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Introduction
Venture capital (VC) provides the imperative capital for the development of start-ups 
(Cumming 2012; Tavares-Gärtner et al. 2018; Ferreira and Pereira 2021). Additionally, 
due to its unique mode of operation, VC plays a role in coping with risks, facilitating 
venture success, and nurturing high-tech industries worldwide, especially in transition 
economies such as China (Guo and Jiang 2013). According to KPMG’s quarterly report 
on VC trends named “Venture Pulse”, both Asian and global VC transactions increased 
by more than 40% in 2018, reaching a record of $93.5 billion and $254.7 billion US dol-
lars, respectively. Among them, Chinese VC transaction volume reached a record of 70.5 
billion US dollars, with an increase of 52.9%, compared with 46.1 billion US dollars in 
2017 (KPMG 2019).
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The exit, divestment from the VC’s portfolio, is crucial since it achieves the sale of 
shares and thus determines the VC fund’s final payoffs. Consequently, exit payoffs are an 
important signal of VC funds’ quality (Cumming 2010). Particularly, for young and less-
prestigious VC funds, exit payoffs may be the only quality signal and directly affect sub-
sequent fundraising (Cumming 2010; Gompers 1996). Therefore, young VCs are more 
likely to grandstand by pushing firms to go public or sell privately held firms earlier than 
older VCs (Gompers 1996; Lee and Wahal 2004; Amor and Kooli 2020). Considering that 
young VCs are more prone to time-inconsistent behavior than older VCs,1 this study, 
for the first time, aims to provide a behavioral explanation for young VC grandstanding 
from the perspective of decision-makers’ time preferences. Specifically, we explore the 
optimal exit decisions of venture capitalists under time-inconsistent preferences.

Previous studies have investigated various factors influencing VC exit decisions, such 
as legal institutions and agency problems. For example, Cumming et al. (2006) provide 
the first cross-country empirical insight into the relationship between legality and VC 
exits based on a sample of 12 Asia–Pacific countries and regions. Cumming (2008) doc-
uments that strong VC control increases the likelihood that start-ups would exit through 
trade sales rather than through initial public offerings (IPOs). Anderson et  al. (2017) 
report the effects of political ties of VC funds on VC exits and find that political ties 
facilitate VCs’ successful exits via Chinese stock and mergers and acquisitions (M&A) 
markets. However, these studies rely on the assumption that individuals are perfectly 
rational. Recently, pioneering research in behavioral finance has discovered many deci-
sion biases, thus effectively explaining the anomaly and puzzle phenomenon in reality 
(Tian 2016). Nevertheless, only a few studies have attempted to incorporate behavioral 
finance theory into the VC exit decision research. Notably, Bock and Schmidt (2015) 
first examine the determinants of VC exit behavior after the lockup expiry in IPOs by 
considering insights from prospect theory. Nevertheless, the intertemporal choice of VC 
exit decisions and the resulting time-inconsistent preferences have been neglected in 
previous studies.2

Many experimental studies on time preferences suggest that time-inconsistent prefer-
ences are more realistic than time-consistent preference, and they seriously distort the 
behavior of decision-makers (Strotz 1955; Thaler 1981; Loewenstein and Prelec 1992). 
Concretely, time-inconsistent preferences assume that decision-makers’ discount rates 
for payoffs decrease over time. Therefore, decision-makers prefer current payoffs rather 
than future payoffs (Laibson 1997; O’Donoghue and Rabin 1999; Grenadier and Wang 
2007). By relaxing the assumption of constant discount rates, time-inconsistent pref-
erences provide a new theoretical perspective for accurately describing decision-mak-
ers’ behavioral choices. As a result, time-inconsistent preferences are widely used in 
many fields such as investment (Grenadier and Wang 2007; Tian 2016; Luo et al. 2020), 

1 Young VCs rely more on individual decisions, whereas older VCs have well-established decision rules and processes. 
Grenadier and Wang (2007) argue that individuals or small private partnerships are more prone to time inconsistency 
than firms, because the organizational structure and professional management of firms may mitigate or remove the time 
inconsistency from the firms’ decisions.
2 Yoon (2020) praises time inconsistency in intertemporal choice as one of the most influential findings in the judgment 
and decision literature.
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consumption (Liu et al. 2020), insurance (Chen et al. 2016) and contract design (Li et al. 
2016; Wang et al. 2020).

Time-inconsistent preferences mentioned earlier are caused by individual time prefer-
ences, which essentially depend only on the individual’s time sensitivity to flow payoffs. 
Beyond that, the finite lifespan of VC funds, determined by VC’s particular organiza-
tional structure,3 is also a source of time inconsistency among venture capitalists. The 
finite lifespan of VC funds forces venture capitalists to sell all projects before maturity. 
Although VC funds always have extension periods to facilitate exits, fund investors (lim-
ited partners) observe the delayed exit behavior of venture capitalists and then evaluate 
the quality of VC funds accordingly (Gompers 1996; Cumming 2010; Amor and Kooli 
2020). This pressure makes venture capitalists have a lower utility perception of payoffs 
after the expiry date. We can find relevant evidences from previous research on the finite 
lifespan of VC funds. For example, Kandel et  al. (2011) prove that the termination of 
all unfinished projects at the fund’s maturity leads to suboptimal decisions during later 
stages of investment. And they sum up this phenomenon as venture capitalists’ myopia 
induced by the finite lifespan of VC funds. Additionally, Arcot et al. (2015) investigate 
whether secondary buyouts are value-maximizing, or reflect opportunistic behavior and 
demonstrate that VC funds under expiration pressure engage more in secondary buy-
outs. Therefore, it is reasonable to believe that the discount rate of venture capitalists 
drops rapidly after VC funds expiring, also in line with time-inconsistent preferences. 
Consistent with this, Guo et  al. (2018) present a similar argument. For the long-term 
transit investment problem, the utility of transit projects completed during and outside 
the term is significantly different for city mayors.

To distinguish the two kinds of time inconsistencies mentioned, we propose time-
flow and time-point inconsistencies to promote understanding of VC exit decisions. As 
shown in Fig. 1, the exit decision of VC starts with an exit opportunity and ends with the 
exit exercise. Thus, if venture capitalists exercise the exit option before the expiration, 
the perceived exit payoffs are affected by time-flow inconsistency. Additionally, if venture 
capitalists exit during the extension period, both time-flow and time-point inconsisten-
cies influence the perceived exit payoffs. Based on the assumption about the strategies 
guiding the future behaviors (Grenadier and Wang 2007; Tian 2016), we consider four 

Fig. 1 The exit decision of VC and its embedding in the duration of VC fund

3 The limited partnership has been the main organizational form of VC funds for the past three decades. It is designed 
with a finite lifespan: about 8–10 years, with an extension of 2–3 years allowed to facilitate exit (Gompers and Lerner, 
1999; Kandel et al., 2011).
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types of venture capitalists: time-consistent, time-point-inconsistent, naïve, and sophis-
ticated venture capitalists, of which the latter three are time-inconsistent. All time-
inconsistent venture capitalists are aware of time-point inconsistency, but naive venture 
capitalists misunderstand time-flow inconsistency and assume that the future selves 
caused by time-flow inconsistency act according to preferences of the current self. In 
contrast, sophisticated venture capitalists know that future selves choose strategies that 
are optimal for themselves.

This study first presents the model setup of venture capitalists’ time-inconsistent pref-
erences and develops an optimal VC exit decision4 through trade sales5 based on the 
fact that the VC and the acquiring firm share synergies brought by the M&A. Then, we 
derive the optimal exit thresholds of the four types of venture capitalists using the well-
established real options approach,6 considering the uncertainty and option nature of VC 
exits. Finally, a comparative static analysis and the corresponding model implications 
are presented. The main results are summarized as follows: (1) time-inconsistent prefer-
ences accelerate the exit of venture capitalists, verifying the grandstanding of young VCs; 
(2) the closer the VC funds expiry dates are, the more likely time-inconsistent venture 
capitalists are to accelerate their exits; and (3) future selves caused by time-flow incon-
sistency weaken the effect of time-point inconsistency. Under the action of these mecha-
nisms, we can observe that (1) all time-inconsistent venture capitalists exit earlier than 
the time-consistent ones; (2) generally, sophisticated venture capitalists exit earlier than 
naïve venture capitalists, who in turn exit earlier than time-point-inconsistent venture 
capitalists; and (3) when the degree of time-point inconsistency is much greater than 
that of time-flow inconsistency, and the exit opportunity is close to the VC fund’s expiry 
date, naive venture capitalists exit later than time-point-inconsistent venture capitalists, 
and sophisticated venture capitalists exit last among the three defined time-inconsistent 
venture capitalists.

Our study contributes to the literature in the following ways. First, to the best of our 
knowledge, this is the first study to consider VC exit decisions under time-inconsistent 
preferences. Given the vital role that intertemporal choice plays in VC decision-making, 
our study broadens the theoretical understanding of VC exit decisions. Second, since 
Gompers (1996) proposed the grandstanding hypothesis of young VCs, researchers have 
constantly tried various theories and perspectives such as signal games (Grenadier and 
Malenko 2011), demand side (Butler and Goktan 2013), and multiple agents (Sethuram 
et al. 2021), to explain this hypothesis. In contrast to prior studies, we are the first to pro-
vide a behavioral explanation from the perspective of time preferences. Third, we extend 
the decision-making framework of time-inconsistent agents established by Grenadier 
and Wang (2007). Specifically, we propose time-flow and time-point inconsistencies 
to model individuals’ time preferences and the effect of the finite lifespan of VC funds, 
respectively. This modeling framework is more realistic for VC exit decisions (Kandel 

6 For the foundation of real options approach, see Dixit and Pindyck (1994). For recent applications of real options in 
venture capital decision making, see Tavares-Gärtner et al. (2018), and Ferreira and Pereira (2021).

4 We note that Ferreira and Pereira (2021) also define a similar model. Their model follows the exit dynamic process that 
is generally consistent with ours, except that they set the premium unilaterally requested by VC, while we determine it 
by sharing the synergies brought by M&A.
5 Trade sales (or M&As) have been the most common exit route for venture capitalists (Bienz and Walz, 2010; Félix 
et al., 2014; Ferreira and Pereira, 2021).
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et al. 2011; Ferreira and Pereira 2021) and applicable to other intertemporal choice issues 
with time restrictions.

The remainder of this paper is organized as follows. “Section Model setup” provides 
the model setup, including the venture capitalist’s time-inconsistent preferences and the 
exit decision via trade sales. “Section  Time-consistent and time-inconsistent venture 
capitalists” derives the optimal exit timing for time-consistent and time-inconsistent 
venture capitalists. “Section Model implications” presents the comparative static analy-
sis and model implications. Finally, “Section Conclusions” concludes the paper.

Model setup
Venture capitalists’ time‑inconsistent preferences

Following Chen et  al. (2016), Harris and Laibson (2013), and Grenadier and Wang 
(2007), we describe the time-inconsistent preferences of venture capitalists using a con-
tinuous-time quasi-hyperbolic discount function. The venture capitalist is described as 
a finite number of selves with a random lifespan. Each self represents the current stage 
of the venture capitalist to exercise decision while considering the utility of the future 
selves exercise decision. As shown in Fig. 2, we call t0 the start time moment, which sig-
nals the birth of self 0 and means that an exit option emerges for the venture capital-
ist to sell the share of the invested start-ups. Let TL denote the duration from t0 to the 
VC fund’s expiry date. We assume that TL is exponentially distributed with parameter 
�L . Let tn be the birth time of self n and death time of self n− 1 ( n = 1, 2, 3, ..., L− 1, L ). 
The lifespan Tn = tn+1 − tn (excluding TL ) for the self n is assumed to be exponentially 
distributed with the parameter �f  . If instead the VC fund’s expiry date arrives before 
the next self generated by time-flow inconsistency, the next self is changed to self L 

Fig. 2 Two kinds of time inconsistencies and the resulting multiple selves
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generated by time-point inconsistency. The duration of the self L− 1 is assumed to be 
exponentially distributed with parameter �p . We note that 1

/

� represents the inter-
arrival time of selves because � is the arrival intensity of the Poisson process, thus we 
have E

[

(L− 1)
/

�f + 1
/

�p

]

= E
[

1
/

�L

]

.
We use Dn(t, s) to denote the inter-temporal discount function of self n , giving self 

n ’s discounted value at time t of one dollar received at the future time s . For payoffs 
obtained in the duration of self n , self n uses a standard discount function e−ρ(s−t) , where 
the constant discount rate ρ > 0 . For payoffs obtained after the death of the current self, 
self n uses the discount function δe−ρ(s−t) , multiplying a reduction factor δ based on the 
standard discount function. After the arrival of self n+ 1 , the venture capitalist uses the 
updated discount function Dn+1(t, s) for evaluation. To distinguish the impact of time-
flow and time-point inconsistencies, we define the different reduction factor δf  for self n 
( n = 0 ∼ L− 2 ) and δp for self L− 1 , where δf > δp for time-point inconsistency reduc-
ing the discounting of payoffs more.

Then the inter-temporal discount function is given by

for s > t and t ∈ [tn, tn+1).

The exit decision via trade sale

Consider that the venture capitalist has an opportunity to exit the invested start-up by 
trade sales and the invested start-up has uncertain prospects for development. Let PT

t  
denote the start-up profit at time t . We suppose that the profit is given by a geometric 
Brownian motion:

where dBt is the increment of a standard Wiener process, α is the expected growth rate 
of the profit, and σ is the profit volatility.

Following Thijssen (2008), we assume that the profit PT
t  consists of a deterministic 

part, denoted by QT , and a stochastic component, denoted by Xt . The stochastic shock 
is assumed to be multiplicative, that is, PT

t = QTXt . Similarly, for the acquiring and 
merged firms, there are PA

t = QAXt and PM
t = QMXt . The deterministic component is 

regarded as a result of competition in the product market. The stochastic component 
indicates uncertainty. Therefore, the stochastic component follows a geometric Brown-
ian motion:

The discount rate of the acquiring firm is assumed to be the risk-free rate in this M&A. 
In addition, the payment of dividends, provided by the invested firm, is far less than the 
payoff from selling the shares held in the invested firm for the VC. Therefore, the exit can 
be regarded as the only way to obtain lump-sum payoffs. Thus, even though the profit of 
the invested firm is given in flows over time, the venture capitalist’s time preference does 
not affect the expected present value of the profit flow generated by the invested firm.

(1)Dn =

{

e−ρ(s−t),

δe−ρ(s−t),

if s ∈ [tn, tn+1),

if s ∈ [tn+1,∞),

(2)dPT
t = αPT

t dt + σPT
t dBt , t ≥ 0,

(3)dXt = αXtdt + σXtdBt , t ≥ 0, X0 = x.
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Gao et  al. (2013) highlight that the acquiring firm could expand its business more 
efficiently by achieving economies of scale and scope. In this study, this positive effect 
is characterized as a synergy, that is, the deterministic profit generated by the M&A 
is larger than the sum of the deterministic profits of the constituent firms, which is 
QM > QA + QT.

The value of the acquiring firm before the M&A is as follows:

The value of the merged firm after the M&A is as follows:

The value of the start-up’s shares held by the VC before the M&A is as follows:

where φ is the VC’s share in the start-up.
We assume that the VC uses the participating convertible preferred (PCP) stock to 

invest,7 which brings the highest payoffs to the VC in the M&A (Arcot 2014). The exit 
payoff obtained by the VC is PVC(x) as follows:

where P(x) is the value of cash or cash equivalents paid by the acquiring company to 
purchase the entire equity of the start-up and d is the preferential fixed claim in the 
M&A. Nonparticipating convertible preferred stock or common stock is equivalent to 
the exception when d = 0 and is therefore covered.

The VC and the acquiring firm negotiate the merger price to obtain a Pareto effective 
synergistic value distribution. The merger price is determined using the Nash bargain-
ing game equilibrium. We suppose that the negotiation ability of the venture capitalist 
is βVC , and that of the acquiring firm is βA = 1− βVC . Following Alvarez and Stenbacka 
(2006), the merger price is the solution to the optimization problem below:

where PVC(x)− VT
VC(x) and VM(x)− P(x)− VA(x) are the value-added payoffs 

obtained by the VC and the acquiring firm through the M&A, respectively. Therefore, 
we find that the Nash bargaining solution is given by

(4)VA(x) = E

∫ ∞

0
e−ρt

(

QAXt

)

dt =
QAx

ρ − α
.

(5)VM(x) = E

∫ ∞

0
e−ρt

(

QMXt

)

dt =
QMx

ρ − α
>

QAx

ρ − α
= VA(x).

(6)VT
VC(x) = E

∫ ∞

0
e−ρt

(

φQTXt

)

dt = φ
QTx

ρ − α
,

(7)PVC(x) = d + φ[P(x)− d],

(8)supp∗
[

PVC(x)− VT
VC(x)

]βVC
[

VM(x)− P(x)− VA(x)
]βA

,

(9)P∗(x) =
QTx

ρ − α
− (1− βVC)

1− φ

φ
d + βVC

[

(

QM − QA − QT
)

x

ρ − α

]

.

7 Kaplan and Strömberg (2003) report that nearly 80% of all venture contracts use convertible preferred stock and that in 
nearly half of those cases the stock is participating.
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The exit payoff obtained by the VC is as follows:

The above formula shows that the VC payoffs in trade sales consist of three parts. The 
first part VT

VC(x) is the value of the shares held by the VC when the invested start-up 
maintains an independent operation, and the second part βVC(1− φ)d is the profit from 
the priority settlement in the M&A. The last part φβVC�V (x) is the synergistic benefits 
shared by the VC.

The payoff distribution of the VC by trade sales is a stochastic process affected by mar-
ket uncertainty. Therefore, it is necessary to choose the optimal exit threshold to maxi-
mize the VC payoffs (Li et al. 2017). We set C as the cost of exit for the VC. We expect to 
maximize the expected value of the VC exit payoffs:

where Et [·] denotes the expectation operator.

Time‑consistent and time‑inconsistent venture capitalists
This section discusses the exit decisions of time-consistent and the three types of time-
inconsistent venture capitalists. The time-consistent case is the benchmark model. The 
three defined time-inconsistent cases allow us to explore the net effect of time-point 
inconsistency and the complex superposition effect of two kinds of time-inconsistent 
preferences. This modeling setup can provide a systematic insight into the comprehen-
sive impact of time-inconsistent preferences on VC exit decisions.

According to the model setup of venture capitalists’ time-inconsistent preferences in 
“Section Venture capitalists’ time-inconsistent preferences”, we present the three defined 
time-inconsistent venture capitalists’ decision selves and the interarrival time in Fig. 3. 
Obviously, �L < �pN < �pS . To compare the exit thresholds of self 0 from t0 , we follow 
the standard backward derivation procedure, starting with the self L and then mov-
ing back to the self 0. To ensure the same duration left before the expiry date, we have 
E
[

1
/

�L

]

= E
[

1
/

�f + 1
/

�pN

]

= E
[

(L− 1)
/

�f + 1
/

�pS

]

.

Time‑consistent venture capitalists

Let F(x) denote the time-consistent venture capitalist’s exit opportunity value function 
and x∗ be the optimal exit threshold. Then, according to the continuous-time Bellman 
equation ρFdt = E(dF) , F(x) satisfies the ordinary differential equation below (see Dixit 
and Pindyck (1994) for details):

Equation (12) is solved using the following value-matching and smooth-pasting 
conditions:

(10)
P∗
VC(x) =

φQTx

ρ − α
+ βVC(1− φ)d + φβVC

[

(

QM − QA − QT
)

x

ρ − α

]

= VT
VC(x)+ βVC(1− φ)d + φβVC�V (x).

(11)sup
τ≥t

Et
[

Dn(t, τ)
(

P∗
VC(Xτ )− C

)]

,

(12)
1

2
σ 2x2F ′′(x)+ αxF ′(x)− ρF(x) = 0.
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The implied condition of the stochastic process is F(0) = 0 , and we note that the general 

solution F(x) = Axβ1 , where β1 = 1
2 − α

σ 2 +

√

(

α

σ 2 −
1
2

)2
+

2ρ
σ 2 > 1.

The exit threshold x∗ is given by

where η =
φ[QT+βVC

(

QM−QA−QT
)

]
ρ−α

 and θ = C − βVCd(1− φ).
Equation (13) reveals that when the exit cost C increases, x∗ increases ( ∂x

∗

∂C > 0 ). In 
turn, when the venture capitalist’s negotiation ability βVC increases or the fixed income d 
increases, x∗ decreases ( ∂x

∗

∂βVC
< 0 and ∂x∗

∂d
< 0).

The option value F(x) before exiting is given by

F
(

x∗
)

= P∗
VC

(

x∗
)

− C , F ′
(

x∗
)

=
[

P∗
VC

(

x∗
)

− C
]′
.

(13)x∗ =
β1θ

(β1 − 1)η
,

(14)F(x) =
( x

x∗

)β1(
ηx∗ − θ

)

.

Fig. 3 The exit decision comparison of the three defined time‑inconsistent venture capitalists



Page 10 of 24Li et al. Financial Innovation             (2022) 8:1 

Time‑point‑inconsistent venture capitalists

The assumption about the time-point-inconsistent venture capitalist is natural for the 
following reasons. First, venture capitalists cannot ignore the impact of time-point 
inconsistency due to the importance of VC funds’ finite lifespan. Second, the most criti-
cal advantage of VC is its ability to serve as long-term committed patient capital to help 
start-ups achieve powerful sustained compounding of growth (Klingler-Vidra 2016; 
Arundale 2020). Hence, venture capitalists may selectively ignore time-flow inconsist-
ency from overconfident beliefs in the ability to commit (Grenadier and Wang 2007).

This optimization problem, which solves the exit threshold of self 0, is transformed 
into a two-stage optimization problem solved by backward induction. Self L faces the 
case as the time-consistent venture capitalist. Then we analyze the exit timing selection 
of self 0. Let G(x) and xG denote the value function and exercise threshold for self 0, 
respectively. Drawing on the continuation value function proposed by Grenadier and 
Wang (2007), G(x) solves the differential equation:

where Fc(x) is self 0’s continuation value function, upon the arrival of self L , occurring 
at the intensity �L , and Fc(x) = δpF(x) . Equation (15) is solved using the following value-
matching and smooth-pasting conditions:

After standard calculations, we obtain the exit exercise threshold and option value for 
the time-point-inconsistent venture capitalist.

Proposition 1 For the time-point-inconsistent venture capitalist, the value of the exit 
option is as follows:

where β2 = 1
2 − α

σ 2 +

√

(

α

σ 2 −
1
2

)2
+

2(ρ+�L)

σ 2 > β1 and xG is the optimal exit threshold 

given by

Naïve venture capitalists

The naïve venture capitalist realizes time-point inconsistency but misunderstands the 
decision criterion of future selves generated by time-flow inconsistency. In our model, 
this type of venture capitalist believes that self n(n = 1 ∼ L− 1) will adopt strategies 
consistent with the current self (self 0). In other words, the discount function Dn(t, s)

(n = 1 ∼ L− 1) will not update and is always equal to D0(t, s) . Thus, it is a three-stage 
optimization problem solved by backward induction.

(15)
1

2
σ 2x2G′′(x)+ αxG′(x)− ρG(x)+ �L

[

Fc(x)− G(x)
]

= 0,

G(xG) = P∗
VC(xG)− C = ηxG − θ , G′(xG) =

[

P∗
VC(xG)− C

]′
= η.

(16)G(x) =
η(β1 − 1)

β2 − β1

(

x∗ − xG
)

(

x

xG

)β2

+ δpF(x),

(17)xG =
1

η(β2 − 1)

[

β2θ + (β2 − β1)δpF(xG)
]

.
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First, let us consider the optimization problem from the perspective of self L . As 
mentioned above, self L faces the case as the time-consistent VC. Let NL(x) and xN ,L 
denote self L ’s value function and exercise threshold, respectively.

Then, self 1 faces the case in which there is only self L in the future. This situation 
is similar to that of the time-point-inconsistent venture capitalist. The only difference 
is in the arrival intensity of self L . Self 1’s value function N1(x) and exercise threshold 
xN ,1 are given in Eqs. (20) and (21).

where β3 = 1
2 − α

σ 2 +

√

(

α

σ 2 −
1
2

)2
+

2(ρ+�pN )
σ 2 > β2 > β1.

Next, self 0 decides their exercise threshold xN ,0 , considering their future selves’ 
exercise thresholds. The continuation value function Nc

1 (x) of self 0 is calculated as 
follows. If self 1 is alive when their threshold xN ,1 is reached, then the exit option is 
exercised, and its payoff to self 0 is δf

[

P∗
VC

(

xN ,1

)

− C
]

 . However, if self 1 dies and self 
L arrives before xN ,1 is reached, then self 0’s continuation value Nc

1 (x) changes into self 
1’s continuation value Fc(x) . Thus, Nc

1 (x) solves the following differential equation:

where Fc(x) = δpF(x) , the value-matching condition is given by

The value-matching condition ensures the continuity of the continuation value 
function. We note that solving Nc

1 (x) only requires a boundary condition. To simplify 
the expression, we assume that Y = x

−β3
N ,1

[

δf
(

ηxN ,1 − θ
)

− δpF
(

xN ,1

)]

 . Self 0’s continu-
ation value function is Nc

1 (x) = Yxβ3 + δpF(x).
Self 0 maximizes their value function N0(x) by taking the continuation value func-

tion Nc
1 (x) and choosing their exit threshold xN ,0 . Thus, Nc

1 (x) solves the differential 
equation:

It is solved by using the value-matching and smooth-pasting conditions:

(18)NL(x) = F(x) =
( x

x∗

)β1(
ηx∗ − θ

)

.

(19)xN ,L = x∗ =
β1θ

(β1 − 1)η
.

(20)N1(x) =
η(β1 − 1)

β3 − β1

(

x∗ − xN ,1

)

(

x

xN ,1

)β3

+ δpF(x),

(21)xN ,1 =
1

η(β3 − 1)

[

β3θ + (β3 − β1)δpF
(

xN ,1

)]

,

(22)
1

2
σ 2x2Nc′′

1 (x)+ αxNc′
1 (x)− ρNc

1 (x)+ �pN

[

Fc(x)− Nc
1 (x)

]

= 0,

Nc
1

(

xN ,1

)

= δf
[

P∗
VC

(

xN ,1

)

− C
]

= δf
(

ηxN ,1 − θ
)

.

(23)
1

2
σ 2x2N ′′

0 (x)+ αxN ′
0(x)− ρN0(x)+ �f

[

Nc
1 (x)− N0(x)

]

= 0.
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We assume that the general solution of N0(x) takes the form below, and we verify the 
conjecture in “Appendix 1”. Next, we discuss case by case.

Proposition 2 If �f  = �pN , we note that β3  = β4. The value of the naïve venture capital-
ist exit option is given by.

where ε =
�f

�f −�pN
, U0 = x

−β4
N ,0

[

ηxN ,0 − θ − δpF
(

xN ,0

)

− εYx
β3
N ,0

]

, 

β4 = 1
2 − α

σ 2 +

√

(

α

σ 2 −
1
2

)2
+

2
(

ρ+�f

)

σ 2 , and the exit threshold xN ,0 is the solution to Eq. 

(26).

If �f = �pN , we note that β3 = β4 (hereinafter referred to as β4). The value of the naïve 
venture capitalist exit option is given by

where R1 = −
�f Y

α+ 1
2 σ

2(2β4−1)
, R0 = x

−β4
N ,0

[

ηxN ,0 − θ − δpF
(

xN ,0

)

− R1x
β4
N ,0 log xN ,0

]

, and 

the exit threshold xN ,0 is the solution to Eq. (28).

Sophisticated venture capitalists

The sophisticated venture capitalist foresees time-point and time-flow inconsistencies, as 
shown in Fig. 3. This type of venture capitalist clearly and correctly understands that all 
future selves will adopt strategies based on their own interests. Therefore, we need to start 
with self L , the last self, and backward derive value function, continuation value function, 
and exit threshold for each self until self 0.

Similar to the naïve venture capitalist, we give self L ’s value function SL(x) and exercise 
threshold xS,L directly.

N0

(

xN ,0

)

= P∗
VC

(

xN ,0

)

− C = ηxN ,0 − θ , N ′
0

(

xN ,0

)

=
[

P∗
VC

(

xN ,0

)

− C
]′
= η.

(24)N0(x) =

{

δpF(x)+ εYxβ3 + U0x
β4 , if �f �= �pN ,

δpF(x)+ R1x
β4 log x + R0x

β4 , if �f = �pN .

(25)N0(x) = δpF(x)+ εYxβ3 +U0x
β4 ,

(26)xN ,0 =
β4θ

η(β4 − 1)
+

β4 − β1

η(β4 − 1)
δpF

(

xN ,0

)

+
β4 − β3

η(β4 − 1)
εYx

β3
N ,0.

(27)N0(x) = δpF(x)+ R1x
β4 log x + R0x

β4 ,

(28)xN ,0 =
β4θ

η(β4 − 1)
+

β4 − β1

η(β4 − 1)
δpF

(

xN ,0

)

−
R1x

β4
N ,0

η(β4 − 1)
.

(29)SL(x) = F(x) =
( x

x∗

)β1(
ηx∗ − θ

)

.

(30)xS,L = x∗ =
β1θ

(β1 − 1)η
.
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Self L− 1 faces the case similar to self 1 of the naïve venture capitalist. Let SL−1(x) and 
xS,L−1 denote self L− 1 ’s value function and exercise threshold, respectively. It is noted that 
the arrival intensity of self L changes again.

where β5 = 1
2 − α

σ 2 +

√

(

α

σ 2 −
1
2

)2
+

2(ρ+�pS)
σ 2  . In general, β4 ≥ β5.

We assume the general solution of SL−2(x) that satisfies the corresponding differential 
equation takes the form below, and we solve the exit threshold xS,L−2 by the value-matching 
and smooth-pasting conditions.

The proof for the general solution of SL−2(x) is similar to the case of the naïve venture 
capitalist, so it is not repeated here.

(1) If �f  = �pS , we note that β4  = β5 . Self L− 2 ’s exercise threshold xS,L−2 is the solution 
to Eq. (34).

where ϕ= �f

�f −�pS
 and Z = x

−β5
S,L−2

[

δf
(

ηxS,L−1 − θ
)

− δpF
(

xS,L−1

)]

.

In summary, for n ≤ L− 3 , self n ’s continuation value function Scn+1(x) satisfies the dif-
ferential equation below:

The value-matching condition is given by

The solutions for the continuation value functions Scn+1(x) are presented in “Appendix 2”, 
and Scn+1(x) is given by

where the formula for Wn+1,i is detailed in “Appendix 2”.
Self n+ 1 ’s value function Sn+1(x) satisfies the following differential equation:

(31)SL−1(x) =
η(β1 − 1)

β5 − β1

(

x∗ − xS,L−1

)

(

x

xS,L−1

)β5

+ δpF(x),

(32)xS,L−1 =
1

η(β5 − 1)

[

β5θ + (β5 − β1)δpF
(

xS,L−1

)]

,

(33)SL−2(x) =

{

δpF(x)+ ϕZxβ5 + UL−2,0x
β4 , if �f �= �pS ,

δpF(x)+ RL−2,1x
β4 log x + RL−2,0x

β4 , if �f = �pS .

(34)xS,L−2 =
β4θ

η(β4 − 1)
+

β4 − β1

η(β4 − 1)
δpF

(

xS,L−2

)

+
β4 − β5

η(β4 − 1)
ϕZx

β5
S,L−2,

(35)
1

2
σ 2x2Sc′′n+1(x)+ αxSc′n+1(x)− ρScn+1(x)+ �f

[

Scn+2(x)− Scn+1(x)
]

= 0.

Scn+1

(

xS,n+1

)

= δf
[

P∗
VC

(

xS,n+1

)

− C
]

= δf
(

ηxS,n+1 − θ
)

.

(36)Scn+1(x) = δpF(x)+ ϕL−n−2Zxβ5 +

L−n−3
∑

i=0

Wn+1,i

(

log x
)i
xβ4 ,

(37)
1

2
σ 2x2S′′n+1(x)+ αxS′n+1(x)− ρSn+1(x)+ �f

[

Scn+2(x)− Sn+1(x)
]

= 0.
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It is solved by using the value-matching and smooth-pasting conditions:

The solutions for the value functions Sn+1(x) are presented in “Appendix 3”, and 
Sn+1(x) is given by

where the formula for Un+1,i is detailed in “Appendix 3”.
(2) If �f = �pS , we note that β4 = β5 (hereinafter referred to as β4 ). Self L− 2 ’s exer-

cise threshold xS,L−2 is the solution to Eq. (39).

where RL−2,1 = −
�f Z

α+ 1
2 σ

2(2β4−1)
.

In summary, for n ≤ L− 3 , self n ’s continuation value function Scn+1(x) is given by

Self n+ 1 ’s value function Sn+1(x) is given by

The solutions for the continuation value function Scn+1(x) and value function Sn+1(x) 
are similar to those in �f  = �pS , so it is not repeated here.

Proposition 3 If �f  = �pS, we note that β4  = β5. The value of the sophisticated venture 
capitalist exit option is given by

and the exit threshold xS,0 is as follows:

If �f = �pS, we note that β4 = β5 (hereinafter referred to as β4). The value of the sophisti-
cated venture capitalist exit option is given by

Sn+1

(

xS,n+1

)

= P∗
VC

(

xS,n+1

)

−C = ηxS,n+1−θ , S′n+1

(

xS,n+1

)

=
[

P∗
VC

(

xS,n+1

)

− C
]′
= η.

(38)Sn+1(x) = δpF(x)+ ϕL−n−2Zxβ5 +

L−n−3
∑

i=0

Un+1,i

(

log x
)i
xβ4 .

(39)xS,L−2 =
β4θ

η(β4 − 1)
+

β4 − β1

η(β4 − 1)
δpF

(

xS,L−2

)

−
RL−2,1

η(β4 − 1)
x
β4
S,L−2,

(40)Scn+1(x) = δpF(x)+

L−n−2
∑

i=0

Vn+1,i

(

log x
)i
xβ4 .

(41)Sn+1(x) = δpF(x)+

L−n−2
∑

i=0

Rn+1,i

(

log x
)i
xβ4 .

(42)S0(x) = δpF(x)+ ϕL−n−2Zxβ5 +

L−2
∑

i=0

U0,i

(

log x
)i
xβ4 ,

(43)

xS,0 =
β3θ

η(β3 − 1)
+

β3 − β1

η(β3 − 1)
δpF

(

xS,0
)

+
β3 − β4

η(β3 − 1)
ϕL−1Zx

β5
S,0

−
k

η(β3 − 1)

L−2
∑

k=1

U0,k

(

log xS,0
)k−1

x
β4
S,0.
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where the derivation of R0,i is similar to that of W0,i (see “Appendix 2” for details), and the 
exit threshold xS,0 is as follows:

Model implications
This section compares the exit thresholds of the four types of venture capitalists by 
numerically examining the properties of the model solutions. The base parameter val-
ues are set as α = 0.02 , σ = 0.2 , and ρ = 0.06 according to Dixit and Pindyck (1994), 
and ensuring ρ > α for convergence; QM = 1.7 , QA = 1 , and QT = 0.5 based on Thijs-
sen (2008) and ensuring QM > QA + QT for the positive synergy; the VC’s negotiation 
ability βVC = 0.2 (can be anywhere from 0 to 1); the VC’s holding shares φ = 0.4 (can 
be anywhere from 0 to 1); the VC’s preferential fixed claim d = 0.4 ; and the exit cost 
C = 10.

Comparison of time‑consistent and time‑point‑inconsistent venture capitalists

Figure 4 shows how the exit thresholds x∗ of time-consistent venture capitalists and xG 
of time-point-inconsistent venture capitalists change with parameters δp and �L , respec-
tively. We separately set �L = 1 in Fig. 4a and δp = 0.3 in Fig. 4b. Our results show that 
time-point-inconsistent venture capitalists exit earlier than time-consistent venture cap-
italists, in that xG < x∗ . We also observe that as the reduction factor δp increases from 
0 to 1 or the arrival intensity �L decreases from 1 to 0, the degree of time inconsistency 
gradually decreases, and the exit threshold xG gradually approaches x∗.

The economic intuition for these findings is as follows. The exit decision of the time-
point-inconsistent venture capitalist is determined by the current and the future selves. 
The VC fund’s expiration can be viewed as the death of the current self and the birth of 
the future self, meaning that the future self starts to take over the right to make exit deci-
sions. Considering that the payoffs obtained from exercising the exit option by the future 

(44)S0(x) = δpF(x)+

L−1
∑

i=0

R0,i

(

log x
)i
xβ4 ,

(45)xS,0 =
β4θ

η(β4 − 1)
+

β4 − β1

η(β4 − 1)
δpF

(

xS,0
)

−
k

η(β4 − 1)

L−1
∑

k=1

R0,k

(

log xS,0
)k−1

x
β4
S,0.

Fig. 4 Exit thresholds change with respect to the reduction factor δp and arrival intensity �L
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self should be further discounted by an extra reduction factor, the current self prefers to 
exercise the option by oneself. As a result, time-inconsistent preferences accelerate the 
exit of venture capitalists. Venture capitalists managing young and less-prestigious VC 
funds are more sensitive to fund expiration and more prone to time-inconsistent prefer-
ences than those in charge of older VC funds. Therefore, we conclude that young VCs 
exit earlier than older VCs. This conclusion is also supported by recent empirical evi-
dences (Amor and Kooli 2020; Sethuram et al. 2021).

Comparison of the three defined time‑inconsistent venture capitalists

Figures 5 and 6 demonstrate how the exit thresholds xG of time-point-inconsistent ven-
ture capitalists and xN ,0 of naive venture capitalists change with the parameter δp under 
�f = �pN and �f  = �pN , respectively. To ensure δf ≥ δp , we set δf = 0.7 and δp from 0 
to 0.7. To model the different durations left before the expiry date, we examine the exit 
thresholds of the above two types of venture capitalists by adjusting �pN while keeping 
�f = 1 all the time. The time-point-inconsistent venture capitalist is directly faced with 
the pressure of the VC fund’s expiration, while the naïve venture capitalist is also faced 
with the pressure of time-flow inconsistency in addition to the VC fund’s expiration.

Let us begin with a special case of �f = �pN . Figure 5 shows that xG > xN ,0 at δp > 0.18 , 
and xG < xN ,0 at δp < 0.18 . Thus, we represent the intersection point where δp = 0.18 as 
δpe . We find that when δp = δf = 0.7 (i.e., we do not distinguish between two kinds of 
time inconsistencies), our model evolves as the case of Grenadier and Wang (2007), and 
the exit threshold of the time-point-inconsistent venture capitalist is strictly greater than 
that of the naïve venture capitalist. Nevertheless, we note that when δp < δpe , the naïve 
venture capitalist abnormally exits later than the time-point-inconsistent venture capi-
talists. In this case, the time-point-inconsistent venture capitalist faces the powerful but 
distant VC fund’s expiration pressure. In contrast, the naïve venture capitalist also faces 
the above expiration pressure but faces a low degree of pressure from time-flow incon-
sistency in the first place. For the naïve venture capitalist, the future self caused by time-
flow inconsistency may act as a buffer against the detrimental effect, thus weakening the 
impact of time-point inconsistency. We further test this inference by comparing the exit 
thresholds of naïve and sophisticated venture capitalists.

Now let us analyze the more general cases of �f  = �pN . Figure  6a–d are the cases 
where �pN = 0.8, 0.5, 0.2 and 0.05, respectively. We find that as �pN decreases, both 

Fig. 5 Exit thresholds change with the reduction factor δp under �f = �pN = 1
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xG and xN ,0 increase while the increase of xG is greater than that of xN ,0 . When �pN 
decreases to a specific value, xG is completely greater than xN ,0 . These findings suggest 
that the farther the expiry dates are, the more the two types of venture capitalists delay 
their exit. However, considering that we adjust �pN while keeping �f  unchanged, the exit 
threshold of the time-point-inconsistent venture capitalist is more affected than that of 
the naïve venture capitalist. The intuition is straightforward. As the duration left before 
the expiry date increases, the impact from the VC fund’s expiration decreases, leading 
to the further prominent effect of time-flow inconsistency. In addition, it’s worth not-
ing that the case of �f ≫ �pN , that is, the result shown in Fig.  6 is the most common 
in reality. After all, the future self, caused by individual time preferences, arrives earlier 
than the VC fund expiry date. Therefore, the naïve venture capitalist typically exits ear-
lier than the time-point-inconsistent venture capitalist.

Figure  7 shows how the exit thresholds xG , xN ,0 and xS,0 change with the parame-
ter δp under different numbers of selves generated by time-flow inconsistency. We set 
�f = �pS = 0.5 for facilitating the calculation and δf = 0.7 as in the above cases. Hence, 
the number of selves E + 1 reflects the different durations left before the expiry date. 
Due to the complicated derivation, we only provide three cases where L+ 1 = 4, 5, and 6, 
respectively.

We denote the intersection of curves xG and xS,0 as δpG and the intersection of curves 
xN ,0 and xS,0 as δps , respectively. As shown in Fig.  7a, when δp > δps , especially when 
δp = δf = 0.7 , our model evolves as the case of Grenadier and Wang (2007) again and 
we find that sophisticated venture capitalists exit earlier than naïve venture capitalists, 

Fig. 6 Exit thresholds change with the reduction factor δp under �f  = �pN . The parameter values are �f = 1 , a 
�pN = 0.8 , b �pN = 0.5 , c �pN = 0.2 , and d �pN = 0.05
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who in turn exit earlier than time-point-inconsistent venture capitalists. When δp < δpG 
and δpG < δp < δps , we observe that xS,0 > xG > xN ,0 and xG > xS,0 > xN ,0 , respectively. 
These results confirm the inference we propose in our analysis of Fig. 5 that the future 
selves caused by time-flow inconsistency weaken the effect of time-point inconsistency. 
Particularly, sophisticated venture capitalists exit later than naïve venture capitalists 
because they are fully aware of multiple future selves caused by time-flow inconsistency, 
further weakening the effect of time-point inconsistency.

Moreover, it is observed that the growth degree of xG , xN ,0 and xS,0 decreases in turn 
with the number of selves L+ 1 increasing. This result indicates that a gradual increase 
in the number of future selves enhances the dominant effect of time-flow inconsistencies 
on the sophisticated venture capitalist, thereby prompting the current self to make the 
exit decision earlier than the naïve venture capitalist. Thus, it is foreseeable that when 
the number of future selves reaches a specific threshold, the sophisticated venture capi-
talist exits earlier than the naïve venture capitalist, who in turn exits earlier than the 
time-point-inconsistent venture capitalist. This finding is also in line with the real-world 
practice because the arrival intensity of time-flow inconsistency is usually much greater 
than that of time-point inconsistency.

Conclusions
This study merges time-inconsistent preferences and VC exit decisions under uncer-
tainty. In transition economies such as China, many VC funds have been set up and put 
into operation. For young and less-prestigious VC funds, obtaining significant payoffs 
and exiting successfully before the VC fund’s expiration could effectively signal the high 

Fig. 7 Exit thresholds change with the reduction factor δp . The parameter values are a L+ 1 = 4 ; b 
L+ 1 = 5 ; c L+ 1 = 6
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quality of the VC fund and guarantee follow-up fundraising. Consequently, venture capi-
talists are faced with two opposite decision drivers: waiting for the optimal exit and exit-
ing early to gain reputational value. In this study, the time-inconsistent preferences of 
venture capitalists are incorporated into the optimal exit option framework to model the 
above VC exit decisions accurately.

Considering that both individual time preferences and the finite lifespan of VC funds 
contribute to the time-inconsistent preferences of venture capitalists, two kinds of time 
inconsistencies (i.e., time-flow and time-point inconsistencies) are proposed. Based 
on the assumption of time inconsistencies described, we derive and compare the exit 
thresholds of the four types of venture capitalists. The main findings of the numerical 
experiments are as follows. First, time-inconsistent preferences accelerate the exit of 
venture capitalists and thus all types of time-inconsistent venture capitalists exit earlier 
than time-consistent ones. Our model is the first to provide a behavioral explanation for 
the empirical facts of young VCs’ grandstanding from the perspective of decision-mak-
ers’ time preferences. Second, the closer the VC funds expiry dates are, the more likely 
time-inconsistent venture capitalists are to accelerate their exits. Third, future selves 
caused by time-flow inconsistency weaken the effect of time-point inconsistency. Our 
findings fully explain both the standard and abnormal phenomena. Generally, sophisti-
cated venture capitalists exit earlier than naïve venture capitalists, who in turn exits ear-
lier than time-point-inconsistent venture capitalists. As for some special situations when 
the degree of time-point inconsistency is much greater than that of time-flow inconsist-
ency, and the exit opportunity is close to the VC fund’s expiry date, naive venture capital-
ists exit later than time-point-inconsistent venture capitalists, and sophisticated venture 
capitalists exit last among the three defined time-inconsistent venture capitalists.

The two possible extensions to this study are introduced below. First, our study follows 
previous literature and assumes that the discount reduction factor δf  is fixed for each 
self. Nevertheless, a more realistic assumption would be that the closer to the expira-
tion date, the smaller δf  is. Second, it is assumed that venture capitalists retain control 
over their capital exit from the invested firm. Although in reality venture capital con-
tracts do have provisions to give venture capitalists this right,8 entrepreneurs lose the 
private benefits of control and hence may oppose trade sales. Therefore, the model could 
be extended to account for the game between the entrepreneur, the venture capitalist, 
and the acquiring firm.

Appendix 1
The proof for the general solution of N0(x).

The general solution we assume is given by

(46)N0(x) =

{

δpF(x)+ εYxβ3 + U0x
β4 , if �f �= �pN ,

δpF(x)+ R1x
β4 log x + R0x

β4 , if �f = �pN .

8 For example, drag-along rights and tag-along rights, see Cumming (2010) and Bienz and Walz (2010).
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Take the first and second derivatives of N0(x) and substitute them into the following 
differential equation:

(1) If �f  = �pN  , we note that β3  = β4.
For the xβ1 term, we have

For the xβ3 term, we have

Simplify the above Eq. (49), we obtain

For the xβ4 term, we have

(2) If �f = �pN  , we note that β3 = β4.
For the xβ1 term, we have

For the xβ4 log x term, we have

Thus

We obtain

For the xβ4 term, we have

(47)
1

2
σ 2x2N ′′

0 (x)+ αxN ′
0(x)− ρN0(x)+ �f

[

Nc
1 (x)− N0(x)

]

= 0.

(48)δpF(x)

[

1

2
σ 2β1(β1 − 1)+ αβ1 − ρ

]

= 0.

(49)
1

2
σ 2β3(β3 − 1)xβ3εY + αβ3x

β3εY − ρxβ3εY + �f

[

xβ3Y − xβ3εY
]

= 0.

(50)ε =
�f

�f − �pN
.

(51)U0x
β4

[

1

2
σ 2β4(β4 − 1)+ αβ4 −

(

ρ + �f

)

]

= 0.

(52)δPF(x)

[

1

2
σ 2β1(β1 − 1)+ αβ1 − ρ

]

= 0.

(53)
R1x

β4 log x

[

1

2
σ 2β4(β4 − 1)+ αβ4 − ρ − �f

]

+ xβ4
[

1

2
σ 2R1(2β4 − 1)+ αR1 + �f Y

]

= 0.

(54)
1

2
σ 2R1(2β4 − 1)+ αR1 + �f Y = 0.

(55)R1 = −
�f Y

α + 1
2σ

2(2β4 − 1)
.
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Appendix 2
Solving for the continuation value function Scn+1(x).

Let n = N −
(

j + 1
)

 , for j = 2, 3, ...,N − 1 . Then Scn+1(x) = ScN−j(x) . We assume the 
general solution of ScN−j(x) is given in Eq. (57).

Further, it can be concluded that

We substitute the general solutions of ScN−j(x) and ScN−j+1(x) , and the first and sec-
ond derivatives of ScN−j(x) into the following differential equation:

For the xβ1 term, Eq. (59) always stands up.
For the xβ5 term, we have

Simplify the above Eq. (60), we obtain

For the xβ4 term, we set the coefficients for each xβ4
(

log x
)k term to 0 and then we 

obtain

We assume that µ =
−β4

σ 2β2
4

/

2+ρ+�f
 . The coefficient WN−j,k is given by

for k = 1, 2, ..., j − 2. And WN−j,0 is solved using the value-matching condition:

(56)R0x
β4

[

1

2
σ 2β4(β4 − 1)+ αβ4 −

(

ρ + �f

)

]

= 0.

(57)ScN−j(x) = δp

( x

x∗

)β1(
ηx∗ − θ

)

+ ϕj−1Zxβ5 +

j−2
∑

i=0

WN−j,i

(

log x
)i
xβ4 .

(58)ScN−j+1(x) = δp

( x

x∗

)β1(
ηx∗ − θ

)

+ ϕj−2Zxβ5 +

j−3
∑

i=0

WN−(j−1),i
(

log x
)i
xβ4 .

(59)
1

2
σ 2x2Sc′′N−j(x)+ αxSc′N−j(x)− ρScN−j(x)+ �f

[

ScN−j+1(x)− ScN−j(x)
]

= 0.

(60)

1

2
σ 2β5(β5 − 1)xβ5ϕj−1Z+αβ5x

β5ϕj−1Z−ρxβ5ϕj−1Z+�f

[

xβ5ϕj−2Z − xβ5ϕj−1Z
]

= 0.

(61)ϕ =
�f

�f − �pS
.

(62)
σ 2

2

[

(2β4 − 1)(k + 1)WN−j,k+1 + (k + 2)(k + 1)WN−j,k+2

]

+ α(k + 1)WN−j,k+1 + �f WN−j+1,k = 0, for k = 1, 2, . . . , j − 1.

(63)WN−j,k =
�f

k



µ

j−k−2
�

n=0

�

σ 2µ

2

�n+1

WN−j+1,k+n

n
�

m=0

(k +m)+ µWN−j+1,k−1



,
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Appendix 3
Solving for the value function Sn+1(x)

Let n = N −
(

j + 1
)

 , for j = 2, 3, ...,N − 1 . Then Sn+1(x) = SN−j(x) . We assume the 
general solution of SN−j(x) is given in Eq. (65).

We substitute the general solutions of SN−j(x) and SN−j+1(x) , and the first and second 
derivatives of SN−j(x) into the following differential equation:

For the xβ1 and xβ3 term, we reach the same conclusions as “Appendix 2”.
For the xβ4 term, we set the coefficients for each xβ4

(

log x
)k term to 0 and then we 

obtain

The coefficient UN−j,k is given by

for k = 1, 2, . . . , j − 1. And UN−j,0 is solved using the value-matching condition:
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(64)

WN−j,0 = x
−β4
S,N−j

[

δf
(

ηxS,N−j − θ
)

− δp

(xS,N−j

x∗

)β1(
ηx∗ − θ

)

− ϕj−1Zx
β5
S,N−j

]

−

j−2
∑

i=1

WN−j,i

(

log xS,N−j

)i
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( x
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)β1(
ηx∗ − θ
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+ ϕj−1Zxβ5 +
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∑
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(

log x
)i
xβ4 .
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1

2
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[
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σ 2

2

[
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x∗

)β1(
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)
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S,N−j

]

−
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∑

i=1

UN−j,i

(
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)i
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