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1 Introdu
tionHyperboli
 partial di�erential equations arise in the mathemati
al modelling of many phys-i
al phenomena and their a

urate numeri
al solution is of great pra
ti
al importan
e. Thepresent paper is 
on
erned with the question of a posteriori error estimation and the 
on-stru
tion of adaptive algorithms that are 
apable of delivering numeri
al approximations tothe unknown analyti
al solution of a hyperboli
 problem, a

urate to within a user-pres
ribedtoleran
e. Although we shall fo
us on one parti
ular 
lass of numeri
al te
hniques, the dis
on-tinuous Galerkin �nite element method (DGFEM), the impli
ations of the analysis presentedhere are wider, and the ideas developed apply more generally.Adaptive �nite element methods whi
h admit both lo
al polynomial{degree{variation (p{re�nement) and lo
al mesh subdivision (h{re�nement) o�er greater 
exibility and improvedeÆ
ien
y than mesh re�nement methods whi
h rely on h{re�nement or p{re�nement in iso-lation. The aim of this paper is, therefore, to develop the a posteriori error analysis of thehp{version of the DGFEM for hyperboli
 problems; see [4℄ and the referen
es therein, and[3℄ for earlier work in this area. In parti
ular, we shall be 
on
erned with the derivation of
omputable error bounds for linear fun
tionals of the solution: physi
ally relevant examplesin
lude problems of lift and drag 
omputation, the 
al
ulation of the mean value of the �eldover the 
omputational domain or its normal 
ux through the boundary.The approa
h pursued here rests on a hyperboli
 duality argument. In order to highlightthe key ideas and put them into a general 
ontext, we begin in Se
tion 2 with an overview ofadjoint methods and duality. In Se
tion 3 we introdu
e the model problem and formulate theDGFEM. Then, in Se
tion 4, we derive a posteriori error bounds for linear fun
tionals of thesolution; the bounds involve 
omputable residual terms multiplied by lo
al weights involvingthe dual solution, 
f. [6, 9℄. Guided by our a posteriori error analysis, we then design anhp{adaptive �nite element algorithm to guarantee both reliable and eÆ
ient 
ontrol of theerror in the approximation to the fun
tional with respe
t to a �xed user{de�ned toleran
e.
2 Adjoint methods and dualityThe question we wish to explore 
an be, brie
y, formulated as follows. Suppose that X andY are two Hilbert spa
es, B(�; �) is a bounded bilinear fun
tional de�ned on X � Y , namelyjB(w; v)j � 
1kwkXkvkY 8w 2 X 8v 2 Y ;where 
1 is a positive 
onstant, and ` is a bounded linear fun
tional de�ned on Y ; supposethat u is the unique solution to the variational problem�nd u 2 X su
h that B(u; v) = `(v) 8v 2 Y : (P )1
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Problem (P ) 
an be thought of as the weak formulation of a linear partial di�erential equationon X whose unique solution is u 2 X. It is frequently the 
ase in appli
ations that, instead ofu, the fo
us of interest is a derived quantity J(u) whi
h should be 
omputed to within a giventoleran
e TOL, where J is a given bounded linear fun
tional de�ned on X. Indeed, it mayhappen that instead of a single linear fun
tional `, several linear fun
tionals `i, i = 1; : : : ; N ,are given, and instead of a single quantity J(u) one needs to 
ompute J(ui), i = 1; : : : ; N ,ea
h to within a given toleran
e TOL, where ui is the solution to the problem:�nd ui 2 X su
h that B(ui; v) = `i(v) 8v 2 Y ; (Pi)for i = 1; : : : ; N . Problems of this kind arise in engineering design when the linear fun
tional` depends on a design variable !, i.e., `(v) = `(v;!), and (P ) has to be solved for an entire set! 2 f!1; : : : ; !Ng, leading to a sequen
e of problems (Pi) with `i(v) = `(v;!i), i = 1; : : : ; N .The Dire
t Method for 
omputing J(ui), i = 1; : : : ; N , is to solve problem (Pi) for ui andevaluate J(ui) for ea
h i = 1; : : : ; N . Upon dis
retisation, this amounts to solving N systemsof linear equations with the same matrix but N di�erent right-hand-side ve
tors.The alternative approa
h, referred to as the Adjoint Method, is based on 
onsidering thefollowing dual problem:�nd z 2 Y su
h that B(w; z) = J(w) 8w 2 X : (D)A key observation is the following primal-dual equivalen
e relating (P ) to (D):J(u) = B(u; z) = `(z) : (2.1)When applied to (Pi) and (D), identity (2.1) yieldsJ(ui) = B(ui; z) = `i(z) ; i = 1; : : : ; N : (2.2)The pra
ti
al impli
ation of (2.2) is that instead of solving N 
opies of the primal problem(P ) for ui 2 X with data `i, i = 1 : : : ; N , and then evaluate J(ui) for i = 1; : : : ; N , one 
an,instead, simply solve problem (D) for z 2 Y and evaluate `i(z) for i = 1; : : : ; N . When N � 1the Adjoint Method is, 
omputationally, mu
h more attra
tive than the Dire
t Method.Of 
ourse, in pra
ti
e, problems (P ) and (D) 
annot, in general, be solved in 
losed formbut need to be approximated numeri
ally. Suppose therefore that fXhg is a sequen
e of�nite-dimensional spa
es 
ontained in X and fYhg a sequen
e of �nite-dimensional spa
es
ontained in Y . We approximate (P ) by the following problem:�nd uh 2 Xh su
h that B(uh; vh) = `(vh) 8vh 2 Yh : (Ph)The fundamental question that arises then is how well J(u) is approximated by J(uh). Weshall use a duality argument for the quantitative assessment of the approximation error.Remark 1 In analogy with (P ), Problem (Pi) 
an be dis
retised as follows: for i = 1; : : : ; N ,�nd uih 2 Xh su
h that B(uih; vh) = `i(vh) 8vh 2 Yh (Pih) :Given that (P ) and (D) are driven by di�erent data, the sequen
e of test spa
es fYhgused in the dis
retisation of the primal problem need not be an adequate sequen
e of trialspa
es for the numeri
al approximation of the dual solution z 2 Y ; a similar 
omment appliesto the sequen
e of primal trial spa
es fXhg. Thus we sele
t two additional families of �nite-dimensional spa
es fXHg, with XH � X and fYHg, with YH � Y , and 
onsider the followingdis
retisation of the dual problem (D):�nd zH 2 YH su
h that B(wH ; zH) = J(wH) 8wH 2 XH : (DH)
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The dis
rete 
ounterpart of the primal-dual equivalen
e (2.1) isJ(uh) = `(zH) + �hH ; (2.3)where, �hH = B(u � uH ; z � zH) � B(u � uh; z � zh) for all uH in XH for all zh in Yh. Inparti
ular if Xh � XH and YH � Yh, then we 
an 
hoose uH = uh and zh = zH , yielding�hH = 0. In general, however, these in
lusions will not hold. At any rate,jJ(uh)� `(zH)j � infuH2XH infzh2Yh jB(u� uH ; z � zH)�B(u� uh; z � zh)j� infuH2XH jB(u� uH ; z � zH)j+ infzh2Yh jB(u� uh; z � zh)j� 
1 infuH2XH ku� uHkX kz � zHkY + 
1ku� uhkX infzh2Yh kz � zhkY :Consequently, `(zH) is an \order-doubling" approximation to J(uh) in the following sense.Theorem 2 Suppose that the bilinear form B(�; �) is weakly 
oer
ive on Xh � Yh; namely,(a) There exists a 
onstant 
0 > 0 su
h thatinfwh2Xhnf0g supvh2Yhnf0g jB(wh; vh)jkwhkXkvhkY � 
0 ;
(b) supwh2Xh B(wh; vh) > 0 for all vh 2 Yh n f0g.Then problem (Ph) has a unique solution uh 2 Uh, andku� uhkX � Cp infwh2Xh ku� whkX ;where Cp = 1 + (
1=
0).If B(�; �) is weakly 
oer
ive on XH � YH then (DH) has a unique solution zH 2 YH andkz � zHkY � Cd infvH2YH kz � vHkY ;where Cd = Cd(
0; 
1) is a positive 
onstant.If B(�; �) is weakly 
oer
ive on both Xh � Yh and XH � YH , thenjJ(uh)� `(zH)j � 
1�Cp infwh2Xh ku� whkX infvh2Yh kz � vhkY+ Cd infwH2XH ku� wHkX infvH2YH kz � vHkY� :Now assuming that the spa
es Xh, Yh, XH and YH possess suitable approximation properties,it is possible to derive an a priori error bound on jJ(uh)�`(zh)j in terms of the dis
retisationparameters h and H and norms of the primal and dual solutions u and z.A further, and pra
ti
ally more signi�
ant, requirement is to quantify the error betweenthe unknown value of J(u) and its 
omputed approximation J(uh); more spe
i�
ally, we
onsider the following measurement problem: �nd J(uh) 2 R su
h thatjJ(u)� J(uh)j � TOL ; (2.4)where TOL is a (given) positive toleran
e. Our approa
h to the solution of this problem againrests on a duality argument. We begin by noting that, by (D), (P ) and (Ph),J(u)� J(uh) = J(u� uh) = B(u� uh; z) = B(u� uh; z � zh) 8zh 2 Yh :
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Further, by (P ) again,B(u� uh; z � zh) = B(u; z � zh)�B(uh; z � zh) = `(z � zh)�B(uh; z � zh) :As v 7! `(v) � B(uh; v) is a bounded linear fun
tional on Y for ea
h uh 2 Xh, there existsRp(uh) 2 Y 0 (where Y 0 denotes the dual spa
e of Y ) su
h that`(z � zh)�B(uh; z � zh) = hRp(uh); z � zhi ;here h�; �i denotes the duality pairing between Y 0 and Y . The element Rp(uh) will be referredto as the primal residual. Combining the last three identities, we arrive at the followingprimal error representation formulaJ(u)� J(uh) = hRp(uh); z � zhi 8zh 2 Yh (2.5)whi
h will be the starting point of our a posteriori error analysis.Finally, we note that an analogous argument leads to the dual error representation formula`(z)� `(zh) = hu� uH ; Rd(zH)i 8uH 2 XH ; (2.6)where Rd(zH) 2 X 0 denotes the denotes the dual residual, de�ned as the Riesz representer ofthe bounded linear fun
tional w 7! J(w) � B(w; zH); here, h�; �i denotes the duality pairingbetween X and its dual spa
e X 0. The dual error representation formula 
an now be used tosolve the dual measurement problem: given a positive toleran
e TOL, �nd `(zh) 2 R su
h thatj`(z)� `(zh)j � TOL : (2.7)By the primal-dual equivalen
e, `(z) = J(u); hen
e J(u) in (2.4) and (2.5) 
an be repla
edby `(z), and `(z) in (2.7) and (2.6) 
an be repla
ed by J(u); however, as noted above, J(uh)and `(zh) are not inter
hangeable, unless Xh � XH and YH � Yh; thus, in general, neitherof (2.4) and (2.7) implies the other.
3 The model problem and its hp{DGFEM approximationLet 
 be a bounded open polyhedral domain in R d , d � 2, and let � denote the union ofopen fa
es of 
. Suppose that B = (B1; : : : ;Bd) is a d{
omponent matrix fun
tion de�nedon �
 with Bi 2 [W 11(
)℄m�msymm, i = 1; : : : ; d. Let � = (�1; : : : ; �d) denote the unit outwardnormal ve
tor to �, and 
onsider the symmetri
 matrixB(�) � B � � = �1B1 + : : : + �dBd :Suppose that B is diagonalised via B(�) = X(�)�1�(�)X(�), where �(�) is a diagonalmatrix, with the (real) eigenvalues of B(�) appearing along its diagonal. We shall supposethat � is nowhere 
hara
teristi
 in the sense that none of the diagonal entries of �(�) is zerofor any 
hoi
e of the unit outward normal ve
tor � on �. We de
ompose �(�) as�(�) = ��(�) + �+(�) ;where ��(�) is diagonal and negative semide�nite, and �+(�) is diagonal and positivesemide�nite. Thus we de�neB�(�) = X(�)�1��(�)X(�) and B+(�) = X(�)�1�+(�)X(�) :
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Clearly, for ea
h unit outward normal ve
tor � on �,B(�) = B�(�) +B+(�) :Given C 2 [L1(
)℄m�m, f 2 [L2(
)℄m and g 2 [L2(�)℄m, we 
onsider the followinghyperboli
 boundary value problem: �nd u 2 H(L;
) su
h thatLu � r � (Bu) +Cu = f in 
 ; B�(�)u = B�(�)g on � ; (3.1)where H(L;
) = fv 2 [L2(
)℄m : Lv 2 [L2(
)℄mg denotes the graph spa
e of the partialdi�erential operator L in L2(
). Next, we formulate the hp{version of the Dis
ontinuousGalerkin Finite Element Method (hp{DGFEM, for short) for the numeri
al solution of (3.1).Suppose that Th is a regular or 1-irregular subdivision of 
 into disjoint open elementdomains � su
h that �
 = [�2Th��. Thus a (d � 1)-dimensional fa
e of ea
h element � in This allowed to 
ontain at most one hanging (irregular) node | typi
ally the bary
enter of thefa
e. We shall suppose that the family of subdivisions Th is shape{regular and that ea
h� 2 Th is a smooth bije
tive image of a �xed master element �̂, that is, � = F�(�̂) for all� 2 Th, where �̂ is either the open unit simplex or the open unit hyper
ube in R d . On thereferen
e element �̂, with x̂ = (x̂1; : : : ; x̂d) 2 �̂ and � = (�1; : : : ; �d) 2 N d0 , we de�ne spa
esof polynomials of degree p � 1 as follows:Qp = span�x̂� : 0 � �i � p; 1 � i � d	 ; Pp = span�x̂� : 0 � j�j � p	 :To ea
h � 2 Th we assign an integer p� � 1; 
olle
ting the p� and F� in the ve
tors p = fp� :� 2 Thg and F = fF� : � 2 Thg, respe
tively, we introdu
e the �nite element spa
eSp(
; Th;F) = fv 2 [L2(
)℄m : vj� Æ F� 2 [Qp� ℄m if F�1� (�) is the open unit hyper
ube,and vj� Æ F� 2 [Pp� ℄m if F�1� (�) is the open unit simplex; � 2 Thg :Assuming that Th is a subdivision of 
, we 
onsider the broken Sobolev spa
e Hs(
; Th) of
omposite index s with nonnegative 
omponents s�, � 2 Th, de�ned by[Hs(
; Th)℄m = fv 2 [L2(
)℄m : vj� 2 [Hs�(�)℄m 8� 2 Thg :If s� = s � 0 for all � 2 Th, we shall simply write [Hs(
; Th)℄m.Given that � is an element in the subdivision Th, we denote by �� the union of (d� 1)-dimensional open fa
es of �. Let x 2 �� and suppose that n�(x) denotes the unit outwardnormal ve
tor to �� at x. With these 
onventions, we de�ne B(n�), B�(n�) and B+(n�)analogously to B(�), B�(�) and B+(�) above, respe
tively. For ea
h � 2 Th and anyv 2 [H1(�)℄m we denote by v+� the interior tra
e of v on �� (the tra
e taken from within �).Now 
onsider an element � su
h that the set ��n� is nonempty; then for ea
h x 2 ��n� (withthe ex
eption of a set of (d� 1){dimensional measure zero) there exists a unique element �0,depending on the 
hoi
e of x, su
h that x 2 ��0. Suppose that v 2 [H1(
; T )℄m. If ��n�is nonempty for some � 2 Th, then we de�ne the outer tra
e v�� of v on ��n� relative to� as the inner tra
e v+�0 relative to those elements �0 for whi
h ��0 has interse
tion with��n� of positive (d � 1){dimensional measure. Sin
e below it will always be 
lear from the
ontext whi
h element � in the subdivision Th the quantities n�, v+� and v�� 
orrespond to,for the sake of notational simpli
ity we shall suppress the letter � in the subs
ript and write,respe
tively, n, v+, and v� instead.
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For v;w 2 [H1(
; Th)℄m, we introdu
e the bilinear formBDG(w;v) = X�2Th Z�w � L�v dx+ X�2Th Z��n�H(w+;w�;n) � v+ds

+ X�2Th Z��\�B+(n)w+ � v+ ds ;
where L� is the formal adjoint of L de�ned by L�v � �(B�r)v+CTv; H(�; �; �) is a numeri
al
ux fun
tion, assumed to be Lips
hitz 
ontinuous, and su
h that:(i) H is 
onsistent; i.e., H(u;u;n)j��n� = B(n)uj��n� for all � in Th;(ii) H(�; �; �) is 
onservative; i.e., H(u+;u�;n)j��n� = �H(u�;u+;�n)j��n�.We emphasise that the 
hoi
e of the numeri
al 
ux fun
tion is 
ompletely independent of the�nite element spa
e employed. For example, one may takeH(u+;u�;n) = B+(n)u+ +B�(n)u� = 12 �B(n)u+ +B(n)u��� 12 jB(n)j(u� � u+) ;where jB(n)j = B+(n)�B�(n). For v 2 [H1(
; Th)℄m, we 
onsider the linear fun
tional`DG(v) = X�2Th Z� f � v dx� X�2Th Z��\�B�(n)g � v+ ds :
The hp{DGFEM for (3.1) is de�ned as follows: �nd uDG 2 Sp(
; Th;F) su
h thatBDG(uDG;v) = `DG(v) 8v 2 Sp(
; Th;F) : (3.2)
4 A posteriori error analysisLet us suppose that we wish to 
ontrol the dis
retisation error in some linear fun
tional J(�)de�ned on a linear spa
e whi
h 
ontains H(L;
) + Sp(
; Th;F). Following the argumentpresented in [6℄ for stabilised 
ontinuous �nite element approximations, we do so by derivingan a posteriori bound on the error between J(u) and J(uDG). We begin our analysis by
onsidering the following dual or adjoint problem: �nd z in H(L�;
) su
h thatBDG(w; z) = J(w) 8w 2 H(L;
) ; (4.1)where H(L�;
) denotes the graph spa
e of the adjoint operator L� in L2(
). Let us assumethat (4.1) possesses a unique solution.Our a posteriori bound on the error between J(u) and J(uDG) will be expressed in termsof the �nite element residual rh;p de�ned on � 2 Th by rh;pj� = (f�LuDG)j�; whi
h measuresthe extent to whi
h uDG fails to satisfy the di�erential equation on the union of the elements� in the mesh Th; thus we refer to rh;p as the internal residual. Also, sin
e uDG only satis�esthe boundary 
onditions approximately, the ve
tor B�(�)(g � uDG) need not be zero on�; thus for ea
h element � with �� \ � nonempty, we de�ne the boundary residual �h;pby �h;pj��\� = B�(n)(u+DG � g)j��\� : Analogously, on �� n �, we de�ne the 
ux residual�h;pj��n� = �B(n)u+DG �H(u+DG;u�DG;n)� j��n� : With these de�nitions we dedu
e from (3.2)the following relationship between the residuals:BDG(u� uDG;v) � X�2Th(rh;p;v)� + X�2Th(�h;p;v+)��n� + X�2Th(�h;p;v+)��\� = 0 (4.2)
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for all v in Sp(
; Th;F). The identity (4.2) is referred to as the Galerkin orthogonalityproperty of the hp{DGFEM. On 
hoosing w = u � uDG in (4.1), the linearity of J(�) and(4.2) yield the (primal) error representation formula:J(u)� J(uDG) = J(u� uDG) = BDG(u� uDG; z) = BDG(u� uDG; z� zh;p)� E
(uDG; h;p; z� zhp) = X�2Th �� ; (4.3)
where �� = (rh;p; z� zh;p)� + (�h;p; (z� zh;p)+)��n� + (�h;p; (z� zh;p)+)��\� : (4.4)We 
onsider the following measurement problem: given a linear fun
tional J(�) and apositive toleran
e TOL, 
ompute J(uDG) 2 R su
h thatjJ(u)� J(uDG)j � TOL : (4.5)A ne
essary and suÆ
ient 
ondition for this to hold is that the stopping 
riterionjE
(uDG; h;p; z � zh;p)j � TOL (4.6)is satis�ed, 
f. equation (4.3) . Unfortunately, the left-hand side of (4.6) involves the un-known analyti
al solution z to the dual problem (4.1). Let us therefore suppose that problem(4.1) has been solved numeri
ally, using an hp{adaptive DGFEM for example, on a sequen
eof \dual" �nite element spa
es S~p(
; ~Th; ~F), based on a \dual" partition ~Th and \dual" poly-nomial ve
tor ~p, whi
h may di�er from the \primal" partitions Th and \primal" polynomialve
tors p, respe
tively; in this 
ase, we write ~zDG to denote the 
orresponding approxima-tion to z from the �nite element spa
e S~p(
; ~Th; ~F). We denote by zh the L2(
) proje
tionof ~zDG on the primal �nite element spa
e Sp(
; Th;F) de�ned over the primal subdivisionTh. Thereby, de
omposing the error representation formula (4.3) into terms whi
h are 
om-putable, namely those involving the numeri
al approximation ~zDG to the dual solution, andthose that require the analyti
al dual solution z, a suÆ
ient 
ondition for (4.6) is thatjJ(u)� J(uDG)j � EP + ED � X�2Th j~��j+ jE
(uDG; h;p; z � ~zDG)j � TOL ; (4.7)
where ~�� is de�ned analogously to ��, 
f. (4.4), with z repla
ed by ~zDG. We emphasisehere that the fundamental di�eren
e between the terms EP and ED is that in the former theabsolute value signs appear under the summation over the elements � 2 Th, while in the latterthe absolute value sign is outside the sum. It has been shown through numeri
al experimentsin [8℄ (
f. also [5℄) that ED is typi
ally an order of magnitude smaller than EP. Therefore, ED
an be safely absorbed into EP without 
ompromising the reliability of the adaptive algorithmwhen the stopping 
riterion (4.6) is repla
ed by EP � TOL : A bound of the formjJ(u)� J(uDG)j . EP � X�2Th j~��j (4.8)
whi
h expli
itly involves the numeri
al solution ~zDG to the dual problem (through ~�� de�nedabove) is referred to as a Type I a posteriori error bound, 
f. [8℄.Remark 3 An alternative to the approa
h presented here would have been to 
ompletelyeliminate the dual solution from the a posteriori error bound, through the use of the Cau
hy{S
hwarz inequality on ea
h of the terms appearing in ��, 
hoosing zh;p as the �nite element
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interpolant (or quasi-interpolant) of z from Sp(
; Th;F), applying interpolation error esti-mates to bound kz�zh;pkL2(�) and kz�zh;pkL2(��) in terms of powers of h and p and Sobolevseminorms of z, and �nally employing strong stability estimates of Sobolev seminorms of thedual solution in terms of Sobolev norms of the data for the dual problem. Hen
e, the resultingso-
alled Type II a posteriori error bound will not involve the dual solution. However, su
han approa
h is not without pra
ti
al drawba
ks: quite apart from the fa
t that the derivationof a Type II a posteriori error bound requires a 
onsiderable amount of analyti
al work inorder to establish strong stability results for the dual problem in various Sobolev norms and todetermine the asso
iated strong stability 
onstants, typi
ally, Type II bounds give pessimisti
overestimates of the error. Consequently, when employed in an adaptive algorithm to approx-imate J(u) by J(uDG) to within a pres
ribed toleran
e, a Type II a posteriori error boundwill lead to une
onomi
al meshes; see, [6℄.For a user{de�ned toleran
e TOL, we now 
onsider the problem of designing an hp{�niteelement spa
e Sp(
; Th;F) su
h thatjJ(u)� J(uDG)j � TOL ; (4.9)subje
t to the 
onstraint that the total number of degrees of freedom in Sp(
; Th;F) isminimised. Following the dis
ussion above we exploit the Type I a posteriori error bound(4.7) to 
onstru
t Sp(
; Th;F) su
h thatEP � TOL : (4.10)If the stopping 
riterion (4.10) is not satis�ed, then the elements are marked for re�ne-ment/dere�nement; to this end, we employ the �xed fra
tion mesh re�nement algorithm (
f.[9℄), with re�nement and dere�nement fra
tions set to 20% and 10%, respe
tively.On
e an element � 2 Th has been 
agged for re�nement or dere�nement, a de
ision mustbe made whether the lo
al mesh size h� or the lo
al degree p� of the approximating polynomialshould be adjusted a

ordingly. The 
hoi
e to perform either h{re�nement/dere�nement orp{re�nement/dere�nement is dependent on the lo
al smoothness of the primal and dualsolutions u and z, respe
tively.Let us �rst 
onsider the 
ase when an element has been 
agged for re�nement. Clearly, ifu or z are lo
ally smooth, then p{re�nement will be more e�e
tive than h{re�nement, sin
ethe error will be expe
ted to de
ay qui
kly within the 
urrent element � as p� is in
reased. Onthe other hand, if u and z have low regularity within the element �, then h{re�nement willbe performed. Thus, regions in the 
omputational domain where the primal or dual solutionare lo
ally non-smooth are isolated from smooth regions, thereby redu
ing the in
uen
e ofsingularities/dis
ontinuities as well as making p{re�nement more e�e
tive. To ensure that thedesired level of a

ura
y is a
hieved eÆ
iently, in [8℄ an automati
 pro
edure was developedfor de
iding when to h{ or p{re�ne, based on the smoothness{estimation strategy proposedby Ainsworth & Senior [2℄ in the 
ontext of norm 
ontrol for se
ond{order ellipti
 problems.If an element has been 
agged for dere�nement, then the strategy implemented here isto 
oarsen the mesh in low{error{regions where either the primal or dual solutions u and z,respe
tively, are smooth and de
rease the degree of the approximating polynomial in low{error{regions when both u or z are not suÆ
iently regular, 
f. [1℄ and [8℄.Here, for 
omputational simpli
ity, the dual �nite element spa
e ~S~p(
; ~Th; ~F) that is usedto 
ompute the dis
ontinuous Galerkin approximation ~zDG to z will be 
onstru
ted usingthe same mesh employed for uDG, i.e. ~Th � Th, with ~p = p + 1 (however, see [8℄, for theimplementation of the general 
ase when ~Th 6= Th and ~p is unrelated to p).
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Nodes Elements DOF J(u� uDG) P� ~�� �1 P� j~��j �225 16 64 0.1207E-02 0.1023E-02 0.85 0.1938E-01 16.0630 19 86 -0.8405E-02 -0.8203E-02 0.98 0.1006E-01 1.2048 31 202 -0.6729E-02 -0.6002E-02 0.89 0.7279E-02 1.0848 31 244 -0.1611E-02 -0.1623E-02 1.01 0.1927E-02 1.2057 37 330 -0.9690E-03 -0.9756E-03 1.01 0.1043E-02 1.0887 61 595 -0.8424E-03 -0.8581E-03 1.02 0.8654E-03 1.03129 91 1078 -0.1075E-04 -0.4017E-04 3.74 0.4731E-04 4.40139 100 1439 0.2691E-04 0.2906E-04 1.08 0.3580E-04 1.33201 148 2490 -0.1456E-05 -0.1290E-05 0.89 0.2808E-05 1.93263 199 3723 -0.4938E-06 -0.6040E-06 1.22 0.6721E-06 1.36308 232 4876 -0.1196E-07 -0.1123E-07 0.94 0.4792E-07 4.01383 292 6793 -0.5294E-08 -0.5296E-08 1.00 0.6621E-08 1.25429 328 8548 -0.3450E-08 -0.3457E-08 1.00 0.4322E-08 1.25542 418 12325 -0.1650E-09 -0.1676E-09 1.02 0.2047E-09 1.24

Table 1: Adaptive algorithm for the linear adve
tion problem.
5 Numeri
al experimentsIn this se
tion we present some numeri
al experiments to demonstrate the performan
e ofour hp{adaptive algorithm. In parti
ular, we 
onsider both linear and nonlinear hyperboli
problems; the extension of the a posteriori error analysis to nonlinear equations follows anal-ogously, by 
onstru
ting a suitable linearised dual problem, 
f. [5℄.5.1 Linear adve
tionIn this example, we 
onsider the s
alar hyperboli
 equation r � (bu)+ 
u = f on 
 = (0; 1)2,where b = (10y2�12x+1; 1+y), 
 = �r�b and f = 0. The 
hara
teristi
s enter the square
 a
ross three of its edges: the two verti
al sides and the bottom; they exit 
 through thetop edge. We pres
ribe the boundary 
ondition

u(x; y) =
8>>>><>>>>:

0 for x = 0 ; 0:5 < y � 1 ;1 for x = 0 ; 0 � y � 0:5 ;1 for 0 � x � 0:75 ; y = 0 ;0 for 0:75 < x � 1 ; y = 0 ;sin2(�y) for x = 1 ; 0 � y � 1 ;on the union �� of the three in
ow sides. Our aim is to 
ompute the weighted normal
ux through the out
ow side �+. Thus, we let J(u) = R�+  (x)u(x; 1)dx, where the weightfun
tion  is de�ned by  (x) = sin(�x=2) for 0 � x � 1; thereby, the true value of thefun
tional is J(u) = 0:246500283257585, 
f. [6℄.In Table 1, we demonstrate the performan
e of the adaptive algorithm; here, we show thenumber of nodes, elements and degrees of freedom (DOF) in Sp(
; Th;F), the true error inthe fun
tional J(u � uDG), the 
omputed error representation formula ~E
 � P�2Th ~��, thea posteriori error bound (4.8) and their respe
tive e�e
tivity indi
es �1 and �2. We see thatinitially, on very 
oarse meshes, the quality of the 
omputed error representation formula ~E
is quite poor, in the sense that �1 = ~E
=J(u� uh) is not 
lose to one; however, as the meshis re�ned the e�e
tivity index �1 approa
hes unity. Furthermore, we observe that the Type
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sqrt(Degrees of freedom)Figure 1: Comparison between h{ and hp{adaptive mesh re�nement for the linear problem.
I a posteriori error bound is indeed sharp, in the sense that the se
ond e�e
tivity index �2overestimates the true error in the 
omputed fun
tional by a 
onsistent fa
tor as the �niteelement spa
e Sp(
; Th;F) is enri
hed.In Figure 1 we plot jJ(u)�J(uDG)j, using both h{ and hp{re�nement against the square{root of the number of degrees of freedom on a linear{log s
ale. We see that after the initialtransient, the error in the 
omputed fun
tional using hp{re�nement be
omes (on average) astraight line, thereby indi
ating exponential 
onvergen
e of J(uDG) to J(u), despite the fa
tthat u is only pie
ewise 
ontinuous; this o

urs sin
e z is a real analyti
 fun
tion on �
. Figure1 also demonstrates the superiority of the adaptive hp{re�nement strategy over a traditionaladaptive h-re�nement algorithm. Indeed, on the �nal mesh the true error between J(u) andJ(uDG) using hp{re�nement is almost 6 orders of magnitude smaller than the 
orrespondingquantity when h{re�nement is employed alone.
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Figure 2: h{ and hp{meshes for the linear adve
tion problem, with 542 nodes, 418 elementsand 12325 degrees of freedom.Finally, in Figure 2 we show the �nal primal mesh, after 13 adaptive mesh re�nement
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Nodes Elements DOF J(u� uh) P� ~�� �1 P� j~��j �212 12 36 0.2758E-01 -0.1613 -5.85 0.4432 16.0719 25 75 0.1574 0.1175 0.75 0.2751 1.7535 53 159 0.9087E-01 -0.3190E-01 -0.35 0.2244 2.4763 106 336 0.6027E-01 0.6244E-01 1.04 0.1215 2.02110 195 711 -0.1649E-01 -0.1018E-01 0.62 0.3127E-01 1.90193 358 1400 -0.1802E-02 -0.1831E-02 1.02 0.7325E-02 4.07327 623 2989 -0.2003E-03 -0.1872E-03 0.93 0.2077E-02 10.37532 1032 5732 0.1064E-04 0.1063E-04 1.00 0.1773E-03 16.66773 1512 10051 0.2939E-06 0.3080E-06 1.05 0.7398E-05 25.18997 1958 15734 -0.2593E-07 -0.2547E-07 0.98 0.9037E-06 34.851311 2586 24710 0.3690E-08 0.3691E-08 1.00 0.3374E-07 9.141543 3049 33502 0.1710E-09 0.1694E-09 0.99 0.2581E-08 15.091857 3673 45653 -0.8103E-11 -0.7714E-11 0.95 0.3386E-09 41.79

Table 2: Adaptive algorithm for Burgers' problem.
steps. For 
larity, we show the h{mesh alone, as well as the 
orresponding distribution ofthe polynomial degree and the per
entage of elements with that degree. We see that theprimal mesh has been predominantly h{re�ned in the neighbourhood of the dis
ontinuity inu emanating from (x; y) = (0; 0:5), with only a small number of elements being h{re�ned inthe region where the se
ond dis
ontinuity enters 
 from (x; y) = (0:5; 0). Further, we seethat p{re�nement has taken pla
e in the region to the right of the dis
ontinuities in u, whereboth the primal and dual solutions are smooth; here, the polynomial degrees in
rease as aswe move from �� towards �+, where the fun
tional J(�) is spe
i�ed.5.2 Burgers' equationHere, we 
onsider the one{dimensional unsteady invis
id Burgers' equation for the s
alarvariable u � u; i.e., writing x2 to denote time, we have ux2 + �(1=2)u2�x1 = 0; on the(spa
e{time) domain 
 = (0; 3) � (0; 2), subje
t to the initial 
ondition u(x1; 0) = 2=(1 +x31) sin2(�x1), and boundary 
ondition u(0; x2) = 0, for x2 2 [0; 2℄. The analyti
al solutionto this problem 
onsists of three smooth `hills' whi
h form sho
k waves as time in
reases.These sho
ks will eventually merge to form a single line of dis
ontinuity in the (x1; x2){plane. Here, we only 
ompute the numeri
al approximation up to a time after whi
h the �rsttwo sho
k waves have merged, and sele
t the fun
tional of interest J(�) to be the value of thesolution just before these two sho
ks intera
t with one another. More pre
isely, we 
hooseJ(u) = u(1:95; 1:35); thereby, the true value of the fun
tional is J(u) = 0:451408206331223.In Table 2 we show the performan
e of our hp{adaptive �nite element algorithm. As inthe previous example, we see that the quality of the 
omputed error representation formula isquite poor on 
oarse meshes; though, as the �nite element spa
e Sp(
; Th;F) is enri
hed thee�e
tivity index �1 tends to one. Furthermore, we again observe that the Type I a posteriorierror bound (4.8) is asymptoti
ally sharp, though the e�e
tivity indi
es �2 are now mu
hlarger than those 
omputed for the linear adve
tion problem. This is attributed to the lossof inter-element 
an
ellation of the lo
al error indi
ators ~��, when the triangle inequality isemployed en route to the Type I bound (4.8). This be
omes evident in this example, asmore h{re�nement is required (
f. Figure 2 below) to get an a

urate approximation of thefun
tional of interest.
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ements jJ
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(u DG)j

sqrt(Degrees of freedom)Figure 3: Comparison between h{ and hp{adaptive mesh re�nement for Burgers' problem.
Nodes Elements DOF J(u� uh) P� ~�� �1 P� j~��j �291 144 1728 -0.2995E-03 -0.3024E-03 1.01 0.2914E-02 9.73129 219 3228 0.5143E-04 0.4975E-04 0.97 0.9527E-03 18.52179 315 5312 -0.1884E-04 -0.1885E-04 1.00 0.2484E-03 13.18245 445 8560 0.4813E-05 0.4303E-05 0.89 0.1164E-03 24.19302 554 13480 -0.2541E-05 -0.2662E-05 1.05 0.4230E-04 16.65352 650 17944 -0.1489E-05 -0.1520E-05 1.02 0.1824E-04 12.25426 792 26260 -0.5522E-06 -0.5662E-06 1.03 0.5515E-05 9.99487 912 35280 -0.2602E-07 -0.2615E-07 1.01 0.6618E-06 25.44622 1171 51544 0.6738E-09 0.6335E-09 0.94 0.1119E-06 166.02

Table 3: Adaptive algorithm for Ringleb's 
ow.
In Figure 3 we 
ompare the performan
e of the h{ and hp{mesh re�nement algorithms forthis problem. Again, we observe exponential 
onvergen
e of the error in the 
omputed fun
-tional using hp{re�nement; on the linear{log s
ale, the 
onvergen
e line is straight. Indeed,on the �nal mesh the true error between J(u) and J(uDG) using hp{re�nement is almost 4orders of magnitude smaller than the 
orresponding quantity when h{re�nement is employedalone. Finally, in Figure 4 we show the �nal primal mesh after 12 adaptive mesh re�nements.Here, we see that the h{mesh has been re�ned in the region upstream of the point of interest,thereby isolating the smooth region of u from the two intera
ting sho
k waves; this rendersthe subsequent p{re�nement in this region mu
h more e�e
tive.

5.3 Ringleb's 
owIn this �nal example we 
onsider the steady two{dimensional 
ompressible Euler equations;here, u represents the ve
tor of 
onserved quantities (�; �u; �v; �E), where �, (u; v) and Erepresent the density, Cartesian velo
ity and total energy per unit mass, respe
tively. Here, we
onsider Ringleb's 
ow for whi
h an analyti
al solution may be obtained using the hodographmethod. This problem represents a transoni
 
ow whi
h turns around an obsta
le; the 
owis mostly subsoni
, with a small supersoni
 region around the nose of the obsta
le.
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Figure 4: h{ and hp{meshes for Burgers' problem, with 1857 nodes, 3673 elements and 45653degrees of freedom.
We take the fun
tional of interest to be the value of the density at the point (�0:4; 2),i.e., J(u) = �(�0:4; 2); 
onsequently the true value of the fun
tional is given by J(u) =0:8616065996968034. Table 3 shows the performan
e of our hp{adaptive algorithm; here wesee that the quality of the 
omputed error representation formula is extremely good, with�1 � 1 even on very 
oarse meshes. Furthermore, the Type I a posteriori error bound (4.8)overestimates the true error in the 
omputed fun
tional by about an order of magnitude,though there is a sharp in
rease on the last re�nement. Figure 5 indi
ates exponential
onvergen
e for the error in the 
omputed fun
tional and again highlights the 
omputationaladvantages of employing hp{mesh re�nement when 
ompared with the standard h{method.

6 Con
lusionsUsing duality arguments, in this paper we developed Type I a posteriori error bounds forthe hp{version of the dis
ontinuous Galerkin �nite element method. The bounds have beenimplemented into an hp{adaptive �nite element algorithm that is 
apable of delivering ap-proximations to linear fun
tionals of the solution to both linear and nonlinear hyperboli
problems, a

urate to within a pres
ribed toleran
e. The numeri
al experiments highlightthe superiority of this general hp{adaptive strategy over a traditional h{re�nement algorithmwhere the degree p of the approximating polynomial is kept �xed at some low value.
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