺✾✯ ✵✳✶✸✷✯ ✲✵✳✵✵✹ ✵✳✶✵✹✯ ✵✳✶✹✻✯ ✵✳✷✸✺✯
▲❇✭✻✮ ✺✺✳✾✸✻✯ ✻✻✳✺✾✽✯ ✶✶✳✶✶✷ ✶✷✹✳✾✹✵✯ ✼✽✳✼✹✾✯ ✷✳✶✽✾ ✶✶✺✳✷✺✵✯ ✶✸✵✳✾✼✵✯ ✸✹✹✳✷✻✵✯
▲❇✭✶✷✮ ✽✺✳✷✻✽✯ ✶✸✻✳✸✾✵ ✶✶✳✽✹✼ ✶✻✻✳✺✶✵✯ ✶✷✶✳✶✻✵✯ ✸✳✵✻✾ ✷✷✶✳✼✸✵✯ ✶✹✽✳✹✵✵✯ ✸✾✵✳✸✾✵✯

◆♦t❡✿ ❚❤❡ s②♠❜♦❧ ✭✯✮ ❞❡♥♦t❡s r❡❥❡❝t✐♦♥ ♦❢ t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ❛t t❤❡ ✺✪ s✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧✳ ❘❤♦ ✐s t❤❡ ❛✉t♦❝♦rr❡✲
❧❛t✐♦♥ ❝♦❡✣❝✐❡♥t✳ ▲❇ st❛♥❞s ❢♦r t❤❡ ▲❥✉♥❣✲❇♦① st❛t✐st✐❝✳ ❈❇❖❚❂❈❤✐❝❛❣♦❀ ▼❆❚■❋❂❋r❛♥❝❡✲P❛r✐s❀ ❉❈❊❂❈❤✐♥❛✲
❉❛❧✐❛♥❀ ▲■❋❋❊❂❯♥✐t❡❞ ❑✐♥❣❞♦♠✲▲♦♥❞♦♥❀ ❩❈❊❂❈❤✐♥❛✲❩❤❡♥❣③❤♦✉❀ ❚●❊❂❏❛♣❛♥✲❚♦❦②♦✳
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❚❛❜❧❡ ✸✳ ❈♦rr❡❧❛t✐♦♥s ❢♦r ❆s②♥❝❤r♦♥♦✉s✱ ❙②♥❝❤r♦♥✐③❡❞ ❛♥❞ ❲❡❡❦❧② ❘❡✲
t✉r♥s

❈♦r♥

❆s②♥❝❤r♦♥♦✉s ❲❡❡❦❧② ❙②♥❝❤r♦♥✐③❡❞

❈❇❖❚ ▼❆❚■❋ ❉❈❊ ❈❇❖❚ ▼❆❚■❋ ❉❈❊ ❈❇❖❚ ▼❆❚■❋ ❉❈❊

❈❇❖❚ ✶✳✵✵✵ ✵✳✸✺✾ ✵✳✶✻✽ ✶✳✵✵✵ ✵✳✹✷✶ ✵✳✷✶✷ ✶✳✵✵✵ ✵✳✹✹✹ ✵✳✷✺✺
▼❆❚■❋ ✶✳✵✵✵ ✵✳✶✻✻ ✶✳✵✵✵ ✵✳✷✺✶ ✶✳✵✵✵ ✵✳✶✽✹
❉❈❊ ✶✳✵✵✵ ✶✳✵✵✵ ✶✳✵✵✵

❲❤❡❛t

❆s②♥❝❤r♦♥♦✉s ❲❡❡❦❧② ❙②♥❝❤r♦♥✐③❡❞

❈❇❖❚ ▲■❋❋❊ ❩❈❊ ❈❇❖❚ ▲■❋❋❊ ❩❈❊ ❈❇❖❚ ▲■❋❋❊ ❩❈❊

❈❇❖❚ ✶✳✵✵✵ ✵✳✹✺✶ ✵✳✵✼✺ ✶✳✵✵✵ ✵✳✺✻✾ ✵✳✵✽✶ ✶✳✵✵✵ ✵✳✺✸✼ ✵✳✵✾✸
▲■❋❋❊ ✶✳✵✵✵ ✵✳✵✼✸ ✶✳✵✵✵ ✵✳✵✺✾ ✶✳✵✵✵ ✵✳✶✵✶
❩❈❊ ✶✳✵✵✵ ✶✳✵✵✵ ✶✳✵✵✵

❙♦②❜❡❛♥s

❆s②♥❝❤r♦♥♦✉s ❲❡❡❦❧② ❙②♥❝❤r♦♥✐③❡❞

❈❇❖❚ ❉❈❊ ❚●❊ ❈❇❖❚ ❉❈❊ ❚●❊ ❈❇❖❚ ❉❈❊ ❚●❊

❈❇❖❚ ✶✳✵✵✵ ✵✳✷✷✽ ✵✳✶✷✼ ✶✳✵✵✵ ✵✳✺✵✵ ✵✳✹✺✺ ✶✳✵✵✵ ✵✳✺✻✺ ✵✳✸✽✹
❉❈❊ ✶✳✵✵✵ ✵✳✷✺✽ ✶✳✵✵✵ ✵✳✸✹✾ ✶✳✵✵✵ ✵✳✷✹✽
❚●❊ ✶✳✵✵✵ ✶✳✵✵✵ ✶✳✵✵✵

◆♦t❡✿ ❚❤❡ ❝♦rr❡❧❛t✐♦♥s r❡♣♦rt❡❞ ❛r❡ t❤❡ P❡❛rs♦♥ ❝♦rr❡❧❛t✐♦♥s✳ ❈❇❖❚❂❈❤✐❝❛❣♦❀ ▼❆❚■❋❂❋r❛♥❝❡✲P❛r✐s❀
❉❈❊❂❈❤✐♥❛✲❉❛❧✐❛♥❀ ▲■❋❋❊❂❯♥✐t❡❞ ❑✐♥❣❞♦♠✲▲♦♥❞♦♥❀ ❩❈❊❂❈❤✐♥❛✲❩❤❡♥❣③❤♦✉❀ ❚●❊❂❏❛♣❛♥✲❚♦❦②♦✳

✸✾



❚❛❜❧❡ ✹✳ ❉✐❛❣♦♥❛❧ ❚✲❇❊❑❑ ▼♦❞❡❧ ❊st✐♠❛t✐♦♥ ❘❡s✉❧ts

❈♦❡✣❝✐❡♥t ❈♦r♥ ❲❤❡❛t ❙♦②❜❡❛♥s

❈❇❖❚ ▼❆❚■❋ ❉❈❊ ❈❇❖❚ ▲■❋❋❊ ❩❈❊ ❈❇❖❚ ❉❈❊ ❚●❊
✭i❂✶✮ ✭i❂✷✮ ✭i❂✸✮ ✭i❂✶✮ ✭i❂✷✮ ✭i❂✸✮ ✭i❂✶✮ ✭i❂✷✮ ✭i❂✸✮

ci1 ✵✳✸✸✺ ✵✳✵✹✹ ✵✳✸✸✾ ✵✳✷✶✼ ✵✳✵✺✷ ✵✳✷✻✶ ✵✳✸✹✷ ✵✳✹✺✽ ✵✳✶✼✹
✭✵✳✵✺✵✮ ✭✵✳✵✶✹✮ ✭✵✳✵✻✵✮ ✭✵✳✵✺✹✮ ✭✵✳✵✷✷✮ ✭✵✳✶✷✵✮ ✭✵✳✵✹✽✮ ✭✵✳✵✺✷✮ ✭✵✳✵✸✸✮

ci2 ✵✳✶✷✺ ✵✳✷✶✷ ✲✵✳✶✶✺ ✲✵✳✻✵✽ ✲✵✳✵✽✺ ✲✵✳✸✹✸
✭✵✳✵✷✹✮ ✭✵✳✵✼✻✮ ✭✵✳✵✸✷✮ ✭✵✳✷✸✾✮ ✭✵✳✵✻✻✮ ✭✵✳✵✼✶✮

ci3 ✵✳✵✵✵ ✵✳✵✵✵ ✵✳✵✵✵
✭✵✳✵✵✵✮ ✭✵✳✵✷✻✮ ✭✵✳✵✵✵✮

ai1 ✵✳✶✾✷ ✵✳✶✺✾ ✵✳✶✽✽
✭✵✳✵✸✸✮ ✭✵✳✵✷✵✮ ✭✵✳✵✷✵✮

ai2 ✵✳✷✵✻ ✵✳✷✸✸ ✵✳✸✾✼
✭✵✳✵✷✷✮ ✭✵✳✵✷✷✮ ✭✵✳✵✹✺✮

ai3 ✵✳✻✸✸ ✵✳✺✶✸ ✵✳✷✵✸
✭✵✳✵✽✽✮ ✭✵✳✵✽✺✮ ✭✵✳✵✸✷✮

bi1 ✵✳✾✼✻ ✵✳✾✽✼ ✵✳✾✻✻
✭✵✳✵✵✵✮ ✭✵✳✵✵✵✮ ✭✵✳✵✵✵✮

bi2 ✵✳✾✽✵ ✵✳✾✼✼ ✵✳✽✷✽
✭✵✳✵✵✵✮ ✭✵✳✵✵✵✮ ✭✵✳✵✸✷✮

bi3 ✵✳✻✸✻ ✲✵✳✸✾✺ ✵✳✾✼✶
✭✵✳✵✻✺✮ ✭✵✳✸✼✼✮ ✭✵✳✵✶✵✮

❚❡st ❢♦r st❛♥❞❛r❞✐③❡❞ sq✉❛r❡❞ r❡s✐❞✉❛❧s ✭❍0✿ ♥♦ ❛✉t♦❝♦rr❡❧❛t✐♦♥✮

▲❇✭✻✮ ✸✳✼✽✷ ✻✳✵✼✵ ✵✳✾✻✵ ✷✺✳✻✺✽ ✶✺✳✵✷✶ ✵✳✸✷✾ ✽✳✵✽✻ ✵✳✽✸✶ ✷✳✶✽✸
p✲✈❛❧✉❡ ✵✳✼✵✻ ✵✳✹✶✻ ✵✳✾✽✼ ✵✳✵✵✵ ✵✳✵✷✵ ✵✳✾✾✾ ✵✳✷✸✷ ✵✳✾✾✶ ✵✳✾✵✷

▲❇✭✶✷✮ ✹✳✼✶✷ ✶✵✳✾✷✼ ✷✳✻✾✽ ✷✾✳✸✷✻ ✶✾✳✾✵✾ ✵✳✻✸✽ ✶✹✳✼✽✸ ✶✳✺✺✽ ✷✳✼✽✼
p✲✈❛❧✉❡ ✵✳✾✻✼ ✵✳✺✸✺ ✵✳✾✾✼ ✵✳✵✵✹ ✵✳✵✻✾ ✶✳✵✵✵ ✵✳✷✺✹ ✶✳✵✵✵ ✵✳✾✾✼

▲♦❣ ❧✐❦❡❧✐❤♦♦❞ ✲✺✱✶✽✸✳✷ ✲✹✱✽✼✸✳✵ ✲✻✱✼✷✸✳✻
★ ♦❜s❡r✈❛t✐♦♥s ✶✱✶✵✺ ✾✻✵ ✶✱✷✷✼

◆♦t❡✿ ❈❇❖❚❂❈❤✐❝❛❣♦❀ ▼❆❚■❋❂❋r❛♥❝❡✲P❛r✐s❀ ❉❈❊❂❈❤✐♥❛✲❉❛❧✐❛♥❀ ▲■❋❋❊❂❯♥✐t❡❞ ❑✐♥❣❞♦♠✲▲♦♥❞♦♥❀
❩❈❊❂❈❤✐♥❛✲❩❤❡♥❣③❤♦✉❀ ❚●❊❂❏❛♣❛♥✲❚♦❦②♦✳ ❙t❛♥❞❛r❞ ❡rr♦rs r❡♣♦rt❡❞ ✐♥ ♣❛r❡♥t❤❡s❡s✳ ▲❇ st❛♥❞s ❢♦r t❤❡
▲❥✉♥❣✲❇♦① st❛t✐st✐❝✳

✹✵



❚❛❜❧❡ ✺✳ ❋✉❧❧ ❚✲❇❊❑❑ ▼♦❞❡❧ ❊st✐♠❛t✐♦♥ ❘❡s✉❧ts

❈♦❡✣❝✐❡♥t ❈♦r♥ ❲❤❡❛t ❙♦②❜❡❛♥s

❈❇❖❚ ▼❆❚■❋ ❉❈❊ ❈❇❖❚ ▲■❋❋❊ ❩❈❊ ❈❇❖❚ ❉❈❊ ❚●❊
✭i❂✶✮ ✭i❂✷✮ ✭i❂✸✮ ✭i❂✶✮ ✭i❂✷✮ ✭i❂✸✮ ✭i❂✶✮ ✭i❂✷✮ ✭i❂✸✮

ci1 ✵✳✸✼✼ ✲✵✳✵✸✻ ✵✳✵✽✺ ✵✳✵✹✵ ✲✵✳✶✶✾ ✲✵✳✸✸✸ ✲✵✳✵✵✶ ✵✳✶✶✺ ✵✳✶✹✵
✭✵✳✶✵✼✮ ✭✵✳✶✻✸✮ ✭✵✳✺✹✷✮ ✭✵✳✷✹✺✮ ✭✵✳✵✹✽✮ ✭✶✳✵✷✾✮ ✭✵✳✵✷✻✮ ✭✵✳✹✷✶✮ ✭✵✳✺✷✺✮

ci2 ✲✵✳✵✸✼ ✲✵✳✵✼✵ ✵✳✵✸✻ ✵✳✸✻✵ ✵✳✹✸✵ ✵✳✵✼✾
✭✵✳✵✽✸✮ ✭✵✳✽✻✵✮ ✭✵✳✷✸✽✮ ✭✵✳✻✹✵✮ ✭✵✳✶✺✷✮ ✭✵✳✶✵✹✮

ci3 ✵✳✸✻✼ ✵✳✹✶✵ ✵✳✷✷✾
✭✵✳✷✻✾✮ ✭✶✳✶✹✾✮ ✭✵✳✸✵✺✮

ai1 ✵✳✶✺✻ ✲✵✳✵✶✽ ✵✳✵✹✶ ✵✳✶✸✺ ✵✳✵✹✸ ✵✳✵✺✺ ✵✳✶✷✾ ✵✳✶✾✽ ✵✳✵✼✸
✭✵✳✵✹✽✮ ✭✵✳✵✷✽✮ ✭✵✳✵✸✺✮ ✭✵✳✵✹✽✮ ✭✵✳✵✷✻✮ ✭✵✳✵✹✷✮ ✭✵✳✵✹✷✮ ✭✵✳✵✽✹✮ ✭✵✳✵✼✾✮

ai2 ✵✳✵✾✶ ✵✳✷✵✹ ✲✵✳✵✷✺ ✵✳✵✽✶ ✵✳✶✾✾ ✲✵✳✶✷✺ ✲✵✳✶✽✷ ✵✳✷✸✷ ✲✵✳✶✾✹
✭✵✳✵✻✼✮ ✭✵✳✵✸✵✮ ✭✵✳✵✹✶✮ ✭✵✳✶✽✸✮ ✭✵✳✵✻✽✮ ✭✵✳✵✻✽✮ ✭✵✳✵✼✵✮ ✭✵✳✶✷✶✮ ✭✵✳✶✷✻✮

ai3 ✵✳✵✾✽ ✵✳✵✻✺ ✵✳✻✸✽ ✲✵✳✵✼✷ ✲✵✳✵✻✻ ✵✳✺✷✻ ✵✳✵✷✻ ✲✵✳✵✸✸ ✵✳✷✵✻
✭✵✳✵✼✶✮ ✭✵✳✶✻✻✮ ✭✵✳✵✾✷✮ ✭✵✳✶✵✹✮ ✭✵✳✶✵✽✮ ✭✵✳✵✽✻✮ ✭✵✳✵✷✶✮ ✭✵✳✵✷✶✮ ✭✵✳✵✹✽✮

bi1 ✵✳✾✼✶ ✵✳✵✶✶ ✵✳✵✵✹ ✵✳✾✾✺ ✵✳✵✵✶ ✵✳✵✵✹ ✵✳✾✶✽ ✵✳✵✹✼ ✲✵✳✵✺✺
✭✵✳✵✶✹✮ ✭✵✳✵✵✾✮ ✭✵✳✵✹✸✮ ✭✵✳✵✵✽✮ ✭✵✳✵✵✸✮ ✭✵✳✵✸✶✮ ✭✵✳✵✷✺✮ ✭✵✳✵✷✺✮ ✭✵✳✵✹✹✮

bi2 ✲✵✳✵✵✸ ✵✳✾✽✸ ✵✳✵✷✾ ✲✵✳✵✶✼ ✵✳✾✼✻ ✵✳✵✸✼ ✵✳✶✽✻ ✵✳✼✺✾ ✵✳✵✽✽
✭✵✳✵✶✸✮ ✭✵✳✵✶✷✮ ✭✵✳✵✷✸✮ ✭✵✳✵✹✶✮ ✭✵✳✵✶✹✮ ✭✵✳✵✸✸✮ ✭✵✳✵✻✷✮ ✭✵✳✵✻✻✮ ✭✵✳✵✾✺✮

bi3 ✵✳✵✵✾ ✲✵✳✵✽✻ ✵✳✻✵✽ ✲✵✳✵✺✽ ✲✵✳✵✻✻ ✲✵✳✸✾✽ ✵✳✵✵✺ ✵✳✵✵✸ ✵✳✾✼✾
✭✵✳✵✸✷✮ ✭✵✳✶✶✶✮ ✭✵✳✵✼✷✮ ✭✵✳✷✺✹✮ ✭✵✳✸✸✹✮ ✭✵✳✹✵✷✮ ✭✵✳✵✵✼✮ ✭✵✳✵✵✾✮ ✭✵✳✵✶✸✮

❲❛❧❞ ❥♦✐♥t t❡st ❢♦r ❝r♦ss✲❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥ts ✭❍0✿ aij = bij = 0, ∀i 6= j✮

❈❤✐✲sq ✸✶✳✻✵✵ ✻✸✳✵✻✵ ✹✵✳✹✼✾
p✲✈❛❧✉❡ ✵✳✵✵✷ ✵✳✵✵✵ ✵✳✵✵✵

❚❡st ❢♦r st❛♥❞❛r❞✐③❡❞ sq✉❛r❡❞ r❡s✐❞✉❛❧s ✭❍0✿ ♥♦ ❛✉t♦❝♦rr❡❧❛t✐♦♥✮

▲❇✭✻✮ ✸✳✾✹✹ ✻✳✾✾✸ ✵✳✼✸✽ ✶✽✳✷✶✵ ✶✷✳✺✹✷ ✵✳✸✷✷ ✻✳✺✻✻ ✵✳✶✶✽ ✷✳✶✷✼
p✲✈❛❧✉❡ ✵✳✻✽✹ ✵✳✸✷✶ ✵✳✾✾✹ ✵✳✵✵✻ ✵✳✵✺✶ ✵✳✾✾✾ ✵✳✸✻✸ ✶✳✵✵✵ ✵✳✾✵✽

▲❇✭✶✷✮ ✹✳✼✶✸ ✶✷✳✶✵✷ ✷✳✸✾✷ ✷✹✳✺✸✶ ✶✻✳✵✹✺ ✵✳✻✶✼ ✾✳✽✾✽ ✵✳✼✻✽ ✷✳✽✵✻
p✲✈❛❧✉❡ ✵✳✾✻✼ ✵✳✹✸✽ ✵✳✾✾✾ ✵✳✵✶✼ ✵✳✶✽✾ ✶✳✵✵✵ ✵✳✻✷✺ ✶✳✵✵✵ ✵✳✾✾✼

▲♦❣ ❧✐❦❡❧✐❤♦♦❞ ✲✺✱✶✻✾✳✸ ✲✹✱✽✺✼✳✵ ✲✻✱✻✾✻✳✼
★ ♦❜s❡r✈❛t✐♦♥s ✶✱✶✵✺ ✾✻✵ ✶✱✷✷✼

◆♦t❡✿ ❈❇❖❚❂❈❤✐❝❛❣♦❀ ▼❆❚■❋❂❋r❛♥❝❡✲P❛r✐s❀ ❉❈❊❂❈❤✐♥❛✲❉❛❧✐❛♥❀ ▲■❋❋❊❂❯♥✐t❡❞ ❑✐♥❣❞♦♠✲▲♦♥❞♦♥❀
❩❈❊❂❈❤✐♥❛✲❩❤❡♥❣③❤♦✉❀ ❚●❊❂❏❛♣❛♥✲❚♦❦②♦✳ ❙t❛♥❞❛r❞ ❡rr♦rs r❡♣♦rt❡❞ ✐♥ ♣❛r❡♥t❤❡s❡s✳ ▲❇ st❛♥❞s ❢♦r t❤❡
▲❥✉♥❣✲❇♦① st❛t✐st✐❝✳

✹✶



❚❛❜❧❡ ✻✳ ❈❈❈ ▼♦❞❡❧ ❊st✐♠❛t✐♦♥ ❘❡s✉❧ts

❈♦❡✣❝✐❡♥t ❈♦r♥ ❲❤❡❛t ❙♦②❜❡❛♥s

❈❇❖❚ ▼❆❚■❋ ❉❈❊ ❈❇❖❚ ▲■❋❋❊ ❩❈❊ ❈❇❖❚ ❉❈❊ ❚●❊
✭i❂✶✮ ✭i❂✷✮ ✭i❂✸✮ ✭i❂✶✮ ✭i❂✷✮ ✭i❂✸✮ ✭i❂✶✮ ✭i❂✷✮ ✭i❂✸✮

ωi ✵✳✻✸✻ ✵✳✵✷✼ ✵✳✶✽✸ ✵✳✸✺✺ ✵✳✵✹✻ ✵✳✾✼✷ ✵✳✵✸✼ ✵✳✸✵✸ ✵✳✹✹✵
✭✵✳✺✽✵✮ ✭✵✳✵✶✼✮ ✭✵✳✵✺✶✮ ✭✵✳✷✷✵✮ ✭✵✳✵✸✶✮ ✭✵✳✷✹✾✮ ✭✵✳✵✶✾✮ ✭✵✳✶✶✶✮ ✭✵✳✼✼✹✮

αi ✵✳✶✷✻ ✵✳✶✷✼ ✵✳✻✷✵ ✵✳✶✵✵ ✵✳✶✹✻ ✵✳✷✻✺ ✵✳✵✺✻ ✵✳✶✻✻ ✵✳✵✽✼
✭✵✳✵✻✷✮ ✭✵✳✵✺✶✮ ✭✵✳✷✶✵✮ ✭✵✳✵✷✽✮ ✭✵✳✵✹✼✮ ✭✵✳✶✵✾✮ ✭✵✳✵✶✶✮ ✭✵✳✵✹✽✮ ✭✵✳✵✽✹✮

βi ✵✳✼✹✵ ✵✳✽✼✸ ✵✳✸✼✷ ✵✳✽✸✸ ✵✳✽✺✶ ✵✳✵✵✵ ✵✳✾✸✸ ✵✳✻✹✻ ✵✳✽✺✸
✭✵✳✶✼✺✮ ✭✵✳✵✹✺✮ ✭✵✳✵✽✷✮ ✭✵✳✵✻✶✮ ✭✵✳✵✹✼✮ ✭✵✳✶✺✾✮ ✭✵✳✵✶✸✮ ✭✵✳✵✽✵✮ ✭✵✳✶✽✼✮

ρi1 ✶✳✵✵✵ ✵✳✸✾✷ ✵✳✷✻✶ ✶✳✵✵✵ ✵✳✹✾✻ ✵✳✵✼✽ ✶✳✵✵✵ ✵✳✺✺✽ ✵✳✹✶✷
✭✵✳✵✸✶✮ ✭✵✳✵✹✹✮ ✭✵✳✵✷✻✮ ✭✵✳✵✸✷✮ ✭✵✳✵✸✻✮ ✭✵✳✵✸✵✮

ρi2 ✶✳✵✵✵ ✵✳✶✼✺ ✶✳✵✵✵ ✵✳✵✾✼ ✶✳✵✵✵ ✵✳✷✼✹
✭✵✳✵✸✷✮ ✭✵✳✵✸✻✮ ✭✵✳✵✸✺✮

ρi3 ✶✳✵✵✵ ✶✳✵✵✵ ✶✳✵✵✵

❚❡st ❢♦r st❛♥❞❛r❞✐③❡❞ sq✉❛r❡❞ r❡s✐❞✉❛❧s ✭❍0✿ ♥♦ ❛✉t♦❝♦rr❡❧❛t✐♦♥✮

▲❇✭✻✮ ✸✳✾✺✽ ✶✳✺✶✷ ✶✳✸✻✷ ✹✳✸✼✺ ✼✳✾✶✼ ✵✳✸✵✵ ✸✳✼✻✹ ✵✳✷✻✽ ✶✳✷✼✸
p✲✈❛❧✉❡ ✵✳✻✽✷ ✵✳✾✺✾ ✵✳✾✻✽ ✵✳✻✷✻ ✵✳✷✹✹ ✵✳✾✾✾ ✵✳✼✵✾ ✶✳✵✵✵ ✵✳✾✼✸

▲❇✭✶✷✮ ✹✳✼✶✻ ✻✳✶✼✶ ✸✳✶✽✼ ✶✵✳✸✾✺ ✶✺✳✻✼✷ ✵✳✻✹✺ ✼✳✶✼✷ ✵✳✽✺✹ ✶✳✾✶✶
p✲✈❛❧✉❡ ✵✳✾✻✼ ✵✳✾✵✼ ✵✳✾✾✹ ✵✳✺✽✶ ✵✳✷✵✼ ✶✳✵✵✵ ✵✳✽✹✻ ✶✳✵✵✵ ✶✳✵✵✵

▲♦❣ ❧✐❦❡❧✐❤♦♦❞ ✲✺✱✹✻✹✳✷ ✲✺✱✶✺✸✳✾ ✲✻✱✾✶✶✳✻
★ ♦❜s❡r✈❛t✐♦♥s ✶✱✶✵✺ ✾✻✵ ✶✱✷✷✼

◆♦t❡✿ ❈❇❖❚❂❈❤✐❝❛❣♦❀ ▼❆❚■❋❂❋r❛♥❝❡✲P❛r✐s❀ ❉❈❊❂❈❤✐♥❛✲❉❛❧✐❛♥❀ ▲■❋❋❊❂❯♥✐t❡❞ ❑✐♥❣❞♦♠✲▲♦♥❞♦♥❀
❩❈❊❂❈❤✐♥❛✲❩❤❡♥❣③❤♦✉❀ ❚●❊❂❏❛♣❛♥✲❚♦❦②♦✳ ❙t❛♥❞❛r❞ ❡rr♦rs r❡♣♦rt❡❞ ✐♥ ♣❛r❡♥t❤❡s❡s✳ ▲❇ st❛♥❞s ❢♦r t❤❡
▲❥✉♥❣✲❇♦① st❛t✐st✐❝✳

✹✷



❚❛❜❧❡ ✼✳ ❉❈❈ ▼♦❞❡❧ ❊st✐♠❛t✐♦♥ ❘❡s✉❧ts

❈♦❡✣❝✐❡♥t ❈♦r♥ ❲❤❡❛t ❙♦②❜❡❛♥s

❈❇❖❚ ▼❆❚■❋ ❉❈❊ ❈❇❖❚ ▲■❋❋❊ ❩❈❊ ❈❇❖❚ ❉❈❊ ❚●❊
✭i❂✶✮ ✭i❂✷✮ ✭i❂✸✮ ✭i❂✶✮ ✭i❂✷✮ ✭i❂✸✮ ✭i❂✶✮ ✭i❂✷✮ ✭i❂✸✮

ωi ✵✳✻✸✻ ✵✳✵✷✼ ✵✳✶✽✸ ✵✳✸✺✺ ✵✳✵✹✻ ✵✳✾✼✷ ✵✳✵✸✼ ✵✳✸✵✸ ✵✳✹✹✵
✭✵✳✺✼✽✮ ✭✵✳✵✶✼✮ ✭✵✳✵✺✶✮ ✭✵✳✷✶✻✮ ✭✵✳✵✸✶✮ ✭✵✳✷✹✻✮ ✭✵✳✵✶✾✮ ✭✵✳✶✵✻✮ ✭✵✳✼✼✶✮

αi ✵✳✶✷✻ ✵✳✶✷✼ ✵✳✻✷✵ ✵✳✶✵✵ ✵✳✶✹✻ ✵✳✷✻✺ ✵✳✵✺✻ ✵✳✶✻✻ ✵✳✵✽✼
✭✵✳✵✻✷✮ ✭✵✳✵✺✶✮ ✭✵✳✷✶✵✮ ✭✵✳✵✷✼✮ ✭✵✳✵✹✼✮ ✭✵✳✶✵✽✮ ✭✵✳✵✶✵✮ ✭✵✳✵✹✽✮ ✭✵✳✵✽✸✮

βi ✵✳✼✹✵ ✵✳✽✼✸ ✵✳✸✼✷ ✵✳✽✸✸ ✵✳✽✺✶ ✵✳✵✵✵ ✵✳✾✸✸ ✵✳✻✹✻ ✵✳✽✺✸
✭✵✳✶✼✺✮ ✭✵✳✵✹✺✮ ✭✵✳✵✽✷✮ ✭✵✳✵✻✵✮ ✭✵✳✵✹✼✮ ✭✵✳✵✾✺✮ ✭✵✳✵✶✸✮ ✭✵✳✵✼✾✮ ✭✵✳✶✽✻✮

α ✵✳✵✵✻ ✵✳✵✶✵ ✵✳✵✵✵
✭✵✳✵✵✸✮ ✭✵✳✵✵✾✮ ✭✵✳✵✶✸✮

β ✵✳✾✽✾ ✵✳✾✽✷ ✵✳✵✵✵
✭✵✳✵✵✼✮ ✭✵✳✵✷✶✮ ✭✷✳✶✺✺✮

❚❡st ❢♦r st❛♥❞❛r❞✐③❡❞ sq✉❛r❡❞ r❡s✐❞✉❛❧s ✭❍0✿ ♥♦ ❛✉t♦❝♦rr❡❧❛t✐♦♥✮

▲❇✭✻✮ ✸✳✺✺✺ ✶✳✽✾✷ ✶✳✹✻✹ ✹✳✹✽✽ ✻✳✹✽✺ ✵✳✷✾✹ ✸✳✼✹✽ ✵✳✷✻✽ ✶✳✷✼✸
p✲✈❛❧✉❡ ✵✳✼✸✼ ✵✳✾✷✾ ✵✳✾✻✷ ✵✳✻✶✶ ✵✳✸✼✶ ✶✳✵✵✵ ✵✳✼✶✶ ✶✳✵✵✵ ✵✳✾✼✸

▲❇✭✶✷✮ ✹✳✷✼✵ ✻✳✷✹✹ ✸✳✷✽✼ ✾✳✺✹✷ ✶✸✳✽✾✸ ✵✳✻✺✷ ✼✳✶✼✵ ✵✳✽✺✻ ✶✳✾✶✷
p✲✈❛❧✉❡ ✵✳✾✼✽ ✵✳✾✵✸ ✵✳✾✾✸ ✵✳✻✺✻ ✵✳✸✵✽ ✶✳✵✵✵ ✵✳✽✹✻ ✶✳✵✵✵ ✶✳✵✵✵

▲♦❣ ❧✐❦❡❧✐❤♦♦❞ ✲✺✱✹✺✹✳✸ ✲✺✱✶✹✹✳✸ ✲✻✱✾✶✶✳✻
★ ♦❜s❡r✈❛t✐♦♥s ✶✱✶✵✺ ✾✻✵ ✶✱✷✷✼

◆♦t❡✿ ❈❇❖❚❂❈❤✐❝❛❣♦❀ ▼❆❚■❋❂❋r❛♥❝❡✲P❛r✐s❀ ❉❈❊❂❈❤✐♥❛✲❉❛❧✐❛♥❀ ▲■❋❋❊❂❯♥✐t❡❞ ❑✐♥❣❞♦♠✲▲♦♥❞♦♥❀
❩❈❊❂❈❤✐♥❛✲❩❤❡♥❣③❤♦✉❀ ❚●❊❂❏❛♣❛♥✲❚♦❦②♦✳ ❙t❛♥❞❛r❞ ❡rr♦rs r❡♣♦rt❡❞ ✐♥ ♣❛r❡♥t❤❡s❡s✳ ▲❇ st❛♥❞s ❢♦r t❤❡
▲❥✉♥❣✲❇♦① st❛t✐st✐❝✳

✹✸



❚❛❜❧❡ ✽✳ ❋✉❧❧ ❚✲❇❊❑❑ ▼♦❞❡❧ ❊st✐♠❛t✐♦♥ ❘❡s✉❧ts✱ ❇❡❢♦r❡ t❤❡ ❋♦♦❞ ❈r✐✲
s✐s

❈♦❡✣❝✐❡♥t ❈♦r♥ ❲❤❡❛t ❙♦②❜❡❛♥s

❈❇❖❚ ▼❆❚■❋ ❉❈❊ ❈❇❖❚ ▲■❋❋❊ ❩❈❊ ❈❇❖❚ ❉❈❊ ❚●❊
✭i❂✶✮ ✭i❂✷✮ ✭i❂✸✮ ✭i❂✶✮ ✭i❂✷✮ ✭i❂✸✮ ✭i❂✶✮ ✭i❂✷✮ ✭i❂✸✮

ci1 ✵✳✼✸✺ ✵✳✶✼✵ ✵✳✷✾✹ ✵✳✸✹✸ ✲✵✳✵✺✷ ✲✵✳✻✶✺ ✵✳✶✻✵ ✲✵✳✶✾✹ ✵✳✾✸✷
✭✵✳✷✺✹✮ ✭✵✳✵✾✹✮ ✭✵✳✵✾✽✮ ✭✵✳✷✽✸✮ ✭✵✳✶✹✶✮ ✭✵✳✷✵✵✮ ✭✵✳✶✹✹✮ ✭✵✳✹✼✸✮ ✭✶✳✷✾✽✮

ci2 ✲✵✳✵✵✶ ✲✵✳✵✵✸ ✵✳✶✶✾ ✵✳✵✻✻ ✵✳✸✵✸ ✵✳✻✻✼
✭✵✳✵✹✵✮ ✭✵✳✵✶✹✮ ✭✵✳✶✵✵✮ ✭✶✳✵✻✸✮ ✭✵✳✻✶✾✮ ✭✶✳✸✻✷✮

ci3 ✵✳✵✵✵ ✵✳✵✺✷ ✲✵✳✵✵✶
✭✵✳✵✸✸✮ ✭✶✳✸✹✷✮ ✭✵✳✵✻✶✮

ai1 ✲✵✳✷✶✻ ✲✵✳✵✸✻ ✲✵✳✵✺✽ ✲✵✳✵✹✹ ✲✵✳✵✷✸ ✵✳✵✻✵ ✵✳✵✸✸ ✵✳✷✻✸ ✲✵✳✶✷✹
✭✵✳✵✺✼✮ ✭✵✳✵✺✸✮ ✭✵✳✵✻✻✮ ✭✵✳✵✾✷✮ ✭✵✳✵✹✺✮ ✭✵✳✵✹✷✮ ✭✵✳✵✻✵✮ ✭✵✳✶✽✷✮ ✭✵✳✶✶✼✮

ai2 ✲✵✳✶✹✾ ✵✳✵✾✾ ✲✵✳✵✼✾ ✵✳✵✻✸ ✵✳✷✹✺ ✵✳✵✵✸ ✵✳✵✷✽ ✲✵✳✶✼✶ ✵✳✵✹✺
✭✵✳✶✺✷✮ ✭✵✳✵✺✶✮ ✭✵✳✵✹✵✮ ✭✵✳✷✺✺✮ ✭✵✳✵✾✷✮ ✭✵✳✶✵✽✮ ✭✵✳✷✸✶✮ ✭✵✳✶✽✷✮ ✭✵✳✷✽✷✮

ai3 ✲✵✳✶✵✶ ✵✳✵✽✾ ✵✳✺✹✻ ✲✵✳✵✼✻ ✲✵✳✶✶✹ ✵✳✺✼✺ ✵✳✵✾✵ ✵✳✵✵✺ ✵✳✹✻✽
✭✵✳✶✺✺✮ ✭✵✳✵✾✾✮ ✭✵✳✷✺✶✮ ✭✵✳✷✵✵✮ ✭✵✳✵✻✽✮ ✭✵✳✶✶✹✮ ✭✵✳✶✶✷✮ ✭✵✳✵✺✺✮ ✭✵✳✶✹✹✮

bi1 ✵✳✽✻✹ ✲✵✳✵✺✷ ✲✵✳✵✺✼ ✲✵✳✹✼✸ ✵✳✸✻✸ ✲✵✳✵✸✷ ✵✳✾✷✷ ✵✳✵✷✵ ✲✵✳✵✵✷
✭✵✳✵✸✵✮ ✭✵✳✵✷✵✮ ✭✵✳✵✷✵✮ ✭✵✳✹✽✺✮ ✭✵✳✷✸✵✮ ✭✵✳✵✹✷✮ ✭✵✳✵✽✾✮ ✭✵✳✶✷✻✮ ✭✵✳✶✼✾✮

bi2 ✵✳✵✾✺ ✶✳✵✵✺ ✵✳✵✷✵ ✶✳✽✶✾ ✵✳✺✷✵ ✵✳✶✶✵ ✵✳✷✷✵ ✵✳✽✺✷ ✵✳✷✵✸
✭✵✳✵✼✶✮ ✭✵✳✵✶✵✮ ✭✵✳✵✶✼✮ ✭✵✳✷✷✺✮ ✭✵✳✺✵✾✮ ✭✵✳✵✺✾✮ ✭✵✳✶✼✵✮ ✭✵✳✸✼✻✮ ✭✵✳✷✽✵✮

bi3 ✵✳✷✺✹ ✲✵✳✵✻✶ ✵✳✼✾✷ ✵✳✺✷✷ ✲✵✳✵✽✼ ✲✵✳✵✸✷ ✲✵✳✵✺✶ ✲✵✳✵✵✷ ✵✳✼✷✾
✭✵✳✶✹✵✮ ✭✵✳✵✻✻✮ ✭✵✳✶✺✾✮ ✭✵✳✸✵✼✮ ✭✵✳✵✾✼✮ ✭✵✳✶✾✵✮ ✭✵✳✶✶✸✮ ✭✵✳✵✺✷✮ ✭✵✳✶✻✸✮

❲❛❧❞ ❥♦✐♥t t❡st ❢♦r ❝r♦ss✲❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥ts ✭❍0✿ aij = bij = 0, ∀i 6= j✮

❈❤✐✲sq ✼✵✳✺✸✺ ✷✼✽✳✽✽✽ ✶✸✸✳✼✾✹
p✲✈❛❧✉❡ ✵✳✵✵✵ ✵✳✵✵✵ ✵✳✵✵✵

❚❡st ❢♦r st❛♥❞❛r❞✐③❡❞ sq✉❛r❡❞ r❡s✐❞✉❛❧s ✭❍0✿ ♥♦ ❛✉t♦❝♦rr❡❧❛t✐♦♥✮

▲❇✭✻✮ ✶✳✺✹✵ ✺✳✾✽✼ ✶✳✻✻✼ ✸✳✼✸✺ ✺✳✵✺✶ ✵✳✼✾✹ ✷✳✷✹✷ ✵✳✸✺✸ ✶✳✷✷✾
p✲✈❛❧✉❡ ✵✳✾✺✼ ✵✳✹✷✺ ✵✳✾✹✽ ✵✳✼✶✷ ✵✳✺✸✼ ✵✳✾✾✷ ✵✳✽✾✻ ✵✳✾✾✾ ✵✳✾✼✻

▲❇✭✶✷✮ ✶✳✽✶✵ ✽✳✶✽✷ ✷✳✻✶✷ ✾✳✵✶✾ ✶✶✳✵✶✸ ✷✳✹✸✷ ✺✳✻✼✶ ✶✳✷✽✺ ✷✳✹✽✸
p✲✈❛❧✉❡ ✶✳✵✵✵ ✵✳✼✼✶ ✵✳✾✾✽ ✵✳✼✵✶ ✵✳✺✷✽ ✵✳✾✾✽ ✵✳✾✸✷ ✶✳✵✵✵ ✵✳✾✾✽

▲♦❣ ❧✐❦❡❧✐❤♦♦❞ ✲✸✱✹✼✺✳✼ ✲✶✱✶✽✹✳✹ ✲✹✱✻✻✺✳✹
★ ♦❜s❡r✈❛t✐♦♥s ✼✽✾ ✹✾✶ ✾✷✻

◆♦t❡✿ ❈❇❖❚❂❈❤✐❝❛❣♦❀ ▼❆❚■❋❂❋r❛♥❝❡✲P❛r✐s❀ ❉❈❊❂❈❤✐♥❛✲❉❛❧✐❛♥❀ ▲■❋❋❊❂❯♥✐t❡❞ ❑✐♥❣❞♦♠✲▲♦♥❞♦♥❀
❩❈❊❂❈❤✐♥❛✲❩❤❡♥❣③❤♦✉❀ ❚●❊❂❏❛♣❛♥✲❚♦❦②♦✳ ❙t❛♥❞❛r❞ ❡rr♦rs r❡♣♦rt❡❞ ✐♥ ♣❛r❡♥t❤❡s❡s✳ ▲❇ st❛♥❞s ❢♦r t❤❡
▲❥✉♥❣✲❇♦① st❛t✐st✐❝✳ ❇❡❢♦r❡ t❤❡ ❝r✐s✐s ❝♦rr❡s♣♦♥❞s t♦ ✵✾✴✷✸✴✷✵✵✹✕✵✷✴✷✻✴✷✵✵✽ ❢♦r ❝♦r♥✱ ✵✺✴✶✵✴✷✵✵✺✕✵✻✴✷✷✴✷✵✵✼
❢♦r ✇❤❡❛t✱ ❛♥❞ ✵✶✴✵✺✴✷✵✵✹✕✵✷✴✷✻✴✷✵✵✽ ❢♦r s♦②❜❡❛♥s✳

✹✹



❚❛❜❧❡ ✾✳ ❋✉❧❧ ❚✲❇❊❑❑ ▼♦❞❡❧ ❊st✐♠❛t✐♦♥ ❘❡s✉❧ts✱ ❆❢t❡r t❤❡ ❋♦♦❞ ❈r✐s✐s

❈♦❡✣❝✐❡♥t ❈♦r♥ ❲❤❡❛t ❙♦②❜❡❛♥s

❈❇❖❚ ▼❆❚■❋ ❉❈❊ ❈❇❖❚ ▲■❋❋❊ ❩❈❊ ❈❇❖❚ ❉❈❊ ❚●❊
✭i❂✶✮ ✭i❂✷✮ ✭i❂✸✮ ✭i❂✶✮ ✭i❂✷✮ ✭i❂✸✮ ✭i❂✶✮ ✭i❂✷✮ ✭i❂✸✮

ci1 ✵✳✻✵✺ ✶✳✶✷✶ ✲✵✳✷✼✽ ✶✳✸✷✺ ✵✳✼✺✽ ✵✳✵✺✼ ✵✳✾✻✵ ✵✳✸✼✶ ✲✵✳✼✼✽
✭✵✳✹✵✻✮ ✭✵✳✸✹✺✮ ✭✵✳✵✽✵✮ ✭✵✳✻✵✽✮ ✭✵✳✺✶✵✮ ✭✵✳✸✶✻✮ ✭✵✳✹✶✷✮ ✭✵✳✶✼✸✮ ✭✵✳✺✵✵✮

ci2 ✲✵✳✵✽✺ ✵✳✵✵✸ ✵✳✵✸✵ ✲✵✳✵✾✻ ✵✳✵✵✵ ✵✳✵✵✵
✭✵✳✸✹✼✮ ✭✵✳✵✸✷✮ ✭✵✳✸✹✻✮ ✭✵✳✸✹✻✮ ✭✵✳✵✵✵✮ ✭✵✳✵✵✵✮

ci3 ✵✳✵✵✵ ✵✳✵✵✵ ✵✳✵✵✵
✭✵✳✵✾✺✮ ✭✵✳✼✹✷✮ ✭✵✳✵✵✵✮

ai1 ✵✳✷✷✺ ✵✳✸✵✺ ✲✵✳✵✾✶ ✵✳✶✸✸ ✵✳✵✸✼ ✲✵✳✵✺✼ ✲✵✳✷✶✵ ✲✵✳✵✶✶ ✲✵✳✷✶✺
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ai2 ✲✵✳✵✾✽ ✲✵✳✹✷✵ ✵✳✶✵✵ ✲✵✳✸✹✽ ✲✵✳✵✺✺ ✵✳✵✵✷ ✵✳✸✹✷ ✵✳✸✸✶ ✵✳✹✾✺
✭✵✳✶✻✾✮ ✭✵✳✶✻✵✮ ✭✵✳✵✺✹✮ ✭✵✳✷✶✼✮ ✭✵✳✶✷✷✮ ✭✵✳✶✶✸✮ ✭✵✳✶✺✶✮ ✭✵✳✶✸✸✮ ✭✵✳✶✻✾✮

ai3 ✵✳✶✸✵ ✲✵✳✶✸✶ ✵✳✼✹✽ ✵✳✷✷✻ ✲✵✳✵✽✶ ✵✳✹✽✸ ✲✵✳✶✹✼ ✲✵✳✶✺✼ ✵✳✹✹✸
✭✵✳✷✶✷✮ ✭✵✳✶✷✶✮ ✭✵✳✶✺✻✮ ✭✵✳✷✽✾✮ ✭✵✳✷✾✺✮ ✭✵✳✶✸✹✮ ✭✵✳✵✽✶✮ ✭✵✳✵✾✵✮ ✭✵✳✶✸✺✮

bi1 ✵✳✼✾✶ ✲✵✳✶✹✻ ✲✵✳✵✽✻ ✵✳✼✵✸ ✲✵✳✶✻✺ ✲✵✳✵✶✽ ✵✳✼✾✻ ✲✵✳✵✾✾ ✵✳✹✺✵
✭✵✳✵✹✹✮ ✭✵✳✵✺✵✮ ✭✵✳✵✷✵✮ ✭✵✳✷✺✶✮ ✭✵✳✶✸✺✮ ✭✵✳✶✷✼✮ ✭✵✳✷✶✸✮ ✭✵✳✵✾✷✮ ✭✵✳✶✺✾✮

bi2 ✵✳✶✽✵ ✵✳✾✷✹ ✵✳✶✻✻ ✵✳✵✾✸ ✶✳✵✸✽ ✲✵✳✵✵✺ ✲✵✳✷✷✾ ✵✳✽✹✻ ✲✵✳✷✸✶
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bi3 ✵✳✺✷✽ ✵✳✹✺✺ ✵✳✺✶✼ ✵✳✶✸✷ ✵✳✶✾✼ ✵✳✾✵✻ ✵✳✶✵✺ ✵✳✶✵✶ ✵✳✼✻✶
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❲❛❧❞ ❥♦✐♥t t❡st ❢♦r ❝r♦ss✲❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥ts ✭❍0✿ aij = bij = 0, ∀i 6= j✮

❈❤✐✲sq ✸✹✶✳✵✷✻ ✸✾✳✷✷✶ ✶✶✵✳✸✻✽
p✲✈❛❧✉❡ ✵✳✵✵✵ ✵✳✵✵✵ ✵✳✵✵✵

❚❡st ❢♦r st❛♥❞❛r❞✐③❡❞ sq✉❛r❡❞ r❡s✐❞✉❛❧s ✭❍0✿ ♥♦ ❛✉t♦❝♦rr❡❧❛t✐♦♥✮

▲❇✭✻✮ ✹✳✶✺✵ ✷✳✼✾✷ ✹✳✶✹✽ ✸✳✵✺✵ ✼✳✵✽✶ ✹✳✻✺✺ ✼✳✵✼✾ ✶✺✳✷✸✽ ✹✳✹✸✺
p✲✈❛❧✉❡ ✵✳✻✺✻ ✵✳✽✸✺ ✵✳✻✺✼ ✵✳✽✵✸ ✵✳✸✶✹ ✵✳✺✽✾ ✵✳✸✶✹ ✵✳✵✶✾ ✵✳✻✶✽

▲❇✭✶✷✮ ✶✹✳✽✵✹ ✺✳✽✶✾ ✼✳✶✼✷ ✼✳✽✵✵ ✶✼✳✻✺✽ ✶✷✳✻✸✵ ✾✳✹✺✻ ✶✾✳✾✸✻ ✻✳✵✺✾
p✲✈❛❧✉❡ ✵✳✷✺✷ ✵✳✾✷✺ ✵✳✽✹✻ ✵✳✽✵✶ ✵✳✶✷✼ ✵✳✸✾✼ ✵✳✻✻✹ ✵✳✵✻✽ ✵✳✾✶✸

▲♦❣ ❧✐❦❡❧✐❤♦♦❞ ✲✶✱✷✺✹✳✾ ✲✷✽✾✳✵ ✲✼✸✳✾
★ ♦❜s❡r✈❛t✐♦♥s ✷✸✷ ✶✹✼ ✶✾✽

◆♦t❡✿ ❈❇❖❚❂❈❤✐❝❛❣♦❀ ▼❆❚■❋❂❋r❛♥❝❡✲P❛r✐s❀ ❉❈❊❂❈❤✐♥❛✲❉❛❧✐❛♥❀ ▲■❋❋❊❂❯♥✐t❡❞ ❑✐♥❣❞♦♠✲▲♦♥❞♦♥❀
❩❈❊❂❈❤✐♥❛✲❩❤❡♥❣③❤♦✉❀ ❚●❊❂❏❛♣❛♥✲❚♦❦②♦✳ ❙t❛♥❞❛r❞ ❡rr♦rs r❡♣♦rt❡❞ ✐♥ ♣❛r❡♥t❤❡s❡s✳ ▲❇ st❛♥❞s ❢♦r t❤❡
▲❥✉♥❣✲❇♦① st❛t✐st✐❝✳ ❆❢t❡r t❤❡ ❝r✐s✐s ❝♦rr❡s♣♦♥❞s t♦ ✵✻✴✸✵✴✷✵✵✽✕✵✻✴✸✵✴✷✵✵✾ ❢♦r ❝♦r♥✱ ✶✶✴✵✺✴✷✵✵✽✕✵✻✴✸✵✴✷✵✵✾
❢♦r ✇❤❡❛t✱ ❛♥❞ ✵✽✴✵✶✴✷✵✵✽✕✵✻✴✸✵✴✷✵✵✾ ❢♦r s♦②❜❡❛♥s✳

✹✺



❆♣♣❡♥❞✐① ❇✳ ❙✉♣♣❧❡♠❡♥t❛r② ❘❡s✉❧ts ✭❖♥❧② ❢♦r

❘❡✈✐❡✇✮

Corn

Wheat

Soybeans

❋✐❣✉r❡ ❇✳✶✳ ❉②♥❛♠✐❝ ❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥s✱ ❊①❝❧✉❞✐♥❣ ❈❤✐♥❛ ✭❉❈❈
♠♦❞❡❧✮

◆♦t❡✿ ❈❇❖❚❂❈❤✐❝❛❣♦❀ ▼❆❚■❋❂❋r❛♥❝❡✲P❛r✐s❀ ▲■❋❋❊❂❯♥✐t❡❞ ❑✐♥❣❞♦♠✲▲♦♥❞♦♥❀ ❚●❊❂❏❛♣❛♥✲❚♦❦②♦✳

✹✻



❚❛❜❧❡ ❇✳✶✳ ❉✐❛❣♦♥❛❧ ❚✲❇❊❑❑ ▼♦❞❡❧ ❊st✐♠❛t✐♦♥ ❘❡s✉❧ts✱ ❊①❝❧✉❞✐♥❣
❈❤✐♥❛

❈♦❡✣❝✐❡♥t ❈♦r♥ ❈♦r♥ ✇✐t❤ ❚●❊ ❲❤❡❛t ❙♦②❜❡❛♥s

❈❇❖❚ ▼❆❚■❋ ❈❇❖❚ ▼❆❚■❋ ❚●❊ ❈❇❖❚ ▲■❋❋❊ ❈❇❖❚ ❚●❊
✭i❂✶✮ ✭i❂✷✮ ✭i❂✶✮ ✭i❂✷✮ ✭i❂✸✮ ✭i❂✶✮ ✭i❂✷✮ ✭i❂✶✮ ✭i❂✷✮

ci1 ✵✳✸✸✾ ✵✳✵✹✷ ✵✳✸✼✸ ✵✳✵✹✾ ✵✳✶✹✷ ✵✳✷✵✾ ✵✳✵✺✸ ✵✳✶✽✼ ✵✳✷✵✾
✭✵✳✵✽✾✮ ✭✵✳✵✶✼✮ ✭✵✳✵✽✶✮ ✭✵✳✵✶✹✮ ✭✵✳✵✷✻✮ ✭✵✳✵✺✾✮ ✭✵✳✵✷✹✮ ✭✵✳✵✹✵✮ ✭✵✳✷✸✾✮

ci2 ✵✳✶✵✺ ✵✳✶✷✸ ✵✳✵✸✽ ✵✳✶✶✹ ✵✳✸✻✽
✭✵✳✵✷✹✮ ✭✵✳✵✷✻✮ ✭✵✳✵✷✻✮ ✭✵✳✵✸✻✮ ✭✵✳✶✾✻✮

ci3 ✲ ✲ ✵✳✵✼✾ ✲ ✲ ✲ ✲
✭✵✳✶✷✻✮

ai1 ✵✳✷✻✺ ✵✳✶✾✽ ✵✳✶✻✼ ✵✳✷✵✷
✭✵✳✵✹✹✮ ✭✵✳✵✷✽✮ ✭✵✳✵✷✵✮ ✭✵✳✵✷✽✮

ai2 ✵✳✷✶✻ ✵✳✷✶✺ ✵✳✷✸✹ ✵✳✷✺✺
✭✵✳✵✷✷✮ ✭✵✳✵✷✽✮ ✭✵✳✵✷✽✮ ✭✵✳✶✶✷✮

ai3 ✲ ✲ ✵✳✶✷✹ ✲ ✲ ✲ ✲
✭✵✳✵✷✻✮

bi1 ✵✳✾✺✺ ✵✳✾✻✻ ✵✳✾✽✷ ✵✳✾✼✺
✭✵✳✵✶✹✮ ✭✵✳✵✶✵✮ ✭✵✳✵✵✵✮ ✭✵✳✵✵✵✮

bi2 ✵✳✾✼✹ ✵✳✾✼✸ ✵✳✾✼✵ ✵✳✾✺✹
✭✵✳✵✵✵✮ ✭✵✳✵✵✵✮ ✭✵✳✵✶✵✮ ✭✵✳✵✹✼✮

bi3 ✲ ✲ ✵✳✾✽✾ ✲ ✲ ✲ ✲
✭✵✳✵✵✵✮

❚❡st ❢♦r st❛♥❞❛r❞✐③❡❞ sq✉❛r❡❞ r❡s✐❞✉❛❧s ✭❍0✿ ♥♦ ❛✉t♦❝♦rr❡❧❛t✐♦♥✮

▲❇✭✻✮ ✸✳✺✷✷ ✺✳✼✾✸ ✶✳✺✺✽ ✷✳✼✼✻ ✼✳✶✶✶ ✶✺✳✷✺✶ ✶✶✳✺✹✺ ✸✳✵✽✵ ✶✳✹✻✶
p✲✈❛❧✉❡ ✵✳✼✹✶ ✵✳✹✹✼ ✵✳✾✺✻ ✵✳✽✸✻ ✵✳✸✶✶ ✵✳✵✶✽ ✵✳✵✼✸ ✵✳✼✾✾ ✵✳✾✻✷

▲❇✭✶✷✮ ✻✳✻✼✵ ✶✶✳✺✻✼ ✸✳✸✵✶ ✼✳✹✺✵ ✾✳✷✸✽ ✶✽✳✺✵✸ ✶✼✳✽✼✸ ✼✳✵✵✷ ✷✳✺✻✵
p✲✈❛❧✉❡ ✵✳✽✼✾ ✵✳✹✽✶ ✵✳✾✾✸ ✵✳✽✷✼ ✵✳✻✽✸ ✵✳✶✵✶ ✵✳✶✷✵ ✵✳✽✺✽ ✵✳✾✾✽

▲♦❣ ❧✐❦❡❧✐❤♦♦❞ ✲✹✱✵✾✼✳✶ ✲✻✱✶✹✵✳✽ ✲✸✱✻✾✶✳✻ ✲✺✱✶✸✵✳✷
★ ♦❜s❡r✈❛t✐♦♥s ✶✱✶✵✺ ✶✱✶✶✺ ✾✻✵ ✶✱✷✷✼

◆♦t❡✿ ❈❇❖❚❂❈❤✐❝❛❣♦❀ ▼❆❚■❋❂❋r❛♥❝❡✲P❛r✐s❀ ▲■❋❋❊❂❯♥✐t❡❞ ❑✐♥❣❞♦♠✲▲♦♥❞♦♥❀ ❚●❊❂❏❛♣❛♥✲❚♦❦②♦✳ ❚❤❡ s②♠✲
❜♦❧ ✭✲✮ st❛♥❞s ❢♦r ♥♦t ❛♣♣❧✐❝❛❜❧❡✳ ❙t❛♥❞❛r❞ ❡rr♦rs r❡♣♦rt❡❞ ✐♥ ♣❛r❡♥t❤❡s❡s✳ ▲❇ st❛♥❞s ❢♦r t❤❡ ▲❥✉♥❣✲❇♦① st❛t✐st✐❝✳

✹✼



❚❛❜❧❡ ❇✳✷✳ ❋✉❧❧ ❚✲❇❊❑❑ ▼♦❞❡❧ ❊st✐♠❛t✐♦♥ ❘❡s✉❧ts✱ ❊①❝❧✉❞✐♥❣ ❈❤✐♥❛

❈♦❡✣❝✐❡♥t ❈♦r♥ ❈♦r♥ ✇✐t❤ ❚●❊ ❲❤❡❛t ❙♦②❜❡❛♥s

❈❇❖❚ ▼❆❚■❋ ❈❇❖❚ ▼❆❚■❋ ❚●❊ ❈❇❖❚ ▲■❋❋❊ ❈❇❖❚ ❚●❊
✭i❂✶✮ ✭i❂✷✮ ✭i❂✶✮ ✭i❂✷✮ ✭i❂✸✮ ✭i❂✶✮ ✭i❂✷✮ ✭i❂✶✮ ✭i❂✷✮

ci1 ✵✳✹✹✽ ✲✵✳✵✸✸ ✵✳✹✻✷ ✵✳✵✼✹ ✵✳✷✷✶ ✲✵✳✵✺✻ ✶✳✷✹✾ ✵✳✷✵✻ ✵✳✷✼✺
✭✵✳✷✶✾✮ ✭✵✳✶✶✽✮ ✭✵✳✵✽✺✮ ✭✵✳✵✻✵✮ ✭✵✳✸✶✾✮ ✭✵✳✵✹✺✮ ✭✵✳✽✸✾✮ ✭✵✳✵✺✷✮ ✭✵✳✶✸✸✮

ci2 ✲✵✳✵✽✶ ✲✵✳✵✵✶ ✵✳✵✵✷ ✲✶✳✶✵✶ ✵✳✸✵✾
✭✵✳✵✾✹✮ ✭✵✳✵✷✶✮ ✭✵✳✵✶✸✮ ✭✵✳✻✻✻✮ ✭✵✳✶✹✹✮

ci3 ✲ ✲ ✲✵✳✵✹✾ ✲ ✲ ✲ ✲
✭✵✳✵✾✾✮

ai1 ✵✳✷✺✼ ✲✵✳✵✸✾ ✵✳✶✵✽ ✲✵✳✵✶✵ ✵✳✷✶✷ ✵✳✶✸✹ ✵✳✵✶✻ ✵✳✶✾✽ ✵✳✵✶✵
✭✵✳✵✾✶✮ ✭✵✳✵✻✶✮ ✭✵✳✵✻✹✮ ✭✵✳✵✷✸✮ ✭✵✳✵✹✺✮ ✭✵✳✵✹✵✮ ✭✵✳✵✸✽✮ ✭✵✳✵✷✼✮ ✭✵✳✵✸✺✮

ai2 ✵✳✶✵✹ ✵✳✷✷✸ ✵✳✵✼✷ ✵✳✷✸✻ ✵✳✶✹✵ ✵✳✶✸✶ ✵✳✷✻✺ ✵✳✵✸✶ ✵✳✷✺✾
✭✵✳✵✹✻✮ ✭✵✳✵✸✷✮ ✭✵✳✶✵✺✮ ✭✵✳✵✹✹✮ ✭✵✳✵✼✹✮ ✭✵✳✵✽✷✮ ✭✵✳✵✼✶✮ ✭✵✳✵✶✾✮ ✭✵✳✵✻✻✮

ai3 ✲ ✲ ✲✵✳✵✶✾ ✵✳✵✶✹ ✲✵✳✵✷✼ ✲ ✲ ✲ ✲
✭✵✳✵✽✵✮ ✭✵✳✵✸✵✮ ✭✵✳✵✺✺✮

bi1 ✵✳✾✸✻ ✵✳✵✶✹ ✵✳✼✷✺ ✵✳✵✵✵ ✲✵✳✸✺✺ ✵✳✾✾✹ ✵✳✵✵✺ ✵✳✾✼✺ ✲✵✳✵✵✼
✭✵✳✵✺✸✮ ✭✵✳✵✷✻✮ ✭✵✳✵✺✺✮ ✭✵✳✵✹✵✮ ✭✵✳✵✷✾✮ ✭✵✳✵✵✹✮ ✭✵✳✵✵✺✮ ✭✵✳✵✵✾✮ ✭✵✳✵✷✵✮

bi2 ✵✳✵✵✹ ✵✳✾✻✾ ✲✵✳✵✺✵ ✵✳✾✽✺ ✵✳✶✹✹ ✲✵✳✵✸✼ ✵✳✾✺✸ ✲✵✳✵✵✽ ✵✳✾✺✺
✭✵✳✵✶✾✮ ✭✵✳✵✶✸✮ ✭✵✳✵✹✾✮ ✭✵✳✵✶✷✮ ✭✵✳✵✹✽✮ ✭✵✳✵✶✼✮ ✭✵✳✵✶✾✮ ✭✵✳✵✶✵✮ ✭✵✳✵✷✼✮

bi3 ✲ ✲ ✵✳✸✽✺ ✲✵✳✵✷✸ ✶✳✵✾✽ ✲ ✲ ✲ ✲
✭✵✳✵✻✵✮ ✭✵✳✵✸✼✮ ✭✵✳✵✹✸✮

❲❛❧❞ ❥♦✐♥t t❡st ❢♦r ❝r♦ss✲❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥ts ✭❍0✿ aij = bij = 0, ∀I 6= j✮

❈❤✐✲sq ✼✳✹✻✺ ✾✻✻✳✼✹✶ ✷✵✳✷✻✺ ✷✳✹✽✾
p✲✈❛❧✉❡ ✵✳✶✶✸ ✵✳✵✵✵ ✵✳✵✵✵ ✵✳✻✹✼

❚❡st ❢♦r st❛♥❞❛r❞✐③❡❞ sq✉❛r❡❞ r❡s✐❞✉❛❧s ✭❍0✿ ♥♦ ❛✉t♦❝♦rr❡❧❛t✐♦♥✮

▲❇✭✻✮ ✸✳✻✼✶ ✼✳✼✺✵ ✷✳✷✻✽ ✸✳✻✹✹ ✶✶✳✹✺✽ ✶✵✳✻✽✷ ✶✵✳✾✽✷ ✷✳✾✾✺ ✶✳✹✼✼
p✲✈❛❧✉❡ ✵✳✼✷✶ ✵✳✷✺✼ ✵✳✽✾✹ ✵✳✼✷✺ ✵✳✵✼✺ ✵✳✵✾✾ ✵✳✵✽✾ ✵✳✽✵✾ ✵✳✾✻✶

▲❇✭✶✷✮ ✻✳✷✶✶ ✶✹✳✻✹✷ ✸✳✽✽✽ ✾✳✼✶✻ ✶✷✳✽✶✽ ✶✺✳✸✶✻ ✶✻✳✼✺✶ ✻✳✼✵✻ ✷✳✻✷✶
p✲✈❛❧✉❡ ✵✳✾✵✺ ✵✳✷✻✷ ✵✳✾✽✺ ✵✳✻✹✶ ✵✳✸✽✷ ✵✳✷✷✺ ✵✳✶✺✾ ✵✳✽✼✻ ✵✳✾✾✽

▲♦❣ ❧✐❦❡❧✐❤♦♦❞ ✲✹✱✵✽✾✳✾ ✲✻✱✶✷✹✳✻ ✲✽✱✶✵✼✳✹ ✲✺✱✶✷✾✳✸
★ ♦❜s❡r✈❛t✐♦♥s ✶✱✶✵✺ ✶✱✶✶✺ ✾✻✵ ✶✱✷✷✼

◆♦t❡✿ ❈❇❖❚❂❈❤✐❝❛❣♦❀ ▼❆❚■❋❂❋r❛♥❝❡✲P❛r✐s❀ ▲■❋❋❊❂❯♥✐t❡❞ ❑✐♥❣❞♦♠✲▲♦♥❞♦♥❀ ❚●❊❂❏❛♣❛♥✲❚♦❦②♦✳ ❚❤❡ s②♠✲
❜♦❧ ✭✲✮ st❛♥❞s ❢♦r ♥♦t ❛♣♣❧✐❝❛❜❧❡✳ ❙t❛♥❞❛r❞ ❡rr♦rs r❡♣♦rt❡❞ ✐♥ ♣❛r❡♥t❤❡s❡s✳ ▲❇ st❛♥❞s ❢♦r t❤❡ ▲❥✉♥❣✲❇♦① st❛t✐st✐❝✳

✹✽



❚❛❜❧❡ ❇✳✸✳ ❈❈❈ ▼♦❞❡❧ ❊st✐♠❛t✐♦♥ ❘❡s✉❧ts✱ ❊①❝❧✉❞✐♥❣ ❈❤✐♥❛

❈♦❡✣❝✐❡♥t ❈♦r♥ ❈♦r♥ ✇✐t❤ ❚●❊ ❲❤❡❛t ❙♦②❜❡❛♥s

❈❇❖❚ ▼❆❚■❋ ❈❇❖❚ ▼❆❚■❋ ❚●❊ ❈❇❖❚ ▲■❋❋❊ ❈❇❖❚ ❚●❊
✭i❂✶✮ ✭i❂✷✮ ✭i❂✶✮ ✭i❂✷✮ ✭i❂✸✮ ✭i❂✶✮ ✭i❂✷✮ ✭i❂✶✮ ✭i❂✷✮

ωi ✵✳✻✺✺ ✵✳✵✷✼ ✵✳✺✺✹ ✵✳✵✷✹ ✵✳✾✽✼ ✵✳✸✹✷ ✵✳✵✹✻ ✵✳✵✸✼ ✵✳✹✶✷
✭✵✳✺✾✷✮ ✭✵✳✵✶✼✮ ✭✵✳✻✺✻✮ ✭✵✳✵✶✺✮ ✭✵✳✹✾✼✮ ✭✵✳✷✶✹✮ ✭✵✳✵✸✶✮ ✭✵✳✵✶✾✮ ✭✵✳✺✻✻✮

αi ✵✳✶✷✻ ✵✳✶✷✽ ✵✳✶✶✶ ✵✳✶✷✻ ✵✳✶✼✵ ✵✳✶✵✵ ✵✳✶✹✺ ✵✳✵✺✽ ✵✳✵✽✻
✭✵✳✵✻✶✮ ✭✵✳✵✺✵✮ ✭✵✳✵✼✽✮ ✭✵✳✵✹✾✮ ✭✵✳✵✺✾✮ ✭✵✳✵✷✽✮ ✭✵✳✵✹✽✮ ✭✵✳✵✶✶✮ ✭✵✳✵✻✺✮

βi ✵✳✼✸✻ ✵✳✽✼✷ ✵✳✼✼✵ ✵✳✽✼✹ ✵✳✺✾✵ ✵✳✽✸✻ ✵✳✽✺✶ ✵✳✾✸✷ ✵✳✽✺✼
✭✵✳✶✼✻✮ ✭✵✳✵✹✺✮ ✭✵✳✷✶✷✮ ✭✵✳✵✹✹✮ ✭✵✳✶✺✼✮ ✭✵✳✵✻✵✮ ✭✵✳✵✹✽✮ ✭✵✳✵✶✸✮ ✭✵✳✶✸✾✮

ρi1 ✶✳✵✵✵ ✵✳✸✾✶ ✶✳✵✵✵ ✵✳✸✽✷ ✵✳✺✽✵ ✶✳✵✵✵ ✵✳✹✾✼ ✶✳✵✵✵ ✵✳✹✵✾
✭✵✳✵✸✶✮ ✭✵✳✵✸✶✮ ✭✵✳✵✷✾✮ ✭✵✳✵✷✺✮ ✭✵✳✵✸✵✮

ρi2 ✶✳✵✵✵ ✶✳✵✵✵ ✵✳✸✻✷ ✶✳✵✵✵ ✶✳✵✵✵
✭✵✳✵✸✵✮

ρi3 ✲ ✲ ✶✳✵✵✵ ✲ ✲ ✲ ✲

❚❡st ❢♦r st❛♥❞❛r❞✐③❡❞ sq✉❛r❡❞ r❡s✐❞✉❛❧s ✭❍0✿ ♥♦ ❛✉t♦❝♦rr❡❧❛t✐♦♥✮

▲❇✭✻✮ ✸✳✼✻✶ ✶✳✼✵✼ ✹✳✼✹✶ ✶✳✸✶✺ ✷✳✺✽✾ ✹✳✸✷✼ ✼✳✺✼✽ ✷✳✺✹✻ ✶✳✵✷✽
p✲✈❛❧✉❡ ✵✳✼✵✾ ✵✳✾✹✺ ✵✳✺✼✼ ✵✳✾✼✶ ✵✳✽✺✽ ✵✳✻✸✷ ✵✳✷✼✶ ✵✳✽✻✸ ✵✳✾✽✺

▲❇✭✶✷✮ ✹✳✻✶✸ ✼✳✵✸✼ ✻✳✵✸✼ ✺✳✹✺✹ ✸✳✾✺✵ ✶✵✳✶✼✾ ✶✺✳✺✺✻ ✺✳✼✸✽ ✶✳✺✻✾
p✲✈❛❧✉❡ ✵✳✾✼✵ ✵✳✽✺✺ ✵✳✾✶✹ ✵✳✾✹✶ ✵✳✾✽✹ ✵✳✻✵✵ ✵✳✷✶✷ ✵✳✾✷✾ ✶✳✵✵✵

▲♦❣ ❧✐❦❡❧✐❤♦♦❞ ✲✹✱✶✾✸✳✽ ✲✻✱✷✼✽✳✹ ✲✸✱✼✸✺✳✶ ✲✺✱✶✽✽✳✾
★ ♦❜s❡r✈❛t✐♦♥s ✶✱✶✵✺ ✶✱✶✶✺ ✾✻✵ ✶✱✷✷✼

◆♦t❡✿ ❈❇❖❚❂❈❤✐❝❛❣♦❀ ▼❆❚■❋❂❋r❛♥❝❡✲P❛r✐s❀ ▲■❋❋❊❂❯♥✐t❡❞ ❑✐♥❣❞♦♠✲▲♦♥❞♦♥❀ ❚●❊❂❏❛♣❛♥✲❚♦❦②♦✳ ❚❤❡ s②♠✲
❜♦❧ ✭✲✮ st❛♥❞s ❢♦r ♥♦t ❛♣♣❧✐❝❛❜❧❡✳ ❙t❛♥❞❛r❞ ❡rr♦rs r❡♣♦rt❡❞ ✐♥ ♣❛r❡♥t❤❡s❡s✳ ▲❇ st❛♥❞s ❢♦r t❤❡ ▲❥✉♥❣✲❇♦① st❛t✐st✐❝✳

✹✾



❚❛❜❧❡ ❇✳✹✳ ❉❈❈ ▼♦❞❡❧ ❊st✐♠❛t✐♦♥ ❘❡s✉❧ts✱ ❊①❝❧✉❞✐♥❣ ❈❤✐♥❛

❈♦❡✣❝✐❡♥t ❈♦r♥ ❈♦r♥ ✇✐t❤ ❚●❊ ❲❤❡❛t ❙♦②❜❡❛♥s

❈❇❖❚ ▼❆❚■❋ ❈❇❖❚ ▼❆❚■❋ ❚●❊ ❈❇❖❚ ▲■❋❋❊ ❈❇❖❚ ❚●❊
✭i❂✶✮ ✭i❂✷✮ ✭i❂✶✮ ✭i❂✷✮ ✭i❂✸✮ ✭i❂✶✮ ✭i❂✷✮ ✭i❂✶✮ ✭i❂✷✮

ωi ✵✳✻✺✺ ✵✳✵✷✼ ✵✳✺✺✹ ✵✳✵✷✹ ✵✳✾✽✼ ✵✳✸✹✷ ✵✳✵✹✻ ✵✳✵✸✼ ✵✳✹✶✷
✭✵✳✺✾✵✮ ✭✵✳✵✶✼✮ ✭✵✳✻✺✺✮ ✭✵✳✵✶✺✮ ✭✵✳✹✾✷✮ ✭✵✳✷✶✸✮ ✭✵✳✵✸✶✮ ✭✵✳✵✶✾✮ ✭✵✳✺✻✺✮

αi ✵✳✶✷✻ ✵✳✶✷✽ ✵✳✶✶✶ ✵✳✶✷✻ ✵✳✶✼✵ ✵✳✶✵✵ ✵✳✶✹✺ ✵✳✵✺✽ ✵✳✵✽✻
✭✵✳✵✻✶✮ ✭✵✳✵✺✵✮ ✭✵✳✵✼✽✮ ✭✵✳✵✹✾✮ ✭✵✳✵✺✾✮ ✭✵✳✵✷✽✮ ✭✵✳✵✹✼✮ ✭✵✳✵✶✶✮ ✭✵✳✵✻✺✮

βi ✵✳✼✸✻ ✵✳✽✼✷ ✵✳✼✼✵ ✵✳✽✼✹ ✵✳✺✾✵ ✵✳✽✸✻ ✵✳✽✺✶ ✵✳✾✸✷ ✵✳✽✺✼
✭✵✳✶✼✻✮ ✭✵✳✵✹✺✮ ✭✵✳✷✶✸✮ ✭✵✳✵✹✹✮ ✭✵✳✶✺✼✮ ✭✵✳✵✻✵✮ ✭✵✳✵✹✼✮ ✭✵✳✵✶✸✮ ✭✵✳✶✸✾✮

α ✵✳✵✹✶ ✵✳✵✶✶ ✵✳✵✶✵ ✵✳✵✵✵
✭✵✳✵✸✶✮ ✭✵✳✵✶✹✮ ✭✵✳✵✵✺✮ ✭✵✳✵✺✹✮

β ✵✳✾✶✹ ✵✳✾✼✶ ✵✳✾✽✻ ✵✳✵✵✵
✭✵✳✵✾✶✮ ✭✵✳✵✺✻✮ ✭✵✳✵✵✼✮ ✭✸✳✺✻✵✮

❚❡st ❢♦r st❛♥❞❛r❞✐③❡❞ sq✉❛r❡❞ r❡s✐❞✉❛❧s ✭❍0✿ ♥♦ ❛✉t♦❝♦rr❡❧❛t✐♦♥✮

▲❇✭✻✮ ✸✳✶✷✻ ✷✳✷✺✵ ✹✳✸✷✼ ✶✳✷✻✻ ✷✳✺✽✷ ✹✳✸✷✹ ✻✳✺✽✷ ✷✳✺✸✼ ✶✳✵✷✽
p✲✈❛❧✉❡ ✵✳✼✾✸ ✵✳✽✾✺ ✵✳✻✸✷ ✵✳✾✼✸ ✵✳✽✺✾ ✵✳✻✸✸ ✵✳✸✻✶ ✵✳✽✻✹ ✵✳✾✽✺

▲❇✭✶✷✮ ✸✳✾✺✷ ✼✳✻✼✽ ✺✳✼✵✹ ✺✳✸✻✺ ✸✳✾✵✻ ✽✳✾✻✶ ✶✹✳✹✹✾ ✺✳✼✸✽ ✶✳✺✻✾
p✲✈❛❧✉❡ ✵✳✾✽✹ ✵✳✽✶✵ ✵✳✾✸✵ ✵✳✾✹✺ ✵✳✾✽✺ ✵✳✼✵✻ ✵✳✷✼✸ ✵✳✾✷✾ ✶✳✵✵✵

▲♦❣ ❧✐❦❡❧✐❤♦♦❞ ✲✹✱✶✽✵✳✵ ✲✻✱✷✼✵✳✺ ✲✸✱✼✷✸✳✾ ✲✺✱✶✽✽✳✾
★ ♦❜s❡r✈❛t✐♦♥s ✶✱✶✵✺ ✶✱✶✶✺ ✾✻✵ ✶✱✷✷✼

◆♦t❡✿ ❈❇❖❚❂❈❤✐❝❛❣♦❀ ▼❆❚■❋❂❋r❛♥❝❡✲P❛r✐s❀ ▲■❋❋❊❂❯♥✐t❡❞ ❑✐♥❣❞♦♠✲▲♦♥❞♦♥❀ ❚●❊❂❏❛♣❛♥✲❚♦❦②♦✳ ❙t❛♥❞❛r❞
❡rr♦rs r❡♣♦rt❡❞ ✐♥ ♣❛r❡♥t❤❡s❡s✳ ▲❇ st❛♥❞s ❢♦r t❤❡ ▲❥✉♥❣✲❇♦① st❛t✐st✐❝✳

✺✵



❚❛❜❧❡ ❇✳✺✳ ❊st✐♠❛t❡❞ ❇r❡❛❦ ❉❛t❡s

❈♦r♥ ❲❤❡❛t ❙♦②❜❡❛♥s

❊①❝❤❛♥❣❡ ❇r❡❛❦ ❉❛t❡ ❊①❝❤❛♥❣❡ ❇r❡❛❦ ❉❛t❡ ❊①❝❤❛♥❣❡ ❇r❡❛❦ ❉❛t❡

❈❇❖❚ ✵✻✴✷✼✴✷✵✵✽ ✭❧❛st✮ ❈❇❖❚ ✵✷✴✷✷✴✷✵✵✽ ❈❇❖❚ ✵✷✴✷✼✴✷✵✵✽ ✭✜rst✮
▼❆❚■❋ ✵✻✴✵✺✴✷✵✵✽ ▲■❋❋❊ ✵✻✴✷✺✴✷✵✵✼ ✭✜rst✮ ❉❈❊ ✵✼✴✸✶✴✷✵✵✽ ✭❧❛st✮
❉❈❊ ✵✷✴✷✼✴✷✵✵✽ ✭✜rst✮ ❩❈❊ ✶✶✴✵✹✴✷✵✵✽ ✭❧❛st✮ ❚●❊ ✵✼✴✶✻✴✷✵✵✽

◆♦t❡✿ ❈❇❖❚❂❈❤✐❝❛❣♦❀ ▼❆❚■❋❂❋r❛♥❝❡✲P❛r✐s❀ ❉❈❊❂❈❤✐♥❛✲❉❛❧✐❛♥❀ ▲■❋❋❊❂❯♥✐t❡❞ ❑✐♥❣❞♦♠✲▲♦♥❞♦♥❀
❩❈❊❂❈❤✐♥❛✲❩❤❡♥❣③❤♦✉❀ ❚●❊❂❏❛♣❛♥✲❚♦❦②♦✳ ❚❤❡ ❡st✐♠❛t❡❞ ❜r❡❛❦ ❞❛t❡s ❛r❡ ❜❛s❡❞ ♦♥ ▲❛✈✐❡❧❧❡ ❛♥❞ ▼♦✉❧✐♥❡s
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