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t. We 
onsider the a posteriori error analysis of hp{dis
ontinuous Galerkin �niteelement approximations to �rst{order hyperboli
 problems. In parti
ular, we dis
uss thequestion of error estimation for linear fun
tionals, su
h as the out
ow 
ux and the lo
alaverage of the solution. Based on our a posteriori error bound we design and implementthe 
orresponding adaptive algorithm to ensure reliable and eÆ
ient 
ontrol of the errorin the pres
ribed fun
tional to within a given toleran
e. This involves exploiting bothlo
al polynomial{degree{variation and lo
al mesh subdivision. The theoreti
al results areillustrated by a series of numeri
al experiments.Subje
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1 Introdu
tionAdaptive �nite element methods that are 
apable of exploiting both lo
al poly-nomial degree variation (p{re�nement) and lo
al mesh subdivision (h{re�nement)o�er greater 
exibility and improved eÆ
ien
y than mesh re�nement methods whi
honly in
orporate h{re�nement or p{re�nement in isolation. The aim of this paperis to develop the a posteriori error analysis of the hp{version of the dis
ontinuousGalerkin �nite element method; see [8℄ and the referen
es 
ited therein, and [6℄ forearlier work in this area. In parti
ular, we shall be 
on
erned with the derivation of
omputable error bounds for linear fun
tionals of the solution to s
alar �rst{orderhyperboli
 problems. Relevant examples of linear fun
tionals of the solution in
ludethe mean value of the �eld over the 
omputational domain and the normal 
uxthrough the out
ow boundary.The paper is stru
tured as follows. In Se
tion 2 we introdu
e the model problemand formulate its dis
ontinuous Galerkin �nite element approximation. Then, in1Department of Mathemati
s and Computer S
ien
e, University of Lei
ester, University Road,Lei
ester LE1 7RH, UK2University of Oxford, Computing Laboratory, Wolfson Building, Parks Road, Oxford OX13QD, UK. 1



Se
tion 3, we derive both a posteriori and a priori error bounds for linear fun
tion-als of the solution. Our a posteriori error bounds stem from a hyperboli
 dualityargument and in
lude 
omputable residual terms multiplied by lo
al weights in-volving the dual solution, 
f. [12, 16℄. Guided by our a posteriori error analysis,in Se
tion 4 we design an hp{adaptive �nite element algorithm to guarantee bothreliable and eÆ
ient 
ontrol of the error in the 
omputed fun
tional with respe
tto a �xed user{de�ned toleran
e. A key question in hp-adaptive algorithms is howto automati
ally de
ide when to h{re�ne/dere�ne and when to p{re�ne/dere�ne.Here, stimulated by the work of Ainsworth and Senior [2℄, we develop a de
isionme
hanism based on the estimation of lo
al Sobolev regularities of the primal anddual solutions by means of the a priori error bounds from Se
tion 3 (see also [20℄).The performan
e of the resulting hp{re�nement strategy is then studied in Se
tion5 through a series of numeri
al experiments. In parti
ular, we demonstrate the su-periority of using hp{adaptive mesh re�nement over the traditional h{re�nementmethod, where the degree of the approximating polynomial is kept �xed at somelow value. Finally, in Se
tion 6 we summarise the work presented in this paper anddraw some 
on
lusions.2 Model problem and dis
retisationLet 
 be a bounded open polyhedral domain in Rd , d � 2, and let � denote theunion of open fa
es of 
. Suppose that b = (b1; : : : ; bd) is a d{
omponent ve
torfun
tion de�ned on �
 with bi 2 W 11(
), i = 1; : : : ; d, and 
onsider the followingsubsets of �:�� = fx 2 � : b(x) � n(x) < 0g ; �+ = fx 2 � : b(x) � n(x) > 0g ;here, n(x) denotes the unit outward normal ve
tor to � at x 2 �. The sets �� and�+ are referred to as the in
ow and out
ow boundary, respe
tively. We shall supposethat � is almost everywhere non-
hara
teristi
 in the sense that the set �n(��[�+)has (d�1){dimensional measure zero. Given 
 2 L1(
), f 2 L2(
) and g 2 L2(��),we 
onsider the following boundary{value problem: �nd u 2 H(L;
) su
h thatLu � b � ru+ 
u = f; x 2 
 ; (2.1a)u = g; x 2 �� ; (2.1b)where H(L;
) = fv 2 L2(
) : Lv 2 L2(
)g denotes the graph spa
e of the partialdi�erential operator L in L2(
). In addition, we adopt the following (standard)hypothesis: there exists a 
onstant ve
tor � 2 Rd and a positive real number Æ su
hthat 
� 12r � b+ b � � � Æ2 for a.e. x 2 
 : (2.2)We note that assumption (2.2) ensures the existen
e of a unique solution u 2H(L;
) to (2.1), 
f. [13℄, for example. General results 
on
erning the existen
e2



and uniqueness of solutions to boundary value problems for �rst{order hyperboli
equations are given in [4℄, and [9℄ pp. 215{262. For the sake of simpli
ity of pre-sentation, we assume that (2.2) is satis�ed with � = 0, and we de�ne 
0 2 L1(
)by 
20(x) = 
(x)� 12r � b(x); x 2 
 : (2.3)Clearly, 
0(x) � Æ > 0 for almost every x 2 
.2.1 Finite element spa
esSuppose that T is a regular or 1-irregular subdivision of 
 into disjoint open elementdomains � su
h that �
 = [�2T ��. Thus a (d � 1)-dimensional fa
e of ea
h element� in T is allowed to 
ontain at most one hanging (irregular) node { typi
ally thebary
enter of the fa
e. It will be assumed that T respe
ts the de
omposition of �into �� and �+ in the following sense: if a (d � 1)-dimensional open fa
e e of anelement � lies on � then e is a subset of either �� or �+. We shall suppose that thefamily of subdivisions T is shape{regular (
f. pp. 61 and 113 and Remark 2.2 on p.114 in [7℄, for example) and that ea
h � 2 T is a smooth bije
tive image of a �xedmaster element �̂, that is, � = F�(�̂) for all � 2 T where �̂ is either the open unitsimplex or the open unit hyper
ube in Rd . On the referen
e element �̂ we de�nespa
es of polynomials of degree p � 1 as follows:Qp = span fx̂� : 0 � �i � p; 1 � i � dg ; Pp = span fx̂� : 0 � j�j � pg :To ea
h � 2 T we assign an integer p� � 1; 
olle
ting the p� and F� in the ve
torsp = fp� : � 2 T g and F = fF� : � 2 T g, respe
tively, we introdu
e the �niteelement spa
eSp(
; T ;F) = fu 2 L2(
) : uj� Æ F� 2 Qp� if F�1� (�) is the open unit hyper
ube,and uj� Æ F� 2 Pp� if F�1� (�) is the open unit simplex; � 2 T g :Assuming that T is a subdivision of 
, we 
onsider the broken Sobolev spa
eHs(
; T ) of 
omposite index s with nonnegative 
omponents s�, � 2 T , de�nedby Hs(
; T ) = fu 2 L2(
) : uj� 2 Hs�(�) 8� 2 T g :If s� = s � 0 for all � 2 T , we shall simply write Hs(
; T ).In the next se
tion, we formulate the hp-version of the Dis
ontinuous GalerkinFinite Element Method (hp-DGFEM, for short) for the numeri
al solution of (2.1).2.2 The hp{dis
ontinuous Galerkin methodGiven that � is an element in the subdivision T , we denote by �� the union of(d � 1)-dimensional open fa
es of �. This is non-standard notation in that �� is a3



subset of the boundary of �. Let x 2 �� and suppose that n�(x) denotes the unitoutward normal ve
tor to �� at x. With these 
onventions, we de�ne the in
ow andout
ow parts of ��, respe
tively, by��� = fx 2 �� : b(x) � n�(x) < 0g ; (2.4a)�+� = fx 2 �� : b(x) � n�(x) � 0g : (2.4b)For ea
h � 2 T and any v 2 H1(�) we denote by v+� the interior tra
e of von �� (the tra
e taken from within �). Now 
onsider an element � su
h that theset ���n�� is nonempty; then for ea
h x 2 ���n�� (with the ex
eption of a set of(d�1){dimensional measure zero) there exists a unique element �0, depending on the
hoi
e of x, su
h that x 2 �+�0. Suppose that v 2 H1(
; T ). If ���n�� is nonemptyfor some � 2 T , then we de�ne the outer tra
e v�� of v on ���n�� relative to � asthe inner tra
e v+�0 relative to those elements �0 for whi
h �+�0 has interse
tion with���n�� of positive (d� 1){dimensional measure. We also introdu
e the jump of va
ross ���n��: [ v ℄� = v+� � v�� :Sin
e below it will always be 
lear from the 
ontext whi
h element � in the subdi-vision T the quantities n�, v+� , v�� and [v℄� 
orrespond to, for the sake of notationalsimpli
ity we shall suppress the letter � in the subs
ript and write, respe
tively, n,v+, v� and [v℄ instead.For v; w 2 H1(
; T ), we de�ne the bilinear formBDG(w; v) = X�2T Z� Lw v dx�X�2T Z���n��(b � n)[w℄ v+ ds�X�2T Z���\��(b � n)w+ v+ dsand, for v 2 H1(
; T ), we 
onsider the linear fun
tional`DG(v) =X�2T Z� fv dx�X�2T Z���\��(b � n) gv+ ds :The hp{DGFEM for (2.1) is de�ned as follows: �nd uDG 2 Sp(
; T ;F) su
h thatBDG(uDG; v) = `DG(v) 8v 2 Sp(
; T ;F) : (2.5)We note thatBDG(v; v) = X� Z� 
20(x)jvj2 dx + 12X� Z���\�� jb � nj jv+j2 ds+12X� Z���n�� jb � nj j[v℄j2 ds+ 12X� Z�+�\�+ jb � nj jv+j2 ds4



for all v 2 H1(
; T ) (see, for example, (2.31) in [14℄), and therefore BDG(v; v) > 0for all v 2 H1(
; T )nf0g; thus, re
alling that (2.5) is a linear problem on the �nite{dimensional linear spa
e Sp(
; T ;F), we dedu
e the existen
e of a unique solutionuDG in Sp(
; T ;F) to (2.5). Further, for ea
h v 2 H1(
; T ),j`DG(v)j �  X�2T Z� 
�20 (x)jf j2 dx+ 2X�2T Z���\�� jb � nj jgj2 ds!1=2
� X�2T Z� 
20(x)jvj2 dx+ 12X�2T Z���\�� jb � nj jv+j2 ds!1=2 :Hen
e, letting jjjvjjjDG = [BDG(v; v)℄1=2, we dedu
e the stability of the method inthe sense thatjjjuDGjjjDG� X�2T Z� 
�20 (x)jf(x)j2 dx + 2X�2T Z���\�� jb(x) � n(x)j jg(s)j2 ds!1=2 :For the a priori error analysis of (2.5) in the DG-norm jjj � jjjDG we refer to the paper[13℄, 
f. Lemma 9 below. The analysis of the s
heme (2.5) with the addition ofstreamline{di�usion stabilisation has been 
onsidered in the paper [14℄; see also Bey& Oden [6℄. Here we shall 
on
entrate on the situation when there is no streamline{di�usion stabilisation in the method.3 A posteriori and a priori error analysisIn many problems of physi
al importan
e the quantity of interest is a linear fun
-tional J(�) of the solution. Relevant examples in
lude the lift and drag 
oeÆ
ientsfor a body immersed into an invis
id 
uid, the lo
al mean value of the �eld, or its
ux through the out
ow boundary of the 
omputational domain.Suppose that we wish to 
ontrol the dis
retisation error in some linear fun
tionalJ(�) de�ned on a linear spa
e whi
h 
ontains H(L;
) + Sp(
; T ;F). Following theargument presented in [12℄ for stabilised 
ontinuous �nite element approximations,we do so by deriving an a posteriori bound on the error between J(u) and J(uDG).We begin our analysis by 
onsidering the following dual or adjoint problem: �nd zin H(L�;
) su
h that BDG(w; z) = J(w) 8w 2 H(L;
) ; (3.1)where H(L�;
) denotes the graph spa
e of the adjoint operator L� in L2(
). Let usassume that (3.1) possesses a unique solution. Clearly, the validity of this assump-tion depends on the 
hoi
e of the linear fun
tional under 
onsideration. Below, wepresent some important examples whi
h are 
overed by our hypotheses.5



Example 1: Mean 
ow. Consider approximating the (weighted) mean value J(�) �M (�) de�ned by J(w) �M (w) = Z
w dx ; (3.2)where  2 L2(
) is a given weight fun
tion. In this 
ase the dual problem takes thefollowing form: �nd z in H(L�;
) su
h thatL�z � �r � (bz) + 
z =  ; x 2 
 ; (3.3a)z = 0; x 2 �+ : (3.3b)Example 2: Point value. Under the assumption that the analyti
al solution u is a
ontinuous fun
tion in the neighbourhood of a given point x
 in 
, the point valueu(x
) may also be approximated. However, now J(w) = w(x
), and when this isinserted as right-hand side into the dual problem (3.1), the resulting weak solutionz is a measure rather than a regular distribution; in parti
ular, z does not belongto L2(
). Thus, to avoid te
hni
al 
ompli
ations, we mollify the fun
tional J by
onsidering a nonnegative fun
tion ' in L1;lo
(Rd) whose support is 
ontained in theunit ball B(0; 1) 
entred at x = 0 and su
h that the integral of ' over B(0; 1) isequal to 1. Writing  (x) = '"(x) � "�d '((x� x
)="), M (u) 
onverges to u(x
) as"! 0. Further, setting J(w) = M (w) into (3.1) as right-hand side, for 0� " < 1�xed, now results in a unique solution z in H(L�;
).Example 3: Out
ow normal 
ux. As a �nal example, 
onsider the (weighted) normal
ux J(�) � N (�) through the out
ow boundary �+, de�ned, for w 2 H(L;
), byJ(w) � N (w) = Z�+(b � n)w ds ; (3.4)where  is a given `weight' fun
tion in L2(�+). A simple 
al
ulation based on thedivergen
e theorem shows that z is the (unique) solution to the following boundaryvalue problem: �nd z in H(L�;
) su
h thatL�z � �r � (bz) + 
z = 0; x 2 
 ;z =  ; x 2 �+ :For a given linear fun
tional J(�) the pro
eeding a posteriori error bound will beexpressed in terms of the �nite element residual rh;p de�ned on � 2 T byrh;pj� = (f � LuDG)j�;whi
h measures the extent to whi
h uDG fails to satisfy the di�erential equation onthe union of the elements � in the mesh T ; thus we refer to rh;p as the internalresidual. Also, sin
e uDG only satis�es the boundary 
onditions approximately, the6



di�eren
e g�uDG is not ne
essarily zero on ��; thus for ea
h element � with ���\��of positive (d� 1)-dimensional measure, we de�ne the boundary residual rh;p� byrh;p�j���\�� = (g � u+DG)j���\�� :With these de�nitions we observe from (2.5) the following relationship between theinternal and boundary residual:BDG(u� uDG; v) � X�2T (rh;p; v)� +X�2T ((b � n)[uDG℄; v+)���n���X�2T ((b � n)rh;p�; v+)���\�� = 0 (3.5)for all v in Sp(
; T ;F). The identity (3.5) is referred to as the Galerkin orthogonalityproperty of the hp{DGFEM. We remark that the se
ond term on the right{handside of (3.5) re
e
ts the fa
t that while the normal 
ux (bu) � n = (b � n)u of theanalyti
al solution u is 
ontinuous a
ross element interfa
es (even if the analyti
alsolution u is only pie
ewise 
ontinuous on 
), the normal 
ux of the numeri
alsolution uDG is not, due to the 
hoi
e of the �nite element spa
e Sp(
; T ;F); for�nite element approximations to (2.1) based on 
ontinuous pie
ewise polynomials,this term is, of 
ourse, equal to zero.3.1 Type I a posteriori error boundThe starting point of the a posteriori error analysis is the following general result.Theorem 1 Let u and uDG denote the solutions of (2.1) and (2.5), respe
tively,and suppose that the dual solution z is de�ned by (3.1). Then, the following errorrepresentation formula holds:J(u)� J(uDG) = X�2T (rh;p; z � zh;p)� +X�2T ((b � n)[uDG℄; (z � zh;p)+)���n���X�2T ((b � n)rh;p�; (z � zh;p)+)���\��� E
(uDG; h; p; z � zh;p) (3.6)for all zh;p in Sp(
; T ;F).Proof On 
hoosing w = u � uDG in (3.1) and re
alling the linearity of J(�) and theGalerkin orthogonality property (3.5), we dedu
e thatJ(u)� J(uDG) = J(u� uDG) = BDG(u� uDG; z) = BDG(u� uDG; z � zh;p)= X�2T (rh;p; z � zh;p)� +X�2T ((b � n)[uDG℄; (z � zh;p)+)���n���X�2T ((b � n)rh;p�; (z � zh;p)+)���\�� ;7



and hen
e (3.6). �Given a linear fun
tional J(�) and a positive toleran
e TOL, the aim of the 
ompu-tation is to 
al
ulate uDG su
h thatjJ(u)� J(uDG)j � TOL : (3.7)A

ording to (3.6), a ne
essary and suÆ
ient 
ondition for this to hold is that thestopping 
riterion jE
(uDG; h; p; z � zh;p)j � TOL (3.8)is satis�ed. If (3.8) holds, then J(uDG) is a

epted as an a

urate representation ofJ(u); otherwise uDG is dis
arded and a new, improved, approximation is 
omputedon a re�ned subdivision. In order to ensure that the subdivision is re�ned onlywhere ne
essary, a de
ision has to be made on ea
h element � as to whether the lo
almesh-size h� and the lo
al polynomial degree p� are a

eptable in relation to TOL.A 
onvenient approa
h to obtaining a lo
al re�nement 
riterion whi
h relates thelo
al dis
retisation parameters h� and p� to TOL is to lo
alise E
(uDG; h; p; z� zh;p).More pre
isely, jE
(uDG; h; p; z � zh;p)j is further bounded above by noting thatE
(uDG; h; p; z � zh;p) 
an be de
omposed as P� ��, with�� = (rh;p; z�zh;p)�+((b�n)[uDG℄; (z�zh;p)+)���n��+((b�n)rh;p�; (z�zh;p)+)���\�� ;and applying the inequality jP� ��j � P� j��j. Thus we arrive at the followingresult.Corollary 2 Under the assumptions of Theorem 1, the following a posteriori errorbound holds: jJ(u)� J(uDG)j � E(uDG; h; p; z � zh;p) ; (3.9)where E(uDG; h; p; z � zh;p) �X�2T �� ; (3.10)and �� = j(rh;p; z � zh;p)� + ((b � n)[uDG℄; (z � zh;p)+)���n���((b � n)rh;p�; (z � zh;p)+)���\��j : (3.11)Now, a possible lo
al re�nement 
riterion might, for example, 
onsist of 
he
kingwhether, on ea
h element � in the subdivision T , the inequality�� � TOLN (3.12)8



holds, where N is the number of elements in T . If (3.12) is valid on ea
h element� in T then, a

ording to (3.9), the stopping 
riterion (3.8) has been rea
hed andthe required error 
ontrol (3.7) has been a
hieved. The a posteriori error bound(3.9) { (3.11) where the di�eren
e between the dual solution z and its dis
reterepresentation (e.g. interpolant, quasi-interpolant or proje
tion) zh;p de�ned on theprimal subdivision T enters into the error estimate as lo
al weight fun
tion, will bereferred to as an a posteriori error bound of Type I.It may seem natural to further bound �� in (3.11) by writing�� � j(rh;p; z � zh;p)�j+ j((b � n)[uDG℄; (z � zh;p)+)���n��j+j((b � n)rh;p�; (z � zh;p)+)���\��j � �� :We may then 
onsider the a posteriori error boundjJ(u)� J(uDG)j �X�2T �� : (3.13)Indeed, we 
ould pro
eed even further, to eliminate zh;p from the a posteriori errorestimate, by bounding ea
h term in �� via the Cau
hy{S
hwarz inequality and stan-dard results from approximation theory to bound the expressions kz�zh;pkL2(�) andk(z� zh;p)+kL2(���) in terms of the dis
retisation parameters h� and p� and Sobolevseminorms of z. For then, �nally, the dual solution z may also be eliminated fromthe a posteriori error estimate by bounding norms of z by suitable norms of thedata for the dual problem via hyperboli
 well-posedness results. The resulting aposteriori error bound will then, in the spirit of Johnson et al. [15℄, only involvethe residual terms rhp, (b � n)[uDG℄ and rh;p�, the dis
retisation parameters, theinterpolation 
onstants and the stability fa
tor of the dual problem; su
h an esti-mate will be referred to here as a Type II a posteriori error bound. We note thatthe residual-based weighted a posteriori error bounds of Be
ker and Ranna
her [5℄are intermediate between Type I and Type II bounds, although, due to the lo
alityof the weight, 
loser in spirit to those of Type I. For earlier work on Type I andType II error bounds for �nite element and �nite volume approximations to linearhyperboli
 problems, we refer to [12℄ and [19℄.The seemingly harmless transition from the Type I error bound (3.9) to (3.13)and the subsequent elimination of the dual solution z en route to a Type II bound
an be detrimental: due to loss of global 
an
ellations the resulting Type II boundmay, under mesh re�nement, exhibit a rate of 
onvergen
e inferior to that of jJ(u)�J(uDG)j, resulting in une
onomi
al meshes and an ineÆ
ient adaptive algorithm (see[12℄, for example). For this reason we refrain from bounding the terms �� further;in parti
ular, we shall not attempt to eliminate the dual solution z from our aposteriori error bound by exploiting standard approximation results and the strongstability of the dual problem. Instead, in the pra
ti
al implementation of (3.9)we repla
e z in the bound (3.9) by an approximation ~zDG, 
omputed by an hp{adaptive dis
ontinuous Galerkin �nite element method on a sequen
e of auxiliary(dual) subdivisions ~T of the 
omputational domain 
, see Se
tion 4.1 below. We9



then de�ne zh;p as the L2(
) proje
tion of ~zDG onto the \primal" �nite elementspa
e Sp(
; T ;F) over the \primal" subdivision T . Thus, after de
omposing theerror representation formula derived in Theorem 1 into terms whi
h are 
omputable,i.e. those involving the numeri
al approximation ~zDG to the dual problem, and thosethat involve the analyti
al dual solution z, we arrive at the following result.Corollary 3 Under the assumptions of Theorem 1, the following a posteriori errorbound holds:jJ(u)� J(uDG)j � E(uDG; h; p; ~zDG � zh;p) + jE
(uDG; h; p; z � ~zDG)j� EP + ED ; (3.14)where E and E
 are de�ned in (3.10) and (3.6), respe
tively.We emphasise here that the fundamental di�eren
e between the terms E(uDG; h; p; �)and jE
(uDG; h; p; �)j is that in the former the absolute value signs appear under thesummation over the elements � 2 T , while in the latter the absolute value signis outside the sum. It will be shown through numeri
al experiments that the trueweighting fun
tion z � zh;p appearing in the a posteriori error bound (3.9) may bea

urately approximated by ~zDG� zh;p; indeed, we shall show that EP is typi
ally anorder of magnitude larger than ED, 
f. Table 1 and Figures 4 and 8 below, and [11℄in the 
ase of nonlinear hyperboli
 
onservation laws. Therefore, ED 
an be safelyabsorbed into EP without 
ompromising the reliability of the adaptive algorithmwhen the stopping 
riterion (3.8) is repla
ed byEP � TOL :By this we mean that the right{hand side of (3.14) remains an upper bound on thetrue error in the linear fun
tional J(�) even when the term ED is negle
ted in thepro
ess of error 
ontrol for the primal problem.The hp-DGFEM approximation ~zDG to the dual solution z appearing in EP willbe 
omputed by an hp-adaptive �nite element algorithm, on a sequen
e of \dualmeshes" ~T whi
h, in general, di�er from the \primal meshes" T . The sequen
e ofdual meshes will be generated by means of an a posteriori error bound onED = jE
(uDG; h; p; z)� E
(uDG; h; p; ~zDG)j :Sin
e E
(uDG; h; p; �) is a linear fun
tional, we 
an derive an a posteriori bound on EDby mimi
king the pro
ess of error estimation for the primal problem des
ribed above,with the primal problem repla
ed by the dual and the fun
tional J(�) substituted byE
(uDG; h; p; �). As the use of a Type I a posteriori error bound on ED would involvethe solution of the dual to the dual problem whi
h would then in turn have to besolved numeri
ally, we shall instead use a 
rude Type II a posteriori error bound onED so as to terminate the potentially in�nite su

ession of mutually dual problemsthat would otherwise arise. The 
rudeness of the Type II bound on ED will be of no10




on
ern: as noted above, numeri
al experiments indi
ate that ED � EP, so from thepra
ti
al point of view there appears to be little advantage in performing reliableerror 
ontrol for ED; our aim, when using the Type II bound on ED, is merely togenerate an adequate sequen
e of �nite element approximations ~zDG to the dualsolution z whi
h we 
an then use to 
ompute EP. The next se
tion is, therefore,devoted to Type II a posteriori error bounds for the hp-DGFEM.3.2 Type II a posteriori error boundsFor 
onvenien
e, in the rest of this se
tion we shall restri
t ourselves to meshes
onsisting of aÆne equivalent d-parallelepiped elements. Generalisations to non-aÆne elements may be treated by 
onstru
ting meshes 
onsisting of lo
al pat
hes asin [14℄.Assuming that m is a positive integer, we de�ne the negative Sobolev normk � kH�m(
) in the usual way:kwkH�m(
) = supv2C10 (
) j(w; v)jkvkHm(
) :Further, we write kvk� , � � ��, � 2 T , to denote the (semi)norm indu
ed by the(semi)inner produ
t hv; wi� = Z� jb � nj vw ds ;for v; w 2 L2(�). Finally, we re
all from [14℄ and [18℄ the following approximationresults for the �nite element spa
e Sp(
; T ;F).Lemma 4 Suppose that uj� 2 Hk�(�), k� � 1, for some � in T . Then, there exists�hpu in the �nite element spa
e Sp(
; T ;F), a 
onstant Cint dependent only on dand the shape{regularity of T , but independent of u, h� = diam(�), p� and k�, su
hthat ku� �hpuk2L2(�) � C2inth2s�� 1p�(p� + 1) �1(p�; s�) juj2Hs�(�) ;and kr(u� �hpu)k2L2(�) � C2inth2s��2� �1(p�; s�) juj2Hs�(�) ;for 1 � s� � min(k�; p� + 1). Here,�1(p; s) := �(p� s+ 2)�(p+ s) + 1p(p+ 1) �(p� s+ 3)�(p+ s� 1) ; 1 � s � p+ 1 :
11



Theorem 5 Let u and uDG denote the solutions of (2.1) and (2.5), respe
tively.Suppose further that the dual problem (3.1) has a unique solution z 2 H(L�;
) su
hthat zj� 2 H t�(�) for ea
h � 2 T , with 1 � t� � p� + 1. Then,jJ(u)� J(uDG)j � C0CintjzjHt(
;T ) 24 X�2T h2t��p�(p� + 1) �1(p�; t�) krh;pk2L2(�)!1=2
+ X�2T h2t��1�p� �1(p�; t�) k[uDG℄k2���n��!1=2
+  X�2T h2t��1�p� �1(p�; t�) krh;p�k2���\��!1=235 ;where C0 depends only on kbkL1(
), the dimension d and the shape{regularity ofT .Proof Applying the Cau
hy{S
hwarz inequality to the right{hand side of (3.9) in Corol-lary 2 gives jJ(u)� J(uDG)j � X�2T krh;pkL2(�)kz � zh;pkL2(�)+X�2T k[uDG℄k���n��k(z � zh;p)+k���n��+X�2T krh;p�k���\��k(z � zh;p)+k���\��� I + II + III : (3.15)Exploiting the approximation result stated in Lemma 4, together with the Cau
hy{S
hwarzinequality, we getI � Cint X�2T h2t��p�(p� + 1) �1(p�; t�) krh;pk2L2(�)!1=2 X�2T jzj2Ht� (�)!1=2 ;for 1 � t� � p� + 1 and � in T . To bound the approximation error z � zh;p on a subset �of the boundary of a given element � in T , we use the following tra
e inequality:kvk2� � 12C20 �krvkL2(�)kvkL2(�) + h�1� kvk2L2(�)� ; (3.16)here, C0 depends only on kbkL1(
), d and the shape{regularity of T .Exploiting (3.16) together with Lemma 4 gives the following bounds on terms II andIII: II � C0Cint X�2T h2t��1�p� �1(p�; t�) k[uDG℄k2���n��!1=2 X�2T jzj2Ht� (�)!1=2 ;III � C0Cint X�2T h2t��1�p� �1(p�; t�) krh;p�k2���\��!1=2 X�2T jzj2Ht� (�)!1=212



for 1 � t� � p�+1 and � in T . Upon inserting the estimates on I, II and III into (3.15)the result follows. �Remark 6 As an appli
ation of Theorem 5, let us 
onsider the problem of a poste-riori error estimation for the hp-DGFEM approximation of the weighted mean valueof the solution u to the model problem (2.1). Choosing J(u) =M (u) in Theorem 5with the weight fun
tion  2 C10 (
) givesjM (u)�M (uDG)j � j(u� uDG;  )j� C0Cint 24 X�2T h2t��p�(p� + 1) �1(p�; t�) krh;pk2L2(�)!1=2
+ X�2T h2t��1�p� �1(p�; t�) k[uDG℄k2���n��!1=2 (3.17)+ X�2T h2t��1�p� �1(p�; t�) krh;p�k2���\��!1=235 jzjHt(
):Letting m = max�2T t�, it follows by the Di�erentiability Theorem of Rau
h [17℄applied to (3.3) that kzkHm(
) � Cstabk kHm(
) ; (3.18)where Cstab is a positive 
onstant, independent of  , 
alled the stability fa
tor ofthe dual problem. Denoting by B(h; p; uDG) the expression in the square bra
ket in(3.18), we dedu
e the following Type II a posteriori error bound:jM (u)�M (uDG)j � C0CintCstabk kHm(
)B(h; p; uDG) :In fa
t, upon dividing both sides of the last inequality by k kHm(
) and taking thesupremum over all  2 C10 (
)) yields the following Type II a posteriori error boundin a negative Sobolev norm:ku� uDGkH�m(
) � C0CintCstabB(h; p; uDG) :We note that a bound identi
al to (3.18) holds for the weighted normal 
ux N (u)of u through the out
ow boundary �+, with  a suÆ
iently smooth weight fun
tionde�ned on �+.3.3 A priori error boundsAs indi
ated in the Introdu
tion, the hp-adaptive algorithms for the primal anddual problems will be driven by a posteriori error bounds: a Type I bound for theprimal problem and a Type II bound for the dual problem. The de
ision about13



whether a lo
al h re�nement/dere�nement or a lo
al p re�nement/dere�nement isto be performed in the 
ourse of mesh adaptation will be based on assessing thelo
al regularity of the primal and the dual solution. The estimation of lo
al Sobolevindi
es whi
h measure lo
al regularity will, in turn, rely on an a priori bound onthe error in the 
omputed fun
tional in terms of Sobolev norms of the analyti
alprimal and dual solutions u and z, respe
tively; this will indi
ate the expe
ted rateof 
onvergen
e for jJ(u)� J(uDG)j as the �nite element spa
e is enri
hed, i.e. as htends to 0 and p tends to in�nity, assuming that the primal and dual solutions have
ertain Sobolev regularities. The present se
tion is devoted to the derivation of thisa priori error bound.We assume for the moment that the data for the problem (2.1) satisfy the fol-lowing assumptions:b � rT vh 2 Sp(
; T ;F) 8vh 2 Sp(
; T ;F) ; (3.19a)
 2 S0(
; T ;F) ; f 2 Sp(
; T ;F) : (3.19b)Here, rT v, v 2 H1(
; T ), denotes the broken gradient of v de�ned by (rT v)j� =r(vj�), � 2 T . To ensure that (2.1) is then meaningful (i.e. that the 
hara
teristi

urves of the di�erential operator L are 
orre
tly de�ned), we still assume thatb 2 [W 11(
)℄d.Remark 7 The 
ondition pla
ed on b is required in the proof of the a priori errorbound stated below (Lemma 9), 
f. [13℄; the 
onditions on the rea
tion/absorptionterm 
 and the for
ing fun
tion f are required to ensure that the internal residualrh;p belongs to the �nite element spa
e Sp(
; T ;F), 
f. Lemma 10. However, weshall see in Se
tion 5 that the restri
tions (3.19) are not essential in pra
ti
e for oura priori error bounds to hold.Before embarking on the a priori error analysis, we quote from S
hwab [18℄,Theorem 4.76, p. 208, the following inverse inequality for the �nite element spa
eSp(
; T ;F).Lemma 8 Given v in Sp(
; T ;F), there exists a positive 
onstant C, dependentonly on d and the shape{regularity of T , su
h thatjvjH1(�) � C p2�h� kvkL2(�)for all � in T .In the following lemma (
f. [13℄) we formulate an a priori bound on the error u�uDGin terms of the DG{norm kj � kjDG de�ned in Se
tion 2.2. We re
all thatkjvkj2DG:=X�2T �k
0vk2L2(�) + 12kv+k���\��+ 12kv+k2�+�\�++ 12kv+ � v�k2���n���;(3.20)where 
0 is the (positive) fun
tion de�ned in (2.3).14



Lemma 9 Let u and uDG denote the solutions of (2.1) and (2.5), respe
tively. As-suming that (3.19a) holds and uj� 2 Hk�(�), k� � 1, for all � in T , we havekju� uDGkj2DG � C X�2T h2s��1� �2(p�; s�) juj2Hs�(�) ;for any integers 1 � s� � min(p� + 1; k�), � 2 T . Here,�2(s; p) = 12p+ 1 ��(p+ 2� s)�(p+ s) + �(p+ 3� s)�(p+ 1 + s)�+��(p+ 2� s)�(p+ 2 + s)� 12 ��(p+ 3� s)�(p+ 1 + s)� 12 + �(p+ 2� s)�(p+ 2 + s) ;and C is a positive 
onstant depending only on d, kbkL1(
), k
kL1(
) and the shape{regularity of T .Furthermore, we need the following bound on the internal residual rh;p.Lemma 10 Assuming that the 
onditions on the data (3.19) hold, there exists apositive 
onstant C, dependent only on d and the shape{regularity of T , su
h thatX�2T h�p2� + 1krh;pk2L2(�) � Ckju� uDGkj2DG :Proof From the Galerkin orthogonality property (3.5) we haveX�2T (rh;p; v)� = �X�2T ((b � n)[uDG℄; v+)���n�� +X�2T ((b � n)rh;p�; v+)���\�� (3.21)for any v in Sp(
;T ;F). Under the 
onditions (3.19), the internal residual rh;p belongsto the �nite element spa
e Sp(
;T ;F); thereby 
hoosing v = �rh;p in (3.21), where � is inS0(
;T ;F) su
h that �j� = �� > 0, and applying the Cau
hy{S
hwarz inequality givesX�2T ��krh;pk2L2(�)�X�2T ��k[uDG℄k���n��kr+h;pk���n��+X�2T ��krh;p�k���\��kr+h;pk���\�� :Exploiting the tra
e inequality (3.16) together with the inverse inequality stated in Lemma8, we dedu
e thatX�2T ��krh;pk2L2(�) � CX�2T �� p2� + 1h� �k[uDG℄k2���n�� + 12krh;p�k2���\��� :Choosing �� = h�=(p2� + 1) together with the de�nition of the DG{norm (3.20) gives thedesired result. �Equipped with Lemmas 9 and 10, together with the approximation results stated inLemma 4, we are now in a position to prove the following hp{bound on the error inthe 
omputed fun
tional J(�). 15



Theorem 11 Let u and uDG denote the solutions of (2.1) and (2.5), respe
tively.Given that uj� 2 Hk�(�), k� � 1, and zj� 2 H l�(�), l� � 1, for all � in T , we havejJ(u)� J(uDG)j2 � C X�2T h2s��1� �2(p�; s�) juj2Hs�(�)�X�2T h2t��1� �1(p�; t�) jzj2Ht�(�) ; (3.22)for any 1 � s� � min(p� + 1; k�), 1 � t� � min(p� + 1; l�), � 2 T . Here, C is apositive 
onstant depending only on d, kbkL1(
), k
kL1(
) and the shape{regularityof T .Proof With terms I, II and III de�ned as in the proof of Theorem 5, 
f. Equation (3.15),we dedu
e from Lemma 4 and (3.16), the following boundsI � C  X�2T h�p2� + 1 krh;pk2L2(�)!1=2 X�2T h2t��1� p2� + 1p�(p� + 1) �1(p�; t�) jzj2Ht� (�)!1=2;(3.23)II � C  X�2T k[uDG℄k2���n��!1=2 X�2T h2t��1�p� �1(p�; t�)jzj2Ht� (�)!1=2 ; (3.24)III � C  X�2T krh;p�k2���\��!1=2 X�2T h2t��1�p� �1(p�; t�)jzj2Ht� (�)!1=2 ; (3.25)respe
tively. Colle
ting the bounds (3.23), (3.24) and (3.25), and exploiting Lemma 10 weget jJ(u)� J(uDG)j2 � Ckju� uDGkj2DG X�2T h2t��1� �1(p�; t�)jzj2Ht� (�) :Finally, employing Lemma 9 gives the desired result. �Let us now dis
uss some spe
ial 
ases of the general error bound derived inTheorem 11. We �rst note that, for �xed s, Stirling's formula implies�1(p; s) � C(s)p�2s+2 ; �2(p; s) � C(s)p�2s+1 ; (3.26)as p ! 1. Thereby, for uniform orders p� = p, s� = s, t� = t, k� = k, l� = l, s, t,k and l integers, and h� = h for all � in T , we get the boundjJ(u)� J(uDG)j � C �hp�s+t�1 p1=2 jujHs(
)jzjHt(
) ; (3.27)where 1 � s � min(p+ 1; k) and 1 � t � min(p+ 1; l). Hen
e, we dedu
e thatjJ(u)� J(uDG)j � Chs+t�1pk+l�1 p1=2 kukHk(
)kzkHl(
) ; (3.28)16



where 1 � s � min(p + 1; k) and 1 � t � min(p + 1; l), 
f. [20℄; we note thatin the transition from (3.27) to (3.28) the generi
 
onstant C is in
reased by thefa
tor (k� 1)k�1(l� 1)l�1. Here, the bounds (3.27) and (3.28) are optimal in h andsuboptimal in p by p1=2; in the 
ase of �xed p, (3.27), (3.28) redu
e to the optimalh{
onvergen
e error bound proved in [12℄ for a stabilised 
ontinuous approximationto u. From (3.28) we may dedu
e the following a priori error boundku� uDGkH�m(
) � C hs+��1pk+m�1p1=2 kukHk(
) ; (3.29)where 1 � s � min(p + 1; k) and 1 � � � min(p + 1; m). In the presen
e ofstreamline{di�usion stabilisation, with stabilisation parameter Æ = h=p, the bounds(3.27), (3.28) and (3.29) 
an be sharpened to ones that are simultaneously optimalin both h and p.The expli
it dependen
e of the error bound stated in Theorem 11 on the lo
alregularity of the primal and dual solutions u and z, respe
tively, allows us to dedu
ethat the error in the fun
tional J(�) is exponentially 
onvergent as p� !1 for ea
h� in T . To this end, let us assume that that z is elementwise analyti
 in the sensethat, for ea
h � 2 T , zj� has analyti
 extension to an open set, independent of h�,
ontaining ��. Then,8� 2 T 9d� > 1 9C(z) > 0 8s > 0 : jzjHs(�) � C(z)(d�)ss! [meas(�)℄1=2 :In order to emphasise the dependen
e of d� on the parti
ular fun
tion z under
onsideration, we write d�(z) in lieu of d�. Thereby, assuming that z is elementwiseanalyti
 and h� > 0 is �xed for all � in T , on setting t� = ��p�+1, where 0 < �� =(1 + (d�(z))2)�1=2 < 1 for all � 2 T , it 
an be shown thatX�2T h2t��1� �1(p�; t�) jzj2Ht�(�) � C(z)X�2T h2t��1� p3� e�2��p�meas(�) ; (3.30)where �� is a positive 
onstant on ea
h element � in the mesh T ; namely,�� = 12 j logF (��; d�(z))j ; where F (�; d) = (1� �)1��(1 + �)1+� (�d)2�;see [14℄ for details. Similarly, assuming that u is elementwise analyti
, setting s� =��p� + 1, where 0 < �� = (1 + (d�(u))2)�1=2 < 1 for all � 2 T , we have thatX�2T h2s��1� �2(p�; s�) juj2Hs�(�) � C(u)X�2T h2s��1� p2� e�2��p�meas(�) ; (3.31)where �� = (1=2)j logF (��; d�(u))j. Thereby, 
ombining (3.30) and (3.31), we de-du
e the exponential 
onvergen
e estimatejJ(u)� J(uDG)j2 � KX�2T h2s��1� p2� e�2��p�meas(�)X�2T h2t��1� p3� e�2��p�meas(�) ;(3.32)where K = C(u)C(z). 17



Remark 12 The bound (3.32) indi
ates that in order to ensure that the error in thefun
tional J(�) de
ays exponentially as the degree of the approximating polynomial isin
reased, it is only ne
essary to assume that either u or z is elementwise analyti
;this will be demonstrated numeri
ally in Se
tion 5.4 Implementational issues4.1 Numeri
al approximation of the dual solutionIn this se
tion we formulate the dis
ontinuous Galerkin �nite element approximationof the dual problem (3.1). As stated in Se
tion 3, the parti
ular form of the dualproblem is dependent on the fun
tional under 
onsideration. For generality, let ussuppose that z is the (unique) solution to the following problem: �nd z 2 H(L�;
)su
h that L�z � �r � (bz) + 
z = '; x 2 
 ; (4.1a)z = �; x 2 �+ : (4.1b)Clearly, (4.1) 
overs both the 
ase when the fun
tional J(�) under 
onsiderationrepresents the lo
al mean value of the solution u and when J(�) is the out
ownormal 
ux of u; 
f. Se
tion 3.As in Se
tion 2.1, we de�ne ~S ~p(
; ~T ; ~F) to be the �nite element spa
e 
onsistingof pie
ewise polynomials of degree ~pj~� = ~p~� on a mesh ~T 
onsisting of shape{regularelements ~� of size ~h~�. With �+~� de�ned as in (2.4), we introdu
e the bilinear form~BDG(w; v) = X~�2 ~T Z~�L�w v dx+X~�2 ~T Z�+~�n�+(b � n)[w℄ v+ ds+X~�2 ~T Z�+~�\�+(b � n)w+ v+ dsand linear fun
tional~̀DG(v) =X~�2 ~T Z~� 'v dx+X~�2 ~T Z�+~�\�+(b � n)�v+ dsasso
iated with the hp-DGFEM approximation of the dual problem (4.1). Now thehp{DGFEM for (4.1) is de�ned as follows: �nd ~zDG 2 ~S ~p(
; ~T ; ~F) su
h that~BDG(~zDG; v) = ~̀DG(v) 8v 2 ~S ~p(
; ~T ; ~F) : (4.2)4.2 Adaptive AlgorithmFor a user{de�ned toleran
e TOL, we now 
onsider the problem of designing thehp{�nite element spa
e Sp(
; T ;F) su
h thatjJ(u)� J(uDG)j � TOL ; (4.3)18



subje
t to the 
onstraint that the total number of degrees of freedom in Sp(
; T ;F)is minimised. Following the dis
ussion presented in Se
tion 3, we exploit the aposteriori error bound (3.14) to 
onstru
t Sp(
; T ;F) su
h thatEP � TOL : (4.4)The stopping 
riterion (4.4) is enfor
ed by equidistributing EPj� � ~�� over theelements � in the primal mesh T , where ~�� is de�ned in a similar manner to �� withz repla
ed by ~zDG in (3.11). Thus, we insist that~�� � TOLN ; (4.5)holds for ea
h � in T ; here, N denotes the number of elements in the mesh T .Thereby, ea
h of the elements in the primal mesh is 
agged for either re�nementor dere�nement to ensure that the equidistribution prin
iple (4.5) holds. On
e anelement � has been 
agged a de
ision must be made whether the lo
al mesh size h� orthe lo
al degree p� of the approximating polynomial should be adjusted a

ordingly.Let us �rst deal with re�nement, i.e. when the lo
al error estimator ~�� is largerthan the `lo
alised{toleran
e' TOL=N . Clearly, if the primal or dual solutions u andz, respe
tively, are lo
ally `smooth', then p{enri
hment will be more e�e
tive thanh{re�nement, sin
e the error will be expe
ted to de
ay qui
kly within the 
urrentelement � as p� is in
reased. However, if u or z have low regularity within theelement �, then h{re�nement will be performed. Thus, regions in the 
omputationaldomain where the primal or dual solution are lo
ally non-smooth are isolated fromsmooth regions, thereby redu
ing the in
uen
e of singularities/dis
ontinuities as wellas making p{enri
hment more e�e
tive.To ensure that the desired level of a

ura
y is a
hieved eÆ
iently, an automati
pro
edure for de
iding when to h{ or p{re�ne must be implemented. To this end,we �rst 
ompute the lo
al error indi
ator ~�� on ea
h element � in the mesh T usingboth a p� and a p� � 1 representation for uDG; we denote the 
orresponding valuesof ~�� by ~��(p�) and ~��(p�� 1), respe
tively. Thereby, assuming that ~��(p�� 1) 6= 0,the per
eived smoothness of the primal and dual solutions may be estimated usingthe ratio �� = ~��(p�)=~��(p� � 1) ; (4.6)
f. Adjerid et al. [1℄ and Gui & Babu�ska [10℄, for example. If �� � 
, 0 < 
 < 1,the error is de
reasing as the polynomial degree is in
reased, indi
ating that p{enri
hment should be performed. On the other hand, �� > 
 means that the element� should be lo
ally subdivided. The number 
 is referred to as the type{parameter[10℄. Clearly, the 
hoi
e of 
 is 
riti
al to the su

ess of this algorithm and willdepend on the asymptoti
 behaviour of the quantity of interest. Instead of assigningan ad ho
 value to the type parameter 
, we use �� together with the a priori errorbound (3.22) to dire
tly estimate the lo
al regularities k� and l� of the primal and19



dual solutions, respe
tively, on ea
h element � in T . More pre
isely, motivated by(3.28), we assume that on a given element � in T~�� = EPj� � C� p�k��l�+1� :Thus, we have thatk� + l� = log(��)= log((p� � 1)=p�) + 1 :Ideally, we would like to know k� and l� individually. To do so, we 
ompute anestimate of l�. The dual regularity l� may be estimated by 
al
ulating the L2(�)norm of the error between the proje
tion of ~zDG in ~S ~p(
; ~T ; ~F) onto the �niteelement spa
es Sp(
; T ;F) and Sp�1(
; T ;F), together with the approximationresults derived in [3℄. On
e both k� and l� have been determined on element �,then � is p{enri
hed if either k� or l� is larger than p� + 1; otherwise the element issubdivided. For 
omputational simpli
ity, only one hanging node is allowed on ea
hside of a given element �; additionally, we restri
t the variation in the polynomialdegree ve
tor p to be at most one between neighbouring elements. We note thatthis approa
h has been developed by Ainsworth & Senior [2℄ in the 
ontext of norm
ontrol for se
ond{order ellipti
 problems.On the other hand, if an element has been 
agged for dere�nement, then thestrategy implemented here is to 
oarsen the mesh in low{error{regions where eitherthe primal or dual solutions u and z, respe
tively, are smooth and de
rease thedegree of the approximating polynomial in low{error{regions when both u or z arenot suÆ
iently regular, 
f. [1℄. To this end, we again 
ompute the lo
al regularitiesk� and l� of the primal and dual solutions, respe
tively, on ea
h element � in T asdes
ribed above. The element � is then 
oarsened if either k� or l� is larger thanp� + 1, otherwise the degree p� is redu
ed by one.The �nite element spa
e ~S ~p(
; ~T ; ~F) and the �nite element approximation ~zDG 2~S ~p(
; ~T ; ~F) of the dual solution z will be 
onstru
ted adaptively at the same timeas Sp(
; T ;F). To this end, we note that E
(uDG; h; p; �) is a linear fun
tional onH(L�;
), and we de�ne the error indi
ator�~� = ~h~�~p~� k'� L�~zDGkL2(~�)+ ~h~�~p~�!1=2 �k[~zDG℄k�+~�n�+ + k�� ~zDGk�+~�\�+� (4.7)for ED � jE
(uDG; h; p; z)� E
(uDG; h; p; ~zDG)j:The error indi
ator (4.7) arises from a Type II a posteriori error bound on ED uponsetting all 
onstants in the bound (su
h as the stability fa
tor Cstab of the dual-dual problem and the interpolation 
onstant Cint) to unity; 
f. Theorem 5 and the20



subsequent Remark 6 withm = 1, and note that �1(p~�; 1) isO(1) by (3.26). The hp{adaptive algorithm for the dual problem will be based on the �xed fra
tion strategyoutlined by Ranna
her [16℄. Consequently, the absolute size of �~�(~p~�) is insigni�
ant:only the relative sizes of these quantities matter; in parti
ular, this justi�es settingall 
onstants to unity in the dual error indi
ator (4.7). On
e the elements have been
agged for re�nement/dere�nement, ~h~� and ~p~� are altered a

ordingly by estimatingthe lo
al regularity ~l~� of the dual solution on the dual mesh ~T as above by 
al
ulating�~� using a ~p~� and ~p~��1 representation of ~zDG, together with the a priori error bound(3.29).5 Numeri
al experimentsIn this se
tion we present a number of experiments to numeri
ally verify the a priorierror bounds derived in Se
tion 3, as well as to demonstrate the performan
e of thehp{adaptive algorithm outlined in Se
tion 4.2.5.1 Example 1In this example we let 
 = (�1; 1)2, b = (2� y2; 2� x), 
 = 1+ (1+ x)(1 + y)2 andf is 
hosen so that the analyti
al solution to (2.1) is given byu(x; y) = 1 + sin(�(1 + x)(1 + y)2=8); (5.1)
f. [13℄. Furthermore, we 
hoose the fun
tional of interest J(�) to represent themean 
ow of u over 
, i.e. J(�) � M (�), where M (�) is given by (3.2); here, wede�ne the weight fun
tion  so that the solution of the 
orresponding dual problem(3.3) is given byz = 4 sin(�(1 + x)=2) sin(�(1 + y)=2) e�(2+x+y)2=2:Thus, the true value of the mean 
ow of u over 
 is M (u) = 3:9381.Here, we investigate the asymptoti
 behaviour of the hp{DGFEM on a sequen
eof su

essively �ner square and quadrilateral meshes for di�erent p. In ea
h 
ase thequadrilateral mesh is 
onstru
ted from a uniform N �N square mesh by randomlyperturbing ea
h of the interior nodes by up to 10% of the lo
al mesh size, 
f. [14℄.In Figure 1 we present a 
omparison of the error in the fun
tional jJ(u)�J(uDG)jwith the mesh size h for p = 1; 2; 3. Here, we observe that jJ(u) � J(uDG)j 
on-verges to zero at the rate O(h2p+1) as the mesh is re�ned for ea
h �xed p. Thereby,
on�rming Theorem 11 in the 
ase when the assumptions on the data (3.19) are vio-lated, 
f. Remark 7. Finally, we investigate the 
onvergen
e of the hp{DGFEM withp{enri
hment for �xed h. Sin
e the true solution (5.1) is a (real) analyti
 fun
tion,we expe
t to observe exponential rates of 
onvergen
e, 
f. Se
tion 3. Indeed, Figure2 
learly illustrates this behaviour: on the linear{log s
ale, the 
onvergen
e plots forea
h p be
ome straight lines as the degree of the approximating polynomial is in-
reased. Furthermore, we observe from Figures 1 & 2 that the h{ and p{
onvergen
e,respe
tively, of the hp{DGFEM is robust with respe
t to mesh distortion.21
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Mesh DOF jN (u� uDG)j EP ED � EP=ED1 16 6:112� 10�2 2:964� 10�2 5:707� 10�2 0:48 0:522 36 8:763� 10�2 6:169� 10�2 2:807� 10�2 0:70 2:203 90 3:547� 10�2 3:201� 10�2 4:803� 10�3 0:90 6:664 280 6:036� 10�3 5:496� 10�3 1:603� 10�3 0:91 3:435 702 1:472� 10�3 1:811� 10�3 1:158� 10�4 1:23 15:646 1904 4:107� 10�5 2:482� 10�4 3:941� 10�6 6:04 62:987 3679 2:502� 10�5 3:506� 10�5 3:353� 10�6 1:40 10:468 6414 5:715� 10�7 2:675� 10�6 3:320� 10�7 4:68 8:069 10493 9:012� 10�8 4:524� 10�7 2:083� 10�8 5:02 21:7210 14107 3:175� 10�8 1:092� 10�7 9:175� 10�9 3:43 11:90Table 1: Example 2. hp{mesh re�nement algorithm.5.2 Example 2Here we 
onsider a 
ompressible hyperboli
 problem subje
t to dis
ontinuous in
owboundary 
ondition, with b = (2y2 � 4x + 1; 1 + y), 
 = 0 and f = 0. The
hara
teristi
s enter the 
omputational domain 
 from three sides of �, namelyfrom x = 0, y = 0 and x = 1, and exit 
 through y = 1. Thus, we may pres
ribeu(x; y) = 8>>>><>>>>: 0 for x = 0 ; 0:5 < y � 1 ;1 for x = 0 ; 0 � y � 0:5 ;1 for 0 � x � 0:75 ; y = 0 ;0 for 0:75 < x � 1 ; y = 0 ;sin2(�y) for x = 1 ; 0 � y � 1 :In this example we 
hoose the fun
tional of interest J(�) to represent the normal
ux through the out
ow boundary �+, i.e. J(�) � N (�), where N (�) is given by(3.4); here, we de�ne the weight fun
tion  by = 2 + ar
tan((x� 1=2)=") for 0 � x � 1 ; y = 1 ;where " = 0:02. Thereby, the true value of the outward normal 
ux is N (u) =2:0203. The analyti
al solutions to both the primal and dual problems are shownin Figures 3(a) & 3(b), respe
tively. Furthermore, to understand how the termsin the a posteriori error bound (3.14) intera
t with ea
h other, in Figures 3(
) &3(d), we have plotted the L2(�) norm of the internal residual rh;p and the exa
tweight fun
tion z � zh;p on a 65 � 65 mesh with p = 1. Here, we observe thatkrh;pkL2(�) is large in the vi
inity of the dis
ontinuities as we would expe
t, whilethe weight fun
tion kz � zh;pkL2(�) is large in region where the layer in  enters the
omputational domain through �+. The produ
t of these two quantities is shown inFigure 3(e); here, we observe that the dis
ontinuity emanating from (x; y) = (0; 0:5)will have very little e�e
t on the error in the linear fun
tion N (�) (see below).23



0

0.2

0.4

0.6

0.8

1 0

0.2

0.4

0.6

0.8

1

0

0.2

0.4

0.6

0.8

1

0

0.2

0.4

0.6

0.8

1

0

0.2

0.4

0.6

0.8

1

0

1

2

3

4

(a) (b)
0

0.2

0.4

0.6

0.8

1 0

0.2

0.4

0.6

0.8

1

0

0.1

0.2

0.3

0.4

0.5

0

0.2

0.4

0.6

0.8

1

0

0.2

0.4

0.6

0.8

1

0

0.5

1

1.5

2

x 10
−4

(
) (d)

0

0.2

0.4

0.6

0.8

1

0

0.2

0.4

0.6

0.8

1

0

0.5

1

1.5

2

2.5

3

x 10
−5

(e)Figure 3: Example 2. (a) Analyti
al solution to the primal problem; (b) Analyti
alsolution to the dual problem; (
) Internal residual term krh;pkL2(�) on a 65�65 meshwith p = 1; (d) Weighting term kz � zh;pkL2(�) on a 65 � 65 mesh with p = 1; (e)Produ
t of (
) & (d), i.e. krh;pkL2(�) kz � zh;pkL2(�) on a 65� 65 mesh with p = 1.24



0 20 40 60 80 100 120
10

−10

10
−8

10
−6

10
−4

10
−2

10
0

PSfrag repla
ements
sqrt(Degrees of freedom)

jN (e)j (hp{ref)jN (e)j (h{ref)EP (hp{ref)ED (hp{ref)Figure 4: Example 2. Comparison between h{ and hp{adaptive mesh re�nement.In Table 1 we show the performan
e of the adaptive algorithm presented inSe
tion 4.2 for TOL = 10�7; we note that this level of a

ura
y may be far beyondwhat is of pra
ti
al importan
e, but is 
hosen to illustrate that the true error andthe bound EP exhibit the same asymptoti
 behaviour as the �nite element spa
eSp(
; T ;F) is enri
hed. In Table 1 we show the mesh number, the number of degreesof freedom (DOF) in Sp(
; T ;F), the true error in the fun
tional jN (u�uDG)j, theerror bound EP, the remaining error ED (whi
h in general will be non-
omputable),the e�e
tivity index � = EP=jN (u�uDG)j and the ratio of EP and ED. Here, we seethat initially on very 
oarse meshes EP slightly underestimates the true error in thefun
tional; however, as the �nite element spa
e is enri
hed the error bound over{estimates jN (u)�N (uDG)j by a 
onsistent fa
tor in the range 1{6. Furthermore,we see that the remaining error term ED is about an order of magnitude smaller thanthe 
omputable part of the a posteriori error bound EP; this numeri
ally justi�esnegle
ting this term in the 
onstru
tion of the stopping 
riterion (4.4) for the designof our adaptive algorithm for the primal problem.In Figure 4 we plot the results shown in Table 1; in parti
ular, we plot jN (u)�N (uDG)j, EP and ED using hp{re�nement against the square{root of the numberof degrees of freedom on a linear{log s
ale. We see that after the initial transient,the error in the 
omputed fun
tional using hp{re�nement be
omes a straight line,thereby indi
ating exponential 
onvergen
e, 
f. Remark 12. Furthermore, in Figure4 we plot the true error in the linear fun
tional using h{re�nement; here, we 
learlyobserve the superiority of the adaptive hp{re�nement algorithm. Indeed, on the �nalmesh the true error in the linear fun
tional using hp{re�nement is almost 3 orders25



of magnitude smaller than the true error in N (�) when h{re�nement is employed.Finally, in Figures 5 & 6 we show the primal and dual meshes after 6 and 9adaptive mesh re�nements, respe
tively. For 
larity, in ea
h 
ase we show the h{mesh alone, as well as the 
orresponding distribution of the polynomial degree andthe per
entage of elements with that degree. From Figure 5, we see that the elementsin the primal mesh have been re�ned along the �rst dis
ontinuity emanating from(x; y) = (0:75; 0), sin
e the dual solution has a layer in this region as well. In
ontrast, elements lying on the se
ond dis
ontinuity in the primal problem, whi
hemanates from (x; y) = (0; 0:5) have been less re�ned sin
e the dual solution issmooth here and hen
e the 
orresponding weights involving ~zDG � zh;p are ina
tive,
f. Figure 3(e). Furthermore, the mesh for the dual solution is 
on
entrated withinthe steep layer in the weight fun
tion  ; the inherent smoothing in the dual problemintrodu
ed by the 
ompressible nature of b leads to p re�nement in this layer as the
ow moves away from �+. The same behaviour is observed in Figure 6 for the primaland dual solutions.5.3 Example 3In this �nal example, we 
onsider the same primal problem presented in Se
tion 5.2.Furthermore, we again let J(�) denote the normal 
ux through the out
ow boundary�+, i.e. J(�) � N (�), where N (�) is given by (3.4); however, here we de�ne theweight fun
tion  by = � 1 + sin(2�(4x� 1)) for 1=4 � x � 3=4 ;0 otherwise :In this 
ase, the true value of the outward normal 
ux is N (u) = 0:9175. InFigures 7(a), 7(b) and 7(
) we plot the analyti
al to the dual problem, the weightfun
tion kz�zh;pkL2(�) and the produ
t of the weight fun
tion kz�zh;pkL2(�) with theL2(�) norm of the internal residual rh;p (see Figure 3(
) for the plot of krh;pkL2(�)),respe
tively. From Figure 7(b), we see that the weighting term kz � zh;pkL2(�) islarge in the vi
inity of the dis
ontinuities emanating from �+. By multiplying theseterms by krh;pkL2(�), 
f. Figure 7(
), we see that the dis
ontinuity emanating from(0:75; 1) will dominate the error in the outward normal 
ux N (�); though, thereare visible peaks emanating from the top of the sin fun
tion as well as the se
onddis
ontinuity lo
ated at (0:25; 1).In Figure 8 we show the performan
e of the adaptive algorithm for TOL = 10�6.We note that sin
e both the primal and dual solutions are not smooth, we no longerexpe
t to observe exponential 
onvergen
e of the error in the fun
tional N (�); thus,here we plot the same quantities as in Figure 4 against the number of degreesof freedom in Sp(
; T ;F) on a log{log s
ale. Here, we 
learly observe that theerror bound EP over estimates the true error by a 
onsistent fa
tor between 1{10.Furthermore, as in the previous example, the remaining error term ED is about anorder of magnitude smaller than EP, thereby justifying the absorption of ED into26



EP. In addition, in Figure 8 we plot the true error in the linear fun
tional using h{re�nement; here, we observe that the true error in N (�) is (almost) always smallerthan if hp{re�nement is employed. Indeed, on the �nal mesh the true error in N (�)is almost 2 orders of magnitude smaller if hp{re�nement is employed as opposed toh{re�nement only.Finally, in Figures 9 & 10 we show the primal and dual meshes after 6 and 9adaptive mesh re�nements, respe
tively. From Figure 9, we see that the primalmesh has only been h{re�ned in a small neighbourhood of the two dis
ontinuities inu as they exit the 
omputational domain 
. Furthermore, from Figure 10, we nowsee that the h{mesh has been re�ned in the vi
inity of the dis
ontinuity emanatingfrom (x; y) = (0; 0:5), while the h{mesh has in fa
t been 
oarsened in the region
ontaining the se
ond dis
ontinuity emanating from (x; y) = (0:5; 0). In this latterregion, the lo
al polynomial degree has been enri
hed as the primal solution u issmooth here. Finally, we note that Figures 9 & 10 show that the dual mesh has beenextensively h{re�ned in the vi
inity of both dis
ontinuities, with the degree p of theapproximating polynomial in
reased as we move into the parts of the 
omputationaldomain where the dual solution z is smooth.6 Con
luding remarksIn this arti
le we have developed the a posteriori error analysis of the hp{version ofthe dis
ontinuous Galerkin �nite element method. In parti
ular, by using a hyper-boli
 duality argument, we have derived 
omputable error bounds for linear fun
-tionals of the solution, su
h as the mean 
ow of the �eld over the 
omputationaldomain 
 and the normal 
ux through the out
ow boundary �+. Furthermore,based on our a posteriori error bound, we have designed and implemented a fullyautomati
 adaptive algorithm that is 
apable of exploiting both lo
al mesh subdi-vision and lo
al polynomial{degree enri
hment. Numeri
al experiments have beenpresented whi
h 
learly highlight the superiority of su
h a general adaptive strategyover the traditional h{re�nement method, where the degree of the approximatingpolynomial p is kept �xed at some low value.Referen
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4(10%)

5(1%)

Figure 5: Example 2. Mesh 7: Primal (top: 235 elements, 303 nodes and 3679degrees of freedom) and Dual (bottom: 493 elements, 616 nodes and 6781 degrees offreedom) h{ and hp{meshes. Here, N (u� uDG) = 2:502� 10�5, EP = 3:506� 10�5and � = 1:40.
30



�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

���
���
���
���
���
���
���

���
���
���
���
���
���
���

����
����
����
����
����
����
����

����
����
����
����
����
����
����

���
���
���
���
���
���

���
���
���
���
���
���
���
���
���
���
���
���
���

���
���
���
���
���
���
���

����
����
����
����

���
���
���
���

���
���
���
���

���
���
���

���
���
���

���
���
���
���

���
���
���
���

����
����
����
����
����
����
����

����
����
����
����
����
����
����

���
���
���
���
���
���

���
���
���
���
���
���������
������
������
������

������
������
������
������

��
�����
�
�
�

���
���
���

���
���
���

���
���
���

���
���
���

����
����
����
����
����
����

����
����
����
����
����
����

���
���
���
���
���
���

���
���
���
���
���
���
���
���
���
���
���
���
���

���
���
���
���
���
���
���

����
����
����
����
����
����
����

����
����
����
����
����
����
����

���
���
���

���
���
���

��
��
��

��
��
��

�
�
�

�
�
�

���
���
���
���

���
���
���
���

���
���
���
���

���
���
���
���

���
���
���

���
���
���

����
����
����
����
����
����
����

����
����
����
����
����
����
����

���
���
���
���

���
���
���
���

��
��
��
��

��
��
��
��

���
���
���
���

���
���
���

���
���
���

����
����
����
����

����
����
����

����
����
����

��
��
��
��

��
��
��
��

���
���
���
���
����
����
����
����

��
��
��

��
��
��

��
��
��
��
��
��
��
����
��
��

��
��
��

����
����
����
��������
����
����
����
������
������

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�
������
�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�
�
�
�
�
�

����
����
����

����
����
�������
���
���
���

���
���
���
���

��
��
��
��

��
��
��
��

�
�
�
�

��������
��
��
��

�
�
�

�
�
�

��
��
��
��
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�
�

��
��
��

��
��
��
��
��
��

��
��
��

�
�
�

�
�
�

����
�
�
�
�

�
�
�
�

��
��
��

��
��
��

��
��
��
��
��
��
��
����
��
��

��
��
��

���
���
���
���

���
���
���
���

��
��
��

��
��
��

������������

��
��
��
��

��
�
�
�
�

�
�
�
�

��
��
��
��

�
�
�
�
��
��
��
��

�
�
�
�

�
�
�
�

��
��
��
��

���
���
���
���
���
���
���

���
���
���
���
���
���
���

�
�
�
�

��

�
�
�
��
�
�
�

��
��
��
��

��
��
��
����������

�
�
�

�
�
�
�
�
�
�

�
�
�

�
�
�

��
��
��

��
��
��

���
���
���
���

��
��
��
��
��
��
��
��

��
��
��

��
��
��
��
��
��

��
��
��

��
��
��

��
��
��

�
�
�
�
�
�
�
��
�
�

�
�
�

�
�
�

�
�
�

����
����
����
����

���
���
���
���

���
���
���

���
���
���

���
���
���
���

���
���
���
���

���
���
���
���

���
���
���
���

��
��
��
��

��
��
��
��

��
��
��

��
��
��

�
�
�

�
�
�

�
�
�

�
�
�
�
�
�
�
�
�
�
�

���
���
���

���
���
���

��
��
��

��
��
��
��
��
��
��

��
��
��
��

��
��
��

��
��
��

��
��
��

��
��
��
��
��
��
��

��
��
��
��

��
��
��
��

��
��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

�
�
�
�

�
�
�
�

��
��
��
��
��
��
��
��

����
��
��
��
��

��
��
��
��

��
��
��
��

��
��
��

��
��
��

�
�
�
�

�
�
�
�
�
�
�
��
�
�
�

�
�
�

�
�
�

����
����

�
�
�
�
��������

��
��
��

��
��
��
��

��
��
��
��

��
��
��
��

��������
��
��
��
��

��
��
��
��
�
�
�
�

��
������
����

������
��
��
��
��
��
��
��

����

��
��
��
��
�
�
�
�

��
��
��
����
��
��
��
���
���
���
���

���
���
���
���

�
�
�
�
�
�
�
�

��

��
��
��
��

����

����
��
��
��
��
��
��
��
������
�
�
�
�
��
��
��
����

��

�
�
�
�

��
��
��
��

��
��
��
��

����������
��
��
��
��

����

��
��
��
��

�
�
�
�����

����
��

�
�
�
��
�
�
�
�
�
�
�

�
�
�
�

�
�
�

�
�
�

�����
�
�
�

������

����
����
����
����

���
���
���
���

���
���
���
���

����
����
����
����

����
��
��

��
��
��
��
����

��
��
��
������
�
�
�
�

��
��
��
����
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��������
�
�
�
�

��
��
��
��

��
��
��
��

��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��

����
����

��
��
��
��
�
�
�
���

����

��
��
��

��
��
��

���
���
���
���

���
���
���
���

����
����
����
����

���
���
���
������
���
���

���
���
���

��
��
��
��
��
��
��
����
��
��
��

������

��������

�
�
�
�
�
�
�
�

��

����
�
�
�
�
��
��
��
��

��
��
��
��

��
��
��
��
�
�
�
�����
����
��
��
��

�
�
�
�
��������

��
��
��
������
��
��
��
�
�
�
�

��

����������
��
��
��
��
��
��
��
��
��
��
��
��

��
��
��
����
��
��
��
�������
�
�
�

��
��
��
��
��
��
��
��
�
�
�
�

�
�
�
�

��������������
��
��
��
�
�
�
�
��

�����������
�
�
�
��
��
��
��

�������
�
�
�

��
��
��
��
������
��
��
��
�
�
�
�
��

�������
�
�
�
��
��
��
��
�������
�
�
�

��
��
��
��

������
��
��
��
�
�
�
�

��

������������

��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��
��
��
��

��
��
��

��
��
��
����
��
��
��
��
��
��
��

��
��
��
��

��
��
��
��
�������
�
�
�
�
�
�
�
�
�
�
��
�
�
�
��

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
��
��
��
��
��
��
��

������
��
��
��
��
��
��
��

����
������
��
��
��

���
�
�
�
�
�
�
�
��

��������������������

���
�
�
�
�
�
�
�
��

�����
�
�
�������
��
��
��
�
�
�
�
��������
��
��
��
��
��
��
��
����
����������
��
��
��

������
��
��
��
�
�
�
�
���
�
�
�
�
�
�
�

���
���
���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���
���
���

�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
���
���
���
���
���
���

���
���
���
���
���
���

2(1%)

3(29%)

4(48%)

5(20%)

6(2%)

������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������������
������
������
������
������
������

������
������
������
������
������
������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
������
������
������
������
������
������

������
������
������
������
������
������

�����
�����
�����
�����
�����

�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

����������
����������
����������
����������
����������

����������
����������
����������
����������
����������

���
���
���
���

���
���
���
���
���
���
���
���

���
���
���
���

������
������
������
������

������
������
������
������

������
������
������
������

������
������
������
������

���
���
���

���
���
��������
�����
�����
�����

�����
�����
�����
�����

������
������
������
������

������
������
������
������

������
������
������

������
������
������

���
���
���

���
���
��������
�����
�����
�����

�����
�����
�����
�����

�����
�����
�����
�����

�����
�����
�����
�����

���
���
���

���
���
���

����
����
����
����
����

����
����
����
����
����

�����
�����
�����

�����
�����
����������
�����
�����
�����

�����
�����
�����
�����

�����
�����
�����

�����
�����
���������

����
����
����

��
��
��
��

���
���
���

���
���
���

��
��
��
��

��
��
��
��

���
���
���

���
���
���

���
���
���

���
���
���
����
����
����

����
����
����

���
���
���
���
���
���
���
������
���
���
���
���
���
���
���

���
���
���
���

��
��
��

��
��
��

����
����
����

����
����
����

����
����
����
����

�����
�����
�����

�����
�����
����������
�����
�����
�����

�����
�����
�����
�����

����
����
����
����
����
����

����
����
����
����
����
����

����
����
����
����
����

����
����
����
����
����

��
��
��

��
��
��

����
����
����
��������
����
����
����
��
��
��

��
��
��

��
��
��
��
�
�
�
�

�
�
�
�
��
��
��
��

������
������
������

������
������
������

���
���
���
���
���

���
���
���
���
���

���
���
���
���
���
���

���
���
���
���
���
���

�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����

�����
�����
�����

������
������
������

������
������
������

����
����
����
����
����
����

����
����
����
����
����
����

���
���
���

���
���
������
���
���

���
���
���

����
����
����
����

����
����
����
����
����
����

����
����
����
����
����
����

������
������
������
������

������
������
������
������

���
���
���
���
���
���

���
���
���
���
���
���

���
���
���
���

���
���
���
���

���
���
���
���

���
���
���
���

���
���
���

���
���
���

��
��
��

��
��
����
��
��
��

��
��
��
��

����
����
����

����
����
����
���
���
���

���
���
���

��
��
��

��
��
��

���
���
���

���
���
���

����
����
����

����
����
����

��
��
��

��
��
��

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���

���
���
���
���
���
���

���
���
���

����
��������
��
��
��������

��
��
��
��

����
����

���
���
���
�������������

���
���
���
�����
��
��

��
��
��

������
������

����

��
��
��
��

�
�
�

�
�
�

��
��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��
����
��
��
��

�������
�
�
���
��
��
��

���
���
���
���

�
�
�
�

��
��
��
��

����

����
�
�
�

�
�
�

����
��
��
��
��

��
��
��

��
��
��

��
��
��
������������

����
��������
�
�
�
�

������
������
������
������

������
������
������
������
������
������
������

������
������
������

���
���
���
���
���

���
���
���
���
���

�����
�����
�����
�����

�����
�����
�����
�����

����
����
����
����

����
����
����
����
����
����
����
����
����

����
����
����
����
����

���
���
���

���
���
���

�����
�����
�����
�����

�����
�����
�����
�����

��
��
��
��
���
���
���
������
���
���
���

���
���
���
���
���
���
���

���
���
�������
����
����

����
����
����

���
���
���

���
���
���

���
���
���

���
���
���

��
��
��

��
��
��

���
���
���

���
���
������
���
���
���

���
���
���
���

�
�
�

�
�
�

���
���
���
���

�������
�
�
�

�
�
�
�
�
�
�
�
��
�
�
�
�

��
��
��
��
��
��
��
���
�
�
�

������
��
��
��
��

��
��
��
��

��
��
��
��

����
��������
����
����
��������
��������

������
��

��
����
����
��
������
������
����
����
��������
����
����

��
��
��
��
��
��
��
��

����

������
��
��
��

��
��
��

��
��
��

��
��
��
��
��
��
����������

��
��
��
��
��
��
��
��

������
��
��
��
��
��
��
��

��������
��
��
��
��

��
��
��
������

����
�
�
�
�
�
�
�
�

�
�
�
�

��������

��
��
��
��
�
�
�
�

�
�
�
�

��
��
��
��

������

�
�
�
�
�
�
�
�

��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��

��
��
��
����
��
��
��
�
�
�
�

�
�
�
�

��
��
��
��

����
��
��
��
��
�
�
�
�

��

���
���
���
���

���
���
���
���
���
���
���

���
���
���

���
���
���

���
���
���

���
���
���
���

���
���
���
���

����
����
����

����
����
����

����
����
����

����
����
����

���
���
���

���
���
���

���
���
���

���
���
���

��
��
��
��
��
��
��
��
��
��
��
��

��
��
��
��
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�����
�
�
�

��
����������������

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

������
��
��
��

����
����

����
��������

��������
�
�
�
�

��
��
��
��
������

������������
����������������

����
����

����

��
��
��
��

����
��
��
��
��
��
��
��
��

����
����
����
�������
���
���

���
���
���

���
���
���

���
���
���

���
���
���
���

�
�
�
�
�
�
�
�

��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��

��
��
��
��

��������

��
��
��
��
��
��
��
��
��������������
�
�
�
�
��
��
��
��

��
��
��
��
�
�
�
�
�
�
�
�

��
��
��
��

��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��

��������

��
����
��

��
��
��
��

����
������������
�������
�
�
�

��
��
��
��

����������������

���
���
���
���

���
���
���
���
���
���
���
���

���
���
���
���

��
��
��
��

��
��
��
��

��
��
��
��

��
��
��
��

�
�
�
�

��
��
��
��
��
��
��
��
�
�
�
�

����
��
��
���� ��
����
��

��������

���
���
���
���
���
���

���
���
���
���
���
���
���
���
���
���
���

���
���
���
���
���

������
������
������

������
������
������

����
����
����
����
����
����

����
����
����
����
����
����

����������������
����������������

����������������

������������

���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���

�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
���
���
���
���
���

���
���
���
���
���
���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���

�����
�����
�����
�����
�����

�����
�����
�����
�����
�����

2(2%)

3(13%)

4(40%)

5(30%)

6(12%)

7(2%)

8(1%)

Figure 6: Example 2. Mesh 10: Primal (top: 565 elements, 719 nodes and 14107degrees of freedom) and Dual (bottom: 445 elements, 564 nodes and 13629 degreesof freedom) h{ and hp{meshes. Here, N (u�uDG) = 3:175�10�8, EP = 1:092�10�7and � = 3:43.
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)Figure 7: Example 3. (a) Analyti
al solution to the dual problem; (b) Weightingterm kz� zh;pkL2(�) on a 65� 65 mesh with p = 1; (
) Produ
t of (b) & Figure 3(
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Figure 9: Example 3. Mesh 7: Primal (top: 82 elements, 116 nodes and 1603 degreesof freedom) and Dual (bottom: 2629 elements, 3167 nodes and 12316 degrees offreedom) h{ and hp{meshes. Here, N (u� uDG) = 3:568� 10�6, EP = 6:164� 10�6and � = 1:73.
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Figure 10: Example 3. Mesh 10: Primal (top: 145 elements, 194 nodes and 3609degrees of freedom) and Dual (bottom: 7630 elements, 9280 nodes and 34451 degreesof freedom) h{ and hp{meshes. Here, N (u�uDG) = 1:072�10�7, EP = 5:505�10�7and � = 5:14.
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