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ABSTRACT
HOW SUPER-RENORMALIZABLE INTERACTIONS CURE Parturbative expansions in models which possess super-renor-
THEIR INFRARED DIVERGENCES malizable interactions of massless fields are beset by severe in-

frared divergences., We show that the complete theory is well-
defined and has no such divergences:; rather the exact ampli-
tudes are non-analytic functions of the coupling constant and
R. Jackiw cannot be expanded in ita powers. Typically, logarithms of the
5. Templeton coupling constant occur, as well as analytic pieces. The
analvtic portions cannot be found in perturbation theory; they

are determined by matrix elements of composite operators. But
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the non-analytic behavior is completely fixed in terms of the
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to the mass cancels the bare, zero-temperature mass. [There may
of course be non-perturbative mass generation by dynamical sym-
metry breaking. We have nothing to say about this, and ignore
it henceforth.]

In the interesting situvation when a perturbatively produced
mass term does not heal the infrared singularities, another
mechanism operates, whereby coupling-constant dependent logarithms
replace those that are infrared divergent. This was noted many
years mmo~w but was not publicized at the time, since no physi-
cal setting was envisioned; a situation which hae nuwsmmm with
the advent of gauge theories; and finite-temperature field
theory. The emergence of coupling-constant logarithme is some-
what analogcus to bound-state perturbation theory; olne con-

4

tributions to the Lamb shift are familiar. Alse it is similar

to chiral perturbation theory, where leogarithms of the chirality-

breaking parameter are munochnmﬁmm.u

In Section II we present an Integral equation for a scalar
amplitude, in a highly truncated four-dimensional fiald theory,
with super-renormalizable cubic Qoaﬁwwamm.w Although not parti-
cularly realistic, the example provides a simple setting for the
effects that we wish to discuss: emergence of coupling-constant
logarithms with coefficients that are perturbatively calculable.
The results are relevant to realistic models which are studied
in the following Sections. In Section III we analyze three-dimension—
al massless spinor electrodynamics Aowuunﬂ and in BSection IV,
three-dimensional Yang-Mills theory in interaction with massless

fermions ﬁoncv.q The latter, which should be relevant to the physical

quantum-chromodynamical theory at the de-confining phase transi-
8

tion,” follows the behavior of the former; but differences are

present, which reflect the greater complexity in the infrared

of the non-abelian interactions.
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has well-behaved solutions. We discuss the two cases, correspond-

ing to the two signs, separately.

Ifa. MNegative Sigm
For the negative sign, the solution to {2.5) involves mod-

ified Bessel functions and twe constants.

om?;u AT Kp?ﬁﬂv + Bavx I, _uhv o6

However, since Ii grows exponentially at large x, it would
produce a divergence in the integral equation, hence B=0. Also

A=1, since {2.4) fixes £ at the origin.
.fov = 1 (2.7

Thue the integral equation is solved by
riet= [ K, (/&
Yt p* yntpr

1+ 3 g 2+ 25 (2¢-1)+0(y")
15 4 1 L I S T (2.9)

Y = Euler's constant

1)

¢

Hote that the infrared divergence has disappeared and the
infrared cuk—off in (2.2) has been replaced by the coupling

constant

M= ot Jrn™ (2.9)

Indeed the cosfficient of the non-analytic piece, ¥iz. of the logarithm
in (2.8), is exactly the same as that of the infrared divergent

logarithm in (2.2). But the analytic, non-logarithmic o{g®)

-g-

contribution to (2.8) cannot be found ln (2,2}.

We may understand why perturbation theery cannot yield
the non-logarithmic terms, from a further examination of the
equations. Pecause the integral in (2.3} ranges to infinity,
a power series, even when modified by logarithms, cannot be
used for £. However, the differential eguation (2.5) allows
an expansion about x=0. The boundary condition at the origin,

{2.7), gives rise to a logarithmic singularity n~xlnx; so we try

4ix) = {i+ ?E?x
o= 1 ..TT&H o (2.10)

The two functions f£; , can be expanded in powers of x. When
this expansion is substituted Into {2.5),one finds that £,
is completely determined, but the differential equation leaves
£} (0} arbitrary. Of the two boundary conditions on f, needed for a
unigque solution, one is given at the origin, and can be incor-
porated in the perturbation series. The second, which
follows from {z.4) is

\@.,.3 \%..?C - Q

R~ 09
This condition is not at x=0; it cannot be incorporated in the

- (2,11}

axpansion of £ about x=0. In cther words, the perturbative

solution leads to a family parametrized by £](0), but only for
one value of this constant is (2.11) satisfied. This guantity
is not locally determined at xﬂay hut raquires knowledge of the

complete solution for all x. The following sum rule, which is



m.ncuue 30
JUOWHTD XTIIBW SYI UT PAUTEIUOD ST ‘(M ¢(X) 9 Jo juswss XTijew

U3 103 pPIpIeU 'UCTIRWIOIUT DATIEqINITad-ucu ey} fAT3uapTar

I

;
"\ Gli,pk 2] (046 Lioy 248 +7

(t1°2) G L 3+ad] tac
s dp) nee-T=(e)f)

2aTH 03 (£-7) Aq pessexdxs-31 ST (®91°Z)

"

aoeds TYSMONUTH UI ‘PP3ISSUT 9q PINCYE [(egy-g ) UT UeTIoung
de3s sy3] uUOTIEINGST ISTOTARIIIN UP JPUI S2ITOTPUT «BBI, BI9y
Y ¥ rL
4 ._“vw
# («3-)J 3p) T+V ={0],
h .

" (®9T*g) SITAMBI pUBR UOTIEIOU TeuTBTIOC SY3 O3 uINaI

{(297°2)

M CoepnITTANe TROTISIOSYI-PITF SYI JO SWI8] uT I5P0eI oq AN

. X o T
(e917) _..CT:@ |?_*u *p ﬁ...ﬁ = (9} »
-] [
A3Tauenb umouyun Y3 a0y STnz wns Syr
TIUBISUCS ISYLQ SYI XTI 03 ¥Tomawedy Ioiedieg-oyasg pojedsunIi oyl
SpISINOG 0b IEMM SUQ "X IITUTFUT ¥ soysfues PATIBATIOP 83T PUB
‘uTBTIC By3 3B sAYSTURA (Xrg) Ioksz acuts ‘PAUTWESYSPUN SUTEUSI
g€ ‘%7~ 3® ¥ €2KTF urhTtao Eli e um.ﬁoaua@ﬁou Azepunioq Syl STTHYM

snyr  *Texfejur 3ushisauco e 03 pesT pue A3TUTIUT IE 83BIITOS0

ts12) ﬂ&ﬁ;ﬂﬁ&%ﬁ.m.‘.ﬁvﬁ.ﬁy HZ IX%WT n?&*
fBUOTIOUNT Tassng
AZRUTPAC MOU 8IB UYITYM fSUOTINTOS s,uorienbes TeIjuXSIITR
Y3 Y309 IJBYR UT SI9IFTD UOTIBNFTS U '[apoul 2TISI0oyl pIoTd

Fy3 03 spuodseaxos YoTym ‘{1-z) uT ubts =ar1iTsed SUI yITM

ubtg BATATSGA *gII

-0T-

"Rup X pue X FO sIxomod ut -y burpuedza Ag ArsaTieIest

peslos =q ued uotienbe syj ‘jueisuct suc 3o uorjdsoxa AUy UYITM
G o
. ~(k =
(v1°2) | T.. ( :..Pn.‘%#_,x._.
a F = -

DATISP PUR ‘OI2Z 0} 3T 398 x0u Kew am ATerltqie sT V Soulg

Qe 1" 2) _”?.11 w;«a ou. - <s\qw X - Xwyx 4
|7 o
[e-tartl ap [ x~(md op O -V =(wh

WegT z) 91TIMsI am ‘usTqold oyl SUODISAC
OL {egT-z) 3O STRIBBIUT Om7 JSBT BY3 UT soousbrsatp 319TOTA
—eI3In sonpoxd PInOM STU3 30g  C{V TTEUS] UOThai ISTOTARII(N 22Ul

O3UT ¥ PUSE O3 3Uem oM _ ! [SPON YOSTSPACN-YOOTE 911 UT JOTARUDY

z
peIrIjul 9yl Jo sTsifeur ,dnoib uoTleilRULiousaI, B8Yl} Ag pPRpPINS

L v L ¥ o
ETa(8)} &n m, ¥~ (81T &5 ,L' x- (513 naoﬁ_. -3 =)t
(g T} GHOMHGDW _WH.MMU._HQH.M Ue =20NpPoIqUT oM *JUBISUOC PIUTWMII]

-BpUN BUC YITM ‘UOTINTOS saTieqanizad Jo8XTPp e situiad jeyy Lesm

v ur ucTienbs Teabs3juT Syl 93TAMST SN ST ‘UOISHIOUWOD UL

(¢ s feT-2
[-06 -] mm of-7- E.ﬁﬁ,

‘513 sMoys  (0T°Z) Pue (g-z) ‘(¥-¢} WOIT PSATISP AlTses

(21 2)

-—-



-11- -12-

TEe. ® ary III. THREE-DIMENSIONAL SPINOR ELECTRODYNAMICS
The lessons to be drawn from the zbove exercise are the

following. Infrared divergences arising from super-renormaliz— We concider massless fermions § interacting with a massless
able interactions czan be cured, even when masses are not ganer-— abelian gauge field W¢ in three space-time dimensions (QED).

i ing- i T . -1 pav
ated. It is necessary to allow for coupling-constant logarithms K - m L\ xkﬁ U?a -je )\ﬁu r—\ q ﬂ ﬂu&.(

in the perturbative expansion. The coefficients of these .P 7& }
logarithms are found in perturbaticn theory; however there mr,\ = ﬂ&> v o M (3.1)
i involving logarithms, that are not computable . . i .
renain terms. 5@# i g s ’ w The square of the coupling constant e has dimensions of mass; the
mined by matrix elements . . . ) .
perturbatively. Rather they are deter ¥ ¢ interaction is super-renormalizable. In three space-time dimen-

i . i 5o ha s in more realistic . . .
of composite operators. All wam.mH © happen sions the Dirac matrices can be chosen to be the 2x2 Pauli matrices,

theories, to which we now turn, x R
. Y%= o3, Xt - et ¥ = ot (3.2

and ¥ is a two-component spinor.

There does not appear u..uN- a fermion mass laﬂeh nor a vhoton was:

which in three dimensions can have a gauge invariant form:
Ueobrp

[

amw«. We must insure that such masses do not arise in per-
turbation thecry. Note there is no chiral symmetry for the
massless fermicons, since no matrix anti-commutes with all the
Dirac [Pauli] matrices.

In three dimensions the situation is somewhat unexpected,
and regquires discussion, In fact neither mass will arise
perturbatively, if it is absent from the Lagrangian, because both
vioclate P and T. Correspondingly, if one is inserted in the
Lagrangian, the other will be induced by radiative corrections.
To see this, let us first recall that in two spatial dimensions,
parity corresponds to inverting one axis, say the x axis. [Inver-

£ing both would bs a rotation.} One verifies that the theory



-IBATD poaeiyur ATTRTIulod oxe yoIys ssuc ATuc ayy ‘sydexb juessysi
TRIDASS Y FO swIsly {,58)0 93ETNOTES 03 3dusize oM o

*Bg PTOOYS 3T €° ‘RjUsWow oYiTaceds IoF

eatiTsod BT uvoTiezTaeTed WMNOBA JUBTITAUT @bneb gy ! (pg=¥) =Lneb

nepueT SY3 UT SHYSTURA UOTIVSAIOS UCTWARI Juspuadsp-sbned syl
YA 3, d ..\ 9f

(q6°€) (n2)O + —F ¥ — = TCW
{®6°E) A:m.wo + Arﬁ@;_ 1....&!\ M.W..m ...I..TL\ .R

3Ie s3TnsSed YL

[*poreasush oq T1TA PISTT 2bneb eyl a0 ssvW

2 9STMISUIC JUOTWISI dY3l IO SSIUSSSIESPW oYl 3osdsel jshu suo
‘pastu oxw Loyl 3T g {POpSesu air BIOJETNHABI OU UOTIENTERASD WHaEﬂw
8TU3 ul} ‘osed pPIaT3 2OnNeH syl ur LDourrTIvAuT Sbneb Aq pur ssEd
ucTuiaj Y3 ur uoTieibequr otajenis Ag jussyr oaw ool A8yl
‘EeousBIDATE 3810TaRI3Tn TeTPIJaadns Jo 5371ds uy  palsjuncd

U2 2aF S20USLITATP POIBIIUT ©u !AxejususTs saw sTwabsjur syz

= (d) G

(48 7€) Iw...\L\

(eg ) ~dd .FT..MWWU awr, 3149

4 = =) "q

*arojebedord saixy a2yl 21 5 puw 91& DIalM
{de €}
gfue

(b)) O+ () R (A4S h ) 2= (9 Z

(uL°€) lae)

(310 + (S R (SR 41 55 20 =(9) L

- nr
sie (d)3 pue Hanvﬁanmuﬁmya aoF

SETNIICT ISpPI0 259407 YL "juspusdspul-n oI AsUd USUM JURTIBRAUT
ebneb se s3Tnsse IANO SQIIDSIP TTRYS 9M PUR ‘v IUeISUOD a1 Aq

pazTIiieuered ‘sabneb JUEPTIRAOD JO SS5RTD ® uT yaom sAEATER TTEYys om
i
1997¢) ﬁTC < IL\H— T = T.CTW.\
2d/edd - B < MY
AR S TR O TR I 7

{—
Aq peuTep sae saTbisua-ITes oyl

{as-€ AB \(o)h (%) L0 419 xM%% = AQL Vv\
(ece) AO_ﬂoannxgs\(L’_OV xﬂf.w x%w = (d) ::\Qo

'sIojebedoad pTaTy obnwb pue UCTWISI 8yl 03 SUCTIODIAOD I9PIO IESITT

"

[e9-¢)

a3nduon oM ‘8In3lONIGs palexyur oyl o Apnls Ino urtbeq oF

OH.B PUE g IS9P PPO SIT BUAIDT S5EW

P19T3 ebnef pue wopmiey SU3 yioq Feyl AOSYD 0} ASES MOU 5T 3T
v €) (X Q..mr..m\ ~ = LA (X \u\f.w\ e
(X 9-0¥ = b (XYY B
(X3-)h "2 = | L (X346

‘ATRBNAIAS ® BT L UOTSISAUT SWT3 OSTY
(Rx=) =,& ¢ ak) =X
(€63 (& 3V = P (29 V&
(L= = P (L9 D
ﬂ?ﬂ. ‘3) oV = TA“ Anrxlfw\um\ nﬁ
(LUh o = o (&Y D

+gd VOTIRmMIOISURI3 AJTIRd BUTMOTTOJ SY3 Iopun JUBTIRAUT ST (T*£)

1



gent involve the insertion of cne of the above self-energies into
an internal propagator. The problematical graphs are depicted
in Figs. 2 and 3, with wavy lines rapresenting gauge field propaga-

tors; solid lines, fermion propagators. One finds

Fig. 2

ii

Pig. 3

the insertions into fermion lines [Figa. 2 and 3(1}] to be
innocucus. The reascn is that I{p} for small p is 0(1); the

two attached fermion propagators add a factor 1/p?, but the
three-dimensional phase space can overcome this singularity.
However the fermion bubble in the gauge field propagator [Fig. 3
{ii1}] produces a divergence: IN{p?) is 0{(p); the two attached
photon propagators are 0{1/p*}, and the 0{l/p?) singularity

gives rise to a logarithmic divergemce in the integral over loop

-15-

momenta. We conclude that to 0{e'), the gauge field propagator
remains finite, but the fermion one acquires a logarithmic
divergence, which we now show 1s cured by a non-analytic e* 1n e? term.
We need the complete eguations that mmdmﬂawsmmqrﬁ and \m.
The appropriate formalism is the one that expresses these objects
as functionals of themselves. 'This procedure is well known: one
writes the vacuum functional in terms cmuw v wznnu ; keeping only
two-particle irreducible graphs. The eguations for the propa-
gators follow by demanding that the varlation of the functional
with respect to the propagators ﬂms%wrmm.ww
0f course there is no ravm.OH solving the eguations exactly;
we shall be content merely to determine the 0(e*) logarithms.

To this end we need only keep truncated egquations.

Do (011 72 [ER 1o ¥ Aforie) Ko dlle) w,w;oa_u_

| {3.10a}
A7 (p)= X A £E Yd(pr0y” a@\:??o%i
nw.Hch

Here ohmvd_Hma represents contributions that are regular to 0(e*).
The omitted terms do give rise to logarithms, but only in terms
0(e®) and higher. [Here is a significant difference from the

toy model of the previons Section. There we find a single power

of the logarithm; now because of hon-linearities, the 0(e*)
logarithm fuels higher logarithms in higher orders. Thus in onmwg
there is an 1n%e® term as well as 1n e?, It is likely that

all the leading logarithms can be explicitly calculated, but we have

not done this here.'?]To 0(e}, the insertions into fermion lines
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In other words, all orders of perturbation theory must be summad
before the analytic term is known to O(e*).
Let us begin the evaluation of (3.16b) by leaving p ungpecified,

except for its form,which follows from dimensional analysis.

mv?.&u \nma,ﬂ.. * ﬂ,m.w v (3.17)

Hera f is a mw&mnmwoﬂummm function, which by virtue of (3.15a)

Lorgm-1

while lowest order perturbation theory (viz. Eq. (3.15b}] glves

patizfies

AT& = L {3.18b)

g

Next we write I{pi;p) - Z(p:o), which is explicitly determined by

{3.16c), in terms of z dimensionless function AL .

M?MEVIM\WQV \H|Wm|u....~ DMﬁ )83, 19)

With the new notation, (3.16b) becomes

?%h.;mmz- Zfpo)] =

(- m-;? "t fr) A2 :Ti X

(-p=ie )"

=20~

We wish to extract the 0{e*) terms from {3.20a}: however a
direct expansion of Al produces a logarithmic dlvergence, since

flo) does not vanish., To procesd we rewrite the integral in (3.20z)

as T T

e* \—SLx*?u RVM ?tv-.m”__.nq.?x v = a.r*mcu.— ~o~x A N \\\wvt_.mmuﬁxv
T_%smt&bMﬁ )t e .T:«E AZ = -;?x

(3.20b)

and observe that the last two terms do not give non-analytic
contributions to ¢(e*). In the first term on the right-hand side
of (3.20b), we change variables, and integrate twice U% parts, to find
2400) (' AT (=& e'glo) (T
e* 4l % ¥ ?r..bsxv e DM\.&
*
y Yoy

{0} *
~ A \ €
M Kﬂ P |_m.w iz \lﬂurl_;m.‘v__?.-

\a o0
+ﬁ.m._L DM??E._.V dy fay aZ'ly) [e.200

\7 miz)fe
Therefore (3.16b) evaluates to

F i) = MEOTWL\M' $)AZ' !
- A7 Eﬂ% | 4162~ {12 ©(2- x) ]
Jo) AZe)+ 400§ dy by SZ1]HORS

(3.204)
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damped by the ﬁxnu|¢m factor. The reason for the difference can be
traced to the different dimensionalities in the twe problems, and to
the pircumstance that hers we need to extract an effect that arises

from second order perturbation theory, rather than first.

Although the logarithmic effect that we have exposed is
gauge invariant [c-independent], it ocecurs in a gauge variant
quantity -- the fermion propagator. If one examines a gauge
invariant amplitude, then to leading order the infrared diver-
gences are absent. Consider for example <0|T¥(x) I W{x)J (v)Ty (y}]0>
where T' 1s any 2x2 matrix. Naively one would expect
infrared divergences at the three-loop, 0(e*) lavel.

There are two dangerous graphs, depicted in Fig. §.

T o

Fig.

For a finite evaluation we may extract the O{e") terms from the
same graphs constructed with the improved photon propagateor (3.12):
see Fig. 7, where the double wavy line depicts the improved

propagator n@‘zc .

Fig. 7

—24-

But an explicit caleulation shows that e‘ln’e iz absent from
the sum, even though each individual graph contalns it.

Since the non-perturbative portion of the analytic 0(e")
piece occurs inm the same combination with the lowest order
logarithmic term, compare (3.20d},it also cancels in the 0{e'}

contribution to the gauge-invariant amplitude.

One may understand the cancellatlon of the infrared diver-
gence on the basis of gauge invariance. The summed graphs of
Fig. 7 can alsc be represented by mumAmM%ﬂ tcﬂwvancﬁw~mu~
where Hraﬁw.ﬁ“ is a forward Compton amplitude for the scattering of
photons on the "particles" YTWw. Since TPV is gauge invariant;

vig. transverse to k¥, the integral is simply

mier (AR [0 - g iy ,,1, (6,03, me
0(e*) contribution, l.._.....@.z_ Luﬁ lﬁr _T
e fam P T&w;.wutr ﬁ Tvu

does not diverge, since by wvirtue of the transversality condition,
etr vanishes at zerc photon momentum. A higher order calculation,
which is seen to involve at least Ffour loops, must be done to ex-

hikit the non-analytic and non-parturbative contributions to gauge
invariant amplitudes. We expect that non-analytic, presumably

F

legarithmic, dependence on e° does set in, since we know of ne

reason for ezcﬁw~ﬁu to vanish at k=0 faster than all powers of k.
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where u is the Faddeev-Popov ghost-fiesld.

No mass terms appear in the Lagrangian. Neither a fermion

mass, -myy , nor a gauge—invariant gauge-field mass,

BeORE AT ECATAL AL e

erated in perturbation theory owing to P and T wnqmﬂwmaom.ww

We shall study the wvarious two-point functions.

§° Q,, (B ?wm,_:. LOIT AL 11) AS (0310 .aa
S () = [ COIT U () W (9110 roae
& (p) [dxe™ Lo T Y Florio Wete

The self-energies are defined by

@\u«h: qu = m.,_u v —Mmrlﬂlgdu

i

t PP

{4.5a})
247 () = T o)
L:. (p) = wT&l M‘?L {4.5¢)

The lowest order formulas are

TV (RY =P IT{p?) =

~ gt [ (e 4 i) Glpr )

TN [d TDR() - g DT (e)]

2w}

—28-

+|w|. mwiu/\»%\m £<Em? @D%?VU .:y._i
-1 Cp Bl L Slpre) Y’ Se) + Qa@d (4.6a)

(2am)®
2\ e _iaz Pl x ¥ Y
M{p) = ~ig 2?3“ & D,y (prie) Gle) + OQRE
) = - X e) ¥ y
S(p)= -ty D .A:Ju Slprie) ¥ D, (e)+ Ol5*)
Here D,,, and S are the free gauge-field and fermion propagators
Egs. (3.8); G is the free ghost ﬁwoummmwOH“
Q:wvu _! (4.7)

LFrie
{4.6a} is given by

VA (b, ) = (prew) g™ (lor2p)* gBx ¢ (p-)P g

(4.8}

and the vertex in

Cp is the constant of (4.2c) and O is the quadratic Casimir eigen-

value, both for the fermions' representation. To the gauga~fisld self

energy (4.6a), the first contribution comes from the ghost lcop;
the second, from the gauge-field contact term; the third, from
the gauge-field bubble: and the fourth from the fermion loop.

A lengthy but straightforward calculation yields

T(pe)= [-20- 8 (e + Ce ) qr fprie)™

{4.9a)
:& ° T j\pm.ulw ﬂlwun_-mv,sw {4.9b)
MIDUV = - ZQ eu I\P (4.9¢)

(-p-is) e
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o )7 ¢ me p*- GV [ (ore) 6 6(k) Glore)

- 19 e D 03", (1] + 5217 (dile \/M¥Efp ) X
Vel Dl Dy lpr#) - °C \ﬂ mwwu,_‘ IrSiprel*ste) s %3 :ﬁ
1) = (T (L, P D (5 6] 1 O34, v
4 0) - 1 37 Qr (e, 4rSler I D, ()1 O[5 oo

The gauge-field MHOﬁw@mﬂOH.Nwtd is determined by (4.10a}, and
then is used in mqmwsmﬁwnmh& ~1 and L -1, moﬂmdme even in a
truncated approximation, Eg. {4.10a) remains non-linear and
impossible to solve exactly. But for our purposes it is suffi-
cient to replace thc on the right-hand side by the improved

formula arising from the lowest order approximation to I, Eq. {4.2a).

Do b7 By [rase=gre i) 7o B
m tié

C = ~3N -N (1a)+ Lr

22 bvY e {4.11)

We would iike to use (4.11) to evaluate {4.10), but if we accept

{4.11}) for all momenta, we encounter the problem of

space-like singularities. Fortunately, our careful discussion of

the abelian case indicates how to procsad.

We replace the unphysical formula (4.1}) by a spectral

representation.

-32-

- e Wt. m.\
:,pl,m 3=

{4.12)

G102 =B [ prw

pr-Mtie

For the spectral function we assume Lehmam's theorem,

.\,_Q%\A ~o::d =1

Also we take the asymptote for large pt

mu:é —

{4.13a)

49%c
ma*

(4.13b)

where the coefficient is set so that the perturbative logarithmic
divergences are reproduced if this formula is used all the way
to u=0. Just as in the electromagnetic case, Eqs.{4.13)
are sufficient to determine the 0(g*) non-analvtic pieces. After

an extraordinary lengthy calculatlon we find

. )
&\5 (p) = E_ T gte(phie) ™ u%b #ot) b ,,:ﬁ
TR O (g)

~mu+..3w

(4.14a)
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non-analytic behavior from gauge invariant amplitudes should be

developed. Since high orders of perturbation theory are involved,

direct calculation becomes prohibitively lengthy. Finally One of us (R.J.} acknowledges that it was G. t' Hooft's

a better understanding of the analytic terms, with non-pertur-

bative coefficients is neeaded. problem. Subseguent correspondence with 't Hooft, as well as

The investigation of the gauge models has been confined discussions with J. Cornwall,

to perturbation thecry, which is limited by the reguirement

e? e?

7 Tt e

gtructure in the infrared regiomn pf+0. Presumably the theortes

In

aaH. But one may inguire about the non-perturbative

confine; in the classical approximation they do so with a’
logarithmic potential. However, in lowest order perturbation agreement.
theory for QED we find that the p=0 singularitv in the gauge field
propagator is weakened: the inverse propagator goes as g’ v-p?
for small p, and screening sets in. How all the higher orders,
which on dimensional grounds add a term proportional to g*
times a function of mm\vn. modify this picture remains an open
question. Especially intriguing is the diffarence cbserved
between the abelian and non-abelian theories: the latter devel-
op space-like singularities. We do not know whether they are
an annoyvance of lmproper extrapolaticon and, therefore unreliable, or if
they are providing the first signal for instability in the
perturbative theory.
We hope cur considerations are applicable to physical four-
dimengional QCD at finite temperatures in the vicinity of its

phase transitions.
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The gauge field combination occuring in the mass term is
familiar from the four-dimensional topological current, and
the contribution to the three-dimensional action involves
the four-dimensiconal topological charge. Conseguently, if
present, the mass term would be invariant only agalnst "small"
[deformable to the identity] three-dimensional gauge trans-
formations, and not against "large" cnes [not deformable tao
the identity]. This intrusion of four-dimensional topologi-
cal considerations is interesting, but has not Umms.msﬂﬁ#mﬂ
explored by us. For a review of the topolegical properties
of four~dimensional theories, see R, Jackiw, Rev. Mod. Phys.
{in press).

The cancellation of lesading infrared divergences in color
singlet amplitudes is reminiscent of a similar phenomencon

in the four-dimensional theory; see J. Cornwall and

G, Tiktopoulos, Phys. Rew. D13, 3370 (1976}).
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FIGURE CAPTIONS

Fig. 1  Graphical representation of Eg. (2.1), The X depicts
an insertion of fd'z :14%(z): .

Pig. 2 Potentially infrared divergent two-loop contribution
to gauge Ifield self-energy.

Fig, 3 Potentially infrared divergent two-loop contributions
to fermion self-energy.

Fig. 4 Infrared finite two-loop contributions to gauge field
self-energy.

Fig. 5 Infrared finite two-loop contributions to mmHBHOﬁ self-
energy.

Fig. & Potentially infrared divergent three-loop contributions
to gauge invariant fermion bilinears.

Fig. 7 Infrared finite graphs from which the healed three=loop
eontributions to gauge invariant fermion bilinears can be .
extracted,

Fig, 8 Potentlally infrared divergent two-loop contributions
to gauge field self-energy.

Fig. 9 Potentially infrared divergent two-loop contributions
to ghost self-energy.

Fig, 10 Potentially infrared divergent two-loop contributions

to fermicon self=-energy.



