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Abstract

Over many years, we developed the construction of the ¢*-model on four-dimensional
Moyal space. The solution of the related matrix model Z[E, J] = f ddexp(tr(JO—F 2
%@4)) is given in terms of the solution of a non-linear equation for the 2-point function and
the eigenvalues of E. The resulting Schwinger functions in position space are symmetric
and invariant under the full Euclidean group. Locality is fulfilled. The Schwinger 2-point
function is reflection positive in special cases.

Keywords 4D noncommutative quantum field theory - Renormalisation -
Non-perturbative solution - Integral equation

PACS 2010 11.10.Gh - 11.10.Lm - 02.30.Rz

1 Introduction

Professor Zeidler supported and influenced our common work over many years: During the
one-semester stay in 2000/2001 of one of us (HG), we enjoyed the friendly hospitality at
MPI Leipzig. On the other hand, from 2002 to 2005, RW was post-doc at the MPI. During
this time, we achieved the perturbative renormalisation proof of the noncommutative ¢>j—
model. Prof. Zeidler was constantly interested in the progress of this work, financed our
mutual visits in Leipzig and Vienna and, most importantly, introduced Vincent Rivasseau to
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RW in December 2003. This changed life of all three of us. Vincent jumped to the subject
and pushed it enormously, together with his group. They extended the vanishing of the
beta-function to all orders in pertubation theory and led us to develop the non-perturbative
solution after 2009. On the first version of these equations, we had an intense exchange with
Prof. Zeidler in 2011. These discussions inspired our reduction of the equations to a fixed
point problem in 2012. In a contribution to a special volume dedicated to Prof. Zeidler’s
75th birthday, we were able to prove existence of a solution. We remember the long phone
conversation with Prof. Zeidler about this fixed point problem.

In this contribution, we summarise the main developments in our programme since
2002, referring to [8—16]. Originally intended as renormalisation of the noncommutative
qu-model, our work turned into a programme to exactly solve quantum field theory toy
models:

1. In December 1999, Minwalla, van Raamsdonk, and Seiberg pointed out [19] that Feyn-
man graphs for scalar fields on noncommutative R* show a novel type of singularity
(termed UV/IR-mixing) which prevented renormalisation. This came as big surprise,
and for several years, no solution was found. Eventually, combining the Wilson—
Polchinski programme for noncommutative ¢*-theory with the harmonic oscillator base
of the Moyal plane (which avoids the phase factors appearing in momentum space), we
solved in a series of papers [9—11] the renormalisation problem. Thereby, we achieved
the remarkable balance of proving renormalisability of the ¢*-model to all orders and
reconfirming the UV/IR-duality of [19]. The main steps are given in Section 2.

2. Soon after the renormalisation proof, we showed that the running coupling constant has
bounded flow to one-loop order (see [8], reviewed in Section 3). This result led to a
close collaboration with Vincent Rivasseau and his group. He emphasised that it should
be possible to construct this model non-perturbatively! They established the foundation
by proving that at a special self-duality point, the B-function vanishes to all orders
[5]. We understood that their method goes beyond the B-function and used it to derive
a closed non-perturbative equation for the 2-point function [12] (which we intensely
discussed with Prof. Zeidler).

3. In [14], we gave a rigorous derivation of these equations. As reviewed in Section 4,
Ward identities for the U (co) group action lead to an exact solution of the quartic matrix
model in terms of the solution of a non-linear equation. As by-product, we find that any
renormalisable quartic matrix model has vanishing 8-function.

4. Self-dual ¢2-the0ry on Moyal space [10, 11] is of that type. We give a summary of
the proof in Section 4.3. The non-perturbative solution leads, for extreme noncommu-
tativity 6 — o0, and after careful discussion of thermodynamic and continuum limit,
to a non-linear fixed point equation [14], for which a non-perturbative and non-trivial
solution exists for & < 0 [16]. The key step is the observation that a certain difference
function satisfies a linear singular integral equation of Carleman type.

5. Following [13], we identify in Section 5 a limit to Schwinger functions for a scalar field
on R*. Surprisingly for a highly noncommutative model, these Schwinger functions
show full Euclidean symmetry. Otherwise, they have unusual properties such as absent
momentum transfer in interaction processes. This seems to suggest triviality, but the
numerical investigation [15] of the 2-point function shows scattering remnants from
a noncommutative geometrical substructure. Most surprisingly, the Schwinger 2-point
function seems to be reflection positive in one of its phases.
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2 Renormalisation of Noncommutative ¢*-theory to All Orders

The renormalised ¢*-model corresponds to the classical action
e Q2 . ; n? A
S= [ d'x 58M¢>a»r8“¢ + 7(3‘/4‘15) * (X* @) + 7(1)*(1) + Zd)ﬂpﬂp*qb x), (D

with X, = 2(@’1),“) x" and the star product is defined by [6, 7]:

(a»b)(x) / AVATK | 10 Kb(x+y)e
axb)(x) = | ———a(x+50 - X e,
(27‘[)D 2 y
The appearance of the harmonic oscillator term %2 (X,0) * (X" ¢) in the action (1) is a result
of the renormalisation proof, as sketched below. It also permits a transformation

SIo: o . Q) s 25 g B0 2 L )
i 1o, A, S RO
under Langmann—Szabo duality [17].

Relativistic quantum field theories on noncommutative Minkowski space are much more

difficult [1]. Here the UV/IR-mixing problem occurs in different types of graphs [2].
2.1 The ¢*-action in the Matrix Base
We assume for simplicity that 81 = —60; = 634 = —043 are the only non-vanishing

components. A key step is expansion of the fields in the harmonic oscillator base [7] which
in two dimensions reads

with z € C = R2. Collecting them to Smn (X1, o003 X8) = fogn, (X1 +1X2) fingn, (X3 + ix4)
where m = Z;, these functions satisfy (fiun * fir)(x) = Suk fmu(x) and fR4 dx frun(x) =

(2719)28,2,1 . Working out the action of Laplace operator and multiplication by x on f,,, and
expanding ¢ (x) = Zmﬂ Dy fmn (x), the action (1) takes the form

) 1 y
Sig) = SI®] = @70 Y (5 Pun Akt Pat + 3 Pon Pk Pt ®im | - (4)

m,n.k,leN?

24202
Ay pp = (,Mz + T(ml-l-nl—l—mZ—l-nz—l—Z)) 8,118,,1718,2420,,22
2 2 ,2
2-2Q2
T (V KU1y g1 81 g 1V mlnl‘snl—l,kl‘sml—l,ll) Sp2p2822

m? n? K
2-2Q? )
- (\/ k228,21 28241 12+ m2n28n271,k28m271,12) 811811

The quantum field theory is constructed as a perturbative expansion about the free the-
ory, which is solved by the propagator Gk, the inverse of A,,;;z;. After diagonalisation
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of Ayup:xs (which leads to orthogonal Meixner polynomials) and the use of identities for
hypergeometric functions one arrives at

0
Guwwn = m5;nl+kl,nl+ll5mz+k2,n2+/2
ml 41! m2 412
2 2 5
x Z Z B(l—l—‘g—g—i—%(ml—f—kl—l—mz—i—kz)—vl—v2,1+2v1+2v2)
(Il =t1) o m2-12)

2
“ 14204202 B2 — Lo + k' +m? + &%) + 0! + 02
2
2+ 40 4 Lo k' m? kD) o 0P

1—-Q 2v]+2v2
[ ——
14+Q
2 ni ki mi Ji
X ; i_pi ; i_pi ; i_ji c o qimi ) 5
il] <Ul+n2k)<vl+k2n)(Ul+n121><vl+l 2m> ()

It is important that the sums in (5) are finite.

(1-Q)?
(1 +Q)?

2.2 Renormalisation Group Approach to Dynamical Matrix Models

The (Euclidean) quantum field theory is defined by the partition function

Z[J] :/D[¢]exp —S[®] — 270)* Y P Jum

m,n

The idea inspired by Polchinski’s renormalisation proof of commutative ¢*-theory is to
change the weights of the matrix indices in the kinetic part of S[®] as a smooth function
of an energy scale A and to compensate this by a careful adaptation of the effective action
L[®, A] such that Z[J] becomes independent of the scale A. If the modification of the

weights of a matrix index m € N is described by a function K (emﬁ)’ then the required
A-dependence of the effective action is given by the matrix Polchinski equation
OL[D, A] 1 dL[®, A]OL[D, A] 1 92L[®, A]
A—T— = — (270 k(A — ;
IA m;d 3 (270 Qume () ( Py 0Dy (276)> 3q>m,,aq>k,>
(6)
where
270 Qumik (A) == A 9 I k(- Ve (A) (7
b4 . =A— — : .
’lﬂs& aA 9A2 ﬂm,&
iem!,m2,... 1,12

In this section, we look for a perturbative solution of the matrix Polchinski equation (6). In
terms of the expansion coefficients

00 2V42 (271_9)%_2
— 14 V)
L[®, A] = E A E N E , Apnyeamyny APy = yny (8)
V=l N=2 ’ m;.n; eN?
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of the effective action, the matrix Polchinski equation (6) is represented by ribbon graphs
(we suppress n > n in ribbon graphs):

ny
L Tmy
A a - ny
A . fiti
A"}’nz\\VnZ
NN +A
SN
l’lﬁ ! 4mN1+l
1 N—-1
P - ®
mnkllel :
4”1 mN“nN

n_k
An internal double-line T symbolises the propagator O,k (A). In this way, very

complicated ribbon graphs can be produced which cannot be drawn any more in a plane.
A ribbon graph represents a simplicial complex for a Riemann surface and thus defines
the topology of the Riemann surface on which it can be drawn. The Riemann surface is
characterised by its genus g computable via the Euler characteristic of the graph, g =
11— f(L — [ 4+ V), and the number B of holes. Here, L is the number of single-line loops
if we close the external lines of the graph, 7 is the number of double-line propagators and
V the number of vertices. The number B of holes coincides with the number of single-line
cycles which carry external legs. Accordingly, we also label the expansion coefficients in

(8) by the topology, A5

Miny;... myn

We have proven in [é]la poévvel}]-counting estimation for these coefficients which relates
the A-scaling of a ribbon graph to the topology of the graph and to two asymptotic scal-
ing dimensions of the differentiated cut-off propagator Q,.x(A). As a result, if these
scaling dimensions coincide with the classical momentum space dimensions, then all non-
planar graphs are suppressed by the renormalisation flow. This is a necessary requirement

for the renormalisability of a model. On the other hand, as the expansion coefficients
V)
A

ming;..omyny
estimation proven in [9] leaves, a priory, an infinite number of divergent planar graphs.
These planar graphs require a separate analysis.

[A] carry an infinite number of matrix indices, the general power-counting

2.3 Power-Counting Behaviour of the Noncommutative ¢*-model

The key is the integration procedure of the Polchinski equation (9), which involves the entire

magic of renormalisation. We consider the example of the planar one-particle irreducible

four-point function with two vertices, Al(j ,11 OIPI n . The Polchinski equation (9) provides
nyseesmgny

the A-derivative of that function:

Y .~
m 7
J L @101PI _ 0k .
A=A kekim D] = E ‘ : (A) + permutations . (10)
I et “ m \/ k
EENZ :n A

@ Springer



98 H. Grosse, R. Wulkenhaar

Performing the A-integration of (10) from some initial scale Ag (sent to oo at the end)

AGLOIPI [A] ~ log %, which diverges for Ag — oco. Renor-

down to A, we obtain -

malisation can be understood as the change of the boundary condition for the integration.
QLOIPL "
ma:ﬂ:kl:lm[ ]

log AAR, and there would be no problem for A9 — oo. However, since there is an infinite
number of matrix indices and there is no symmetry which could relate the amplitudes, that
@LOIPL oy

minkkl: LA R]- TO
have a renormalisable model, we can only afford a finite number of integrations from A g
up to A. Thus, the correct choice is

Thus, integrating (10) from a renormalisation scale Ar up to A, we have A

integration procedure entails an infinite number of initial conditions A

2.1,0)1PI
mn'nk‘k]'lm[A]
T Y s Y s
/Ag AN Z m /_\ ¥ m W %
— . . _ . . [A’]
A N A m k m k
per :n \_/ R b U Oy
sy 1Y Y g
me ok Adn 0. /_\ 0 (2.1,0)1PI
+m Sk /;\ G > 0 o [IA7 400000000l AR]
R
nomy AN 0\

1D

The second graph in the first line on the right-hand side and the graph in brackets in the last
line are identical, because only the indices on the propagators determine the value of the
graph. Moreover, the vertex in the last line in front of the bracket equals 1. Thus, differen-
tiating (11) with respect to A we obtain indeed (10). As a further check one can consider

AQLOIPI

e lm[AO] on the indices

(AD)form=n=k=1= 8 . Finally, the independence of

m, n, k, [ is built-in. This property is, for A9 — 00, dynamically generated by the model.

There is a similar Ag-Ag-mixed integration procedure for the planar 1PI two-point

A(V 1,0)1PI A(V 1,0)1PI A(V 1 O)IPI . and all other A(V 1,0)1P1

Conloml o m+ln+l Con'om! m! n! onlm mn;nk;kl;lm*
2 2

functions

mz nz Con? om? *on? mz m> 41 n>+1 n® om

These involve in total four dlfferent sub-integrations from A g up to A. We refer to [10] for
details. All other graphs are integrated from Ag down to A, e.g.,

ni Mms
/@
(2.2,0)1P1 _ )
G20 )= /A = 4@/ E a2
EE

m1V n1

Theorem 1 The previous integration procedure yields

(V.B,g)
‘Am121§4--§mNﬂN [A]‘ (13)
- (\/EA)(4—N)+4(1—B—2g) pAV-N |:max(|m1|,0|i12|, .. |QN|)] p2v—y |:10g A]
AR

m!
where P9[X] stands for a polynomial of degree q in X and | m2 | =m! +m?
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Idea of the proof. For the choice K(x) = 1 for0 < x < 1and K(x) = 0 for x > 2 of the
cut-off function in (7) one has

Co
[Qmn:ki (M| < m%&w- (14)
Thus, the propagator and the volume of a loop summation have the same power-counting
dimensions as a commutative ¢*-model in momentum space, giving the total power-
counting degree 4 — N for an N-point function.

This is (more or less) correct for planar graphs. The scaling behavior of non-planar

graphs is considerably improved by the quasi-locality of the propagator:

—1
07 A 101040, 1+a
0 000

5)

. . n k .
As a consequence, for given index m of the propagator Q .k (A) = %, the contri-

bution to a graph is strongly suppressed unless the other index / on the trajectory through m
is close to m. Thus, the sum over [ for given m converges and does not alter (apart from a
factor Q1) the power-counting behaviour of (14):

Ci
5 (man1 Quar) < pts: 1o

JeN2 N T

In a non-planar graph like the one in (12), the index n;—fixed as an external index—
localises the summation index p & nj;. Thus, we save one volume factor 62 A* compared
with a true loop summation as in (2.3). In general, each hole in the Riemann surface saves
one volume factor, and each handle even saves two.

A more careful analysis of (5) shows that also planar graphs get suppressed with

|m* —1']

O w win(A)|<=52 l—[izzl (M) * L formi < n',if the index along a
Ko

JERRERE QoA2 0A?
. . . . V,1,0)1PI V,1,0)1PI V,1,0)1PI
trajectory jumps. This leaves the functions Aiﬂﬂ:ﬂ?kuﬂ’ A(’"i o ) e A(m;)rl )”i“f‘ i
(V,1,0)1PI . .
and A", . as the only relevant or marginal ones. In these functions one has to
S I

use a discrete version of the Taylor expansion such as

0 (A)— 0 (A) C3 max(ml,mz)
SIS goa2 OA2 :
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which can be traced back to the Meixner polynomials. The discrete Taylor subtractions are
used in the integration from Ay down to A in prescriptions like (11):

b v n ff A v 0 0 n :
- A ok
* £€N2 mjz\/z« mszzw
Ao dA’ Ao dAN” .
= /A = / = (Qupipn = Copipd) (A) Q1 ()
peN?
Cln]+1L])
I 4 = =
0050 (A (Qipipt = Qupipn) (A1) ~ 5 =2 (17)
This explains the polynomial in fractions like ‘m‘ in (13). O

As the estimation (13) is achieved by a finite number of initial conditions at A (see
(11)), the noncommutative ¢4—model with oscillator term is renormalisable to all orders in
perturbation theory. These initial conditions correspond to normalisation experiments for
the mass, the field amplitude, the coupling constant, and the oscillator frequency in the bare
action related to (1).

3 Vanishing of the -Function

Knowing the relevant/marginal couplings, we can compute Feynman graphs with sharp
matrix cut-off A/. The most important question concerns the 8-function appearing in the
renormalisation group equation which describes the cut-off dependence of the expansion
coefficients Iy, 5,:....myny Of the effective action when imposing normalisation conditions
for the relevant and marginal couplings. We have [§]

. ad d 0 0
J\}gnoo (Nw + Ny + M(Z)ﬂ/LOTMZ + ,3)\87 + ﬂQaQ) leﬂﬁn-quﬂN[MU’ A, Q,N] =0,
0

where

0 d
B. ZNW(}»[MR,KR,QR,N]% ﬂQZNW(Q[MR,kR,QR,N])7

N d
Buo = "2 (il i @0 AT,y =N 0 2, Q0 D (19)

Here, Z is the wavefunction renormalisation. To one-loop order, we find [8]

AR (1-9Q%) ArQr (1-Q%)

- 19

P = 1802 (1+9Q3)3 Pa="gem (14Q2)3 (1%
(8+0u%)0%

h AR <4N1n(2)+7(1+92)2 R

o = B4 L 9677 (149%)°

From (18) and (19), one finds that 2 =5 remains constant under the renormalisation flow. The
integration of the resulting differential equation shows that, starting from given small values

for Qg, Ag at Ng, the frequency grows in a small region around In & i 48” to 2~ 1.
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How Prof. Zeidler Supported our Research on... 101

The coupling constant approaches Ao = S}_‘Z—’;, which can be made small for sufficiently

small A g. This leaves the chance of a non—per?urbative construction [23] of this model.

The key observation for all subsequent work is the following: The one-loop renormalisa-
tion flow has a non-trivial UV fixed point given by the self-dual model Q2 = 1 in (2) where
B = 0to all orders. Working exactly at 2 = 1 leads according to (4) to the formulation as
a matrix model

YA

1
S[@] = 216)” | 5 mZ Hinn @i P + ==

m,n m.n.k,leN?

Pon Pk Pit Pim | » (20)

where Hy, = Z%(Iml +|n])+ (u3,,, +2) and |m| := m; 4+ m,. Up to an inessential factor

ﬁ and a shift ,uiw 2 /Ll% are» this action can also be written as

rZ?
S[®] = Vir (Ed>2 + T@“) , 21

where E = (Ep0p,) with E,, = Z% + %M%am and V = (%)2. This form, closely
related to models studied in [18], will be the starting point of a general treatment of such
models in Section 4. Starting from (20), Disertori and Rivasseau were able to prove that
the B-function vanishes to three-loop order [4]. This result led to the conjecture of 8 = 0
to all orders, which was eventually proved in [5] by a combination of Ward identities and
Schwinger—Dyson equation.

We understood immediately that the method suggested in [5] has the potential to provide
an exact solution of the model. Indeed we proved in [12] that the 2-point function satisfies
(in a certain limit) a closed non-linear integral equation, which is essentially equation (30)
below, but expressed in other variables. In [12], we also gave a perturbative approximation
of the solution. In the following years, we tried to extract non-perturbative information out
of (27). We were joined by Prof. Zeidler in 2011 who tried to use techniques from non-linear
functional analysis. Although a breakthrough was not achieved in this way, the exchange
with Prof. Zeidler stimulated a different strategy via singular integral equations, which will
be described in the next section.

4 Exact Solution of the Quartic Matrix Model

Adding a source term to the action (21), we define the partition function as
Z[J] = /D[tb] exp(—S[®] + Vir(dJ)),

where D[®] is the extension of the Lebesgue measure from finite-rank operators to L2(H )
and J a test function matrix. For A = 0 in (21), % would be the Gaussian measure of
covariance determined by E. In the presence of interaction A # 0, a rigorous construction of
the measure cannot be expected. Instead we will derive, for finite matrix size N, equations

between connected correlation functions formally defined by

N log Z[J]
ayby anby I c 0Jpray - 0Jbyay |7=0
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102 H. Grosse, R. Wulkenhaar

Then, we prove that, after renormalisation, these equations have a well-defined limit
N,V — oo which is exact in A. We are then able to reduce this problem to a fixed point
problem where analytic and numerical techniques are applied.

4.1 Ward Identity

The first steps apply for actions of the form (21) with arbitrary positive E and even general
polynomial interaction %Cb“ — P[D].

Unitary operators U give rise to a transformation ® > ® = U®U*. Since the space of
selfadjoint compact operators is invariant under the adjoint action, we have

/D[op] exp(—=S[®] + Vir(dJ)) = /D[cb] exp(—S[®] + V tr(dJ)).
Unitary invariance D[®] = D[®] of the Lebesgue measure implies
0= /D[(D] {exp(—S[CD] + Vir(®J)) — exp(—S[P] + Vtr(ciu))} .

Note that the integrand {...} itself does not vanish because}r(E ®?) and tr(®J) are not

unitary invariant; only the interaction term tr(P[®]) = tr(P[P]) is invariant. Linearisation
of U about the identity operator leads to the Ward identity

0= /D[@]{ECDCIJ —OPE — JO + OJ}exp(—S[P] + V tr(PJ)). (23)

We can always place ourselves in an orthonormal basis of H where E is diagonal (but J is
not). Since E is of compact resolvent, E has eigenvalues E, > 0 of finite multiplicity p,.
We thus label the matrices by an enumeration of the (necessarily discrete) eigenvalues of E
and an enumeration of the basis vectors of the finite-dimensional eigenspaces. Writing ® in
{...} of (23) as functional derivative ., = %J;m’ we have proved (first obtained in [5]):

Proposition 1 The partition function Z[J] of the matrix model defined by the external
matrix E satisfies the |I| x |I| Ward identities

(E.— Ep) 0°Z 02 3Z
0= J - : 24
2 ( Vo 3Junddnp T i @9

nel

Without loss of generality, we can assume that the map I > m — E,, € R, is injective.
Namely, correlation functions will only depend on the set of eigenvalues (E,,) of E. Parti-
tioning the index set / into equivalence classes [m] which have the same E,,, the index sum
over a function that only depends on E,, becomes Zmel f(m) = Zlm]e[” Wim) f ([m]).
Therefore, at the expense of adding a measure [, = dimker(E — E,id), we can assume
that m — E,, is injective.

Next, we turn the Ward identity (24) for injective m +— E,, into a formula for the second
derivative ), ; % of the partition function. Thereby, a term proportional to §,), arises

which was identified in [14, Theorem 2.3].
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How Prof. Zeidler Supported our Research on... 103

4.2 Schwinger-Dyson Equations

We can write the action as § = % Za,b(Ea + Ep)PupDpy + V Sint[P], where E, are the
eigenvalues of E. Functional integration yields, up to an irrelevant constant,

Z[J] = e VSimlvizl g TV DE, (J. g = i Jum
En + Ey

m,nel

(25)

Instead of a perturbative expansion of e_VS"'”[%HJ, we apply those J-derivatives to (25)
which give rise to a correlation function G __ on the left-hand side. On the right-hand side of
(25), these external derivatives combine with internal derivatives from S,-m[%] to certain
identities for G . These Schwinger—Dyson equations are often of little use because they
express an N-point function in terms of (N + 2)-point functions.

In the field-theoretical matrix models under consideration, the Ward identity lets this
tower of Schwinger—Dyson equation collapse. We prove in [14]:

Proposition 2 The 2-point function of a quartic matrix model with action S = Vtr(E®? +
%@4) satisfies for injective m +— E,, the Schwinger—Dyson equation

1 Ao G ool — Glab
Glap| = - = Gap|Glap| — M (26a)
E,+ Ep Ea+Epre1 E,—E,

: Glala|G +IZG
V2(Eq + Ep) \ 71 Ty lanlab]

" Gpibl = Glalbl e
+Glaaab| + Glpaba] — B, E,
_mclawam. } (26¢)
It can be checked [14] that in a genus expansion G = Z;OZO -2 fo) (which is

probably not convergent but Borel summable), precisely the line (26a) preserves the genus,
the lines (26b) increase g — g + 1 and the line (26c) increases g + g + 2. In particular, in
a scaling limit V — oo with % > el finite, the exact Schwinger—Dyson equation for G|4p
coincides with its restriction (26a) to the planar sector g = 0, a closed non-linear equation
for G\(gl)ﬂ alone:

© 0

o 1 Aol ©® ~© _ Gippl ~ Glab

GO = - =3 (6060, - )
4 Ea+Eb Ea+EprEI a ap Ep_Ea

We have derived in 2007/2008 this self-consistency equation for the Moyal model by the
graphical method proposed by [5]. In this form, (27) is meaningless because Y per diverges.
In 2009 we solved the renormalisation problem, namely the renormalisation of infinitely
many Feynman graphs at once [12]. This renormalisation increases the non-linearity. In
[12] we have solved (27) perturbatively to O(\3). After several years of setbacks with the
non-perturbative solution, a breakthrough came in 2012: The equation (27) can be turned
into an equation (given in (32) below) which is linear in the difference GI(SZI — G‘(uog)‘ to the

boundary and non-linear only in G‘(g())‘ !
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It turns out that a real theory with ® = ®* admits a short-cut which directly gives the
higher N-point functions without any index summation. Since the equations for G are
real and J,p = Jpa, the reality Z = Z implies (in addition to invariance under cyclic
permutations) invariance under orientation reversal

G . (28)

o Py--PNy 1 l-APG PP PR | T G\p(l)pi,l,lu-p} |-1P§ PR 1T |

Whereas empty for Gap|, in (Eq+Ep)Gabby..by_ — (Ea+Epy_)Gaby_;..bop, the iden-
tities (28) lead to many cancellations which result in a universal algebraic recursion
formula:

Proposition 3

N-2
2

Glboby...bo—11G byboisi..by—1] = Glboby..by_11Glbobaii1..on—il
(Ebo - Ebz[)(Ebl - EbN_l)

Giboby..by_1| = (=2)
=1

N—1
+(_)‘) Z Glboby...bx—11bibis1.-by—1] = G lbgby...bg_1lbobisi..by—1]

1% (Eby — Ep)(Epy — Epy_,)

(29)
k=1

The last line of (29) increases the genus and is absent in G‘(l());b] byl
We make the following key observation: An affine transformation E — Z E+C together
with a corresponding rescaling A — Z22 leaves the algebraic (29) invariant:

Theorem 2 Given a real quartic matrix model with S =V tr(E®? 4+ %@4) and m +— E,,

injective, which determines the set Glp]l__.p}V PP opB | of (N1 + - - -+ Np)-point functions.
1 B

Assume that the basic functions with all N; < 2 are turned finite by E, — Z(E, + “72 —

2
%) and ) — Z%)\. Then all functions with one N; > 3

1.  are finite without further need of a renormalisation of A, i.e., all renormalisable quartic
matrix models have vanishing B-function,

2. are given by universal algebraic recursion formulae in terms of renormalised basic
Sfunctions with N; < 2.

The theorem tells us that vanishing of the B-function for the self-dual d>j—model on
Moyal space (proved in [5] to all orders in perturbation theory) is generic to all quartic
matrix models, and the result even holds non-perturbatively!

The universal recursion formula (29) computes the planar N-point function G, by_|
at B = 1 as a sum of fractions with products of 2-point functions in the numerator and
products of differences of eigenvalues of E in the denominator. This structure admits an
interesting graphical interpretation. We draw the indices by, . .. by— in cyclic order on the

circle ! and represent a factor Gy, ;asa chord connecting b; with b; and a factor ﬁ
i J

as an arrow from b; to b;.
The chords form the non-crossing chord diagrams counted by the Catalan number

!
Cyn=—-M__
77 G+ i
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4.3 Renormalisation and Integral Representation

We return to the noncommutative ¢*-model at self-duality point = 1, where the action is
given by Eq. (20). Our general results on quartic matrix models imply that the planar 2-point
function G‘(gil satisfies the self-consistency equation (27),

©) 0)

1 Z2 1 Gipol = Clab
G‘(O;),‘ _ _ L Z G\(Ol)lel(O)l _|pbl lab] ’ 30)
@l Es+E, E;+E,V aol - lap E,—Eq

peNy
2

where we recall E,, = Z (l}/nvl + % . We have introduced a cut-off va in the matrix

size; the index sum diverges for N4 ime N2. As usual, the renormalisation strategy consists

in adjusting Z, ftpar in such a way that the limit N3 e N? exists. This will be achleved

by normalisation conditions for the 1PI function I'y;, defined by G\(al)7| =: (Hap — Tap) ™!

where Hyp := E, + Ejp. We express (30) in terms of "5 and write I'yy, as first-order Taylor
formula with remainder I'" Z”,

Fab = Zitjare — 1> + 272 (lal + b)) + Ty, Tgg" =0, (3170 = 0.

Equation (30) for Iy [F;i” lezwe, ] together with F“’" = 0 and (aT"*")(p constitute

three equations to determine the three functions I'7¢", 2 7. Eliminating u2 . Z thus
q ab bare € Mpare
gives rise to a closed equation for the renormalised function T';" alone. For this elimi-

nation, it is important to note that the equations for I'/}", ui re» Z depend on a, b only
via the norms |a|, |b| which parametrise the spectrum of E. Therefore, I'yp is actually a
function only of |a|, |b|, and consequently the index sum reduces to Y peNd, fdph) =

SN oUplHD £(UpD.
We study a particular scaling limit in which matrix size A/ and volume V are simul-
taneously sent to oo such that the ratio N_ = A2(14)) is kept fixed. Note that
Vvt
V= ( %)2 — 00 is a limit of extreme noncommutativity! The new parameter (1+)/) corre-
sponds to a finite wavefunction renormalisation, identified later to decouple our equations.
The parameter A” represents an ultraviolet cut-off which is sent to A — oo in the very

end (continuum limit). In the scaling limit, functions of % =: u>(1 + V) p converge to
functions of ‘continuous matrix indices’ p € [0, A%]. In the same way, I'7¢%" converges to a

function ,u2 I‘ab with a, b € [0, A2], and the discrete sum converges to a Riemann integral

Ipl
. Z(|p|+ 0r () — s [ s (5204 90p).
Ipl 0
This limit makes the restriction to the planar sector (27) of (26a)—(26c) exact.

Applying f—b la=b=0 We get Z in terms of [',; (and its derivative). Inserted back one
gets a highly non-linear integro-differential equation. We can reduce the non-linearity

by subtracting from it the same equation taken at b = 0. In terms of G, =
(a+b)1+IY)+1-— I’ab)71 , this difference equation reads
Gpp G0
z7l /1 1 A2 2
7< - >=b—k/ pdp e G 31)
1+ V) \Gup Gao 0 p—a
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Differentiation % la=p=0 of (31) yields Z in terms of G, and its derivative. The resulting
derivative G’ can be avoided by adjusting

A2 G -G
= —ali dp =Pt —2p0
Y hg%/o p b

2
This choice leads to 1—A fOA dpG po, which is a perturbatively divergent integral

Z—l
a+y =
for A — oo. Inserting Z~! and ) back into (31) we end up in a linear integral equation for
the difference function D, := %(GalJ — G,0) to the boundary:

b 1 A pr - Dab gp(())
-+ Dyp +Gao = A / dp| ——— |- (32)
a aGgy 0 p—a

The non-linearity restricts to the boundary function G,0 where the second index is put to
zero. Assuming a — G, Holder-continuous, we can pass to Cauchy principal values. In
terms of the finite Hilbert transform

HALf(0)] = — hm (/ / ) f(‘I)dq, 33)

the integral equation (32) becomes

b 1+ iraHL [G,
(, + LG[O]) Dy — )»7{7-[(/1\ [Der] = —Gao. (34)
a aGao

4.4 The Carleman Solution
Equation (34) is a well-known singular integral equation of Carleman type [3, 24]:

Theorem 3 ([24], transformed from [—1, 1] to [0, A%]) The singular linear integral
equation
h(@)y(@) = aHL [yl = f(@),  a€l0, AL,

is for h(a) continuous on 10, A2[, Holder-continuous near 0, A2, and f € LP? for some
p > 1 (determined by v (0) and 19(A2)) solved by

sin( (a))e~Ha T =01
ATTa

y(@) (af(a)e r=21 cos(8 (a))

+7.¢A[ [t o £(a) sm(l?(o))]-l—C) (35a)

sin( (a))ea ]

R (f(a)e*“f‘? 191 cos (9 (a))

*

+HA [e—”f 7] £ (o) sin(ﬁ(o))] + ﬁ) . (35b)

here 9(a) = arct (*—”),'0 = Wil > gadc C
where 1 (a) arctano, ] { 7z sin(v (a)) oo an are

arbitrary constants.
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The possibility of C, C’ # 0 is due to the fact that the finite Hilbert transform has a
kernel, in contrast to the infinite Hilbert transform with integration over R. The two formu-
lae (35a) and (35b) are formally equivalent, but the solutions belong to different function
classes and normalisation conditions may (and will) make a choice.

From (34), one introduces an angle function, which leads to a representation first for
Go:

1+2maHL (G 0]
Ga0

Lemma 1 The angle function t,(a) = arctanfg x| (m) is for b = 0 reverted
to
for » <0,

1
(1 + Agfa) for x>0,

a0 = (36)

SIN(T0(2)) sign() (4 [zo ()1~ H2 [z0 ()
[A|ma

where C is an arbitrary constant.

Recall that G, forms the inhomogeneity in the Carleman equation (34). We insert
(36) into the Carleman solution (35) for (34) and obtain with the addition theorem
[Mma sin(tg(a) — tp(a)) = (b —d) sin tp(a) sin 77 (a) after essentially the same steps as in
the proof of (36):

Theorem 4 ([15]) The full matrix 2-point function Ggp of self-dual q{)j-theory on Moyal
space is in the limit & — 00 given in terms of the boundary 2-point function G,y by the
equation

Q

SIN(TH (@) gion()(HA (10 (o) —HA 1 forx <0,
= O o [to(®]—Hg [th(9)])
= wa (14450 fori. > 0, (37)

where C is an undetermined constant and b F (b) an undetermined function of b vanishing
atb =0.

Some remarks:

—  We have proved this theorem in [14] for A > 0 under the assumption C’ = 0
in (35b), but knew that non-trivial solutions of the homogeneous Carleman equation
parametrised by C’ # 0 are possible. That no such term arises for A < 0 (if angles are
redefined ¥ +— 1) was proved in [15].

—  Weexpect C, F to be A-dependent so that <1 + M) 1+ Ca+ bFb).

— Animportant observation is G4 > 0, at least for A < 0. This is a truly non-perturbative
result; individual Feynman graphs show no positivity at all!

— As in [12], the equation for G, can be solved perturbatively. Matching at A = 0
requires C, F to be flat functions of A (all derivatives vanish at zero). Because of

a—A? .. L.
HA[Ga] —> —o0, the naive arctan series is dangerous for A > 0. Unless there are
cancellations, we expect zero radius of convergence!
—  From (37), we deduce the finite wavefunction renormalisation

/Az dp _{0 for A <0,
27| F(O) for &> 0.
0 L+ATpH (G ool
2
(mp)? + ( ot )

a=b=0

(38)
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— The partition function Z is undefined for A < 0. But the Schwinger-Dyson equa-
tions for G, and for higher functions, and with them log Z, extend to & < 0. These
extensions are unique but probably not analytic in a neighbourhood of A = 0.

Given the boundary function G, the Carleman theory computes the full 2-point func-
tion G via (37). In particular, we get Gop, as function of G,o. But the 2-point function is
symmetric, G, = Gpq, and the special case b = 0 leads to the following self-consistency
equation:

Proposition 4 The limit 6 — oo of qﬁi—theory on Moyal space is determined by the solution
of the fixed point equation G = TG,

1 forx <0,
L+bF(b) fork>0 b A2 dp
o = exp | —X | dt
1+b 0

2
0 1+apHA (Gl
2 )
(Amp)* + <t+ o )

(39)

At this point, we can eventually send A — oo.

In [14], we proved via the Schauder fixed point theorem that (39) has a (smooth) solution
for A > 0 (assuming F(b) = 0) bounded by 0 < Gjpp < ﬁ. For the much more compli-
cated case A < 0, we proved in our contribution [16] to the 75th birthday of Prof. Zeidler
the following result:

Theorem 5 Let — L <A <0.Then, (39) has a Cé -solution

1 1
(1 +b)lf|)hl = 1 [A]

— T30 '

In [15], we solved (39) numerically by approximating Gy as a piecewise linear function
on [0, A?] sampled according to a geometric progression and by viewing (39) as iteration
G&gl = (T G')gp for some initial function G°. We confirmed the convergence of this itera-
tion in Lipschitz norm for a large range A € R of either sign. It turned out that the required
symmetry G,» = Gp, does not hold for A > 0, which is a clear hint that F(b) # 0 for
A > 0. For A < 0 everything is consistent within small numerical errors. From the solution
of (39) we get G via (37) and then all higher correlation functions via the universal alge-
braic recursion formulae. For A < 0, all these quantities of the model can be obtained with
sufficient precision.

We find clear evidence in [15] for a second-order phase transition at A, & —0.39, which
is a common critical value in several independent problems. The most obvious signal is a
plot of the derivative 1 4+ ) := —dg—bo” |p=0 as function of A shown in Fig. 1.

Globally, we found that the numeric solution is close to (but not exactly) a power
law Gpp W, where 1 has opposite sign as A. This numerical conjecture was
later made precise and proved in [16]. We have indications that the exact critical coupling
constant will be A, = —%.

We discuss in the next section how the sign on 5 relates to reflection positivity of
Schwinger functions made from G . Reflection positivity requires n > 0 which excludes
(unless F(b) # 0 reverses the behaviour) the stable case A > 0 and prefers A < 0 where the
partition function is meaningless.
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Fig.1 1+ Y = —9S% |, as function of A, based on Gop computed for A2=107 with L = 2000 sample
points

5 Schwinger Functions and Reflection Positivity
5.1 Reverting the Matrix Basis

We are interested here in the limit to Schwinger functions in position space. For this end,
we revert the matrix representation and take the infinite volume limit V /,L4 — 00, where
we carefully have to pass to densities. Absolute position x € R* have no meaning, only x
can be used. This means that we consider

(p(ux1)...¢(uxy)) = > Fonymy X1) <+ Fonmyy (XN (@, - Py )

where the matrix correlation functions are formally given by (22) and the f,,, by (3) and
subsequent equations. More precisely we define:

Definition 1 The connected Schwinger functions associated with the action (20) are

wN Se(uxt, ..., pxn)
Z M4N8N.F[J]

= lim
Vut—oo

S, (X1 fnyny (MXN)W l7=0, (40)

myny

(f D[dle 11 Zaper? ‘D“b’b“)
—S[P] '
J Drele Zhgre> 12

Z—>(14Y)

By ( ), p2 s We symbolise the renormalisation of Section 4.3.
Z>(14+Y)
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The main question is whether these Schwinger functions satisfy the Osterwalder—
Schrader axioms [20, 21] which would allow to analytically continue the model to a true
Wightman quantum field theory. The first step consists in an explicit evaluation of (40). In
[13], we proved the following result:

Theorem 6 The connected N -point Schwinger functions of the qﬁi—model on extreme Moyal
space 6 — oo are given by

Se(uxt, ..., uxn)
B

N, .
_ 1 Z Z 1—[4Nﬂ/ dpﬂ e1<pl—f;,zi=ﬁl(—1)”1qu(1v,+,.,+Nﬁ,,+i)>
= 2 2,4
64 Ni+-+Np=N oSy \p=1 Np Jps 4m=p

Nﬂeven
41
XG’ TAE Tk | sl sl S
220+ A+ T 22+ Y 221+ V)
Ny Np

Some comments:

—  Only a restricted sector of the underlying matrix model contributes to position space:
All strands of the same boundary component carry the same matrix index.

—  Schwinger functions are symmetric and invariant under the full Euclidean group. This
comes truly surprising since 6§ # 0 breaks both translation invariance and manifest
rotation invariance. The limit & — oo was expected to make this symmetry violation

even worse!

— The most interesting sector is the case where every boundary component has
Ng = 2 indices. It is described by the (2 + --- + 2)-point functions
G lpgl? _lppl?

el lipyl?
22(14Y) 22(1+Y) || 262 (14) 242 (14Y)
— This sector describes the propagation and interaction of B particles without any

momentum exchange. This is acceptable for a 2D model. In four dimensions, the
absence of momentum transfer is a sign of triviality.

— However, typical triviality proofs rely on clustering, analyticity in Mandelstam repre-
sentation or absence of bound states. All this needs verification.

It is already clear that clustering is maximally violated. Looking for instance at the (2 +
2)-sector, we have
lim S22 (ux1, puxa, p(xs + @), (xs + @)

Ha— oo

— dpdq G ) ) ) , el x2) g, x3—xa)
46 ) Ip 1o | lgl lgl
KT 52050) 220+9)

22(1+Y) 262 (14Y)

independent of the distance between {x1, x>} on the one hand and {x3, x4} on the other hand.
The absence of clustering means that the state that we constructed is a mixed state. States
can always be decomposed into pure states.

5.2 Reflection Positivity

Reflection positivity is the most decisive Osterwalder—Schrader axiom. It gives the spectrum
condition and positivity of the reconstructed Hilbert space of the Minkowski model [20,
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21]. This guarantees a representation as a Laplace transform in the time component of the
coordinate £%, hence analyticity in Re(£%) > 0.

We have shown in [13] that the Schwinger 2-point function S(x1, x3) given by (41) is
reflection positive if and only if a — G, is a Stieltjes function ([25]),

6= [ 40
0 a—+t

for a positive and non-decreasing measure p. The proof follows from the Kéllén—Lehmann
representation of the two-point function.

The numerical results [15] exclude reflection positivity for any A > 0 (due to renormali-
sation). Interestingly, it thus favours the wrong-sign A¢*-model studied in [22]. A rigorous
proof that G,, satisfies the Stieltjes property for A < 0 is still missing, although the
numerical results of [15] provide strong evidence that this will be true.

6 Summary

By applying the Wilson—Polchinski ideas to the noncommutative ®*-theory with harmonic
oscillator term we were able to solve the renormalisation problem. We obtained renormal-
isability to all orders of pertubation theory and reconfirmed the UV/IR-duality. Next, we
showed that the running coupling constant has bounded flow to one-loop order. This led
to a close collaboration with Vincent Rivasseau and his group. They proved the essential
result, that at a special self-duality point, the B-function vanishes to all orders in perturbation
theory.

Ward identities are the reason behind this result. They allow to decouple the hierarchy of
Schwinger—Dyson equations, which allows to solve the model.

We have shown that the ¢j—m0del on noncommutative Moyal space, considered in the
limit & — oo of extreme noncommutativity, is an exactly solvable and non-trivial matrix
model. Euclidean symmetry is violated in the beginning, but we identified a limit which
projects to diagonal matrices where Euclidean symmetry is restored. Surprisingly, the first
consistency checks for OS positivity are passed for the only interesting interval [A., O] of
the coupling constant! This model is somewhat strange as ‘particles’ keep their momenta
in interaction processes. Nevertheless, the theory is not completely trivial. We find scatter-
ing remnants from the noncommutative geometrical (i.e., matricial) substructure. Only the
external matrix indices are put ‘on-shell’, internally all degrees of freedom contribute. We
have seen that clustering is maximally violated. The interaction is insensitive to positions in
different boundary components. In particular, ‘particles’ are never asymptotically free.
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