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Forward 

 

 The U.S. Department of Energy’s Relativistic Heavy Ion Collider (RHIC) construction 

project was completed at BNL in 1999, with the first data-taking runs in the summer of 2000.  

Since then the early measurements at RHIC have yielded a wealth of data, from four independent 

detectors, each with its international collaboration of scientists:  BRAHMS, PHENIX, PHOBOS, 

and STAR [1]. 

 

 For the first time, collisions of heavy nuclei have been carried out at colliding-beam 

energies that have previously been accessible only for high-energy physics experiments with 

collisions of “elementary” particles such as protons and electrons.  It is at these high energies 

that the predictions of quantum chromodynamics (QCD), the fundamental theory that describes 

the role of quarks and gluons in nuclear matter, come into play, and new phenomena are sought 

that may illuminate our view of the basic structure of matter on the sub-atomic scale, with 

important implications for the origins of matter on the cosmic scale.  

 

 The RHIC experiments have recorded data from collisions of gold nuclei at the highest 

energies ever achieved in man-made particle accelerators.  These collisions, of which hundreds 

of millions have now been examined, result in final states of unprecedented complexity, with 

thousands of produced particles radiating from the nuclear collision.  All four of the RHIC 

experiments have moved quickly to analyze these data, and have begun to understand the 

phenomena that unfold from the moment of collision as these particles are produced.  In order to 

provide benchmarks of simpler interactions against which to compare the gold-gold collisions, 

the experiments have gathered comparable samples of data from collisions of a very light 

nucleus (deuterium) with gold nuclei, as well as proton-proton collisions, all with identical beam 

energies and experimental apparatus. 

 

 The early measurements have revealed compelling evidence for the existence of a new 

form of nuclear matter at extremely high density and temperature – a medium in which the 

predictions of QCD can be tested, and new phenomena explored, under conditions where the 

relevant degrees of freedom, over nuclear volumes, are expected to be those of quarks and 

gluons, rather than of hadrons.  This is the realm of the quark gluon plasma, the predicted state of 

matter whose existence and properties are now being explored by the RHIC experiments. 

 

 Many theorists have concluded that the results to date provide sufficient evidence that the 

quark gluon plasma has indeed been observed. [2]   They state that the analyses of all four 

experiments point to the existence, in the evolution of the system immediately following a gold-

gold collision, of a near-thermal, strongly interacting medium whose energy-density and 

temperature clearly exceed the critical values predicted by QCD calculations for a transition 

from ordinary hadronic states to a quark gluon plasma.  However, detailed analyses of the data 

also make it clear that this hot, dense medium has properties that are surprising, and not yet fully 

understood in terms of the early expectations for the quark gluon plasma.  For example, it was 

often stated, prior to the RHIC data, that the quark gluon plasma should behave like an ideal gas 

of quarks and gluons (i.e., like a weakly-coupled plasma state).  The data now indicate that the 

observed medium behaves more like an ideal fluid, in analogy to a strongly coupled plasma state.  

Some theorists have referred to this state as the strongly coupled quark gluon plasma, or sQGP.   

 i



 ii

 

 The “white papers” collected here represent the independent assessments from each of 

the experimental collaborations of what has been learned so far from their respective 

experiments regarding the existence and properties of the quark gluon plasma. The four 

collaborations state that the new phenomena they observe are signals of the creation of a new 

form of nuclear matter.  However, they argue that the surprising properties of this collective 

medium seen in the present data need to be augmented with additional key measurements and 

also need to be better understood in terms of theoretical models for the formation, evolution, and 

freeze-out of a quark gluon plasma.  These white papers are very much in the nature of status 

reports, providing a “snapshot” of rapidly evolving programs of data analysis.  Much more will 

be learned over the next year from the analysis of Run IV data, obtained in the early months of 

2004, which exceed the previous full-energy gold-gold data samples by a factor of ten. 

 

 A key result of the early measurements at RHIC is the demonstration that detailed 

exploration of the properties of new matter produced in the collisions can be carried out using 

experimental probes that are sensitive to the properties of the initial collective medium.  What is 

more, it has been demonstrated that certain experimental probes are accessible that carry 

information directly from the thermal volume of hot matter during its lifetime.  Such probes 

include the spectra of heavy quarks (charm and bottom) that are formed in the earliest stages of 

the collision, and are so massive that their dynamical properties would not be lost to 

thermalization at the temperatures and densities that prevail in the plasma of light quarks and 

gluons.  Another class of such probes is the measurement and classification of high-momentum 

jets of particles and high-momentum photons corresponding to energetically scattered quarks and 

gluons.  Accurate measurements of large samples allow experiments to perform tomography on 

the initial dense matter with “beams” of quarks and gluons.   

 

These measurements, and others like them, along with continued progress in theory as the 

data become more precise, will provide the key to identifying and understanding the new form of 

matter produced at RHIC, and what it can reveal about the fundamental properties of the strong 

interaction. 

 

S. Aronson and T. Ludlam 

Brookhaven National Laboratory 

April 2005 
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Abstract

We review the main results obtained by the BRAHMS collaboration on the prop-
erties of hot and dense hadronic and partonic matter produced in ultrarelativistic
heavy ion collisions at RHIC. A particular focus of this paper is to discuss to what
extent the results collected so far by BRAHMS, and by the other three experiments
at RHIC, can be taken as evidence for the formation of a state of deconfined par-
tonic matter, the so called quark-gluon-plasma (QGP). We also discuss evidence for
a possible precursor state to the QGP, i.e. the proposed Color Glass Condensate.

Key words:

PACS: 25.75.q, 25.40.-h, 13.75.-n

1 Introduction

From the onset of the formulation of the quark model and the first under-
standing of the nature of the binding and confining potential between quarks
about 30 years ago it has been conjectured that a state of matter character-
ized by a large density of quarks and gluons (together called partons) might
be created for a fleeting moment in violent nuclear collisions [1]. This high
energy density state would be characterized by a strongly reduced interaction
between its constituents, the partons, such that these would exist in a nearly
free state. Aptly, this proposed state of matter has been designated the quark
gluon plasma (QGP)[2]. It is now generally thought that the early universe
was initially in a QGP state until its energy density had decreased sufficiently,
as a result of the expansion of the universe, that it could make the transition
to ordinary (confined) matter.

Experimental attempts to create the QGP in the laboratory and measure its
properties have been carried out for more than 20 years, by studying collisions
of heavy nuclei and analyzing the fragments and produced particles emanating
from such collisions. During that period, center of mass energies per pair of
colliding nucleons have risen steadily from the

√
sNN ≈ 1 GeV domain of the

Bevalac at LBNL, to energies of
√

sNN = 5 GeV at the AGS at BNL, and to√
sNN = 17 GeV at the SPS accelerator at CERN. No decisive proof of QGP

formation was found in the experiments at those energies, although a number
of signals suggesting the formation of a very dense state of matter, possibly
partonic, were found at the SPS [3,4].

With the Relativistic Heavy Ion Collider, RHIC, at Brookhaven National Lab-
oratory, the center of mass energy in central collisions between gold nuclei
at 100 AGeV + 100 AGeV is almost 40 TeV, the largest so far achieved in
nucleus-nucleus collisions under laboratory conditions. This energy is so large
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that conversion of a sizeable fraction of the initial kinetic energy into matter
production creates many thousands of particles in a limited volume leading
to unprecedented large energy densities and thus presumably ideal conditions
for the formation of the quark gluon plasma.

RHIC started regular beam operations in the summer of year 2000 with a
short commissioning run colliding Au nuclei at

√
sNN = 130 GeV. The first

full run at the top energy (
√

sNN = 200 GeV) took place in the fall/winter of
2001/2002. The third RHIC run during the winter/spring of 2003 focussed on
d+Au and p+p reactions. Recently, in 2004, a long high luminosity Au+Au
run at

√
sNN = 200 GeV and a short run at

√
sNN = 62.4 GeV have been

completed. The collected data from the most recent runs are currently being
analyzed and only a few early results are thus available at the time of writing
of this document.

The aim here is to review the available information obtained from the first
RHIC experiments with the purpose of determining what the experimental
results, accumulated so far, allow us to say about the high energy density
matter that is created at RHIC in collisions between heavy atomic nuclei.

We concentrate primarily on results from the BRAHMS detector, one of the
four detectors at RHIC, but naturally also refer to results obtained by the
other three experiments (STAR, PHENIX and PHOBOS) insofar as they com-
plement or supplement information obtained from BRAHMS. The BRAHMS
experiment is a two arm magnetic spectrometer with excellent momentum res-
olution and hadron identification capabilities. The two spectrometers subtend
only a small solid angle (a few msr) each, but they can rotate in the hori-
zontal plane about the collision point to collect data on hadron production
over a wide rapidity range (0-4), a unique capability among the RHIC experi-
ments. For details about the BRAHMS detector system we refer the reader to
[5,6]. The large number of articles already produced by the four experiments
at RHIC may be found on their respective homepages [7]. Recent extensive
theoretical reviews and commentaries may be found in refs. [8–10].

2 What is the QGP and what does it take to see it?

The predicted transition from ordinary nuclear matter, which consists of hadrons
inside which quarks and gluons are confined, to the QGP, a state of matter
in which quarks and gluons are no longer confined to volumes of hadronic di-
mensions, can in the simplest approach, be likened to the transition between
two thermodynamic states in a closed volume.

As energy is transferred to the lower energy state a phase transition to the
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higher energy state occurs, akin to a melting or an evaporation process. For
a first order phase transition (PT), the transformation of one state into the
other occurs at a specific temperature, termed the critical temperature, and
the process is characterized by absorption of latent heat during the phase
conversion, leading to a constancy or discontinuity of certain thermodynamic
variables as the energy density or temperature is increased. In this picture, it
is tacitly assumed that the phase transition occurs between states in thermo-
dynamic equilibrium. From such thermodynamical considerations, and from
more elaborate models based on the fundamental theory for the strong inter-
action, Quantum Chromo Dynamics (e.g. lattice QCD calculations), estimates
for the critical temperature and the order of the transition can be made. Cal-
culations indicate that the critical temperature should be Tc ≈ 175 MeV in
the case of a vanishing baryon chemical potential [11]. The order of the tran-
sition at various values of the chemical potential is not known. In general, a
decreasing critical temperature with increasing chemical potential is expected.
Likewise, at non-zero chemical potential a mixed phase of coexisting hadron
gas, HG, and QGP is predicted to exist in a certain temperature interval
around the critical temperature. Recently calculational techniques have pro-
gressed to the point of allowing an extension of the lattice methods also to
finite chemical potential. Such calculations also suggest the existence of a crit-
ical point at larger chemical potential above which, the transition may be of
first order.

The transition from ordinary matter to the QGP is thus primarily a deconfine-
ment transition. However, it is also expected, due to the vanishing interaction
between partons in the QGP phase, that hadron masses will be lowered. In
the limit of chiral symmetry the expectation value of the quark condensate,
< qq̄ >, vanishes and opposite parity states (chiral partners) are degenerate.
As a consequence of the QGP to HG transition, the chiral symmetry is broken
and the hadrons acquire definite and nondegenerate masses. According to lat-
tice QCD calculations chiral symmetry should be restored at sufficiently high
temperature (T >> Tc).

It is, however, at the onset not at all clear that the transition to the QGP, as
it is expected to be recreated in nucleus-nucleus collisions, proceeds between
states of thermodynamic equilibrium as sketched above. The reaction, from
first contact of the colliding nuclei to freeze-out of the created fireball, occurs
on a typical timescale of about 10 fm/c and is governed by complex reaction
dynamics so that non-equilibrium features may be important. Likewise there
can be significant rescattering of the strongly interacting components of the
system, after its formation, that tends to obscure specific features associated
with a phase transition.

Many potential experimental signatures for the existence of the QGP have
been proposed. These can be roughly grouped into two classes: 1) evidence
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for bulk properties consistent with QGP formation, e.g. large energy density,
entropy growth, plateau behavior of the thermodynamic variables, unusual
expansion and lifetime properties of the system, presence of thermodynamic
equilibration, fluctuations of particle number or charge balance etc, and 2)
evidence for modifications of specific properties of particles thought to arise
from their interactions with a QGP, e.g. the modification of widths and masses
of resonances, modification of particle production probabilities due to color
screening (e.g. J/Ψ suppression) and modification of parton properties due to
interaction with other partons in a dense medium (e.g. jet quenching), etc.

We may ask the following questions: 1) What is the requirement for calling a
state of matter a QGP, and 2) What would constitute proof of QGP formation
according to that definition?

As far as the first question is concerned it would seem obvious that the deter-
mining factor is whether the high density state that is created in the nuclear
collisions clearly has properties that are determined by its partonic composi-
tion, beyond what is known at the nucleon level in elementary nucleon-nucleon
collisions (e.g. p+p collisions). It has often been presupposed that the ’plasma’
should be in thermodynamical equilibrium. However, this may not be realized
within the short time scales available for the evolution of the reaction from
first contact to freeze-out, and is perhaps not necessary in the definition of the
version of the QGP that may be observable in relativistic heavy ion collisions.
Finally, it may be asked whether chiral symmetry restoration is essential. It
would seem that even in a situation in which the partons of the system are still
(strongly) interacting one may speak of a QGP as long as the constituents are
not restricted to individual hadrons. Thus it would appear that deconfinement
is the foremost property needed to define the QGP state, and the one that
needs to be demonstrated by experiment.

Clearly, the observation of all, or at least of a number of the effects listed above,
in a mutually consistent fashion, would serve to constitute a strong case for the
formation of a QGP. Ideally, the observed effects must not be simultaneously
describable within other frameworks, e.g. those based on purely hadronic in-
teractions and not explicitly involving the partonic degrees of freedom. This
suggests the requirement that a ’proof’, in addition to having consistency with
QGP formation, also must contain elements that are only describable in terms
of QGP formation, phase transition etc.

Finally, if a sufficiently good case exists, we may also ask if there are any
specific features that may falsify the conclusion. To our knowledge no tests
have been proposed that may allow falsification of either a partonic scenario
or a hadronic scenario, but it would be important if any such exclusive tests
were to be formulated.
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In this report we address some of the signatures discussed above, notably the
energy density, which can be deduced from the measured particle multiplici-
ties, the thermal and dynamical properties of the matter at freeze-out which
may be inferred from the abundances and spectral properties of identified par-
ticles, and the modifications of spectral properties arising from the interaction
of particles with the high energy-density medium.

3 Reactions at RHIC: how much energy is released?

The kinetic energy that is removed from the beam and which is available for
the production of a state such as the QGP depends on the amount of stopping
between the colliding ions.

The stopping can be estimated from the rapidity loss experienced by the
baryons in the colliding nuclei. If incoming beam baryons have rapidity, yb

relative to the CM (which has y = 0) and average rapidity

< y >=
∫ yb

0
y
dN

dy
dy/

∫ yb

0

dN

dy
dy (1)

after the collision, the average rapidity loss is δy = yb− < y > [12,13]. Here
dN/dy denotes the number of net-baryons (number of baryons minus number
of antibaryons) per unit of rapidity. Thus, for the case of full stopping: δy = yb.

At AGS energies the number of produced antiprotons is quite small and the
net-baryon distribution is similar to the proton distribution [15–17]. The net-
proton rapidity distribution is centered around y = 0 and is rather narrow.
The rapidity loss for central collisions is about 1 for a beam rapidity of approx.
1.6. At CERN-SPS energies (

√
sNN = 17 GeV, 158 AGeV Pb+ Pb central re-

actions) the rapidity loss is slightly less than 2 for a beam rapidity of 2.9 [18],
about the same relative rapidity loss as at the AGS. The fact that the ra-
pidity loss is large on an absolute scale means, however, that there is still a
sizeable energy loss of the colliding nuclei. This energy is available for parti-
cle production and other excitations, transverse and longitudinal expansion.
Indeed, in collisions at the SPS, multiplicities of negatively charged hadrons
are about dN/dy = 180 around y = 0. At SPS another feature is visible (see
fig. 1): the net proton rapidity distribution shows a double ’hump’ with a dip
around y = 0. This shape results from the finite rapidity loss of the colliding
nuclei and the finite width of each of the humps, which reflect the rapidity
distributions of the protons after the collisions. This picture suggests that the
reaction at the SPS is beginning to be transparent in the sense that fewer of
the original baryons are found at midrapidity after the collisions, in contrast
to the situation at lower energies.
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Fig. 1. Rapidity density of net protons
(i.e. number of protons minus number
of antiprotons) measured at AGS, SPS,
and RHIC (BRAHMS) for central col-
lisions [19]. At RHIC, where the beam
rapidity is y = 5.4, the full distribution
cannot be measured with current experi-
ments, but BRAHMS will be able to ex-
tend its unique results to y=3.5 from the
most recent high statistics Au+Au run,
corresponding to measurements extend-
ing to 2.3 degrees with respect to the
beam direction.
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Fig. 2. Insert: fit of the data to two pos-
sible net-baryon distributions (Gaussian
in pL and 6’th order polynomial) respect-
ing baryon number conservation. In going
from net-proton to net-baryon distribu-
tions we have assumed that N(n) ≈ N(p)
and have scaled hyperon yields known
at midrapidity to forward rapidity using
HIJING. Even assuming that all missing
baryons are located just beyond the ac-
ceptance edge or at the beam rapidity,
quite tight limits on the rapidity loss of
colliding Au ions at RHIC can be set [19]
(main panel).

BRAHMS has measured [19] the net proton rapidity distribution at RHIC in
the interval y = 0−3 in the first run with (0−10%) central Au+Au collisions
at full energy. The beam rapidity at RHIC is about 5.4. Details of the analysis
can be found in [19]. The results are displayed in fig. 1 together with the
previously discussed net-proton distributions measured at AGS and SPS. The
distribution measured at RHIC is both qualitatively and quantitatively very
different from those at lower energies indicating a significantly different system
is formed near midrapidity.

The net number of protons per unit of rapidity around y = 0 is only about
7 and the distribution is flat over at least the ±1 unit of rapidity. The distri-
bution rises in the rapidity range y = 2 − 3 to an average dN/dy ≈ 12. We
have not yet completed the measurements at the most forward angles (highest
rapidity) allowed by the geometrical setup of the experiment, but we can ex-
ploit baryon conservation in the reactions to set limits on the relative rapidity
loss at RHIC. This is illustrated in fig. 2, which shows two possible distribu-
tions whose integral areas correspond to the number of baryons present in the
overlap between the colliding nuclei. From such distributions one may deduce
a set of upper and lower limits for the rapidity loss at RHIC. Furthermore
the situation is complicated by the fact that not all baryons are measured.
The limits shown in the figure includes estimates of these effects [19]. The
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conclusion is that the absolute rapidity loss at RHIC (δy = 2.0 ± 0.4) is not
appreciably larger than at SPS. The value is close to expectations from ex-
trapolations of pA data at lower energies [13,14]. In fact the relative rapidity
loss is significantly reduced as compared to an extrapolation of the low energy
systematics [12].

It should be noted that the rapidity loss is still significant and that, since the
overall beam energy (rapidity) is larger at RHIC than at SPS, the absolute
energy loss increases appreciably from SPS to RHIC thus making available a
significantly increased amount of energy for particle creation in RHIC reac-
tions.

In particular we have found that the average energy loss of the colliding nuclei
corresponds to about 73± 6 GeV per nucleon [19]. From our measurements of
the particle production as a function of rapidity (pions, kaons and protons and
their antiparticles) we can deduce not only the number of produced particles
but also their average transverse momentum and thus their energy. Within
systematic errors of both measurements we find that the particle production
is consistent with the energy that is taken from the beam.

Thus, the energy loss measurements clearly establish that as much as 26 TeV
of kinetic energy is removed from the beam per central Au+Au collision. This
energy is available for particle production in a small volume immediately after
the collision.

4 Energy density

The collision scenario that we observe at RHIC and which was outlined in the
previous section indicates that the reaction can be viewed as quite transparent.
After the collision, the matter and energy distribution can be conceptually
divided up into two main parts, a so–called fragmentation region consisting of
the excited remnants of the colliding nuclei which have experienced an average
rapidity loss, δy ≈ 2, and a central region in which few of the original baryons
are present but where significant energy density is collected.

This picture is in qualitative agreement with the schematic one already pro-
posed by Bjorken 20 years ago [20]. The central region (an interval around
midrapidity) is decoupled from the fragments. In that theoretical scenario the
energy removed from the kinetic energy of the fragments is initially stored in
a color field strung between the receding partons that have interacted. The
linear increase of the color potential with distance eventually leads to the
production of quark-antiquark pairs. Such pairs may be produced anywhere
between the interacting partons leading to an approximately uniform particle
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production as a function of rapidity and similar spectra characteristics in each
frame of reference (boost invariance).
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shows that the particle production in
Au+Au collisions at the RHIC top en-
ergy , around η = 0, exceeds that seen
in p+p collisions by 40-50%.

Figure 3 shows the overall multiplicity of charged particles observed in Au+Au
collisions at RHIC [6] for various collision centralities and as a function
of pseudorapidity. The figure shows that the multiplicity at RHIC is about
dN/dη = 625 charged particles per unit of rapidity around η = 0 for central
collisions. Figure 4 shows that the production of charged particles in central
collisions exceeds the particle production seen in p+p collisions at the same
energy by 40-50%, when the yield seen in Au+Au collisions is divided by the
number of pairs of participant nucleons (participant scaling). Also we note
that the average rapidity loss in p+p collisions is δy ≈ 1. The energy available
for particle production in p+p is thus about 50% of the beam energy, to be
compared to the 73% found for Au+Au collisions.

Integration of the charged particle pseudorapidity distributions corresponding
to central collisions tells us that about 4600 charged particles are produced in
each of the 5% most central collisions. Since we only measure charged particles,
and not the neutrals, we multiply this multiplicity by 3/2 to obtain the total
particle multiplicity of about 7000 particles.

From the measured spectra of pions, kaons and protons and their antiparticles
as a function of transverse momentum we can determine the average transverse
mass for each particle species (fig. 5). This allows us to estimate the initial
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energy density from Bjorkens formula [20]

ǫ =
1

πR2τ

d〈ET 〉
dy

(2)

where we can make the substitution d〈ET 〉 = 〈mT 〉dN and use quantities from
the measured spectral distributions. Since we wish to calculate the energy
density in the very early stages of the collision process we may use for R
the radius of the overlap disk between the colliding nuclei, thus neglecting
transverse expansion. The formation time is more tricky to determine [21,22].
From the uncertainty relation and the typical relevant energy scale (200 MeV)
one infers a formation time of the order of 1 fm/c. This leads to ǫ ≈ 5 GeV/fm3,
which should be considered as a lower limit. Alternatively, one may use the
average transverse momentum of produced particles around midrapidity (see
fig. 5) to set the energy scale. This leads to estimates of the energy density
that are 3-4 times higher. The ǫ ≈ 5 GeV/fm3 value for the initial energy
exceeds the energy density of a nucleus by a factor of 30 the energy density of
a baryon by a factor of 10, and the energy density for QGP formation that is
predicted by lattice QCD calculations by a factor of 5 [23,24].

The particle multiplicities that are observed at RHIC indicate that the energy
density associated with particle production in the initial stages of the collisions
largely exceeds the energy density of hadrons.

5 Is there thermodynamical and chemical equilibrium at RHIC?

It has traditionally been considered crucial to determine whether there is
thermodynamical equilibration of the ”fireball” in relativistic collisions. The
main reason is that, if there is thermalization, the simple two phase model
may be invoked and the system should evidence the recognizable features of
a phase transition.

In nuclear collisions, however, the time scale available for equilibration is very
short and the entire system only lives in the order of 10 fm/c. Consequently,
it is not evident that the system will evolve through equilibrated states. If
equilibrium is established, it would suggest that the system existed for a short
time in a state with sufficiently short mean free path. A central issue is whether
equilibrium is established in the hadronic cloud in the later stages of the
collisions just prior to freeze-out or whether it is established on the partonic
level prior to hadronization [25]. Thus, even if equilibration per se is probably
not a requirement for defining the QGP, it may prove to be an important tool
in identifying the QGP.
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5.1 Particle yields
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Fig. 5. Top panel: rapidity density distribution for positive and negative pions, kaons
and protons measured by Brahms. The shown data have not been corrected for feed
down. The lines show Gaussian fits to the measured distributions. Bottom panel:
average mT distributions as a function of rapidity. From [26].
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Fig. 6. Ratios of antiparticles to particles (pions, kaons and protons) as a function of
rapidity for

√
sNN = 200GeV Au+Au collisions measured by the BRAHMS exper-

iment [27]. For the first time in nuclear collisions an approximate balance between
particles and antiparticles is seen around midapidity. Statistical and systematic er-
rors are indicated.

Figure 5 shows the results of a recent and more detailed study of particle
production in central collisions as a function of rapidity [19,26]. The figure
shows the rapidity densities of pions, kaons and protons for central collisions.
From such distributions we can construct the ratio of the yields of particles
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the top RHIC energy as a function of rapidity. At midrapidity the two ratios are
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kaons and pions increases as expected for a larger baryochemical potential. The lines
show statistical model predictions assuming a temperature of 177 MeV and µB = 29
MeV.
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Fig. 8. Total relativistic energy carried by charged hadrons (pions, kaons, protons
and their antiparticles) in the rapidity interval 0 < y < 3 deduced from the informa-
tion in fig. 5 and using the relationship E = mtcosh(y). The triangles show the sum
of the individual distributions. Adding the expected contribution from unobserved
neutral particles it can be concluded that particles in the range −3 < y < 3 carry
about 9 TeV of total energy whereas particle in the range −1 < y < 1 carry about
1.5 TeV.

and their antiparticles as a function of rapidity. Figure 6 shows the ratios
of yields of antihadrons to hadrons (posititive pions, kaons and protons and
their antiparticles). The ratio is seen to be approaching unity in an interval
of about 1.5 units of rapidity around midrapidity, suggesting that the parti-
cle production in the central region is predominantly from pair creation. This
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is true for pions (ratio of 1), but less so for kaons (ratio=0.95) and protons
(ratio= 0.76). There are processes that break the symmetry between parti-
cles and antiparticles that depend on the net-baryon content discussed in the
previous section. One such process that is relevant for kaons is the associated
production mechanism (e.g. p+p → p+Λ+K+) which leads to an enrichment
of positive kaons in regions where there is an excess of baryons. Support for
this view is given by fig. 7, which shows the systematics of kaon production
relative to pion production as a function of center of mass energy. At AGS,
where the net proton density is high at midrapidity, the rapidity density of
K+ strongly exceeds that of K−. In contrast, at RHIC, production of K+

and K− is almost equal. This situation changes, however, at larger rapidities
where the net proton density increases.

From the measured yields of identified particles as a function of rapidity and
their momentum spectra we may calculate the total relativistic energy carried
by particles in the rapidity interval y = 0 − 3. This is shown in fig. 8. By
integrating and reflecting the total energy distribution around y = 0 and
adding the estimate contribution from neutrals we may deduce that about 9
TeV are carried by the particles in the rapidity range |y| < 3.

/pp
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Fig. 9. Correlation between the ratio of charged kaons and the ratio of antiprotons
to protons. The dashed curve corresponds to equation 4 in the text using µs = 0.
The full drawn curve is a statistical model calculation with a chemical freeze-out
temperature fixed to 170 MeV [27,32] but allowing the baryochemical potential to
vary. The circles denote ratios measured by BRAHMS at the top RHIC energy
at different rapidities in the range 0 < y < 3. At midrapidity the baryochemical
potential has decreased to µB ≈ 25MeV .

The particle yields measured by BRAHMS also lend themselves to an analysis
of the charged particle production in terms of the statistical model [27–33].

13



Figure 9 shows the ratios of negative kaons to positive kaons as a function
of the corresponding ratios of antiprotons to protons for various rapidities at
RHIC. The data are for central collisions, and the figure also displays similar
ratios for heavy ion collisions at AGS and SPS energies. There is a striking
correlation between the RHIC/BRAHMS kaon and proton ratios over 3 units
of rapidity. Assuming that we can use statistical arguments based on chemical
and thermal equilibrium at the quark level, the ratios can be written

ρ(p̄)

ρ(p)
= exp(

−6µu,d

T
) (3)

and
ρ(K−)

ρ(K+)
= exp(

−2(µu,d − µs)

T
) = exp(

2µs

T
) × [

ρ(p̄)

ρ(p)
]
1

3 (4)

where ρ, µ and T denote number density, chemical potential and tempera-
ture, respectively. From equation 3 we find the chemical potential for u and
d quarks at midrapidity to be around 25 MeV, the lowest value yet seen in
nucleus-nucleus collisions. Equation 4 tells us that for a vanishing strange
quark chemical potential we would expect a power law relation between the
two ratios with exponent 1/3. The observed correlation deviates from the naive
expectation suggesting a finite value of the strange quark chemical potential.

A more elaborate analysis assuming a grand canonical ensemble with charge,
baryon and strangeness conservation can be carried out by fitting these and
many other particle ratios observed at RHIC in order to obtain the chemical
potentials and the temperature. It is found that a very large collection of such
particle ratios are extremely well described by the statistical approach [31,33].
An example of such a procedure is shown in fig. 9 and displayed with the
full line [32]. Here the temperature is 170 MeV. The point to be made is
that the calculation agrees with the data over a wide energy range (from
SPS to RHIC) and over a wide range of rapidity at RHIC. This may be an
indication that the system is in chemical equilibrium over the considered

√
s

and y ranges (or at least locally in the various y bins). However, that statistical
fits reproduce particle ratios is only a necessary condition for equilibration.
Separate measurements at RHIC of, for example, elliptical flow also suggest
that the system behaves collectively and thus that the observed ratios are not
just due to the filling of phase space according to the principle of maximum
entropy.

5.2 Flow

The properties of the expanding matter in the later stages of the collisions up
to the moment when interactions cease (kinetic freeze out) can be studied from
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as a function of collision centrality for Au+Au collisions at midrapidity. The values
have been obtained from blastwave fits to measured transverse momentum spectra.
BRAHMS preliminary [40].

the momentum distribution of the emitted particles. The slopes of spectra of
emitted particles depend in general on the temperature of the source from
which they were created and on kinetic effects that may alter the expected
Maxwellian distribution, such as a velocity component resulting from an over-
pressure leading to an outwards flow of the matter. This flow is expected, in
the case of (at least local) thermal equilibrium and sufficient density, to be
describable by concepts derived from fluid dynamics. One should note that
the slopes of spectra reflect the particle distributions at the time of freeze-out
when interactions have ceased.

In the so-called blastwave approach the spectrum shape is parametrized by
a function depending on the temperature and on the transverse expansion
velocity which in turn depends on the radius. The result of such analyses
for several particle/antiparticle species indicates that the thermal (freezeout)
temperature is in the range T = 120 − 140 MeV and that the maximum flow
velocity is about 0.70c − 0.75c as displayed in Fig. 10. The first quantity is
found, as expected, to be lower than the temperature of the chemical freeze
out discussed in the previous subsection. Indeed, it would be expected that
the freeze-out of particle ratios occurs earlier than the kinetic freeze out of
the particles. The flow velocity component is larger than what was observed
at SPS energies. This is consistent with a large pressure gradient in the trans-
verse direction resulting from a large initial density. Fig.10 shows results from
analysis of midrapidity particle spectra from the BRAHMS experiment using
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the blastwave approach.

Another powerful tool to study the thermodynamic properties of the source is
the analysis of the azimuthal momentum distribution of the emitted particles
relative to the event plane (defined as the direction of the impact parame-
ter). This distribution is usually parametrized as a series of terms depending
on cos(n(φ − φr)), where φ and φr denote the azimuthal angles of the par-
ticle and of the reaction plane, respectively. The coefficient (v1) to the n=1
term measures the so-called directed flow and the coefficient (v2) to the n=2
term measures the elliptic flow. Elliptic flow has been analyzed at RHIC [34–
39] and has been found to reach (for many hadron species) large (v2) values
consistent with the hydrodynamical limit and thus of equilibration. Model
calculations suggest [41–47] that the observed persistence of azimuthal mo-
mentum anisotropy indicates that the system has reached local equilibrium
very quickly and that the equilibrium can only be established at the partonic
level when the system is very dense and has many degrees of freedom. This
explanation presupposes however that there are many interactions and thus
that the dense partonic phase is strongly interacting.

The particle ratios observed at RHIC can be well described by concepts from
statistical physics applied at the quark level, thus assuming thermodynamical
equilibrium. However this is only a necessary condition and not a sufficient
condition for equilibration. The observation of a strong elliptic flow at RHIC
and comparison to model calculation suggests that the system is strongly col-
lective as must be the case for an equilibrated system.

6 High pT suppression. The smoking gun of QGP?

The discussion in the previous sections indicates that the conditions for par-
ticle production in an interval |y| . 1.5 at RHIC are radically different than
for reactions at lower energies. At RHIC the central zone is baryon poor, the
considered rapidity interval appears to approximately exhibit the anticipated
boost invariant properties, the particle production is large and dominated by
pair production and the energy density appears to exceed significantly the
one required for QGP formation. The overall scenario is therefore consistent
with particle production from a color field, formation of a QGP and subse-
quent hadronization. Correlation and flow studies suggest that the lifetime
of the system is short (< 10fm/c) and, for the first time, there is evidence
suggesting thermodynamic equilibrium already at the partonic level.

But, is this interpretation unique? And, can more mundane explanations based
on a purely hadronic scenario be excluded? In spite of the obvious difficulties
in reconciling the high initial energy density with hadronic volumes, a com-
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prehensive answer to this question requires the observation of an effect that
is directly dependent on the partonic or hadronic nature of the formed high
density zone.

6.1 High pT suppression at midrapidity: final state partonic energy loss?

Such an effect has recently been discovered at RHIC and is related to the sup-
pression of the high transverse momentum component of hadron spectra in
central Au+Au collisions as compared to scaled momentum spectra from p+p
collisions [48–51]. The effect, originally proposed by Bjorken, Gyulassy and
others [52–55] is based on the expectation of a large energy loss of high mo-
mentum partons, scattered in the initial stages of the collisions, in a medium
with a high density of color charges [56]. According to QCD colored objects
may lose energy by radiating gluons as bremsstrahlung. Due to the color charge
of the gluons, the energy loss is proportional to the square of the length of color
medium traversed. Such a mechanism would strongly degrade the energy of
leading partons resulting in a reduced transverse momentum of leading par-
ticles in the jets that emerge after fragmentation into hadrons. The STAR
experiment has shown that the topology of high pT hadron emission is consis-
tent with jet emission, so that we may really speak about jet-suppression [57].

The two upper rows of fig. 11 show our measurements [48,58] of the so-called
nuclear modification factors for unidentified charged hadrons from Au+Au
collisions at rapidities η = 0 and 2.2. The nuclear modification factor is defined
as:

RAA =
d2NAA/dptdη

< Nbin > d2NNN/dptdη
. (5)

It involves a scaling of measured nucleon-nucleon transverse momentum distri-
butions by the calculated number of binary nucleon-nucleon collisions, Nbin. In
the absence of medium effects, the nuclear collisions can, at high pT be viewed
as a superposition of elementary hard nucleon-nucleon collisions. Consequently
we expect RAA = 1 at high pT . At low pT , where the particle production fol-
lows a scaling with the number of participants, the above definition of RAA

leads to RAA < 1 for pT < 2 GeV/c.

In fact, it is found that RAA > 1 for pT > 2 GeV/c in nuclear reactions at
lower energy. This enhancement, first observed by Cronin, is associated with
multiple scattering of partons [59,60].

Figure 11 demonstrates that, surprisingly, RAA < 1 also at high pT for central
collisions at both pseudorapidities, while RAA ≈ 1 for more peripheral colli-
sions. It is remarkable that the suppression observed at pT ≈ 4 GeV/c is very
large, amounting to a factor of 3 for central Au+Au collisions as compared to
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Fig. 11. Nuclear modification factors RAuAu as defined in the text,measured by
BRAHMS for central (top row) and semi-peripheral (middle row) Au+Au collisions
at midrapidity (left) and forward pseudorapidity (right). Note the strong suppres-
sion of the high pT component above pT > 2 GeV seen at both rapidities. The
lower row shows the factor Rcp, i.e. the ratio of the RAuAu for central and periph-
eral collisions. This ratio has the property of being independent of the p+p reference
spectrum [48].

p+p and a factor of more than 4 as compared to the more peripheral collisions.
Such large suppression factors are observed at both pseudorapidities.

The very large suppression observed in central Au+Au collisions must be
quantitatively understood and requires systematic modelling of the dynam-
ics. At η = 0 the particles are emitted at 90 degrees relative to the beam
direction, while at η = 2.2 the angle is only about 12 degrees. In a naive geo-
metrical picture of an absorbing medium with cylindrical symmetry around
the beam direction, the large suppression seen at forward angles suggests that
the suppressing medium is extended also in the longitudinal direction. Since
the observed high pT suppression is similar or even larger at forward rapid-
ity as compared to midrapidity (see fig. 12) one might be tempted to infer a
longitudinal extent of the dense medium which is approximately similar to its
transverse dimensions. However, the problem is more complicated, due to the
significant transverse and in particular longitudinal expansion that occurs as
the leading parton propagates through the medium, effectively reducing the
densities of color charges seen. Also other high pT suppressing mechanisms

18



 [GeV/c]Tp
1 2 3 4 5

η
R

0.5

1

1.5 Au+Au

Fig. 12. Ratio Rη of the suppression factors Rcp at pseudorapidities η = 0 and
η = 2.2 that are shown in figure 11. The figure suggest that high pT suppression
persists (and is even more important) at forward rapidity than at η = 0 [48].

may come into play at forward rapidities (see discussion on the Color Glass
Condensate in the following chapter).
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Fig. 13. Nuclear modification factors measured for central Au+Au collisions and
minimum bias d+Au collisions at

√
sNN = 200GeV, evidencing the important high

pT suppression observed in central Au+Au collisions [48] which is absent in the
d+Au reactions. The shaded band around the points indicates the systematic errors.
The shaded box on the ordinate around unity shows the estimated uncertainty on
the value of Nbin.

It has been conjectured that the observed high pT suppression might be the re-
sult of an entrance channel effect, for example as might arise from a limitation
of the phase space available for parton collisions related to saturation effects
[61] in the gluon distributions inside the swiftly moving colliding nucleons
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(which have γ = 100). As a test of these ideas we have determined the nuclear
modification factor for d+Au minimum bias collisions at

√
sNN = 200 GeV.

The resulting RdAu is shown in fig. 13 where it is also compared to the RAuAu

for central collisions previously shown in fig. 11. No high pT jet suppression
is observed for d+Au [48,63–65]. The RdAu distribution at y = 0 shows a
Cronin enhancement similar to that observed at lower energies [18,66,67]. At
pT ≈ 4 GeV/c we find a ratio RdAu/RAuAu ≈ 4 − 5. These observations are
consistent with the smaller transverse dimensions of the overlap disk between
the d and the Au nuclei and also appear to rule out initial state effects as the
cause of the observed high pT yield reduction observed in Au+Au collisions.

High pT suppression at forward rapidities may also be expected to arise from
the possible Color Glass Condensate phase in the colliding nuclei (see the
discussion in the next section). There is little doubt that systematic studies
of the high pT jet energy loss as a function of the thickness of the absorbing
medium obtained by varying the angle of observation of high pT jets relative
to the event plane and the direction of the beams will be required in order to
understand in detail the properties of the dense medium.

6.2 The flavor composition
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Fig. 14. Ratios of particle yields p/π+ (left) and p̄/π− (right) measured at mid-ra-
pidity for 0-10% central Au+Au collisions at

√
sNN = 200 GeV. The error bars

show the statistical errors. The systematic errors are estimated to be smaller than
8%. Data at

√
s = 63 GeV for p+p collisions [69] are also shown (open circles). The

solid line in the right hand panel is the (p + p̄)/(π+ + π−) ratio measured for gluon
jets [70] in e+ + e− collisions.

With its excellent particle identification capabilities BRAHMS can also study
the dependence of the high pT suppression on the type of particle. Prelimi-
nary results [58,68] indicate that mesons (pions and kaons) experience high
pT suppression while baryons (protons) do not. The reason for this difference
is at present not well understood.

The observed differences may be a consequence of baryons being more sensitive
to flow, because of their larger mass, than mesons. The flow contribution leads
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Fig. 15. Comparison of the ratios yields of p̄/π− at rapidities y = 0 and y = 2.2.
In spite of small statistics the data suggest that a forward rapidity the flow may
be weaker resulting in a derecreased yield of antiprotons relative to pions above
pT ≈ 2 GeV. BRAHMS preliminary [68]

a flatter transverse momentum spectrum for baryons than for mesons, thus
possibly compensating for a high pT suppression effect similar to that of the
mesons. It is also possible that the difference reflects details associated with
the fragmentation mechanism that leads to different degrees of suppression
of the high pT component for 2 and 3 valence quark systems. Finally the
difference may reflect the mechanism of recombination for 3 quarks relative to
that for 2 quarks in a medium with a high density of quarks.

Figure 14 shows a recent investigation by BRAHMS (ref. [68]) of the baryon
to meson ratios at mid-rapidity p/π+ and p̄/π−, as a function of pT for the
0-10% most central Au+Au collisions at

√
sNN = 200 GeV. The ratios in-

crease rapidly at low pT and the yields of both protons and anti-protons are
comparable to the pion yields for pT > 2 GeV/c. The corresponding ratios for
pT > 2 GeV/c observed in p + p collisions at

√
s = 62 GeV [69] and in gluon

jets produced in e+ + e− collisions [70] are also shown. The increase of the
p/π+ and p̄/π− ratios at high pT , seen in central Au+Au collisions, relative
to the level seen in p + p and e+ + e− indicates significant differences in the
overall description, either at the production or fragmentation level.

Figure 15 shows the comparison of BRAHMS data for the ratio of antiprotons
to negative pions at η = 0 and 2.2. Although statistics at high transverse
momentum are low there are indications that the ratio is smaller at the higher
rapidity for pT > 2 GeV. Recent calculations based on a parton recombination
scenario [71–73] with flow at the partonic level appear to be able to describe
the data at midrapidity, while calculations omitting flow fall short of the data
already at pT ≈ 1.5 GeV .

The experimental and theoretical investigation of these questions is, however,
still in its infancy. These issues can and will be addressed in depth through
the analysis of the large data set collected by BRAHMS in the high luminosity
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Au+Au run of year 2004.

6.3 High pT suppression at lower energy?
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Fig. 16. Nuclear modification factor RAuAu measured by BRAHMS for charged
hadrons at η = 0.95 for 0− 10% central Au+Au collisions at

√
snn = 62.4GeV [74].

The dark shaded band indicates the systematic errors on the data, the lighter shaded
band the combined estimated systematic error on the Au+Au data data and the
p+p reference.

The short commissioning run for Au+Au collisions at
√

sNN = 62.4 GeV has
allowed us to carry out a first analysis of the high pT suppression of charged
hadrons at an energy of about 1/3 the maximum RHIC energy and about 3.5
times the maximum SPS energy. Preliminary results are shown in figure 16
for nuclear modification factor calculated for the sum of all charged hadrons
measured at 45 degrees(η = 0.9) with respect to the beam direction. The data
have been compared to reference spectra measured in

√
sNN = 63 GeV p+p

collisions at the CERN-ISR. The figure shows that the high pT data are less
suppressed at

√
sNN = 62.4 GeV than at

√
sNN = 200 GeV. This is consistent

with recent results from PHOBOS [75]. For comparison, at SPS energies no
high pT suppression was observed (albeit a discussion has surfaced regarding
the accuracy of the reference spectra at that energy [62]). It thus seems the
suppression increases smoothly with energy.

The remarkable suppression of high pT jets at mid-rapidity seen at RHIC is
an important signal that evidences the interaction of particles originating from
hard parton scatterings with the high energy density medium created in the
collisions. The quantitative understanding of the observed high pT suppression,
as a function of energy, should be able to determine whether this suppression
occurs at the partonic or hadronic level. This needs to be supplemented by
detailed studies of the flavor dependence of the suppression mechanism.
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7 The color glass condensate: a model for the initial state of nuclei?

As part as the study of the high pT suppression in nucleus-nucleus collisions
BRAHMS has investigated the rapidity dependence of the nuclear modifica-
tion factors as a function of rapidity (η = 0, 1, 2.2, 3.2) in d+Au collisions at√

sNN = 200 GeV. As discussed in the previous section the measured nuclear
modification factors for d+Au are consistent with the absence of high pT sup-
pression around midrapidity. This may be taken as direct evidence for the fact
that the strong high pT suppression seen in Au+Au collisions around y = 0
is not due to particular conditions of the colliding nuclei (initial state effects)
[63,64,63] and [48].
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Fig. 17. Evolution of the nuclear modification factors measured by BRAHMS for
the 10% most central d+Au collisions at

√
sNN = 200 GeV, as a function of pseudo-

rapidity η [76].

At forward rapidity in d+Au collisions, however, BRAHMS has observed [76]
a marked high pT suppression starting already at η = 1 (see Fig. 17) and
increasing smoothly in importance with increasing pseudorapidity (up to η =
3.2). It has been proposed that this effect at forward rapidity [77] is related
to the initial conditions of the colliding d and Au nuclei, in particular to the
possible existence of the Color Glass Condensate (CGC).

The CGC is a description of the ground state of swiftly moving nuclei prior
to collisions [78]. Due to the non Abelian nature of QCD, gluons self inter-
act which results in nuclei containing a large number of low–x gluons (x is
the fraction of the longitudinal momentum carried by the parton) that ap-
pears to diverge (grow) with decreasing x. There is however, a characteristic
momentum scale, termed the saturation scale, below which the gluon density
saturates. This effect sets in when x becomes small and the associated gluon
wave length ( 1

mpx
) increases to nuclear dimensions. In such a regime gluons

may interact and form a coherent state reminiscent of a Bose-Einstein con-
densate. Early indications for the formation of such non-linear QCD systems
have been found in lepton-hadron or lepton-nucleus collisions at HERA [79]
and have been described by the so called “Geometric Scaling” model [80].
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The density of gluons dNg

d(ln(1/x))
∼ 1

αs
in such a saturated system is high, since

αs, the strong interaction running coupling constant, decreases as the energy
increases. The system can therefore be described as a (semi)classical field, and
techniques borrowed from field theory can be employed to find the functional
form of the parton distributions in the initial state [82].

Saturation in the wave function sets in for gluons with transverse momentum
Q2 < Q2

s = A
1

3 (x0

x
)λ ∼ A

1

3 eλy. A value of λ ∼ 0.3 is estimated from fits to
HERA data [81]. The dependence of the saturation scale Qs on the atomic
number of the target and rapidity suggests that saturation effects can be best
studied at RHIC with heavy nuclei at large rapidities, although larger beam
energy will also make it possible in the future to study low x phenomena in
nuclear collisions closer to midrapidty.

Collisions between heavy ions with energies E = 100 AGeV may therefore
provide a window to the study of low–x gluon distributions of swiftly moving
nuclei. In particular, head-on collisions between deuterons and gold nuclei in
which hadrons, produced mostly in quark-gluon collisions, are detected, close
to the beam direction but away from the direction of motion of the gold nuclei,
allow the low–x components (mostly gluons) of the wave function of the gold
nuclei to be probed.
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Fig. 18. Central to peripheral ratios RCP as a function of pseudorapidity mea-
sured by BRAHMS for d+Au collisions at the RHIC top energy [76]. The filled
circles represent the central-to-peripheral (0-20% over 60-80%) ratio. The open cir-
cles the semicentral-to-peripheral (30-50% over 60-80%) ratio. The shaded band
around unity indicates the uncertainty associated with the values of the number of
binary collisions at the different centralities.

The centrality dependence of the nuclear modification factors provides ad-
ditional information on the mechanism underlying the observed suppression.
Fig. 18 shows the RCP factors, defined as the ratios of the nuclear spectra
for central (0-20%) and peripheral (60-80%) collisions (closed points) and for
semicentral (30-50%) and peripheral collisions(open points), suitably scaled
by the corresponding number of binary collisions, versus pT and η. There is a
substantial change in RCP as a function of η. At η = 0 the central-to-peripheral
collisions ratio is larger than the semicentral-to-peripheral ratios suggesting an
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increased Cronin type multiple scattering effect in the more violent collisions.
In contrast, the ratio of the most central collisions relative to the peripheral, as
compared to the semicentral-to-peripheral, is the most suppressed at forward
rapidities, suggesting a suppression mechanism that scales with the centrality
of the collisions.

The observed suppression of yields in d+Au collisions (as compared to p+p
collisions) has been qualitatively predicted by various authors [83–86], within
the Color Glass Condensate scenario. Recently, a more quantitative calcula-
tion has been carried out [87] which compares well with the data. Other au-
thors [88,89] have estimated the nuclear modification factors based on a two
component model that includes a parametrization of perturbative QCD and
string breaking as a mechanism to account for soft coherent particle produc-
tion using HIJING. HIJING uses the mechanism of gluon shadowing to reduce
the number of gluon-gluon collisions and hence the multiplicity of charged par-
ticles a lower pt. HIJING has been shown to give a good description of the
overall charged particle multiplicity in d+Au collisions. A similar approach
was followed by Barnafoldi et al. [90]. Vogt has used realistic parton distribu-
tion functions and parametrizations of nuclear shadowing to give a reasonable
description of the minimum bias data though not of the centrality depen-
dence [91]. Guzey et al. have suggested that isospin effects may increase the
suppression [92]. Hwa et al. have reproduced the measured nuclear modifica-
tion factors in calculations based on quark recombination in the final state
[93].

The high pT -suppression in Au+Au collisions at large rapidites discussed ear-
lier suggests that there may be two competing mechanisms responsible for the
observed high pT suppression in energetic Au+Au collisions, each active in its
particular rapidity window. It has been proposed [8] that the high pT suppres-
sion observed around midrapidity reflects the presence of an incoherent (high
temperature) state of quarks and gluons while the the high pT suppression
observed at forward rapidities bears evidence of a dense coherent partonic
state. Clearly, additional analysis of recent high statistics data for Au +Au
collisions at high rapidites, as well as firmer theoretical predictions are needed
to understand the quantitative role of gluon saturation effects in energetic
nucleus-nucleus collisions.

The suppression of high pT particles seen at forward rapidities in nucleus-
nucleus collisions is a novel and unexpected effect and may be related to a new
collective partonic state that describes nuclei at small x, and hence the initial
conditions for the reaction in energetic nucleus-nucleus collisions.
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8 Conclusions and perspectives

The results from the first round of RHIC experiments clearly show that studies
of high energy nucleus-nucleus collisions have moved to a qualitatively new
physics domain characterized by a high degree of reaction transparency leading
to the formation of a near baryon free central region. There is appreciable
energy loss of the colliding nuclei, so the conditions for the formation of a
very high energy density zone with approximate balance between matter and
antimatter, in an interval of |y| . 1.5 around midrapidity are present.

The indications are that the initial energy density is considerably larger than
5 GeV/fm 3, i.e. well above the energy density at which it is difficult to conceive
of hadrons as isolated and well defined entities. Analysis within the framework
of the statistical model of the relative abundances of many different particles
containing the three lightest quark flavors suggest chemical equilibrium at
a temperature in the vicinity of T=175 MeV and a near-zero light quark
chemical potential. The temperature thus determined for the chemical freeze-
out compares well with the prediction for the critical temperature obtained
from lattice QCD calculations. The conditions necessary for the formation of
a dense system of quarks and gluons therefore appear to be present.

However, there are a number of features, early on considered as defining the
concept of the QGP, that do not appear to be realized in the current reactions,
or at least have not (yet?) been identified in experiment. These are associated
with the expectations that a QGP would be characterized by a vanishing in-
teraction betweens quarks and exhibit the features of chiral symmetry restora-
tion and, furthermore, that the system would exhibit a clear phase transition
behavior. Likewise, it was originally expected that a QGP phase created in
nuclear collisions would be characterized by a long lifetime (up to 100 fm/c)
and by the existence of a mixed phase exhibiting large fluctuations of charac-
teristic parameters. In contrast, the present body of measurements compared
to theory suggest a short lifetime of the system, a large outward pressure, and
significant interactions most likely at the parton level that result in a (seem-
ingly) equilibrated system with fluid-like properties. Thus, the high density
phase that is observed, is not identical to the QGP with properties of an ideal
gas that was imagined a decade or two ago.

However, the central question is whether the properties of the matter as it
is created in today’s high energy nucleus–nucleus collisions clearly bears the
imprint of a system characterized by quark and gluon degrees of freedom over
a range larger that the characteristic dimensions of the nucleon. We know
that in nuclei the strong interaction is mediated by a color neutral objects
(mesons). Is there experimental evidence that clearly demonstrates interac-
tions based on the exchange of objects with color over distances larger than
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those of conventional confined objects?

The best candidate for such an effect is clearly the suppression of high trans-
verse momentum particles observed in central Au+Au collisions by the four
experiments at RHIC. The remarkably large effect that is observed (a sup-
pression by a factor of 3-5 as compared to peripheral and d+Au collisions)
appears readily explainable by radiation losses due to the interaction of high
pT partons with an extended medium (of transverse dimensions considerably
larger than nucleon dimensions) consisting of deconfined color charges. Cur-
rent theoretical investigations, which recently have progressed to attempt first
unified descriptions of the reaction evolution, indicate that scenarios based on
interactions between hadronic objects cannot reproduce the magnitude of the
observed effect.

The interpretation of current data relies heavily on theoretical input and mod-
elling, in particular on the apparent necessity to include partonic degrees of
freedom in order to arrive at a consistent description of many of the phenomena
observed in the experimental data. Seen from a purely experimental point of
view this situation is somewhat unsatisfying, but probably not unexpected, nor
avoidable, considering the complexity of the reaction and associated processes.

It is also clear that the unravelling of the physics of the matter state(s) ob-
served at RHIC has just begun. In spite of the impressive advances that have
been made in the last three years there are still many issues to be understood
in detail, such as the differences in the high pT suppression of baryons and
mesons and the quantitative energy and rapidity dependence of the final and
initial state high pT suppression. Undoubtedly future measurements will shed
new light on these and many other questions. We should not forget, however,
that there are also significant challenges for theory. In the opening chapters
of this document we remarked on the requirement that scientific paradigms
must be falsifiable. We have yet to see a fully self consistent calculation of the
entire reaction evolution at RHIC that in an unambiguous way demonstrates
the impossibility of a hadronic description.

In conclusion, we find that the body of information obtained by BRAHMS
and the other RHIC experiments in conjunction with the available theoret-
ical studies is strongly suggestive of a high density system that cannot be
characterized solely by hadronic degrees of freedom but requires a partonic
description. Indications are that such a partonic state is not characterized by
vanishing interaction of its constituents, but rather by a relatively high degree
of coherence such as the one characterizing fluids. At the same time indica-
tions of a coherent partonic state at low x in the colliding nuclei has been
found.

There is no doubt that the experiments at RHIC have revealed a plethora of
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new phenomena that for the most part have come as a surprise. In this sense it
is clear that the matter that is created at RHIC differs from anything that has
been seen before. Its precise description must await our deeper understanding
of this matter.
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Abstract

Extensive experimental data from high-energy nucleus-nucleus collisions were recorded
using the PHENIX detector at the Relativistic Heavy Ion Collider (RHIC). The
comprehensive set of measurements from the first three years of RHIC operation
includes charged particle multiplicities, transverse energy, yield ratios and spectra
of identified hadrons in a wide range of transverse momenta (pT ), elliptic flow,
two-particle correlations, non-statistical fluctuations, and suppression of particle
production at high pT . The results are examined with an emphasis on implications
for the formation of a new state of dense matter. We find that the state of matter
created at RHIC cannot be described in terms of ordinary color neutral hadrons.
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1 INTRODUCTION

1.1 Historical Introduction

A recurring theme in the history of physics is the desire to study matter under
extreme conditions. The latter half of the twentieth century saw this quest ex-
tended from ’ordinary’ atomic systems to those composed of nuclear matter.
Even prior to the identification of Quantum Chromodynamics (QCD) as the
underlying theory of the strong interaction, there was considerable interest in
the fate of nuclear matter when subjected to density and temperature ex-
tremes [1–3]. Particularly intriguing was the suggestion that new phases of
nuclear matter could be associated with a corresponding change in the struc-
ture of the vacuum [4]. These considerations gained additional impetus with
the realizations that a) QCD was the correct theory of the strong interaction,
b) the phenomena of quark confinement was a consequence of the nonpertur-
bative structure of the vacuum and c) this vacuum structure is modified at
high temperatures and/or densities, suggesting that quarks and gluons under
such conditions would be deconfined. Taken together, these facts suggest that
QCD is a fundamental theory of nature containing a phase transition that is
accessible to experimental investigation.

It is quite remarkable that this understanding was achieved very early in the
development of QCD. Collins and Perry noted in 1975 [5] that the reduction
of the coupling constant at small distances indicated that the dense nuclear
matter at the center of neutron stars would consist of deconfined quarks and
gluons 2 . Their treatment focused on the high-density, low-temperature regime
of QCD, but they did note that similar arguments might apply to the high
temperatures present in the early universe. An extensive review by Shuryak
in 1980 [7] is the first to have examined the high-temperature phase in detail,
and is also notable for proposing the phrase “quark-gluon plasma” (QGP) to
describe the deconfined state:

When the energy density ε exceeds some typical hadronic value (∼ 1 GeV/fm3),
matter no longer consists of separate hadrons (protons, neutrons, etc.), but

Email address: PHENIXSpokesperson: zajc@nevis.columbia.edu

(W.A. Zajc).
1 Deceased
2 In fact, prior to the development of QCD the quark hypothesis raised serious
issues concerning the stability of neutron stars [6].
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as their fundamental constituents, quarks and gluons. Because of the ap-
parent analogy with similar phenomena in atomic physics we may call this
phase of matter the QCD (or quark-gluon) plasma.

Developing a quantitative understanding of the deconfining phase transition
in hadronic matter and of QGP properties has proven to be a challenging
task. While simple dimensional arguments suffice to identify both the criti-
cal energy density εC ∼ 1GeV/fm3 and the associated critical temperature
TC ∼ 170MeV, these values also imply that the transition occurs in a regime
where the coupling constant is of order unity, thereby making perturbative
descriptions highly suspect.

Progress in understanding QCD in the extremely non-perturbative domain
near the critical temperature has relied on an essential contribution by Creutz
[8], who showed that numerical implementations of Wilson’s lattice formu-
lation [9] could be used to study phase transition phenomena. This work,
together with the continued exponential increases in computing power, stim-
ulated the development of lattice QCD, which in turn has led to detailed
investigations of the thermodynamic properties of quarks and gluons [10].
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Fig. 1. Lattice QCD results [11] for the energy density / T 4 as a function of the
temperature scaled by the critical temperature TC . Note the arrows on the right
side indicating the values for the Stefan-Boltzmann limit.

Lattice QCD predicts a phase transformation to a quark-gluon plasma at a
temperature of approximately T ≈ 170MeV ≈ 1012 K, as shown in Fig. 1 [11].
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This transition temperature corresponds to an energy density ε ≈ 1GeV/fm3,
nearly an order of magnitude larger than that of normal nuclear matter. As
noted above, this value is plausible based on dimensional grounds, since such
densities correspond to the total overlap of several (light) hadrons within a
typical hadron volume of 1–3 fm3. No plausible mechanism exists under which
hadrons could retain their in vacuo properties under these conditions. Lattice
calculations also indicate that this significant change in the behavior of the
system occurs over a small range in temperature (∼20 MeV), and suggest that
the change of phase includes the restoration of approximate chiral symmetry
resulting from greatly reduced or vanishing quark constituent masses.

Fig. 2. Theoretical phase diagram of nuclear matter for two massless quarks as a
function of temperature T and baryon chemical potential µ [12].

In the limit of massless noninteracting particles, each bosonic degree of free-
dom contributes π2

30
T 4 to the energy density; each fermionic degree of freedom

contributes 7
8

this value. The corresponding “Stefan-Boltzmann” limits of the
energy density εSB for the case of 2(3) active flavor quark-gluon plasma is
then

{2f · 2s · 2q · 3c
7

8
+ 2s · 8c}

π2

30
T 4 = 37

π2

30
T 4 (1)

εSB =

{3f · 2s · 2q · 3c
7

8
+ 2s · 8c}

π2

30
T 4 = 47.5

π2

30
T 4 (2)

after summing over the appropriate flavor, spin, quark/antiquark and color
factors for quarks and spin times color factors for gluons. The large numerical
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coefficients (37 and 47.5) stand in stark contrast to the value of ∼3 expected
for a hadron gas with temperature T < TC , in which case the degrees of
freedom are dominated by the three pion species π−, π0, π+.

The exact order of this phase transition is not known. In a pure gauge the-
ory containing only gluons the transition appears to be first order. However,
inclusion of two light quarks (up and down) or three light quarks (adding the
strange quark) can change the transition from first order to second order to
a smooth crossover. These results are obtained at zero net baryon density;
dramatic changes in the nature of the transition and in the medium itself are
expected when the net baryon density becomes significant. A schematic version
of the phase diagram for an idealized form of nuclear matter with vanishing
light quark (up and down) masses and infinite strange quark mass is presented
in Fig. 2 [12]. For sufficiently large values of the baryon chemical potential µ
this system exhibits a first order phase transition between hadronic matter
and QGP, along with a tricritical point below which the transition becomes
second order. However, non-zero values of the light quark masses dramatically
alter this simple picture: The second order phase transition denoted by the
dashed line in Fig. 2 becomes a smooth crossover, and the tricritical point
correspondingly becomes a critical point designating the end of the first order
transition found at higher values of µ. For example, recent calculations [13,14]
indicate that the transition is a crossover for values of µ <∼ 400 MeV. Given
that both theoretical arguments and experimental data suggest that nucleus-
nucleus collisions at RHIC (at least near mid-rapidity) are characterized by
low net baryon density, we will restrict our attention to this regime, while
noting that the predicted smooth nature of the transition in this region in-
creases the experimental challenges of unambiguously establishing that such a
transition has occurred. We also note that while Fig. 2 shows that the region
of low temperature and high baryon density is expected to show a transition
to a color superconducting phase of matter, this regime is not accessible to
RHIC collisions and will not be discussed further.

While the lattice results plotted in Fig. 1 show that the energy density reaches
a significant fraction (∼ 0.8) of the Stefan-Boltzmann values in the deconfined
phase, the deviation from εSB, and the reason for the persistence of that
deviation to the highest studied values of T/TC , are of great interest. For
instance, Greiner has noted [15] that “in order to allow for simple calculations
the QGP is usually described as a free gas consisting of quarks and gluons.
This is theoretically not well founded at T ≈ Tc”. In fact, analysis of the
gluon propagator in a thermal system [16,17] has demonstrated that effective
masses of order g(T )T are generated, suggesting that the relevant degrees of
freedom are in fact massive near TC . mg ≈ Tc could be generated by gluons.
Especially interesting is recent work which indicates that both heavy [18–20]
and light [21] flavor states may remain bound above TC , calling into question
the naive interpretation of ε(T ) as an indicator of the explicit appearance of
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quark and gluon degrees of freedom. This is supported by explicit calculations
of the spectrum of bound states above TC [22] which predict a rich structure
of states that belies a description as a weakly interacting parton gas.

To emphasize this point, consider the standard measure of the degree of cou-
pling in a classical plasma, obtained by comparing the relative magnitudes of
the average kinetic and potential energies:

Γ ≡ 〈V (r)〉
〈Ekin〉

. (3)

In the case of the QCD plasma the mean inter-particle spacing should scale
as some numerical coefficient times 1/T . Naively, this gives a mean potential
energy 〈V (r)〉 ∼ αs(T )〈1/r〉 ∼ αs(T )T , leading to

Γ ∼ αs(T )T

3T
∼ αs(T ). (4)

Any reasonable estimate for the numerical coefficients leads to Γ > 1, which is
the condition for a “strongly-coupled” plasma. In reality, the screening present
at such densities (or equivalently, the generation of effective gluon masses)
modifies the mean potential energy to 〈V (r)〉 ∼ g(T )T , which only increases
the estimated value of Γ [23]. Considerations such as these have led some
authors [24,25] to denote quark-gluon plasma in this regime as “sQGP” for
“strongly interacting QGP”.

It is worth noting that this state of affairs has been anticipated by many
authors. Whether the argument was based on the divergence of perturbative
expansions [26], on phenomenological descriptions of confinement [27], on the
development of effective gluon masses from plasmon modes [28] or on general
principles [15], it is clear that the QGP near TC should not be regarded as an
ideal gas of quarks and gluons.

How high a temperature is needed not just to form a quark-gluon plasma, but
to approach this “weakly” interacting plasma? A calculation of the pressure
of hot matter within perturbative QCD [29] is shown in Fig. 3. The pressure
result oscillates significantly as one considers contributions of different orders.
These oscillations are an indication that the expansion is not yielding reliable
results. However at temperatures approaching 1000 times of TC (≈ ΛM̄S), they
appear to be converging toward the Stefan-Boltzmann limit (asymptotically
free partons). It is interesting that in considering the highest-order term, the
results are still nonconvergent though one seems to approach the lattice cal-
culated pressure. Unlike the case of single parton-parton scattering at zero
temperature, the infrared problems of finite-temperature field theory prevent
further analytic progress even for very small values of the coupling constant
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Fig. 3. Perturbative QCD results for the pressure as a function of temperature at
various orders normalized to the Stefan-Boltzmann value pSB [29].

[29–31].

The goal of relativistic heavy ion physics is the experimental study of the
nature of QCD matter under conditions of extreme temperature. A great em-
phasis has been placed on “the discovery of the quark-gluon plasma”, where
the terminology “quark-gluon plasma” is used as a generic descriptor for a
system in which the degrees of freedom are no longer the color neutral hadron
states observed as isolated particles and resonances. This definition is lim-
ited since high-energy proton-proton reactions cannot be described purely in
terms of color-neutral hadrons, but rather require analysis of the underlying
partonic interactions. The hoped-for essential difference in heavy ion collisions
is the dominance of the partonic-level description for essentially all momentum
scales and over nuclear size distances. Beyond this simple criterion, in order to
characterize the produced system as a state of matter it is necessary to estab-
lish that these non-hadronic degrees of freedom form a statistical ensemble,
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so that concepts such as temperature, chemical potential and flow velocity
apply and the system can be characterized by an experimentally determined
equation of state. Additionally, experiments eventually should be able to de-
termine the physical characteristics of the transition, for example the critical
temperature, the order of the phase transition, and the speed of sound along
with the nature of the underlying quasi-particles. While at (currently unob-
tainable) very high temperatures T ≫ Tc the quark-gluon plasma may act as
a weakly interacting gas of quarks and gluons, in the transition region near Tc

the fundamental degrees of freedom may be considerably more complex. It is
therefore appropriate to argue that the quark-gluon plasma must be defined in
terms of its unique properties at a given temperature. To date the definition is
provided by lattice QCD calculations. Ultimately we would expect to validate
this by characterizing the quark-gluon plasma in terms of its experimentally
observed properties. However, the real discoveries will be of the fascinating
properties of high temperature nuclear matter, and not the naming of that
matter.

1.2 Experimental Program

The theoretical discussion of the nature of hadronic matter at extreme densi-
ties has been greatly stimulated by the realization that such conditions could
be studied via relativistic heavy ion collisions [32]. Early investigations at the
Berkeley Bevalac (c. 1975–1985), the BNL AGS (c. 1987–1995) and the CERN
SPS (c. 1987–present) have reached their culmination with the commissioning
of BNL’s Relativistic Heavy Ion Collider (RHIC), a dedicated facility for the
study of nuclear collisions at ultra-relativistic energies [33].

The primary goal of RHIC is the experimental study of the QCD phase tran-
sition. The 2002 Long-Range Plan for Nuclear Science [34] clearly enunciates
this objective:

...the completion of RHIC at Brookhaven has ushered in a new era. Studies
are now possible of the most basic interactions predicted by QCD in bulk nu-
clear matter at temperatures and densities great enough to excite the expected
phase transition to a quark-gluon plasma. As the RHIC program matures,
experiments will provide a unique window into the hot QCD vacuum, with
opportunities for fundamental advances in the understanding of quark con-
finement, chiral symmetry breaking, and, very possibly, new and unexpected
phenomena in the realm of nuclear matter at the highest densities.

The RHIC accelerator and its four experiments were commissioned and brought
online in the summer of 2000. The initial operation of both RHIC and the
experiments has been remarkably successful. In these first three years the ac-

45



celerator has collided, and the experiments have acquired data on, Au+Au
collisions at five energies, an essential p + p baseline data set, and a critical
d+Au comparison. The analyses of these various systems have resulted in a
correspondingly rich abundance of results, with over 90 publications in the
refereed literature.

It is therefore appropriate to reflect on the physics accomplishments to date,
with a particular emphasis on their implications for the discovery of a new
state of matter. At the same time, it is essential to identify those features of
the data (if any) that are at odds with canonical descriptions of the produced
matter, to specify those crucial measurements which remain to be made, and
to outline a program for continued exploration and characterization of strongly
interacting matter at RHIC. The PHENIX collaboration [35] has performed
such an assessment; this document represents a summary of its findings.

The PHENIX Conceptual Design Report [36], submitted to BNL/RHIC man-
agement on January 29th, 1993, outlined a comprehensive physics program
focused on the search for and characterization of new states of nuclear matter.
The measurement of electromagnetic probes and high-transverse-momentum
phenomena formed a major thrust of the proposed program. It was also re-
alized that the measurement of global variables and soft identified hadron
spectra in the same apparatus was essential to the goal of understanding the
evolution of the produced matter over all relevant timescales. These diverse
criteria required combining an unprecedented number of subsystems together
with a high-bandwidth trigger and data-acquisition system into an integrated
detector design. Particular attention was given to minimizing the conflicting
design criteria of the central arm spectrometers, with their requirement for
minimal mass in the aperture, and those of the muon spectrometers which
require maximal absorption of the incident hadron flux. The data acquisition
and trigger system was designed to accommodate the great variety of inter-
action rates and event sizes provided by RHIC. Every effort was made to
provide for future upgrades, both in the geometry of the experiment and in
the architecture and design parameters of the read-out system.

The published PHENIX results of Au+Au collision at a center-of-mass energy
per nucleon pair,

√
sNN , of 130 GeV [37–48] and at

√
sNN = 200 GeV [49–55],

p+ p collisions at
√
s = 200 GeV [56,57], and d+Au at

√
sNN = 200 GeV [58]

clearly demonstrate that PHENIX’s goal to make high-quality measurements
in both hadronic and leptonic channels for collisions ranging from p + p to
Au+Au has been realized. A summary of these results illustrates this point:

• Systematic measurement of the dependence of the charged particle pseudo-
rapidity density [37] and the transverse energy [38] on the number of par-
ticipants in Au+Au collisions at

√
sNN=130 GeV.

• Discovery of suppressed production for π0’s and charged particles at high
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pT in Au+Au collisions at
√
sNN=130 GeV [39] and a systematic study of

the scaling properties of the suppression [47]; extension of these results to
much higher transverse momenta in Au+Au collisions at

√
sNN=200 GeV

[49,53].
• Co-discovery (together with BRAHMS[59], PHOBOS[60] and STAR[61]) of

absence of high-pT suppression in d+Au collisions at
√
sNN=200 GeV [58].

• Discovery of the anomalously large proton and anti-proton yields at in-
termediate transverse momentum in Au+Au collisions at

√
sNN=130 GeV

through the systematic study of π±, K±, p and p̄ spectra [40]; measure-
ment of Λ’s and Λ̄’s in Au+Au collisions at

√
sNN=130 GeV [43]; study of

the scaling properties of the proton and anti-proton yields in Au+Au colli-
sions at

√
sNN=200 GeV [52]; measurement of deuteron and anti-deuteron

spectra at
√
sNN=200 GeV [62].

• Measurement of Hanbury-Brown-Twiss (HBT) correlations in π+π+ and
π−π− pairs in Au+Au collisions at

√
sNN=130 GeV [41] and 200 GeV [63],

establishing that the “HBT puzzle” of Rout ≈ Rside extends to high pair
momentum.

• First measurement of single electron spectra in Au+Au collisions at
√
sNN=130

GeV, suggesting that charm production scales with the number of binary
collisions [42].

• Sensitive measures of charge fluctuations [44] and fluctuations in mean pT

and transverse energy per particle [45,55] in Au+Au collisions at
√
sNN=130

GeV and 200 GeV.
• Measurements of elliptic flow for charged particles from Au+Au collisions at√

sNN=130 GeV [46] and identified charged hadrons from Au+Au collisions
at

√
sNN=200 GeV [50].

• Extensive study of hydrodynamic flow, particle yields, ratios and spectra
from Au+Au collisions at

√
sNN=130 GeV [48] and 200 GeV [54].

• First observation of J/ψ production in Au+Au collisions at
√
sNN=200 GeV

[51].
• Measurement of crucial baseline data on π0 spectra [56] and J/ψ production

[57] in p+ p collisions at
√
s=200 GeV.

These publications encompass physics from the barn to the picobarn level;
their very breadth precludes a detailed presentation here. These data, together
with a rich program of future RHIC measurements, will allow us to address
many of the features that would characterize a quark-gluon plasma:

• Temperature
• Parton number density
• Energy density
• Opacity
• Collective behavior
• Thermalization leading to the quark-gluon phase
• Deconfinement
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• Number and nature of degrees of freedom
• Recombination of quarks and gluons to form final-state hadrons
• Chiral symmetry restoration
• Time evolution of system parameters
• Equation of state
• Color and thermal transport properties
• Critical behavior

As emphasized above, the present PHENIX data set from RHIC runs in year
2000 to 2003 already provides an extensive set of measurements on global
variables: (transverse energy and multiplicity, elliptic flow); correlations and
fluctuations: (fluctuations in charge and 〈pT 〉, HBT measurements), hadron
spectra: (low-pT single-hadron spectra and radial flow, particle ratios, reso-
nances, anomalous p/π ratio at intermediate pT ); high-pT physics: (high-pT

singles spectra, suppression phenomena in A + A, nonsuppression in d + A,
high-pT two-particle correlations, nuclear suppression/enhancement in for-
ward/backward directions), heavy flavor production: (charm, J/ψ), and elec-
tromagnetic probes: (direct photons). However, an important conclusion of
this report is that systematic studies of these observables (vs. collision species
and energy) are needed to extract unambiguous information on most of these
features.

1.3 Organization of this Document

As a result, this paper concentrates on those aspects of the present data that
address the broad features of energy density, thermalization, deconfinement
and critical behavior. The focus in most cases will be on the data of the
PHENIX experiment, but the data of the other RHIC experiments will be
cited to support and to extend the discussion 3 . The experimental tools that
allow the systematic study of all phenomena as a function of the inferred im-
pact parameter are presented in the context of hard-scattering phenomena.
These methods and the associated data are then used to discuss the exper-
imental evidence for the formation of a state of high-density matter. The
measured abundances, spectra and flow patterns are used to analyze the de-
gree of thermalization and collectivity in the produced matter. These results
are then examined for evidence establishing the role of deconfined quarks and
gluons in the produced system, along with the implications for its description
as a quark-gluon plasma. A concluding section summarizes the findings and
identifies key future measurements required to further refine our observations.

3 An underappreciated aspect of the RHIC program is the excellent agreement
between the various experiments in almost all measured channels.
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2 ENERGY DENSITY AND ET , NCH

A prerequisite for creating a quark-gluon plasma is producing a system with
sufficiently large energy density. From both elementary estimates [22] and
from extensive numerical studies in lattice QCD [11,10], the required density
is known to be on the order of 1 GeV/fm3. Establishing that this energy
density is created in RHIC collisions is a basic ingredient in establishing the
creation of a QGP at RHIC.

In this section we explore what can be deduced about the energy densities
achieved in RHIC A+A collisions from measurements of the global transverse
energy and multiplicity. In later sections these estimates will be compared to
densities inferred from hydrodynamics-based models (Section 3) and from jet
quenching evidence (Section 6).

Specifically, we will address three different energy density estimates, and in-
troduce two distinct time scales: (i) The peak general energy density that
is achieved when the incoming nuclei overlap; (ii) The peak formed energy
density involving created particles at proper time τForm; and (iii) The peak
thermalized energy density present at proper time τTherm when local thermal
equilibrium is first achieved (assuming that this occurs). The values and time
scales for formed and thermalized energy densities are indicated schematically
in Fig 4; detailed explanations follow in Sections 2.3 and 2.4.

In this Section we will also review data on overall particle multiplicities, and
through them distinguish between different models of the initial particle pro-
duction.

2.1 General Energy Density

The simplest definition of “energy density” is the total mass-energy within
some region of space divided by the volume of that region, as seen at some
instant of time in some Lorentz frame. However, this definition is not satisfac-
tory since we can “trivially” raise any simple energy density by viewing the
system in a different frame. For example, a static system with constant energy
density ρ0 in its rest frame—say, a gold nucleus—will appear to have energy
density γ2ρ0 when viewed in a frame boosted by Lorentz γ. Accordingly, we
can only calculate a meaningful energy density 〈ε〉 as mass-energy/volume for
some region in the case when the total momentum in the region is zero.

Now let us imagine a symmetric RHIC A+A collision at a moment when the
two original nuclei are overlapping in space, as seen in the lab/CMS frame.
The total momentum in any overlap region is zero by symmetry, so we can
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Fig. 4. Schematic drawing of the time and energy density scales derived through
the Bjorken picture.

calculate a meaningful—if short-lived—energy density for such a region. If
each nucleus has energy density ρ0 in its rest frame then the total energy
density in the overlap region is just 〈ε〉 = 2ρ0γ

2. If we take a nominal ρ0=0.14
GeV/fm3 for a nucleus at rest and γ = 106 for a full-energy RHIC collision,
then the result for the peak general energy density is 〈ε〉 =3150 GeV/fm3. This
is a spectacularly, almost absurdly high number on the scale of ∼1 GeV/fm3

associated with the familiar transition described by lattice QCD.

This energy density is of course artificial, in that it would be temporarily
present even in the case of no interactions between the two nuclei. It is in-
structive to consider the (again artificial) case where the nucleons in the two
nuclei have only elastic interactions. Then the time during which a high en-
ergy density is present over any volume cannot last longer than t = 2R/γ,
where R is the rest-frame radius of the nucleus. With R =7 fm for Au this
time is only 0.13 fm/c at RHIC, and after this time all energy densities will
fall precipitously back to ρ0 if no secondary particles are created. The scale of
this interval is so short that a scattering cannot even be said to have occurred
within that volume unless its momentum transfer scale Q exceeds at least 1.5
GeV/c, or more.

Accordingly, we will turn our attention instead to energy densities involving
only produced particles, as the potential source for a QCD transition.
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2.2 Formed Energy Density

In any frame (not just the CMS frame) where the two incoming nuclei have
very high energies the region when/where the nuclei overlap will be very thin
in the longitudinal direction and very short in duration. In this limit, then,
it is fair to describe all secondary produced particles as having been radiated
out from a very thin “disk”, and that they are all created at essentially the
same time. These realizations lead directly to the picture described by Bjorken
[64], whose original diagram is reproduced in Fig. 5 and whose derivation we
retrace briefly here.

Fig. 5. Figure from Bjorken [64] illustrating the geometry of initially produced
particles at a time t after the overlap of the incoming nuclei in some frame. The
picture is valid in any frame in which the incoming nuclei have very high energies
and so are highly Lorentz contracted.
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Once the beam “pancakes” recede after their initial overlap, the region between
them is occupied by secondaries at intermediate rapidities. We can calculate
the local energy density of these created particles if we make one further
assumption: that the secondaries can be considered “formed” at some proper
time τForm after they are radiated out from the thin source disk.

Our region of interest, in any frame, will be a slab perpendicular to the beam
direction, with longitudinal thickness dz, with one face on the “source” plane
in this frame, and transverse extent with area A covering the nuclear overlap
region 4 . At time t = τForm this volume will contain all the (now-formed) par-
ticles with longitudinal velocities 0 ≤ β‖ ≤ dz/τForm (since we assume that the
particles cannot scatter before they are formed!). We can then write this num-
ber of particles as dN = (dz/τForm) dN

dβ‖
, or equivalently dN = (dz/τForm)dN

dy
,

where y is longitudinal rapidity, since dy = dβ‖ at y = β‖ = 0. If these particles
have an average total energy 〈mT 〉 in this frame (E = mT for particles with
no longitudinal velocity), then the total energy divided by the total volume of
the slab at t = τForm is just

〈ε(τForm)〉=
dN〈mT 〉
dz A

=
dN(τForm)

dy

〈mT 〉
τFormA

=
1

τFormA

dET (τForm)

dy
(5)

where we have equated dET

dy
= 〈mT 〉dN

dy
and emphasized that Eq.5 is true for

the transverse energy density present at time t = τForm.

Equation 5 here is essentially identical 5 to Eq. 4 of Bjorken’s result [64],
and so is usually referred to as the Bjorken energy density εBj. It should be
valid as a measure of peak energy density in created particles, on very general
grounds and in all frames, as long as two conditions are satisfied: (1) A finite
formation time τForm can meaningfully be defined for the created secondaries;
and (2) The thickness/“crossing time” of the source disk is small compared to
τForm, that is, τForm ≫ 2R/γ. In particular, the validity of Eq. 5 is completely
independent of the shape of the dET (τForm)/dy distribution to the extent that
β‖ is infinitesimally small in a comoving frame; a plateau in dET/dy is not
required. For present practical purposes, we will consider condition (2) above
to be satisfied as long as τForm > 2R/γ is true, corresponding to τForm >0.13
fm/c for full-energy Au+Au collisions at RHIC.

4 The region described here corresponds to half the shaded region shown in Fig.
5. Since β‖ ≃ 0 for particles near the source location, this is an appropriate region
over which we can calculate a meaningful energy density.
5 A (well-known) factor of 2 error appears in the original.
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Bjorken’s original motivation was to estimate, in advance of data, the energy
densities that would be reached in high-energy A+A collisions, using knowl-
edge of p(p̄)+p collisions to estimate 〈mT 〉 and dN/dy, and choosing τForm ∼1
fm/c without any particular justification other than as an order-of-magnitude
estimate. With A+A collision data in hand, attempts have been made to use
Eq. 5 to estimate the energy densities that are actually achieved in the colli-
sions. Historically, εBj has been calculated using the final-state dET/dy and
simply inserting a nominal value of 1 fm/c for τForm. In addition, fixed target
experiments have been using dET/dη as an estimate for dET/dy, which is a
good approximation for these experiments; at RHIC a correction is made for
the Jacobian dy/dη which is important for a collider geometry. These “nominal
Bjorken energy density” estimates, which we term εNominal

Bj , range for central
event samples from about 1.5 GeV/fm3 in Au+Au collisions at AGS energies
[65] (

√
s

NN
=5 GeV), to about 2.9 GeV/fm3 in Pb+Pb collisions at SPS en-

ergies [66,38] (
√
s

NN
=17 GeV; and see also [67]) to about 5.4 GeV/fm3 in

Au+Au collisions at full RHIC energy [67] (
√
s

NN
=200 GeV).

It has often been noted that all of these values are similar to, or higher than,
the 1 GeV/fm3 scale required for the QCD transition. However, we cannot
take these εNominal

Bj estimates seriously as produced energy densities without
some justification for the value of 1 fm/c taken for τForm. An indication of
potential problems with this choice arises immediately when considering AGS
Au+Au and SPS Pb+Pb collisions, where the CMS “crossing times” 2R/γ are
5.3 fm/c and 1.6 fm/c respectively, which implies that this choice for τForm =1
fm/c actually violates the validity condition τForm > 2R/γ we set for the use
of Eq. 5. So we will deprecate the use of εNominal

Bj as an quantitative estimate
of actual produced energy density, and instead treat it only as a compact way
of comparing dET/dη measurements across different systems, centralities and
beam energies.

2.3 Realistic τForm and εBj estimates

Can we justify a better estimate for τForm? We might say, on general quantum
mechanical grounds, that in a frame where its motion is entirely transverse
a particle of energy mT can be considered to have “formed” after a time
t = ~/mT since its creation in that frame. To estimate the average transverse
mass, we can use the final-state dET/dη to estimate dET (τForm)/dy and, cor-
respondingly, use the final-state dN/dη as an estimate for dN(τForm)/dy to
obtain

〈mT 〉 =
dET (τForm)/dy

dN(τForm)/dy
≃ dET/dη

dN/dη
(Final state). (6)
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PHENIX has measured the ratio of final-state transverse-energy density to
charged-particle density, each per unit pseudorapidity, and the results are
shown in Fig. 6. For a wide range of centralities the ratio is remarkably con-
stant at about 0.85 GeV for full-energy central Au+Au collisions, and shows
very little change with beam energy, decreasing to only 0.7 GeV when

√
s

NN

is decreased by an order of magnitude down to 19.6 GeV.
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Fig. 6. The ratio of transverse energy density in pseudorapidity to charged particle
density in pseudorapidity, at mid-rapidity; shown as a function of centrality, rep-
resented by the number of nucleons participating in the collision, Npart, for three
different RHIC beam energies [67].

If we approximate dNCh/dη = (2/3)dN/dη in the final state then Eq. 6 would
imply 〈mT 〉 ≃0.57 GeV and corresponding τForm ≃0.35 fm/c, a value shorter
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than the “nominal” 1 fm/c but still long enough to satisfy our validity condi-
tion τForm > 2R/γ at RHIC. Inserting this value into Eq. 5, along with the
highest dET/dη = 600 GeV for 0–5% central events as measured by PHENIX
[67], yields a value of 〈ε〉 = 15 GeV/fm3 for the energy density in initially
produced, mid-rapidity particles in a central RHIC Au+Au collision, that is,
roughly 100 times the mass-energy density of cold nuclear matter.

It is important to note that this large value of the energy density as ob-
tained from Eq. 5 represents a conservative lower limit on the actual 〈ε(τForm)〉
achieved in RHIC collisions. This follows from two observations: (1) The final-
state measured dET/dη is a solid lower limit on the dET (τForm)/dy present
at formation time; and (2) The final-state ratio (dET/dη)/(dN/dη) is a good
lower limit on 〈mT 〉 at formation time, and so yields a good upper limit on
τForm. We justify these statements as follows:

Several mechanisms are known that will decrease dET/dy as the collision sys-
tem evolves after the initial particle formation, while no mechanism is known
that can cause it to increase (for y = 0, at least). Therefore, its final-state
value should be a solid lower limit on its value at any earlier time. A partial
list of the mechanisms through which dET/dy will decrease after t = τForm

includes: (i) The initially formed secondaries in any local transverse “slab”
will, in a comoving frame, have all their energy in transverse motion and none
in longitudinal motion; if they start to collide and thermalize, at least some
of their ET will be converted to longitudinal modes in the local frame; (ii)
Should rough local thermal equilibrium be obtained while the system’s ex-
pansion is still primarily longitudinal, then each local fluid element will lose
internal energy through pdV work and so its ET will decrease; (iii) If there are
pressure gradients during a longitudinal hydrodynamic expansion then some
fluid elements may be accelerated to higher or lower rapidities; these effects
are complicated to predict, but we can state generally that they will always
tend to decrease dET/dy where it has its maximum, namely at y = 0. Given
that we have strong evidence that thermalization and hydrodynamical evolu-
tion do occur in RHIC collisions (Section 3), it is likely that all these effects
are present to some degree, and so we should suspect that final-state dET/dη
is substantially lower than dET (τForm)/dy at mid-rapidity.

Turning to our estimate of τForm, the assumption that τForm = ~/〈mT 〉 cannot
be taken as exact, even if the produced particles’ mT ’s are all identical, since
“formed” is not an exact concept. However, if we accept the basic validity of
this uncertainty principle argument, then we can see that the approximation
in Eq. 6 provides a lower limit on 〈mT 〉. First, the numerator dET/dη is a
lower limit on dET (τForm)/dy, as above. Second, the argument is often made
on grounds of entropy conservation that the local number density of particles
can never decrease [68], which would make the final-state denominator in Eq.
6 an upper limit on its early-time value.
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With these limits in mind, then, it is not unreasonable for us to claim that the
peak energy density of created particles reached in central Au+Au collision
at RHIC is at least 15 GeV/fm3, and in all likelihood is significantly higher.

2.4 Thermalized Energy Density

We have arrived at a reasonably solid, lower-limit estimate for the energy den-
sity in produced particles in a RHIC Au+Au collision, and it is more than
enough to drive a QCD transition. But the situation at t = τForm pictured in
Fig. 5 looks nothing like local thermal equilibrium. It is an important ques-
tion, then, to ask: if and when the system evolves to a state of local thermal
equilibrium, is the energy density still sufficient to drive the transition to a
QGP?

To answer this we begin by looking at the state of the system at t = τForm

and immediately afterward. At the time they are formed the particles have
sorted themselves out automatically, with all the particles on a “sheet” at a
longitudinal position z having the same longitudinal velocity β‖ = z/t; and
so in the rest frame of a sheet all the sheet’s particles have only transverse
motion. If the particles continue free-streaming and never reinteract then the
energy density will continue to fall as ε ∼ 1/t and the Bjorken formula in Eq.
5 will be valid, with t in place of τForm, as long as the expansion is primarily
longitudinal 6 .

For thermalization to occur the particles will have to start interacting and/or
radiating. Once this happens the particles which were originally together on
one “sheet” will start to spread in longitudinal velocity, though on short time
scales we would expect their group average longitudinal velocity to remain the
same. If the thermalization process is fast enough, then, we would expect that
at time t = τTherm these groups will have formed locally equilibrated fluid
elements, with a velocity profile following βF luid

‖ = z/t. The energy density at
this time will be reduced from the energy density at formation time ε(τForm)
by a factor τForm/τTherm; i.e. the εBj of Eq. 5 but with τTherm in place of
τForm. This evolution is illustrated in Fig. 4.

Once local equilibration is achieved we would then expect the system to evolve
hydrodynamically, and the behavior of ε(t) will depend on the details of the
local equations of state (EOS). Without knowing those details, though, we can
say that in the limit of low pressure, p/ε ∼ 0, the energy density will continue
to evolve (during longitudinal expansion) as ε ∼ 1/t, while in the limit of
high pressure, p/ε ∼ 1/3, the energy density will decrease somewhat more

6 For long times t > R transverse expansion will become significant and the energy
density will decrease as ε ∼ 1/t3.
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quickly, ε ∼ 1/t4/3, within a fluid element. This range of possible behaviors
for t > τTherm is indicated schematically in Fig. 4.

A direct theoretical determination of τTherm would require a detailed descrip-
tion of both the parton-parton interactions and the resulting evolution of the
system density. However, other lines of reasoning may provide information
on τTherm. For example, it has been argued [69] that the strong elliptic flow
in RHIC collisions can be taken as evidence for fast thermalization (see Sec-
tion 3.3). In a hydrodynamic picture the source of elliptic flow is the spatial
anisotropy of the energy density in the transverse plane at the time hydrody-
namics becomes valid. If local equilibration and the onset of hydrodynamics
is delayed because interactions between the initially produced particles are
weak at first, then the spatial anisotropy which could give rise to elliptic flow
will be reduced (see Fig. 14). This, in effect, limits how high τTherm can be if
hydrodynamics is the mechanism for generating elliptic flow.

We can see from Table 1 in Section 3.5 that hydrodynamical models typically
require quite short thermalization times, in the range of 0.6–1.0 fm/c, in order
to reproduce the magnitude of elliptic flow which is observed at RHIC. If we
take this range as typical of what hydrodynamics would imply for τTherm, then
we can calculate the corresponding “typical” implied energy densities at ther-
malization time as in range of 5.4 GeV/fm3 to 9.0 GeV/fm3. These densities
are well above that required to drive the QCD transition, so the combination
of our transverse energy measurements and the fast thermalization times from
hydrodynamics can be taken, to some degree, as evidence that conditions to
create the equilibrated upper phase of QCD matter are achieved at RHIC.

2.5 What Are the Initial Quanta?

With our extensive use of the picture in Fig. 5 it is only natural to ask, “What
are these initially produced particles?” that Bjorken referred to, nonspecifi-
cally, as “quanta”. What models do we have for initial production, and what
can we say about them using our data on ET and multiplicity?

The simplest assumption is that the initially produced particles in a RHIC
collision are scattered partons at mid- to low-pT , traditionally known as “mini-
jets”. For a long period in advance of RHIC data, it was widely expected that
mini-jets would be the dominant channel for ET and particle production, and
this led to two further, general expectations: first, that multiplicity and ET

per interacting nucleon would go up sharply at collider energies, as compared
to fixed-target energies, since jet and mini-jet cross sections are increasing
quickly with

√
s (see Fig. 7); and, secondly, that ET and multiplicity per

participating nucleon would increase steeply in more central events, since the
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rate of hard pQCD scatterings goes up faster with centrality than does the
number of interacting nucleons.

Fig. 7. Figure from Li and Wang [70] showing trends in final-state charged multiplic-
ity per participant pair vs. (nucleon-nucleon) beam energy. (PHENIX data points
have been added.) The curves are the result of their two-component “hard/soft”
model, which reproduces well the multiplicities from elementary p(p̄) + p collisions
at RHIC energies. The same model extended to nuclear collisions with no regulating
mechanism on hard processes (the “No Shadowing” line) over-predicts the multi-
plicities in central RHIC collisions, while the data can be matched if substantial
nuclear shadowing of gluons is invoked (shaded band).

It was therefore quite surprising when the first RHIC data [71,37,38] showed
lower multiplicities than had been predicted from mini-jet models, and only a
modest increase in ET and multiplicity per participant as functions of central-
ity. Compared to the sharp rise, shown in Fig. 7, predicted by straightforward
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factorized pQCD, it was clear that some mechanism must be acting at RHIC
energies to restrict, or regulate, particle production [72,70].
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Fig. 8. Multiplicity per participant nucleon pair, as a function of centrality, for√
s

NN
=130 GeV and 200 GeV Au+Au collisions as measured in PHENIX [73]; com-

pared to theoretical predictions available in 2002. “HIJING” is a pQCD-based model
[74], while “KLN” features gluon saturation in the initial state [75,76]; “EKRT” as-
sumes saturation in the final state [77,78].

pQCD-based models have parameters regulating the momentum scales; these
include a lower-momentum cutoff, and the factorization and fragmentation
scales. Figure 8 shows that the pQCD-based HIJING model, circa 2002, was
able to reproduce 130 GeV and 200 GeV dNch/dη reasonably well. However,
in that model jet production via hard scattering is an important mechanism
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for particle production, and the combination of the
√
s dependence of hard-

scattering cross sections with the growth of the nuclear overlap with centrality
causes the model to predict an increase in the ratio between the two data sets
with centrality. The observed ratio is, instead, quite constant. Thus the authors
found it necessary to introduce a centrality-dependent shadowing to regulate
the jet growth [70].

An alternative to models which use collinearly factorized pQCD is found in
the “color glass condensate” picture, in which the gluon population of low-
x, low-pT states in the initial nuclear wave function is limited by transverse
overlap and fusion of these low-pT gluons. The phase-space density saturates
because of the competition between extra gluon radiation from higher-x gluons
and nonlinear fusion of the gluons at high density. Au+Au collisions are then
collisions of two sheets of colored glass, with the produced quarks and gluons
materializing at a time given by the inverse of the saturation momentum,
τ = 1/Qs. Saturation of gluons with momenta below Qs provides a regulating
mechanism that limits the rise in gluon—and later, hadron—multiplicity with
centrality and beam energy. Models featuring this initial-state gluon saturation
agree well with essentially all RHIC data on the multiplicity density, which is
dominated by low-momentum particles [75,76]. This is seen, for instance, in
Fig. 8.

In this picture, the total gluon multiplicity is proportional to 1/αs ·Q2
s, which

limits the number of low-momentum charged particles produced. Qs evolves
slowly with collision centrality and beam energy. For central Au+Au collisions,
it has been estimated that the typical mT scale of the gluons “liberated” from
the colored glass is about 1 GeV per particle [68], which is above the lower limit
of 0.53 GeV per particle that we set above using the PHENIX data. Though
there are fewer predictions of ET than total charged-particle production from
gluon-saturation models, the existing models are broadly consistent with data
at RHIC. Consequently, gluon saturation is considered to be a promising can-
didate for describing the initial state of RHIC collisions.

2.6 Conclusions

Using reasoning similar to that of Bjorken [64], combined with some simple
formation-time arguments, we can draw the following conclusions from the
PHENIX data on transverse energy production and overall particle multiplic-
ity:

• The peak energy density in created secondary particles is at least 15 GeV/fm3,
and this is most likely an underestimate. This is well in excess of the ∼1
GeV/fm3 required, according to lattice QCD predictions, to drive a QCD
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transition to QGP.

• We note that hydrodynamical calculations which reproduce the magnitude
of elliptic flow observed at RHIC require local thermalization to occur very
quickly, typically by 1 fm/c or earlier (see Section 3.5). If the system does
reach local equilibrium on this time scale then the energy density of the first
thermalized state would be in excess of 5 GeV/fm3, well above the amount
required to create the QGP.

• Pre-RHIC expectations that ET and charged particle production would be
dominated by factorized pQCD processes were contradicted by data, which
showed only very modest increases with centrality and beam energy. A new
class of models featuring initial-state gluon saturation compares well with
RHIC multiplicity and ET data, and are also consistent with our Bjorken-
style arguments for estimating energy densities at early times.

3 THERMALIZATION

A key question is whether the matter formed at RHIC is thermalized, and if
so when in the collision was equilibration achieved. If thermalization is estab-
lished early then evidence for strong transverse expansion can be potentially
related to the equation of state of the dense matter produced at RHIC. To
explore these issues we review several experimental observables from integral
quantities (numbers of particles produced and in what ratios), to differen-
tial distributions (measured pT and azimuthal distributions), to two-particle
(HBT) correlations.

3.1 Chemical Equilibrium

For many years it has been known that the abundances of different hadron
species in e+ + e− and p+ p reactions can be reproduced by statistical models
[79,80]. This success is often attributed to hadronization statistically filling the
available phase space. At RHIC there is also the possibility that the strong
scattering deduced from the measurements of elliptic flow (section 3.3) may
prove sufficient to establish chemical equilibrium.

The production of strange particles provides a means to check whether chem-
ical equilibrium is achieved. For e+ + e− and p + p reactions strange particle
production is suppressed due to the small size of the system. This canonical
suppression is largely removed for central heavy-ion collisions. If the mea-
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sured strangeness yields are still lower than full equilibrium predictions, then
the partial equilibrium can be quantified by a multiplicative factor of γs for
each strange quark in a hadron, where γs = 1 for complete equilibration and
γs < 1 for partial equilibration.

Figure 9 shows the centrality dependence of K/π and p/π ratios in Au+Au
collisions at

√
sNN = 200 GeV [54]. Both K+/π+ and K−/π− increase rapidly

for peripheral collisions, and then saturate or rise slowly from mid-central to
the most central collisions. The ratios p/π+ and p/π− also increase from pe-
ripheral collisions but appear flatter than the K/π ratios. Canonical statistical
models [81] predict an increase in these ratios with centrality, as the larger
system-size effectively places less of a constraint on conserved quantities. In
addition the chemical parameters, Tchem and µB, can also vary with centrality
[82,83].
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Fig. 9. Centrality dependence of particle ratios for (a) K+/π+, (b) K−/π−, (c)
p/π+, and (d) p/π− in Au+Au collisions at

√
sNN = 200 GeV [54].
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Focusing on the ratios from central collisions at
√
s = 200 GeV, the data

are compared to the thermal model data analysis of Kaneta and Xu [82] in
Fig. 10. The extracted thermal parameters from this fit are Tchem = 157 ± 3
MeV, µB = 23 ± 3 MeV, and γs = 1.03 ± 0.04. A large γs is also found by
STAR [84] who extract γs = 0.96± 0.06, while Cleymans et al. [83] extract γs

that increases from γs ≃ 0.85 in peripheral collisions to γs ≃ 0.95 for central
collisions at RHIC. Similar fits to the central RHIC data are obtained by
Braun-Munzinger et al. [85] who assume complete chemical equilibration, i.e.
γs = 1.

We note that there are differences in the temperature parameter extracted
by the different authors. Kaneta and Xu [82] extract Tchem = 157 ± 3 MeV
which is lower than that extracted by both Braun-Munzinger et al. [81] of
Tchem = 177 ± 7 MeV, and Cleymans al. [83] of Tchem = 165 ± 7 MeV.
However, both Braun-Munzinger et al. [81] and Magestro [86] discuss the
sensitivity of the extracted temperature to corrections from feed-down from
decays. Cleymans et al. [83] estimate that over 70% of π+ in the thermal model
fits come from the decay of resonances.

At lower beam energies there is controversy over whether strangeness is in
full chemical equilibrium. Becattini et al. [87] use data that is integrated over
the full rapidity and find that strangeness is in partial equilibrium, i.e. at the
AGS γs = 0.65±0.07 and at the SPS γs = 0.84±0.03. Braun-Munzinger et al.
[81] instead use ratios measured at mid-rapidity which typically have larger
strange/nonstrange values and hence they obtain acceptable fits with γs = 1
at both AGS and SPS energies. At RHIC energies thermal model comparisons
all use mid-rapidity data; a choice that is motivated in part by the separation
between fragmentation regions and central particle production.

In contrast to the controversies at lower beam energies, the observation that
strangeness is equilibrated is common to all thermal calculations that repro-
duce RHIC data. This is consistent with chemical equilibrium being obtained
before hadronization, though does not prove that this is the case. An alter-
native explanation is that scattering in the hadronic phase could increase γs

to 1, though small interaction cross sections imply that it may be difficult to
equilibrate the multistrange baryons before the hadrons freezeout.

3.2 Spectra

Hadron spectra reflect conditions late in the reaction, as well as the integrated
effects of expansion from the beginning of the collision. Figure 11 shows the pT

distributions for pions, kaons, protons, and anti-protons in both central (top
panel) and peripheral collisions (bottom panel) [54]. The pion spectra have a
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shown as lines. See Kaneta [82] for the experimental references.

concave shape at low pT where many of the pions may come from the decay of
resonances, ∆, ρ etc.. The kaon spectra are approximately exponential over the
full measured pT range, whereas the proton spectra flatten at low pT for the
most central collisions. A striking feature is that the proton and anti-proton
spectra in central collisions become comparable in yield to the pion spectra
above 2 GeV/c. This is more fully discussed in Section 7.

One way to characterize the change in spectra as a function of centrality
is to calculate 〈pT 〉 for each spectrum [54] as shown in Fig. 12. The 〈pT 〉
increases for all particles as a function of centrality with the largest change
occurring in peripheral collisions (Npart < 100). Across the different particles
the increase is largest for protons and anti-protons. This is consistent with
a collective expansion velocity that increases with centrality to produce the
largest increase in 〈pT 〉 for the heaviest particles.
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Fig. 11. Transverse momentum distributions for pions, kaons, protons, and
anti-protons in Au+Au collisions at

√
sNN=200 GeV [54].

The pion, kaon, and proton spectra can all be fit using an ansatz of a thermal,
expanding source [88,48] to extract the collective transverse expansion velocity
〈βT 〉 as well as the temperature at freezeout Tfo. Figure 13 shows 〈βT 〉 ∼ 0.45
at AGS energies [89,90], which increases to 〈βT 〉 ∼ 0.5 at the SPS [91–93]
and RHIC [48,94]. All the above fits use similar model assumptions of a linear
velocity profile and a Woods-Saxon density profile. That the spectra at these
beam energies can be reproduced by a thermal source is necessary but not
sufficient evidence for thermal equilibrium at each of these energies. However
it is difficult to draw strong conclusions from the increase in 〈βT 〉 as a function
of beam energy since the parameters 〈βT 〉 and Tfo are strongly anticorrelated
and their values depend on fit ranges and treatment of decays.

3.3 Elliptic Flow

At the beginning of the collision the spatial distribution of the colliding matter
resembles an ellipsoid due to the incomplete overlap of the two colliding nuclei.
Any strong scattering in this early stage converts the spatial anisotropy to a
momentum anisotropy which is observable as an elliptic flow of the emitted
hadrons. Elliptic flow is a self-limiting phenomenon, which is readily under-
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stood in the thermodynamic limit. If strong scattering is sufficient to establish
local thermal equilibrium, then the pressure gradient is largest in the shortest
direction of the ellipsoid. This produces higher momenta in that direction,
quickly reducing the spatial asymmetry.

The absence of any strong scattering in the early stage would reduce the
amount of elliptic flow that could be created. If the initially produced particles
are allowed to free-stream at first and reach local equilibrium only after some
time delay, then the spatial anisotropy at the start of hydrodynamic behavior
will be reduced; and the longer the delay, the greater the reduction. Following
the prescription of Kolb et al. [69] we plot in Fig. 14 the eccentricity after
a time delay ∆t compared to its value at formation time, as a function of
Au+Au collision centrality. The eccentricity (ε) of the reaction zone is

ε =
〈y2〉 − 〈x2〉
〈y2〉 + 〈x2〉 . (7)

The eccentricity can be analytically calculated once the density profile of the
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nuclei is chosen (typically a Woods-Saxon shape). It can also be calculated
using Monte Carlo techniques, where the positions of those nucleons that
participate in the reaction are used to calculate the averages in Eq. 7. From
Fig. 14 we can see that for time delays of 2 fm/c or greater the magnitude
of the eccentricity is significantly reduced, and its shape vs. centrality is also
altered.

If locally equilibrated hydrodynamics is taken as the mechanism for generating
elliptic flow, then the observation of any substantial amount of elliptic flow
can be taken as evidence that local thermal equilibrium is achieved on a time
scale before the spatial anisotropy would be completely erased. The general
order of this time scale would be t ∼ R/c, where R is the nuclear radius;
however, the hydrodynamical calculations we will examine here (see Sec. 3.5
and Table 1) all require quite short thermalization times, from 0.6–1.0 fm/c,
in order to reproduce the magnitude of elliptic flow observed at RHIC.

The azimuthal anisotropy of the spectra can be characterized in terms of
Fourier coefficients, which at RHIC is dominated by the elliptic flow, the
second Fourier coefficient v2(pT ), where

d2N

dφdpT

= N0(1 + 2v2(pT ) cos(2φ)) . (8)
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formation time, as a function of Au+Au collision centrality. The calculations follow
the prescription of [69] where the produced particles are allowed to free-stream at
first and reach local equilibrium only after some time delay.

Both the first Fourier coefficient v1 and higher order coefficients have been
neglected in the above expression.

The most direct evidence that v2 is related to spatial asymmetries present
early in the reaction is that v2 at low pT approximately scales with the initial
eccentricity (ε) of the reaction zone. The measured values of v2 normalized by
ε are shown in Fig. 15 vs. centrality for two different pT ranges [46]. At low
momentum v2/ε is independent of centrality to within 20%. This scaling is
increasingly broken at higher pT .

The measured values of the integrated v2 at RHIC are larger than those at
lower energies, but this is in part due to the fact that v2(pT ) increases with
pT and 〈pT 〉 increases as a function of beam energy. To remove this effect we
will concentrate on the differential flow, i.e. the shape of v2(pT ) vs. pT .

To make a uniform comparison between different colliding nuclei (Pb+Pb at
SPS and Au+Au at RHIC) as well as different impact pararmeter selections
from the different experiments, we normalize v2 by the eccentricity ε, Eq. 7.
The values of ε have been calculated via a Glauber Monte Carlo using Woods-
Saxon nuclear profiles for both Pb and Au. The averages in Eq. 7 are over
the participating nucleons, hence ε is calculated at the start of the collision.
The pion data in Fig. 16 show that v2(pT )/ε increases approximately linearly
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for low pT . The increase of v2/ε as a function of pT is larger at RHIC [50,95]
than at SPS [96,97]. This can most easily be seen by calculating the slope of
v2/ε below pT =1 GeV/c (Fig. 17). The slope (dv2/dpT )/ε increases from SPS
to RHIC by approximately 50%. Hydrodynamical calculations [98] shown in
this figure reproduce the data both at RHIC and at CERN SPS within one
standard deviation. More extensive comparisons with hydro calculations will
be discussed in section 3.5 while the behavior of v2 at higher pT , which follows
a scaling with respect to the number of quarks, is discussed in Section 7.

Further insight into the expansion dynamics can be obtained from the mass
dependence of v2(pT ) shown in Fig. 18 for pions, kaons and protons [50] along
with a comparison with an early hydrodynamic model calculation [99]. The
v2(pT ) for pions is larger than for kaons and protons at low pT , and this mass
ordering is a consequence of radial expansion shifting a given elliptic flow
out to higher pT for the heavier masses [99]. However, as will be discussed in
Section 3.5, this calculation fails to reproduce the proton spectra, and attempts
to remedy this failing lead to calculations that do no longer reproduce the
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measured v2 for pions and protons.

3.4 HBT

Bose-Einstein correlations between identical particles provide a measure of
the space-time extent of the source at the end of the reaction. Because the
extracted source parameters as measured by the HBT technique are driven by
space-time correlations, HBT results are sensitive to expansion dynamics inte-
grated throughout the collision. HBT measurements were originally motivated
by theoretical predictions of a large source size and/or a long duration of par-
ticle emission [100–102]—which would result from the presence of a long-lived
mixture of phases in the matter as it undergoes a first-order phase transition
from a quark-gluon plasma back to the hadronic phase.

In HBT analyses, multidimensional Gaussian fits are made to the normal-
ized relative momentum distributions yielding fit parameters, Rlong, Rside, Rout

[103], also referred to as HBT radii, where

C2 = 1 + λ exp(−R2
sideq

2
side − R2

outq
2
out − R2

longq
2
long). (9)
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The coordinate system is chosen so that the longitudinal direction is parallel to
the beam axis, the out direction is in the direction of the pair’s total transverse
momentum, and the side direction is in the transverse plane perpendicular to
the out axis. For dynamic (i.e. expanding) sources, the HBT radii depend on
the mean transverse momentum of the particle pairs, kT = |p1T + p2T|/2,
and correspond to lengths of homogeneity: regions of the source which emit
particles of similar momentum [104]. Measuring the kT dependence of HBT
radii provides essential constraints on dynamical models [105]. In particular,
the ratio Rout/Rside is predicted to be larger than unity for sources which emit
particles over a long time.

The measured kT dependence of all radii [63] and the ratio Rout/Rside are
shown in Fig. 19, along with STAR results [106]. The data from PHENIX and
STAR are in excellent agreement. Both sets of data have been corrected for
Coulomb repulsion between the detected particles.

The measured radii all decrease with increasing kT as expected for a rapidly
expanding source. The ratio Rout/Rside was measured to be 1 within errors,
with a slight systematic decrease for increasing kT . As is discussed in the
next section, these data have excluded the validity of a large majority of
hydrodynamical models developed to describe Au+Au collisions at RHIC,
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indicating that in their present form these models do not describe well the
space-time evolution of the Au+Au collisions.

3.5 Hydrodynamic Model Comparisons

Many of the experimental features in the spectra and elliptic flow are con-
sistent with equilibrium being established early in the collision with large
pressure gradients that drive a strong expansion. Moving from a statement
of “consistency” to a statement that equilibrium has been “established” is
difficult. Some progress can be made by comparing the data to hydrodynamic
models that assume full equilibrium early in the collision.

A variety of hydrodynamic models have been published. Our approach is to
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confront these models with the following broad set of data; v2(pT ), spectra,
and HBT. In this paper we will not compare the data with hydro-inspired
parameterized fits, e.g. blast-wave [107] or Buda-Lund [108] models, but will
restrict ourselves to dynamical hydro models.

In Figs. 20 and 21, hydro calculations that include a phase transition from
the QGP phase to a hadronic phase are shown with solid lines, while hydro
calculations that do not include a pure QGP phase at any stage in the dy-
namics are drawn with dashed lines. The four calculations that include a QGP
phase all assume an ideal gas EOS for the QGP phase, a resonance gas for the
hadronic phase and connect the two using a first-order phase transition and a
Maxwell construction. These calculations use latent heats that range from 0.8
GeV/fm3 (Teaney et al. [98]) to 1.15 GeV/fm3 (Huovinen et al. [99] and Kolb
et al. [109]), to 1.7 GeV/fm3 (Hirano et al. [110,111]). For comparison the bag
model of the nucleon with external bag pressure B = (230MeV )4 and a Tcrit

= 164 MeV produces a latent heat of 1.15 GeV/fm3 [112]. The calculations
that do not include a QGP phase (dashed lines) either include a hadron phase
and a phase mixture by forcing the latent heat of the transition to infinity
[98], or use an hadronic resonance gas equation of state, i.e. no mixed or QGP
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phases [99].

The calculations also differ in how they solve the hydro equations and how
they treat the final hadronic phase. The work of Hirano, Tsuda, and Nara cited
here are the only calculations in this paper that solve the hydro equations in
3D [110,111]. For the final hadronic stage Teaney [98] uses a hybrid model that
couples the hadronic phase to RQMD to allow hadrons to freezeout according
to their cross section, i.e. for chemical equilibrium to be broken in the hadronic
phase. Hirano [110] and Kolb [112] both allow for partial chemical equilibrium
by chemically freezing out earlier than the kinetic freezeout. This has been
done in order to reproduce the large proton yield measured at RHIC (see later
in this section). In contrast, Huovinen [99] maintains full chemical equilibrium
throughout the hadronic phase.

Figure 20 compares these calculations to the measured minimun-bias proton
and pion v2(pT )/ε. Minimim-bias results were chosen in order to have the
broadest set of data and model calculations for comparison. The four calcula-
tions that include a phase transition from the QGP phase to a hadronic phase
(solid lines) reproduce the low-pT proton data better than the two hydro cal-
culations that do not have a QGP phase at any stage in the dynamics (dashed
lines). The presence of the first-order QGP phase transition softens the EOS
which reduces the elliptic flow. At higher pT there is considerable variation
between the models. Part of this is due to how the final hadronic stage is
modeled. For example, Kolb’s (solid light-blue line) and Hirano’s (solid dark-
blue line) calculations allow for partial chemical equilibrium in the final stage
compared to Huovinen (solid green line) which chemically freezes out late in
the collision. The difference is observable above pT ∼ 1 GeV/c.

The same hydro models are compared to the pion v2(pT )/εmeasurements from
STAR and PHENIX in Fig. 20. The Kolb (solid light-blue line) and Hirano
(solid dark-blue line) calculations fail completely by predicting too strong a v2.
These two models have very similar partial chemical equilibrium assumptions
in the late hadronic stage. It is worth noting that the Kolb calculation is the
same as the Huovinen (solid green line) calculation with the exception of the
final hadronic stage.

All the above models have assumed ideal hydrodynamics, i.e. with no viscosity
and zero mean free path. Non-zero viscosity in the QGP reduces v2 [113,114]
and since the early hydro calculations from Teaney and Huovinen reproduced
the magnitude of the pion v2 data, it is often stated that viscosity of the
matter at RHIC must be small [24]. However recent calculations from Hirano
(3D) (solid dark-blue line) and Kolb (solid light-blue line) overpredict the
measured v2. As these do not include dissipative effects, such as those present
in hadronic interactions in the final state, their failure implies that the amount
of viscosity at RHIC is still an open issue. Progress will require both theoretical
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Fig. 20. Top two panels: On the left, proton 1
εv2(pT ) vs. pT for minimum-bias

collisions at RHIC are compared with hydro calculations, and on the right is the
same comparison for pions. Bottom two panels: On the left, proton spectra for 0–5%
collisions at RHIC are compared with the same hydro calculations and on the the
right is the same comparison for pions.

development and experimental measures that are less sensitive to how the
azimuthal asymmetry of the energy-momentum tensor is distributed between
different particles in the final stage of the reaction, e.g. the elliptic flow of the
total transverse energy.

The same hydro models are now compared to the measured spectra from
central collisions. The bottom right panel of Fig. 20 shows that all the hydro
models reproduce the pion spectra below pT ∼ 1 GeV/c; at higher pT the
particles are less likely to be equilibrated and hydro models are not expected
to work well. In the bottom left panel the calculated proton spectra from
Huovinen [99] (solid green line) are consistently lower than the data, due to the
calculation maintaining chemical equilibrium throughout the hadronic phase.
The lower temperature chemical freezeout suppresses the final calculated yield
of heavier particles such as protons. Of the two calculations from Teaney [98]
the calculation that includes the QGP phase (solid red line) reproduces the
proton spectra, presumably because of the increased transverse flow from the
stronger early pressure gradients. Hirano’s and Kolb’s (solid dark and light-
blue lines) calculations break chemical equilibrium during the hadronic phase
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QGP+mixed+RG mixed+RG RG

Teaney Hirano Kolb Huovinen Teaney Huovinen

Reference [98] [110] [109,115] [99] [98] [99]

latent
heat
(GeV/fm3)

0.8 1.7 1.15 1.15 0.8

init. εmax

(GeV/fm3)
16.7 23 23 16.7 23

init. 〈ε〉
(GeV/fm3)

11.0 13.5 11.0

τ0 fm/c 1.0 0.6 0.6 0.6 1.0 0.6

hadronic
stage

RQMD partial
chemical
equil.

partial
chemical
equil.

full equil. RQMD full equil.

proton v2 yes < 0.7
GeV/c

< 0.7
GeV/c

yes no no

pion v2 yes no no yes yes yes

proton
spectra

yes overpredict overpredict no no no

pion spec-
tra

yes < 1 GeV/c < 1 GeV/c yes < 0.7
GeV/c

yes

HBT Not avail-
able

No No No Not avail-
able

Not avail-
able

Table 1
Summary of various hydro model assumptions and a comparison between measure-
ments and hydro calculations. Two initial energies are tabulated, either the max-
imum energy density at the center of the collision or the energy density averaged
over the transverse profile.

and overpredict the proton spectra at low pT .

One difficulty is that the spectra comparison with hydrodynamic models is
for central collisions while the v2 comparison is for minimum-bias collisions.
It is dificult to use central collisions for the v2 comparison since the colli-
sions are nearly symmetric and hence v2 is small. In addition, hydrodyamic
calculations that reproduce v2 values over a broad range of centrality (from
0-45% in Ref. [95]) tend to overpredict the data for more peripheral collisions
by approximately 25%, presumably because of a breakdown in the hydrody-
namic assumptions. Hence when comparing to minimum-bias data sets, an
overprediction of v2 from the hydro models of less than 20

76



These comparisons between data and hydro models are summarized in Table
1 and in the following conclusions;

• v2(pT , P ID) is sensitive to all stages of the reaction. Elliptic flow is produced
by strong scattering in the initial phase, while the detailed shape of v2(pT )
and how the momentum asymmetry is distributed to different particles is
affected by the transition from a QGP to hadronic phase and scattering in
the final hadronic stage.

• The hydro models that reproduce the low-pT proton v2 are those that include
both a QGP and hadronic phase.

• The hadronic phase critically affects the final values of v2(pT , P ID). Models
(Hirano, Kolb) that include partial chemical equilibrium to reproduce the
baryon yield, completely fail on the pion v2.

• The only model that survives this comparison with measured v2 and spectra
is Teaney’s (solid red line) which includes a strong expansion in a QGP
phase, a phase transition to a mixed phase, and then a hadronic cascade
in the final hadronic state. There are open questions in this hybrid model,
e.g. the sensitivity of the results to the matching conditions between hydro
and RQMD. All other models fail in at least one v2 or spectra comparison,
partially due to differences in modeling the final hadronic state.

• Until the model uncertainty in the final state is reduced, it is not yet possible
to use the measured splitting between proton and pion v2(pT ) to extract
quantitative information on the EOS during the reaction, including the
possible softening of the EOS due to the presence of a mixed phase.

A comparison with the HBT data and some of the hydro models is shown
in Fig. 21. It is unfortunate that not all hydro models have been compared
to HBT data, e.g. the hydro+RQMD model from Teaney [98] has not been
confronted with this observable. The hydro calculation from Kolb, Heinz and
Huovinen [115] (solid green line) includes a first-order phase transition which
leads to a long lifetime for the system. The source parameterRlong is considered
most sensitive to the duration of the whole collision, i.e. from initial overlap to
final particle emission, and the Kolb/Huovinen hydro calculation [115] (solid
green line) overpredicts the measured Rlong data. Changing to partial chemical
equilibrium in the hadronic stage [110], indicated with the dark blue line,
reduces the lifetime of the collision which improves the agreement with Rlong.
However the ratio Rout/Rside, which is sensitive to the duration over which
particles are emitted, is still overpredicted.

There have been many attempts to understand what may be causing the
disagreement with data (known collectively as the HBT puzzle);

• Sinyukov et al. [116] and Grassi et al. [117] have suggested that the sharp
Cooper-Frye freezeout condition [118] should be replaced by an emission
function that decouples hadrons depending on their hadronic cross section.
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• However when this has been effectively implemented by using a hadronic
cascade (URQMD) for the final hadronic stage, the predicted ratioRout/Rside

increases and diverges further from the data [119]. Modeling the final stage
with a hadronic cascade effectively includes dissipative effects which should
increase the duration of emission and produce a larger ratio Rout/Rside .

• One method to reduce the lifetime of the reaction is to change the QGP
EOS. Using a crossover instead of a first-order transition reduces the ratio
Rout/Rside by about 50% to Rout/Rside ∼ 1.5 [120] which is still larger than
the data. Because the calculation was restricted to η = 0 Zschiesche et al.
were unable to compare with the measured values of Rlong.

In summary, model comparisons seem to be closer to the HBT data when the
lifetime of the collision is made smaller than the long time resulting from a
first-order phase transition. The small values of Rout/Rside may indicate that
there is little to no mixed phase present in the reactions. One possible direction
for future comparisons with data is to include a more realistic EOS into the
hydro models, e.g. to take the EOS from lattice QCD calculations [121]. Such a
calculation needs to be compared with all the available data, including spectra
and v2, as well as HBT.

3.6 Conclusions

In summary we can make the following conclusions

• The measured yields and spectra of hadrons are consistent with thermal
emission from a strongly expanding source.

• Strangeness is fully saturated at RHIC, consistent with full chemical equi-
librium.

• The scaling of v2 with eccentricity shows that collective behavior is estab-
lished early in the collision.

• Elliptic flow is stronger at RHIC than at the SPS, since the measured slope
of v2(pT ) for pions is 50% larger at RHIC.

• The measured proton v2(pT ) is less than that for pions at low pT ; the small
magnitude of the proton v2 at low pT is reproduced by hydro models that
include both a QGP and hadronic phase.

• However several of the hydro models that reproduce the proton v2(pT ) fail
for the pion v2(pT ).

• The HBT source parameters, especially the small value of Rlong and the ratio
Rout/Rside, suggest that the mixed phase is too long-lived in the current
hydro calculations.

Hence we currently do not have a consistent picture of the space-time dynamics
of reactions at RHIC as revealed by spectra, v2, and HBT. The lack of a
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Fig. 21. The kT dependence of the Bertsch-Pratt parameters for π+π+ (blue square)
and π−π− (red circle) for 0–30% centrality with statistical error bars and systematic
error bands. Results from PHENIX [63], STAR [106] and hydrodynamics models
(Hirano [110], Kolb/Huovinen [115] and Soff [122], diamonds) are overlaid.

consistent picture of the dynamics means that it is not yet possible to extract
quantitative properties of the QGP or mixed phase using the observables v2,
spectra, or HBT.

4 FLUCTUATIONS

4.1 Net-Charge Fluctuations

In the study of the fluctuations of multiplicity as a means to understand the
dynamics of charged particle production, one important realization was to
use small regions of phase space, where energy-momentum conservation con-
straints would not be significant [123–125]. Such studies led to the important
observation that the distribution of multiplicity, even in small intervals near
mid-rapidity, was Negative Binomial rather than Poisson, which indicated
large multiplicity correlations even in small δη intervals [126]. No such studies
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are yet available at RHIC.

Based on predictions that event-by-event fluctuations of the net charge in local
phase space regions would show a large decrease as a signature of the QGP
[127–129], net-charge fluctuations were measured in PHENIX [44]. The idea is
that in a QGP composed of fractionally charged quarks, the larger number of
fractionally charged particles compared to unit-charged hadrons would result
in smaller relative net-charge fluctuations in a QGP than for a pure gas of
hadrons and that this original fluctuation would survive the transition back
to ordinary hadrons.

It is important to realize that the study of net-charge fluctuations represents
the study of fluctuations in a quantity that is conserved over all phase space.
Consider N = N+ + N− charged particles produced in the full phase space.
By charge conservation N+ = N− = N/2, and the net charge Q ≡ N+ − N−
is identically zero so that there are no net-charge fluctuations—the variance
V (Q) = 0, where

V (Q) ≡ 〈Q2〉 − 〈Q〉2 . (10)

In a smaller region of phase space, where p is the fraction of N observed in a
stochastic scenario, the mean and variance of the number of positive n+ and
negative n− particles are equal, but the variance of Q is no longer identically
zero:

〈n+〉 = 〈n−〉 = pN/2 , (11)

V (n+) = V (n−) = p(1 − p)N/2 , (12)

from which it follows that

V (Q) = (1 − p)nch , (13)

where nch = pN is the expected number of charged particles on the interval.
Thus the normalized variance in Q (normalized to Poisson statistics) is defined
as:

v(Q) =
V (Q)

nch
= (1 − p) . (14)

In the limit nch ≫ 0, the variance of the charge ratio R = n+/n− approaches
V (R) = 4(1−p)/nch. However, it is well known in mathematical statistics that
moments of the inverse of a stochastic variable, e.g. 1/n−, diverge if there is
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any finite probability, no matter how small, for n− = 0. Thus, the charge ratio
is not a stable measure of fluctuations.

The previous arguments are based on fixed N . The results where N varies
according to a specified distribution are also interesting. If n− is Poisson dis-
tributed, with mean value µ = N/2 over the whole phase space, then in the
region of phase space with probability p the distribution is also Poisson, with
mean 〈n−〉|p = µp = pN/2. If, on the other hand n− is Negative Binomial dis-
tributed, with mean value µ = N/2 and NBD parameter σ2/µ2 − 1/µ = 1/k
for the whole phase space, then in the region of phase space with probability
p, the distribution is Negative Binomial with mean 〈n−〉|p = µp = pN/2 and
the same value of 1/k.

Actually, the binomial division preserves σ2
p/µ

2
p−1/µp = 1/k, for any distribu-

tion [130]. This appears to indicate that smaller intervals, which tend to have
larger values of σ2

p/µ
2
p would be less sensitive to the global 1/k, the long-range

correlation. This would be true except for the fact that there are short-range
correlations which are better seen on small intervals of phase space. Another
important thing to note regarding a binomial split of a Negative Binomial
distribution is that the two subintervals are not statistically independent. The
conditional probability distribution on the interval (1 − p) depends upon the
outcome on the interval p [131]. It is unfortunate that these elegant arguments
can not be applied to the net-charge fluctuations since 〈Q〉 = 0.

The PHENIX measurement [44] of the normalized variance v(Q) of net-charge
fluctuations is shown in Fig. 22 in the interval −0.35 ≤ δη ≤ +0.35 as a
function of the azimuthal angular interval of reconstructed tracks, either at
the detector, ∆φd, or at the vertex, ∆φr, chosen symmetrically around the
detector acceptance. For smaller ∆φr the data agree with the purely stochastic
(1 − p) dependence shown as the solid line, but deviate from the stochastic
prediction at larger values due to correlations from resonance decay, such as
ρ0 → π+ + π− as nicely explained by RQMD [132].

Absent new theoretical insight, it is difficult to understand how quark-level
net-charge fluctuations in a QGP can be related to net-charge fluctuations of
hadrons, where, by definition, strong correlations exist, e.g., in the formation
of a meson from a q− q̄ pair. Also, the study of the fluctuations of net charge,
which is conserved, may not be as useful to detect interesting fluctuations as
the study of fluctuations of the total charged multiplicity, which is much less
constrained by conservation laws. This has yet to be tried at RHIC.
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Fig. 22. v(Q) for the 10% most central events in data and RQMD, as a function of
the azimuthal interval in degrees of reconstructed tracks, either a) at the detector,
∆φd, or b) at the vertex, ∆φr, chosen symmetrically around the detector acceptance.
For data, the error band shows the total statistical error, whereas the error bars
indicate the uncorrelated part. The solid line shows the expected reduction in v(Q)
in the stochastic scenario when global charge conservation is taken into account
[44].
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4.2 Event-by-Event Average-pT Fluctuations

Fluctuations in the event-by-event average pT , denoted MpT
, have been mea-

sured and provide a severely small limit on possible fluctuations from a sharp
phase transition. For events with n detected charged particles with magnitudes
of transverse momenta, pTi

, the event-by-event average pT , denoted MpT
is de-

fined as:

MpT
= pT =

1

n

n
∑

i=1

pTi
. (15)

Mixed events are used to define the baseline for random fluctuations of MpT
in

PHENIX [45,55]. This has the advantage of effectively removing any residual
detector-dependent effects. The event-by-event average distributions are very
sensitive to the number of tracks in the event (denoted n or Ntracks), so the
mixed event sample is produced with the identical Ntracks distribution as the
data. Additionally, no two tracks from the same data event are placed in
the same mixed event in order to remove any intra-event correlations in pT .
Finally, 〈MpT

〉 must exactly match the semi-inclusive 〈pT 〉.

For the case of statistical independent emission, where the fluctuations are
purely random, an analytical formula for the distribution in MpT

can be ob-
tained assuming Negative Binomial distributed event-by-event multiplicity,
with Gamma distributed semi-inclusive pT spectra [133]. The formula depends
on the four semi-inclusive parameters 〈n〉, 1/k, b and p which are derived from
the means and standard deviations of the semi-inclusive pT and multiplicity
distributions, 〈n〉, σn, 〈pT 〉, σpT

:

f(y) =
nmax
∑

n=nmin

fNBD(n, 1/k, 〈n〉) fΓ(y, np, nb) , (16)

where y = MpT
. For fixed n, and purely random fluctuations, the mean

and standard deviation of MpT
follow the expected behavior, 〈MpT

〉 = 〈pT 〉,
σMpT

= σpT
/
√
n. In PHENIX, Eq. 16 is used to confirm the randomness of

mixed events which are used to define the baseline for random fluctuations of
MpT

[45,55].

The measured MpT
distributions for the data in two centrality classes for√

sNN = 200 GeV Au+Au collisions in PHENIX [55] are shown in Fig. 23
(data points) compared to the mixed-event distributions (histograms). The
non-Gaussian, Gamma-distribution shape of the MpT

distributions is evident.
The difference between the data and the mixed-event random baseline distri-
butions is not visible to the naked eye. The nonrandom fluctuation is quantified
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by the fractional difference of ωpT
, the normalized standard deviation of MpT

,
for the data and the mixed-event (random) samples:

ωpT
=

σMpT

〈MpT
〉 , (17)

FpT
=
ωpT ,data − ωpT ,mixed

ωpT ,mixed
. (18)

The results are shown as a function of centrality, represented by Npart in Fig.
24.
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Fig. 24. FpT
vs. centrality, represented as the average number of participants (Npart)

in a centrality class, compared to jet simulation [55].

The dependence of FpT
on Npart is striking. To further understand this de-

pendence and the source of these nonrandom fluctuations, FpT
was measured

over a varying pT range, 0.2 GeV/c ≤ pT ≤ pmax
T (Fig. 25), where pmax

T = 2.0
GeV/c for the Npart dependence.
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trality class (Npart = 181.6) [55].

The increase of FpT
with pmax

T suggests elliptic flow or jet origin. This was
investigated using a Monte Carlo simulation of correlations due to elliptic
flow and jets in the PHENIX acceptance. The flow was significant only in
the lowest centrality bin and negligible (FpT

< 0.1%) at higher centralities.
Jets were simulated by embedding (at a uniform rate per generated particle,
Sprob(Npart)) p + p hard-scattering events from the PYTHIA event generator
into simulated Au+Au events assembled at random according to the measured
Ntracks and semi-inclusive pT distributions. This changed 〈pT 〉 and σpT

by less
than 0.1%. Sprob(Npart) was either constant for all centrality classes, or scaled
by the measured hard-scattering suppression factor RAA(Npart) for pT > 4.5
GeV/c [49]. A value FpT

= 2.06% for p + p collisions was extracted from
pure PYTHIA events in the PHENIX acceptance in agreement with the p +
p measurement (Fig. 24). The value of Sprob(Npart) was chosen so that the
simulation with Sprob(Npart) × RAA(Npart) agreed with the data at Npart =
182. The centrality and pmax

T dependences of the measured FpT
match the
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simulation very well, but only when the RAA scaling is included.

A less experiment-dependent method to compare nonrandom fluctuations is
to assume that the entire FpT

is due to temperature fluctuations of the initial
state, with RMS variation σT /〈T 〉 [134,45]. Then,

ω2
pT ,data − ω2

pT ,mixed = (1 − 1

〈n〉)
σ2

T

〈T 〉2 = 2FpT
ω2

pT ,mixed , (19)

This yields σT /〈T 〉=1.8% for central collisions in PHENIX with similarly small
values for the other Relativistic Heavy Ion experiments [135], 1.7% in STAR,
1.3% in CERES, and 0.6% in NA49. These results put severely small limits on
the critical fluctuations that were expected for a sharp phase transition, both
at SPS energies and at RHIC, but are consistent with the expectation from
lattice QCD that the transition is a smooth crossover [12].

Other proposed explanations of the centrality and pmax
T dependences of FpT

include: overlapping color strings which form clusters so that the number of
sources and 〈pT 〉 per source is modified as a function of centrality [136]; and
near equilibrium pT correlations induced by spatial inhomogeniety [137].

4.3 Conclusions

Critical behavior near the phase boundary can produce nonrandom fluctua-
tions in observables such as the net-charge distribution and the average trans-
verse momentum distribution. Our search for net-charge fluctuations has ruled
out the most naive model of charge fluctuations in a QGP, but it is unclear
whether the charge fluctuation signature can survive hadronization. Our mea-
surement of the event-by-event average pT distribution shows a nonrandom
fluctuation that is consistent with the effect expected from high-pT jets. This
puts a severe constraint on the critical fluctuations that were expected for
a sharp phase transition but is consistent with the expectation from lattice
QCD that the transition is a smooth crossover [12].

5 BINARY SCALING

5.1 Hard Scattering and pQCD

One way to get a partonic probe into the midst of an A+A collision is to use
the high-pT partons produced by hard scattering. For p + p collisions in the
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RHIC energy range, hard scattering is considered to be the dominant process
of particle production with pT ≥ 2 GeV/c at mid-rapidity. Typically, particles
with pT ≥ 2 GeV/c are produced from states with two roughly back-to-back
jets which are the result of scattering of constituents of the nucleons (partons)
as described by pQCD [138].

The overall p+p hard-scattering cross section in “leading logarithm” pQCD is
the sum over parton reactions a+b→ c+d (e.g. g+q → g+q) at parton-parton
center-of-mass (c.m.) energy

√
ŝ:

d3σ

dx1dx2d cos θ∗
=

1

s

∑

ab

fa(x1)fb(x2)
πα2

s(Q
2)

2x1x2
Σab(cos θ∗) , (20)

where fa(x1), fb(x2), are parton distribution functions, the differential proba-
bilities for partons a and b to carry momentum fractions x1 and x2 of their re-
spective protons (e.g. u(x2)), and where θ∗ is the scattering angle in the parton-
parton c.m. system. The parton-parton c.m. energy squared is ŝ = x1x2s,
where

√
s is the c.m. energy of the p + p collision. The parton-parton c.m.

system moves with rapidity y = 1/2 ln(x1/x2) in the p+ p c.m. system.

Equation 20 gives the pT spectrum of outgoing parton c, which then fragments
into hadrons, e.g. π0. The fragmentation function Dπ0

c (z, µ2) is the probability
for a π0 to carry a fraction z = pπ0

/pc of the momentum of outgoing parton c.
Equation 20 must be summed over all subprocesses leading to a π0 in the final
state. The parameter µ2 is an unphysical “factorization” scale introduced to
account for collinear singularities in the structure and fragmentation functions
[138,139].

In this formulation, fa(x1, µ
2), fb(x2, µ

2) and DC
c (z, µ2) represent the “long-

distance phenomena” to be determined by experiment; while the character-
istic subprocess angular distributions, Σab(cos θ∗), and the coupling constant,
αs(Q

2) = 12π
25

ln(Q2/Λ2), are fundamental predictions of QCD [140–142] for the
short-distance, large-Q2, phenomena. The momentum scale Q2 ∼ p2

T for the
scattering subprocess, while Q2 ∼ ŝ for a Compton or annihilation subprocess,
but the exact meaning of Q2 tends to be treated as a parameter rather than a
dynamical quantity. The transverse momentum of a scattered constituent is:

pT = p∗T =

√
ŝ

2
sin θ∗ . (21)

Equation 20 leads to a general ‘xT -scaling’ form for the invariant cross section
of high-pT particle production:

E
d3σ

d3p
=

1

pn
T

F (xT ) =
1√
s

nG(xT ) , (22)
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where xT = 2pT/
√
s. The cross section has two factors, a function F (xT )

(G(xT )) which ‘scales’, i.e. depends only on the ratio of momenta, and a di-
mensioned factor, 1/pn

T (1/
√
s

n
), where n equals 4 in lowest-order (LO) cal-

culations, analogous to the 1/q4 form of Rutherford Scattering in QED. The
structure and fragmentation functions are all in the F (xT ) (G(xT )) term. Due
to higher-order effects such as the running of the coupling constant, αs(Q

2),
the evolution of the structure and fragmentation functions, and the initial-
state transverse momentum kT , n is not a constant but is a function of xT ,√
s. Measured values of n(xT ,

√
s) in p+ p collisions are between 5 and 8.

5.2 Mid-Rapidity pT Spectra from p+ p Collisions

The scaling and power-law behavior of hard scattering are evident from the√
s dependence of the pT dependence of the p+p invariant cross sections. This

is shown for nonidentified charged hadrons, (h+ + h−)/2, in Fig. 26a. At low
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Fig. 26. (left) Ed3σ(pT )/d3p at mid-rapidity as a function of
√

s in p + p collisions.
(right)

√
s(GeV)6.3 × Ed3σ/d3p vs. xT = 2pT /

√
s [53] (and references therein).

pT ≤ 1 GeV/c the cross sections exhibit a “thermal” exp (−6pT ) dependence,
which is largely independent of

√
s, while at high pT there is a power-law

tail, due to hard scattering, which depends strongly on
√
s. The characteristic

variation with
√
s at high pT is produced by the fundamental power-law and

scaling dependence of Eqs. 20, 22. This is best illustrated by a plot of

√
s

n(xT ,
√

s) × E
d3σ

d3p
= G(xT ) , (23)
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as a function of xT , with n(xT ,
√
s) = 6.3, which is valid for the xT range

of the present RHIC measurements (Fig. 26b). The data show an asymptotic
power law with increasing xT . Data at a given

√
s fall below the asymptote

at successively lower values of xT with increasing
√
s, corresponding to the

transition region from hard to soft physics in the pT region of about 2 GeV/c.

The PHENIX measurement of the invariant cross section for π0 production
in p+ p collisions at

√
s = 200 GeV [56] agrees with NLO pQCD predictions

over the range 2.0 ≤ pT ≤ 15 GeV/c (Fig. 27).

5.3 Scaling Hard Scattering from p+ p to p+ A and A +B Collisions

Since hard scattering is point like, with distance scale 1/pT ≤ 0.1 fm, and the
hard-scattering cross section factorizes as shown in Eq. 20, the cross section
in p+A or A+B collisions, compared to p+ p, is proportional to the relative
number of possible point-like encounters. The number of encounters of point-
like constituents of nucleons is then proportional to A (AB), for p+A (A+B)
minimum-bias collisions. For A + B collisions at impact parameter b, it is
proportional to TAB(b), the nuclear thickness function, which is the integral
of the product of nuclear thickness over the geometrical overlap region of the
two nuclei. In detail, the semi-inclusive invariant yield of e.g. high-pT π0’s for
A+B inelastic collisions, with centrality f , is related to the p+p cross section
by:

1

N evt
AB

d2Nπ0

AB

dpTdy

∣

∣

∣

∣

∣

f

= 〈TAB〉f ×
d2σπ0

pp

dpTdy
. (24)

Note that

〈TAB〉f =

∫

f TAB(b) d2b
∫

f(1 − e−σNN TAB(b)) d2b
=

〈Ncoll〉f
σNN

, (25)

where 〈Ncoll〉f is the average number of binary nucleon-nucleon inelastic col-
lisions, with cross section σNN , in the centrality class f . This leads to the
description of the scaling for point-like processes as binary-collision (or Ncoll)
scaling.

Nuclear medium effects, either in the initial or final state, can modify the
expected scaling. These modifications can be quantitatively studied by mea-
surement of the Nuclear modification factor RAB, which is defined as

RAB =
dNP

AB

〈TAB〉f × dσP
NN

=
dNP

AB

〈Ncoll〉f × dNP
NN

, (26)

90



)3 c⋅
-2

G
eV

⋅
 (

m
b

3
/d

p
σ3

E
*d

10
-8

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

1
a)

PHENIX Data

KKP FF

Kretzer FF

 (
%

)
σ/σ∆ -40

-20
0

20
40 b)

0

2

4 c)

 (GeV/c)Tp
0 5 10 15

0

2

4
d)

(D
at

a-
Q

C
D

)/
Q

C
D

Fig. 27. PHENIX π0 invariant cross section at mid-rapidity from p + p collisions at√
s = 200 GeV, together with NLO pQCD predictions from Vogelsang [143,144].

a) The invariant differential cross section for inclusive π◦ production (points) and
the results from NLO pQCD calculations with equal renormalization and factor-
ization scales of pT using the “Kniehl-Kramer-Pötter” (solid line) and “Kretzer”
(dashed line) sets of fragmentation functions. b) The relative statistical (points)
and point-to-point systematic (band) errors. c,d) The relative difference between
the data and the theory using KKP (c) and Kretzer (d) fragmentation functions
with scales of pT /2 (lower curve), pT , and 2pT (upper curve). In all figures, the
normalization error of 9.6% is not shown [56].91



where dNP
AB is the differential yield of a point-like process P in a A+B collision

and dσP
NN is the cross section of P in N +N collision. If there are no initial-

or final-state effects that modify the yield of P in A+B collisions, the process
P scales with 〈TAB〉f and RAB = 1. Sometimes, the central to peripheral
ratio, RCP , is used as an alternative to RAB. The central to peripheral ratio
is defined as

RCP =
dNCentral/〈NCentral

coll 〉
dNPeripheral/〈NPeripheral

coll 〉
, (27)

where dNCentral and dNPeripheral are the differential yield per event of the
studied process in a central and peripheral collision, respectively. If the yield
of the process scales with the number of binary collisions, RCP = 1.

5.4 Binary Scaling in l + A, p+ A, and Low-Energy A+ A

In deeply inelastic lepton scattering, where hard scattering was discovered
[145–147], the cross section for µ-A collisions is indeed proportional to A1.00

(Fig. 28). This indicates that the structure function of a nucleus of mass A is
simply A times the structure function of a nucleon (with only minor deviations,
≤ 10% for 0.02 ≤ x ≤ 0.50 [149]), which means that the nucleus acts like an
incoherent superposition of nucleons for hard scattering of leptons.

The situation is rather different in p + A collisions: the cross section at a
given pT also scales as a power law, Aα(pT ) (Fig. 29), but the power α(pT )
is greater than 1. This is called the “Cronin Effect” [150]. The enhancement
(relative to A1.00) is thought to be due to the multiple scattering of the incident
partons while passing through the nucleus A before the collision [151,152],
which smears the axis of the hard scattering relative to the axis of the incident
beam, leading to the characteristic “Cronin Effect” shape for RA(pT ) (Fig.
30). At low pT < 1 GeV/c, the cross-section is no longer point like, so the
scattering is shadowed (∝ A2/3), thus RA < 1. At larger pT > 2 GeV/c, as
the hard-scattering, power-law pT spectrum begins to dominate, the multiple
scattering smears the spectrum to larger pT leading to an enhancement relative
to binary-scaling which dissipates with increasing pT as the influence of the
multiple scattering diminishes.

Previous measurements of high-pT particle production in A + A collisions at√
sNN ≤ 31 GeV (Fig. 31) and in p+A (or d+A) collisions (Fig. 30) including

measurements at RHIC [58] at mid-rapidity (Fig. 32) all show binary scaling
or a Cronin effect.

This establishes that the initial condition for hard scattering at RHIC at
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Fig. 28. µ-A cross section vs. A [148].

mid-rapidity is an incoherent superposition of nucleon structure functions,
including gluons, where multiple scattering before the hard collision smears
the pT spectrum of scattered particles to be somewhat above the simple point-
like binary (Ncoll) scaling.

An alternative view of the initial state of a nucleus at RHIC is provided by
the color glass condensate (CGC), in which the gluon population at low x is
not an incoherent superposition of nucleon structure functions but is limited
with increasing A by non-linear gluon-gluon fusion resulting from the overlap
of gluons from several nucleons in the plane of the nucleus transverse to the
collision axis [159]. A Cronin effect in d+A collisions, as shown in Fig. 32, can
be reproduced in the CGC with a suitable choice of initial state parameters,
which must also reproduce quantitatively the observed binary scaling of the
direct photon production and total charm production in Au+Au collisions to
be shown below (Figs. 33, 34). However, at this writing, no detailed quantita-
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Fig. 29. Cronin Effect in p+A, for π− with pT = 4.61 GeV/c. α(pT ) = 1.148±0.010
[150].

tive description of the CGC initial state which satisfies these three conditions
has been published.

5.5 Binary Scaling in Au+Au Collisions at RHIC—Direct Photons and Charm
Yield

The production of hard photons in Au+Au collisions at RHIC via the con-
stituent reactions (e.g. g + q → γ + q) is a very important test of QCD and
the initial state, because the photons only interact electromagnetically, hence
hardly at all, with any final-state medium produced. The direct-photon cross
section and centrality dependence should then reflect only the properties of the

94



Fig. 30. Cronin effect at fixed target energies expressed as RW/Be, the ratio of the
point-like scaled cross sections in p + W and p + Be collisions vs. pT [153].

initial state, notably the product of the gluon and quark structure functions
of the Au nuclei.

The first measurement of direct photon production in Au+Au collisions at
RHIC was presented by the PHENIX collaboration at Quark Matter 2004
(Fig. 33) [165]. The data exhibit pure point-like (Ncoll) scaling as a function
of centrality relative to a pQCD calculation for p+p collisions. The statistical
and systematic errors still leave some room for a small Cronin effect and/or
some thermal photon production. The observation of direct photon production
establishes the importance of gluon degrees of freedom at RHIC.

PHENIX measured the single-electron yield from nonphotonic sources in Au+Au
collision at 130 GeV [42] and 200 GeV [166]. Since semi-leptonic decay of
charm is the dominant source of the non-photonic electrons at low pT (pT ≤ 3
GeV/c), the total yield of charm can be determined from the integrated yield
of non-photonic electrons in the low-pT region. Figure 34 shows the yield of
non-photonic electrons (0.8 < pT < 4.0 GeV/c) per NN collision in Au+Au
reactions at

√
sNN = 200 GeV as a function of Ncoll [166]. The Ncoll depen-

dence of the yield is fit to Nα
coll, where α = 1 is the expectation for binary

scaling. We find α = 0.938 ± 0.075(stat.)±0.018(sys.), showing that the to-
tal yield of charm-decay electrons is consistent with binary scaling. It should
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Fig. 31. Nuclear modification factors for π0 production at the CERN-ISR in min-
imum-bias α + α reactions at

√
sNN = 31 GeV [154] and for pion production at

the CERN-SPS in central Pb+Pb [155], Pb+Au [156], and S+Au [157] reactions at√
sNN ≈ 20 GeV. The RAA from SPS are obtained using the p+p parametrization

proposed in ref. [158]. The shaded band around RAA = 1 represents the overall frac-
tional uncertainty of the SPS data (including in quadrature the 25% uncertainty of
the p+p reference and the 10% error of the Glauber calculation of Ncoll). There is
an additional overall uncertainty of ±15% for the CERES data not shown in the
plot [156].

be noted that medium effects, such as energy loss of charm in the dense hot
medium, can only influence the momentum distribution of charm, and have
little effect on the total yield of charm. Initial-state effects, such as shadow-
ing, and other effects, such as thermal production of charm, are believed to be
very small for charm production at RHIC energy. Therefore, the observation
of binary scaling of the total charm yield in Au+Au collisions at RHIC may
also be considered as an experimental verification of the binary scaling of a
point-like pQCD process.
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√
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identified by Time of Flight (TOF). Data at medium pT are for π0 identified by
reconstruction in the Electromagnetic Calorimeter (EMCAL). Highest pT data are
for π± identified by a count in the Ring Imaging Cerenkov Counter (RICH) and a
deposited energy/momentum and shower shape in the EMCAL inconsistent with
those of a photon or electron. The shaded band on the right represents the overall
fractional systematic uncertainty due to Ncoll.

5.6 Conclusions

In this section evidence has been presented to show that the initial condition
for hard-scattering at RHIC at mid-rapidity is an incoherent superposition of
nucleon structure functions, including gluons, where multiple scattering be-
fore the hard collision can smear the pT spectrum of scattered particles to be
somewhat above the simple point-like binary (Ncoll) scaling. This was demon-
strated using the reactions: pion production in d+Au collisions, where there
is no final-state medium, and direct photon production in Au+Au collisions,
where the outgoing photons interact electromagnetically, hence hardly at all,
with any final-state medium produced. The total charm yield in Au+Au, a
reaction dominated by the subprocess g+g → c+ c̄, and which is not sensitive
to final-state medium effects for the total yield of c + c̄ pairs, also exhibits
binary scaling. The latter two measurements provide experimental evidence
for the binary scaling of point-like pQCD processes in Au+Au collisions.
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Fig. 33. PHENIX direct photon measurements relative to the background for for
minimum bias and for five centralities of Au+Au collisions at

√
s

NN
= 200 GeV

(0-10% is the most central). Statistical and total errors are indicated separately
on each data point by the vertical bar and shaded region, respectively. The curves
represent a pQCD calculation of direct photons in p + p collisions from Vogelsang
[160–163] scaled to Au+Au assuming pure point-like (Ncoll) scaling, with no sup-
pression. The shaded region around the curves indicate the variation of the pQCD
calculation for scale changes from pT/2 to 2pT , plus the 〈Ncoll〉 uncertainty [164].

The color glass condensate (CGC) provides an alternative view of the initial
state of a nucleus at RHIC in which coherence of gluons due to non-linear
gluon-gluon fusion can produce a Cronin-like effect, depending on the initial
conditions and the kinematic range covered. However, at the present writing,
there is no CGC description of the initial state nuclear structure function
which reproduces the observed Cronin effect for pions in d+Au collisions and
the observed binary scaling for both direct photon production and the total
charm yield in Au+Au collisions.
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Fig. 34. Non-photonic electron yield (0.8 < pT < 4.0 GeV/c), dominated by
semi-leptonic charm decays, measured in Au+Au collisions at

√
sNN = 200 GeV

scaled by Ncoll as a function of Ncoll. The right-hand scale shows the corresponding
electron cross section per NN collision in the above pT range. The yield in p + p
collision at 200 GeV is also shown [166].

6 NUMBER DENSITY AND HIGH pT SUPPRESSION

To study the initial properties of the matter created in heavy ion collisions
we need a probe that is already present at earliest times and that is directly
sensitive to the properties of the medium. Partons resulting from hard scat-
terings during the initial crossing of the two nuclei in A+A collisions provide
such a probe. Energetic partons propagating through a dense medium are
predicted to lose energy [167–175] thus producing a suppression in the yield
of high-pT hadrons produced from the fragmentation of these partons. Ini-
tial measurements from RHIC Run 1 [39,47,176] and Run 2 [49,53,177,178]
demonstrated such a suppression, and the results of d+Au measurements
[58,61,60,59] showed that the suppression was not due to initial-state effects.
Further measurements have indicated a modification of di-jet angular corre-
lations [61] that has also been attributed to in-medium parton energy loss
[179,180].

While the energy loss of hard-scattered partons was originally proposed as a
signature of the quark-gluon plasma and deconfinement, it has been argued
recently that the energy loss is sensitive only to the density of unscreened
color charges and not directly to deconfinement [171–175,181,182]. Ideally, a
measurement of initial parton densities together with constraints on initial
energy density might allow an estimate of the temperature of the medium. As
will be seen below, the current high-pT measurements and theoretical tools for
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interpreting the experimental data are not yet sufficient to take such a step.
Instead, the energy loss results are currently being used to provide estimates of
the initial energy density. The remainder of this section summarizes PHENIX
experimental data related to high-pT suppression, discusses the current state
of theoretical understanding of the energy loss process and concludes with a
statement of estimates for initial parton number and energy densities that
currently can be made.

6.1 Single particle spectra, RAA

As described in Section 5, in the absence of modifications due to initial-state
or final-state effects, the rate for the production of particles through hard-
scattering processes in nucleus-nucleus collisions is expected to be given by
the equivalent p+ p hard-scattering cross section multiplied by TAB. Figure
35 shows PHENIX π0 spectra, d2N/dpTdy, measured in 200 GeV [49] periph-
eral (80–92%) and central (0–10%) Au+Au collisions compared to measured
[56] p + p cross sections multiplied by the peripheral and central TAB values
estimated using the procedure described in Section 5. The error bands on the
p+ p data points reflect both the systematic errors on the p+ p cross sections
and the uncertainties in the TAB values. As the figure clearly demonstrates, the
central Au+Au π0 yields are strongly suppressed relative to the “expected”
yields over the entire measured pT range. In contrast, the peripheral yields
compared to the TAB-scaled p+ p cross sections show little or no suppression.
The results incontrovertibly demonstrate that there is a strong and centrality-
dependent suppression of the production of high-pT pions relative to pQCD-
motivated expectations. This is quite different from measurements of RAA

in Pb+Pb collisions at
√
sNN = 17.3 GeV where in semi-peripheral Pb+Pb

collisions there is a nuclear enhancement increasing with pT similar to the
well-known Cronin effect, while in central collisions the Cronin enhancement
appears to be weaker than expected.

To better quantitatively demonstrate the suppression in central collisions in-
dicated in Fig. 35, we show in Fig. 36 RAA(pT ) for mid-rapidity π0’s in central
and peripheral 200 GeV Au+Au collisions. We also show the values obtained
from minimum-bias 200 GeV d+Au collisions [58] which provide a stringent
test of the possible contribution of initial-state nuclear effects to the observed
suppression in Au+Au collisions. The error bands on the data indicate com-
bined statistical and point-to-point systematic errors and the bars shown next
to the different data sets indicate common systematic errors due to uncertain-
ties in the p+ p cross section normalization and TAB.

Figure 36 shows that the central Au+Au π0 suppression changes only slightly
over the measured pT range and reaches an approximately pT -independent
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factor of 5 (RAA ≈ 0.2) for pT > 4 − 5 GeV/c. The peripheral Au+Au RAA

values are consistent with one after taking into account systematic errors but
we cannot rule out a slight suppression suggested by the peripheral RAA val-
ues. In all of the data sets RAA decreases with decreasing pT for pT < 2 GeV/c.
This decrease, known since the original measurements of the A dependence of
particle production in pA collisions is due to contributions of soft hadronic pro-
cesses at low pT that are expected to increase more slowly than proportional
to TAB. The d+Au RdA values are also consistent with one within systematic
uncertainties, but in contrast to the Au+Au results, the data suggests a slight
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enhancement. The d+Au RdA values above 2 GeV/c exceed one for nearly the
entire experimentally covered pT range. As shown previously in Fig. 32, only
for pT>∼6 GeV/c does the d+Au pion yield return to the TAB-scaling expec-
tation. Such a small enhancement is consistent with expectations based on
prior measurements of the Cronin effect [183,184], and it is also quantitatively
consistent with calculations incorporating the initial-state multiple scattering
that is thought to produce the Cronin effect [185–191]. Therefore the Cronin
effect at RHIC cannot mask a strong initial-state suppression of the parton
distributions in the Au nucleus [192].
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Fig. 37. Centrality and pT dependence of nuclear modification factors in 200 GeV
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bins. Bottom panel: charged particle RCP vs. pT .

103



To better demonstrate the systematic behavior of the high-pT suppression
we show in Fig. 37 π0 [49] and unidentified charged particle RAA values [53]
as a function of pT for various centrality bins. While for moderate pT val-
ues (2 < pT < 5 GeV/c) total charged particle production is suppressed less
than pion production, the charged particle and π0 RAA values become equal,
within errors, at high pT . This evolution in the charged particle suppression
is related to contributions from the (anti)protons that will be discussed fur-
ther below. Despite the differences resulting from the protons, the charged
particles and π0’s exhibit very similar trends in the suppression vs. pT and
vs. centrality. The suppression increases smoothly with centrality though the
change in RAA values at high pT is most rapid in the middle of the centrality
range. Figure 37 also shows that the suppression is approximately constant as
a function of pT for pT > 4.5 GeV/c in all centrality bins. We take advantage
of this feature of the data to better illustrate the centrality dependence of the
suppression by integrating both the Au+Au spectra and the reference p+ p
cross sections over pT > 4.5 GeV/c and using these integrated quantities to
determine an average suppression factor, RAA for pT > 4.5 GeV/c. We plot
the charged particle and π0 RAA values vs. Npart in Fig. 38(top). This figure
suggests that the suppression evolves smoothly with Npart, showing no abrupt
onset of suppression. The charged particles and π0’s exhibit similar evolution
of suppression with Npart. In the most central collisions we obtain RAA val-
ues of 0.24 ± 0.04(total) and 0.23 ± 0.05(total) for charged particles and π0’s
respectively. In peripheral collisions, RAA approaches one, but the systematic
errors on the most peripheral TAB values are sufficiently large that we cannot
rule out ∼ 20% deviations of the peripheral Au+Au hard-scattering yields
from the TAB-scaled p+ p cross sections.

An alternative method for evaluating the evolution of the high-pT suppression
with centrality is provided in Fig. 38(bottom) which presents the charged and
π0 yields per participant integrated over pT > 4.5 GeV/c as a function of
Npart [53] divided by the same quantity in p+ p collisions. Also shown in the
figure are curves demonstrating the Npart dependence that would result if the
π0 and charged particle yields exactly TAB scaled and what an Npart scaling
from p+ p collisions would imply. As Fig. 38 demonstrates, the high-pT yields
of both charged hadrons and π0’s per participant increase proportional to TAB

for small Npart but level off and then decrease with increasing Npart in more
central collisions. The PHENIX measurements do not naturally support an ap-
proximate Npart scaling of high-pT particle production suggested in an analysis

of PHOBOS data. The PHENIX R
Npart

AA values decrease from mid-peripheral
(Npart ≈ 75) to central collisions by an amount larger than the systematic er-

rors in the measurement. For more peripheral collisions, R
Npart

AA increases with
Npart consistent with the modest suppression of high-pT production shown for
peripheral collisions in the top panel of Fig. 38. The initial rise and subsequent
decrease of R

Npart

AA with increasing Npart suggests that the high-pT hadron yield
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in Au+Au collisions has no simple dependence on Npart. The observation that
the high-pT yields initially increase proportional to TAB demonstrates that in
the most peripheral Au+Au collisions the hard-scattering yields are consistent
with point-like scaling. However, the deviation from TAB scaling sets in rapidly,
becoming significant by Npart = 50. By Npart = 100 the high-pT suppression
is so strong that high-pT yields grow even more slowly than proportional to
Npart.

6.2 xT scaling in Au+Au collisions at RHIC
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Fig. 39. Power-law exponent n(xT ) for π0 and h spectra in central and peripheral
Au+Au collisions at

√
sNN = 130 and 200 GeV [53].

If the production of high-pT particles in Au+Au collisions is the result of hard
scattering according to pQCD, then xT scaling should work just as well in
Au+Au collisions as in p + p collisions and should yield the same value of
the exponent n(xT ,

√
s). The only assumption required is that the structure

and fragmentation functions in Au+Au collisions should scale, in which case
Eq. 23 still applies, albeit with a G(xT ) appropriate for Au+Au. In Fig. 39,
n(xT ,

√
sNN ) in Au+Au is derived from Eq. 23, for peripheral and central

collisions, by taking the ratio of Ed3σ/dp3 at a given xT for
√
sNN = 130 and

200 GeV, in each case. The π0’s exhibit xT scaling, with the same value of
n = 6.3 as in p+p collisions, for both Au+Au peripheral and central collisions,
while the non-identified charged hadrons xT -scale with n = 6.3 for peripheral
collisions only. Notably, the h± in Au+Au central collisions exhibit a signifi-
cantly larger value of n, indicating different physics, which will be discussed
below. The xT scaling establishes that high-pT π

0 production in peripheral and
central Au+Au collisions and h± production in peripheral Au+Au collisions
follow pQCD as in p + p collisions, with parton distributions and fragmenta-
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tion functions that scale with xT , at least within the experimental sensitivity
of the data.

6.3 Two-hadron azimuthal-angle correlations

We argued in Sec. 5 that the production of hadrons at high-pT results pre-
dominantly from hard scattering followed by fragmentation of the outgoing
parton(s). While this result is well established in p(p̄) + p collisions, it might
not be true in Au+Au collisions when the yield of high-pT particles is modi-
fied so dramatically compared to expectations. Since a hard-scattered parton
fragments into multiple particles within a restricted angular region (i.e. a jet)
a reasonable way to check the assumption that high-pT hadron production
in Au+Au collisions is due to hard scattering is to directly observe the an-
gular correlations between hadrons in the jets. None of the experiments at
RHIC are currently capable of reconstructing jets in the presence of the large
soft background of a Au+Au collision. However, both STAR [193,194] and
PHENIX [195,196] have directly observed the presence of jets by studying
two-hadron azimuthal-angle correlations. Figure 40 shows preliminary distri-
butions [195] of the relative azimuthal angle (∆φ) between pairs of charged
particles detected within the PHENIX acceptance in d+Au collisions and pe-
ripheral (60–90%) and central (0–10%) Au+Au collisions after the subtraction
of combinatoric background. The pairs of particles are chosen such that one
particle lies within a “trigger” pT range (2.5 < pT trig < 4 GeV/c) while the
other “associated” particle falls within a lower pT window 1.0 < pT < 2.5
GeV/c. The distributions show the differential yield per ∆φ of associated par-
ticles per detected trigger particle within the given pT ranges and within the
η acceptance of the PHENIX central arms (−0.35 < η < 0.35).

The peaks observed at ∆φ = 0 (near side) reflect the correlation between
hadrons produced within the same jet while the broader peaks observed at
∆φ = π (away side) reflect the correlations between hadrons produced in
one jet and hadrons produced in the “balance” jet. In the Au+Au cases, a
cos 2∆φ modulation underlies the jet angular correlations due to the elliptic
flow of particles in the combinatoric background and possibly also in part due
to azimuthal anisotropies in the jets themselves (see below). Nonetheless, the
cos 2∆φ contribution has little effect on the narrow same-jet (near-side) peak
in the ∆φ distribution.

We observe that the angular widths of the same-jet correlations are the same,
within errors, in all three data sets in spite of the factor of two larger yield
of associated hadrons in central Au+Au collisions compared to d+Au and
peripheral Au+Au collisions. This result is demonstrated more quantitatively
in Fig. 41 which shows the centrality dependence of the Gaussian widths of
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Fig. 40. Differential yields per ∆φ and per trigger particle of pairs of charged hadrons
in d+Au, peripheral Au+Au and central Au+Au collisions at

√
sNN = 200 GeV.

The pairs were selected with the higher-momentum “trigger” particle in the range
2.5 < pT < 4.0 GeV/c and the lower-momentum “associated” particle in the range
1.0 < pT < 2.5 GeV/c. A constant background has been subtracted for all three
distributions.

the same-jet peaks in the Au+Au ∆φ compared to the jet widths extracted
from d+Au collisions [195]. We see that the Au+Au two-hadron correlation
functions show peaks with the same jet width as d+Au collisions. Since this
width is a unique characteristic of the parton fragmentation process, we con-
clude that high-pT hadrons in Au+Au collisions result from hard scattering
followed by jet fragmentation regardless of any medium modifications of the
fragmentation multiplicity.
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Fig. 41. The azimuthal angle width of jets in 200 GeV Au+Au collisions extracted
as the σ’s of Gaussian fits to the 0◦ peak in the two-charged-hadron azimuthal-angle
(∆φ) correlation functions [195]. The correlation functions were formed from pairs
with trigger hadron in the pT range 2.5 < pT < 4.0 GeV/c and the associated
hadron in the range 1.0 < pT < 2.5 GeV/c. The dashed lines show the ±1σ range
of the jet widths in d+Au collisions using the same momentum bins. In the Au+Au
data, the effect of the elliptic flow has been subtracted in the extraction of the jet
width.

6.4 High-pT suppression and energy loss

The suppression of the production of high-pT hadrons in heavy ion collisions at
RHIC had been predicted long before RHIC started running [167,168,170,169,171–
173,197]. It is now generally accepted that partons propagating in colored
matter lose energy predominantly through medium-induced emission of gluon
radiation [198,199]. An energetic parton scatters off color charges in the high-
parton-density medium and radiates gluon bremsstrahlung. The reduction in
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the parton energy translates to a reduction in the average momentum of the
fragmentation hadrons, which, in turn, produces a suppression in the yield of
high-pT hadrons relative to the corresponding yield in p+ p collisions. The
power-law spectrum for pT ≥ 3 GeV/c implies that a modest reduction in
fragmenting parton energy can produce a significant decrease in the yield of
hadrons at a given pT . Thus, the suppression of the yield of high-pT hadrons
is generally believed to provide a direct experimental probe of the density of
color charges in the medium through which the parton passes [200,182,188].
However, before proceeding to an interpretation of our results, we briefly dis-
cuss the theoretical understanding of the radiative energy loss mechanism and
limitations in that understanding.

The dominant role of radiative gluon emission was identified early on [169],
but it took several years and much effort before rigorous calculations of the en-
ergy loss taking into account Landau-Pomeranchuk-Migdal suppression [170]
and the time evolution of the medium were available. Initial estimates of the
radiative energy loss suggested an approximately constant ∆E/∆x [168,170],
but later calculations [171,201,174,175] showed that the quantum interference
can produce a loss of energy that grows faster than linearly with the propaga-
tion path length, L, of the parton in the medium. However, this ideal growth
of ∆E/∆x with increasing path length is never realized in heavy ion collisions
due to the rapid decrease of the energy density and the corresponding color
charge density with time [173,182,188,179]. Generally, all energy loss calcula-
tions predict that the fractional energy loss of a propagating parton decreases
with increasing parton energy. However, the precise evolution with parton en-
ergy depends on the assumptions in the energy loss models and on the treat-
ment of details like kinematic limits and non-leading terms in the radiation
spectrum [199,198]. There are many different calculations of medium-induced
energy loss currently available based on a variety of assumptions about the
thickness of the medium, the energy of the radiating parton, and the coher-
ence in the radiation process itself (see [202,199,198] for recent reviews). The
pT dependence of the PHENIX π0 RAA values has ruled out the possibility of
a constant (energy independent) ∆E/∆x [197] and the original BDMS energy
loss formulation (which the authors argued should not be applied at RHIC
energies). In fact, the only detailed energy loss model that predicted the flat
pT dependence of RAA over the pT range covered by RHIC data was the GLV
prescription [175,203–205,188]. In the GLV formulation, the fractional energy
loss for large jet energies varies approximately as log(E)/E but the authors
observe that below 20 GeV the full numerical calculation of the energy loss
produces a nearly constant ∆E/E [199]. However, the same authors argue
that the flat RAA(pT ) observed at high pT at 200 GeV also requires an ac-
cidental cancellation of several different contributions including the separate
pT dependences of the quark and gluon jet contributions, the pT dependence
of the Cronin enhancement, and shadowing/EMC effect. A comparison of the
GLV results for the pT dependence of the π0 suppression to the PHENIX data
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is shown in Fig. 42.
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Fig. 42. Comparisons of energy loss calculations [206,179] used to extract estimates
for the initial parton number or energy density (see text for details) to the central
200 GeV/c Au+Au π0 RAA(pT ) measured by PHENIX. The Wang curves compare
results with and without energy absorption from the medium.

One of the most critical issues in the energy loss calculation is the treatment
of the time evolution of the energy density of the matter through which the
radiating parton is propagating. Even if transverse expansion of the created
matter is ignored, the longitudinal expansion produces a rapid reduction in the
energy density as a function of time. Most energy loss calculations assume that
the color charge density decreases as a function of proper time as ρ(τ) = ρ0τ0/τ
in which case the measured RAA can be used to infer the product ρ0τ0. Here
τ0 represents the formation time of the partons from which the medium is
composed and ρ0 the initial number density of those partons. Since the gluons
have the largest cross section for scattering with other partons, the initial
color-charge density is interpreted as the gluon density. Making the usual
assumption that the produced partons are spread over a longitudinal spatial
width δz = τ0δy, the GLV authors relate the product ρ0τ0 to the initial dng/dy
and obtain dng/dy = 1000± 200 from the PHENIX π0 RAA values [188]. The
sensitivity of the GLV calculations to the details of the description of the
transverse parton density and the transverse expansion of the matter has been
tested by using the results of hydrodynamic calculations of the energy density
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as a function of position and time [207]. The average energy loss for partons in
central Au+Au collisions evaluated under dramatically different assumptions
was shown to be remarkably insensitive to details of the description of the
parton density. The GLV results are also potentially sensitive to a “screening
mass” that determines both the transverse momentum distributions of the
virtual gluons absorbed from the medium in the bremsstrahlung process and
an energy cutoff for the radiated gluons. This mass is related to the local
energy density using lattice QCD calculations of the plasma screening mass
[188]. However, it was shown by the authors that a factor of two change in the
screening mass produces only a 15% change in the dng/dy needed to describe
the data.

An alternative analysis of parton energy loss [208] starts from explicit cal-
culation of higher-twist matrix elements for e + A collisions that account for
coherent rescattering of the struck quark in the nucleus. The contributions of
these higher-twist terms can be incorporated into modified jet fragmentation
functions, producing an effective energy loss. This calculation can reproduce
[182] the HERMES measurements of modified jet fragmentation in nuclear
deep-inelastic scattering [209]. By relating the modified fragmentation func-
tions from the higher-twist calculation to energy-loss results obtained from
the leading term in an opacity expansion calculation (e.g. GLV) of medium-
induced energy loss the parameters describing the rescattering in the nucleus
in e+A collisions can be related to the parameters describing the medium in
an explicit energy-loss calculation. By relating the two sets of parameters, the
parton density in the hot medium can be related to the parton density in a
cold nucleus [182]. Results of this analysis are shown in Fig. 42 for parameters
that give an initial energy loss per unit length of 13.8± 3.9 GeV/fm when the
HIJING [70] parameterization of shadowing is used [179] (Note: this result is a
factor of two larger that in [182] which was based on analysis of the 130 GeV
results). However, an alternative (EKS) [210] shadowing description results
in an initial energy loss of 16.1 ± 3.9 GeV/fm [179] in the same calculation
indicating at least a 25% systematic error in the energy loss estimates due
to uncertainties in the description of nuclear shadowing. Nonetheless, these
initial-energy-loss values are much larger than the time-averaged energy loss
extracted from the calculation, 0.85 ± 0.24 GeV/fm for HIJING shadowing
[179], due to the assumed 1/τ decrease in the color-charged density. In fact,
the average energy loss per unit path length in central Au+Au collisions [182]
is comparable to the value for cold nuclear matter extracted from HERMES
data [182]. However, the initial energy loss is estimated by Wang to be a fac-
tor of ∼ 30 larger than that in a cold nucleus [179] implying that the initial
Au+Au parton density is larger by a factor > 30 than in cold nuclear matter
[211].

As shown in Fig. 42 the Wang higher-twist calculation predicts a suppression
that varies strongly with pT over the range where the experimental RAA(pT )
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values are flat. However, Wang and Wang have argued that absorption of
energy from the medium needs to be accounted for in calculating the energy
loss of moderate-pT partons [181]. They provide a formula which incorporates
both parton energy loss and “feedback” from the medium that can reproduce
the shape of the observed high-pT suppression as shown by the lower curve
in Fig. 42. This formula, then, provides the energy loss estimate given above.
This explanation for the observed pT independence of RAA, a crucial feature
of the experimental data, is disquieting, however, because it contradicts the
explanation provided by the GLV model which provides a consistent estimate
of the initial energy density. The feedback of energy from the medium is not
included in the GLV calculations and if this contribution is significant, then
the agreement of the GLV predictions with the π0 RAA(pT ) over the entire
pT range would have to be considered “accidental”. Also, the variation of the
suppression in the Wang higher-twist calculation with pT reflects the ∆E ∝
logE variation of parton energy loss naturally obtained from approximations
to the full opacity expansion [199]. As noted above, the GLV approach finds
that incorporating non-leading terms in the opacity expansion produces ∆E ∝
E. Thus, while the absorption of energy from the medium in the Wang et al.
approach may only be significant below pT = 5 GeV/c, the differences between
the variation of energy loss with parton energy in the two approaches will not
be confined to low pT .

One source of uncertainty in the interpretation of the high-pT suppression is
the role of possible inelastic scattering of hadrons after fragmentation. It was
originally argued that final-state inelastic scattering of hadrons could produce
all of the observed suppression [212]. The persistence of the jet signal with
the correct width in Au+Au collisions would be difficult to reconcile with this
hypothesis. Indeed, more recent analyses [213] discount the possibility that
hadronic re-interaction could account for the observed high-pT suppression
and indicate that only ∼ 1/3 of fragmentation hadrons undergo final-state
inelastic scattering [213]. Wang has also argued [214] that the complete pat-
tern of high-pT phenomena observed in the RHIC data cannot be explained
by hadronic rescattering. However, this leaves open the question of whether
hadronic re-interactions after jet fragmentation can be partially responsible
for the observed high-pT suppression. There are a number of other open is-
sues with the quantitative interpretation of the observed high-pT suppression.
The calculations all assume that the jets radiate by scattering off static color
charges while the typical initial gluon pT is often assumed to be ∼ 1 GeV.
Also the radiated gluons are assumed to be massless though a plasmon cutoff
equal to the screening mass is applied. The systematic errors introduced by
these and other assumptions made in the current energy loss calculations have
not yet been evaluated though the gluon screening mass is being included in
analyses of heavy-quark energy loss.
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6.5 Empirical Energy Loss Estimate

The observation that the suppression of high-pT particle production is ap-
proximately independent of pT above 4 GeV/c and that the p+ p pT spectra
are well described by a pure power-law function in the same pT range allows
a simple empirical estimate of the energy loss of hard-scattered partons in
the medium. The π0 invariant cross section measured by PHENIX in p+ p
collisions [56] is found to be well described by a power law

E
d3n

dp3
=

1

2π

d2n

pTdpTdy
=

A

pT
n

(28)

for pT > 3.0 GeV/c with an exponent n = 8.1 ± 0.1. If we assume that none
of the hard-scattered partons escape from the medium without losing energy,
then the approximately pT -independent suppression above 4.5 GeV/c can be
interpreted as resulting from an average fractional shift in the momentum of
the final-state hadrons due to energy loss of the parent parton. The suppressed
spectrum can be evaluated from the unsuppressed (p+ p) spectrum by noting
that hadrons produced in Au+Au collisions at a particular pT value, would
have been produced at a larger pT value pT

′ = pT + S(pT ) in p+ p collisions.
If the energy loss is proportional to pT then we can write S(pT ) = S0pT so
pT

′ = (1 + S0)pT Then, the number of particles observed after suppression in
a given ∆pT interval is given by

dn

dpT

=
dn

dpT
′
dpT

′

dpT

=
A

(1 + S0)(n−2) pT
(n−1)

. (29)

We note that the factor dpT
′

dpT
accounts for the larger relative density of parti-

cles per measured pT interval due to the effective compression of the pT scale
caused by the induced energy loss; this factor is necessary for the total num-
ber of particles to be conserved. The nuclear modification factor then can be
expressed in terms of S0,

RAA(pT ) =
1

(1 + S0)(n−2)
. (30)

Using this very simple picture, we can estimate the fraction of energy lost by
hard-scattered partons in the medium from our measured RAA values. First
we obtain S0 from Eq. 30

S0 =
1

RAA
1/(n−2)

− 1. (31)

114



Then we observe that the hadrons that would have been produced in p+ p
collisions at a momentum (1 + S0)pT were actually produced at pT , implying
a fractional energy loss

Sloss = 1 − 1/(1 + S0) = 1 −RAA
1/(n−2). (32)

Figure 43 shows the centrality dependence of Sloss obtained from the pT -
averaged RAA values shown in Fig. 38. For the most central Au+Au collisions
at 200 GeV we obtain Sloss = 0.2, which naively implies that an average 20%
reduction in the energy of partons in the medium will produce the suppression
observed in the π0 spectra above 4.5 GeV/c. The extracted Sloss values are
well described by an Npart

2/3 dependence using the most central bin to fix the
proportionality constant. This result agrees with the GLV prediction for the
centrality dependence of the medium-induced energy loss.

It has been shown previously [215,216] that fluctuations in the radiation pro-
cess can distort an estimate of parton energy loss using the procedure de-
scribed above. Because of the steeply falling pT spectrum, the partons that
lose less energy dominate the yield at a given pT so our determination of Sloss

will significantly underestimate the true energy loss. However, it has also been
observed that this distortion can largely be compensated by a single multi-
plicative factor of value ∼ 1.5 − 2 [215]. While we cannot use the empirically
extracted energy loss to estimate an initial gluon density, we can evaluate
the consistency of our results with estimates of 〈dE/dx〉 in the medium. If
we take into account the factor of 1.5 − 2.0 renormalization of the Sloss, we
estimate that 10 GeV partons lose ∼ 3− 4 GeV of energy. If the typical path
length of these partons is on the order of the nuclear radius then we can in-
fer a ∆E/∆x ∼ 0.5 GeV/fm which is in good agreement with the estimate
from Wang [182]. We can also use the above empirical energy loss approach to
evaluate possible systematic errors in the estimate of the initial gluon density.
For example, if one third of the observed suppression were a result of final-
state hadronic interactions in the medium, then the suppression due to energy
loss would be a factor of 1.5 smaller than that implied by the measured RAA

values, assuming that every fragmentation hadron that interacts effectively
“disappears” by being shifted to much lower momentum. As a result, S0 in
central Au+Au collisions would be reduced from 0.25 to 0.17, implying 30%
reduction in the estimated energy loss. If the energy loss is indeed proportional
to the initial gluon density then the uncertainty in the effect of the final-state
hadronic interactions would introduce a 30% systematic error in dng/dy.
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Fig. 43. Calculated energy loss shift factor, Sloss vs. Npart for π0 and charged hadron
production in 200 GeV Au+Au collisions. The band around the values indicates
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6.6 Conclusions

The observed suppression of high-pT particle production at RHIC is a unique
phenomenon that has not been previously observed in any hadronic or heavy
ion collisions at any energy. The suppression provides direct evidence that
Au+Au collisions at RHIC have produced matter at extreme densities, greater
than ten times the energy density of normal nuclear matter and the highest
energy densities ever achieved in the laboratory. Medium-induced energy loss,
predominantly via gluon bremsstrahlung emission, is the only currently known
physical mechanism that can fully explain the magnitude and pT dependence
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of the observed high-pT suppression. This conclusion is based on evidence
provided above that we summarize here:

• Observation of the xT scaling of the high-pT hadron spectra and measure-
ments of two-hadron azimuthal-angle correlations at high pT confirm the
dominant role of hard scattering and subsequent jet fragmentation in the
production of high-pT hadrons.

• d+Au measurements demonstrate that any initial-state modification of nuclear-
parton distributions has little effect on the production of hadrons with
pT > 2 GeV/c at mid-rapidity.

• This conclusion is further strengthened by preliminary PHENIX measure-
ments showing that the yield of direct photons with pT > 5 GeV/c is consis-
tent with a TAB scaling of a pQCD-calculated p+ p direct-photon spectrum.

• Analyses described above indicate that final-state hadronic interactions can
only account for a small fraction of the observed high-pT suppression.

Interpreted in the context of in-medium energy loss, the high-pT suppression
data rule out the simplest energy loss prescription—a jet energy indepen-
dent ∆E/∆x. The approximately flat RAA(pT ) was predicted by the GLV
energy loss model from which the most explicit estimates of the initial gluon-
number density, dng/dy = 1000± 200 and a corresponding initial energy den-
sity ε0 ≈ 15GeV/fm3 [188], have been obtained. An alternative estimate from
the analysis of Wang et al. [182] yields a path-length-averaged energy loss of
0.5 GeV/fm. Assuming a 1/τ time evolution of the energy density a much
larger initial energy loss of 13–16 GeV/fm is obtained. That estimate com-
bined with the estimated 0.5 GeV/fm energy loss of partons in cold nuclear
matter yields an initial Au+Au gluon density > 30 times larger than that in
nuclei [211]. From this result, Wang concludes that the initial energy density is
a factor of ∼ 100 times larger than that of a nucleus which would correspond
to 16GeV/fm3 [211]. While this conclusion is consistent with the independent
estimate from GLV, we note that the two models provide completely different
explanations for the nearly pT -independent RAA – the most unique feature
of the single-particle high-pT suppression – and the differences between the
approaches may not be confined to low pT . An empirical analysis of the par-
ton energy loss suggests that the Wang estimate of > 0.5 GeV/fm for the
average parton ∆E/∆x is consistent with the measured RAA values in central
Au+Au collisions. However, some outstanding issues with current energy loss
calculations and the interpretation of high-pT suppression were noted above.
Most notably, rescattering of hadrons after parton fragmentation could affect
the observed high-pT suppression even if such rescattering cannot explain the
pattern of jet quenching observations. Using results from [213] and our empir-
ical energy loss analysis, we estimated that hadronic interactions could modify
extracted values for initial parton densities by only 30%. However, we cannot
evaluate the potential systematic error in extracted parton densities due to
other untested assumptions of the energy loss calculations. Therefore, to be
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conservative we interpret the extracted initial gluon number and energy den-
sities as order-of-magnitude estimates. Even then, the 15GeV/fm3 estimated
by Gyulassy and Vitev from the central 200 GeV Au+Au π0 RAA(pT ) mea-
surements indicates that the matter produced in central Au+Au collision has
an energy density > 10 times normal nuclear matter density.

7 HADRON PRODUCTION

Descriptions of heavy ion collisions have provided an understanding of early
energy densities, production rates and medium effects of hard partons, and col-
lective flow of matter. However, hadronization—the process by which partons
are converted into hadrons—is not well understood. The process of hadroniza-
tion is particularly important since it includes both the dressing of the quarks
from their bare masses, i.e. the breaking of approximate chiral symmetry,
and the confinement of quarks into colorless hadrons. One could conclude
that a quark-gluon plasma had been formed if one had conclusive evidence of
hadronization occurring from a thermal distribution of quarks and gluons.

Hadronization processes have been studied over many years in proton-proton
and electron-positron reactions. Hadron formation, by its very nature a non-
perturbative process, has often been parameterized from data (e.g. fragmen-
tation functions D(z)) or phenomenologically described (e.g. string models)
[217]. From QCD one expects that hadron production at high transverse mo-
mentum is dominated by hard scattering of partons followed by fragmentation
into “jets” or “mini-jets” of hadrons. Following the assumptions of collinear
factorization, the fragmentation functions should be universal. This univer-
sality has proved a powerful tool in comparing e+e− annihilation to hadron-
hadron reactions. One feature of jet fragmentation is that baryons and an-
tibaryons are always suppressed relative to mesons at a given pT [218,219].
Phenomenologically this can be thought of as a large penalty for creating a
diquark-antidiquark pair for baryon formation vs. a quark-antiquark pair for
meson formation.

In hadron-hadron reactions, hard scattering followed by fragmentation is con-
sidered to be the dominant process of hadron production for particles with
pT ≥ 2 GeV/c at mid-rapidity. At low transverse momentum, where particles
have pT < 2 GeV/c, particle interactions are often referred to as “soft”. In
small momentum transfer reactions the effective wavelength of interactions is
longer than the spacing of individual partons in a nucleon or nucleus. Thus
coherence effects are expected to result in large violations of factorization
and universality of fragmentation functions. Hadron formation mechanisms in
this “soft” regime are poorly understood. We are particularly interested in the
study of hadron formation in the region of pT ≈ 2–5 GeV/c, where production
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is expected to make the transition from “soft” to “hard” mechanisms.

7.1 Baryons and Antibaryons

One of the most striking and unexpected observations in heavy ion reactions
at RHIC is the large enhancement of baryons and antibaryons relative to pions
at intermediate pT ≈ 2–5 GeV/c. As shown in Fig. 44, the (anti)proton to pion
ratio is enhanced by almost a factor of three when one compares peripheral
reactions to the most central gold-gold reactions [220] 7 . This of course is in
sharp contrast to the suppression of pions in this region.
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We can investigate this (anti)baryon excess to much higher pT by comparing
our inclusive charged spectra (primarily pions, kaons and protons) with our
neutral pion measurements [220]. Shown in Fig. 45 is the charged hadron to
π0 ratio as a function of transverse momentum in ten centrality bins. We
observe a significant increase of the (h+ + h−)/π0 ratio above 1.6 in the pT

range 1–5 GeV/c that increases as a function of collision centrality. The ratio

7 All PHENIX (anti)proton spectra shown in this section are corrected for feed
down from heavier resonances.
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of h/π = 1.6 is the value measured in p+ p reactions [218], and is thought to
arise from jet fragmentation. In Au+Au central reactions, above pT ≈ 5GeV/c,
h/π returns to the p+p measured baseline. This implies that the (anti)baryon
excess occurs only in the limited pT window ≈2–5 GeV/c, and then returns
to the universal fragmentation function expectation.

As discussed in section 6, pions in this pT range are suppressed by almost a
factor of five relative to binary collision scaling for central Au+Au reactions.
Thus, one possible interpretation of the large (anti)proton to pion ratio is that
somehow the baryons are not suppressed in a manner similar to the pions.
Figure 46 shows that in fact (anti)proton production appears to follow binary
collision scaling over the transverse momentum range pT = 2–5 GeV/c [220].
However, the h/π0 ratios shown in Fig. 45 imply that above pT > 5 GeV/c,
the (anti)protons must be as suppressed as the pions.

Characteristics of the intermediate pT (anti)protons are:

• A large enhancement of the p/π and p/π ratios in central Au+Au collisions.
• A ratio in peripheral collisions which is in agreement with that from p + p

collisions.
• A smooth increase from peripheral to central Au+Au collisions.
• A similar effect for protons and antiprotons.
• Approximate scaling of (anti)proton production at pT ≈ 2–4 GeV/c with

the number of binary nucleon-nucleon collisions.
• Suppression relative to binary collision scaling similar for (anti)protons and

pions for pT > 5 GeV/c.

Large proton to pion ratios have also been observed in heavy ion collisions at
lower energies. Figure 47 shows pT distributions of protons, antiprotons, and
pions in central Pb+Pb collisions at the SPS and in central Au+Au collisions
at the AGS. The p/π ratio in central Pb+Pb collisions at the SPS is greater
than unity for pT ≥ 1.3 GeV/c. At the AGS, the proton spectrum crosses
pion spectra at pT ∼ 0.5 GeV/c, and the p/π ratio is about 20 at pT = 1.6
GeV/c. The p/π ratios in the low-energy heavy-ion collisions are also enhanced
compared with p+ p collisions at the same energy.

Most of the protons in these lower-energy heavy-ion collisions are not produced
in the collision. Rather they are protons from the beam or target nucleus (Pb
or Au) that are transported to large pT at mid-rapidity. As discussed in section
3, a strong radial flow with velocity βT ∼ 0.5 is produced in heavy ion collisions
at AGS and SPS energies. The large p/π ratio can be interpreted as a result of
this radial flow. Since the proton is heavier, a fixed velocity boost results is a
larger momentum boost than for pions, and thus enhances p/π ratio at higher
pT . In contrast, at RHIC energies, most of protons are produced particles [40].
The anomalously large antibaryon-to-meson ratio p̄/π ∼ 1 at high pT ≥ 2
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Fig. 46. p and p invariant yields scaled by Ncoll. Error bars are statistical. System-
atic errors on Ncoll range from ≈10% for central to ≈28% for 60–92% centrality.
Multiplicity dependent normalization errors are ≈3%.

GeV/c is a unique result from RHIC. Such a large p̄/π ratio has not been
observed in any other collision system. Figure 47 shows that p̄/π is less than
∼ 0.1 at the SPS, and it is less than 1/100 at the AGS. It should also be noted
that the measurements from the AGS/SPS are limited to lower pT (pT < 2
GeV/c), where soft physics is still dominant, while at RHIC we observe a large
p(p̄)/π ratio in pT ≈ 2–5 GeV/c where hard processes are expected to be the
dominant mechanism of particle production.

7.2 The φ Meson

We have extended our identified hadron studies to include the φ vector meson
as measured in the K+K− decay channel. The φ is a meson, and is in that
sense similar to the pion with a valence quark and antiquark, and yet its mass
is comparable to that of the proton.

Figure 48 shows RCP , the ratio of production in central to peripheral Au+Au
collisions scaled by binary collisions, for protons, pions and φ mesons detected
via its KK decay channel [225] in Au+Au collisions at

√
sNN = 200GeV. A

large suppression of pions at pT > 2GeV/c is observed (as detailed in Section
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√
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6), and a lack of suppression for the protons and antiprotons as expected
from Fig. 46. The φ follows the suppression pattern of the pions within errors,
indicating that the surprising behavior of the protons is not followed by the φ.
Figure 49 shows a comparison between the pT spectral shape for protons and
the φ in central and peripheral Au+Au reactions. The two spectra agree with
each other within errors for the most central events. Thus, although the yields
are evolving differently with collision centrality, giving rise to the deviation
from unity of RCP , the pT distributions appear quite similar.

7.3 Jet Correlations

A crucial test of the origin for the enhanced (anti)proton to pion ratio is to
see if baryons in this intermediate pT regime exhibit correlations characteristic
of the structure of jets from hard-scattered partons. Particles which exhibit
these correlations are termed “jet-like”. Figure 50 shows the associated part-
ner particle yield within the relative angular range 0.0 < φ < 0.94 radians on
the same side as trigger baryons and mesons [226]. Correlated pairs are then
formed between the trigger particle and other particles within the above men-
tioned angular range. Mixed events are used to determine the combinatorial
(i.e. non-jet-like) background distribution, which is subtracted after modula-
tion according to the measured v2.
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The partner yield increases for both trigger baryons and mesons by almost
a factor of two from deuteron-gold to peripheral and mid-central Au+Au re-
actions. We then observe a decrease in the jet-like correlations for baryons
relative to mesons for the most central collisions. It is notable that this obser-
vation is of limited significance within our current statistical and systematic
errors. Over a broad range of centrality 10-60% the partner yield is the same
for protons and pions within errors. This is notable since the (anti)proton to
pion ratio has already increased by a factor of two for mid-central Au+Au
relative to proton-proton reactions, with the implication that the increase in
the p/π ratio is inclusive of the particles with jet-like correlations.

The dashed line in Figure 50 shows the expected centrality dependence of
partners per baryon if all the “extra” baryons which increase the p/π over
that in p+p collisions were to arise solely from soft processes. Baryons from
thermal quark recombination should have no jet-like partner hadrons and
would dilute the per-trigger conditional yield. Because this simple estimate
does not allow for meson production by recombination, which must also occur
along with baryon production, it represents an upper limit to the centrality
dependence of jet partner yield from thermal recombination. The data clearly
disagree with both the centrality dependence and also the absolute yields of
this estimation, indicating that the baryon excess has the same jet-like origin
as the mesons, except perhaps in the highest centrality bin.
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The characteristics of the jet-like particles are compared to inclusive hadrons
in Fig. 51, which shows the centrality dependence of the pT distributions of
jet-like partners and inclusive hadrons. One can see that, within the statistics
available, the slopes of the associated particle spectra in p+ p, d+Au, periph-
eral and mid-central Au+Au collisions are very similar for both trigger mesons
and trigger baryons. The partner spectra are harder than the inclusive hadron
spectra, as expected from jet fragmentation. In the most central collisions, the
number of particles associated with trigger baryons is very small, resulting in
large statistical error bars. However, the inverse slopes of the jet-like partners
and inclusive hadron distributions agree better in central collisions than in
peripheral collisions.
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We can then make the following general observations:

• Trigger (anti)protons and mesons have comparable near-side associated-
particle yields over a broad range in centrality, indicating a significant jet-
like component for both.

• There is an indication that the proton partner yield tends to diminish for
the most central collisions, unlike for leading mesons.

• Within the limited statistics available for the measurement, the inverse
slopes of the associated particles are similar for both mesons and baryons.
These are harder than for the inclusive spectra.

• Trigger particles in Au+Au collisions appear to have more associated par-
ticles than in d+Au collisions. This is true for all centralities aside from the
most peripheral, and except for leading baryons in central collisions.

7.4 Soft Physics

In hadron-hadron reactions, hard scattering followed by fragmentation is con-
sidered to be the dominant process of hadron production with pT ≥ 2 GeV/c
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at mid-rapidity. However, as detailed in section 3, there is strong evidence
for explosive collective motion of particles in the medium. If the mean free
path for particles in the medium is small, then all particles must move with
a common local velocity as described by hydrodynamics. Therefore, heavier
particles receive a larger momentum boost than lighter particles. This effec-
tive shifting of particles to higher pT results in a “shoulder-arm” shape for the
(anti)proton pT spectra, visible in Fig. 49.

7.4.1 Hydrodynamics

Is it possible that this soft hadron production extends to higher pT for baryons
than mesons? Hydrodynamic boosting of “soft” physics for heavier particles
into the pT > 2GeV/c offers a natural explanation for the enhanced p/π and
p/π ratios [98].

As seen in Section 3, some hydrodynamical models can describe both the pro-
ton and the pion spectra. Consequently, the p/π ratio is also reproduced (Fig.
52). It is clear that the description of the p/π ratio is not unique and differ-
ent calculations yield quite different results. Above some pT , hydrodynamics
should fail to describe the data and fragmentation should dominate. Pure hy-
drodynamics predicts that this ratio would continue to increase essentially up
to pT → ∞. However, these particles cannot have a zero mean free path in the
medium. Any finite mean free path and a finite volume will limit the number
of pT “kicks” a particle can receive. For this reason many of the hydrodynamic
calculations are not extended into the pT region 2–5 GeV/c in which we are
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interested.

Hydrodynamic calculations do not specify the quanta that flow; rather they
assume an equation of state. When applied at RHIC, most calculations start
with a quark-gluon-plasma equation of state and transition to a resonance gas.
The mapping of the fluid onto hadrons is somewhat ad hoc, and often uses
the Cooper-Frye freezeout [118], giving the typical hierarchies of momenta one
sees where heavier particles receive a larger boost.
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As mentioned previously, this generic feature of a transverse velocity boost
yielding an increase in the baryon to meson ratio relative to proton-proton
reactions is not unique to RHIC as shown in Fig. 47. However, a major differ-
ence between lower-energy results and those at

√
sNN = 200 GeV is that at

these highest energies there is a significant hard-process contribution. If the
source of the excess baryons is the transport of soft baryons to the intermedi-
ate pT range, then it is purely coincidental that the baryons scale with binary
collisions. More importantly, we should expect a significant decrease in the
jet-like partner yield for baryons relative to mesons. Although there may be a
hint of this for the most central reactions, one expects this decrease to follow
the centrality dependence of the increase in p/π ratio. Thus, this effect should
already reduce the partner yield by a factor of two in mid-central Au+Au
reactions. This is ruled out by the data.
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7.4.2 Recombination Models

The quark recombination or coalescence model is a different physics frame-
work in which baryons receive a larger pT boost than mesons. These models
were frequently invoked in the 1970’s [227,228] in an attempt to describe the
rapidity distribution of various hadronic species in hadron − hadron reac-
tions. More recently, these models have been applied to describe the forward
charm hadron production in hadron − nucleus reactions at Fermilab [229].
In this case they calculate a significant probability for D meson formation
from a hard-scattering-created charm quark with a light valence quark in the
projectile. The quark coalescence mechanisms have some similarities to light
nuclei coalescence. However, wave functions are relatively well determined for
light nuclei, whereas the hadron wave functions are neither easily described
by partons nor directly calculable from QCD.

Recently, quark recombination has been successfully applied to describe a
number of features of heavy ion collisions [230,231] (Duke model). In this
picture, quarks in a densely populated phase space combine to form the final-
state hadrons. This model uses the simplifying assumption that the mass is
small relative to the momentum giving a prediction largely independent of the
final hadron wave function 8 . The coalescing parton distribution was assumed
to be exponential, i.e. thermal, and recombination applied for hadrons where
m2/p2

T << 1. At very high pT particles are assumed to arise from fragmen-
tation of hard partons with a standard power law distribution; the relative
normalization of the thermal source with respect to this process is an impor-
tant external parameter to the model. A crucial component of recombination
models is the assumption that the partons which recombine carry a mass
which is essentially equal to the mass of the dressed constituent quarks 9 . If
all observables of intermediate pT hadrons can be explained by recombina-
tion of only thermal quarks, this would essentially prove the existence of a
quark-gluon plasma in the early stage of the collisions.

Three essential features are predicted by recombination models. First, baryons
at moderate pT are greatly enhanced relative to mesons as their transverse mo-
mentum is the sum of 3 quarks rather than 2. Recombination dominates over
parton fragmentation in this region, because, for an exponential spectrum re-
combination is a more efficient means of producing particles at a particular
pT . This enhancement should return to its fragmentation values at higher pT .
In the intermediate range, all mesons should behave in a similar manner re-

8 The recombination model prediction of these models is independent of the final
hadron wave function with an accuracy of about 20% for protons and 10% for pions
9 The actual source of this mass is under discussion. It may be that the chiral
phase transition is slightly above the deconfinement transition. In this case, the
mass would be from the dressing of the quarks. Another possibility is that the mass
is a thermal mass which happens to be similar to the constituent quark mass.
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gardless of mass, as should all baryons. Secondly, recombination predicts that
the collective flow of the final-state hadrons should follow the collective flow
of their constituent quarks. Finally, recombination causes thermal features to
extend to higher transverse momentum, pT >> TC than one might naively
expect since the underlying thermal spectrum of the constituents gets a mul-
tiplication factor of essentially 3 for baryons and 2 for mesons. A last general
feature which is true for the simplest of the models, but may not necessarily be
true for more complex models, is that at intermediate pT , recombination is the
dominant mechanism for the production of hadrons—particularly of baryons.

Other recombination calculations have relaxed the assumptions previously de-
scribed, at the cost of much more dependence on the particular form of the
hadronic wave function used. One such calculation [232,233] (Oregon model)
uses a description of hadronization which assumes that all hadrons—including
those from fragmentation—arise from recombination. Hard partons are al-
lowed to fragment into a shower of partons, which can in turn recombine—
both with other partons in the shower and partons in the thermal background.
Another model [234] (TAMU model) uses a Monte-Carlo method to model the
production of hadrons allowing recombination of hard partons with thermal
partons, and includes particle decays, such as ρ→ 2π which produces low-pT

pions.
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Figure 53 shows several recombination model calculations compared to the p/π
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ratio from PHENIX. The general features at pT > 3 GeV/c are reasonably
reproduced—that is the protons show a strong enhancement at moderate pT

which disappears at pT > 5 GeV/c consistent with the measured h/π ratio
shown in Fig. 45. The more complicated models do a better job, as one might
expect in the pT < 3 GeV/c region, where the assumptions made by the
Duke model begin to break down. Since the recombination model’s essential
ingredient is the number of constituent quarks in a hadron, the similarity of
RCP for the φ and pions is nicely explained.

Figure 54 shows the fraction of hadrons arising from recombination of only
thermal quarks, as a function of pT . For pT between 2.5 and 4 GeV/c the
fraction of protons from recombination is greater than 90% for all impact pa-
rameters, and is essentially 100% for the most central collisions. For pions the
value is between 40 and 80%, depending on the centrality. This is contradicted
by the data in Fig. 50 which clearly shows jet-like correlations for both pions
and protons in mid-central collisions. It should be noted that the yield of par-
ticles associated with baryons in very central collisions appears to decrease,
indicating a possible condition where the simple picture of recombination of
purely thermal quarks may apply.
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Fig. 54. The ratio r(PT ) = R/(R+F) of recombined hadrons to the sum of recom-
bination (R) and fragmentation (F) for pions (solid), K0s (dashed) and p (dotted
lines) [231] in Au+Au collisions at

√
sNN = 200GeV. For protons and pions differ-

ent impact parameters b = 0, 7.5 and 12 fm (from top to bottom) are shown. K0s
is for b = 0 fm only.
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One can examine the general prediction for the elliptic flow of identified par-
ticles by rescaling both the v2 and the transverse momentum by the number
of constituent quarks as shown in Fig. 55. This scaling was first suggested
by Voloshin [235]. Above pT/n of 1 GeV/c (corresponding to 3 GeV/c in the
proton transverse momentum) all particles essentially plateau at a value of
about 0.35 presumably reflecting the elliptic flow of the underlying partons.
Interestingly, even at lower values of the transverse momentum, all particles
also fall on the same curve aside from pions.
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Fig. 55. v2 as a function of transverse momentum for a variety of particles for Au +
Au collisions where both v2 and pT have been scaled by the number of constituent
quarks in the particle. The meson data are shown with filled symbols; π− + K−

from PHENIX at
√

sNN = 200GeV [50] (filled circles), charged π from STAR
at

√
sNN = 130GeV [95] (filled squares), K0

s from STAR at
√

sNN = 200GeV
[236] (filled triangles), and π0 from PHENIX at

√
sNN = 200GeV [237] (filled

stars). While the baryons are shown with open symbols; p from PHENIX at√
sNN = 200GeV [50] (open squares), p from STAR at

√
sNN = 130GeV [95]

(open circles), and Λ from STAR at
√

sNN = 200GeV [236] (open triangles).

It is clear from the jet correlations observed that the majority of moderate
pT baryons in peripheral and mid-central collisions cannot arise from a purely
thermal source, as that would dilute the per-trigger partner yield. The jet
structure and collision scaling indicate that at least some of the baryon excess
is jet-like in origin. The relatively short formation time for baryons of such
momenta suggests that allowing recombination of fragmentation partons with
those from the medium may solve the problem and better reproduce the data.
Both the Oregon and TAMU models have mechanisms to do this. However,
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Fig. 56. v2/n in the TAMU model, where n is the number of constituent quarks in
a particle for protons and pions. Scaled pion (dashed line) and proton (dotted line)
results from the TAMU model are shown in addition to measurements from the
PHENIX experiment from minimum bias Au+Au reactions at

√
sNN = 200GeV

[50]. This model allows for the recombination of hard partons and soft partons, as
well as the decay of resonances such as the two pion decay of the ρ meson. One sees
that, at least in this calculation, the addition of processes which mix hard and soft
partons do not destroy the agreement for the model with v2/n which is presumably
a soft process.

such modification of the jet fragmentation function must also modify the ellip-
tic flow, and could break the quark scaling needed to reproduce the observed
v2 trends. Hence, the jet structure of hadrons at 2–5 GeV/c pT presents a
challenge to models of the hadron formation.

Figure 56 shows a comparison of the elliptic flow calculated by the TAMU
model [238] with PHENIX data from Au+Au collisions at

√
sNN = 200GeV.

The model includes the recombination of hard and soft partons, as well as the
decay of resonances such as the ρ. In this model, at least, the agreement of v2

with the data is preserved—in addition a simple explanation is given for the
excess of pion v2 at low pT . A similar conclusion in shown in [239]. This would
seemingly attribute all the elliptic flow to the partonic phase leaving no room
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for additional flow to be produced in the later, hadronic stage—which may
be in contradiction to hydrodynamic interpretations of the hadronic state as
demanded by a variety of signatures such as the pT spectra of the protons
and pions (see Section 3). It is clear that a more comprehensive comparison
of observables should be undertaken to check the validity of these models.
Higher-statistics jet studies with different identified particles by PHENIX in
Run-4 will help clarify the situation.

7.5 Hadron Formation Time

In the discussion of the suppression of pions for pT > 2GeV/c, we treat the
pions as resulting from the fragmentation of hard-scattered quarks and gluons.
The explanation of this suppression in terms of partonic energy loss assumes
that the hadronic wave function only becomes coherent outside the medium.
Protons have a different hadronic structure and larger mass, and so may have
a different, shorter time scale for coherence.

Following [214], we can estimate the formation time for the different mass
hadrons at moderate pT in two different ways. According to the uncertainty
principle, the formation time in the rest frame of the hadron can be related
to the hadron size, Rh. In the laboratory frame, the hadron formation time is
then given by

τf ≈ Rh
Eh

mh

(33)

where Rh is taken to be 0.5–1 fm. For a 10 GeV/c pion, this gives a formation
time of 35–70 fm/c. For the pT =2.5 GeV/c pions considered in this section,
the formation time is 9–18 fm/c, well outside the collision region. However for
pT =2.5 GeV/c protons, the corresponding formation time is only 2.7 fm/c
in the vacuum, suggesting the possibility that the hadronization process may
begin inside the medium. However the formation of such heavy particles would
presumably be delayed in a deconfined medium until the entire system began
to hadronize.

If quarks and antiquarks from gluon splitting are assumed to combine into
dipole color singlets leading to the final hadrons, the formation time may be
estimated from the gluon emission time. Then the formation time for a hadron
carrying a fraction z of the parton energy is given by

τf ≈ 2Eh(1 − z)

k2
T +m2

h

. (34)
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If z is 0.6–0.8 and kT ≈ ΛQCD, proton formation times in the range of 1–4
fm result [214]. Such values again imply formation of the proton within the
medium. Thus, it is possible that differing (and perhaps complicated) inter-
actions with the medium may produce different scalings of proton and pion
production and result in modified fragmentation functions in Au+Au colli-
sions. However, most expectations are that this should lead to greater sup-
pression rather than less. In fact, modified fragmentation functions measured
in electron deep-inelastic scattering on nuclei by the HERMES experiment are
often interpreted in terms of additional suppression for hadrons forming in the
nuclear material.

7.6 Hard-Scattering Physics

If the dominant source of (anti)protons at intermediate pT is not soft physics, is
the explanation a medium-modified hard-process source? The near-side part-
ner yields indicate that a significant fraction of the baryons have jet-like part-
ners. However, in the parton energy loss scenario as described in Section 6,
hard-scattered partons lose energy in medium prior to hadronization. Thus
one would expect the same suppression for baryons and mesons. Furthermore,
we know that the (anti)protons are as suppressed above pT = 5GeV/c in a
manner similar to pions . Hence for this explanation to be correct, there must
exist a mechanism by which only partons leading to baryons between 2 and 5
GeV/c in pT escape suppression.

Another key piece of information is that the elliptic flow v2 for protons is large
for pT in the range 2-4 GeV/c. At low pT this collective motion is attributed to
different pressure gradients along and perpendicular to the impact parameter
direction in semi-central collisions. At higher pT it has been hypothesized that
one could observe a v2 due to smaller partonic energy loss for partons traveling
along the impact parameter direction (shorter path in the medium) as opposed
to larger partonic energy loss in the perpendicular direction (larger path in the
medium). However, the data suggest that the pions have a large energy loss (a
factor of five suppression in central Au+Au reactions) , while the protons do
not. In this case one might expect that if the source of proton v2 were energy
loss, then proton v2 would be significantly less than the v2 for the pions. In
fact, the opposite is experimentally observed: for pT > 2 GeV/c, the proton
v2 is always larger than the pion v2.

The contradictions the data create for both the “soft”- and “hard”-physics ex-
planations may indicate that the correct physics involves an interplay between
the two.
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7.7 Conclusions

The anomalous enhancement of (anti)protons relative to pions at intermedi-
ate pT = 2–5 GeV remains a puzzle. At lower transverse momentum particle
production is a long-wavelength “soft” process and the transport of these
hadrons and their precursor partons is reasonably described by hydrodynam-
ics. As observed at lower energies, soft particles emitted from an expanding
system receive a collective velocity boost to higher pT resulting in an enhanced
p/π and p/π ratio relative to proton-proton reactions at the same energy. We
observe a similar phenomena at RHIC, for which the (anti) proton spectra and
v2 are roughly described in some hydrodynamic models up to approximately
2 GeV/c. Another class of calculations, referred to as recombination models,
also boosts soft physics to higher pT by coalescence of “dressed” partons. In
the hydrodynamic models the quanta which are flowing are initially partons
and then hadrons. The recombination models describe comoving valence par-
tons which coalesce into hadrons, and do not reinteract. These two points of
view may not be entirely contradictory, since both include a flowing partonic
phase. If fact, it may be that the recombination models provide a mechanism
by which hydrodynamics works to a much higher pT than one might expect.
The simplifying assumption of hadrons which do not interact is most probably
an oversimplification and further refinement of the models will include this,
though it may be that the hadronic phase will not modify the spectra as much
as the hydrodynamic models might predict.

In both models, the (anti)proton enhancement as a function of centrality can
be tuned to reproduce the apparent binary collision scaling observed in the
data. An important distinction between the two is that in one case this en-
hancement is mass dependent and in the other it comes from the combination
of quark momenta and thus distinguishes between baryons and mesons 10 .
RCP for the φ is similar to other mesons despite the fact that they are more
massive than protons. This scaling with quark content, as opposed to mass,
favors recombination models.

Further investigations into these intermediate pT baryons reveals a near-angle
correlation between particles, in a fashion characteristic of jet fragmentation.
The near-angle associated particle yield increases by almost a factor of two in
going from proton-proton and deuteron-gold reactions to gold-gold peripheral
collisions. In addition, the partner yield is similar for trigger pions and protons,
except in the most central gold-gold reactions. This appears to indicate a hard
process source for a significant fraction of these baryons in contrast to the

10 A caveat to this fact is that in the recombination models, it is the constituent-
quark mass that is important, thereby giving a slightly larger mass to the strange
quark.
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previous mentioned physics scenarios. Quantifying the precise contribution is
an important goal for future measurements.

The large (anti) baryon to pion excess relative to expectations from parton
fragmentation functions at intermediate pT = 2 − 5 GeV/c remains one of
the most striking unpredicted experimental observations at RHIC. The data
clearly indicate a new mechanism other than universal parton fragmentation as
the dominant source of baryons and anti-baryons at intermediate pT in heavy
ion collisions. The boosting of soft physics, that dominates hadron production
at low pT , to higher transverse momentum has been explored with the con-
text of hydrodynamic and recombination models. However, investigations into
these intermediate pT baryons reveals a near-angle correlation between parti-
cles, in a fashion characteristic of jet fragmentation. If instead these baryons
have a partonic hard scattering followed by fragmentation source, this frag-
mentation process must be significantly modified. It is truly remarkable that
these baryons have a large v2 (typically 20%) indicative of strong collective
motion and also a large “jet-like” near-side partner yield. At present, no the-
oretical framework provides a complete understanding of hadron formation in
the intermediate pT region.

8 FUTURE MEASUREMENTS

The previous sections have documented the breadth and depth of the PHENIX
data from the first three years of RHIC operations, along with the physics
implications of those results. Here we describe those measurements required
to further define and characterize the state of matter formed at RHIC. In
particular, we note that the study of penetrating probes, which are the most
sensitive tools in this endeavor, is just beginning. The PHENIX experiment
was specifically designed to address these probes with capabilities that are
unique within the RHIC program and unprecedented in the field of relativistic
heavy ion physics.

One can distinguish two broad classes of penetrating probes:

(1) Hard probes created at the very early stage of the collision which propa-
gate through, and could be modified by, the medium. These are the QCD
hard-scattering probes and the main observables are high-pT particles
coming from the fragmentation of jets, hidden charm (J/ψ production),
open charm and eventually also bottom quark and Υ production.

(2) Electromagnetic probes (either real or virtual photons) which are created
by the medium. Due to their large mean free path these probes can leave
the medium without final-state interaction thus carrying direct informa-
tion about the medium’s conditions and properties. The main observables
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here are low-mass e+e− pairs and the thermal radiation of the medium.

By their very nature, penetrating probes are also rare probes and consequently
depend on the development of large values of the integrated luminosity. In
the present data set the reach for high-pT particles in PHENIX extends to
roughly 10 GeV/c, and lower-cross-section measurements such as charmonium
are severely limited. The dramatic improvement of the machine performance
in the year 2004 run provides confidence that both this data set and those
from future RHIC runs will dramatically extend our reach in the rare probes
sector.

As part of a decadal planning of the RHIC operation, PHENIX has prepared
a comprehensive document that outlines in great detail its scientific goals and
priorities for the next 10 years together with the associated detector upgrade
program needed to achieve them. The decadal plan [240] is centered around
the systematic study of the penetrating probes listed above. The program
is broad and can accommodate additions or modifications provided that a
compelling physics case can be made. Measurements are mainly planned in
Au+Au collisions at the full RHIC energy but they will be supplemented by
other measurements varying the energy and/or the species and by the neces-
sary reference measurements of p + p and p + A collisions. A short summary
is given below.

8.1 High-pT Suppression and Jet Physics

The most exciting results to date at RHIC are the discovery of high-pT suppres-
sion of mesons, interpreted in terms of energy loss of quarks in a high-density
medium, and the nonsuppression of baryons or equivalently, the anomalously
high p/π ratio which still awaits a clear explanation. These two topics were
extensively discussed in Sections 6 and 7, respectively.

The data collected so far are superb. However, they suffer from limited reach in
transverse momentum, limited particle identification capabilities and limited
statistics in particular for detailed studies of jet correlations. PHENIX has
a program for further studies of the high-pT -suppression phenomena and jet
physics which aims at overcoming these limitations.

It will be necessary to trace the suppression pattern to much higher pT to
determine whether (and if so, when) the suppression disappears and normal
perturbative QCD behavior sets in. High-luminosity runs will be needed, with
at least a factor of 50 more statistics. PHENIX is particularly able to per-
form these measurements with its excellent capability of triggering on high-
momentum π0’s.
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PHENIX has performed several particle correlation analyses and has demon-
strated that the experiment’s aperture at mid-rapidity is sufficient to conduct
these studies. Currently, these analyses are limited by the available statistics.
Again, increasing the data sample by a factor of 50–100 will allow a variety of
correlation studies using trigger particles with much-higher-momentum than
studied to date. A particularly interesting case is the study of high-momentum
γ-jet correlations, which have vastly reduced trigger bias, since the trigger pho-
tons propagate through the medium with a very long mean free path.

To further elucidate the baryon puzzle, additional data is required with better
separation between baryons and mesons. An upgrade consisting of an aerogel
Cerenkov counter and a high-resolution TOF detector is expected to be com-
pleted in time for the year 2006. A portion of this aerogel counter was already
installed prior of the year 2004 run and performed according to expectations.
Once completed, this high-pT detector will allow identification of π,K/p to
beyond 8 GeV/c in pT .

8.2 J/ψ Production

Suppression of heavy quarkonia is one of the earliest and most striking pro-
posed signatures of deconfinement. The suppression mechanism follows di-
rectly from the Debye screening expected in the medium, which reduces the
range of the potential between charm quark and anti-quark pairs [241]. The
NA38 and NA50 experiments have carried out a systematic study of J/ψ and
ψ′ at the CERN-SPS in p+ p, p+A, light ion, and Pb+Pb collisions provid-
ing some of the most intriguing results of the relativistic heavy ion program
for more than ten years. The NA50 experiment observed an anomalous sup-
pression of J/ψ in central Pb+Pb collisions at

√
sNN=17.2 GeV [242]. The

suppression, which is of the order of 25% with respect to the normal suppres-
sion in nuclear matter, has been interpreted by the NA50 authors as evidence
for deconfinement of quarks and gluons. Although this interpretation is not
universally shared [243,244], the results of NA38 and NA50 demonstrate the
utility and great interest in understanding the fate of charmonium in dense
nuclear matter.

The theoretical expectations at RHIC energies are not at all clear. They range
from total suppression in the traditional Debye screening scenario to enhance-
ment in coalescence models [245–247] and in statistical hadronization models
[248,249], of c and c quarks. Although some versions of the coalescence model
seem disfavored from our very limited data set [51], a more conclusive state-
ment on these models has to await the much larger data set of the year 2004
run.
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PHENIX has unprecedented capabilities for the study of the J/ψ in Au+Au
collisions. The J/ψ can be measured via its µ+µ− decay channel at forward
and backward rapidities in the muon spectrometers and via its e+e− decay
channel at mid-rapidity in the central arm spectrometers. From the recorded
luminosity of the year 2004 run, we expect several thousand and ∼500 J/ψ in
the muon and central arms, respectively. This data set will allow us a first look
at the J/ψ production pattern at RHIC. However, it could well be marginal
for a complete characterization as a function of centrality and pT , so that it is
likely that further higher-luminosity runs will be required. Also the p+ p and
d+Au baseline measurements performed in the year 2001 – 2003 runs have
large statistical uncertainties, and higher-statistics versions for these colliding
species will be needed. A high-luminosity p+p run is planned in the year 2005
and high-luminosity d+A or p+A are still to be scheduled in the next years.

8.3 Charm Production

Charm quarks are expected to be produced in the initial hard collisions be-
tween the incoming partons. The dominant mechanism is gluon fusion and
thus the production cross section is sensitive to the gluon density in the initial
state. The cc production cross section is sizable at RHIC energies with a few cc
pairs and therefore several open charm mesons per unit of rapidity in central
Au+Au collisions. As a result, charm observables become readily accessible at
RHIC and offer additional and extraordinarily valuable diagnostic tools. For
example, it is vitally important to perform measurements of charm flow and
to determine the energy loss of charm quarks in the medium. Such measure-
ments will determine if the bulk dynamics observed for light quarks extend to
charm quarks, which could in fact have very different behavior due to their
much larger mass. Again the potential of PHENIX in this domain is unique
with its capability of measuring open charm in a broad rapidity range, in the
central and muon arms, via both the electron and muon decay channels. An
additional unique feature is the possibility to measure correlated semileptonic
charm decays by detecting e − µ coincidences from correlated DD decays.
Such a measurement is particularly interesting for the study of charm-quark
energy loss which may differ significantly from that observed for lighter quarks
[250–252]. A first study of e− µ coincidences should be feasible with the year
2004 data.

To date PHENIX has measured charm production cross section in an indirect
way through high-pT single electrons [42] assuming that all electrons (after
measuring and subtracting the contributions from light hadrons and photon
conversions) originate from the semileptonic decays of charm quarks. Although
the charm cross section has large uncertainties, the centrality dependence of
the charm rapidity density demonstrates that charm production follows binary
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scaling as shown in Fig. 34. Improvements and additional information are
expected from the much higher statistic of the year 2004 data.

A qualitatively new advance for PHENIX in the charm and also the beauty
sector will be provided by the implementation of the silicon vertex detector.
An upgrade project is underway to install in the next five years a silicon
vertex tracker, including a central arm barrel and two end caps in front of the
two muon spectrometers. The vertex tracker will allow us to resolve displaced
vertices and therefore to directly identify open charm mesons via hadronic,
e.g. D → Kπ, as well as semi-leptonic decays. The heavy-quark physics topics
accessible with the vertex tracker include production cross section and energy
loss of open charm and open beauty, and spectroscopy of charmonium and
bottomonium states, each of which should provide incisive new details on the
properties of the created medium.

8.4 Low-Mass Dileptons

Low-mass dileptons are considered the most sensitive probe of chiral symmetry
restoration primarily through ρ meson decays. Due to its very short lifetime
(τ = 1.3 fm/c) compared to that of the typical fireball of ∼ 10 fm/c, most
of the ρ mesons decay inside the medium providing an unique tool to observe
in-medium modifications of its properties (mass and/or width) which could be
linked to chiral symmetry restoration. The situation is somewhat different but
still interesting for the ω and φ mesons. Because of their much longer lifetimes
(τ = 23 fm/c and 46 fm/c for the ω and φ, respectively ) they predominantly
decay outside the medium, after regaining their vacuum properties, with only
a small fraction decaying inside the medium. Since the measurement integrates
over the history of the collision, this may result in a small modification of the
line shape of these two mesons which PHENIX might be able to observe with
its excellent mass resolution. PHENIX also has the unprecedented capability
of simultaneously measuring within the same apparatus the φ meson decay
through e+e− and K+K− channels. The comparison of the branching ratios to
these two channels provides a very sensitive tool for in-medium modifications
of the φ and K mesons.

The CERES experiment at CERN has confirmed the unique physics poten-
tial of low-mass dileptons [253–255]. An enhancement of electron pairs was
observed in the mass region m = 0.2–0.6 GeV/c2 in Pb+Au collisions at√
sNN=17.2 GeV with respect to p + p collisions. The results have triggered

a wealth of theoretical activity and can be explained by models which invoke
in-medium modification of the ρ meson (dropping of its mass and/or broad-
ening of its width) [256]. The precision of the CERES data has been so far
insufficient to distinguish between the different models. Results with higher
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statistics and better mass resolution are expected from the NA60 experiment
that is studying the production of low-mass dimuons in In+In collisions [257].
Theoretical calculations [258] show that the enhancement should persist at
RHIC energies and that PHENIX with its excellent mass resolution has an
unique opportunity to do precise spectroscopy of the light vector mesons and
to shed more light on the origin of the enhancement of the low-mass-pair
continuum.

The measurement of low-mass electron pairs is however a very challenging
one. The main difficulty stems from the huge combinatorial background cre-
ated by the pairing of e+ and e− tracks from unrecognized π0 Dalitz decays
and γ conversions. PHENIX is developing a novel Cerenkov detector that, in
combination with the recently installed coil which makes the magnetic field
zero close to the beam axis, will effectively reduce this combinatorial back-
ground by almost two orders of magnitude [259]. The detector, operated in
pure CF4, consists of a 50-cm-long radiator directly coupled, in a windowless
configuration, to a triple GEM detector which has a CsI photocathode evap-
orated on the top face of the first GEM foil and pad read out at the bottom
of the GEM stack [260]. The R&D phase to demonstrate the validity of the
concept is nearing completion. The detector construction phase is starting
now with installation foreseen in time for the year 2006 — 2007. With this
detector PHENIX will have the unprecedented ability to perform high-quality
measurements over the whole dilepton mass range from the π0 Dalitz decay
up to the charmonium states.

8.5 Thermal Radiation

A prominent topic of interest in the field of relativistic heavy-ion collisions
is the identification of the thermal radiation emitted by the system and in
particular the thermal radiation emitted by the quark-gluon plasma via qq
annihilation. Such radiation is a direct fingerprint of the matter formed and
is regarded as a very strong signal of deconfinement. Its spectral shape should
provide a direct measurement of the plasma temperature.

In principle the thermal radiation can be studied through real photons or
dileptons, since real and virtual photons carry basically the same physics mes-
sage. In practice the measurements are extremely challenging. The thermal
radiation is expected to be a small signal compared to the large background
from competing processes, hadron decays for real photons and Dalitz decays
and γ conversions for dileptons, the former being larger by orders of mag-
nitude compared to the latter. But in both cases, a very precise knowledge
of all these sources is an absolutely necessary prerequisite. After subtracting
these sources, one still needs to disentangle other contributions which might be
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comparable or even stronger, mainly the contributions of initial hard-parton
scattering to direct photons and of semileptonic decays of charm mesons to
dileptons.

Theoretical calculations have singled out the dilepton mass range m = 1–
3 GeV/c2 as the most appropriate window where the QGP radiation could
dominate over other contributions [261,262]. Measurements in this interme-
diate mass range carried out at the CERN SPS by HELIOS and NA50 have
revealed an excess of dileptons, but this excess could be explained by hadronic
contributions [263].

There is no conclusive evidence for QGP thermal photons from the CERN
experiments (for a recent review see [264]). From the theoretical point of view
it is clear that in the low-pT region (pT < 2 GeV/c) the real photon spectrum
is dominated by hadronic sources and the thermal radiation from the hadron
gas. It is only in the high-pT region where one might have a chance to observe
the thermal radiation from the QGP.

Preliminary PHENIX results show evidence for direct real photons at pT > 4
GeV/c from the initial hard scatterings. The errors are relatively large leaving
room for a comparable contribution of thermal photons. The high statistics of
the year 2004 run will provide the first real opportunity to search for the QGP
thermal radiation in PHENIX both in the dilepton and real photon channels.
However, the search for this elusive signal might take some time as it will
probably require equally-high-statistics runs of reference data in p + p and
p+A collisions for a precise mapping of all the other contributions (hadronic
+ pQCD for real photons and hadronic + charm for dileptons).

9 SUMMARY AND CONCLUSIONS

The PHENIX data set from the first three years of RHIC operation provides an
extensive set of measurements, from global variables to hadron spectra to high-
pT physics to heavy-flavor production. From this rich menu we have reviewed
those aspects of the present data that address the broad features of the matter
created in Au+Au collisions at RHIC, namely, energy and number density,
thermalization, critical behavior, hadronization, and possible deconfinement.

We first investigated whether the transverse energy and multiplicity measure-
ments of PHENIX demonstrate that a state of high-energy-density matter is
formed in Au+Au collision at RHIC. We estimated from our dET/dη measure-
ment that the peak energy density in the form of created secondary particles
is at least 15 GeV/fm3. If we use a thermalization time of 1 fm/c provided by
the hydrodynamic models from the elliptic flow, then the value of the energy

143



density of the first thermalized state would be in excess of 5 GeV/fm3. These
values are well in excess of the ∼1 GeV/fm3 obtained in lattice QCD as the
energy density needed to form a deconfined phase. Näıve expectations prior
to RHIC turn-on that dET/dη and dNch/dη could be factorized into a “soft”
and a pQCD jet component are not supported by the data. Results from a
new class of models featuring initial-state gluon saturation compare well with
RHIC multiplicity and ET data.

We then examined our data and various theoretical models to investigate the
degree to which the matter formed at RHIC appears to be thermalized. The
measured yields and spectra of hadrons are consistent with thermal emission
from a strongly expanding source, and the observed strangeness production
is consistent with predictions based on complete chemical equilibrium. The
scaling of the strength of the elliptic flow v2 with eccentricity shows that a
high degree of collectivity is built up at a very early stage of the collision.
The hydro models which include both hadronic and QGP phases reproduce
the qualitative features of the measured v2(pT ) of pions, kaons, and protons.
These hydro models require early thermalization (τ

therm
≤ 1 fm/c) and high

initial energy density ε ≥ 10 GeV/fm3. These points of agreement between the
data and the hydrodynamic and thermal models can be interpreted as strong
evidence for formation of high-density matter that thermalizes very rapidly.

However several of the hydro models fail to reproduce the v2(pT ) of pions, pro-
tons, and spectra of pions and protons simultaneously. Given this disagreement
it is not yet possible to make an unequivocal statement regarding the pres-
ence of a QGP phase based on comparisons to hydrodynamic calculations.
The experimentally measured HBT source parameters, especially the small
value of Rlong and the ratio Rout/Rside ≈ 1, are not reproduced by the hy-
drodynamic calculations. Hence we currently do not have a consistent picture
of the space-time dynamics of reactions at RHIC as revealed by spectra, v2

and HBT. These inconsistencies prevent us from drawing firm conclusions on
properties of the matter such as the equation of state and the presence of a
mixed phase.

Critical behavior near the phase boundary can produce nonstatistical fluc-
tuations in observables such as the net-charge distribution and the average
transverse momentum. Our search for charge fluctuations has ruled out the
most näıve model of charge fluctuations in a QGP, but it is unclear if the
charge fluctuation signature can survive hadronization. Our measurement of
〈pT 〉 fluctuations is consistent with the effect expected of high-pT jets, and it
gives a severe constraint on the fluctuations that were expected for a sharp
phase transition.

Many of these observables—for instance, large dE/dη and dNch/dη, strangeness
enhancement, strong radial flow, and elliptic flow—have been observed in
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heavy ion collisions at lower energies. We have found smooth changes in these
observables as a function of

√
sNN from AGS energies to SPS energies to RHIC

energy. The dET/dη increases by about 100% and the strength of the elliptic
flow increase by about 50% from SPS to RHIC. The strangeness suppression
factor γs and the radial expansion velocity 〈βT 〉 vary smoothly from AGS to
RHIC energies. No sudden change with collision energy has been observed.

The strong suppression of high-pT particle production at RHIC is a unique phe-
nomenon that has not been previously observed. Measurements of two-hadron
azimuthal-angle correlations at high pT and the xT scaling in Au+Au collisions
confirm the dominant role of hard scattering and subsequent jet fragmenta-
tion in the production of high-pT hadrons. Measurements in deuteron-gold
collisions demonstrate that any initial-state modification of nuclear parton
distributions causes little or no suppression of hadron production for pT > 2
GeV/c at mid-rapidity. This conclusion is further strengthened by the observed
binary scaling of direct photon and open charm yields in Au+Au. Combined
together, these observations provide direct evidence that Au+Au collisions at
RHIC have produced matter at extreme densities.

Medium-induced energy loss, predominantly via gluon bremsstrahlung emis-
sion, is the only currently known physical mechanism that can fully explain
the magnitude of the observed high-pT suppression. The approximately flat
suppression factor RAA(pT ) observed in the data, which was predicted by the
GLV energy loss model, rules out the simplest energy loss models which pre-
dicted a constant energy loss per unit length. However, the model by Wang
et al. obtains the same flat RAA(pT ) from apparently different physics. From
the GLV model, the initial gluon number density, dng/dy ≈ 1000 and initial
energy density, ε0 ≈ 15GeV/fm3, have been obtained. These values are consis-
tent with the energy density obtained from our dET/dη measurement as well
as ones from the hydro models.

The large (anti)baryon to pion excess relative to expectations from parton
fragmentation functions at intermediate pT (2 — 5 GeV/c) is both an un-
predicted and one of the most striking experimental observation at RHIC.
The data clearly indicates that a mechanism other than universal parton frag-
mentation is the dominant source of (anti-)baryons in the intermediate pT

range in heavy ion collisions. The boosting of soft physics to higher trans-
verse momentum has been explored within the context of hydrodynamics and
recombination models. Hydrodynamic models can readily explain the baryon
to meson ratio as a consequence of strong radial flow, but these models have
difficulties reproducing the difference in v2 between protons and mesons above
2 GeV/c. Recombination models provide a natural explanation for the large
baryon to meson ratio as well as the apparent quark-number scaling of the
elliptic flow. However, investigations into these intermediate pT baryons re-
veal a near-angle correlation between particles, in a fashion characteristic of
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jet fragmentation. If instead these baryons have a partonic hard scattering
followed by fragmentation, this fragmentation process must be significantly
modified. It is truly remarkable that these baryons have a large v2 of ≈ 20 %
typically indicative of strong collective motion and also a large jet-like near-
side partner yield. At present, no model provides a complete understanding of
hadron formation in the intermediate pT regime.

The initial operation of RHIC has produced the impressive quantity of signifi-
cant results described above. These striking findings call for additional efforts
to define, clarify and characterize the state of matter formed at RHIC. Further
study of the collisions using hard probes such as high-pT particles, open charm,
and J/ψ, and electromagnetic probes such as direct photons, thermal photons,
thermal dileptons, and low-mass lepton pairs are particularly important. The
utilization of these penetrating probes is just beginning, and we expect these
crucial measurements based on the very-high-statistics data of the year 2004
run will provide essential results towards understanding of the dense matter
created at RHIC.

Advances in the theoretical understanding of relativistic heavy ion collisions
is vital for the quantitative study of the dense matter formed at RHIC. While
there is rapid and significant progress in this area, a coherent and consistent
picture of heavy ion collisions at RHIC, from the initial formation of the
dense matter to the thermalization of the system to the hadronization to
the freezeout, remains elusive. With such a consistent model, it will become
possible to draw definitive conclusions on the nature of the matter and to
quantitatively determine its properties. The comprehensive data sets from
global variables to penetrating probes provided by PHENIX at present and
in the future will prove essential in constructing and constraining a consistent
model of heavy ion collisions to determine the precise nature of the matter
created at RHIC.

In conclusion, there is compelling experimental evidence that heavy-ion col-
lisions at RHIC produce a state of matter characterized by very high energy
densities, density of unscreened color charges ten times that of a nucleon,
large cross sections for the interaction between strongly interacting particles,
strong collective flow, and early thermalization. Measurements indicate that
this matter modifies jet fragmentation and has opacity that is too large to
be explained by any known hadronic processes. This state of matter is not
describable in terms of ordinary color-neutral hadrons, because there is no
known self-consistent theory of matter composed of ordinary hadrons at the
measured densities. The most economical description is in terms of the under-
lying quark and gluon degrees of freedom. Models taking this approach have
scored impressive successes in explaining many, but not all, of the striking fea-
tures measured to date. There is not yet irrefutable evidence that this state of
matter is characterized by quark deconfinement or chiral symmetry restora-
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tion, which would be a direct indication of quark-gluon plasma formation. The
anticipated program of additional incisive experimental measurements com-
bined with continued refinement of the theoretical description is needed to
achieve a complete understanding of the state of matter created at RHIC.
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Fundaç ao de Amparo à Pesquisa do Estado de S ao Paulo (Brazil), Natural
Science Foundation of China (People’s Republic of China), Centre National
de la Recherche Scientifique, Commissariat à l’Énergie Atomique, Institut Na-
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➩✩➨♣➽✞➲á❰❛➩✉➨❽❰✗➼✞➨✠➭☛➺r➴✩➯❋➩➾➺❋➻❫➩✩Ñ✫➧✗➼❑➯■➭☛➚ ➭☛➵✵➩♦➭☛➨☛➼❑➫✵➻♣Ü✞➩✩➨❸➻♣➩❮➬❽➼❑➻❸➻➍Ð➂Õ ➀ Ò▲➼❑➭④➬❫➺❋➪❶➨☛➼✞❰✵➺r➪✵➺r➭❲➲ÏÐ✄➺⑨✃↕➩❑✃
Ò☛Ø × Ó ➋ Ò➂Õ ×Ù ❱❢➽ ×➀ ❱❁➽ × Ú Ó❘Û Ò❼Õ ×Ù ❱❁➽ ×➀ Ó ➌✭➎✙Ü✠Ý✁Ò✁✃✗Ý■➯r➭☛➩✉➨❸➫✗➼①➭☛➺rÜ✞➩✩➯❞➲⑧➳✵➼❑➻❸➻❸➧❶➬➇➺r➫✵➽❱➭☛➵✗➼❑➭❯➭❸➨☛➼✞➫✵➻✼Ó
Ü⑧➩✉➨❸➻❸➩♦➬➇➚✞➬➇➩✉➫✫➭❸➧✵➬ ➺r➻▲➺❋➫✵➪✵➩✉❰❛➩✉➫✵➪✵➩✉➫✫➭➇➚✞➹◆❰✵➻❸➩✉➧✵➪✵➚⑧➨❸➼✞❰✵➺❋➪❶➺r➭❲➲⑧➳❦➭❸➵✵➩♠➴✩➚⑧➫✹➭❸➨❸➺❋➘❶➧❶➭☛➺r➚⑧➫ ➪✵➧✵➩♠➭☛➚
➭☛➵✵➩❱➯r➚⑧➫✵➽⑧➺❞➭☛➧✵➪❶➺❋➫✗➼✞➯⑩➬❫➚⑧➬❫➩✩➫✹➭☛➧✵➬ ➴✚➼❑➫ ➘t➩❧➹➄➚⑧➧✵➫❶➪ ➘✹➲Þ➼✎Ü✞➩✩➨❸➼✞➽⑧➺❋➫❶➽Þ➽ Ú ➋ ➽ ➀ ➴✩➚❑➭❃Ð❼ß✞Ò✁✃❩✮◆Ü✞➩✩➨
➭☛➵✵➩❫➨☛➼❑➫✵➽⑧➩ ÿ➞à ➄ à Ù ➳✱➭❸➵✵➺❋➻❊➨❸➩✉➻❸➧✵➯❞➭☛➻❇➺❋➫❖Ò✰➽ × Ú Ó ➱❯➵✵➺❋➴✦➵➂➺r➻q➼✞❰✵❰✵➨♣➚✎➸❝➺r➬❽➼❑➭❸➩✩➯❞➲ ✍⑧ÿ✑✏★✽⑧ÿ ☎ ➚✞➹
Ò✰➽❳× ➀ Ó ➼❑➫✵➪ ➱❀➚⑧➧✵➯r➪②➳②➭☛➵❶➩✩➨❸➩✁➹➄➚⑧➨❸➩❑➳⑩➨☛➼✞➺r➻❸➩❱➭☛➵✵➩❫➼✚Ü⑧➩✉➨☛➼✞➽✞➩➇➩✉➫✵➩✩➨♣➽✞➲➮➘✹➲ ➼✞➘❛➚✞➧❶➭ Ù✎ÿ✑✏tÙ✖✒ ☎④✃▼✗❝➺❋➫✵➴✉➩
➭☛➵✵➩✉➨❸➩❮➼❑➨❸➩➍➻♣➺❋➽⑧➫❶➺rÔ✗➴✩➼✞➫✹➭❽➭☛➵❶➩✩➚⑧➨♣➩✉➭☛➺r➴✚➼✞➯⑦➧✵➫✵➴✉➩✩➨✠➭✦➼✞➺r➫✫➭❸➺❋➩✉➻❽➺❋➫á➭☛➵✵➺r➻④➼✞➫❶➪➋➚✞➭☛➵❶➩✩➨④➩✉➯❋➩✩➬❫➩✩➫✹➭❸➻❽➚✞➹
➭☛➵✵➩q➴✚➼❑➯❋➴✩➧❶➯✏➼❑➭❸➺❋➚⑧➫②➳✵➼✞➫✵➪♦➱❀➩❧➼❑➨❸➩❊➺❋➫✹➭☛➩✉➨❸➩✉➻♣➭☛➩✉➪Þ➺❋➫♦➼➇➯r➚✎➱❨➩✉➨■➯r➺❋➬❫➺r➭✚➳❝➼➇➨♣➚⑧➧✵➫✵➪❶➩✩➪➍➩✉➻♣➭❸➺❋➬➇➼❑➭☛➩❊➚✞➹
þ⑧ÿ⑧ÿ✣✷ ➩✺✹ ❰t➩✩➨❯❰✗➼❑➨♣➭☛➺r➴✩➯r➩◆➱❯➺❋➯r➯②➘❛➩❴➧❶➻❸➩✩➪✤✃

❐ ➵✵➩❽➭❸➚✞➭✦➼✞➯✒➩✉➫✵➩✩➨♣➽✞➲❺➺r➫❺➭☛➵❶➩❽➻♣➲✳➻✠➭☛➩✩➬ ➴✩➨♣➩✚➼❑➭❸➩✩➪ ➫✵➩✩➼✞➨✢➬❫➺❋➪✵➨❸➼✞❰✵➺r➪✵➺r➭❲➲➍➺❋➫❺➴✉➩✩➫✹➭☛➨❸➼✞➯❨Ý■➧❲❱✆Ý◆➧
➴✩➚⑧➯r➯❋➺r➻❸➺❋➚✞➫✵➻❙➼❑➭ ❨ ❬✖❭✓❭ ➋ ✝✞ÿ✞ÿ ✛❊➩✺✹ ➴✩➼✞➫➾➘❛➩✆➹➄➚⑧➧❶➫✵➪➾➹➄➨♣➚⑧➬

Ø ➣âá❼➣❩➋ ✝ Ø ➒❄➓→➔☛➣♥➇✬➈ ✳♥➉✑➊ ➇ ➄✬➌✆➍ ➎➏➍ ➐❳➑→ã✑ä✭å➂æ ➣ ã✑ç✘è✓é

➱❯➵✵➩✩➨♣➩✤Ø ➒❄➓✜➔❇➣ ➺r➻❀➭☛➵❶➩❴➼✚Ü⑧➩✩➨❸➼✞➽⑧➩✆➩✉➫✵➩✩➨♣➽✞➲➇❰❛➩✉➨❙❰✗➼✞➨✠➭☛➺❋➴✉➯❋➩❑➳ ➇✬➈ ✳➂➉✖➊ ➇ ➄★➌ ➍ ➎❂➍ ➐❳➑→➋ þ✆✒✄✒ ❃ ✍❀✒ Ð✄➻✠➲❝➻✠➭✺Ò❀➺r➻
➭☛➵✵➩❾➬❫➺❋➪❶➨☛➼✞❰✵➺r➪✵➺r➭❲➲➮➴✦➵✵➼✞➨❸➽⑧➩✉➪⑤❰✵➼✞➨♣➭❸➺❋➴✩➯r➩❽➪✵➩✉➫✵➻❸➺❞➭❲➲➂➹➄➚⑧➨✢➭❸➵✵➩ þ ☎ ➬➇➚⑧➻✠➭❱➴✩➩✉➫✹➭☛➨☛➼❑➯❙➴✩➚⑧➯r➯❋➺r➻❸➺❋➚✞➫✵➻✩➳
➹⑩ä✭å➂æ ➣ ➺❋➻❀➼q➹✄➼✞➴✁➭☛➚⑧➨✔➚✞➹ Ù ✃ þ ➭☛➚✢➨♣➚⑧➧✵➽⑧➵❶➯r➲❫➼✞➴✉➴✩➚⑧➧✵➫✹➭❙➹➄➚✞➨❀➧✵➫❶➪✵➩✉➭❸➩✩➴✉➭❸➩✩➪❾➫✵➩✉➧❶➭☛➨❸➼✞➯t❰✗➼✞➨♣➭❸➺❋➴✉➯❋➩✩➻✉➳✳➼✞➫✵➪
➭☛➵✵➩▲➹✄➼✞➴✁➭☛➚⑧➨❴➚✞➹ ✝ ➺r➫✹➭☛➩✩➽✞➨☛➼❑➭❸➩✩➻❊➚✎Ü⑧➩✩➨❊ê Ù ➅ë➄Ö➅❚❱ Ù ✃▼✮✆➫✵➩▲➹➄➧✵➨✠➭☛➵✵➩✉➨q➺r➻❸➻♣➧✵➩❫➭❸➚♦➴✉➚⑧➫✵➻♣➺❋➪✵➩✉➨q➺r➻
➭☛➵✗➼①➭❱➭☛➵✵➩✉➨❸➩➾➼✞➨❸➩❾❰✵➼✞➨♣➭❸➺❋➴✩➯r➩✩➻✢➱❯➺❞➭☛➵ ➻❸➺r➬➇➺r➯✏➼✞➨❊➭☛➚❑➭✦➼✞➯❙➬❫➚⑧➬❫➩✩➫✹➭☛➧❶➬ ➺❋➫➂➭❸➵✵➩♠➴✩➩✉➫✫➭❸➩✩➨✼Ó❲➚✞➹✏Ó➐➬❽➼✞➻♣➻
➻♣➲✳➻♣➭❸➩✩➬ ➘✵➧❶➭❨➱❯➵❶➺❋➴✦➵❾➼✞➨♣➩◆➫✵➚❑➭❀➭❸➨☛➼✚Ü⑧➩✉➯❋➺❋➫❶➽✢❰✵➨♣➩✩➪✵➚⑧➬❫➺❋➫✵➼✞➫✹➭☛➯r➲▲➺r➫➇➭❸➵✵➩■➭❸➨☛➼✞➫✵➻✠Ü⑧➩✉➨❸➻❸➩❴➪❶➺❋➨❸➩✉➴✉➭❸➺❋➚⑧➫②✃
❐ ➵✵➩④➴✉➚⑧➨❸➨♣➩✩➴✉➭❸➺❋➚⑧➫ ➹➄➚⑧➨❇➭❸➵✵➩✩➻♣➩❾➼✞➪✵➪❶➺r➭☛➺r➚⑧➫✗➼✞➯❡❰✵➼✞➨♣➭❸➺❋➴✩➯r➩✩➻✉➳⑩➹⑩ç✘è❝➳❆➺❋➻❇➭❸➨❸➺❞Ü❝➺❋➼✞➯❋➯❞➲Þ➩✉➻♣➭☛➺r➬❽➼①➭☛➩✩➪ ➹➄➨❸➚⑧➬
➭☛➵✵➩➾➹➄➨☛➼✞➴✁➭☛➺r➚⑧➫⑤➚❑➹❴➻❸➚⑧➯r➺❋➪⑤➼✞➫✵➽⑧➯r➩♠➚⑧➧❶➭☛➻♣➺❋➪✵➩④ß ➋ ✽✹ÿ❀ì✘✏tÙ✭✽✹ÿ❀ì Ð✄➺⑨✃↕➩❑✃❡➚⑧➧❶➭☛➻♣➺❋➪✵➩❫➃ ➄❩➃✫➅ Ù Ò▲➼✞➫✵➪
➩✩Ñ✫➧✗➼✞➯r➻✒➼✞➘t➚⑧➧❶➭ Ù ✃ ✍ ✃✞â➐➭✒➻♣➵✵➚⑧➧✵➯r➪▲➘❛➩◗➻✠➭☛➨❸➩✉➻❸➻♣➩✩➪➇➭❸➵✗➼❑➭❦➭❸➵✵➺❋➻❡➬❫➩✉➭❸➵✵➚✳➪✵➚⑧➯❋➚✞➽✞➲q➪✵➚❝➩✉➻❡➫✵➚✞➭✒➻♣➧✵➽⑧➽⑧➩✉➻♣➭
➭☛➵✗➼①➭❙➭☛➵✵➩◆➩✩➫✹➭☛➺r➨❸➩✆➪✵➺r➻♣➭❸➨❸➺❋➘❶➧❶➭☛➺r➚⑧➫❽➚✞➹❆❰✗➼❑➨♣➭☛➺r➴✩➯r➩✩➻❨➺r➻❨➺r➻❸➚✞➭❸➨❸➚⑧❰✵➺r➴✄í✳➺❋➫❽➹✄➼❑➴✉➭✚➳✳➭☛➵✵➩❴➪✵➼❑➭✦➼✢➻♣➵✵➚✎➱❯➫♠➺❋➫
❅✸➺❋➽❶✃ Ù ➴✩➯r➩✚➼✞➨♣➯r➲❴➴✉➚⑧➫✹➭☛➨❸➼✞➪✵➺❋➴✁➭❦➼❑➫✫➲❊➻♣➧✵➴✦➵❱➺❋➪❶➩✚➼❶✃✎â❲➫✵➻✠➭☛➩✩➼✞➪②➳❑➭❸➵✵➩✔➽⑧➚✹➼✞➯✫➺❋➻✱➭❸➚◆➚⑧➘❶➭☛➼✞➺❋➫❊➭☛➵❶➩❨➩✩➫❶➩✩➨❸➽❑➲
➪✵➩✩➫❶➻❸➺r➭❲➲❊➹➄➚⑧➨⑩➭☛➵❶➩❨➴✩➚✞➬➇❰t➚⑧➫✵➩✉➫✫➭✌➚✞➹✵➭❸➵✵➩✔➪✵➺❋➻✠➭☛➨❸➺r➘✵➧❶➭❸➺❋➚⑧➫❴➱❯➵✵➺r➴✦➵❧➺❋➻❆➴✩➚⑧➫❶➻❸➺❋➻✠➭☛➩✉➫✫➭✌➱❯➺r➭❸➵✢➺❋➻♣➚✞➭☛➨♣➚⑧❰✵➺r➴
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➭☛➨♣➧✵➩✢➼①➭■➯r➚✎➱❨➩✉➨■➩✉➫✵➩✩➨♣➽⑧➺❋➩✉➻✩✃ ❐ ➵✵➩q➬➇➩✩➼✞➻❸➧✵➨♣➩✩➪➾Ü✞➼❑➯❋➧✵➩❊➚✞➹ ÿ ✃ ✔❞✍ ❃ ÿ ✃ ÿ✆✝ Ð✄➻♣➭☛➼❑➭✺Ò ❃ ÿ ✃ ÿ❀✍ Ð✄➻♣➲✳➻✠➭✺Ò❙➹➄➚⑧➨
➭☛➵✵➩❇➼✞➫✹➭☛➺r❰✵➨❸➚❑➭☛➚⑧➫♠➭☛➚❫❰✵➨❸➚❑➭☛➚⑧➫➾➨☛➼❑➭❸➺❋➚❫➫✵➩✚➼❑➨⑦➬❫➺❋➪❶➨☛➼✞❰✵➺r➪✵➺r➭❲➲➇➹➄➚⑧➨❯➴✩➩✉➫✫➭❸➨☛➼✞➯⑩Ý■➧❲❱✆Ý◆➧➍➴✉➚⑧➯❋➯r➺❋➻♣➺❋➚⑧➫✵➻
➼❑➭ ❨ ❬ ❭✓❭✚➋ ✝✞ÿ⑧ÿ ✛❴➩❂✹ Ø � ✝①Ú ➺❋➫❶➪✵➺❋➴✩➼❑➭☛➩✉➻❙➭☛➵✗➼❑➭❯➭❸➵✵➩✩➻♣➩❇➴✉➚⑧➯❋➯r➺❋➻❸➺r➚⑧➫✵➻❨➼✞➨❸➩q➼✞❰✵❰❶➨❸➚✹➼✞➴✦➵❶➺❋➫✵➽➇➼❧Ü⑧➩✩➨✠➲
➯❋➚✎➱ Ü❑➼✞➯❋➧❶➩❽➚✞➹ ❍●ü ✃✄✂⑥➺r➭☛➵❶➺❋➫➶➭❸➵✵➩❽➹➄➨❸➼✞➬➇➩✁➱❨➚✞➨❸➷ ➚✞➹◗➭☛➵✵➩✉➨❸➬➇➼✞➯✔➬➇➚✳➪✵➩✩➯r➻✩➳✱➭☛➵❶➩✩➻❸➩❾➨❸➼❑➭☛➺r➚⑧➻q➴✚➼✞➫
➘❛➩❴➧❶➻❸➩✩➪❾➭❸➚❱➩✁➸✳➭☛➨❸➼✞➴✉➭◗➭❸➵✵➩❴➘✗➼✞➨✠➲⑧➚⑧➫❾➴✦➵✵➩✉➬➇➺r➴✚➼✞➯❛❰❛➚❑➭☛➩✩➫✹➭❸➺✏➼✞➯ Ø � ✔❃Ú ✃❝Ý◆➻❸➻♣➧✵➬❫➺❋➫✵➽▲➼❧➵✗➼❑➪✵➨❸➚⑧➫❶➺✥☞✚➼❃Ó
➭☛➺r➚⑧➫❮➭☛➩✩➬❫❰t➩✩➨☛➼①➭☛➧✵➨♣➩❫➚❑➹ Ù✎þ✆✒➛✷ ➩✺✹❧➳❆➼❾Ü✞➼❑➯❋➧✵➩❱➚✞➹ ❍ ü ➋ ✝✄✔■✷ ➩❂✹ ➱❙➼✞➻❊➹➄➚⑧➧✵➫❶➪ ➹➄➚⑧➨❊➴✉➩✩➫✹➭☛➨❸➼✞➯
Ý◆➧❲❱✆Ý■➧Ï➼❑➭ ❨ ❬✖❭✓❭ ➋ ✝✞ÿ⑧ÿ ✛❊➩✺✹❧✃ ❐ ➵✵➺❋➻❫➘✗➼✞➨✠➲⑧➚⑧➫➋➴✦➵❶➩✩➬❫➺❋➴✚➼❑➯⑦❰t➚✞➭❸➩✩➫✹➭☛➺❋➼✞➯❯➺❋➻➇➼✞➫❒➚⑧➨♣➪✵➩✩➨❫➚✞➹
➬❽➼❑➽⑧➫✵➺r➭❸➧✵➪✵➩❙➯r➚✎➱❨➩✉➨✒➭❸➵✗➼✞➫▲➱❙➼❑➻✔➚✞➘❶➭✦➼✞➺r➫✵➩✩➪❱➹➄➚⑧➨t✢❡➘❲❱❉✢❡➘❽➪✵➼❑➭✦➼❊➼❑➭ ❨ ❬✑❭❴❭ ➋ Ù✑✔ ✃ ✝ ✛❴➩❂✹⑥➹➄➨❸➚⑧➬
➭☛➵✵➩✦✗❴✢❸✗ Ø �❀✂❶➳✕�❀� Ú ✃❶Ý■➯r➭❸➵✵➚⑧➧✵➽⑧➵➇➭☛➵✵➩❴➻✠➲❝➻✠➭☛➩✉➬✈➴✩➨♣➩✚➼❑➭❸➩✩➪♠➫✵➩✚➼❑➨❙➬➇➺r➪✵➨☛➼❑❰✵➺❋➪✵➺❞➭❲➲❫➼❑➭ ❏ Û■â✠➦Ï➴✚➼❑➫❝Ó
➫✵➚✞➭❊➘t➩▲➪✵➩✩➻♣➴✩➨❸➺r➘❛➩✉➪❺➼❑➻q➴✉➚⑧➬❫❰✵➯❋➩✁➭☛➩✩➯❞➲♦➹➄➨♣➩✩➩▲➚✞➹❀➫✵➩✉➭q➘✗➼❑➨♣➲⑧➚✞➫✵➻✩➳✱➺❞➭❊➺❋➻❴➴✩➯r➩✚➼✞➨♣➯r➲➍➼✞❰✵❰✵➨♣➚✹➼✞➴✦➵✵➺r➫✵➽
➭☛➵✵➩❊➩✉➫✫Ü✳➺r➨❸➚⑧➫✵➬❫➩✩➫✹➭❯➭☛➨♣➩✚➼❑➭❸➩✩➪➾➺❋➫♠➬❫➚⑧➻♣➭❯➯❋➼❑➭❸➭❸➺❋➴✩➩◆➴✚➼✞➯r➴✩➧✵➯❋➼❑➭☛➺r➚⑧➫✵➻✩✃

⑦★⑧✥⑦★⑧⑩⑨ ☎❸ô③ø❛ú✓ó✄❺❄➀✥❿✖ô③❷▲ô✝✆❜ú✓ó✄❺❄➁➂➀☛õ✺ù✥❹✤❺ ó✄➁❼➀☛ô✖❿✦➀⑩❷✟✞✡✠✁☛☞✞✡✠ ó✄❷❦❾①❾✌☛☞✞✡✠
â❲➫⑥➼✞➪✵➪✵➺❞➭☛➺r➚⑧➫⑤➭❸➚➂➭☛➵✵➩Þ➵❶➺❋➽⑧➵✵➩✉➨❽➴✉➩✩➫✹➭☛➩✉➨✠Ó❲➚❑➹✏Ó❲➬➇➼✞➻❸➻④➩✉➫✵➩✩➨♣➽⑧➺❋➩✉➻✩➳❨➼➂➴✩➨❸➺❞➭☛➺r➴✚➼✞➯❯➩✩➯r➩✩➬❫➩✩➫✹➭❾➚✞➹❴➭❸➵✵➩
➪✵➩✩➻♣➺❋➽⑧➫Ï➚❑➹ ❏ Û■â✠➦✈➱❨➼✞➻④➭☛➵✵➩➮➼❑➘✵➺❋➯r➺r➭❲➲ ➭☛➚ ➴✉➚⑧➯❋➯r➺❋➪✵➩♦➼✞➻✠➲❝➬❫➬❫➩✉➭☛➨♣➺❋➴♦➻♣➲✳➻♣➭❸➩✩➬❫➻✩✃ ❐ ➵✵➺r➻④➴✚➼✞❰✵➼①Ó
➘✵➺❋➯r➺r➭❲➲❮➱❨➼✞➻❱Ô✗➨❸➻✠➭❱➩✁➸❝❰✵➯r➚⑧➺r➭❸➩✩➪➂➱❯➺❞➭☛➵➂➭☛➵❶➩❾➴✩➚⑧➯r➯❋➺❋➻♣➺❋➚⑧➫ ➚✞➹⑦➪✵➩✉➧❶➭☛➩✉➨❸➚⑧➫✵➻❧➱❯➺❞➭☛➵ ➽⑧➚✞➯❋➪➂➫✫➧✵➴✉➯❋➩✩➺❙➼❑➭
❨ ❬✖❭✓❭ ➋ ✝✞ÿ⑧ÿ ✛❴➩❂✹✢✃❛â➐➭✆➺❋➻⑦➵✵➚⑧❰t➩✩➪Þ➭☛➵✵➼❑➭❴➼✞➫✵➼✞➯r➲✳➻❸➺r➻◆➚✞➹✒➻♣➧✵➴✦➵❮➻❸➺r➬➇❰❶➯❋➩✩➨⑦➻♣➲✳➻✠➭☛➩✩➬❫➻✆➱❯➺❋➯r➯⑩➻❸➩✩➨✠Ü⑧➩
➼✞➻✒➴✩➨♣➺r➭☛➺r➴✚➼✞➯❦ã♣➴✩➚✞➫✫➭❸➨❸➚⑧➯rä❴➩✁➸❝❰t➩✩➨❸➺r➬➇➩✉➫✹➭☛➻❡➭☛➚❇➼✞➺❋➪❱➺r➫❱➭☛➵✵➩❯➧✵➫✵➪❶➩✩➨❸➻✠➭✦➼✞➫❶➪✵➺❋➫✵➽q➚✞➹t➭☛➵✵➩❯➬❫➚⑧➨❸➩◗➴✉➚⑧➬❱Ó
❰✵➯❋➺r➴✚➼❑➭❸➩✩➪❱➫✫➧✵➴✉➯❋➩✩➧❶➻✠Ó❲➫✫➧✵➴✉➯❋➩✉➧✵➻✒➪✗➼❑➭✦➼❝✃✞Ý◆➻✒➼◆Ô✵➨❸➻♣➭✒➩✺➸❶➼✞➬➇❰❶➯❋➩✞➳❑➭☛➵✵➺r➻❦➻❸➩✉➴✉➭☛➺r➚⑧➫❱❰✵➨♣➩✩➻❸➩✉➫✹➭☛➻❀➼✆➻♣➭☛➧❶➪❶➲
➚✞➹❆➭☛➵✵➩q➼✞➫✹➭☛➺r❰✗➼✞➨✠➭☛➺❋➴✉➯❋➩◆➭❸➚▲❰✗➼✞➨♣➭❸➺❋➴✉➯❋➩✆➨❸➼❑➭☛➺r➚⑧➻✩✃

Ý◆➻■➪✵➩✩➻♣➴✩➨❸➺r➘❛➩✉➪➮➼✞➘t➚❃Ü✞➩✞➳t❰✗➼✞➨✠➭☛➺❋➴✉➯❋➩q➨☛➼❑➭❸➺❋➚⑧➻❯➴✩➼✞➫Þ➘t➩✢➧✵➻♣➩✩➪Þ➭☛➚➇➩✁➸✳➭☛➨❸➼✞➴✉➭✆➺❋➫❶➹➄➚⑧➨♣➬❽➼①➭☛➺❋➚✞➫♠➼✞➘❛➚✞➧❶➭
➭☛➵✵➩❇❰✵➨❸➚✞❰❛➩✉➨♣➭☛➺r➩✩➻⑦➚✞➹✸➭❸➵✵➩✢➻✠➲✳➻♣➭☛➩✉➬♦➳t➺❋➫♦❰✗➼✞➨✠➭☛➺❋➴✉➧✵➯✏➼❑➨❙➭☛➵✵➩❇➴✦➵✵➩✩➬❫➺❋➴✩➼✞➯⑩❰❛➚✞➭❸➩✩➫✹➭☛➺❋➼✞➯❋➻✉✃ ❐ ➵✵➩✢➬❫➩✚➼❃Ó
➻❸➧✵➨♣➩✩➪qÜ✞➼❑➯❋➧✵➩✉➻❆➚❑➹❝➭❸➵✵➩✩➻♣➩❀❰✗➼❑➨☛➼✞➬❫➩✉➭❸➩✩➨❸➻❆➼✞➨♣➩✒➩✩➻♣➭☛➼✞➘✵➯r➺❋➻❸➵❶➩✩➪❇➼❑➭⑩➭☛➵✵➩✒❰t➚⑧➺❋➫✹➭⑩➚✞➹❝➴✦➵✵➩✩➬❫➺❋➴✩➼✞➯⑧➹➄➨❸➩✉➩➏☞✉➩✁Ó
➚⑧➧❶➭❆➱❯➵✵➩✩➫❱➺r➫✵➩✩➯❋➼✞➻♣➭❸➺❋➴❡➺r➫✫➭❸➩✩➨❸➼✞➴✉➭❸➺❋➚⑧➫✵➻❆➘t➩✉➭❲➱❀➩✩➩✩➫❧➭❸➵✵➩❨❰❶➨❸➚✳➪✵➧✵➴✩➩✉➪❧❰✗➼✞➨✠➭☛➺r➴✩➯❋➩✉➻✌➴✉➩✚➼✞➻♣➩✞✃❑Û■➚✎➱❀➩✉Ü⑧➩✉➨✩➳
➭☛➵✵➩✢❰✵➨❸➚⑧❰t➩✩➨✠➭☛➺r➩✩➻◆➚❑➹❡➭☛➵✵➩❧➩✩➼✞➨❸➯❞➲➾➩✉Ü⑧➚✞➯❋➧❶➭❸➺❋➚⑧➫Þ➚❑➹❡➭☛➵✵➩❧➻✠➲✳➻♣➭☛➩✉➬ ➴✩➼✞➫❮➴✩➯r➩✚➼✞➨♣➯r➲♠➺❋➫❴❆✗➧✵➩✩➫❶➴✩➩✢Ô✗➫✵➼✞➯
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➭☛➚⑧➫❶➻❆➫❶➩✚➼✞➨⑩➬❫➺❋➪✵➨❸➼✞❰✵➺❋➪❶➺r➭❲➲❯➱❨➚✞➧✵➯❋➪❴➹✄➼✞➯r➯⑧➻❸➯r➚❃➱❯➯❞➲◆➱❯➺❞➭☛➵❊➴✩➚⑧➯r➯❋➺r➻❸➺❋➚✞➫✆➴✩➩✉➫✫➭❸➨☛➼✞➯r➺r➭❲➲✆➼✞➻✱➭☛➵✵➩✒➪✵➩✉➧❶➭☛➩✉➨❸➚⑧➫

Ù✑✔❝Ù



〉ν〈
1 2 3 4 5 6 7 8 9

〉ν〈
1 2 3 4 5 6 7 8 9

〉
p〈/〉

p〈

0.75

0.8
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   HIJING

   RQMD

   AMPT

d+Au

200 GeV
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➭☛➨❸➼✞➻♣➭✩➳✳➹➄➚⑧➨❀➵✵➩✚➼✚Ü✳➺❋➩✉➨❙➫✫➧✵➴✩➯r➩✩➧✵➻✼Ó❲➫✫➧✵➴✉➯❋➩✩➧❶➻◗➺❋➫✹➭☛➩✉➨☛➼✞➴✁➭☛➺❋➚✞➫✵➻✩➳✫➭☛➵✵➩◆➴✩➚⑧➫✵➻✠➭✦➼✞➫✹➭◗➚❑➹⑩❰✵➨❸➚⑧❰t➚⑧➨✠➭☛➺❋➚✞➫✗➼✞➯❋➺❞➭❲➲
➺❋➻❴➭☛➵❶➩➇➬❧➧❶➯r➭☛➺r❰✵➯❋➺r➴✩➺❞➭❲➲♠❰✵➨❸➚✳➪✵➧✵➴✉➩✩➪➂➺r➫ ➩✕❳❩❱✆➩③þ➂➼✞➫✵➫✵➺r➵✵➺❋➯❋➼❑➭☛➺r➚⑧➫✵➻✩➳③➱❯➵✵➺r➴✦➵❺➺❋➻q➼✞❰❶❰✵➨❸➚✚➸❝➺❋➬➇➼❑➭☛➩✉➯r➲
➩✩Ñ✫➧✗➼✞➯❯➭☛➚➮➭☛➵✵➼❑➭❽➬❫➩✚➼❑➻❸➧✵➨♣➩✩➪➋➺r➫⑤❰❲❱✆❰❒➼❑➭▲➭❲➱❯➺❋➴✩➩➾➭☛➵✵➩➾➴✩➩✉➫✹➭☛➩✩➨✼Ó❲➚✞➹✏Ó➐➬❽➼❑➻❸➻❫➩✩➫✵➩✉➨❸➽✞➲✞✃ ❐ ➵✵➺r➻➇➺r➻
➻❸➧✵➽✞➽⑧➩✩➻✠➭☛➺rÜ✞➩✢➚✞➹❡➼❫➧✵➫❶➺rÜ⑧➩✉➨❸➻❸➼✞➯✌➩✉➫✵➩✩➨♣➽✞➲➾➪✵➩✩❰t➩✩➫❶➪✵➩✩➫✵➴✉➩❧➚✞➹❡➴✦➵✵➼✞➨❸➽⑧➩✉➪➍❰✗➼❑➨♣➭☛➺r➴✩➯r➩q➬✢➧✵➯r➭❸➺❋❰✵➯r➺❋➴✩➺❞➭☛➺r➩✩➻
➺❋➫➮➻♣➭❸➨❸➚⑧➫❶➽➾➺r➫✹➭☛➩✩➨❸➼✞➴✉➭❸➺❋➚⑧➫❶➻✩✃❆➦❨➩✩➫✹➭❸➨☛➼✞➯r➺r➭❲➲⑧➳②➼✞➻❊➨❸➩❂❆✵➩✩➴✉➭❸➩✩➪➶➘✫➲➍➭☛➵✵➩▲➫✫➧✵➬❧➘t➩✩➨❊➚✞➹❀❰✗➼✞➨✠➭☛➺❋➴✉➺❋❰✗➼❑➫✫➭❸➻
Ð✄➘t➚✞➭☛➵Þ➭❸➵✵➩❱➭☛➚✞➭☛➼✞➯✸➫✫➧✵➬✢➘❛➩✉➨❊➼✞➫✵➪②➳✤➹➄➚✞➨❴➼✞➻♣➲✳➬❫➬➇➩✁➭☛➨♣➺❋➴❧➻✠➲❝➻✠➭☛➩✉➬➇➻✉➳②➭☛➵✵➩❱➫✫➧✵➬❧➘t➩✩➨❴➺r➫❮➩✚➼✞➴✦➵ ➚✞➹
➭☛➵✵➩❨➫✳➧❶➴✩➯❋➩✉➺➎Ò❆➼✞❰✵❰t➩✚➼✞➨♣➻✌➭☛➚◆➵✗➼✚Ü⑧➩❯➼◆➻✠➭☛➨❸➚✞➫✵➽❴➺❋➫✓❆✵➧✵➩✩➫✵➴✉➩❙➚⑧➫✢➭❸➵✵➩❙➻♣➵✗➼✞❰t➩❙➚✞➹✗➭☛➵❶➩❙❰✵➻❸➩✉➧✵➪✵➚⑧➨❸➼✞❰✵➺r➪❝Ó

Ù ✂ Ù



➺r➭❲➲✢➪✵➺❋➻✠➭☛➨❸➺r➘✵➧❶➭❸➺❋➚⑧➫✵➻✉✃✞â❲➫❫➼✞➪✵➪❶➺r➭☛➺r➚⑧➫②➳①➭☛➵✵➩◗➲✳➺❋➩✉➯❋➪❱➚✞➹❛➵✵➺❋➽✞➵❧➭☛➨☛➼❑➫✵➻♣Ü✞➩✩➨❸➻♣➩◆➬❫➚⑧➬❫➩✩➫✹➭☛➧✵➬Õ❰✗➼✞➨✠➭☛➺r➴✩➯❋➩✉➻
Ðâ➽ ➀ ñ ✽ ✛❊➩✺✹✤✻❑➴✚Ò❡➻♣➵✵➚✎➱❯➻❨➼❴➪✵➩✉❰❛➩✉➫✵➪✵➩✉➫✵➴✩➩■➚⑧➫❫➭❸➵✵➩◗➫✫➧✵➬❧➘t➩✩➨✒➚✞➹❛❰✗➼✞➨✠➭☛➺❋➴✉➺❋❰✗➼❑➫✫➭❸➻❦➭☛➵✗➼①➭❀➺r➻❡➻❸➧✵➨✼Ó
❰✵➨❸➺r➻❸➺r➫✵➽⑧➯r➲❇➻❸➺r➬➇➺r➯✏➼✞➨⑩➭☛➚❴➭❸➵✗➼❑➭❡➹➄➚⑧➨❡➯r➚❃➱⑤➬❫➚⑧➬➇➩✉➫✹➭☛➧✵➬ ❰✗➼✞➨♣➭❸➺❋➴✉➯❋➩✩➻✌➱❯➵✵➩✩➫➇➴✩➚⑧➬❫❰✗➼✞➨♣➺❋➫✵➽✆Ý■➧❲❱✆Ý◆➧
➼❑➭❯➪✵➺✰✯✤➩✉➨❸➩✩➫✹➭⑦➴✩➩✉➫✹➭☛➨☛➼❑➯❋➺r➭❸➺❋➩✉➻✩✃
✮◆Ü⑧➩✩➨✸➼■➘✵➨♣➚✹➼✞➪❇➨☛➼✞➫✵➽✞➩❀➚✞➹✵➩✩➬❫➺❋➻❸➻♣➺❋➚⑧➫❇➼✞➫✵➽✞➯❋➩✩➻✉➳✎➭☛➵✵➩❀➪✵➺❋➻✠➭☛➨❸➺r➘✵➧❶➭❸➺❋➚⑧➫✵➻✱➚❑➹✗❰✵➻❸➩✉➧✵➪✵➚⑧➨❸➼✞❰✵➺r➪✵➺r➭❲➲❊➪✵➩✉➫❝Ó
➻❸➺❞➭❲➲➍➼❑➫✵➪Þ➭☛➵✵➩❇➩✩➯r➯❋➺❋❰❝➭☛➺❋➴❉❆✗➚✎➱Õ➻❸➺r➽⑧➫✗➼✞➯⑨➳✵➱❯➵✵➩✩➫❮➬❫➩✚➼❑➻❸➧✵➨♣➩✩➪➮➼✞➻❴➼▲➹➄➧✵➫✵➴✁➭☛➺❋➚✞➫Þ➚✞➹❡➭☛➵❶➩❇Ü❑➼✞➨❸➺❋➼✞➘✵➯r➩
➄✛❨ ➋ ➄◗ê ↕❬❩ å ➓ ➬ Ð➄➺❪✃ ➩✞✃✹➱❯➵✵➩✩➫❽➻❸➵✵➺❞➹➎➭☛➩✩➪➇➘✹➲ ↕❬❩ å ➓ ➬ ➼✞➫✵➪❫➭☛➵✵➩✉➨❸➩✩➘✹➲❫➩❂✯❛➩✩➴✁➭☛➺❞Ü⑧➩✩➯❞➲▲Ü❝➺r➩✉➱❀➩✩➪④➺r➫❫➭❸➵✵➩
➼✞❰✵❰✵➨♣➚✚➸❶➺r➬❽➼①➭☛➩✔➨❸➩✩➻✠➭❦➹➄➨☛➼❑➬➇➩✔➚✞➹③➚⑧➫✵➩❀➚✞➹✗➭☛➵❶➩❨➴✩➚✞➯❋➯❋➺r➪✵➺❋➫❶➽⑦❰✵➼✞➨♣➭❸➺❋➴✩➯r➩✩➻☛Ò✁➳①➼✞❰✵❰t➩✚➼✞➨❆➭☛➚✆➘t➩❨➺r➪✵➩✩➫✹➭❸➺❋➴✚➼❑➯
➘❛➚❑➭☛➵➂➺r➫❺➻❸➵✵➼✞❰❛➩④➼✞➫✵➪➂➬➇➼✞➽⑧➫✵➺❞➭☛➧✵➪❶➩➇➼①➭❱➼✞➯r➯✔➘t➩✚➼❑➬ ➩✉➫✵➩✩➨♣➽⑧➺❋➩✉➻❧➚✎Ü⑧➩✉➨❱➼♦➯❋➼✞➨❸➽⑧➩❫➨☛➼❑➫✵➽⑧➩❽➚❑➹➼➄✛❨❋✃
❐ ➵✵➩⑦➪✵➩✉➭☛➼✞➺❋➯r➻❡➚✞➹✤➭❸➵✵➩❯➻❸➵✗➼✞❰t➩⑦➚✞➹✤➭❸➵✵➩■➪❶➺❋➻♣➭❸➨❸➺r➘✵➧❶➭☛➺r➚⑧➫✵➻❦➪❶➩✩❰t➩✩➫✵➪④➚✞➫❫➭❸➵✵➩❯➺❋➬❫❰✗➼✞➴✉➭✒❰✵➼✞➨☛➼✞➬❫➩✉➭❸➩✩➨✉➳
➘✵➧❶➭❨➼✞➽✹➼✞➺r➫▲➺❋➫➇➼✞➫❽➩✉➫✵➩✩➨♣➽✞➲✹Ó❲➺❋➫❶➪✵➩✩❰t➩✩➫✵➪❶➩✩➫✹➭❨➱❨➼✚➲⑧✃✳â❲➫④➼✞➪✵➪❶➺r➭☛➺r➚⑧➫❱➭☛➚❊➭☛➵✵➺r➻✒➩✁➸✳➭☛➩✉➫✵➪✵➩✩➪❾➯r➚⑧➫✵➽⑧➺❞➭☛➧❝Ó
➪✵➺❋➫✵➼✞➯✌➻♣➴✚➼✞➯r➺❋➫✵➽❶➳t➫❶➚④➩✉Ü✳➺❋➪❶➩✩➫✵➴✉➩❧➺❋➻■➻❸➩✩➩✉➫Þ➹➄➚⑧➨✆➼➇➘❛➚✳➚⑧➻♣➭◆➺❋➫✹Ü❑➼✞➨❸➺❋➼✞➫✹➭⑦➴✩➩✩➫✹➭❸➨☛➼✞➯✌❰✵➯✏➼❑➭❸➩✚➼✞➧➍➺❋➫♦➭❸➵✵➩
❰✵➻❸➩✉➧✵➪✵➚⑧➨❸➼✞❰✵➺r➪✵➺r➭❲➲❾➪❶➺❋➻♣➭❸➨❸➺r➘✵➧❶➭☛➺r➚⑧➫✵➻❙➚❑➹✸➩✉➺r➭☛➵❶➩✩➨◗❰✗➼✞➨✠➭☛➺r➴✩➯❋➩❴➬✢➧✵➯r➭❸➺❋❰✵➯r➺❋➴✩➺❞➭❲➲▲➚⑧➨◗➩✩➯r➯❋➺r❰❶➭☛➺r➴◗❆✗➚✎➱❊✃
Ý◆➫✵➚❑➭☛➵✵➩✉➨❙➼✞➻♣❰❛➩✉➴✉➭❀➚✞➹②➭☛➵❶➩■➴✉➩✩➫✹➭☛➨❸➼✞➯❋➺❞➭❲➲▲➪✵➩✩❰t➩✩➫✵➪❶➩✩➫✵➴✉➩❴➺❋➻❡➭☛➵✵➩■➚⑧➘✵➻♣➩✩➨♣Ü❑➼❑➭❸➺❋➚⑧➫▲➭☛➵✵➼❑➭❨➬➇➼✞➫✹➲▲➪✵➺❞➹✏Ó
➹➄➩✩➨♣➩✩➫✵➴✉➩✩➻❧➘t➩✉➭❲➱❀➩✩➩✉➫ ➪✗➼❑➭✦➼♠➹➄➚⑧➨qÝ◆➧❲❱✆Ý◆➧➂➼✞➫✵➪❺❰❳❱❴❰✤➳❆➹➄➚⑧➨❊➩✺➸✵➼❑➬➇❰✵➯r➩➇➺r➫➶➭❸➵✵➩➇➬✢➧✵➯r➭❸➺❋❰✵➯r➺❋➴✩➺❞➭❲➲
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➭☛➵✗➼①➭❨Ý■➧❲❱✆Ý◆➧❽➴✉➚⑧➯❋➯r➺❋➻♣➺❋➚⑧➫✵➻❦➼✞➨❸➩❑➳✳➺r➫❫➹✄➼❑➴✉➭✚➳✳➼✞➘❶➯❋➩◗➭☛➚q➴✩➚⑧➫✹Ü✞➩✩➨♣➭❀➭☛➵✵➩■➻☛➼✞➬❫➩⑦➼✞➬❫➚⑧➧✵➫✹➭✔➚✞➹✱➩✩➫❶➩✩➨❸➽❑➲
➺❋➫✹➭☛➚▲➼❱➻♣➯❋➺❋➽✞➵✫➭❸➯r➲❫➯✏➼❑➨❸➽⑧➩✉➨❙➫✫➧✵➬❧➘t➩✩➨◗➚✞➹✌❰✗➼✞➨✠➭☛➺❋➴✉➯❋➩✉➻❨➭☛➵✗➼❑➫♦➼❑➨❸➩❴❰✵➨♣➚❝➪✵➧❶➴✩➩✩➪➾➺❋➫❾➩✕❳●❱✆➩③þÞ➼✞➫✵➫✵➺r➵✵➺❞Ó
➯✏➼❑➭❸➺❋➚⑧➫❶➻❙➼❑➭◗➭❸➵✵➩❴➻☛➼✞➬❫➩❴➴✩➩✉➫✹➭☛➩✩➨✼Ó❲➚✞➹✏Ó➐➬❽➼❑➻❸➻◗➩✩➫❶➩✩➨❸➽❑➲⑧✃❲✛❴➺rÜ✞➩✩➫❾➭☛➵✵➩❊➻✠➲❝➻✠➭☛➩✉➬❽➼❑➭❸➺❋➴❴➧✵➫❶➴✩➩✩➨✠➭✦➼✞➺r➫✹➭☛➺❋➩✉➻
➺❋➫♠➭☛➵✵➩❊Ü❑➼✞➨❸➺r➚⑧➧✵➻◗➪✗➼①➭✦➼▲➻❸➩✉➭❸➻✩➳t➺r➭⑦➺❋➻❯➪✵➺❞à❫➴✩➧✵➯❞➭◗➭☛➚❫➪✵➩✉➭❸➩✩➨❸➬❫➺❋➫❶➩❊➱❯➵❶➺❋➴✦➵➍➚❑➹✸➭☛➵❶➩✩➻❸➩❇➺❋➫✹➭☛➩✉➨❸❰✵➨♣➩✉➭☛➼①Ó
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➪✵➩✩➫❶➻❸➺r➭❸➺❋➩✉➻❨❰✵➨♣➚❃Ü✳➺r➪✵➩✆➼✞➫❽➺❋➫✵➻✠➭☛➨❸➧❶➴✉➭☛➺❞Ü⑧➩✆➴✉➚⑧➧✵➫✹➭☛➩✉➨❸➩✺➸✵➼❑➬➇❰✵➯r➩✞✃✓✗❝➺❋➫❶➴✩➩■➭❸➵✵➩✆➻❸➼✞➬➇➩⑦➭☛➚✞➭☛➼✞➯③➫✫➧✵➬❧➘t➩✩➨
➚✞➹■❰✗➼✞➨♣➭❸➺❋➴✉➯❋➩✩➻❱➺r➫ ❰❲❱✆❰❒➼❑➭❫➼➮➵✵➺r➽⑧➵✵➩✩➨ ❨ ❬➍➼✞➨♣➩❾➪✵➺❋➻✠➭☛➨❸➺r➘✵➧❶➭❸➩✩➪ ➚✎Ü⑧➩✩➨➇➼➮➘✵➨❸➚✹➼❑➪✵➩✩➨❱➨❸➼✞➫✵➽⑧➩♠➚✞➹
❰✵➻❸➩✉➧✵➪✵➚⑧➨❸➼✞❰✵➺r➪✵➺r➭❲➲ÏÐ✄➻❸➩✉➩✞➳✸➹➄➚✞➨❧➩✁➸❶➼✞➬❫❰✵➯❋➩❑➳✌➭❸➵✵➩④➭☛➚⑧❰ ❰✵➼✞➫✵➩✩➯❨➚✞➹◗❅✸➺❋➽✵✃ ✝❝Ù Ò✺➳❦➼➍➹✄➼✞➴✁➭☛➚⑧➨✢➚✞➹❯➭❲➱❨➚
➻❸➵✵➺❞➹➎➭❙➺r➫❽➭☛➵✵➩◆❰❲❱✆❰❾➴✩➩✩➫✹➭❸➩✩➨✠Ó➐➚✞➹✏Ó❲➬➇➼✞➻♣➻❙➩✩➫✵➩✉➨❸➽✞➲❽➚⑧➘✹Ü✳➺❋➚⑧➧✵➻♣➯r➲➇➴✚➼✞➫❶➫✵➚✞➭❙➨♣➩✩➻♣➧✵➯r➭◗➺r➫④➬❫➺❋➪✵➨❸➼✞❰✵➺❋➪❶➺r➭❲➲
➪✵➩✩➫❶➻❸➺r➭❸➺❋➩✉➻◗➩✩Ñ✫➧✗➼✞➯✤➭❸➚❧➭☛➵✵➚✞➻❸➩❴➬❫➩✚➼✞➻♣➧✵➨❸➩✉➪➾➺r➫❾Ý❉❱✆Ý✢✃❝Ý◆➫♠➩✁➸❶➼✞➬❫➺❋➫✵➼❑➭☛➺r➚⑧➫❽➚✞➹✚❅✸➺r➽✵✃ Ù �❧➨❸➩✁Ü⑧➩✚➼❑➯❋➻
➭☛➵✗➼①➭◗➭☛➵✵➩❊➪✗➼❑➭☛➼❫➴✉➚⑧➫❶Ô✗➨♣➬♥➭☛➵❶➺❋➻◗➩✁➸❝❰t➩✩➴✁➭✦➼❑➭❸➺❋➚⑧➫②✃
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Heavy Ions: 

E866 (AGS)

NA44 Prelim. (SPS)

NA49 Prelim. (SPS)

PHOBOS

Proton Proton: 
Rossi et al. (ISR)

Guettler et al. (ISR)

NA27 (SPS)

PHOBOS

UA2 (SPS)

s②✮✾❢✹❭ → ➢⑧❭⑩❵❨❂①✿✼✮✾✰✳✶✼❁✎✿❲❁❃❂Þ✿❲❁④✰✫✶✼❁✎✿❲❁❃❂Þ✶✠✲✚✿✼✮✾❁❃✯❴❂✫✴✺✲✚✶❊●❊✮✕✷✹✶✠✲✚✰❝✮✕✷✫✮✾✿⑨❤❽✲✎✯❴✲④❉✏❅✫❂✫✻☛✿✼✮✾❁❃❂♦❁✎❉ ➧ ➨ ❭✓❭ ❉❋❁✎✶
✰❛➁✴❫❿✗➊❲❜❨✰❫✻☛❁❃❄✕❄✕✮❞✯✼✮✾❁❃❂✫✯◗➁❋❁✎✰✵✴✺❂▲✯❲❤⑧●⑦✽✵❁❃❄✕✯❸➊❸➝ ➜ ➣✖➯ ➫❴➜❄➲ → ➟⑩✲✎❂✫✷❫✻☛✴✺❂①✿❲✶✠✲✎❄❛❵❙❜◗❵⑤✻☛❁❃❄✕❄❞✮✕✯✼✮✾❁❃❂✫✯◗➁❋✇✳❄❞❄✾✴✺✷❱✯❲❤⑧●✆❷
✽✵❁❃❄✕✯♣➊➚➝⑤➡❀➜ ➫✄➡✩➅✹✐ ➣ ➅✹✐✞➡ ➣ ✐✞➡✖➲❂➟✄❭✿➾⑩✶✼✶✼❁✎✶✔✽✳✲✚✶✠✯❡✮✕❂✫✻✦❄❞❅✫✷✹✴❨✽❶❁✎✿✼✭❫✯❲✿✼✲✚✿✼✮✕✯❲✿✼✮✕✻✦✲✎❄t✲✎❂✫✷▲✯❲❤⑧✯❲✿❲✴✺●❊✲✚✿✼✮✕✻❯✴✦✶✼✶✼❁✎✶✠✯✦❭

Ý✈➯❋➩✉➻❸➻✢➭❸➨❸➺❞Ü❝➺❋➼✞➯✒➴✩➚⑧➧❶➫✫➭❸➩✩➨♣➩✁➸❶➼✞➬❫❰✵➯❋➩④➺r➻✢➺r➯❋➯❋➧❶➻♣➭☛➨❸➼❑➭☛➩✉➪➶➺r➫❯❅✸➺r➽✵✃ ✝✞ÿ ➱❯➵✵➺r➴✦➵ ➻❸➵✵➚✎➱❯➻▲➨☛➼❑➭❸➺❋➚⑧➻q➚✞➹
➭☛➵✵➩❾➲✳➺❋➩✉➯❋➪✵➻❱➚❑➹✆➼✞➫✹➭❸➺❋❰✵➨♣➚✞➭☛➚⑧➫❶➻❱➚❃Ü✞➩✩➨❫❰✵➨❸➚❑➭☛➚⑧➫✵➻❱➩✉➬➇➺❞➭❸➭❸➩✩➪ ➫✵➩✚➼❑➨❫➬❫➺❋➪❶➨☛➼✞❰✵➺r➪✵➺r➭❲➲ ➺r➫á❰✱Ð✷❪➽tÒ ❱❴❰✤➳
➼✞➻q➬➇➩✩➼✞➻❸➧✵➨♣➩✩➪➂➘✹➲➞✢✒Û❚✮❉✟✫✮✤✗➶➼①➭ ❏ Û■â✠➦ Ø✾Ù✑✒ ✂ Ú ➼❑➫✵➪❺➩✺➸❶❰t➩✩➨♣➺❋➬❫➩✩➫✹➭☛➻❇➼❑➭❇➚✞➭☛➵❶➩✩➨q➩✩➫✵➩✉➨❸➽⑧➺r➩✩➻
Ø✕Ù✖✒ � ✏tÙ✎þ❀✝①Ú ➳✞➼✞➫✵➪❫➺❋➫▲Ý❉❱✆Ý⑥➴✩➚✞➯❋➯❋➺r➻❸➺r➚⑧➫✵➻ Ø✞✒❞✽ ➳✕� Ù✺✏ � þ❑Ú ➼❑➻❀➼✆➹➄➧✵➫❶➴✉➭☛➺r➚⑧➫▲➚✞➹ ❨ ❬ ❭✓❭ ✃ ❐ ➵✵➩⑦➨☛➼①➭☛➺❋➚✞➻
➹➄➚⑧➨❽➪❳❱❴Ý■➧⑥➼❑➭ ❨ ❬ ❭❴❭✶➋ ✝✞ÿ✞ÿ ✛❊➩✺✹ Ø✾Ù✎ÿ⑧ÿ❑Ú Ð✄➪✵➺r➻❸➴✉➧✵➻❸➻♣➩✩➪⑥➺❋➫ ✗✳➩✩➴✉➭✩✃ ✝ ✃ ✝ ✃ Ù ➼✞➫✵➪➋➻♣➵✵➚✎➱❯➫⑥➺❋➫
❅✸➺❋➽❶✃ ✒ Ò✌➼✞➨❸➩❙➴✉➚⑧➫✵➻♣➺❋➻♣➭❸➩✩➫✹➭❡➱❯➺r➭❸➵❧➭☛➵✵➩❙Ü❑➼✞➯r➧✵➩❙➻♣➵✵➚✎➱❯➫❫➚✞➫❧➭☛➵✵➩❙Ô✗➽✞➧✵➨❸➩❙➹➄➚⑧➨✸❰❲❱✆❰②✃✞Ý■➻❡➪✵➺❋➻♣➴✩➧✵➻♣➻❸➩✩➪
➺❋➫➞✗❝➩✉➴✉➭☛➺r➚⑧➫ ✝ ✃ ✝ ➳②➭☛➵✵➩❫➨❸➩✉➯❋➩✉Ü❑➼✞➫✹➭q❰✵➵✹➲✳➻❸➺r➴✩➻❊➹➄➚⑧➨❊➧✵➫✵➪✵➩✉➨❸➻♣➭☛➼✞➫✵➪✵➺r➫✵➽♠➭☛➵✵➺r➻q➨❸➼❑➭☛➺r➚❾➺❋➫✹Ü⑧➚✞➯rÜ⑧➩✉➻q➭❸➵✵➩
➺❋➫✹➭☛➩✉➨❸❰✵➯❋➼✚➲❒➚✞➹q➘✗➼❑➨♣➲⑧➚✞➫⑥➭❸➨☛➼✞➫❶➻❸❰t➚⑧➨♣➭♠➼❑➫✵➪❍➼✞➫✹➭☛➺❋➘✵➼✞➨♣➲✞➚⑧➫❝Ó❲➘✵➼✞➨♣➲✞➚⑧➫Ï❰✗➼✞➺r➨❽➴✩➨♣➩✚➼❑➭❸➺❋➚⑧➫✤✃❨â❲➫Ï➭☛➵✵➺r➻
➴✚➼✞➻♣➩✞➳❀➺❋➫❒➴✉➚⑧➫✹➭☛➨❸➼✞➻♣➭④➭❸➚❺➭☛➵❶➩➍➻❸➺❞➭☛➧✗➼①➭☛➺❋➚✞➫⑤➹➄➚⑧➨❫❰✗➼✞➨✠➭☛➺❋➴✉➯❋➩➾➬❧➧✵➯❞➭☛➺❋❰❶➯❋➺❋➴✉➺r➭❸➺❋➩✩➻✉➳✸➺❞➭❽➺r➻➇➴✉➯❋➩✚➼❑➨➇➭☛➵✵➼❑➭
➭☛➵✵➩❾➨❸➼❑➭☛➺r➚⑧➻❇➹➄➚✞➨❇➭☛➵❶➩❾➫✳➧❶➴✩➯❋➩✉➧✵➻✠Ó➐➫✫➧✵➴✩➯r➩✩➧✵➻❱➪✗➼①➭✦➼❮➼✞➨♣➩④➴✩➚⑧➬❫❰✗➼✞➨❸➼✞➘✵➯r➩➇➭☛➚Þ➭❸➵✵➚⑧➻♣➩④➺❋➫ ➫✫➧✵➴✉➯❋➩✩➚✞➫❝Ó
➫✫➧✵➴✩➯r➩✩➚⑧➫④➴✉➚⑧➯❋➯r➺❋➻♣➺❋➚⑧➫✵➻✒➼①➭❨➻♣➺❋➽⑧➫✵➺❞Ô✗➴✚➼❑➫✫➭❸➯r➲ ù✥ô♥⑧➚❹✺❺ ➴✉➩✩➫✹➭☛➩✉➨✠Ó➐➚✞➹✏Ó❲➬➇➼✞➻❸➻✔➩✩➫❶➩✩➨❸➽✞➺❋➩✩➻✉✃❝Ý■➯r➭❸➵✵➚⑧➧✵➽⑧➵❫➭☛➵✵➺r➻
➨❸➩✉➻❸➧✵➯❞➭❇➬➇➼✚➲➮➫✵➚✞➭q➘t➩❫➧❶➫✵➩✁➸❝❰t➩✩➴✉➭❸➩✩➪ ➽⑧➺❞Ü⑧➩✉➫➶➭☛➵❶➩❫➯❋➼✞➨❸➽✞➩✩➨❊➘✗➼✞➨✠➲⑧➚⑧➫ ➨☛➼✞❰❶➺❋➪✵➺❞➭❲➲❮➯❋➚⑧➻♣➻❊➺❋➫ Ý❉❱✆Ý
➼✞➻▲➴✩➚⑧➬❫❰✗➼✞➨♣➩✩➪ ➭☛➚ ❰❲❱✆❰②➳✒➺r➭▲➻♣➩✩➨♣Ü✞➩✩➻❽➭❸➚➮➺❋➯❋➯r➧✵➻♣➭❸➨☛➼❑➭❸➩❽➭☛➵❶➩♦➺r➬➇❰t➚⑧➨♣➭☛➼✞➫✵➴✉➩❾➚✞➹❴➼➮➻♣➲✳➻♣➭❸➩✩➬➇➼❑➭☛➺r➴
➻♣➭❸➧✵➪❶➲Ï➭☛➚á➧✵➫✵➨❸➼✚Ü⑧➩✩➯❊➭☛➵❶➩➶➪❶➲✳➫✗➼❑➬➇➺r➴✚➼✞➯✆➪❶➺✌✯❛➩✩➨❸➩✉➫✵➴✩➩✉➻➍➘t➩✉➭❲➱❀➩✩➩✉➫ ➭☛➵✵➩➮➻♣➺❋➬❫❰✵➯❋➩✉➨♠➼✞➫✵➪❍➬➇➚⑧➨♣➩
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✻✦✲✎✯❲✴✺✯✺✐⑩❈✔✭✹✴✺❂Þ✴☛❻✵✴✺✻☛✿✼✮✾❥✎✴✺❄✾❤➍❥✞✮✕✴✦❈✌✴✺✷❮✮✕❂Þ✿✼✭✫✴Þ➏➐✿✼✲✚✶✠❢✎✴✦✿✼➒➾✶✼✴✺✯✼✿◆❉❋✶✠✲✎●❴✴✎✐✱✿✼✭✫✴✺✯❲✴▲✻☛❁❃❄✕❄✕✮✕✯✠✮✾❁❃❂✫✯■✴☛➑⑧✭✫✮✕✽✳✮✾✿
❄✾❁❃❂✫❢❃✮✾✿✼❅✫✷✫✮✕❂✳✲✎❄❝✯✼✻✦✲✎❄❞✮✕❂✹❢❫➁❋✴✺❂✹✴✦✶✼❢✎❤❱✮✕❂✳✷✹✴✦✰✵✴✺❂✫✷✹✴✺❂✫✻☛✴✉➊♣❭

➻♣➭❸➧✵➪✵➺❋➩✉➻✩➳❶➼✞❰✵❰✵➯r➺❋➩✩➪▲➭☛➚✢➵✗➼✞➪✵➨♣➚⑧➫❝Ó❲➫✫➧✵➴✉➯❋➩✉➧✵➻❙➴✩➚✞➯❋➯❋➺r➻❸➺r➚⑧➫✵➻✩➳❑➱❨➩✉➨❸➩✆➚✞➹⑩❰✵➼✞➨♣➭❸➺❋➴✩➧❶➯✏➼✞➨✒➺❋➫✹➭❸➩✩➨❸➩✉➻♣➭❨➺❋➫➇➭❸➵✵➩
Ù � ✔✞ÿ ❢↕➻ Ø✾Ù✭✽✬✒①Ú ✃ ❐ ➵✵➩⑦➻❸❰t➩✩➴✉➺rÔ✗➴⑦Ñ✫➧✵➩✩➻✠➭☛➺❋➚✞➫❫➱❨➼✞➻✒➱❯➵✵➩✉➭❸➵✵➩✩➨✒➭☛➵✵➩⑦➨❸➩✉➽⑧➺❋➚✞➫❫➚❑➹✤➨❸➼✞❰✵➺❋➪❶➺r➭❲➲❧➺r➫❱➱❯➵✵➺❋➴✦➵
➭☛➵✵➩❡❰✵➼✞➨♣➭❸➺❋➴✩➯r➩✸➲✳➺❋➩✉➯❋➪❴➺❋➻✤Ý⑦Ó❲➪❶➩✩❰t➩✩➫✵➪✵➩✉➫✹➭✸➩✺➸❶❰✵➼✞➫✵➪✵➻✱➱❯➺r➭❸➵❊➺❋➫✵➴✉➨❸➩✚➼❑➻❸➺❋➫❶➽◗➴✩➚⑧➯r➯❋➺❋➻♣➺❋➚⑧➫■➩✩➫✵➩✉➨❸➽✞➲ Ø✕Ù✑✔③✽③✏
Ù✑✔✞þ❑Ú ✃ ✷ ➼❑➫✫➲▲➬❫➚✳➪✵➩✩➯r➻❦❰✵➨❸➩✉➪✵➺❋➴✁➭☛➩✉➪❫➭❸➵✗➼❑➭✔➼✞➫❫➩✁➸✳➭☛➩✉➫✵➪✵➩✉➪❽Ý⑦Ó➐➪✵➩✩❰t➩✩➫❶➪✵➩✩➫✹➭❀➨❸➩✩➽✞➺❋➚⑧➫②➳✞➺❋➫✵➪✵➺r➴✚➼❑➭❸➺rÜ✞➩
➚✞➹❛➯❋➚⑧➫✵➽①Ó❲➨☛➼❑➫✵➽⑧➩❨➚✞➨❸➪✵➩✉➨✩➳✹➻❸➵❶➚⑧➧✵➯❋➪▲➫✵➚❑➭✒➚❝➴✉➴✩➧✵➨✉✃⑧â❲➫✵➻♣➭❸➩✚➼✞➪✤➳✹➚⑧➫✵➯r➲❧➼❴➯❋➚✳➴✚➼✞➯r➺✥☞✩➩✉➪❧➨❸➩✉➽⑧➺❋➚✞➫❱➫✵➩✚➼✞➨❦➭❸➵✵➩
➨☛➼✞❰❶➺❋➪✵➺❞➭❲➲♦➚❑➹❡➭☛➵✵➩❱➯❋➼✞➨❸➽⑧➩✉➨■➴✉➚⑧➯❋➯r➺❋➻♣➺❋➚⑧➫➾❰✗➼✞➨✠➭☛➫✵➩✉➨◆➱❨➚✞➧✵➯❋➪❮➘t➩❱➼❞✯❛➩✩➴✁➭☛➩✩➪➮➘✹➲➍➭❸➵✵➩✢➭☛➼✞➨❸➽⑧➩✁➭❴➬➇➼✞➻❸➻✉➳

Ù �❀�



1

2

3

4

5

6

7 200 GeV (1/1.6) d+Au (50-70%) : PHOBOS

pEmulsion

NNs

38.7 GeV

23.7 GeV 

19.4 GeV 

11.2 GeV

 6.7 GeV 

-2 0 2 4 6 8 10 12
0

1

2

3

4

5

6

7 200 GeV (1/1.83) d+Au (40-50%) : PHOBOS

pPb: E178

NNs

19.4 GeV  

13.8 GeV  

9.8 GeV  

200 GeV (1/1.6) d+Au (50-70%) :PHOBOS

pEmulsion

NNs

38.7 GeV

23.7 GeV 

19.4 GeV 

11.2 GeV

 6.7 GeV 

-10 -8 -6 -4 -2 0 2

200 GeV (1/1.83) d+Au (40-50%) : PHOBOS

pPb: E178

NNs

 19.4 GeV  

 13.8 GeV  

 9.8 GeV  

η
/d

c
h

d
N

η
/d

c
h

d
N

target
+yη

beam
-yη
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✿✼✮✕✻✦❄✕✴✺✯✒✴✺●❊✮✾✿❲✿❲✴✺✷➇✮✕❂▲✰✵❜❙❵⑤✲✎❂✳✷❫✷❝❜❙❵➋✻☛❁❃❄✕❄❞✮✕✯✼✮✾❁❃❂✫✯❡✲✚✿❨✲❊❥✚✲✚✶✠✮✾✴✦✿⑨❤❱❁✎❉✱✴✺❂✹✴✦✶✼❢❃✮✾✴✺✯✺➝ ➜❄➳ ➯ ✐â➜☛➅③➳✞✐â➜✁↔ ➯ ✐â➜✁↔✭➡❂➟➄❭
➆❨✶✠✴✦❤◆✿❲✶♣✲✎✻✼❏⑧✯✸✲✚✶✠✴✔✮✕❂✫✻✦❄✕❅✳✷✹✴✺✷✆✮✕❂❴✿✼✭✹✴❨✷✫✮✕✯❲✿❲✶✠✮✕✽✳❅✹✿✼✮✾❁❃❂✫✯✤✯✼✭✹❁✉❈✔❂❴❉❋❁✎✶❆✴✺●◆❅✫❄✕✯✼✮✕❁❃❂❊✷✫✲✚✿✼✲⑧❭❑✬✔✭✹✴✒✷✫✲✚✿✼✲⑦✲✚✶✠✴
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➭☛➵✵➩❫➚✄✯❛➻❸➩✁➭✢➚✞➹❀➭☛➵✵➩❊✢✒Û❚✮❉✟✫✮✤✗ ➬➇➼✞➽⑧➫❶➩✉➭❴➹➄➨❸➚✞➬ ➭☛➵✵➩▲➴✩➩✉➫✹➭☛➩✩➨❇➚✞➹❨➭❸➵✵➩❫➺❋➫✹➭☛➩✉➨☛➼✞➴✁➭☛➺❋➚✞➫➶➨♣➩✩➽⑧➺r➚⑧➫
Ð✄➻♣➩✩➩❚❅✌➺❋➽✵✃✹Ý❇✃ Ù Ò✺✃ ❐ ➵✵➩◆➽✞➚❝➚✳➪❽➼❑➽⑧➨❸➩✉➩✩➬❫➩✩➫✹➭❨➻♣➩✩➩✉➫④➱❯➵✵➩✩➫④➴✉➚⑧➬❫❰✗➼✞➨❸➺r➫✵➽❊❰✗➼✞➨✠➭☛➺❋➴✉➯❋➩✉➻✔➩✉➬➇➺❞➭❸➭❸➩✩➪➇➼❑➭
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➪✵➚Þ➫✵➚❑➭▲➼❞✯❛➩✩➴✉➭❇➭☛➵✵➩❽➴✩➚⑧➫✵➴✉➯❋➧✵➻♣➺❋➚⑧➫❶➻❧➪✵➺❋➻♣➴✩➧✵➻♣➻❸➩✉➪á➵❶➩✩➨❸➩④➼✞➫✵➪➂➭☛➵✵➼❑➭❱➼➍➘t➚✳➚⑧➻♣➭✠Ó❲➺❋➫✹Ü❑➼✞➨♣➺✏➼✞➫✹➭q➻❸➴✉➩✁Ó
➫✗➼✞➨♣➺❋➚ Ð➄➺❋➫➶➨☛➼✞❰✵➺r➪✵➺r➭❲➲❶Ò✆➻❸➵❶➚⑧➧✵➯❋➪➂➼✞➯❋➻♣➚➍➨❸➩✉➻❸➧✵➯❞➭❧➺r➫❺➩✩➯r➯❋➺r❰❶➭☛➺r➴✸❆✗➚✎➱ ➱❯➵✵➺❋➴✦➵ ➺r➻✢➼✞❰❶❰✵➨❸➚✚➸❝➺❋➬➇➼❑➭☛➩✉➯r➲
❆③➼❑➭q➚✎Ü⑧➩✉➨✢➼❾➯✏➼❑➨❸➽⑧➩❱➨♣➩✩➽⑧➺r➚⑧➫➮➚✞➹❨❰❶➻❸➩✩➧❶➪✵➚⑧➨☛➼❑❰✵➺❋➪✵➺❞➭❲➲⑧✃✱â❲➫➞❅✸➺❋➽❶✃ ✝❀✒ ➳✤➭❸➵✵➩❫❰✵➻❸➩✉➧✵➪✵➚⑧➨❸➼✞❰✵➺❋➪❶➺r➭❲➲❮➪✵➩✺Ó
❰❛➩✉➫✵➪✵➩✉➫✵➴✩➩❇➚✞➹✌➭❸➵✵➩❊➩✩➯r➯❋➺❋❰❝➭☛➺❋➴✲❆✗➚✎➱ ❰✗➼❑➨☛➼✞➬❫➩✉➭❸➩✩➨✩➳ ✹ × ➳✗➺r➻⑦➻♣➵✵➚✎➱❯➫♦➹➄➚⑧➨◗➻♣➩✩➬❫➺❞Ó➐➴✩➩✩➫✹➭❸➨☛➼✞➯②Ý■➧❲❱✆Ý◆➧➩✉Ü✞➩✩➫✹➭☛➻❴➼①➭◗Ü✞➼❑➨❸➺❋➚✞➧✵➻❯➩✩➫✵➩✉➨❸➽⑧➺r➩✩➻ Ø✕Ù ✂ ✽✞Ú ✃t➦❨➯❋➩✚➼❑➨❸➯r➲✞➳✵➫✵➚❫➘❛➚✳➚⑧➻✠➭■➺r➫✹Ü✞➼❑➨❸➺✏➼❑➫✫➭❯➴✉➩✩➫✹➭☛➨❸➼✞➯⑩❰✵➯✏➼①➭☛➩✚➼❑➧➾➺r➻
➻❸➩✉➩✩➫②✃ ❐ ➵✫➧✵➻✉➳⑧➭☛➵✵➩✉➨❸➩❯➼✞➨♣➩◗➫✵➚❴➺❋➫✵➪❶➺❋➴✚➼①➭☛➺❋➚✞➫✵➻✸➚✞➹③➭❸➵✵➩◗➩✁➸❝➺❋➻✠➭☛➩✉➫✵➴✩➩❯➚✞➹❛➼❴➘✵➨❸➚⑧➼✞➪❱➘❛➚✳➚⑧➻✠➭♣Ó❲➺r➫✹Ü✞➼❑➨❸➺✏➼❑➫✫➭
➴✩➩✉➫✫➭❸➨☛➼✞➯✗❰❶➯✏➼❑➭❸➩✚➼✞➧❱➺r➫▲➭❸➵✵➩❙Ô✗➫✗➼❑➯✵❰✗➼✞➨✠➭☛➺❋➴✉➯❋➩❙➪❶➺❋➻♣➭❸➨❸➺r➘✵➧❶➭☛➺r➚⑧➫✵➻❦➚✞➨❦➺❋➫❱➭☛➵❶➩◗➻♣➭✦➼①➭☛➩❙➹➄➚⑧➨♣➬➇➩✉➪❫➻♣➵✵➚⑧➨✠➭☛➯r➲
➼❑➹➎➭☛➩✉➨❙➭☛➵✵➩❊➴✉➚⑧➯❋➯r➺❋➻❸➺r➚⑧➫②➳❝➼✞➻❯➨❸➩✺❆✗➩✩➴✁➭☛➩✩➪♦➘✹➲ ✹ × ✃
â❲➫▲❅✸➺❋➽✵✃ ✝✞þ ➳③➭☛➵❶➩❱➩✩➯❋➯r➺❋❰❶➭❸➺❋➴✤❆✗➚✎➱ ➪✵➼❑➭✦➼❽➹➄➨♣➚⑧➬ ❅✌➺❋➽✵✃ ✝❀✒ ➼✞➨♣➩❱➨❸➩✉❰✵➯❋➚✞➭♣➭☛➩✉➪❮➩❂✯❛➩✩➴✉➭❸➺rÜ✞➩✩➯r➲➍➺❋➫➍➭❸➵✵➩
➨❸➩✉➻♣➭❯➹➄➨☛➼✞➬❫➩❴➚✞➹❆➚⑧➫✵➩❊➚✞➹❆➭☛➵❶➩q➽✞➚⑧➯❋➪❾➫✫➧✵➴✉➯❋➩✩➺⑨✃❲✮✆➫✵➴✩➩q➼✞➽⑧➼✞➺❋➫④➭❸➵✵➩❊❰✵➵✵➩✩➫❶➚⑧➬➇➩✉➫✵➚⑧➫➾➚✞➹✌➩✁➸✳➭☛➩✉➫✵➪✵➩✩➪
➯❋➚⑧➫❶➽⑧➺r➭❸➧✵➪✵➺❋➫✵➼✞➯◗➻❸➴✩➼✞➯❋➺r➫✵➽❺➺r➻❽➨❸➩✁Ü⑧➩✩➼✞➯❋➩✉➪②➳❀➭❸➵✵➺❋➻❫➭☛➺❋➬❫➩♠➹➄➚⑧➨ ✹ × Ø✕Ù ✂ ✽✞Ú ✃❀Ý■➻④➪✵➺❋➻♣➴✩➧✵➻♣➻❸➩✉➪ ➼❑➘❛➚✎Ü⑧➩❑➳
➭☛➵✵➩✉➨❸➩▲➺❋➻q➼❾➻❸➬➇➼✞➯r➯✸➬❫➚❝➪✵➺❞Ô✗➴✚➼①➭☛➺❋➚✞➫Þ➚✞➹✔➭☛➵✵➩▲➻❸➵✵➼✞❰❛➩❫➺r➹ ✹ × ➺r➻❴❰✵➯❋➚❑➭❸➭☛➩✉➪ Ü✞➩✩➨♣➻❸➧✵➻q➨☛➼✞❰❶➺❋➪✵➺❞➭❲➲Þ➺❋➫✳Ó➻♣➭❸➩✚➼✞➪⑤➚✞➹❛➄❺➘✵➧❶➭▲➭☛➵✵➺r➻▲➴✦➵✗➼✞➫✵➽⑧➩♠➪✵➚✳➩✩➻❫➫✵➚✞➭▲➻♣➺❋➽⑧➫❶➺rÔ✗➴✩➼✞➫✹➭☛➯r➲❺➺❋➬❫❰✗➼✞➴✁➭❧➭☛➵✵➩➾➴✩➚✞➬➇❰✗➼❑➨❸➺❋➻♣➚⑧➫ ➚✞➹

✝✞ÿ❀✍
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0.01
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0.06  19.6 GeV > = 201
part

<N 62.4 GeV > = 201
part
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0
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0.04
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0.06 130 GeV > = 209
part

<N

-4 -2 0 2 4

200 GeV > = 211
part

<N

Au+Au

2v

η
s②✮✾❢✹❭ →✎➣ ❭✫▼❆✯✼✴✺❅✫✷✹❁✎✶✠✲✚✰✳✮❞✷✫✮✾✿✄❤❊✷✫✴✦✰❶✴✺❂✳✷✹✴✺❂✫✻☛✴❨❁✎❉t✴✺❄✕❄✕✮✕✰✫✿✼✮✕✻✒➌✳❁✁❈ ❁✎❉❛✻♣✭✫✲✚✶✼❢✎✴✺✷❧✰✳✲✚✶✠✿✼✮✕✻✦❄✾✴✺✯✸❉r❁✎✶❡✿✼✭✫✴❨➅✑➢③➤
●❴❁❃✯✼✿⑦✻☛✴✺❂①✿❲✶♣✲✎❄❆✻☛❁❃❄✕❄✕✮❞✯✼✮✾❁❃❂✫✯❨❁✎❉❡❵❀❅❶❜❙❵❀❅➮➁✏✲✁❥✎✴✦✶✠✲✚❢✎✴❱❂❑❅✳●⑦✽✵✴✦✶◗❁✎❉❦✰✳✲✚✶✼✿✼✮✕✻✦✮✕✰✳✲✚✿✼✮✕❂✹❢❱❂✞❅✫✻✦❄✾✴✦❁❃❂✫✯❯✮❞❂✫✷✫✮❼❷
✻✦✲✚✿❲✴✺✷❝➊✔✲✚✿✔✲q❥✩✲✚✶✠✮✕✴✦✿✄❤❧❁✎❉②✽❶✴✺✲✎●Õ✴✺❂✹✴✦✶✼❢❃✮✾✴✺✯❛➝ ➜ ➯ ➅✭➟➄❭✓➵❀❁✎✿❲✴◆✿✼✭✹✴⑦❄✕✮✕❂✫✴✺✲✚✶❡❉❋✲✎❄✕❄✾❷➄❁✚❻❾✲✚✿❨✭✫✮✾❢❃✭✹✴✦✶◗➸ ➺❲➸✹✲✎❂✳✷
✿✼✭✹✴❱❄✕✲✎✻✠❏➾❁✎❉✒✴✦❥⑧✮✕✷✹✴✺❂✳✻☛✴❇❉❋❁✎✶❊✲➇✻☛❁❃❂✳✯❲✿✼✲✎❂①✿❴❥✚✲✎❄✕❅✹✴✢❁✁❥✎✴✦✶❇✲➇✽✳✶✼❁❃✲✎✷Þ●❊✮✕✷✹✶✠✲✚✰❝✮✕✷✫✮✾✿⑨❤➇✶✼✴✦❢❃✮✕❁❃❂✗❭✤❘✸❁✁➑✞✴✺✯
✮✕❂✳✷✫✮✕✻✦✲✚✿❲✴◗✯❲❤⑧✯❲✿❲✴✺●❊✲✚✿✼✮✕✻❯❅✳❂✫✻☛✴✦✶✼✿✼✲✎✮✕❂❑✿✼✮✾✴✺✯⑦➁⑩➡✭➢③➤ ❬❨❭✎➥⑩❭↕➊♣❭
➪✵➺✌✯❛➩✩➨♣➩✩➫✹➭■➩✩➫✵➩✉➨❸➽⑧➺r➩✩➻✩✃ ❐ ➵✵➩✉➨❸➩❇➼✞❰✵❰t➩✚➼✞➨♣➻⑦➭❸➚➇➘t➩❇➼❫➻♣➺❋➫✵➽⑧➯r➩❴➧✵➫✵➺❞Ü⑧➩✩➨♣➻☛➼✞➯❆➴✩➧❶➨♣Ü⑧➩❇➽⑧➚✎Ü⑧➩✉➨❸➫✵➺r➫✵➽❫➭❸➵✵➩
➩✩➯r➯❋➺❋❰❝➭☛➺❋➴t❆✗➚✎➱Ï➼❑➻✒➼❴➹➄➧❶➫✵➴✉➭❸➺❋➚⑧➫▲➚✞➹❦➄❖❨✫➚❃Ü✞➩✩➨✔➼❴➘✵➨❸➚⑧➼✞➪▲➨☛➼✞➫✵➽✞➩◗➪✵➚✎➱❯➫❫➭❸➚❴➬➇➺r➪✵➨☛➼✞❰❶➺❋➪✵➺❞➭❲➲✢➼①➭✒➩✚➼✞➴✦➵
➩✩➫✵➩✉➨❸➽✞➲④➻♣➭☛➧❶➪✵➺❋➩✉➪②✃ ❐ ➵✵➺r➻⑦➩✺➸✳➭☛➩✩➫❶➪✵➩✩➪♦➯❋➚⑧➫✵➽✞➺r➭☛➧❶➪✵➺❋➫✗➼❑➯t➻♣➴✚➼✞➯r➺❋➫✵➽❱➘t➩✩➵✵➼✎Ü✳➺r➚⑧➨❙➚✞➹✌➩✩➯r➯❋➺❋❰❝➭☛➺❋➴➼❆✗➚✎➱ ➺❋➫
❅✸➺❋➽❶✃ ✝✞þ ➵✗➼✞➻◆➹➄➧✵➨✠➭☛➵✵➩✉➨✆➺❋➬❫❰✵➯r➺❋➴✚➼①➭☛➺❋➚✞➫✵➻❯➻❸➺❋➫❶➴✩➩❧➩✉➯❋➯❋➺r❰❶➭☛➺r➴❉❆✗➚✎➱ ➘✵➧❶➺❋➯❋➪❶➻◆➧✵❰❮➩✩➼✞➨❸➯❞➲♦➺r➫Þ➭☛➵✵➩✢➴✩➚⑧➯✕Ó
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s②✮✾❢✹❭ → ➲✞❭✵✬✒✭✹✴◗➌✳❁✁❈⑤✷✳✲✚✿✼✲❊❁✎❉✱s②✮✾❢✹❭ →✎➣ ✲✚✶✼✴⑦✯✼✭✹❁✉❈✔❂❫✮❞❂❱✿✼✭✹✴❯✿❲❁✎✰❽❄✾✴✦❉r✿◆➁❋✿❲❁✎✰➇✶✠✮✕❢❃✭①✿♣➊✸✰❝✲✎❂✹✴✺❄✗❥✎✴✦✶✠✯✼❅✳✯
✿✼✭✹✴✢❥✚✲✚✶✠✮✕✲✚✽✳❄✾✴✦➺ ❨ ➩ ➺ ❮ ✒ ❩ å ➓ ➬ ➁✥➺ ❨ ➩ ➺❊❜➌✒ ❩ å ➓ ➬ ➊✦➝ ➜ ➯ ➅✭➟➄❭✱❩➐❂➾✿✼✭✫✴q✽✵❁✎✿❲✿❲❁❃●♥✰✳✲✎❂✹✴✺❄➎✐②✷✫✲✚✿✼✲❽✲✚✿
✰✵❁❃✯✼✮✾✿✼✮✕❥✎✴❀✲✎❂✫✷❧❂✹✴✦❢❃✲✚✿✼✮✾❥✎✴❙✰✳✯✼✴✺❅✫✷✹❁✎✶✠✲✚✰✳✮❞✷✫✮✾✿✄❤✆✭✫✲✁❥✎✴◗✽❶✴✦✴✺❂✢✲✺❥✎✴✦✶♣✲✚❢✎✴✺✷❱✿❲❁✆❢❃✮✾❥✎✴◆➍ × ✲✎✯❦✲■❉✏❅✫❂✫✻☛✿✼✮✕❁❃❂❊❁✎❉➸ ➺❲➸↕❭❝✬✒✭✫✴✺✯❲✴❯✶✼✴✺✯✼❅✳❄✾✿✼✯❦❈✌✴✦✶✠✴⑦✿✼✭✹✴✺❂❫✰✳❄✾❁✎✿❲✿❲✴✺✷❱❥✎✴✦✶✠✯✠❅✫✯✒✿✼✭✹✴⑦❥✩✲✚✶✠✮❞✲✚✽✳❄✾✴✫➺ ❨ ➩ ➸ ➺❳➸ ❮ ✒ ❩ å ➓ ➬ ❭❝❵❀✯✔❉r❁✎✶✒✿✼✭✫✴✰✳✲✚✶✠✿✼✮✕✻✦❄✾✴❊✷✹✴✺❂✫✯✠✮✾✿✼✮✾✴✺✯❙✯✼✭✹❁✉❈✔❂♠✮✕❂❾s②✮✾❢✹❭ → ➅✹✐❛✿✼✭✹✴❴➌✫❁✁❈ ✷✫✲✚✿✼✲▲✲✚✿⑦✲✎❄❞❄②✴✺❂✹✴✦✶✼❢❃✮✾✴✺✯◗❉❋❁❃❄✕❄✾❁✉❈❍✲❱✻☛❁❃●❊●❴❁❃❂
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➻❸➧✵➬❫❰❶➭❸➺❋➚⑧➫✵➻❨➻❸➺❋➬❫❰✵➯r➺r➹➎➲❱➭☛➵❶➩❴➴✩➚⑧➧✵❰❶➯❋➩✩➪♠➪✵➺✰✯✤➩✉➨❸➩✉➫✫➭❸➺✏➼✞➯❛➩✩Ñ✫➧✗➼❑➭❸➺❋➚⑧➫❶➻◗➼✞➫✵➪➾➼✞➯r➯❋➚✎➱Ï➭☛➵✵➩❴➧❶➻❸➩❴➚✞➹ ✝ ×
➭☛➨❸➼✞➫✵➻♣Ü✞➩✩➨♣➻❸➩❯➩✁➸❝❰✗➼✞➫❶➻❸➺❋➚✞➫❱➚❃Ü✞➩✩➨♣➯✏➼✞➺r➪❱➚⑧➫✢➭☛➵❶➩◗➘❛➚✳➚⑧➻♣➭✠Ó❲➺r➫✫Ü❑➼✞➨♣➺✏➼✞➫✹➭❆➯❋➚✞➫✵➽⑧➺r➭❸➧✵➪✵➺r➫✗➼✞➯✫➩✁➸❝❰✗➼✞➫❶➻❸➺❋➚✞➫➾Ð⑨➼
➻❸➴✉➩✩➫✗➼✞➨♣➺❋➚➾➚✞➹➎➭☛➩✉➫➮➴✚➼✞➯r➯❋➩✩➪ ✝ ❱ Ù × ➵✹➲✳➪✵➨❸➚✳➪❶➲✳➫✗➼✞➬❫➺❋➴✉➻✦Ò✺✃❉✂⑥➵✵➺❋➯r➩❧➭☛➵✵➺r➻❴➘✗➼✞➻❸➺r➴▲➵✫➲✳➪✵➨♣➚❝➪❝➲❝➫✵➼✞➬➇➺r➴
❰✵➺❋➴✁➭☛➧✵➨♣➩✢➱❨➼✞➻❊➨❸➚⑧➧✵➽✞➵✵➯r➲♦➻❸➧✵➴✉➴✩➩✉➻❸➻♣➹➄➧❶➯✔➺r➫❮➪✵➩✩➻♣➴✩➨♣➺❋➘✵➺r➫✵➽❾➻❸➚⑧➬❫➩❱➼✞➻♣❰❛➩✉➴✉➭❸➻q➚❑➹✔➭❸➵✵➩❧➩✉➯❋➯❋➺r❰❶➭☛➺r➴✦❆✵➚❃➱
Ð✄➻♣➩✩➩Þ❅✸➺r➽⑧➻✩✃ þ ➼✞➫❶➪ ✔ Ò✁➳③➭☛➵✵➩✉➻❸➩❱➬❫➚❝➪❶➩✩➯❋➻■➵✗➼✚Ü⑧➩✢➹✄➼❑➺❋➯❋➩✉➪♦➭❸➚④➪✵➩✩➻♣➴✩➨♣➺❋➘t➩❧➭☛➵✵➩❱Û◗✟ ❐ ➪✗➼❑➭☛➼➇➹➄➨❸➚⑧➬
❏ Û⑦â✠➦ Ø✾Ù ✂❀✂ ✏③Ù � ÿ❑Ú ✃
❐ ➵✵➩✔➺❋➫✓❆✗➧❶➩✩➫✵➴✉➩❀➚✞➹❶➼❯❰❛➚⑧➻♣➻❸➺r➘✵➯❋➩❡➫✵➩✁➱ ❰✵➵✗➼❑➻❸➩✒➚⑧➫❇Û❛✟ ❐ ➬❫➩✚➼❑➻❸➧✵➨♣➩✩➬❫➩✩➫✹➭☛➻⑩➵✗➼✞➻✌➼◗➯❋➚⑧➫❶➽⑦➵❶➺❋➻♣➭❸➚⑧➨♣➲
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s②✮✾❢✹❭ → ↔❑❭③❘✸✴✦✶✼✿✼✯✼✻♣✭⑧❷✄▼⑩✶♣✲✚✿❲✿❯✰✳✲✚✶✠✲✎●❴✴✦✿❲✴✦✶♣✯➆❃ á ✐❶❃✿➒✦✐✗✲✎❂✫✷❙❃ ✣ ✐③✲✎❂✳✷➇✿✼✭✫✴❴✶✠✲✚✿✼✮✾❁●❃ á ➘✕❃✿➒❙❉❋❁✎✶➆➓ þ ➓ þ
✰✳✲✎✮✕✶✠✯✸✴✺●❊✮✾✿❲✿❲✴✺✷▲✮✕❂❧✻☛✴✺❂❑✿❲✶✠✲✎❄③✻☛❁❃❄✕❄❞✮✕✯✼✮✾❁❃❂✫✯✌❁✎❉❛❵❨❅❝❜❙❵❨❅❱✲✚✿ ➧ ➨ ❭❴❭ ❁✎❉ → ➢✖➢❇➆❙✴✦➈ ➁✏❄✾✴✦❉❋✿❦✰✳✲✎❂✹✴✺❄✕✯❸➊❆✲✎❂✳✷
➲ → ❭ ➅❾➆❨✴✦➈ ➁❋✶✠✮✾❢❃✭❑✿◗✰✳✲✎❂✹✴✺❄✕✯❸➊❨✲✎✯⑦✲❱❉✏❅✫❂✫✻☛✿✼✮✾❁❃❂④❁✎❉❦✰✳✲✎✮✕✶◗✿❲✶✠✲✎❂✫✯❲❥✎✴✦✶✠✯✼✴q●❴❁❃●❴✴✺❂❑✿✼❅✫● ❏⑧➀Ö➝ ➜❄➡ → ➟➄❭✤s✹❁✎✶
✻☛❁❃●❴✰❝✲✚✶✠✮✕✯❲❁❃❂✗✐❝✷✫✲✚✿✼✲q❉❋✶✼❁❃● ❚⑧✬❛❵❨❳ ➝ ➜❄➡✖➳❂➟✒➁❋❁✎✰✵✴✺❂➇✯❲✿✼✲✚✶✠✯♣➊✒✲✎❂✫✷❫▼✌❖❸➾✚➵✔❩☛➪û➝ ➜❄➡✩➅✭➟✔➁❋❁✎✰❶✴✺❂➇✻☛✶✼❁❃✯✼✯❲✴✺✯❸➊
✲✚✶✼✴⑦✰✫✶✼✴✺✯❲✴✺❂❑✿❲✴✺✷❫✲✚✿➚➧ ➨ ❭✓❭✚➩ → ➢✖➢✢➆❨✴✦➈■❭❶▼❆❖◗P❙❘✒P❯❚❧✯❲❤⑧✯❲✿❲✴✺●❊✲✚✿✼✮❞✻◗✴✦✶✼✶✼❁✎✶✠✯✔✲✚✶✼✴⑦✯✼✭✹❁✉❈✔❂▲✲✎✯✔✽❶❁✁➑✞✴✺✯✴➔
✯❲❤⑧✯❲✿❲✴✺●❊✲✚✿✼✮❞✻◗✴✦✶✼✶✼❁✎✶✠✯✒❉r✶✼❁❃● ❚⑧✬❛❵❨❳á✲✎❂✳✷▲▼❆❖➚➾▼➵❀❩❼➪➋✲✚✶✼✴⑦❂✫❁✎✿✒✯✼✭✹❁✁❈❀❂✗❭

Ø✕Ù � Ù✩Ú ✃♠➆■➫✵➪❶➩✩➨❱➭☛➵✵➩➾➼✞➻♣➻❸➧✵➬❫❰❶➭❸➺❋➚⑧➫✵➻❱➚❑➹◆➘t➚❝➚✞➻♣➭♣Ó➐➺❋➫✹Ü❑➼✞➨❸➺❋➼✞➫✹➭❧➵✹➲✳➪✵➨❸➚✳➪❶➲✳➫✗➼✞➬❫➺❋➴✉➻✩➳❦➭❸➵✵➩✟✾ á ➊❬✾ ➒
➨☛➼❑➭❸➺❋➚➂➻♣➵✵➚⑧➧✵➯r➪⑥➘❛➩❮➯❋➼✞➨❸➽⑧➩♦➺r➹❇➼➂➯❋➚✞➫✵➽❑Ó❲➯r➺rÜ✞➩✩➪➋➻♣➚⑧➧✵➨❸➴✉➩❮➺❋➻④➹➄➚⑧➨♣➬➇➩✉➪⑥➼✞➫✵➪Ï➻♣➵✵➚⑧➧✵➯r➪⑥➭❲➲✳❰✵➺r➴✚➼✞➯r➯r➲
➘❛➩❫➯✏➼❑➨❸➽⑧➩✉➨❊➭❸➵✗➼✞➫ ❨ ✝ ➺❋➫➶➼✞➫✹➲➶➴✩➼✞➻❸➩❑✃✶❅✌➺❋➽⑧➧✵➨♣➩ ✝❀✔ ➻♣➵✵➚✎➱❯➻❇➭❸➵✵➩❽➨♣➩✩➻❸➧❶➯r➭☛➻q➚✞➹❀Ô✵➭☛➻❇➧✵➻❸➺r➫✵➽➾➭❸➵✵➩
✟❨➩✩➨✠➭☛➻♣➴✦➵❝Ó✜✢❡➨☛➼①➭❸➭◗❰✗➼❑➨☛➼✞➬❫➩✉➭❸➩✩➨❸➺✌☞✚➼❑➭❸➺❋➚⑧➫✤➳✫➼✞➯❋➚⑧➫❶➽q➱❯➺❞➭☛➵❽➭❸➵✵➩❋✾ á ➊❬✾ ➒ ➨☛➼❑➭❸➺❋➚❊➹➄➨❸➚⑧➬ ❨ ❬✖❭❴❭ ➋ þ✆✝ ✃ ✽
➼✞➫✵➪ ✝✞ÿ⑧ÿ ✛❊➩✺✹ Ý■➧❲❱✆Ý◆➧♦➴✩➚⑧➯r➯❋➺❋➻♣➺❋➚⑧➫❶➻ Ø✕Ù � ✝①Ú Ð✄➻♣➩✩➩qÝ◆❰✵❰t➩✩➫❶➪✵➺❞➸④✟◆✃ ✍ ➹➄➚✞➨⑦➪❶➩✉Ô✗➫✵➺❞➭☛➺r➚⑧➫✵➻✦Ò✺✃ ❐ ➵✵➩
➪✗➼❑➭☛➼á➼①➭ ✝✞ÿ⑧ÿ ✛❴➩❂✹ ➼✞➨❸➩❮➴✉➚⑧➬❫❰✗➼✞➨❸➩✉➪Ï➭☛➚ ➭☛➵✵➩❮➨♣➩✩➻♣➧✵➯r➭❸➻➾➚❑➹✢➚✞➭❸➵✵➩✩➨ ❏ Û■â✠➦ß➩✁➸❝❰t➩✩➨❸➺r➬➇➩✉➫✹➭☛➻
Ø✕Ù � ✍ ➳ Ù � ✽✞Ú ✃✎â❲➫❧➴✩➚✞➫✫➭❸➨☛➼✞➻✠➭✸➭❸➚◆➩✁➸❝❰t➩✩➴✁➭✦➼❑➭❸➺❋➚⑧➫✵➻✉➳❑➭❸➵✵➩❀➨❸➼❑➭☛➺r➚■➚❑➹❶✾ á ➊❬✾ ➒ ➼❑❰✵❰❛➩✩➼✞➨❸➻❆➭☛➚■➘❛➩❀➴✩➯❋➚✞➻❸➩✒➭☛➚
➧✵➫✵➺❞➭❲➲▲➺❋➫❫➵✵➩✚➼✚Ü✫➲❽➺r➚⑧➫❫➴✩➚⑧➯r➯❋➺❋➻♣➺❋➚⑧➫❶➻✩✃✆✗✳➺❋➬❫➺❋➯✏➼❑➨❦➨❸➩✉➻❸➧✵➯❞➭☛➻✒➱❨➩✉➨❸➩■➹➄➚✞➧✵➫✵➪④➺r➫➇➵✵➩✩➼✚Ü✳➲❫➺r➚⑧➫➇➴✉➚⑧➯❋➯r➺❋➻♣➺❋➚⑧➫✵➻
➼❑➭❊➯❋➚✎➱❀➩✩➨❴➩✉➫✵➩✩➨♣➽⑧➺❋➩✉➻❽Ð➄➻❸➩✉➩❫➨♣➩✉➹➄➩✉➨❸➩✩➫❶➴✩➩✩➻❇➺❋➫ Ø✾Ù � ✝①Ú Ò✁✃ ❐ ➵✵➩▲➻❸➬➇➼✞➯❋➯r➫✵➩✩➻♣➻✆➚✞➹❀➘❛➚✞➭❸➵→✾ á ➊❬✾ ➒ ➼✞➫✵➪✾ ✣ ➵✗➼✞➻✆➴✉➚⑧➬➇➩❇➭☛➚④➘t➩❱➷✫➫✵➚✎➱❯➫➶➼❑➻◆➭☛➵✵➩❮ã❸Û❛✟ ❐ ❰✵➧✓☞➏☞✩➯r➩✩ä✵✃✤â➐➭❴➵✗➼✞➻✆➘t➩✩➩✉➫❮❰❛➚✞➻♣➭☛➧❶➯✏➼❑➭❸➩✩➪Þ➭☛➵✵➼❑➭
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❉❋❁✎✶✔✻☛❁❃●❴✰✳✲✚✶♣✮✕✯❲❁❃❂✗❭
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➬➇➩✉➫✹➭☛➻✒➚✞➹③➭☛➵✵➩◗➭❸➚✞➭✦➼✞➯❝➴✦➵✗➼✞➨♣➽⑧➩✩➪❫❰✗➼✞➨✠➭☛➺❋➴✉➯❋➩❙➬✢➧✵➯r➭❸➺❋❰✵➯r➺❋➴✩➺❞➭❲➲❊➪✵➺rÜ✳➺r➪✵➩✩➪❱➘✹➲❧➭❸➵✵➩❯➫✳➧❶➬❧➘❛➩✉➨✒➚✞➹t❰✗➼✞➺❋➨♣➻
➚✞➹❡❰✗➼❑➨♣➭☛➺r➴✩➺r❰✗➼❑➭☛➺r➫✵➽❫➫✳➧❶➴✩➯❋➩✉➚⑧➫✵➻✆➺r➫➍Ý■➧❲❱✆Ý◆➧Þ➴✉➚⑧➯❋➯r➺❋➻❸➺r➚⑧➫✵➻❯➼❑➭■➭☛➵✵➨♣➩✩➩❧➩✉➫✵➩✩➨♣➽⑧➺❋➩✉➻✩➳③➹➄➨❸➚⑧➬ Ù �❝✃ þ ➭☛➚
✝✞ÿ⑧ÿ ✛❊➩✺✹♥Ð✄➻❸➩✉➩✸❅✸➺r➽✵✃ Ù✑✝ Ò✁✃ ❐ ➵✵➩❇➪✗➼❑➭✦➼❱➹➄➚⑧➨◗➭☛➵❶➩❇➪✵➺✰✯✤➩✉➨❸➩✉➫✫➭⑦➩✉➫✵➩✩➨♣➽⑧➺❋➩✉➻◆➼✞➨♣➩❇➻♣➩✩❰✗➼❑➨☛➼❑➭❸➩✩➪➍➘✹➲♦➼
➹✄➼✞➴✉➭❸➚⑧➨❨➭❸➵✗➼❑➭◗➺r➻❙➴✩➚⑧➫❶➻♣➭✦➼❑➫✫➭⑦➼❑➻◗➼✢➹➄➧✵➫✵➴✁➭☛➺❋➚✞➫❾➚✞➹⑩➴✩➩✉➫✫➭❸➨☛➼✞➯r➺r➭❲➲✞✃❶â❲➫♠➚✞➭☛➵❶➩✩➨❨➱❀➚⑧➨❸➪❶➻✩➳✵➭☛➵❶➩✆➴✩➩✉➫✫➭❸➨☛➼✞➯✕Ó
➺r➭❲➲ ➼✞➫❶➪❺➩✩➫❶➩✩➨❸➽❑➲❺➪✵➩✉❰❛➩✉➫✵➪✵➩✉➫✵➴✩➩④➚❑➹❙➭☛➵✵➩❫➲✳➺❋➩✩➯r➪➶❰t➩✩➨q❰✗➼✞➨✠➭☛➺r➴✩➺❋❰✵➼✞➫✹➭❇➺r➫❺Ý■➧❲❱✆Ý◆➧❺➴✉➚⑧➯❋➯r➺❋➻♣➺❋➚⑧➫✵➻
➹✄➼✞➴✉➭❸➚⑧➨❸➺✌☞✩➩❇➚❃Ü✞➩✩➨◆➭❸➵✵➩❧➨❸➼✞➫✵➽⑧➩❧➚❑➹❡➭☛➵✵➩q➭❲➱❨➚♠➴✩➚✞➫✫➭❸➨❸➚⑧➯⑩Ü❑➼✞➨❸➺❋➼✞➘✵➯r➩✩➻✩✃③â❲➫Þ➭❸➵✵➺❋➻■➴✚➼✞➻♣➩✞➳✤➭❸➵✵➩✢➹✄➼✞➴✁➭☛➚⑧➨✼Ó
➺✥☞✩➼❑➭☛➺r➚⑧➫➮➚❝➴✉➴✩➧✵➨♣➻❇➭☛➨♣➺rÜ✳➺✏➼❑➯❋➯r➲✞➳②➼✞➻q➭☛➵✵➩▲➭☛➚❑➭✦➼✞➯✒➴✦➵✗➼✞➨♣➽⑧➩✩➪❺❰✗➼✞➨♣➭❸➺❋➴✉➯❋➩❱➲✳➺❋➩✩➯r➪➶❰t➩✩➨q❰✗➼✞➨✠➭☛➺r➴✩➺❋❰✵➼✞➫✹➭❇➺r➻
➴✩➩✉➫✫➭❸➨☛➼✞➯r➺r➭❲➲✹Ó❲➺r➫✵➪✵➩✉❰❛➩✉➫✵➪✵➩✩➫✹➭q➼❑➭❴➼✞➯❋➯❆➩✩➫✵➩✉➨❸➽⑧➺r➩✩➻✉✃❤✂⑥➵✵➩✉➭❸➵✵➩✩➨❴➭❸➵✵➺❋➻◆➹✄➼❑➴✉➭☛➚✞➨❸➺✥☞✩➼❑➭☛➺r➚⑧➫➍➺r➻❴➼❽➹➄➧✵➫✵➪✵➼①Ó
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➻♣➭❸➧✵➪❶➲✳➺❋➫✵➽④➭❸➵✵➩❧➲✳➺❋➩✉➯❋➪✵➻✆❰t➩✩➨◆❰✗➼✞➨♣➭❸➺❋➴✉➺❋❰✗➼✞➫✹➭◆➬➇➚⑧➨♣➩✢➪✵➺✰✯✤➩✉➨❸➩✉➫✫➭❸➺✏➼✞➯r➯r➲♠➺r➫Þ❰✵➻❸➩✉➧✵➪✵➚⑧➨❸➼✞❰✵➺r➪✵➺r➭❲➲Þ➼✞➫✵➪
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➼✞➫❒➺r➫✹➭☛➩✩➨♣❰❛➚✞➯✏➼❑➭❸➩✩➪ Ü✞➼❑➯❋➧✵➩♦➼❑➭ Ù �❶✃ þ ✛❴➩❂✹ ➼✞➨❸➩♦➼✞➯r➻❸➚ ❰✵➯❋➚✞➭♣➭☛➩✉➪ Ø✾Ù✑✒❀✒ ➳ Ù✑✔❀✝ ➳ Ù �❀� Ú ✃t✮◆Ü✞➩✩➨➇➭❸➵✵➩
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➼✞❰✵❰✵➨♣➚✚➸❶➺r➬❽➼①➭☛➩✩➯❞➲ ✝❀✒ ☎ ➹➄➨❸➚⑧➬Õ➬➇➺r➪❝Ó❲❰t➩✩➨♣➺❋❰✵➵❶➩✩➨☛➼❑➯✫➭❸➚❴➴✩➩✉➫✫➭❸➨☛➼✞➯❶➴✩➚⑧➯r➯❋➺❋➻♣➺❋➚⑧➫❶➻✩✃③❋✒➼✞➨❸➯❞➲❇➭❸➵✵➩✩➚⑧➨♣➩✉➭❸➺❋➴✚➼❑➯
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2.4 Saturation Model

Hijing (1.35)
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✢✒Û❚✮❉✟✫✮✤✗➍➩✁➸❝❰t➩✩➨❸➺r➬➇➩✉➫✹➭◆➱❀➚⑧➧✵➯❋➪➍➫✵➚✞➭❴➵✗➼✚Ü✞➩❧➘❛➩✉➩✩➫❮❰t➚⑧➻❸➻♣➺❋➘✵➯r➩✞✃❶✂❺➩q➱❨➚✞➧✵➯❋➪❮➯r➺❋➷✞➩❊➭☛➚➇➭☛➵✗➼✞➫❶➷♠❴➨❸➺❋➻♣➵✵➫✗➼ ❏ ➼✑✧❸➼✞➽⑧➚⑧❰✵➼✞➯❑➹➄➚⑧➨✱➬➇➼✞➫✹➲◆Ü❑➼✞➯r➧✗➼✞➘✵➯r➩✸➻♣➧✵➽⑧➽⑧➩✉➻♣➭☛➺r➚⑧➫✵➻❆➼✞➫✵➪❊➩✉➫✵➯❋➺r➽⑧➵✹➭☛➩✩➫❶➺❋➫✵➽◗➪✵➺r➻❸➴✉➧✵➻❸➻♣➺❋➚⑧➫✵➻✉✃✂❺➩❯➼❑➴✦➷✳➫❶➚❃➱❯➯r➩✩➪✵➽✞➩❯➭❸➵✵➩◗➽⑧➩✉➫✵➩✩➨♣➚⑧➧✵➻✒➻❸➧✵❰❶❰❛➚⑧➨✠➭✒➚✞➹③➭☛➵✵➩⑦➦❨➚✞➯❋➯❋➺r➪✵➩✩➨✼Ó❲Ý■➴✩➴✩➩✉➯❋➩✉➨☛➼❑➭❸➚⑧➨✸×✆➩✉❰✗➼✞➨✠➭☛➬❫➩✩➫✹➭
Ð✄➺r➫✵➴✩➯r➧✵➪✵➺❋➫❶➽ ❏ Û■â✠➦❍❰✵➨❸➚③✧♣➩✉➴✉➭◆❰❛➩✉➨❸➻❸➚✞➫✵➫✵➩✩➯✏Ò⑦➼❑➫✵➪Þ➦❨➵❶➩✩➬❫➺❋➻♣➭❸➨♣➲➾×✆➩✉❰✗➼✞➨♣➭❸➬➇➩✉➫✹➭✆➼❑➭◗✟❜❑◗✩❡✃❶✂➶➩
➭☛➵✗➼❑➫✵➷✸❅✗➩✩➨♣➬➇➺r➯✏➼✞➘✢➼✞➫✵➪➇➦❜❋ ❏ ❑➋➹➄➚⑧➨✸➵✵➩✩➯r❰❱➺❋➫❱➻❸➺r➯❋➺r➴✩➚⑧➫❧➪❶➩✉➭☛➩✉➴✉➭❸➚⑧➨✔➼✞➻❸➻♣➩✩➬❧➘✵➯❞➲⑧✃❬✂➶➩❙➭☛➵✵➼✞➫✵➷❇➭❸➵✵➩
✷ â ❐ ✗❝➴✦➵✵➚✳➚⑧➯✗➚✞➹❩✗❝➴✩➺r➩✩➫✵➴✉➩◆➼✞➫❶➪✁✩❩❑❚✗❧➹➄➚⑧➨❡Ô✗➫✗➼✞➫❶➴✩➺✏➼❑➯t➻♣➧✵❰✵❰t➚⑧➨♣➭✩✃ ❐ ➵✵➺❋➻❡➱❀➚⑧➨❸➷❱➱❨➼✞➻❀❰✵➼✞➨♣➭❸➺✏➼✞➯r➯r➲
➻❸➧✵❰❶❰❛➚⑧➨✠➭☛➩✉➪♦➘✹➲➛➆q✃ ✗❛✃③×✤✮❉❋á➽⑧➨☛➼✞➫✹➭❸➻❯×❉❋❦Ó➐Ý⑦➦ ÿ✆✝ Ó✘�❀✂✹➦❙Û Ù✚ÿ ✂❀✂ þ ➳❶×❉❋✸Ó✜❅▼✛ ÿ❀✝ Ó✜� ✍ ❋ ❏ ✽✹ÿ ✂ ÿ✆✝ ➳
×❉❋✸Ó✜❅❆➦ ÿ✆✝ Ó✘� ✽ ❋ ❏ ✽⑧ÿ ✂ Ù ✂❶➳⑩×❉❋✸Ó✘❅✚✛ ÿ✆✝ Ó✘� ✽ ❋ ❏ ✽✹ÿ ✂ þ✆✒ ➳✱×❉❋✸Ó✜❅▼✛ ÿ❀✝ Ó✜�❀�✄❋ ❏ ✽✵Ù✎ÿ �❀�❶➳✱➼✞➫❶➪➌✂➋Ó
✍❶Ù Ó Ù✎ÿ �①Ó✘❋❘❑❛✛✆Ó ✍ ✂❶➳✉➘✫➲❈➆q✃ ✗❛✃❞❑❚✗❴❅♦➽⑧➨❸➼✞➫✹➭☛➻P� þ⑧ÿ❀✍✄✽ ✂ þ ➳ ÿ⑧ÿ✆✔❀✝✄✝✞ÿ✄✽ ➳✎➼❑➫✵➪ ÿ✆✝❞✽✆✒✞ÿ❶Ù⑧Ù ➳✩➘✫➲❈✢❆➚⑧➯❋➺r➻❸➵♠✤✟❜❑ ➽⑧➨❸➼✞➫✹➭ Ù Ó✘✢ ÿ✄✍ ✟✔Ó ÿ✞þ✆✝ Ó ✝✄✔ Ð ✝✞ÿ✞ÿ✄✽ Ó ✝❑ÿ⑧ÿ✆✔ Ò✺➳⑧➼✞➫✵➪❾➘✹➲❡❑❚✗✵➦Ï➚✞➹ ❐ ➼✞➺r➱❨➼✞➫➾➦❨➚⑧➫✹➭❸➨☛➼✞➴✁➭➼❑❚✗✵➦
✂❀�①Ó ✝❝Ù⑧Ù✑✝ Ó ✷ Ó ÿ✞ÿ ✂①Ó ÿ❀✝❞✽ ✃

✝❝Ù✎þ



➳ ➾ q▼❧④✐❣✇❘➚✽➪★➚⑤✭á➡❩❧✹➞✖❧✳➤✞➞✎➠③➟

ZDC

PCAL

TOF

SpecTrig

SpecCal

Paddle

Ring
T0

Cherenkov

Magnet
Spectrometer

Octagon &

   Vertex

Ring

s②✮✾❢✹❭✳❵■❭â➜✚❭✳✬✒✭✫✴❯❄✕✲✺❤✎❁❃❅✹✿❀❁✎❉❛✿✼✭✫✴⑦▼❆❖◗P❙❘✒P❯❚❧✷✹✴✦✿❲✴✺✻☛✿❲❁✎✶❙✷✫❅✹✶♣✮✕❂✹❢◆✿✼✭✹✴❯❳✔❖❀❩❲❬➂✶✠❅✫❂❱✮✕❂❱✴✺✲✚✶♣❄✾❤ → ➢✖➢✚➅✹❭
✬✒✭✫✴❨✽✵✴✺✲✎●❊✯❡✻☛❁❃❄❞❄✕✮✕✷✹✴❙✲✚✿✒✲✆✰✵❁❃✮✕❂①✿✁�✼❅✫✯❲✿❦✿❲❁❴✿✼✭✹✴◗✶✠✮✾❢❃✭❑✿❦❁✎❉t✿✼✭✹✴❯✷✫❁❃❅✹✽✳❄✾✴☛❷✄✷✫✮✕✰❶❁❃❄✕✴✔●❊✲✚❢❃❂✹✴✦✿✦✐✫✿✼✭✫✴❨✿❲❁✎✰
❁✎❉✗❈✔✭✳✮✕✻✠✭❇✮✕✯❆❂✹❁✎✿✸✯✼✭✹❁✉❈✔❂✗❭①✬✒✭✫✴✔▼✸❬❦❵➚➥④✲✎❂✫✷❊➶❳➠◗❬ ✻✦✲✎❄✾❁✎✶✠✮❞●❴✴✦✿❲✴✦✶✠✯❆✲✚✶✠✴❀✷✹✶✠✲✁❈✔❂❊✿❲❁✆✯✼✻✦✲✎❄✾✴❀✽✳❅✹✿❆✲✚✶✠✴
❄✾❁⑧✻✦✲✚✿❲✴✺✷❫✲✚✽✵❁❃❅✹✿❘➳❴✿✼✮✕●❴✴✺✯❦❉✏✲✚✶✼✿✼✭✹✴✦✶✒❉❋✶✼❁❃●❣✿✼✭✹✴■✮✕❂①✿❲✴✦✶♣✲✎✻☛✿✼✮✾❁❃❂❱✰✵❁❃✮✕❂❑✿❡✿✼✭✫✲✎❂▲✯✼✭✹❁✉❈✔❂✗❭
❐ ➵✵➩✤✢✒Û❚✮❉✟✫✮✤✗④➩✁➸❝❰t➩✩➨❸➺r➬➇➩✉➫✹➭✦➼✞➯②➻♣➩✉➭❸➧✵❰♠➺❋➻❙➴✉➚⑧➬➇❰t➚⑧➻♣➩✩➪♠➚✞➹⑩➭☛➵✵➨♣➩✩➩❴➬➇➼✑✧♣➚⑧➨❙➻♣➧✵➘❝Ó➐➻♣➲✳➻♣➭❸➩✩➬❫➻✕➹③➼
➴✦➵✗➼✞➨♣➽⑧➩✩➪➂❰✵➼✞➨♣➭❸➺❋➴✩➯r➩❱➬❧➧✵➯❞➭☛➺❋❰❶➯❋➺❋➴✉➺r➭❲➲♦➪✵➩✉➭❸➩✩➴✁➭☛➚⑧➨q➴✩➚✎Ü⑧➩✉➨❸➺r➫✵➽❮➼✞➯r➬➇➚⑧➻✠➭❴➭☛➵✵➩❫➩✩➫✹➭❸➺❋➨❸➩❫➻❸➚✞➯❋➺❋➪ ➼✞➫❶➽⑧➯❋➩❑➳
➼❽➭❲➱❨➚➾➼✞➨♣➬ ➬➇➼✞➽⑧➫❶➩✉➭☛➺r➴✢➻♣❰❛➩✉➴✉➭☛➨♣➚⑧➬❫➩✉➭☛➩✉➨✆➱❯➺r➭❸➵❮❰✗➼✞➨♣➭❸➺❋➴✉➯❋➩q➺❋➪✵➩✉➫✫➭❸➺rÔ✗➴✩➼❑➭☛➺r➚⑧➫Þ➴✩➼✞❰✗➼✞➘✵➺r➯❋➺❞➭❲➲⑧➳❛➼✞➫✵➪
➼❺➻❸➧❶➺r➭☛➩♦➚✞➹❊➪✵➩✁➭☛➩✩➴✁➭☛➚⑧➨♣➻④➧✵➻♣➩✩➪Ï➹➄➚⑧➨➇➭❸➨❸➺r➽⑧➽⑧➩✩➨♣➺❋➫✵➽➶➼✞➫✵➪❒➴✩➩✩➫✹➭❸➨☛➼✞➯r➺r➭❲➲á➪✵➩✉➭❸➩✩➨♣➬➇➺r➫✗➼❑➭☛➺r➚⑧➫②✃ ✷ ➚✞➨❸➩
➪✵➩✉➭☛➼✞➺❋➯r➻❙➴✚➼❑➫❾➘❛➩✆➹➄➚⑧➧❶➫✵➪♠➺❋➫ Ø✞✝✞ÿ✄✽✞Ú ✃ ❐ ➵✵➩q➼✞➴✁➭☛➺❞Ü⑧➩❴➩✩➯r➩✩➬❫➩✩➫✹➭☛➻◗➚❑➹❆➭❸➵✵➩❴➬❧➧✵➯❞➭☛➺r❰✵➯❋➺r➴✩➺r➭❲➲❧➪✵➩✉➭❸➩✩➴✉➭❸➚⑧➨
➼✞➫✵➪➍➭❸➨☛➼✞➴✦➷✫➺r➫✵➽❽➪✵➩✁➭☛➩✉➴✉➭☛➚✞➨❸➻✆➺r➫♦➭☛➵❶➩✢➻❸❰t➩✩➴✁➭☛➨♣➚⑧➬➇➩✁➭☛➩✉➨✆➼✞➨♣➩✢➴✩➚✞➫✵➻♣➭❸➨❸➧✵➴✁➭☛➩✩➪❮➩✉➫✹➭☛➺❋➨♣➩✩➯❞➲♦➚❑➹❡➵✵➺❋➽✞➵✵➯r➲
➻❸➩✉➽⑧➬➇➩✉➫✹➭☛➩✩➪➞✗❝➺❆➱❙➼①➹➄➩✩➨❸➻✆➱❯➺❞➭☛➵Þ➺r➫✵➪✵➺❞Ü❝➺r➪✵➧✗➼✞➯⑩➨♣➩✚➼✞➪✵➚✞➧❶➭❴➚✞➹❡➭❸➵✵➩❧➩✩➫❶➩✩➨❸➽❑➲Þ➪✵➩✉❰❛➚⑧➻♣➺r➭❸➩✩➪❮➺❋➫➍➩✚➼✞➴✦➵
❰✗➼✞➪ Ø✞✝✞ÿ✆✒✖✏✓✝❑ÿ✆✔①Ú ✃ ❐ ➵✵➩➾➯✏➼✚➲⑧➚✞➧❶➭▲➚✞➹❯➭☛➵✵➩♠➩✺➸❶❰t➩✩➨♣➺❋➬❫➩✩➫✹➭▲➪✵➧✵➨♣➺❋➫✵➽❮➭❸➵✵➩ ✝✞ÿ⑧ÿ✄✽ ➨♣➧✵➫⑤➺r➻❧➻❸➵❶➚❃➱❯➫
➺❋➫▲❅✸➺r➽✵✃❛Ý❇✃ Ù ✃✱Ý◆➫➮➩✩➫✵➯❋➼✞➨❸➽✞➩✩➪❮Ü✳➺❋➩✉➱ ➚✞➹✔➭☛➵✵➩❱➨♣➩✩➽⑧➺r➚⑧➫ ➼✞➨❸➚⑧➧❶➫✵➪❮➭☛➵✵➩▲➘t➩✚➼✞➬ ➴✩➚⑧➯r➯❋➺❋➻♣➺❋➚⑧➫➍❰❛➚⑧➺r➫✹➭
➺❋➻❾➻♣➵✵➚✎➱❯➫ ➺❋➫ ❅✸➺r➽✵✃❨Ý❇✃ ✝ ✃ ❐ ➼✞➘❶➯❋➩❮Ý✢✃ Ù ➯❋➺❋➻✠➭☛➻❽➭❸➵✵➩➮➴✩➚⑧➯r➯❋➺r➪✵➺❋➫✵➽❺➻♣➲✳➻♣➭❸➩✩➬❫➻✩➳❯➴✩➩✉➫✫➭❸➩✩➨✼Ó❲➚✞➹✏Ó➐➬❽➼✞➻♣➻
➩✩➫✵➩✉➨❸➽⑧➺r➩✩➻✉➳③➼✞➫✵➪➾➪✗➼❑➭✦➼❱➻❸➼✞➬➇❰❶➯❋➩✩➻◗➴✉➚⑧➯❋➯r➩✩➴✁➭☛➩✩➪♠➘✹➲■✢✒Û❚✮❉✟✫✮✤✗❾➪✵➧✵➨❸➺r➫✵➽❱➭☛➵✵➩❴Ô✗➨♣➻♣➭❯➹➄➚⑧➧✵➨ ❏ Û■â✠➦
➨❸➧✵➫❶➻✩✃

❐ ➵✵➩❢✗✳➺⑦❰✵➼✞➪⑤➪❶➩✉➭☛➩✉➴✉➭❸➚⑧➨❸➻➇➧✵➻❸➩✉➪❒➭☛➚ ➬➇➩✩➼✞➻❸➧❶➨❸➩➾➬❧➧✵➯r➭❸➺❋❰✵➯r➺❋➴✉➺r➭❲➲ ➴✩➚⑧➫❶➻❸➺❋➻✠➭❽➚❑➹❊➼ ➻♣➺❋➫✵➽✞➯❋➩❾➯✏➼✚➲✞➩✩➨
➴✩➚✎Ü⑧➩✉➨❸➺r➫✵➽➍➼❑➯❋➬❫➚⑧➻♣➭■➭☛➵✵➩▲➩✩➫✹➭❸➺❋➨❸➩ ✽ ❧⑤➻♣➚⑧➯❋➺r➪❮➼✞➫✵➽✞➯❋➩✞✃ ❐ ➵✵➩✩➻♣➩➇➪✵➩✁➭☛➩✉➴✉➭☛➚✞➨❸➻❊➬➇➩✩➼✞➻❸➧❶➨❸➩❱➭☛➵✵➩❧➭❸➚✞➭✦➼❑➯
➫✫➧✵➬❧➘t➩✩➨✔➚✞➹✱➴✦➵✗➼✞➨♣➽⑧➩✩➪➇❰✗➼✞➨✠➭☛➺❋➴✉➯❋➩✉➻✔➩✉➬➇➺❞➭❸➭❸➩✩➪❫➺❋➫▲➭☛➵✵➩⑦➴✩➚⑧➯r➯❋➺r➻❸➺❋➚✞➫✵➻✩➳✹➼❑➻✔➱❀➩✩➯r➯❛➼❑➻❀➪✵➩✁➭✦➼✞➺r➯❋➩✉➪❫➺r➫❶➹➄➚⑧➨✼Ó
➬❽➼①➭☛➺❋➚✞➫④➼✞➘t➚⑧➧❶➭❙➭❸➵✵➩✩➺r➨❨➪✵➺r➻♣➭❸➨❸➺❋➘❶➧❶➭☛➺r➚⑧➫❽➺r➫❾➼✄☞✩➺r➬❧➧❶➭❸➵✗➼✞➯❛➼✞➫✵➪❾❰t➚⑧➯✏➼✞➨❨➼✞➫✵➽⑧➯r➩❱Ð➄➚⑧➨❨➩✉Ñ✳➧❶➺rÜ❑➼✞➯❋➩✉➫✹➭☛➯r➲
❰✵➻❸➩✉➧✵➪✵➚⑧➨❸➼✞❰✵➺r➪✵➺r➭❲➲✞➳✿➄❶Ò✁✃ ❐ ➵✵➩Þ✗❝➺❆➬❫➚❝➪✵➧❶➯❋➩✩➻■➼✞➨♣➩✢➬❫➚⑧➧✵➫✹➭☛➩✉➪Þ➚⑧➫✹➭☛➚❾➼➇➴✩➩✩➫✹➭❸➨☛➼✞➯r➯r➲♠➯❋➚✳➴✚➼①➭☛➩✩➪♦➚❝➴✺Ó
➭✦➼✞➽✞➚⑧➫✗➼✞➯✸➹➄➨❸➼✞➬❫➩➍Ð❼✮✆➴✉➭✦➼❑➽⑧➚⑧➫③Ò◆➴✉➚❃Ü✞➩✩➨♣➺❋➫✵➽❫➃ ➄❩➃●➅ ✍✌✺➙✝ ➳⑩➼✞➻❴➱❀➩✩➯❋➯✔➼✞➻❴➭❸➵✵➨❸➩✉➩❽➼✞➫❶➫✳➧❶➯✏➼✞➨✆➹➄➨❸➼✞➬➇➩✉➻
Ð ❏ ➺❋➫✵➽✞➻✦Ò❴➚⑧➫➂➩✩➺❞➭☛➵✵➩✉➨❇➻♣➺❋➪✵➩➇➚✞➹◗➭☛➵❶➩❽➴✩➚✞➯❋➯❋➺r➻❸➺r➚⑧➫❮Ü⑧➩✩➨✠➭☛➩✺➸✤➳✌➩✁➸✳➭☛➩✉➫✵➪✵➺r➫✵➽Þ➭☛➵✵➩➇➴✩➚✎Ü⑧➩✉➨☛➼✞➽✞➩④➚⑧➧❶➭❇➭☛➚

✝❝Ù✑✔



Ring Spectrometer

Vertex

Octagon

s②✮✾❢✹❭✎❵■❭ → ❭❃✬✒✭✹✴✸✴✺❄✾✴✺●❴✴✺❂❑✿✼✯②❁✎❉✳✿✼✭✹✴❡▼❆❖◗P❙❘✒P❯❚■✷✹✴✦✿❲✴✺✻☛✿❲❁✎✶❆✮❞❂⑦✿✼✭✹✴❦❥⑧✮✕✻✦✮✕❂✫✮✕✿✄❤◗❁✎❉✳✿✼✭✫✴✸✽✵✴✺✲✎●➋✻☛❁❃❄✕❄✕✮❞✯✼✮✾❁❃❂
✰✵❁❃✮✕❂❑✿✦❭
➃ ➄❩➃✬➅ ✒❄✺✞✽ ✃
❐ ➵✵➩❊✗❝➺❦➬❫➚❝➪❶➧✵➯❋➩✉➻◆➹➄➚⑧➨❸➬❫➺❋➫❶➽➇➭☛➵❶➩▲➼✞➨❸➬❫➻❴➚✞➹✒➭☛➵✵➩❱➻♣❰❛➩✉➴✉➭❸➨❸➚⑧➬❫➩✉➭❸➩✩➨q➼✞➨❸➩✢➬➇➚⑧➧❶➫✫➭❸➩✩➪➮➚⑧➫➮➩✩➺r➽⑧➵✹➭
➹➄➨☛➼✞➬❫➩✩➻✉✃❡×✆➩✩❰t➩✩➫❶➪✵➺❋➫✵➽➮➚⑧➫ ➭☛➵❶➩♠➭❸➨☛➼✑✧♣➩✉➴✉➭❸➚⑧➨♣➲✞➳❡➴✦➵✗➼✞➨❸➽✞➩✩➪á❰✗➼✞➨♣➭❸➺❋➴✉➯❋➩✩➻❧➭❸➨☛➼✚Ü⑧➩✉➨❸➻♣➩➍➘t➩✉➭❲➱❀➩✩➩✩➫ Ù✖✍
➼✞➫✵➪ Ù✎þ ➯✏➼✚➲✞➩✩➨❸➻❊➚✞➹❜✗❝➺✒➼✞➻❴➭❸➵✵➩✉➲❮❰✵➼✞➻❸➻❴➭☛➵❶➨❸➚⑧➧✵➽✞➵➮➭❸➵✵➩▲➻❸❰t➩✩➴✁➭☛➨❸➚✞➬➇➩✁➭☛➩✩➨✉✃ ❐ ➵✵➩▲Ô✗➨❸➻✠➭❇➯❋➼✚➲⑧➩✩➨❴➺r➻
➚⑧➫✵➯❞➲ Ù✎ÿ ➴✩➬ ➹➄➨♣➚⑧➬ ➭❸➵✵➩♦➫❶➚⑧➬➇➺r➫✗➼✞➯❀➺❋➫✹➭☛➩✉➨☛➼✞➴✁➭☛➺❋➚✞➫ Ü✞➩✩➨✠➭☛➩✁➸❛✃ ❐ ➵✵➩➾➬❽➼✞➽✞➫✵➩✉➭▲❰t➚⑧➯❋➩④➭❸➺❋❰✵➻❫➼✞➨♣➩
➼✞➨❸➨❸➼✞➫✵➽⑧➩✉➪➶➭❸➚➍❰✵➨♣➚❝➪✵➧❶➴✩➩➇➼✞➯❋➬❫➚⑧➻♣➭❊➫❶➚➍➬➇➼✞➽⑧➫✵➩✁➭☛➺❋➴❱Ô✗➩✉➯❋➪➶➺❋➫➮➭☛➵✵➩▲Ü✳➺❋➴✩➺r➫✵➺r➭❲➲Þ➚✞➹❙➭☛➵❶➩❫Ô✗➨♣➻♣➭✢➻❸➺❞➸
➯✏➼✚➲⑧➩✉➨❸➻✉✃ ❐ ➵✵➩④Ô✗➩✉➯❋➪➂➭☛➵❶➩✩➫ ➨❸➺r➻❸➩✉➻❱➨☛➼✞❰✵➺r➪✵➯r➲❮➭❸➚➮➼Þ➨❸➚⑧➧❶➽⑧➵✵➯r➲ ➴✉➚⑧➫✵➻♣➭☛➼✞➫✹➭❱Ü❑➼✞➯❋➧✵➩❽➚✞➹◗✵ ✝ ❐ ➩✩➻♣➯✏➼
➹➄➚⑧➨➇➭❸➵✵➩Þ➨♣➩✩➬➇➼✞➺❋➫✵➺r➫✵➽ ➯✏➼✚➲⑧➩✉➨❸➻✩✃ ❐ ➵✵➩❁✗❝➺⑦➱❙➼①➹➄➩✩➨❸➻④➼✞➨❸➩➍Ô✵➫✵➩✩➯❞➲⑤➻♣➩✩➽⑧➬❫➩✩➫✹➭❸➩✩➪Ï➭☛➚➂❰❶➨❸➚✎Ü✳➺❋➪✵➩ ✍ Ó
➪✵➺❋➬❫➩✩➫❶➻❸➺❋➚✞➫✗➼✞➯✒➻❸❰✗➼❑➴✩➩❾❰t➚⑧➺❋➫✹➭☛➻✢➧✵➻❸➩✉➪á➺r➫❺➭☛➵❶➩❽➭☛➨❸➼✞➴✦➷ Ô✵➫✵➪✵➺❋➫❶➽✵✃ ❐ ➵✵➩❽➻❸➚⑧➯r➺❋➪ ➼✞➫❶➽⑧➯❋➩➇➴✩➚✎Ü⑧➩✉➨❸➩✩➪
➪✵➩✩❰t➩✩➫❶➪✵➻❽➚⑧➫á➭☛➵✵➩♠Ü⑧➩✉➨♣➭❸➩✁➸⑤➯❋➚✳➴✚➼❑➭❸➺❋➚⑧➫á➼✞➯r➚⑧➫✵➽❮➭☛➵❶➩♦➘t➩✚➼✞➬ ➪❶➺❋➨❸➩✉➴✉➭❸➺❋➚⑧➫á➼✞➫✵➪⑤➩✁➸✳➭☛➩✉➫✵➪✵➻④➚✎Ü✞➩✩➨
➼✞➘t➚⑧➧❶➭ ✍ ✻ ✽ ➚✞➹❀➼④➧✵➫✵➺r➭◆➚✞➹❘➄♦➹➄➚⑧➨✆➼✞➫✹➲Þ➽⑧➺❞Ü⑧➩✩➫❮Ü✞➩✩➨♣➭❸➩✁➸➮➯r➚❝➴✩➼❑➭☛➺r➚⑧➫②➳✗➱❯➺r➭❸➵➮➼❽➭☛➚✞➭☛➼✞➯✸➴✉➚✎Ü⑧➩✩➨❸➼✞➽⑧➩
➚✞➹❆➨❸➚⑧➧❶➽⑧➵✵➯r➲ ÿÞà ➄ à✉✝ ✃✠❋✒➼✞➴✦➵♦➼✞➨❸➬ ➴✩➚✎Ü⑧➩✉➨❸➻⑦➼✞❰✵❰❶➨❸➚✚➸❝➺❋➬➇➼❑➭☛➩✉➯r➲ ÿ ✃ Ù ➨☛➼✞➪✵➺❋➼✞➫✵➻❀➺❋➫♠➼✄☞✉➺❋➬❧➧❶➭❸➵
➹➄➚⑧➨❙❰✗➼❑➨♣➭☛➺r➴✩➯r➩✩➻❙➭☛➵✵➼❑➭❙➭☛➨❸➼✚Ü⑧➩✩➨♣➻❸➩❇➼✞➯❋➯❛➚✞➹⑩➭☛➵✵➩❊➯❋➼✎➲✞➩✩➨♣➻✩✃ ❐ ➵✵➩❊➬❫➚⑧➬❫➩✩➫✹➭☛➧✵➬ ➨❸➩✉➻❸➚⑧➯r➧❶➭☛➺r➚⑧➫④➺❋➻◗➴✉➯❋➚⑧➻♣➩
➭☛➚ Ù ☎ ➹➄➚⑧➨❡❰✗➼❑➨♣➭☛➺r➴✩➯r➩✩➻❡➱❯➺r➭❸➵➇➬❫➚⑧➬❫➩✩➫✹➭✦➼❴➫✵➩✩➼✞➨ ÿ ✃ ✒ ✛❊➩✺✹✤✻❑➴⑦➼✞➫❶➪❽➨❸➺r➻❸➩✉➻❨➼✞➘t➚⑧➧❶➭ Ù ☎ ➹➄➚⑧➨✒➩✚➼✞➴✦➵
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❵❨❅❝❜❙❵❨❅ ➣✎➣ ❭ ➯ ↔❇➆❨✴✦➈ ➅✹❭✎➢✑➡✩➅ ➲❃➉✄➜❄➳❃➉➏➢✖➢❂➫✄➲❃➉✄➜❄➲❃➉➏➢✖➢ ➜✚❭ ➯♣➘
➜ ❵❨❅❝❜❙❵❨❅ ➜❄➳✭➢⑧❭ ➅❱➆❨✴✦➈ ➅✹❭✞➡✩➅ → ➯ ➉✄➜ ➣ ➉➏➢✖➢❂➫✄➡❃➉✉➅❑➉➏➢✖➢ ➅✹❭✞➳

❵❨❅❝❜❙❵❨❅ ➜❄➳✭➢⑧❭ ➅❱➆❨✴✦➈ ➅✹❭✞➡✩➅ → ↔✎➉ ➯ ➉➏➢✆➜ ➢⑧❭✎➢✚➅✎➅
❵❨❅❝❜❙❵❨❅ → ➢✖➢⑧❭✎➢❧➆❨✴✦➈ ➣ ❭✞➳❃↔➏➢ ↔✎➉ → ➢①➉➏➢✆➜ ➫❴➜✖➜✁➉ → ➅❑➉➏➢★➜ ➳✩➅

→ ❵❨❅❝❜❙❵❨❅ ➜❄➡✞❭ ➣ ➡✢➆❨✴✦➈ ➳✞❭✎➢✚➅✎➅ ➜✖➜✁➉ →✎➣ ➉➏➢✆➜ ➫❴➜✖➜✁➉ → ➲①➉➏➢✬➜ ➢⑧❭↕↔✭➲ ➘
✰❶❜❨✰ → ➢✖➢⑧❭✎➢❧➆❨✴✦➈ ➣ ❭✞➳✖➲ → ➜ → ➉ →✖➯ ➉➏➢✆➜ ➫❴➜✁➉ →✎➣ ➉➏➢ → → ➳
✷❝❜❙❵❨❅ → ➢✖➢⑧❭↕↔❇➆❨✴✦➈ ➣ ❭✞➳❃↔➏➢ ➜✁➉✭➲❃➉➏➢✑➳✺➫✄➳❃➉ → ➳❃➉➏➢✑➳ ➜☛➅③➲
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❰✵➵✹➲✳➻❸➺❋➴✉➻■Ü❑➼✞➨♣➺✏➼✞➘✵➯r➩◆➭❲➲✳❰✵➺❋➴✩➼✞➯❋➯❞➲❾➼✞➻♣➻❸➚✳➴✩➺❋➼❑➭☛➩✉➪➾➱❯➺❞➭☛➵♠➭☛➵✵➩q➯❋➚⑧➫❶➽⑧➺r➭❸➧✵➪✵➺❋➫✵➼✞➯✤➬❫➚✞➭☛➺r➚⑧➫❾➺❋➻❯➨❸➼✞❰✵➺❋➪❶➺r➭❲➲⑧➳
➪✵➩✩➫❶➚✞➭☛➩✉➪ ↕ ➼✞➫✵➪❽➪❶➩✉Ô✗➫✵➩✉➪♠➼✞➻ ↕✸➋ ➑

× ➯❋➫✱Ð♣Ð❼Ø❯❱✁➽ Ú Ò ➊✵Ð❼Ø❫ê❊➽ Ú Ò♣Ò ➋ ➯❋➫②Ð❸Ð❼Ø ❱①➽ Ú Ò✙➊❞Õ ➀ Ò❡➱❯➺❞➭☛➵
Ø ➼✞➫✵➪Þ➽ Ú ➘❛➩✉➺❋➫✵➽❧➭❸➵✵➩❴➭☛➚✞➭☛➼✞➯②➩✩➫❶➩✩➨❸➽❑➲♠➼✞➫✵➪❾➭☛➵❶➩q➴✉➚⑧➬❫❰❛➚⑧➫❶➩✩➫✹➭❯➚✞➹❆➭☛➵✵➩❊❰✗➼✞➨✠➭☛➺r➴✩➯❋➩♣❢↕➻❨➬➇➚⑧➬❫➩✩➫✳Ó
➭☛➧✵➬ ➼✞➯r➚⑧➫✵➽❱➭☛➵❶➩✢➘t➩✚➼✞➬➾➳✗➨❸➩✉➻❸❰t➩✩➴✉➭❸➺rÜ✞➩✩➯r➲✞➳✤➼❑➫✵➪✾Õ ➀ ➘❛➩✉➺❋➫✵➽▲➭☛➵✵➩q➭☛➨❸➼✞➫✵➻♣Ü✞➩✩➨♣➻❸➩❧➬➇➼✞➻❸➻⑦➪✵➩✁Ô✗➫✵➩✩➪
➘❛➩✉➯❋➚✎➱❊✃ ❏ ➼✞❰❶➺❋➪✵➺❞➭❲➲❴➵✗➼✞➻❆➭☛➵✵➩❀➺❋➬❫❰❛➚⑧➨✠➭✦➼✞➫✹➭❆❰✵➨♣➚⑧❰❛➩✉➨♣➭❲➲q➚✞➹③➘t➩✩➺r➫✵➽✆➼✞➪❶➪✵➺r➭❸➺rÜ⑧➩✔➺❋➫❈✩✱➚⑧➨❸➩✉➫✹➭❝☞❨➭❸➨☛➼✞➫✵➻✼Ó
➹➄➚⑧➨❸➬➇➼❑➭❸➺❋➚⑧➫✵➻✒➹➄➨❸➚✞➬ ➚✞➫✵➩✆➨❸➩✁➹➄➩✩➨♣➩✩➫✵➴✉➩✆➹➄➨☛➼✞➬❫➩■➭❸➚❱➼✞➫✵➚✞➭❸➵✵➩✩➨❀➱❯➵✵➺❋➴✦➵❾➪✵➺✰✯✤➩✉➨❨➘✹➲❽Ü✞➩✩➯r➚❝➴✉➺r➭❲➲➇➼✞➯❋➚✞➫✵➽
➭☛➵✵➩❇➘❛➩✩➼✞➬➾✃ ❐ ➵✳➧❶➻✩➳❛➭❸➵✵➩✢➻♣➵✗➼✞❰t➩✢➚✞➹✌➭☛➵✵➩❇➪✵➺❋➻✠➭☛➨♣➺❋➘✵➧❶➭❸➺❋➚⑧➫♠➚✞➹❡➼✞➫✹➲♦Ñ✫➧✗➼❑➫✫➭❸➺r➭❲➲➾❰✵➯r➚✞➭❸➭❸➩✩➪♠Ü⑧➩✩➨♣➻❸➧✵➻
➨☛➼✞❰❶➺❋➪✵➺❞➭❲➲❱➺❋➻✒➭☛➵✵➩⑦➻☛➼❑➬➇➩⑦➺❋➫➇➼✞➫✹➲❫➻❸➧✵➴✦➵④➹➄➨❸➼✞➬➇➩❑✃✬➆■➫❶➹➄➚✞➨♣➭☛➧❶➫✗➼❑➭☛➩✉➯r➲✞➳✳➺❞➭✔➺❋➻❡➹➄➨❸➩✉Ñ✳➧❶➩✩➫✹➭☛➯❞➲❽➪✵➺❞à❫➴✩➧✵➯❞➭
➭☛➚❫➩✁➸❝❰t➩✩➨❸➺r➬➇➩✉➫✹➭✦➼✞➯r➯r➲➇➪✵➩✉➭❸➩✩➨❸➬❫➺❋➫❶➩❊➭❸➵✵➩q❰✗➼✞➨♣➭❸➺❋➴✉➯❋➩✆➺r➪✵➩✩➫✹➭☛➺❞Ô✗➴✚➼①➭☛➺❋➚✞➫②➳✵➚⑧➨◗➺r➫♦➻♣➚⑧➬➇➩❊➴✩➼✞➻❸➩✉➻■➩✁Ü⑧➩✩➫
➭☛➵✵➩❱➬❫➚⑧➬❫➩✩➫✹➭☛➧❶➬ ➺r➭❸➻❸➩✉➯r➹✼➳✤➫❶➩✩➴✩➩✉➻❸➻❸➼✞➨♣➲❮➭❸➚➾➴✩➼✞➯❋➴✉➧✵➯✏➼①➭☛➩❧➨❸➼✞❰✵➺❋➪❶➺r➭❲➲⑧✃❛â❲➫➮➻❸➧✵➴✦➵ ➺❋➫✵➻✠➭✦➼✞➫❶➴✩➩✩➻✉➳✱➺r➭❴➺r➻
➴✩➚⑧➬❫➬❫➚⑧➫ ➭☛➚❺➨♣➩✩❰✵➯❋➼✞➴✩➩♠➨❸➼✞❰✵➺❋➪❶➺r➭❲➲➂➱❯➺❞➭☛➵á❰✵➻❸➩✉➧✵➪✵➚⑧➨❸➼✞❰✵➺❋➪❶➺r➭❲➲⑧➳✒➪✵➩✉➫✵➚✞➭❸➩✩➪❖➄á➼✞➫❶➪⑤➪✵➩✁Ô✗➫✵➩✉➪Ï➼✞➻
➄ ➋ êÞ➯r➫✱Ð➎➭✦➼✞➫⑩Ð➂ß❀➊ ✝ Ò❸Ò✁➳✳➱❯➵✵➩✩➨♣➩✦ß❧➺❋➻❨➭❸➵✵➩❴❰❛➚✞➯✏➼✞➨❨➼✞➫✵➽⑧➯r➩■➭☛➚❱➭❸➵✵➩❴➘❛➩✩➼✞➬ ➼①➸❝➺❋➻✩✃✠❅③➚✞➨❨❰✗➼✞➨✠➭☛➺r➴✩➯❋➩✉➻
➱❯➵✵➚⑧➻♣➩❨➭☛➚✞➭☛➼✞➯✫➬➇➚✞➬➇➩✉➫✫➭❸➧✵➬❣➺❋➻❆➯✏➼❑➨❸➽⑧➩✒➴✩➚✞➬➇❰✗➼❑➨❸➩✩➪q➭☛➚⑦➭☛➵✵➩✉➺❋➨❆➬❽➼✞➻♣➻✩➳①➺❪✃ ➩✞✃✎➹➄➚⑧➨❆❰✗➼✞➨✠➭☛➺❋➴✉➯❋➩✉➻⑩➱❯➵❶➚⑧➻❸➩
Ü⑧➩✉➯❋➚✳➴✩➺r➭❲➲❧➺❋➻✒➴✩➯r➚⑧➻❸➩❯➭☛➚❊➭☛➵✵➩⑦➻❸❰t➩✩➩✉➪❽➚✞➹✤➯❋➺r➽⑧➵✹➭■Ð➂ï ➋ ✹ ➊♣Ý Û Ù Ò✁➳✹➭☛➵✵➩❯➭❲➱❀➚✢➬❫➩✚➼✞➻♣➧✵➨❸➩✉➻❨➼✞➨♣➩■➴✉➯❋➚⑧➻♣➩
➭☛➚ ➺❋➪✵➩✉➫✹➭☛➺❋➴✩➼✞➯❪➳✸➩✁➸❝➴✩➩✉❰❶➭④➹➄➚⑧➨▲❰t➚⑧➯✏➼✞➨▲➼❑➫✵➽⑧➯❋➩✉➻❱Ü⑧➩✩➨✠➲á➴✩➯❋➚✞➻❸➩♠➭☛➚▲☞✩➩✩➨♣➚✵✃❸✗❝➺❋➫❶➴✩➩♠➭☛➵✵➩➾❰✵➨❸➚✳➪✵➧✵➴✉➩✩➪
❰✗➼✞➨✠➭☛➺❋➴✉➯❋➩✉➻❨➼✞➨♣➩◆➭❲➲✳❰✵➺❋➴✩➼✞➯❋➯❞➲▲➪✵➚⑧➬❫➺❋➫✗➼①➭☛➩✩➪➇➘✹➲❽❰✵➺r➚⑧➫✵➻✔➱❯➵✵➚⑧➻❸➩■➭☛➨☛➼❑➫✵➻♣Ü✞➩✩➨❸➻♣➩❊➬➇➚⑧➬❫➩✩➫✹➭❸➧✵➬ ➼✞➯❋➚⑧➫❶➩
➼✚Ü⑧➩✩➨❸➼✞➽⑧➩✉➻❊➼➇➹➄➩✉➱Õ➵✫➧✵➫✵➪✵➨♣➩✩➪ ✷ ➩✺✹✤✻❑➴❧➚✞➨◆➬❫➚⑧➨❸➩❑➳t➭❸➵✵➩❧➧✵➻♣➩❧➚✞➹✒❰✵➻♣➩✩➧✵➪✵➚✞➨☛➼✞❰✵➺r➪✵➺r➭❲➲♦➺❋➻◆➼❽Ñ✫➧✵➺r➭❸➩
➨❸➩✩➼✞➻❸➚⑧➫✵➼✞➘✵➯❋➩✆➼✞❰✵❰✵➨♣➚✎➸❝➺r➬❽➼❑➭❸➺❋➚⑧➫✤✃✹Ý Ü❑➼✞➨❸➺❋➼✞➘✵➯❋➩❯➹➄➨❸➩✉Ñ✫➧✵➩✩➫✹➭☛➯❞➲④➧✵➻♣➩✩➪♠➺❋➫❽➩✩➯❋➩✉➬➇➩✉➫✹➭✦➼✞➨✠➲➇➴✉➚⑧➯❋➯r➺❋➻♣➺❋➚⑧➫✵➻
➺❋➻✢➭❸➵✵➩➛❅✗➩✉➲✳➫✵➬➇➼✞➫Þ❴ ❛ Ü❑➼✞➨❸➺❋➼✞➘✵➯❋➩➇➽⑧➺rÜ✞➩✩➫ ➘✹➲❺➭❸➵✵➩❾➨☛➼①➭☛➺❋➚➍➚✞➹❯➭☛➵✵➩❾➬❫➚⑧➬❫➩✩➫✹➭☛➧✵➬ ➼✞➯r➚⑧➫✵➽➍➭❸➵✵➩
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➼Þ➨❸➩✩➼✞➻❸➚⑧➫✵➼✞➘✵➯r➲➶➴✩➯r➚⑧➻❸➩④➼✞❰✵❰✵➨♣➚✎➸❝➺r➬❽➼❑➭❸➺❋➚⑧➫➶➺❋➻q➹➄➚⑧➧✵➫✵➪ ➧✵➻♣➺❋➫✵➽Þ➭❸➵✵➩❾➻❸➵❶➺r➹➎➭☛➩✉➪ ❰✵➻❸➩✉➧✵➪✵➚⑧➨❸➼✞❰✵➺r➪✵➺r➭❲➲✞➳
➪✵➩✩➫❶➚✞➭☛➩✉➪▲➄❖❨⑩➼✞➫❶➪❮➪✵➩✉Ô✗➫❶➩✩➪➶➼✞➻❚➄❖❨ ➋ ➄Þê ↕❬❩ å ➓ ➬ ➳❛➱❯➵✵➩✉➨❸➩Ô➄♦➺❋➻◆➭❸➵✵➩❧❰✵➻♣➩✩➧✵➪✵➚✞➨☛➼✞❰✵➺r➪✵➺r➭❲➲♦➚✞➹❀➼
❰✗➼✞➨✠➭☛➺❋➴✉➯❋➩◆➼✞➫✵➪ ↕❬❩ å ➓ ➬ ➺❋➻❨➭❸➵✵➩✆➘t➩✚➼✞➬ ➨☛➼✞❰❶➺❋➪✵➺❞➭❲➲⑧✃ ❐ ➵✵➩❴Ñ✫➧✗➼✞➫✹➭☛➺❞➭❲➲ ↕❬❩ å ➓ ➬ ➳❝➱❯➵❶➺❋➴✦➵♠➺❋➻❀➽⑧➺rÜ✞➩✩➫♠➘✹➲➑
× ➯r➫✱Ð♣Ð❼Ø ❱➞➽tÒ✙➊✵Ð➂Øûê❁➽tÒ♣Ò ➋ ➯❋➫②Ð❸Ð❼Ø ❱➞➽tÒ ➊✷à Ò⑦➱❯➺❞➭☛➵❢Ø❫➳★➽✱➳✤➼✞➫✵➪→à ➘t➩✩➺r➫✵➽❽➭☛➵❶➩❧➩✩➫✵➩✉➨❸➽✞➲✞➳
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Õ①Ý❯➺❋➻❨➭❸➵✵➩❊➨❸➩✩➻✠➭❯➬❽➼❑➻❸➻❙➚✞➹❆➭☛➵❶➩❴❰✗➼✞➨♣➭❸➺❋➴✉➯❋➩✞✃ ❐ ➵✵➩❊➧✵➻♣➩❴➚✞➹⑩➭☛➵✵➺r➻◗➬➇➚⑧➨♣➩◆➴✉➚⑧➬➇❰❶➯❋➺❋➴✩➼❑➭☛➩✉➪❽Ü❑➼✞➨❸➺❋➼✞➘✵➯r➩
➺❋➻⑦➬➇➚❑➭☛➺rÜ❑➼❑➭❸➩✩➪♦➘✫➲➾➺❞➭☛➻✆➼❑❰✵❰❛➩✩➼✞➨☛➼❑➫✵➴✩➩✢➼✞➻■➭❸➵✵➩❧➫✗➼❑➭❸➧✵➨☛➼❑➯❆➻♣➴✚➼✞➯r➺❋➫✵➽➇❰✗➼✞➨❸➼✞➬➇➩✁➭☛➩✉➨⑦➹➄➚⑧➨⑦❰✗➼✞➨✠➭☛➺r➴✩➯❋➩✉➻
➩✩➬❫➺r➭♣➭☛➩✩➪❱➘✹➲▲➼✆➭❸➵✵➩✩➨♣➬❽➼✞➯❝➻❸➚⑧➧❶➨❸➴✩➩❑✃✹â➐➭✔➴✚➼✞➫❫➼✞➯r➻❸➚❴➘t➩◗➧✵➻❸➩✉➪❫➭❸➚q➴✉➚⑧➬❧➘✵➺r➫✵➩❙➩✉➫✵➩✩➨♣➽✞➲⑧➳⑧➭❸➨☛➼✞➫✵➻✠Ü⑧➩✉➨❸➻❸➩
➬➇➚✞➬➇➩✉➫✫➭❸➧✵➬➾➳✵➼✞➫✵➪➾➨☛➼❑❰✵➺❋➪✵➺❞➭❲➲❽➚❑➹❡➼❱❰✗➼✞➨✠➭☛➺❋➴✉➯❋➩◆Ü✳➺❋➼❱➭❸➵✵➩❊➺❋➪✵➩✉➫✹➭☛➺r➭❲➲✁Ø ➋ Õ ➀ ➴✩➚✞➻❸➵❆Ð ↕ Ò✁✃

❐ ➵✵➩④Ü❑➼✞➨❸➺r➚⑧➧✵➻❧❰✵➼✞➨♣➭❸➺❋➴✩➯r➩➇➴✦➵✵➼✞➨☛➼✞➴✁➭☛➩✉➨❸➺✥☞✩➼❑➭☛➺r➚⑧➫➂Ü❑➼✞➨❸➺❋➼✞➘✵➯r➩✩➻✢➴✩➼✞➫ ➘t➩④➨❸➩✉➯✏➼❑➭❸➩✩➪ ➧✵➻♣➺❋➫✵➽Þ➭❸➵✵➩④➹➄➚⑧➯❞Ó

✝❀✝❀✒



➯❋➚✎➱❯➺❋➫❶➽❱➺❋➪✵➩✉➫✫➭❸➺r➭❸➺❋➩✩➻ã➹
➽ Ú ➋ Õ ➀ ➻❸➺r➫✵➵⑩Ð ↕ Ò ➋ ➽ ➀ ➻❸➺❋➫❶➵⑩Ð➂➄❶Ò ✺

❅✗➚⑧➨❧➨❸➩✉➯✏➼❑➭❸➺rÜ✳➺❋➻✠➭☛➺r➴❫➘t➩✚➼❑➬ ➩✩➫❶➩✩➨❸➽✞➺❋➩✩➻✉➳✴➽ Ú Û Ð ❨ ❬③➊ ✝ Ò✛❴ ❛ ➼✞➫✵➪ ➹➄➚⑧➨ ↕ ➯✏➼✞➨♣➽⑧➩✩➨q➭☛➵✗➼❑➫ ➼✞➘❛➚✞➧❶➭
Ù✺✏✓✝ ➳❶➻❸➺❋➫❶➵⑩Ð ↕ Ò Û Ð❼ý✕ä✩Ò❳➊ ✝ ➻❸➚▲➭☛➵✵➼❑➭✷➹

➄ ❨ ❾ ➄✸ê ↕❬❩ å ➓ ➬ Û ➯❋➫②Ð✰❴ ❛ ÒPê➂➯r➫ Ó ➽ ➀à Ø
↕ ❨ ❾ ↕ ê ↕❬❩ å ➓ ➬ Û ➯r➫✱Ð✰❴ ❛ Ò✶ê ➯r➫ Ó Õ ➀à Ø é

➱❯➵✵➩✩➨♣➩✼à ➺❋➻❙➭❸➵✵➩❊➫✫➧✵➴✩➯r➩✩➚⑧➫➾➬❽➼❑➻❸➻✩✃

â❲➫➶➭❸➵✵➩➇➴✩➼✞➻❸➩❫➚✞➹❩✧♣➩✉➭☛➻q➩✩➬❫➺r➭♣➭☛➩✉➪➶➺r➫ ➩ ❳ ❱✆➩ þ ➼✞➫✵➫✵➺r➵✵➺❋➯❋➼❑➭☛➺r➚⑧➫②➳③➭☛➵✵➩❫➬➇➚❑➭☛➺❋➚✞➫✵➻❴➚✞➹❙➺r➫✵➪✵➺❞Ü❝➺r➪✵➧✗➼✞➯
❰✗➼✞➨✠➭☛➺❋➴✉➯❋➩✉➻❨➼✞➯r➚⑧➫✵➽✢➼✞➫✵➪❽➭❸➨☛➼✞➫✵➻✠Ü⑧➩✉➨❸➻❸➩❴➭❸➚❇➭☛➵❶➩✆➘❛➩✩➼✞➬ ➼✞➨❸➩◆➫✵➚✞➭❨➭❸➵✵➩◆➬❫➚⑧➻✠➭❙➺❋➫✹➭❸➩✩➨❸➩✉➻♣➭❸➺❋➫✵➽❧Ñ✫➧✗➼❑➫❝Ó
➭☛➺❞➭☛➺❋➩✉➻✩✃tâ❲➫✵➻♣➭❸➩✚➼✞➪✤➳✱➪✵➺❋➻✠➭☛➨❸➺r➘✵➧❶➭❸➺❋➚⑧➫✵➻■➼✞➨♣➩❱➴✦➵✗➼✞➨☛➼❑➴✉➭☛➩✉➨❸➺✌☞✩➩✩➪➮➘✹➲➍➭❸➵✵➩✢➭❸➨☛➼✑✧♣➩✉➴✉➭☛➚✞➨❸➺❋➩✉➻❴➚✞➹✒❰✗➼✞➨✠➭☛➺r➴✩➯❋➩✉➻
➨❸➩✉➯✏➼❑➭❸➺rÜ⑧➩▲➭☛➚♠➭☛➵❶➩✤✧♣➩✉➭❇➪✵➺r➨❸➩✩➴✁➭☛➺r➚⑧➫②➳②➭☛➵❶➩❽➻❸➚①Ó❲➴✚➼❑➯❋➯❋➩✉➪ ➭❸➵✵➨❸➧❶➻♣➭❱➼❃➸❶➺r➻✩✃✚✗❝➺r➫✵➴✩➩❫➪✗➼❑➭☛➼♦➩✁➸❝➺r➻♣➭❇➬➇➚⑧➻✠➭
➹➄➨❸➩✉Ñ✳➧❶➩✩➫✹➭☛➯❞➲❾➺❋➫❾➭☛➵❶➩❊➹➄➚✞➨❸➬♥➚❑➹✸➧✵➫❶➺❋➪✵➩✉➫✫➭❸➺rÔ✗➩✉➪♠➴✦➵✗➼✞➨❸➽✞➩✩➪➍❰✵➼✞➨♣➭❸➺❋➴✩➯r➩✩➻✉➳❝➭☛➵❶➩q➬❫➚✞➭❸➺❋➚⑧➫❾➼❑➯❋➚⑧➫✵➽❧➭❸➵✵➩
➭☛➵✵➨♣➧✵➻♣➭■➼①➸❝➺r➻◗➺❋➻❙➭☛➨❸➼✞➪✵➺❞➭☛➺❋➚✞➫✗➼✞➯❋➯❞➲▲➪✵➩✉Ô✵➫✵➩✩➪♦➧✵➻❸➺r➫✵➽ ↕ ➀ ➳✵➭☛➵✵➩❴➨❸➼✞❰✵➺❋➪❶➺r➭❲➲④➴✩➼✞➯❋➴✉➧✵➯✏➼①➭☛➩✩➪❾➧❶➻❸➺❋➫❶➽▲➭❸➵✵➩
➬➇➚✞➬➇➩✉➫✫➭❸➧✵➬✈❰✗➼❑➨☛➼✞➯r➯❋➩✩➯❛➭☛➚▲➭☛➵✵➩❜✧♣➩✉➭■➪✵➺❋➨♣➩✩➴✁➭☛➺❋➚✞➫♦➼❑➫✵➪Þ➼✞➻♣➻❸➧✵➬❫➺❋➫❶➽❫➭❸➵✵➩❇❰❶➺❋➚⑧➫➾➬❽➼❑➻❸➻✩✃ ❐ ➵❶➩✢➨❸➩✺Ó
Ñ✫➧✵➺❋➨♣➩✩➪❺➻♣➵✵➺r➹➎➭q➭☛➚♦➴✩➚⑧➬❫❰✗➼✞➨♣➩➇➪❶➺✌✯❛➩✩➨❸➩✉➫✹➭✢➘t➩✚➼✞➬ ➩✉➫✵➩✩➨♣➽⑧➺❋➩✉➻✢➺❋➫➶➼♦➴✉➚⑧➬❫➬➇➚⑧➫➮➹➄➨☛➼❑➬➇➩❑➳⑩➼✞➻❇➱❨➼✞➻
➪✵➚⑧➫✵➩✆➹➄➚✞➨ ↕ ❨✗➚✞➨❜➄✛❨❋➳✵➺❋➻◗➫❶➚✞➭◗➺❋➫✹➭❸➧✵➺r➭❸➺rÜ⑧➩✉➯r➲➇➚⑧➘✹Ü✳➺❋➚⑧➧✵➻✉✃✵â❲➫❾➭☛➵✵➺r➻◗❰✗➼✞❰t➩✩➨✉➳❶➭☛➵✵➩❴➻♣➚⑧➬❫➩✉➱❯➵✗➼❑➭⑦➼❑➨❸➘✵➺✕Ó
➭☛➨❸➼✞➨♣➲❾➴✦➵❶➚⑧➺❋➴✉➩q➱❨➼✞➻⑦➬❽➼✞➪❶➩❊➭❸➚➇➨♣➩✩❰✵➯❋➼✞➴✩➩ ↕♣❩ å ➓ ➬ ➺❋➫❾➭☛➵✵➩❊➹➄➚⑧➨♣➬❧➧✵➯✏➼❑➻❯➼✞➘❛➚✎Ü✞➩q➱❯➺❞➭☛➵ ↕ ❽ å ➣ ➱❯➵✵➺❋➴✦➵
➺❋➻❯➭☛➵✵➩✢➨☛➼✞❰✵➺r➪✵➺r➭❲➲♠➴✩➼✞➯❋➴✉➧✵➯✏➼①➭☛➩✩➪♦➧✵➻❸➺r➫✵➽➇➭❸➵✵➩✢➴✉➩✩➫✹➭☛➩✉➨✠Ó➐➚✞➹✏Ó❲➬➇➼✞➻❸➻■➩✩➫✵➩✉➨❸➽✞➲♦➴✩➚✞➬❧➘✵➺❋➫❶➩✩➪➍➱❯➺❞➭☛➵♦➭❸➵✵➩
➼✞➻❸➻♣➧✵➬❫❰❶➭☛➺r➚⑧➫❺➚✞➹◗➭❸➵✵➩❽❰❶➨❸➚✞➭❸➚⑧➫➂➬➇➼✞➻❸➻✉✃ ❐ ➵✵➩✉➨❸➩✁➹➄➚⑧➨❸➩❑➳✌➭☛➵❶➩❽➻☛➼❑➬➇➩➇➻❸➵✵➺❞➹➎➭✢➱❨➼✞➻❧➧✵➻♣➩✩➪ ➺❋➫➶➘❛➚❑➭☛➵
➩✷❳●❱✆➩✑þ❮➼✞➫❶➪♦❰❲❱✆❰♦➼❑➭◗➭☛➵❶➩q➻❸➼✞➬❫➩ ❨ ❬⑧✃

ò◗⑧✢✩ ✪✦ô③➁❇ó✄➁➂➀☛ô③❷✼✆✭ô③❺✸ô❬✈✺❿✖❹✺❺✴❐③ó➠✈➏ù✥❹÷❿

❐ ➵✵➩◗➬❫➚⑧➻♣➭❡➘✵➼✞➻❸➺r➴❙➚⑧➘✵➻♣➩✩➨♣Ü❑➼✞➘❶➯❋➩❙➴✦➵✗➼❑➨☛➼✞➴✁➭☛➩✩➨♣➺✥☞✉➺❋➫✵➽❴❰✗➼❑➨♣➭☛➺r➴✩➯r➩❨❰✵➨♣➚❝➪✵➧❶➴✉➭☛➺r➚⑧➫❧➺r➻✸➭☛➵✵➩❙➭❸➚✞➭✦➼❑➯❝➫✫➧✵➬❱Ó
➘❛➩✉➨❯➚✞➹✸❰✵➼✞➨♣➭❸➺❋➴✩➯r➩✩➻◗➩✉➬➇➺❞➭❸➭☛➩✉➪②✃ ❐ ➱❀➚❽➩✺➸❶❰t➩✩➨♣➺❋➬❫➩✩➫✹➭✦➼❑➯✱➵✳➧❶➨❸➪✵➯r➩✩➻⑦➴✩➚⑧➬❫❰✵➯❋➺r➴✚➼❑➭❸➩◆➭☛➵❶➩q➩✺➸✳➭☛➨☛➼❑➴✉➭☛➺r➚⑧➫
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➻❸➵✗➼❑❰❛➩❑✃ ❐ ➵❶➺❋➻✔➨☛➼❑➭❸➺❋➚❊➺❋➻✒➴✚➼❑➯❋➯❋➩✉➪❱➭☛➵✵➩⑦➫✫➧✵➴✩➯r➩✚➼✞➨✒➬❫➚❝➪✵➺❞Ô✗➴✚➼①➭☛➺❋➚✞➫❧➹✄➼✞➴✉➭❸➚⑧➨✒➻❸➺❋➫❶➴✩➩⑦➺r➭✒➺❋➻✔➼❊➬➇➩✩➼✞➻❸➧❶➨❸➩
➚✞➹✗➭☛➵❶➩❙➬➇➚✳➪✵➺❞Ô✗➴✚➼❑➭❸➺❋➚⑧➫q➚✞➹✗➭❸➵✵➩❙❰✵➨♣➚⑧❰❛➩✉➨♣➭❸➺❋➩✩➻✌➚✞➹✗➭☛➵❶➩❙➩✩➬❫➺r➭♣➭☛➩✩➪✢❰✗➼✞➨♣➭❸➺❋➴✉➯❋➩✩➻❆➨❸➩✉➻❸➧✵➯❞➭☛➺r➫✵➽◆➹➄➨❸➚✞➬ ➭❸➵✵➩
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➴✩➚⑧➬❫❰✗➼✞➨♣➺❋➫✵➽➇➴✩➚⑧➯r➯❋➺r➻❸➺❋➚✞➫✵➻■➚❑➹✒➻❸❰t➩✩➴✩➺r➩✩➻❴Ý ➱❯➺❞➭☛➵Þ➻♣❰❛➩✉➴✩➺❋➩✉➻✤✟ ➭☛➚❾❰❲❱✆❰❮➺r➻◆➭❲➲✳❰✵➺❋➴✩➼✞➯❋➯❞➲♦➪❶➩✩➫✵➚✞➭❸➩✩➪✾✡❀❻æ ➪✵➩✉Ô✵➫✵➩✩➪➍➼✞➻

✾✡❀❻æ ➋ Ù
➈tç Ù③Õ

➇★➈ ❀ ❳ æ▼➊ ➇ ➽ ➀
➇★➈✲➒ ❳ ➒ ➊ ➇ ➽ ➀ ➋ Ù

➈ ✳ á❂✣❆✣ ➇✬➈ ❀ ❳ æ❩➊ ➇ ➽ ➀
➇★➈✲➒ ❳ ➒ ➊ ➇ ➽ ➀ ✺

❐ ➵✵➩⑦➬➇➚⑧➻✠➭✒➴✩➚⑧➬❫➬❫➚⑧➫❱➫✵➚⑧➨♣➬❽➼✞➯r➺✥☞✩➼❑➭☛➺r➚⑧➫②➳①➼✞➫✵➪❱➭☛➵❶➩⑦➚✞➫✵➩❯➧✵➻❸➧✗➼❑➯❋➯r➲✢➺❋➫✵➪❶➺❋➴✚➼①➭☛➩✩➪▲➘✹➲❧➭❸➵✵➩❯➻❸➺❋➬❫❰✵➯r➩
➫✵➚✞➭☛➼❑➭☛➺r➚⑧➫✵➻❋✾✡❀❄❀✌➳❤✾ ✧ ❀❴æ✳➳✤➩✁➭☛➴❑✃r➳②➺r➻ ➈ ✳ á❂✣❆✣ ➼✞➻❴➻❸➵✵➚✎➱❯➫ ➺❋➫➍➭❸➵✵➩❱➨❸➺r➽⑧➵✹➭☛➬❫➚⑧➻♣➭■➹➄➚⑧➨❸➬✢➧✵➯✏➼④➼❑➘❛➚✎Ü⑧➩❑✃
❐ ➵✵➺❋➻■➼✞➨♣➺❋➻❸➩✉➻■➹➄➨♣➚⑧➬♥➭☛➵❶➩✢➺❋➫✹➭❸➩✩➨❸➩✉➻♣➭◆➺❋➫➾➻♣➭☛➧❶➪❶➲✳➺❋➫✵➽❫➭☛➵✵➩❇➘❛➩✉➵✗➼✚Ü❝➺r➚⑧➨⑦➚✞➹❡➵✵➺r➽⑧➵➾➭❸➨☛➼✞➫❶➻♣Ü⑧➩✉➨❸➻♣➩❧➬➇➚①Ó
➬➇➩✉➫✹➭☛➧✵➬ ❰✗➼❑➨♣➭☛➺r➴✩➯r➩✩➻▲➼✞➫✵➪á➭☛➵✵➩♠➘t➩✩➯r➺❋➩✉➹⑦➭☛➵✵➼❑➭▲➭☛➵✵➩♠➲✳➺❋➩✩➯r➪ ➹➄➨❸➚⑧➬ ➻♣➧✵➴✦➵ ã♣➵✵➼✞➨❸➪✵ä ❰✵➨♣➚❝➴✉➩✩➻❸➻♣➩✩➻
➻❸➵✵➚✞➧✵➯❋➪ ➻♣➴✚➼✞➯r➩➇➱❯➺r➭❸➵➂➭☛➵✵➩❽➫✳➧❶➬❧➘❛➩✉➨❧➚✞➹❯➘✵➺r➫✗➼✞➨✠➲❺➫✫➧✵➴✉➯❋➩✩➚✞➫❝Ó❲➫✫➧✵➴✉➯❋➩✩➚✞➫ ➴✩➚⑧➯r➯❋➺❋➻♣➺❋➚⑧➫❶➻✩✃✱Ý◆➫✵➼✞➯r➲✳➻❸➺r➻
➘✹➲④➭☛➵✵➩✦✢✒Û❚✮❉✟✫✮✤✗❾➴✩➚⑧➯r➯✏➼✞➘t➚⑧➨❸➼❑➭☛➺r➚⑧➫❽➵✗➼❑➻⑦➪❶➩✩➬❫➚⑧➫✵➻♣➭❸➨☛➼❑➭❸➩✩➪♠➭☛➵✗➼①➭◗➭☛➵✵➩❊➫✫➧✵➬❧➘t➩✩➨❯➚✞➹✌❰✗➼✞➺r➨❸➻◗➚✞➹
❰✗➼✞➨✠➭☛➺❋➴✉➺❋❰✗➼①➭☛➺❋➫❶➽✆➫✫➧✵➴✩➯r➩✩➚⑧➫✵➻✒➺r➻✔➚❑➹➎➭☛➩✩➫❱➭❸➵✵➩❯➬➇➚⑧➨♣➩❯➼✞❰✵❰✵➨♣➚⑧❰✵➨♣➺✏➼❑➭❸➩◗➻❸➴✚➼❑➯❋➺❋➫❶➽✆Ü✞➼❑➨❸➺✏➼❑➘✵➯❋➩❑✃ ❐ ➚✢➼✚Ü⑧➚✞➺❋➪
➴✩➚⑧➫❝➹➄➧✵➻❸➺r➚⑧➫②➳✗➨☛➼①➭☛➺❋➚✞➻❙➧✵➻❸➺r➫✵➽❱➭☛➵✵➺r➻❯➯✏➼❑➭♣➭☛➩✩➨❨➫✵➚⑧➨❸➬➇➼✞➯r➺✥☞✚➼①➭☛➺❋➚✞➫④➼✞➨♣➩❴➪✵➩✩➫✵➚❑➭☛➩✩➪

✾❋❍❄■❂❏▲❑✰▼❀❻æ ➋ Ù
➈◗➒❄➓→➔☛➣ ➊ ✝

➇✬➈ ❀ ❳ æ❩➊ ➇ ➽ ➀
➇✬➈✲➒ ❳ ➒ ➊ ➇ ➽ ➀ ✺

❑■➚✞➭❸➩◗➭☛➵✗➼❑➭❀➼❊❰❲❱✆❰➇➴✉➚⑧➯❋➯r➺❋➻♣➺❋➚⑧➫❧➵✵➼✞➻✒➚⑧➫✵➩❯❰✗➼✞➺r➨❡➚✞➹✤❰✵➼✞➨♣➭❸➺❋➴✩➺r❰✗➼✞➫✹➭☛➻✉✃ ❐ ➵✵➺❋➻✒➫✵➚✞➨❸➬➇➼✞➯❋➺✌☞✚➼❑➭❸➺❋➚⑧➫q➱❯➺❋➯❋➯
➘❛➩❯➽⑧➩✉➫✵➩✩➨♣➺❋➴✩➼✞➯❋➯❞➲❧➨❸➩✁➹➄➩✩➨♣➨❸➩✩➪▲➭☛➚❇➼✞➻❡➭☛➵❶➩■➫✫➧✵➬❧➘t➩✩➨✒➚✞➹✤❰✗➼✞➨✠➭☛➺❋➴✉➺❋❰✗➼❑➫✫➭❦❰✗➼✞➺❋➨♣➻✒➩✉Ü⑧➩✉➫❽➺r➫❽➼✞➻✠➲✳➬➇➬❫➩✉➭✠Ó
➨❸➺r➴❴➴✩➚⑧➯r➯❋➺❋➻♣➺❋➚⑧➫❶➻✩✃

â➐➭❯➺❋➻❨➹➄➨♣➩✩Ñ✫➧✵➩✉➫✫➭❸➯r➲❾➚❑➹✸➺r➫✫➭❸➩✩➨♣➩✩➻♣➭◗➭❸➚❱➻♣➭❸➧✵➪❶➲❾➭☛➵❶➩❴➩✉Ü⑧➚✞➯❋➧❶➭❸➺❋➚⑧➫❾➚✞➹⑩➭❸➵✵➩❴➻❸➵✗➼❑❰❛➩q➼✞➫✵➪♠➬➇➼✞➽⑧➫✵➺❞➭☛➧✵➪❶➩
➚✞➹✱➭☛➵❶➩✩➻❸➩❴➪❶➺❋➻♣➭❸➨❸➺r➘✵➧❶➭☛➺r➚⑧➫✵➻❀➼✞➻◗➼❇➹➄➧❶➫✵➴✉➭❸➺❋➚⑧➫④➚❑➹⑩➴✩➩✩➫✹➭❸➨☛➼✞➯r➺r➭❲➲❫➹➄➚⑧➨❨➫✫➧✵➴✉➯❋➩✩➧❶➻✠Ó❲➫✫➧✵➴✉➯❋➩✉➧✵➻◗➴✩➚⑧➯r➯❋➺r➻❸➺❋➚✞➫✵➻✩✃
❐ ➵✵➩✆➬❫➚⑧➻♣➭❀➪✵➺r➨❸➩✩➴✁➭❙➪✵➺r➻❸❰✵➯❋➼✚➲➇➚❑➹②➭☛➵✵➺r➻❨➩✁Ü⑧➚⑧➯r➧❶➭☛➺r➚⑧➫❽➺r➫✫Ü✞➚⑧➯rÜ✞➩✩➻❙➪❶➺rÜ✳➺❋➪✵➺r➫✵➽q➪✗➼❑➭✦➼❊➹➄➨❸➚⑧➬ ➚⑧➫❶➩◆➴✩➩✉➫❝Ó
➭☛➨❸➼✞➯❋➺❞➭❲➲♠➘✵➺❋➫❮➘✹➲➾➭☛➵✗➼❑➭◆➹➄➨❸➚⑧➬ ➼④➪✵➺✰✯✤➩✉➨❸➩✩➫✹➭❴➘❶➺❋➫②✃tâ❲➫Þ➭☛➵✵➺r➻✆➴✚➼❑➻❸➩✞➳✤➘❛➚✞➭❸➵Þ➪✵➺r➻♣➭☛➨♣➺❋➘✵➧❝➭☛➺❋➚✞➫✵➻◆➫✵➩✉➩✩➪
➭☛➚❱➘t➩✆➻❸➧❶➺r➭✦➼❑➘✵➯r➲❫➫✵➚⑧➨♣➬❽➼❑➯❋➺✥☞✉➩✩➪②✃ ❐ ➵❶➩❴➫✵➚✞➭✦➼①➭☛➺❋➚✞➫①✢✔➦ÕÐ⑨➦❜✢✔Ò❨➺❋➻❨➧❶➻❸➩✩➪❾➹➄➚⑧➨❀➨☛➼❑➭❸➺❋➚⑧➻✔➱❯➵✵➩✩➨♣➩❴❰❛➩✺Ó
➨❸➺r❰✵➵✵➩✩➨❸➼✞➯◗Ð➄➴✩➩✉➫✫➭❸➨☛➼✞➯✏Ò■➪✗➼❑➭☛➼④➺❋➻✆➪❶➺rÜ✳➺❋➪✵➩✉➪❮➘✹➲Þ➴✩➩✉➫✹➭☛➨☛➼❑➯⑦Ð✄❰t➩✩➨❸➺r❰✵➵✵➩✉➨☛➼✞➯✏Ò✁✃ ❐ ➵✵➩Þ✢✒Û❚✮❉✟✫✮✤✗Þ➴✩➚⑧➯✕Ó
➯✏➼✞➘t➚⑧➨❸➼❑➭☛➺r➚⑧➫❾➵✗➼✞➻❯➨❸➩✉➴✩➩✉➫✫➭❸➯r➲♦➼✞➪❶Ü✞➚❝➴✩➼❑➭☛➩✉➪♦➭❸➵✵➩❇➧❶➻❸➩q➚✞➹✗✾ ⑨❶⑩ ➻❸➺r➫✵➴✩➩❊➪✵➺✰✯✤➩✉➨❸➩✩➫✹➭■➩✁➸❝❰t➩✩➨❸➺r➬➇➩✉➫✹➭☛➻

✝❀✝ ✂



➵✗➼✚Ü⑧➩➇➪✵➺✌✯❛➩✩➨♣➩✩➫✹➭q➨❸➩✚➼❑➴✦➵❺➺❋➫ ➴✩➩✉➫✹➭☛➨☛➼❑➯❋➺r➭❲➲❮➼✞➫✵➪➮➭☛➵✵➩❫➴✩➩✉➫✫➭❸➨☛➼✞➯✒➪✗➼①➭✦➼❾➭❲➲❝❰❶➺❋➴✚➼❑➯❋➯r➲➍➵✗➼✚Ü⑧➩❫➻❸➺r➽⑧➫✵➺rÔ❝Ó
➴✚➼✞➫✹➭❸➯r➲q➻❸➬➇➼✞➯❋➯r➩✩➨✱➻✠➭✦➼❑➭❸➺❋➻♣➭❸➺❋➴✩➼✞➯✫➼✞➫✵➪❧➻✠➲✳➻♣➭☛➩✉➬❽➼①➭☛➺❋➴❀➩✩➨♣➨❸➚⑧➨♣➻✩✃①â❲➫✢➷✞➩✉➩✩❰✵➺r➫✵➽◆➱❯➺❞➭☛➵✢➭❸➵✵➩❀➴✉➚⑧➫✹Ü⑧➩✉➫✫➭❸➺❋➚⑧➫
➪✵➩✩➻♣➴✩➨♣➺❋➘t➩✩➪♦➼✞➘❛➚✎Ü✞➩✞➳✗➭☛➵✵➩❊➪✵➩✁Ô✗➫✵➺❞➭☛➺❋➚✞➫✵➻❙➱❯➺r➭❸➵♠➭❸➵✵➩❊➪✵➺✌✯❛➩✩➨♣➩✩➫✹➭⑦➫✵➚⑧➨♣➬❽➼✞➯r➺✥☞✩➼❑➭☛➺r➚⑧➫✵➻❀➼✞➨❸➩

✾ ⑨❶⑩ ➋ ➈ ✳♥å➂ä ➣ ➔✘➓è✣✳ á❂✣❆✣
➈ ➒ å ➔ Ð ➒ ➉✳ á❂✣❆✣ ➇✬➈ ➒ å ➔ Ð ➒ ➉❀ ❳ æ ➊ ➇ ➽ ➀

➇✬➈ ✳➂å➂ä ➣ ➔✘➓è✣❀ ❳ æ ➊ ➇ ➽ ➀

➼✞➫✵➪

✾ ❍ ■❂❏▲❑✰▼⑨❶⑩ ➋ ➈ ✳♥å❼ä ➣ ➔✘➓é✣➒❄➓→➔☛➣
➈ ➒ å ➔ Ð ➒ ➉➒❄➓→➔❇➣

➇✬➈ ➒ å ➔ Ð ➒ ➉❀ ❳ æ ➊ ➇ ➽ ➀
➇✬➈ ✳♥å➂ä ➣ ➔✘➓è✣❀ ❳ æ ➊ ➇ ➽ ➀ ✺

❑■➚✞➭❸➩✢➭☛➵✵➼❑➭◆➭❸➵✵➩❧❰✵➨❸➼✞➴✉➭❸➺❋➴✚➼❑➯✸➼✞❰❶❰✵➯❋➺r➴✚➼❑➭❸➺❋➚⑧➫➾➚✞➹✒➭☛➵✵➩✉➻❸➩❧➪❶➩✉Ô✗➫✵➺❞➭☛➺r➚⑧➫✵➻◆➭❲➲✳❰✵➺r➴✚➼✞➯r➯r➲♠➧✵➻♣➩✩➻❊➼➇Ô✵➭◆➭☛➚
➭☛➵✵➩❀➪✵➺❋➻✠➭☛➨♣➺❋➘✵➧❶➭❸➺❋➚⑧➫❴➭❸➵✗➼❑➭❡➼❑❰✵❰❛➩✩➼✞➨❸➻❆➺❋➫q➭☛➵✵➩❀➪✵➩✩➫❶➚⑧➬➇➺r➫✗➼❑➭❸➚⑧➨⑩➺❋➫q➚⑧➨❸➪✵➩✉➨✌➭❸➚✆➼✚Ü⑧➚⑧➺r➪✢❰✵➨♣➚⑧❰✗➼✞➽⑧➼❑➭☛➺r➫✵➽
➻♣➭☛➼❑➭☛➺r➻♣➭☛➺r➴✚➼✞➯✤❰❛➚⑧➺r➫✹➭♣Ó➐➭❸➚❑Ó❲❰t➚⑧➺r➫✫➭❘❆✗➧✵➴✁➭☛➧✗➼①➭☛➺❋➚✞➫✵➻✩✃
â❲➫ ➭❸➵✵➩▲➴✚➼✞➻♣➩➇➚❑➹❨❰✵➧❶➨❸➩ ➈ ✳ á❂✣❆✣ ➻♣➴✚➼✞➯r➺❋➫✵➽✵➳❉✾✡❀❻æ⑤➼✞➫✵➪❱✾ ⑨❶⑩ ➱❨➚⑧➧❶➯❋➪ ➘❛➩▲➧✵➫✵➺❞➭❲➲Þ➱❯➵✵➺r➯❋➩●✾ ❍ ■✤❏▲❑✰▼❀✌æ
➼✞➫✵➪❵✾ ❍ ■❂❏▲❑✰▼⑨❶⑩ ➱❀➚⑧➧✵➯r➪♦➘t➩❊➧✵➫✵➺r➭❲➲❾➹➄➚✞➨◗❰❛➩✉➨♣➹➄➩✩➴✁➭ ➈✲➒❄➓→➔❇➣ ➻❸➴✩➼✞➯❋➺r➫✵➽✵✃ ❐ ➵✵➩❊Ü❑➼✞➨❸➺❋➼❑➭☛➺r➚⑧➫❾➚✞➹①✾✡❀❻æ ➹➄➚⑧➨
➈◗➒❄➓✜➔❇➣ ➻♣➴✚➼✞➯r➺❋➫✵➽➶Ð✄➻♣➩✩➩❑➳⑩➹➄➚✞➨q➩✺➸❶➼✞➬➇❰❶➯❋➩✞➳❪❅✸➺❋➽✵✃❪✂✹Ò✆➚⑧➨❴➭☛➵✵➩❱Ü❑➼✞➨❸➺❋➼❑➭☛➺r➚⑧➫❮➚✞➹◆✾ ❍ ■✤❏▲❑✰▼⑨❶⑩ ➼✞➫❶➪➌✾ ❍ ■✤❏▲❑✰▼❀✌æ
➹➄➚⑧➨ ➈ ✳ á✤✣✥✣ ➻❸➴✚➼❑➯❋➺❋➫❶➽ Ð✄➻❸➩✉➩✣❅✸➺❋➽⑧➻✉✃ ✍❶Ù ➼❑➫✵➪ ✍✆✝ Ò■➪✵➩✉❰❛➩✉➫✵➪✵➻q➚⑧➫❮➭☛➵✵➩❱➨❸➼❑➭☛➺r➚❾➚✞➹ ➈ ✳ á❂✣❆✣ ➭❸➚ ➈◗➒❄➓→➔☛➣ ✃
➦❙➼✞➨❸➩✁➹➄➧✵➯❦➩✺➸✵➼❑➬➇➺r➫✗➼❑➭☛➺r➚⑧➫➾➚✞➹✒➭☛➵✵➩❧➫✫➧✵➬✢➘❛➩✉➨❸➻❴➺❋➫ ❐ ➼✞➘❶➯❋➩✩➻❴➦◆✃ ✝ ➼✞➫✵➪ ➦◆✃ ✍ ➺❋➫➍Ý◆❰✵❰t➩✩➫✵➪❶➺❞➸❮➦◆✃ Ù
➨❸➩✁Ü⑧➩✚➼❑➯❋➻✒➭☛➵✗➼❑➭✩➳⑧➹➄➚⑧➨✔➼q➽✞➺rÜ⑧➩✉➫❽➴✉➩✩➫✹➭☛➨❸➼✞➯❋➺❞➭❲➲⑧➳⑧➭☛➵❶➺❋➻✒➨☛➼❑➭❸➺❋➚❊➪✵➩✉❰❛➩✉➫✵➪✵➻❨➻♣➯❋➺r➽⑧➵✹➭☛➯r➲✢➚⑧➫❫➘❛➩✩➼✞➬ ➩✩➫✵➩✉➨❸➽✞➲✞✃✂⑥➵✵➩✩➫❽➴✩➚⑧➬❫❰✗➼✞➨♣➺❋➫✵➽q➪✗➼❑➭☛➼✢➼❑➭ þ✆✝ ✃ ✽ ➼❑➫✵➪ ✝✞ÿ✞ÿ ✛❴➩❂✹❧➳✹➭❸➵✵➩◆➪✵➺✰✯✤➩✉➨❸➩✉➫✵➴✩➩■➺❋➻✒➫✵➩✉Ü✞➩✩➨❙➬❫➚⑧➨♣➩⑦➭❸➵✗➼✞➫
Ù✑✒ ☎④✃▼❅✗➚⑧➨❴➴✩➯❋➼✞➨❸➺❞➭❲➲⑧➳②➭☛➵❶➩➇➪✗➼❑➻❸➵✵➩✉➪➂➯❋➺r➫✵➩✩➻❴➺r➫ ❅✸➺r➽⑧➻✩✃❩✂➾➼✞➫✵➪ ✍✆✝ ➻❸➵✵➚✎➱ ➚⑧➫✵➯❞➲Þ➭☛➵❶➩❫Ü❑➼✞➯r➧✵➩❱➹➄➚⑧➨
➭☛➵✵➩❊➯r➚❃➱❀➩✩➨❯➘t➩✚➼✞➬♥➩✩➫✵➩✉➨❸➽✞➲✞✃

➆■➻♣➺❋➫✵➽♠➼✞➫❮➩✁Ü⑧➩✉➫✫➭✠Ó❲➘✹➲✹Ó❲➩✁Ü⑧➩✩➫✹➭✢➬➇➩✩➼✞➻❸➧✵➨♣➩✩➬❫➩✩➫✹➭❊➚✞➹✒➭☛➵❶➩❱➚⑧➨❸➺r➩✩➫✹➭✦➼❑➭❸➺❋➚⑧➫♦➚✞➹✒➭☛➵✵➩❧➭❲➱❀➚♠➴✩➚⑧➯r➯❋➺r➪✵➺❋➫✵➽
➫✫➧✵➴✩➯r➩✩➺❪➳③➭☛➵❶➩❧➻♣➭❸➧✵➪❶➲Þ➚❑➹❀❰✵➼✞➨♣➭❸➺❋➴✩➯r➩❇➪❶➺❋➻♣➭❸➨❸➺r➘✵➧❶➭☛➺r➚⑧➫✵➻⑦➴✚➼✞➫❮➘t➩❧➩✺➸❝➭❸➩✩➫✵➪❶➩✩➪➮➭☛➚④➺r➫✵➴✩➯r➧✵➪✵➩❧➼❫➭☛➵✵➺r➨❸➪
➴✩➚✳➚⑧➨❸➪❶➺❋➫✗➼❑➭❸➩✞➳❃➫✗➼✞➬❫➩✩➯❞➲❴➭☛➵✵➩❨➼✄☞✩➺r➬❧➧❶➭❸➵✗➼✞➯✫➼✞➫✵➽✞➯❋➩✞✃❃â❲➫❧➨♣➩✩➯❋➼❑➭☛➺❞Ü❝➺r➻♣➭❸➺❋➴❡➵✵➩✩➼✎Ü✫➲❇➺❋➚⑧➫❇➴✩➚⑧➯r➯❋➺r➻❸➺❋➚✞➫✵➻✩➳✩➭❸➵✵➩
➽⑧➩✩➫❶➩✩➨❸➺r➴❙➭☛➩✉➨❸➬❫➻qã♣➪✵➺❋➨♣➩✩➴✁➭☛➩✩➪Ô❆✗➚✎➱❯äq➼✞➫✵➪➶ã♣➩✉➯❋➯r➺❋❰❶➭❸➺❋➴t❆✗➚✎➱❯ä❇➼❑➨❸➩◗➧✵➻♣➩✩➪▲➹➄➚⑧➨✸➭☛➵❶➩◗➬➇➩✩➼✞➻❸➧✵➨♣➩✩➬❫➩✩➫✹➭
➚✞➹t➼✞➫✵➺r➻❸➚✞➭❸➨❸➚⑧❰✹➲q➺❋➫q➭☛➵✵➩❨➼✄☞✩➺r➬❧➧❶➭❸➵✗➼✞➯✫➪✵➺❋➻✠➭☛➨♣➺❋➘✵➧❶➭❸➺❋➚⑧➫❶➻✌➚✞➹③❰✵➼✞➨♣➭❸➺❋➴✩➯r➩✩➻❆➨❸➩✉➯✏➼❑➭❸➺rÜ⑧➩✒➭☛➚■➭☛➵✵➩❀➨❸➩✚➼❑➴✉➭☛➺r➚⑧➫
❰✵➯✏➼❑➫✵➩✞✃ ❐ ➵✵➩✆➨❸➩✩➼✞➴✉➭❸➺❋➚⑧➫❾❰❶➯✏➼✞➫✵➩⑦➹➄➚⑧➨❙➼❧❰✵➼✞➨♣➭❸➺❋➴✩➧❶➯✏➼✞➨✔➴✩➚⑧➯r➯❋➺r➻❸➺❋➚✞➫➇➺r➻❀➭☛➵❶➩❴❰✵➯✏➼✞➫❶➩◆➪✵➩✁Ô✗➫✵➩✩➪♠➘✹➲❽➭❸➵✵➩
➺❋➬❫❰✗➼✞➴✁➭⑩❰✗➼✞➨☛➼❑➬➇➩✁➭☛➩✩➨✌➼✞➫✵➪❊➭☛➵❶➩❨➘t➩✚➼✞➬ ➼①➸❝➺r➻❨Ð ❮ ➼✞➫✵➪❊➎■➺❋➫❈❅✸➺r➽✵✃✑✟◆✃ Ù Ò✁✃✎â❲➫✦❆✗➚✎➱á➼✞➫✗➼✞➯❞➲❝➻♣➩✩➻✉➳❃➭❸➵✵➩
➪✵➺❋➻✠➭☛➨♣➺❋➘✵➧❶➭❸➺❋➚⑧➫q➚✞➹✗❰✵➼✞➨♣➭❸➺❋➴✩➯r➩✩➻⑩➺❋➫q➭☛➵✵➩❨➼✄☞✩➺r➬❧➧❶➭❸➵✗➼✞➯✳➼✞➫✵➽⑧➯r➩✞➳ ❼ ➳✵Ð✄➼✞➯r➱❨➼✚➲❝➻❆➭✦➼✞➷❑➩✩➫❧➨♣➩✩➯❋➼❑➭☛➺❞Ü⑧➩✒➭☛➚■➭❸➵✵➩
➨❸➩✩➼✞➴✉➭❸➺❋➚⑧➫❮❰✵➯❋➼✞➫✵➩❧➹➄➚⑧➨❊➼④❰✵➼✞➨♣➭❸➺❋➴✩➧❶➯✏➼✞➨✆➴✉➚⑧➯❋➯r➺❋➻♣➺❋➚⑧➫③Ò❙➺r➻❴➬➇➩✩➼✞➻❸➧✵➨♣➩✩➪➶➼✞➫✵➪➮➩✁➸❝❰✵➨♣➩✩➻♣➻❸➩✩➪➶➺❋➫❮➭☛➩✉➨❸➬❫➻
➚✞➹✌➼Þ❅③➚✞➧✵➨❸➺r➩✩➨❨➩✺➸❝❰✗➼✞➫✵➻♣➺❋➚⑧➫②➳ ➇★➈ ✳♥➉✑➊ ➇✛❼①➋ ➈ Ý✎Ð Ù ❱ ✝ ✹ ➑éÝ ç ❬✫Ð ❼ Ò✴❱ ✝ ✹ × Ý ç ❬✫Ð ✝ ❼ Ò✿❱ ✺✷✺✷✺ Ò✺✃ ❐ ➵✵➩
➼✞➬❫❰✵➯❋➺❞➭☛➧✵➪✵➩❫➚✞➹◗➭❸➵✵➩❽Ô✗➨♣➻♣➭ ❼ Ó➐➪✵➩✩❰t➩✩➫❶➪✵➩✩➫✹➭❧➭❸➩✩➨❸➬➾➳ ✹ ➑✺➳✌➺❋➻✢➴✩➼✞➯❋➯r➩✩➪➂➪❶➺❋➨❸➩✉➴✉➭❸➩✩➪Ö❆✗➚✎➱❊✃P❋❡➯r➯❋➺❋❰❝➭☛➺❋➴
❆✗➚✎➱ ➺❋➻❧➭❸➵✵➩♠➫✗➼✞➬❫➩♠➽⑧➺rÜ✞➩✩➫ ➭☛➚❮➭☛➵✵➩♦➼✞➬❫❰✵➯❋➺❞➭☛➧✵➪❶➩④➚✞➹⑦➭☛➵✵➩➾➻❸➩✉➴✩➚⑧➫✵➪á➭☛➩✉➨❸➬ ➚✞➹■➭☛➵✵➩■❅✗➚⑧➧✵➨♣➺❋➩✉➨
➩✁➸❝❰✗➼✞➫❶➻❸➺❋➚✞➫②➳ ✹ × ✃ ❐ ➵✵➺❋➻➇➯✏➼❑➭♣➭☛➩✩➨➇➼✞➫✵➺r➻❸➚✞➭❸➨❸➚⑧❰✹➲á➺❋➫á➭☛➵✵➩➾➹➄➚⑧➨❸➬ ➚✞➹q➼➮Ü❑➼✞➨❸➺❋➼❑➭☛➺r➚⑧➫⑤➺r➫❒❰✗➼❑➨♣➭☛➺r➴✩➯r➩
➲✳➺❋➩✩➯r➪➂➺❋➫➶➬➇➚✞➬➇➩✉➫✫➭❸➧✵➬ ➻❸❰✗➼✞➴✉➩④➨❸➩✉➻❸➧✵➯❞➭☛➻❧❰❶➨❸➺❋➬➇➼✞➨♣➺❋➯r➲♦➹➄➨❸➚⑧➬ ➭☛➵❶➩④➫✵➚⑧➫❝Ó➐➻❸❰✵➵❶➩✩➨❸➺r➴✚➼✞➯✔➻❸➵✵➼✞❰❛➩❽➺❋➫
❰❛➚✞➻❸➺r➭❸➺❋➚⑧➫➍➻❸❰✗➼✞➴✉➩❱➚✞➹✒➭☛➵✵➩✢➺❋➫✵➺❞➭☛➺✏➼❑➯❆➴✉➚⑧➯❋➯r➺❋➻♣➺❋➚⑧➫♠Ü⑧➚⑧➯r➧✵➬❫➩♠Ð✄➻♣➩✩➩❧➭☛➵❶➩❱➴✩➨❸➚✞➻❸➻✠Ó➐➵✗➼❑➭❸➴✦➵✵➩✩➪ ➨❸➩✉➽⑧➺❋➚⑧➫➍➺❋➫
➭☛➵✵➩❊➨♣➺❋➽⑧➵✹➭❯❰✗➼✞➫❶➩✩➯✱➚✞➹✶❅✸➺❋➽❶✃✠✟◆✃ Ù Ò✁✃
✷ ➚✎Ü✳➺❋➫✵➽ ➘t➩✉➲✞➚⑧➫✵➪❍➻❸➺❋➫❶➽⑧➯❋➩♦❰✗➼✞➨♣➭❸➺❋➴✉➯❋➩➍➪❶➺❋➻♣➭❸➨❸➺r➘✵➧❶➭☛➺r➚⑧➫✵➻✉➳❨➼✞➪❶➪✵➺r➭❸➺❋➚⑧➫✗➼❑➯■➺r➫❶➹➄➚⑧➨❸➬➇➼❑➭❸➺❋➚⑧➫á➴✚➼✞➫Ï➘t➩
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➚⑧➘❶➭☛➼✞➺❋➫✵➩✉➪ ➘✹➲⑥➻✠➭☛➧✵➪❶➲✳➺r➫✵➽⑤➭❸➵✵➩➶➴✉➚⑧➨❸➨♣➩✩➯❋➼❑➭☛➺r➚⑧➫✵➻❾➚✞➹✢❰✗➼✞➨♣➭❸➺❋➴✉➯❋➩✩➻✉✃❙â❲➫ ➵❶➩✚➼✚Ü✫➲ ➺r➚⑧➫⑥➴✩➚⑧➯r➯❋➺r➻❸➺❋➚✞➫✵➻✩➳
➭☛➵✵➩❽➬➇➚⑧➻✠➭❧➴✉➚⑧➬➇➬❫➚⑧➫➶➬❧➧✵➯r➭❸➺❞Ó➐❰✗➼✞➨♣➭❸➺❋➴✉➯❋➩❧➚⑧➘❶➻❸➩✩➨✠Ü❑➼✞➘✵➯❋➩❽➻♣➭☛➧❶➪✵➺❋➩✉➪ ➺❋➻❇➭❸➵✵➩④Û◗✟ ❐ ➴✩➚⑧➨♣➨❸➩✉➯✏➼❑➭❸➺❋➚⑧➫②➳
➫✗➼✞➬❫➩✩➪♠➹➄➚⑧➨⑦Û◆➼✞➫✫➘✵➧❶➨♣➲✹Ó✜✟❨➨♣➚✎➱❯➫Þ➼✞➫✵➪ ❐ ➱❯➺❋➻♣➻⑦➱❯➵✵➚❫❰✵➺r➚⑧➫✵➩✩➩✉➨❸➩✉➪Þ➼✞➫♦➼✞➫✗➼✞➯r➚⑧➽⑧➚⑧➧❶➻❙➭☛➩✩➴✦➵❶➫✵➺❋Ñ✫➧✵➩
➹➄➚⑧➨✔➻♣➭☛➧❶➪❶➲✳➺❋➫✵➽q➭☛➵✵➩■➻❸➺✥☞✉➩■➚❑➹✱➚⑧➘★✧♣➩✉➴✉➭☛➻❀➺❋➫❽➼✞➻♣➭❸➨❸➚⑧➫✵➚✞➬✢➲ Ø✕Ù ✂ ✒ ➳ Ù ✂ þ❑Ú ✃ ❐ ➵✵➩◆❰❶➨❸➚✳➴✩➩✩➪❶➧✵➨❸➩✆➺r➻✒➬➇➚⑧➻✠➭
➚✞➹➎➭☛➩✉➫⑥➼✞❰✵❰✵➯r➺❋➩✉➪⑤➭☛➚❺❰✗➼✞➺❋➨♣➻❽➚✞➹❊➯r➺❋➷❑➩✁Ó❲➻♣➺❋➽⑧➫⑤❰✵➺❋➚✞➫✵➻④➼✞➫❶➪Ï➪✵➩✩❰t➩✩➫✵➪❶➻❾➚⑧➫➋➭☛➵✵➩➍Ñ✳➧✵➼✞➫✹➭☛➧✵➬ ➬➇➩✺Ó
➴✦➵✗➼✞➫✵➺r➴✚➼✞➯✒➴✉➚⑧➫✵➫✵➩✉➴✉➭☛➺r➚⑧➫❺➘t➩✉➭❲➱❀➩✩➩✉➫ ➻❸➩✉❰✗➼✞➨☛➼①➭☛➺❋➚✞➫❺➺❋➫ ➴✩➚✳➚⑧➨♣➪✵➺❋➫✗➼①➭☛➩❫➼✞➫✵➪➶➬➇➚⑧➬❫➩✩➫✹➭❸➧✵➬ ➻❸❰✗➼❑➴✩➩
➹➄➚⑧➨❯➺❋➪✵➩✉➫✹➭☛➺❋➴✩➼✞➯②❰✗➼❑➨♣➭☛➺r➴✩➯r➩✩➻✩✃ ❐ ➵❶➩❇➪✗➼①➭✦➼▲➼✞➨❸➩❊❰✵➨♣➩✩➻♣➩✩➫✹➭☛➩✉➪➮➼✞➻◗➭☛➵✵➩q➨☛➼❑➭❸➺❋➚❱➚✞➹✌➭☛➵✵➩q➪✵➺r➻♣➭☛➨♣➺❋➘✵➧❝➭☛➺❋➚✞➫
➚✞➹❡❰✗➼❑➺❋➨❸➻❯➺r➫➍➻❸➚✞➬➇➩q➨❸➩✉➯✏➼❑➭❸➺rÜ⑧➩✺Ó❲➬❫➚⑧➬❫➩✩➫✹➭☛➧✵➬ Ü❑➼✞➨❸➺❋➼✞➘✵➯❋➩❴➪❶➺rÜ✳➺❋➪✵➩✉➪➍➘✹➲♦➼➇➪✵➺r➻♣➭❸➨❸➺❋➘❶➧❶➭☛➺r➚⑧➫❾➱❯➵✵➺❋➴✦➵
➬❽➼①➭☛➴✦➵✵➩✉➻✒➭❸➵✵➩⑦➴✩➚⑧➨♣➨❸➩✩➴✁➭✔➚❝➴✉➴✩➧✵❰✗➼❑➫✵➴✉➲▲➚✞➹t➭☛➵❶➩⑦➭❲➱❀➚❑Ó❲❰✵➼✞➨♣➭❸➺❋➴✩➯r➩❙❰✵➵✗➼❑➻❸➩⑦➻❸❰✗➼✞➴✉➩■➘❶➧❶➭✒➱❯➵✵➺❋➴✦➵❫➪✵➚✳➩✩➻
➫✵➚✞➭✌➴✩➚⑧➫✹➭☛➼✞➺❋➫❊➭☛➵✵➩✔➩❂✯❛➩✩➴✁➭☛➻✌➚✞➹❶➭❸➵✵➩✔➭❲➱❀➚❑Ó➐❰✗➼✞➨♣➭❸➺❋➴✉➯❋➩✒➴✩➚⑧➨♣➨❸➩✉➯✏➼❑➭❸➺❋➚⑧➫②✃ ❐ ➵✵➺❋➻❆➫✵➚⑧➨♣➬❽➼❑➯❋➺✥☞✩➼❑➭☛➺r➚⑧➫✆➺r➻❆➚✞➘❝Ó
➭✦➼✞➺r➫✵➩✩➪➇➘✹➲❽❰✗➼❑➺❋➨❸➺r➫✵➽q❰✗➼✞➨♣➭❸➺❋➴✉➯❋➩✩➻✒➹➄➚⑧➧✵➫❶➪④➺❋➫➇➪✵➺✌✯❛➩✩➨♣➩✩➫✹➭❙➩✁Ü⑧➩✩➫✹➭❸➻❙➱❯➵✵➺❋➴✦➵❾➵✗➼✚Ü✞➩✆➘❛➩✉➩✩➫④➬➇➼❑➭❸➴✦➵✵➩✩➪
➹➄➚⑧➨❯➴✩➩✉➫✫➭❸➨☛➼✞➯r➺r➭❲➲➾➼✞➫❶➪➍➚✞➭❸➵✵➩✩➨⑦➩✉Ü✞➩✩➫✹➭♣Ó➐➴✦➵✗➼✞➨☛➼❑➴✉➭☛➩✉➨❸➺✌☞✚➼❑➭❸➺❋➚⑧➫➾Ü✞➼❑➨❸➺✏➼❑➘✵➯❋➩✉➻✩✃ ❐ ➵✵➩❇➨❸➩✩➻♣➧✵➯r➭❸➺❋➫✵➽❫➴✩➚✞➨❸➨❸➩✺Ó
➯✏➼❑➭❸➺❋➚⑧➫➾➹➄➧✵➫✵➴✁➭☛➺❋➚✞➫✵➻❴➴✚➼✞➫➮➘t➩✢Ô✵➭❊➧✵➻♣➺❋➫✵➽♠➼❽Ü❑➼✞➨♣➺❋➩✁➭❲➲Þ➚✞➹✔❰✗➼✞➨❸➼✞➬❫➩✉➭☛➩✉➨❸➺✌☞✚➼❑➭❸➺❋➚⑧➫✵➻■➚✞➹✒➭☛➵✵➩❱➻♣➚⑧➧✵➨♣➴✩➩
➪✵➺❋➻✠➭☛➨♣➺❋➘✵➧❶➭❸➺❋➚⑧➫❶➻✩✃✆❅✗➨❸➚✞➬ ➻❸➧✵➴✦➵➇❰✗➼✞➨❸➼✞➬➇➩✁➭☛➩✉➨❸➺✥☞✩➼❑➭☛➺r➚⑧➫✵➻✉➳⑧➺❋➫❶➹➄➚✞➨❸➬➇➼❑➭☛➺r➚⑧➫❱➼✞➘t➚⑧➧❶➭✒➭☛➵❶➩⑦➻♣❰✗➼❑➭❸➺❋➚✞➭❸➩✩➬❱Ó
❰❛➚✞➨☛➼✞➯❯➩✁➸✳➭❸➩✩➫✹➭❾➚✞➹❴➭❸➵✵➩➍➩✉➬➇➺r➻❸➻❸➺r➚⑧➫á➻❸➚⑧➧✵➨♣➴✩➩Þ➴✩➼✞➫➋➘t➩➍➩✺➸❝➭❸➨☛➼✞➴✁➭☛➩✉➪②✃✫✮✆➫✵➩Þ➴✉➚⑧➬❫➬➇➚⑧➫❶➯r➲➂➧❶➻❸➩✩➪
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s②✮✾❢✹❭❶❬❙❭ → ❭✳❩➐❄✕❄✕❅✫✯❲✿❲✶♣✲✚✿✼✮✾❁❃❂❧❁✎❉②✿✼✭✹✴⑦✷✹✴✦✿❲✴✺✻☛✿✼✮✾❁❃❂➇✴⑥îq✻✦✮✾✴✺❂✳✻☛❤❧✷✫✴✦✿❲✴✦✶✠●❊✮✕❂✫✲✚✿✼✮✕❁❃❂❱✮✕❂▲❵❨❅❝❜❙❵❨❅▲✻☛❁❃❄✕❄✕✮✕✯✠✮✾❁❃❂✫✯
❅✫✯✠✮✕❂✹❢◗✲❯✻☛❁❃●❴✰✳✲✚✶♣✮✕✯❲❁❃❂✆✽✵✴✦✿✄❈✸✴✦✴✺❂➞P❫❁❃❂①✿❲✴◗❬❦✲✚✶✠❄✾❁❊➁✙P④❬✒➊②✯✼✮❞●■❅✫❄❞✲✚✿✼✮✾❁❃❂❴✲✎❂✫✷❴✷✫✲✚✿✼✲◗❉❋❁✎✶⑩✿✼✭✹✴❀❂❑❅✫●■✽✵✴✦✶
❁✎❉⑩▼②✲✎✷✫✷✫❄✕✴⑦✯✼❄✕✲✚✿✼✯❀✭✫✮✾✿✦❭★➠❙✲✚✿✼✲❧✲✚✶✼✴■✯✠✭✹❁✁❈✔❂❫❉r❁✎✶❨❵❀❅❶❜❙❵❀❅➇✻☛❁❃❄✕❄✕✮✕✯✠✮✾❁❃❂✫✯❡✲✚✿➼➧ ➨ ❭✓❭✚➩ → ➢✖➢✢➆❨✴✦➈◆❭❶✬✔✭✹✴
✯✼✲✎●❊✴❯✿❲✴✺✻✠✭✫❂✳✮✕➙❑❅✫✴◗❈✸✲✎✯❀❅✫✯❲✴✺✷❧❉❋❁✎✶➚➧ ➨ ❭❴❭✶➩ ➲ → ❭ ➅❇✲✎❂✫✷■➜❄➳✭➢❇➆❨✴✦➈Ï❵❀❅❶❜❙❵❀❅❫✻☛❁❃❄✕❄✕✮✕✯✼✮✕❁❃❂✫✯✦❭

➱❯➵✵➺❋➯r➩❨➻♣➺❋➬❧➧✵➯❞➭✦➼✞➫❶➩✩➚⑧➧✵➻♣➯r➲❊❰✵➨♣➚✎Ü❝➺r➪✵➺❋➫❶➽◆➭☛➵✵➩❨➻❸➬➇➼✞➯❋➯r➩✩➻♣➭✌❰t➚⑧➻❸➻♣➺❋➘✵➯r➩❨➘✵➺❋➼✞➻❦➚⑧➫✢➭❸➵✵➩❙➨♣➩✩➻❸➧❶➯r➭☛➺r➫✵➽✆➪✗➼①➭✦➼
➻❸➩✁➭✚✃✳â❲➫✁✢✒Û❚✮❉✟✫✮✤✗❫➭❸➵✵➺❋➻❡➱❨➼✞➻❙➼✞➴✉➴✩➚⑧➬❫❰✵➯r➺❋➻❸➵❶➩✩➪❽➘✹➲▲➧✵➻♣➺❋➫✵➽✢➼❇➴✉➚⑧➬❧➘✵➺r➫✗➼❑➭☛➺r➚⑧➫▲➚✞➹②➩✉➫✵➩✩➨♣➽✞➲❽➼✞➫✵➪
➭☛➺r➬➇➩❡➻♣➺❋➽⑧➫✗➼❑➯❋➻②➹➄➨❸➚✞➬ ➭☛➵✵➩❘✢✸➼❑➪✵➪✵➯❋➩✔➴✩➚✞➧✵➫✹➭☛➩✩➨♣➻❦➼✞➫❶➪q➭❸➵✵➩◆➻②×❊➦❨➻✉✃❃Ýá➻♣➩✩➯r➩✩➴✉➭❸➺❋➚⑧➫q➚✞➹❶➩✉Ü⑧➩✉➫✹➭☛➻✸➱❯➺❞➭☛➵
➯❋➩✉➻❸➻❴➭☛➵✗➼❑➫ ✽ ➫✵➻❴➭☛➺r➬➇➩✺Ó❲➪✵➺✰✯✤➩✉➨❸➩✉➫✵➴✩➩❱➘t➩✉➭❲➱❀➩✩➩✉➫❺➭☛➵✵➩❱➭❲➱❀➚ ✢✌➼✞➪✵➪✵➯r➩▲➻❸➺❋➽✞➫✗➼✞➯❋➻■➱❙➼✞➻q➴✩➚✞➬❧➘✵➺❋➫❶➩✩➪
➱❯➺r➭❸➵➇➴✉➧❶➭☛➻✔➚⑧➫➇➭❸➵✵➩❁➻②×❊➦á➺r➫✵➪✵➺rÜ✳➺r➪✵➧✗➼✞➯✗➼❑➫✵➪❽➻♣➧✵➬➇➬❫➩✩➪▲➭☛➺r➬➇➺r➫✵➽✆➻♣➺❋➽⑧➫✗➼❑➯❋➻✩✃✹Ý■➪✵➪✵➺❞➭☛➺❋➚✞➫✗➼✞➯✵➯r➚⑧➽⑧➺❋➴
➩✩➫✵➻♣➧✵➨❸➩✉➪ ➫❶➚➂➯❋➚⑧➻♣➻④➚✞➹❴Ü✞➩✩➨♣➲➋➴✩➩✩➫✹➭❸➨☛➼✞➯✆➩✁Ü⑧➩✉➫✫➭❸➻❾➭☛➵✗➼❑➭❽➵✗➼✚Ü⑧➩ ➼❺➵✵➺r➽⑧➵➹✢✌➼✞➪✵➪✵➯r➩Þ➻❸➺r➽⑧➫✗➼✞➯◆➼✞➫✵➪
➴✩➚⑧➨♣➨❸➩✉➻❸❰t➚⑧➫✵➪✵➺r➫✵➽⑧➯r➲❱➹➄➩✁➱Ï➫✫➧✵➬❧➘t➩✩➨♣➻❨➚✞➹✤➻❸❰t➩✩➴✉➭☛➼❑➭☛➚✞➨❨➫✵➩✉➧❶➭☛➨♣➚⑧➫✵➻❙➼✚Ü❑➼✞➺r➯✏➼✞➘✵➯r➩❨➭☛➚❇➵✵➺r➭✒➭❸➵✵➩❋➻②×❊➦❨➻✉✃
❐ ➵✵➺❋➻❆➻❸➩✉➯❋➩✉➴✉➭☛➺r➚⑧➫q❰✵➨❸➚✎Ü✳➺❋➪✵➩✉➪✢➼⑦➘✗➼✞➻♣➺❋➴❇ã✠Ü❑➼✞➯❋➺r➪❴➴✩➚⑧➯r➯❋➺r➻❸➺❋➚✞➫✵ä❙➪✵➩✁Ô✗➫✵➺r➭❸➺❋➚⑧➫❊➹➄➚⑧➨✱Ý■➧❲❱✆Ý◆➧✢➴✉➚⑧➯❋➯r➺❋➻♣➺❋➚⑧➫✵➻
➼❑➭ ❨ ❬✖❭❴❭ ➋ þ✆✝ ✃ ✽ ➳ Ù✖✍⑧ÿ ➼✞➫✵➪ ✝✞ÿ✞ÿ ✛❊➩✺✹❧✃●❅✗➚⑧➨◆➭❸➵✵➩▲➯❋➚✎➱❀➩✩➻♣➭❊➩✉➫✵➩✩➨♣➽✞➲❮Ý■➧❲❱✆Ý◆➧➮➴✩➚⑧➯r➯❋➺r➻❸➺❋➚✞➫➍➚✞➹
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✂❀✂✆☎ ➹➄➚⑧➨◆➭☛➵❶➩❧➭❲➱❨➚♠➭☛➨♣➺❋➽⑧➽⑧➩✉➨◆➴✉➚⑧➫❶Ô✗➽⑧➧❶➨☛➼❑➭❸➺❋➚⑧➫✵➻✉➳②➨❸➩✉➻❸❰t➩✩➴✁➭☛➺rÜ✞➩✩➯❞➲⑧➳✤➹➄➚⑧➨❴Ý■➧❲❱✆Ý◆➧➮➴✩➚✞➯❋➯❋➺r➻❸➺r➚⑧➫✵➻■➼❑➭
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200 GeV
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19.6 GeV

s②✮✾❢✹❭✌❬❨❭✞➳✞❭✌▼❆✯❲✴✺❅✫✷✫❁✎✶✠✲✚✰✳✮✕✷✫✮✕✿✄❤➾✷✹✴✺❂✳✯✼✮✾✿✄❤➍✷✫✮✕✯❲✿❲✶♣✮✾✽✳❅✹✿✼✮✾❁❃❂✳✯❯❉❋✶✼❁❃● ➧ ➨ ❭❴❭ ➩ → ➢✖➢ ➁✏❄✕✮✾❢❃✭❑✿✦✐✱✿❲❁✎✰➮✽✳✲✎❂✳✷❝➊
✲✎❂✫✷❫➜❄➡✞❭✞➲ ➁✏✷✫✲✚✶✼❏❶✐✱✽✵❁✎✿❲✿❲❁❃●ß✽✳✲✎❂✳✷❝➊❴➆❨✴✦➈ ❵❀❅❶❜❙❵❀❅❮✻☛❁❃❄❞❄✕✮✕✯✼✮✾❁❃❂✳✯✦✐②❉r❁✎✶❊✿✼✭✫✴▲●❴❁❃✯❲✿q✻☛✴✺❂❑✿❲✶✠✲✎❄ →✎➣ ➤
❁✎❉✒✿✼✭✫✴❇✻☛✶✼❁❃✯✼✯✆✯❲✴✺✻☛✿✼✮✕❁❃❂ ➝ ➅✎➅✭➟➄❭✱✬✒✭✹✴❇✽✵❁✺➑⑧✴✺✷♦✲✚✶✼✴✺✲✎✯❱➁✏✲❂➫❑✷❝➊■✮✕❄❞❄✕❅✫✯❲✿❲✶✠✲✚✿❲✴❴✿✼✭✫✴✢✯❲✴✦✰❝✲✚✶✠✲✚✿❲✴❇✶✠✴✦❢❃✮✾❁❃❂✫✯◆✮✕❂
✰✳✯✼✴✺❅✫✷✹❁✎✶✠✲✚✰✳✮❞✷✫✮✾✿✄❤◗❅✫✯✼✴✺✷◆✮❞❂⑦✿✼✭✹✴❡✻☛✴✺❂❑✿❲✶✠✲✎❄✕✮✾✿⑨❤■✷✹✴✦✿❲✴✦✶♣●❊✮✕❂✫✲✚✿✼✮✾❁❃❂◆❉❋❁✎✶②✴✺✲✎✻✠✭❊✻☛❁❃❄✕❄❞✮✕✯✼✮✾❁❃❂⑦✴✺❂✹✴✦✶✼❢✎❤✎❭❃❳✒✴✦❢❃✮✕❁❃❂
➁❋✽❶➊✔✮✕❄✕❄❞❅✫✯❲✿❲✶✠✲✚✿❲✴✺✯❀✿✼✭✹✴◆✰✳✯❲✴✺❅✫✷✹❁✎✶♣✲✚✰✳✮✕✷✫✮✾✿⑨❤❱✻☛❁✁❥✎✴✦✶✠✲✚❢✎✴❊❁✎❉❆✿✼✭✹✴◆▼②✲✎✷✫✷✳❄✾✴◆✯✠✻✦✮✕❂①✿✼✮❞❄✕❄✕✲✚✿❲❁✎✶❀✻☛❁❃❅✳❂①✿❲✴✦✶✠✯✺✐✵✲✎❂✳✷
✿✼✭✹✴❱❁✎✿✼✭✫✴✦✶❊✶✼✴✦❢❃✮✾❁❃❂✫✯✆❈✸✴✦✶✼✴▲✷✹✴✦❥✎✴✺❄✕❁✎✰❶✴✺✷Þ❉❋❁✎✶q✻☛✴✺❂❑✿❲✶✠✲✎❄✕✮✾✿⑨❤➍✷✫✴✦✿❲✴✦✶✠●❊✮✕❂✫✲✚✿✼✮✕❁❃❂➍❅✳✯✼✮✕❂✹❢❽✿✼✭✹✴➇P❙✻☛✿✼✲✚❢✎❁❃❂
✯✼✮❞❄✕✮✕✻☛❁❃❂❧✷✹✴✦✿❲✴✺✻☛✿❲❁✎✶✺❭
❨ ❬✖❭✓❭ ➋ ✝✞ÿ⑧ÿ ✛❴➩❂✹❧✃
➆■➻♣➺❋➫✵➽ ➭☛➵✵➩♦➴✩➚⑧➯r➯❋➺❋➻♣➺❋➚⑧➫ ➩✁Ü⑧➩✩➫✹➭♠➻♣➩✩➯❋➩✉➴✉➭❸➺❋➚⑧➫⑤➴✩➨❸➺❞➭☛➩✉➨❸➺✏➼➮➚⑧➧❶➭❸➯❋➺r➫✵➩✩➪⑤➼✞➘t➚❃Ü✞➩❮➼✞➫✵➪⑤➭☛➵✵➩♦➪✵➩✩➪✵➧❶➴✩➩✩➪
➭☛➨♣➺❋➽⑧➽⑧➩✉➨②➪✵➩✁➭☛➩✩➴✁➭☛➺r➚⑧➫❇➩✁à❫➴✩➺❋➩✉➫✵➴✉➲✞➳✎➭☛➵✵➩✔➫✵➩✁➸✳➭⑩➭✦➼❑➻❸➷✆➺r➻⑩➭❸➚◗Ô✗➫✵➪❇➼✞➫✢➼❑❰✵❰✵➨❸➚✞❰✵➨❸➺❋➼❑➭☛➩❡➩✺➸❶❰t➩✩➨♣➺❋➬❫➩✩➫✹➭✦➼❑➯
Ñ✫➧✗➼✞➫✹➭☛➺❞➭❲➲➾➹➄➚✞➨⑦➧❶➻❸➩✢➺r➫➍➪✵➩✁➭☛➩✉➨❸➬❫➺❋➫✵➺r➫✵➽❱➭☛➵✵➩❇➩✉Ü⑧➩✉➫✹➭❴➴✩➩✉➫✫➭❸➨☛➼✞➯r➺r➭❲➲✞✃❲❅③➚✞➨■Ý■➧❲❱✆Ý◆➧➍➴✉➚⑧➯❋➯r➺❋➻♣➺❋➚⑧➫✵➻✉➳✗➼
➴✩➚⑧➫❶➻❸➺❋➻✠➭☛➩✉➫✫➭■➴✩➩✉➫✹➭☛➨☛➼❑➯❋➺r➭❲➲❽➪✵➩✉➭❸➩✩➨♣➬➇➺r➫✗➼❑➭☛➺r➚⑧➫❽➱❨➼✞➻❯➹➄➚⑧➧✵➫✵➪❾➭☛➚▲➘t➩❊➨❸➩✩➯❋➼❑➭☛➺❞Ü⑧➩✉➯r➲➇➺❋➫✵➪✵➩✉❰❛➩✉➫✵➪✵➩✉➫✫➭■➚✞➹
➭☛➵✵➩➇➴✦➵✵➚⑧➺r➴✩➩④➚✞➹❙➪✵➩✉➭❸➩✩➴✉➭❸➚⑧➨♠Ð✄➼✞➫✵➪➂➵✵➩✉➫✵➴✩➩➇➭☛➵✵➩➇❰✵➻❸➩✉➧✵➪✵➚⑧➨❸➼✞❰✵➺❋➪❶➺r➭❲➲ ➯❋➺r➬➇➺❞➭☛➻✦Ò✺➳✱➼✞➻❇➯❋➚⑧➫✵➽➍➼✞➻❇➭❸➵✵➩
➴✦➵✵➚⑧➻♣➩✩➫Þ➨♣➩✩➽⑧➺r➚⑧➫♠➴✩➚⑧➫✹➭✦➼❑➺❋➫✵➩✉➪➍➻❸➧❶➘✵➻♣➭☛➼✞➫✹➭☛➺✏➼❑➯✱❰✗➼✞➨♣➭❸➺❋➴✉➯❋➩❊➬❧➧✵➯❞➭☛➺❋❰❶➯❋➺❋➴✉➺r➭❲➲✞✃ ❐ ➵❶➩❇➻♣➺❋➽⑧➫✗➼❑➯②➹➄➨❸➚⑧➬♥➭❸➵✵➩
✢✸➼✞➪❶➪✵➯❋➩❾➴✉➚⑧➧✵➫✹➭☛➩✉➨❸➻✩➳❦➱❯➺❞➭☛➵ ➼Þ❰✵➻♣➩✩➧✵➪❶➚⑧➨☛➼✞❰❶➺❋➪✵➺❞➭❲➲❺➴✉➚❃Ü✞➩✩➨❸➼✞➽⑧➩♠➚✞➹ ✍✌✺➙✝❯à ➃ ➄❩➃ à⑥✽❻✺➙✒ Ð✄➨♣➩✩➽⑧➺r➚⑧➫
Ð✄➘③Ò◆➚❑➹➚❅✌➺❋➽✵✃✤➦◆✃ ✍ Ò✁➳✤➱❀➚⑧➨❸➷❑➩✩➪➮➱❨➩✉➯❋➯❡➼❑➻❴➼❾➴✩➩✩➫✹➭❸➨☛➼✞➯r➺r➭❲➲♦➬➇➩✩➼✞➻❸➧✵➨♣➩❧➹➄➚⑧➨✆➴✉➚⑧➯❋➯r➺❋➻❸➺r➚⑧➫➾➩✩➫✵➩✉➨❸➽⑧➺r➩✩➻❴➚✞➹
❨ ❬ ❭✓❭✚➋ þ✆✝ ✃ ✽ ➳ Ù✖✍✞ÿ ➼❑➫✵➪ ✝❑ÿ⑧ÿ ✛❊➩✺✹❧✃
❅✗➚⑧➨✔➭❸➵✵➩◆➯r➚✎➱❨➩✉➻♣➭❙➩✉➫✵➩✩➨♣➽✞➲❫➚✞➹ Ù �❝✃ þ ✛❊➩✺✹❧➳✫➫✵➩✉➱❍❰✵➻♣➩✩➧✵➪❶➚⑧➨☛➼✞❰❶➺❋➪✵➺❞➭❲➲▲➨❸➩✩➽✞➺❋➚⑧➫✵➻✔➵✗➼✞➪➇➭☛➚✢➘t➩◆➴✦➵❶➚❑Ó
➻❸➩✉➫ ➪✵➧✵➩➇➭❸➚Þ➼➍➨♣➩✩➪✵➧❶➴✉➭☛➺r➚⑧➫❺➺r➫➶➭❸➵✵➩❽➬❫➚⑧➫✵➚✞➭❸➚⑧➫✵➺r➴✩➺r➭❲➲Þ➘❛➩✁➭❲➱❨➩✉➩✩➫ ➭☛➵✵➩➇➬❧➧✵➯❞➭☛➺❋❰❶➯❋➺❋➴✉➺r➭❲➲♦➻❸➺r➽⑧➫✗➼✞➯r➻
➺❋➫ ➭☛➵❶➩④✢✌➼✞➪✵➪✵➯r➩❾➴✩➚⑧➧❶➫✫➭❸➩✩➨♣➻❽➼✞➫❶➪⑤➘t➚✞➭☛➵ ➭❸➵✵➩♠➫✳➧❶➬❧➘❛➩✉➨▲➚✞➹◆➻♣❰❛➩✉➴✉➭☛➼❑➭☛➚⑧➨▲➫✵➩✉➧❶➭☛➨♣➚⑧➫✵➻❫➻❸➩✉➩✩➫á➺❋➫
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➭☛➵✵➩t➻②×❊➦❨➻❫➼✞➫✵➪ ➈◗➒❄➓→➔☛➣ ➳✔➼✞➻▲➪✵➩✉➭❸➩✩➨❸➬❫➺❋➫❶➩✩➪ ➹➄➨❸➚⑧➬ ✷ ➦ ➻❸➺❋➬✢➧✵➯✏➼❑➭❸➺❋➚⑧➫❶➻✩✃✸â❲➫❒➼✞➪✵➪✵➺❞➭☛➺r➚⑧➫②➳✌➭❸➵✵➩
✢✸➼✞➪❶➪✵➯❋➩✉➻▲➼✞➨❸➩❽➭❸➨☛➼✚Ü⑧➩✉➨❸➻♣➩✩➪á➘✫➲❺➻❸➺r➽⑧➫✵➺rÔ✵➴✚➼✞➫✹➭☛➯❞➲➮➹➄➩✉➱❀➩✩➨▲❰✗➼✞➨✠➭☛➺❋➴✉➯❋➩✉➻❧➼❑➭ Ù �❶✃ þ ➭☛➵✗➼✞➫ ✝❑ÿ⑧ÿ ✛❊➩✺✹
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➜❄➡✞❭✞➲ ➳✖➳ ➢⑧❭✞➳❀➜÷➢ ➢⑧❭✎➢✆➜❄➳ ➢⑧❭✎➢✖➢✆➜ ➜✚❭✞➳ ➣ ➲ ➢⑧❭✎➢✖➢①↔ ➢⑧❭✎➢✖➢✆➜
➲ → ❭ ➅ ➳✖➲ ➢⑧❭ → ➡✖➲ ➢⑧❭✎➢✆➜ → ➢⑧❭✎➢✖➢✆➜ ➜✚❭✞➳❃↔✭➲ ➢⑧❭✎➢✖➢①↔ ➢⑧❭✎➢✖➢✆➜
➜❄➳✭➢ ➅✬➜ ➢⑧❭ → ↔✉➅ ➢⑧❭✎➢✆➜❄➲ ➢⑧❭✎➢✖➢✆➜ ➜✚❭ ➅✑➢ ➯ ➢⑧❭✎➢✆➜÷➢ ➢⑧❭✎➢✖➢✆➜
→ ➢✖➢ ➅ → ➢⑧❭ → ↔✄➜ ➢⑧❭✎➢✆➜❄➲ ➢⑧❭✎➢✖➢✆➜ ➜✚❭ ➅✬➜❄➳ ➢⑧❭✎➢✆➜÷➢ ➢⑧❭✎➢✖➢✆➜
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➈◗➒❄➓✜➔❇➣ ✃❪❅✗➚⑧➨⑦➭☛➵✵➩✉➻❸➩❱➨❸➩✩➼✞➻❸➚✞➫✵➻✩➳②➺❞➭■➱❨➼✞➻✆➹➄➚⑧➧❶➫✵➪❮➬➇➚✞➨❸➩✢➩✺✯✤➩✉➴✉➭❸➺rÜ⑧➩❧➭❸➚❾➪✵➩✉➭❸➩✩➨♣➬➇➺r➫✵➩❇➭❸➵✵➩❧Ü❑➼✞➯❋➧✵➩✉➻
➼✞➫✵➪❱➻✠➲❝➻✠➭☛➩✉➬❽➼❑➭❸➺❋➴❙➧❶➫✵➴✩➩✉➨♣➭✦➼❑➺❋➫✹➭☛➺r➩✩➻✸➹➄➚⑧➨ ➈ ✳ á❂✣❆✣ ➹➄➨♣➚⑧➬ ➭☛➵✵➩❙➪❶➩✩➨❸➺❞Ü⑧➩✉➪▲Ü❑➼✞➯r➧✵➩✩➻✸➚✞➹ ➈◗➒❄➓→➔☛➣ ➘✫➲✢➧✵➻❸➺r➫✵➽
➼➇❰✗➼❑➨☛➼✞➬❫➩✉➭❸➩✩➨❸➺✌☞✚➼❑➭❸➺❋➚⑧➫❾➚❑➹✸➭☛➵❶➩✢➨❸➩✉➻❸➧✵➯❞➭☛➻⑦➚✞➹❡➼❡✛❊➯❋➼✞➧✵➘t➩✩➨◗➴✩➼✞➯❋➴✉➧✵➯✏➼❑➭❸➺❋➚⑧➫➶Ð➄➻❸➩✩➩qÝ◆❰❶❰❛➩✉➫✵➪✵➺❞➸ ✟◆✃ Ù
➼✞➫✵➪➛❅✸➺r➽✵✃❴✟◆✃ ✝ Ò✁✃❳✗✳❰❛➩✉➴✩➺rÔ✵➴✚➼✞➯r➯r➲⑧➳✫➭☛➵❶➩❴➨❸➩✩➻♣➧✵➯r➭❸➻❙➚✞➹⑩➭☛➵❶➩❴➻❸➺❋➬✢➧✵➯✏➼❑➭❸➺❋➚⑧➫➇➼✞➨♣➩◆Ô✵➭❙➭❸➚▲➼❧❰❛➚✎➱❀➩✩➨◗➯✏➼✚➱
➚✞➹✱➭☛➵❶➩◆➹➄➚⑧➨❸➬ ➈ ✳ á❂✣❆✣❳➋ ➭ ➬ Ð ➈◗➒❄➓→➔☛➣ Ò æ ➱❯➺r➭❸➵❽➭☛➵✵➩❴❰✵➼✞➨☛➼✞➬❫➩✉➭❸➩✩➨♣➻❨➽⑧➺❞Ü⑧➩✩➫❾➺r➫ ❐ ➼✞➘✵➯❋➩❴➦◆✃ Ù ✃ ❐ ➵✵➩
➻♣➲✳➻♣➭❸➩✩➬➇➼❑➭☛➺r➴❨➩✉➨❸➨❸➚✞➨❸➻❦➚✞➹❶➭☛➵✵➩❨Ô❶➭❦❰✵➨♣➚❝➴✉➩✩➪✵➧✵➨♣➩◗➼✞➨♣➩❨➪✵➩✁➭☛➩✩➨♣➬➇➺r➫✵➩✩➪✢➘✫➲qÔ✵➭♣➭☛➺❋➫❶➽◆➪✵➺✰✯✤➩✉➨❸➩✩➫✹➭✸➨☛➼✞➫✵➽✞➩✩➻
➚✞➹❆➭☛➵✵➩❊➪✗➼❑➭☛➼❶✃❦✗❝➺r➫✵➴✩➩✆➭❸➵✵➩❴➭❲➱❨➚➇❰✗➼✞➨☛➼❑➬➇➩✁➭☛➩✩➨♣➻❯➼✞➨❸➩❊➵✵➺r➽⑧➵✵➯❞➲④➼✞➫✹➭❸➺❞Ó❲➴✉➚⑧➨❸➨♣➩✩➯❋➼❑➭☛➩✉➪ Ð➄➭☛➵❶➩q➫❶➚⑧➨❸➬➇➼✞➯❞Ó
➺✥☞✉➩✩➪❫➴✩➚⑧➨♣➨❸➩✩➯❋➼❑➭☛➺r➚⑧➫❱➴✩➚✳➩✉à❫➴✉➺❋➩✩➫✹➭✔➨☛➼❑➫✵➽⑧➩✩➻✒➹➄➨❸➚✞➬ÕÓ ÿ ✃➙�❀� ✔ ➭❸➚❊Ó ÿ ✃✕�❀�❀✂✹Ò✺➳❑➭☛➵❶➩⑦➴✦➵✵➼✞➫✵➽⑧➩✉➻❨➚⑧➘✵➻♣➩✩➨✠Ü⑧➩✩➪
➺❋➫♠➭☛➵✵➩❇➪✵➺✌✯❛➩✩➨♣➩✩➫✹➭⑦Ô✵➭☛➻✉➳✤➼✞➫❶➪➍➵✵➩✉➫✵➴✩➩q➭☛➵✵➩❇➪✵➩✩➪✵➧❶➴✩➩✩➪❮➻✠➲✳➻♣➭☛➩✉➬❽➼①➭☛➺❋➴q➩✩➨♣➨❸➚⑧➨♣➻✩➳t➼✞➨♣➩❇➵✵➺r➽⑧➵✵➯❞➲❾➴✩➚⑧➨✼Ó
➨❸➩✉➯✏➼❑➭❸➩✩➪②✃ ❐ ➵✵➺❋➻q➹➄➧✵➫✵➴✁➭☛➺❋➚✞➫✗➼✞➯❡➹➄➚⑧➨❸➬ ➱❀➚⑧➨♣➷✳➻❧➱❀➩✩➯r➯❀➪❶➚❃➱❯➫➶➭☛➚➍Ü❑➼✞➯r➧✵➩✩➻❇➚✞➹ ➈◗➒❄➓✜➔❇➣ ✵ ✝✞ÿ ê ✍⑧ÿ
➘✵➧❶➭▲➘t➩✩➽⑧➺r➫✵➻❧➭☛➚➮➪✵➩✁Ü✳➺✏➼❑➭❸➩❾➘✫➲❯✵ Ù✚ÿ✑✏✓✝✞ÿ ☎ ➹➄➚⑧➨❧➻♣➬❽➼✞➯r➯❋➩✉➨❇Ü❑➼✞➯❋➧❶➩✩➻✩✃ ❐ ➼✞➘❶➯❋➩✩➻❫➦◆✃ ✝ ➼✞➫✵➪ ➦◆✃ ✍
➻❸➧✵➬❫➬➇➼✞➨❸➺✌☞✩➩❯➭☛➵✵➩⑦Ü✞➼❑➯❋➧✵➩✉➻❨➚✞➹ ➈✲➒✺➓✜➔❇➣ ➼❑➫✵➪ ➈ ✳ á❂✣❆✣ ➼✞➫✵➪❽➭❸➵✵➩✩➺r➨❨➻✠➲❝➻✠➭☛➩✉➬❽➼❑➭❸➺❋➴■➧✵➫✵➴✩➩✉➨♣➭☛➼✞➺❋➫✹➭☛➺r➩✩➻✔➹➄➚⑧➨
➭☛➵✵➩❊➴✉➩✩➫✹➭☛➨❸➼✞➯❋➺❞➭❲➲④➘✵➺r➫✵➻❯➧✵➻❸➩✉➪♦➹➄➚⑧➨◗Ý■➧❲❱✆Ý◆➧♦➼❑➭❚❨ ❬✖❭✓❭ ➋ þ✆✝ ✃ ✽ ➼✞➫✵➪ ✝✞ÿ⑧ÿ ✛❊➩✺✹❧✃

â➐➭❯➻❸➵✵➚✞➧✵➯❋➪♠➘t➩❴➫✵➚✞➭☛➩✉➪❾➭☛➵✗➼❑➭⑦➼❑➪✵➪✵➺r➭❸➺❋➚⑧➫✵➼✞➯❛❰❶➵✫➲✳➻♣➺❋➴✩➻❯➴✉➚⑧➫✵➻❸➺r➪✵➩✩➨❸➼❑➭☛➺r➚⑧➫✵➻◗➬➇➼✚➲④➺❋➬❫❰✗➼✞➴✁➭❨➭❸➵✵➩❴➩✁➸✫Ó
➭☛➨❸➼✞➴✉➭❸➩✩➪✢Ü❑➼✞➯r➧✵➩❀➚❑➹ ➈ ✳ á❂✣❆✣ ✃❑Ý■➻✸➚⑧➫✵➩❀➩✁➸❶➼✞➬❫❰✵➯❋➩❑➳✎➭☛➵✵➩❀➨❸➩✩➻♣➧✵➯r➭❸➻✸➚✞➹✗➼◆➻♣➭❸➨☛➼✞➺r➽⑧➵✹➭❸➹➄➚⑧➨✠➱❙➼✞➨♣➪Ô✛❴➯✏➼✞➧❶➘❛➩✉➨
➻❸➺r➬❧➧✵➯✏➼①➭☛➺❋➚✞➫➇➴✩➼✞➫④➘t➩✆➴✩➚⑧➬❫❰✗➼✞➨♣➩✩➪❽➭❸➚✢➭☛➵❶➩✆➚⑧➧❶➭❸❰✵➧❶➭❙➚❑➹✱➭☛➵✵➩❴Û⑦â→◆✞â✜❑❚✛ ➴✩➚✳➪✵➩■➹➄➚⑧➨❀Ý◆➧❲❱✆Ý■➧♠➼❑➭
❨ ❬✖❭✓❭ ➋ ✝✞ÿ⑧ÿ ✛❴➩❂✹❧✃✱Ý❙➭❇➼✞➯r➯❦➺❋➬❫❰✗➼✞➴✁➭❊❰✗➼✞➨❸➼✞➬➇➩✁➭☛➩✉➨❸➻✩➳❛➭☛➵✵➩❫➫✫➧✵➬❧➘t➩✩➨❸➻❴➹➄➚⑧➨ ➈✲➒✺➓✜➔❇➣ ➼✞➨❸➩▲➩✉Ñ✳➧✵➼✞➯
➺❋➫❾➭☛➵❶➩✆➭❲➱❨➚❫➴✚➼✞➻♣➩✩➻❯➭☛➚❱➱❯➺r➭❸➵✵➺❋➫ Ù✚ÿ ❰✗➼✞➨♣➭❸➺❋➴✉➯❋➩✩➻◗➚✞➨◗➯❋➩✩➻♣➻qÐ➄➱❯➺❞➭☛➵❾➭☛➵✵➩qÛ⑦â→◆✞â✜❑❚✛ÕÜ❑➼✞➯r➧✵➩❴➴✩➚⑧➫❶➻❸➺❋➻✼Ó
➭☛➩✉➫✫➭❸➯r➲▲➵✵➺r➽⑧➵✵➩✉➨✦Ò✁✃✹â❲➫❽➴✩➚⑧➫✹➭☛➨❸➼✞➻♣➭✩➳ ➈ ✳ á❂✣❆✣ ➹➄➨❸➚⑧➬ Û⑦â→◆✞â✜❑❚✛ ➺❋➻❡➹➄➚⑧➧❶➫✵➪➇➭❸➚✢➘t➩■➯r➚❃➱❀➩✩➨✔➘✹➲▲➨❸➚⑧➧❶➽⑧➵✵➯r➲
Ù✎ÿ ☎ Ð➄➨❸➩✩➻♣➧✵➯r➭❸➺❋➫✵➽⑦➹➄➨❸➚⑧➬ ➭❸➵✵➩❨❰✵➼✞➨♣➭❸➺❋➴✩➧❶➯✏➼✞➨✱➺r➬➇❰✵➯r➩✩➬❫➩✩➫✹➭✦➼①➭☛➺❋➚✞➫q➚❑➹✵➫✫➧✵➴✩➯r➩✚➼✞➨✌➻❸➵✗➼❑➪✵➚✎➱❯➺❋➫✵➽✆➺r➫q➭❸➵✵➩
➴✩➚✳➪✵➩ Ø✾Ù✎ÿ❶Ù✩Ú Ò✁➳✳➱❯➺r➭☛➵♠➼❧➻♣➯❋➺r➽⑧➵✹➭◗➺❋➫✵➴✉➨❸➩✩➼✞➻❸➩❴➺r➫④➭☛➵✵➩❴➪✵➺✰✯✤➩✉➨❸➩✉➫✵➴✩➩✆➹➄➚⑧➨❨➬➇➚⑧➨♣➩✆➴✩➩✉➫✹➭☛➨☛➼❑➯②➴✩➚⑧➯r➯❋➺r➻❸➺❋➚✞➫✵➻✩✃

✝✄✍✆✔



❘✸✮❞❂ ✜ ➒❄➓→➔❇➣ ✯✼❤✞✯❲✿ ✜ ✳ á❂✣❆✣ ✯✼❤✞✯❲✿➼➜ ✯✼❤✞✯❲✿ → ✯❲❤✞✯✼✿❘➳ ✯❲❤✞✯✼✿✔✬
➅ ➣ ❷ ➣ ➢③➤ ➲❀➜ ↔ ➯✎➣ ➜❄➳ ➳ ➅ ➜☛➅
➳ ➣ ❷➄➅ ➣ ➤ ➯ ➲ ➡ ➜❄➳✖➲ → ➢ ➅ ↔ →✎→
→✎➣ ❷❼➳ ➣ ➤ ➜❄➳✭➢ ➜÷➢ → ➅✑➢ → ➲ ↔ ➜ → → ➡
➜ ➣ ❷ →✎➣ ➤ ➜ ➯ ➡ ➡ ➅✑➢ → → ↔ ➜ → → ➢ ➳✖➲
➲✉❷→➜ ➣ ➤ → ➲✖➲ ➡ ➲✩➅③➳ ➳✭➢ ➜❄➡ ➳ → ➅ ➯
➢✩❷❼➲✑➤ ➳✖➳ ➣ ➜✖➜ ➯✖➯ ➳ ➅✑➢ → ➲ ➅✎➅ ➲ ➣

✬✤✲✚✽✳❄✾✴■❬❨❭ →
➥❛✮✕✯❲✿❦❁✎❉❛✻☛✴✺❂❑✿❲✶✠✲✎❄✕✮✾✿⑨❤❧✰✳✲✚✶✠✲✎●❴✴✦✿❲✴✦✶✠✯✒✴☛➑✞✿❲✶✠✲✎✻☛✿❲✴✺✷❫❉r❁✎✶❡✴✺✲✎✻♣✭▲❁✎❉✤✿✼✭✹✴◗❉❋✶✠✲✎✻☛✿✼✮✾❁❃❂✫✲✎❄✗✻☛✶✼❁❃✯✠✯✒✯❲✴✺✻☛✿✼✮✾❁❃❂❱✽❝✮✕❂✫✯
❅✫✯✼✴✺✷♠✮✕❂❾✿✼✭✹✴❇✲✎❂✫✲✎❄✾❤⑧✯✼✮✕✯◗❁✎❉❡❵❨❅❝❜❙❵❨❅♠✲✚✿❚➧ ➨ ❭✓❭✚➩ ➲ → ❭ ➅❾➆❨✴✦➈■❭✤❘❦✮✕❂✫✯❯✲✚✶✼✴✢❄✕✲✚✽✵✴✺❄✾✴✺✷④✽✞❤❽✿✼✭✫✴❊✰✵✴✦✶❲❷
✻☛✴✺❂❑✿✼✲✚❢✎✴❀❁✎❉✗✿✼✭✫✴✒✿❲❁✎✿✼✲✎❄❝✮❞❂✹✴✺❄✕✲✎✯❲✿✼✮✕✻❦✻☛✶✼❁❃✯✠✯❆✯❲✴✺✻☛✿✼✮✾❁❃❂❇❈✔✮✾✿✼✭❴✯✠●❊✲✎❄✕❄✾✴✦✶❆❂✞❅✫●■✽✵✴✦✶✠✯②✽✵✴✺✮✕❂✹❢❯●❴❁✎✶✼✴❀✻☛✴✺❂①✿❲✶✠✲✎❄➄❭
✬✒✭✫✴❧✯✼❤✞✯❲✿❲✴✺●q✲✚✿✼✮✕✻❧✴✦✶✼✶✼❁✎✶q✮❞❂t✜ ➒❄➓→➔☛➣ ✮✕✯✆❉❋❁❃❅✫❂✫✷Þ✲✎✯❊✷✫✴✺✯✼✻☛✶✠✮✾✽✵✴✺✷➍✮✕❂Þ✿✼✭✹✴❧✿❲✴☛➑✞✿✦❭✌✬✒✭✹✴✦✶✼✴❱✲✚✶✼✴❱✿✼✭✹✶✠✴✦✴
✻☛❁❃●❴✰✵❁❃❂✹✴✺❂❑✿✼✯❨❁✎❉✱✿✼✭✹✴✆✯❲❤✞✯✼✿❲✴✺●❊✲✚✿✼✮✕✻❯✴✦✶✠✶✼❁✎✶❨✮❞❂✽✜ ✳ á❂✣❆✣ ➫❪➜✁➊❡✿✼✭✫✴⑦✰✫✶✼❁✎✰❝✲✚❢❃✲✚✿✼✮✾❁❃❂❫❁✎❉❆✿✼✭✹✴■❅✫❂✳✻☛✴✦✶✼✿✼✲✎✮✕❂❑✿✄❤
✮✕❂❙✜ ➒❄➓→➔☛➣ ✿✼✭✹✶✠❁❃❅✹❢❃✭❾✿✼✭✹✴❴✰✵❁✁❈✸✴✦✶⑦❄✕✲✁❈⑥❉✏❅✫❂✫✻☛✿✼✮✾❁❃❂✗✐ → ➊❨✿✼✭✫✴❴❥✩✲✎❄✕❅✫✴◆❉❋✶✼❁❃● ✿✼✭✫✴❊✯❲❤✞✯✼✿❲✴✺●❊✲✚✿✼✮✕✻❊❅✫❂✳✻☛✴✦✶❲❷
✿✼✲✎✮✕❂❑✿✄❤✢✮✕❂❇✿✼✭✹✴❙✇✫✿✦✐❀➳❃➊✌✲✎❂❧✴✺✯❲✿✼✮❞●❊✲✚✿❲✴❙❁✎❉③✿✼✭✹✴◗✯❲❤⑧✯❲✿❲✴✺●❊✲✚✿✼✮✕✻❙❅✫❂✫✻☛✴✦✶✠✿✼✲✎✮✕❂①✿⑨❤q✮✕❂❇✿✼✭✹✴⑦➆❙❄✕✲✎❅✹✽✵✴✦✶❦●❴❁⑧✷✹✴✺❄
✮✾✿✼✯✼✴✺❄✾❉⑨✐✹✲✎❂✫✷❫✬❀➊✸✿❲❁✎✿✼✲✎❄③❉❋❁❃❅✫❂✫✷❧✽✞❤❧✯✼❅✫●❊●❊✮❞❂✹❢◆✻☛❁❃❂❑✿❲✶✠✮✾✽❝❅✹✿✼✮✾❁❃❂✫✯❡✮✕❂❱➙✞❅✫✲✎✷✹✶♣✲✚✿✼❅✹✶✼✴✎❭

❘✸✮❞❂ ✜ ➒❄➓→➔❇➣ ✯✼❤✞✯❲✿ ✜ ✳ á❂✣❆✣ ✯✼❤✞✯❲✿➼➜ ✯✼❤✞✯❲✿ → ✯❲❤✞✯✼✿❘➳ ✯❲❤✞✯✼✿✔✬
➅ ➣ ❷ ➣ ➢③➤ ➲ ➣ ➅ ➡✖➡ ➡ ➳ ➣ ➜✖➜
➳ ➣ ❷➄➅ ➣ ➤ ➡✖➳ ➣ ➜❄➲✩➅ ➜ → ➣ ➯ ➜ ➣
→✎➣ ❷❼➳ ➣ ➤ ➜❄➳ ➯ ➲ →✖➯ ➲ ➜ ➯ ➡ ➜☛➅ →✎➣
➜ ➣ ❷ →✎➣ ➤ → ➢✖➢ ➯ ➅ ➯ ➳ →✖➯ ➜ ➣ → ➅ ➅✑➢
➲✉❷→➜ ➣ ➤ → ↔✭➲ ➡ ↔✭➲ → ➳ ➣ → ➳ ➳ ➯ ➣ ↔
➢✩❷❼➲✑➤ ➳✩➅✎➅ ➜✖➜ ➜÷➢✚➅✑➢ ➅❑↔ ➳❀➜ ➣✎→ ↔✎↔

✬✤✲✚✽✳❄✾✴■❬❨❭✞➳
➥❛✮✕✯❲✿❦❁✎❉❛✻☛✴✺❂❑✿❲✶✠✲✎❄✕✮✾✿⑨❤❧✰✳✲✚✶✠✲✎●❴✴✦✿❲✴✦✶✠✯✒✴☛➑✞✿❲✶✠✲✎✻☛✿❲✴✺✷❫❉r❁✎✶❡✴✺✲✎✻♣✭▲❁✎❉✤✿✼✭✹✴◗❉❋✶✠✲✎✻☛✿✼✮✾❁❃❂✫✲✎❄✗✻☛✶✼❁❃✯✠✯✒✯❲✴✺✻☛✿✼✮✾❁❃❂❱✽❝✮✕❂✫✯
❅✫✯✼✴✺✷❊✮✕❂❴✿✼✭✹✴❨✲✎❂✫✲✎❄✾❤⑧✯✼✮✕✯②❁✎❉③❵❨❅❝❜❙❵❨❅❊✲✚✿ ➧ ➨ ❭✓❭✚➩ → ➢✖➢❴➆❨✴✦➈◆❭❑❘❦✮✕❂✫✯⑩✲✚✶✠✴✔❄✕✲✚✽✵✴✺❄✾✴✺✷❴✽✞❤✆✿✼✭✹✴✒✰✵✴✦✶✠✻☛✴✺❂❑✿➐❷
✲✚❢✎✴✒❁✎❉❶✿✼✭✹✴❦✿❲❁✎✿✼✲✎❄✳✮❞❂✹✴✺❄✕✲✎✯❲✿✼✮✕✻✸✻☛✶✼❁❃✯✼✯❆✯❲✴✺✻☛✿✼✮✾❁❃❂✆❈✔✮✾✿✼✭❴✯✠●❊✲✎❄✕❄✾✴✦✶✱❂✞❅✫●⑦✽✵✴✦✶✠✯✤✽✵✴✺✮✕❂✹❢❙●❴❁✎✶✼✴✒✻☛✴✺❂❑✿❲✶✠✲✎❄➎❭❃✬✔✭✹✴
✯❲❤⑧✯❲✿❲✴✺●❊✲✚✿✼✮❞✻q✴✦✶✼✶✠❁✎✶■✮✕❂❵✜ ➒❄➓→➔❇➣ ✮✕✯⑦❉r❁❃❅✫❂✳✷➾✲✎✯◆✷✹✴✺✯✼✻☛✶✠✮✾✽✵✴✺✷♠✮❞❂♠✿✼✭✹✴❇✿❲✴☛➑✞✿✦❭②✬✒✭✹✴✦✶✼✴✢✲✚✶✼✴q✿✼✭✫✶✼✴✦✴✢✻☛❁❃●❴❷
✰✵❁❃❂✹✴✺❂❑✿✼✯❯❁✎❉❡✿✼✭✹✴❇✯❲❤✞✯✼✿❲✴✺●❊✲✚✿✼✮✕✻❊✴✦✶✠✶✼❁✎✶■✮✕❂❵✜ ✳ á✤✣✥✣ ➫✚➜✁➊◗✿✼✭✹✴q✰✫✶✠❁✎✰✳✲✚❢❃✲✚✿✼✮✾❁❃❂♠❁✎❉❡✿✼✭✫✴q❅✫❂✫✻☛✴✦✶✼✿✼✲✎✮❞❂①✿⑨❤♠✮✕❂✜ ➒❄➓✜➔❇➣ ✿✼✭✹✶✼❁❃❅✹❢❃✭q✿✼✭✹✴❀✰✵❁✉❈✌✴✦✶❦❄✕✲✺❈❺❉✏❅✫❂✫✻☛✿✼✮✾❁❃❂✗✐ → ➊✱✿✼✭✹✴❨❥✚✲✎❄✕❅✹✴✒❉❋✶✼❁❃● ✿✼✭✹✴❨✯✼❤✞✯❲✿❲✴✺●q✲✚✿✼✮✕✻✔❅✫❂✳✻☛✴✦✶✼✿✼✲✎✮✕❂❑✿✄❤
✮✕❂❧✿✼✭✫✴❨✇✳✿✦✐★➳❃➊❦✲✎❂❧✴✺✯❲✿✼✮✕●❊✲✚✿❲✴⑦❁✎❉❛✿✼✭✹✴❯✯✼❤✞✯❲✿❲✴✺●q✲✚✿✼✮✕✻◗❅✫❂✫✻☛✴✦✶✼✿✼✲✎✮❞❂①✿⑨❤✢✮✕❂❧✿✼✭✫✴■➆❙❄✕✲✎❅✹✽✵✴✦✶❡●❴❁⑧✷✹✴✺❄✗✮✾✿✼✯❲✴✺❄✾❉❪✐
✲✎❂✫✷❫✬❀➊✌✿❲❁✎✿✼✲✎❄③❉❋❁❃❅✫❂✫✷❧✽✞❤❱✯✼❅✫●❊●❊✮❞❂✹❢◆✻☛❁❃❂❑✿❲✶✠✮✾✽❝❅✹✿✼✮✾❁❃❂✫✯❡✮✕❂❱➙✞❅✫✲✎✷✹✶♣✲✚✿✼❅✹✶✼✴✎❭

☎t⑧✥⑦ ☎❸❹✺❷❳➁➂❺✙ó✄ù ➀⑩➁➂❽❡❾★❹✺➁✜❹✺❺❄øÔ➀⑩❷❦ó✄➁➂➀☛ô③❷✾➀⑩❷▲❾✌☛☞✞✡✠✾õ÷ô③ù⑩ù ➀✥❿✺➀☛ô③❷✓❿

❐ ➵✵➩♠➴✩➩✉➫✫➭❸➨☛➼✞➯r➺r➭❲➲➶➪✵➩✉➭❸➩✩➨♣➬➇➺r➫✗➼❑➭☛➺r➚⑧➫❺➹➄➚⑧➨✢➪❲❱✆Ý◆➧ ➴✩➚⑧➯r➯❋➺r➻❸➺❋➚✞➫✵➻✢➼①➭ ❨ ❬✖❭✓❭ ➋ ✝✞ÿ⑧ÿ ✛❴➩❂✹ß➺❋➫❶➴✩➚⑧➨✼Ó
❰❛➚✞➨☛➼❑➭❸➩✩➻◗➭☛➵✵➩❊➻❸➼✞➬➇➩❊➴✉➚⑧➫✵➻❸➺r➪✵➩✩➨❸➼❑➭☛➺r➚⑧➫✵➻◗➫✵➩✉➴✩➩✉➻❸➻☛➼❑➨♣➲♠➹➄➚⑧➨❯Ý◆➧❲❱✆Ý■➧♦➴✉➚⑧➯❋➯r➺❋➻❸➺r➚⑧➫✵➻✉➳❝➵✵➚✎➱❀➩✉Ü✞➩✩➨■➭❸➵✵➩
➪✵➩✉➭☛➼✞➺❋➯r➻❙➚✞➹✌➭☛➵✵➩q➼✞➫✗➼❑➯r➲✳➻❸➺r➻❨➭☛➩✉➴✦➵✵➫✵➺❋Ñ✫➧✵➩✉➻◆➪✵➺✰✯✤➩✉➨✩✃
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Multiplicity Signals in Silicon Rings (arb units)
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➪✵➩✉➭❸➩✩➨♣➬➇➺r➫✗➼❑➭☛➺r➚⑧➫❺➺r➻✢➪✵➩✉➻❸➺r➨❸➩✩➪ ➚✎Ü⑧➩✉➨❧➭☛➵✵➩❽➩✩➫✹➭☛➺r➨❸➩④➨❸➼✞➫✵➽⑧➩④➚❑➹■❰t➩✩➨♣➺❋❰✵➵❶➩✩➨☛➼❑➯✔➭❸➚❮➴✩➩✩➫✹➭❸➨☛➼✞➯❙➴✉➚⑧➯❋➯r➺❞Ó
➻❸➺r➚⑧➫✵➻✩✃ ❐ ➵✫➧✵➻✉➳❛➴✉➚⑧➨❸➨♣➩✩➴✉➭❸➺❋➚⑧➫❶➻⑦➬✢➧✵➻♣➭■➘❛➩❊➬➇➼✞➪✵➩❴➭☛➚➇➘❛➚❑➭☛➵♠➭☛➵✵➩q➯❋➚✳➴✚➼❑➭❸➺❋➚⑧➫❾➚❑➹✸➭☛➵❶➩❣Ør÷ Ð ä ➁ ➘✵➺r➫✵➻
➼✞➫✵➪❒➭❸➵✵➩➍➩✺➸✳➭☛➨☛➼❑➴✉➭☛➩✉➪ ➈◗➒❄➓✜➔❇➣ Ü❑➼✞➯❋➧✵➩✉➻❫➭❸➚➂❰✵➨♣➚⑧❰❛➩✉➨❸➯❞➲á➼✞➴✩➴✉➚⑧➧✵➫✹➭④➹➄➚⑧➨▲➭☛➵✵➩♦➺❋➫✵➩✁à❫➴✩➺❋➩✉➫✵➴✩➺r➩✩➻➇➺❋➫
➪✵➩✉➭❸➩✩➴✁➭☛➺❋➫❶➽❾❰❛➩✉➨❸➺❋❰❶➵✵➩✩➨❸➼✞➯✸➴✉➚⑧➯❋➯r➺❋➻❸➺r➚⑧➫✵➻✉✃ ❐ ➵✵➩✩➻♣➩❫➴✉➚⑧➨❸➨♣➩✩➴✁➭☛➺❋➚✞➫✵➻◆➱❀➩✩➨❸➩▲➬➇➼✞➪✵➩❇➘✗➼✞➻❸➩✉➪➮➚⑧➫❮➩✁➸✳➭☛➩✉➫❝Ó
➻❸➺❞Ü⑧➩ ✷ ➦á➻♣➺❋➬❧➧❶➯✏➼❑➭❸➺❋➚⑧➫✵➻✌➧✵➻❸➺r➫✵➽❊➘❛➚❑➭☛➵❱➭☛➵✵➩⑦Û⑦â→◆✞â✜❑❚✛ ➼✞➫❶➪➇Ý ✷ ✢ ❐ ➩✉Ü✞➩✩➫✹➭❙➽✞➩✩➫✵➩✉➨☛➼❑➭❸➚⑧➨❸➻✉✃✆❅✗➚⑧➨
➭☛➵✵➩❫➴✚➼❑➻❸➩❫➚✞➹❨➭❸➵✵➩ ❐ ÿ ➭☛➨♣➺❋➽⑧➽⑧➩✉➨❸➩✉➪ ➪✵➼❑➭✦➼✞➻♣➩✉➭✩➳⑩➭❸➵✵➩❫➴✩➩✩➫✹➭❸➨☛➼✞➯r➺r➭❲➲❮➪✵➩✁➭☛➩✉➨❸➬❫➺❋➫✗➼❑➭❸➺❋➚⑧➫❮➱❨➼✞➻q➨❸➩✚➼❑➫❝Ó
➼✞➯r➲★☞✉➩✩➪ ➺❋➫❺➭❸➩✩➨♣➬➇➻❱➚✞➹❯➭❸➵✵➩④➩✉à❫➴✉➺❋➩✩➫❶➴✉➲ ➼✞➻♣➻❸➚✳➴✩➺❋➼❑➭☛➩✉➪➂➱❯➺r➭☛➵ ➩✩➼✞➴✦➵ ➴✩➨❸➚✞➻❸➻❱➻❸➩✉➴✉➭❸➺❋➚⑧➫ ➘✵➺r➫ ➼✞➫✵➪
➭☛➵✵➩❇➼✞➻♣➻❸➚✳➴✩➺✏➼①➭☛➩✩➪ ➈◗➒❄➓✜➔❇➣ ✃ ❐ ➵✵➩❇➼✞➪✵➪✵➺❞➭☛➺r➚⑧➫✗➼✞➯②➨♣➩✩Ñ✫➧✵➺r➨❸➩✩➬❫➩✩➫✹➭■➚✞➹❦➵❶➺r➭☛➻❇Ð➄❰✗➼✞➨♣➭❸➺❋➴✉➯❋➩✩➻☛Ò❨➺❋➫♠➭☛➵✵➩ ❐ ÿ
➪✵➩✉➭❸➩✩➴✁➭☛➚⑧➨♣➻❇➻♣➩✩➨♣Ü✞➩✩➻q➭☛➚➾❰✵➧✵➻❸➵ ➭☛➵✵➩❫➼✚Ü⑧➩✉➨☛➼✞➽✞➩ ➈✲➒✺➓✜➔❇➣ ➵✵➺❋➽⑧➵❶➩✩➨✩➳❛➱❯➺r➭☛➵➮➭☛➵❶➩❫➯❋➼✞➨❸➽✞➩✩➻♣➭❊➻♣➵✵➺r➹➎➭❸➻❴➹➄➚⑧➨
➯❋➚✎➱❀➩✩➨❫➴✩➩✩➫✹➭❸➨☛➼✞➯r➺r➭❲➲ ➴✉➯✏➼✞➻♣➻❸➩✩➻✉✃❀Ý■➫❒➩✺➸✵➼❑➬➇❰✵➯r➩♠➚✞➹✆➭☛➵❶➩♦➨♣➩✩➻❸➧❶➯r➭☛➺r➫✵➽ ➴✩➩✩➫✹➭❸➨☛➼✞➯r➺r➭❲➲ ➘✵➺r➫✵➻❫➚⑧➫á➭❸➵✵➩
❏ ➺r➫✵➽❽➻♣➺❋➽⑧➫✵➼✞➯⑩➪✵➺❋➻✠➭☛➨❸➺r➘✵➧❶➭❸➺❋➚⑧➫✵➻◗➹➄➚⑧➨❯➹➄➚⑧➧✵➨✼Ó❲➘✵➺r➫✵➻⑦➚✞➹❡➴✩➨♣➚⑧➻❸➻◆➻❸➩✩➴✁➭☛➺r➚⑧➫❮➼✞➨♣➩✢➻❸➵❶➚❃➱❯➫❮➺r➫✾❅✸➺r➽✵✃t➦◆✃✕✂❶✃
❐ ➵✵➩❙➪✵➩✉➴✩➨♣➩✚➼✞➻♣➺❋➫✵➽❴➩✁à➇➴✉➺❋➩✉➫✵➴✉➲❇➹➄➚⑧➨✸➬❫➚⑧➨❸➩❀❰❛➩✉➨❸➺r❰✵➵✵➩✩➨❸➼✞➯✳➴✩➚⑧➯r➯❋➺❋➻♣➺❋➚⑧➫❶➻❆➺r➻✸➺r➬➇➬❫➩✩➪✵➺❋➼❑➭☛➩✉➯r➲❴➩✁Ü✳➺❋➪✵➩✉➫✫➭✩✃
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✗✳➲✳➻♣➭❸➩✩➬➇➼❑➭☛➺r➴➾➧❶➫✵➴✩➩✉➨♣➭✦➼❑➺❋➫✹➭☛➺r➩✩➻▲➚⑧➫ ➭☛➵✵➩♠➪✵➩✉➪✵➧✵➴✩➩✉➪Ï➼✚Ü⑧➩✉➨☛➼✞➽⑧➩ ➈◗➒❄➓✜➔❇➣ Ü❑➼✞➯r➧✵➩✩➻❱➹➄➚⑧➨❱➩✩➼✞➴✦➵❒❰t➩✩➨✼Ó
➴✩➩✉➫✫➭❸➺❋➯r➩④➘✵➺❋➫ ➚❑➹■➴✉➨❸➚⑧➻♣➻▲➻❸➩✩➴✁➭☛➺r➚⑧➫ ➱❨➩✉➨❸➩♠➪✵➩✉➭❸➩✩➨♣➬➇➺r➫✵➩✩➪➂➱❯➺❞➭☛➵ ➼✞➪✵➪❶➺r➭☛➺r➚⑧➫✗➼✞➯✔➻❸➺r➬❧➧✵➯❋➼❑➭☛➺r➚⑧➫✵➻✩✃⑩â❲➫
➭☛➵✵➩✉➻❸➩④➻✠➭☛➧✵➪❶➺❋➩✩➻✉➳❆➭❸➵✵➩ ➈✲➒❄➓→➔❇➣ ➪✵➺❋➻✠➭☛➨♣➺❋➘✵➧❶➭❸➺❋➚⑧➫➮➭✦➼❑➷✞➩✩➫❺➪✵➺❋➨♣➩✩➴✉➭❸➯r➲❮➹➄➨♣➚⑧➬ ✛❊➯❋➼✞➧✵➘t➩✩➨❊➬❫➚❝➪✵➩✉➯✒➴✚➼✞➯✕Ó
➴✩➧✵➯❋➼❑➭☛➺r➚⑧➫✵➻❙➱❨➼✞➻❯➬❽➼①➭☛➴✦➵✵➩✉➪♦➭☛➚❱➭❸➵✵➩❊➬➇➩✩➼✞➻❸➧✵➨♣➩✩➪♦➴✩➩✩➫✹➭❸➨☛➼✞➯r➺r➭❲➲④➨♣➩✩➯❋➼❑➭☛➩✉➪♠Ü❑➼✞➨♣➺✏➼✞➘❶➯❋➩✞➳❶➺❪✃ ➩✞✃❳Ør÷ Ð ä ➁ ➳
➪✵➺❋➻✠➭☛➨♣➺❋➘✵➧❶➭❸➺❋➚⑧➫❱➹➄➨♣➚⑧➬ ➪✗➼❑➭☛➼❶➳✳➼✞➫✵➪▲➭☛➵✵➩■➼✚Ü⑧➩✉➨☛➼✞➽⑧➩■➴✩➚⑧➨♣➨❸➩✉➻❸❰t➚⑧➫✵➪✵➺r➫✵➽ ➈✲➒✺➓✜➔❇➣ ➱❙➼✞➻✔➩✁➸✳➭❸➨☛➼✞➴✁➭☛➩✩➪➇➹➄➚⑧➨
➩✚➼✞➴✦➵♠➴✉➩✩➫✹➭☛➨❸➼✞➯❋➺❞➭❲➲➇➘❶➺❋➫②✃ ✷ ➼✞➫✹➲④➪✵➺✰✯✤➩✉➨❸➩✉➫✫➭❙➩❂✯❛➩✩➴✉➭❸➻✩➳✵➺r➫✵➴✩➯r➧✵➪✵➺r➫✵➽❇Ü❑➼✞➨♣➺❋➚⑧➧✵➻✔➭❲➲✳❰❛➩✉➻◗➚✞➹❆➪✵➩✉➭❸➩✩➴✉➭❸➚⑧➨
➨❸➩✉➻❸➚⑧➯r➧❶➭☛➺r➚⑧➫⑤➻♣➬➇➩✩➼✞➨❸➺r➫✵➽✵➳✒❰t➚⑧➻❸➻♣➺❋➘✵➯r➩➾➫❶➚⑧➫❝Ó❲➯r➺❋➫✵➩✩➼✞➨▲➪✵➩✩❰t➩✩➫❶➪✵➩✩➫✵➴✉➺❋➩✉➻④➚✞➹✆➭❸➵✵➩➍➬❫➩✚➼✞➻♣➧✵➨❸➩✉➪➋➴✩➩✉➫❝Ó
➭☛➨❸➼✞➯❋➺❞➭❲➲❧Ü❑➼✞➨❸➺❋➼✞➘✵➯❋➩◗➚✞➫ ➈◗➒❄➓✜➔❇➣ ➳✳➼✞➫✵➪❽➪✵➺✌✯❛➩✩➨♣➩✩➫✹➭❨➪❶➩✩➧❶➭❸➩✩➨❸➚✞➫❽➱❙➼✚Ü✞➩◆➹➄➧✵➫✵➴✁➭☛➺❋➚✞➫✵➻✩➳✹➱❀➩✩➨❸➩■➺❋➫✵➴✉➯❋➧✵➪❶➩✩➪
➼✞➫✵➪④➭❸➵✵➩❴➼✞➫✗➼❑➯r➲✳➻❸➺r➻❀➨♣➩✩❰t➩✚➼❑➭❸➩✩➪②✃ ❐ ➵❶➩✩➻❸➩❴➻✠➭☛➧✵➪❶➺❋➩✩➻❨➻❸➵✵➚✎➱❀➩✩➪♠➭☛➵✗➼❑➭❀➭☛➵✵➩◆➬➇➩✩➼✞➫❽Ü❑➼✞➯❋➧❶➩◆➚✞➹ ➈✲➒✺➓✜➔❇➣
➩✩➻✠➭☛➺❋➬➇➼❑➭❸➩✩➪❮➹➄➨❸➚⑧➬ ➭☛➵✵➩❱➹➄➧✵➯r➯❡Û■â→◆✞â✜❑❛✛ Ð✄➚✞➨❴Ý ✷ ✢ ❐ Ò✦❱ ✛✤❋✒Ý❛❑ ❐ ➪✵➩✉➭❸➩✩➴✉➭❸➚⑧➨❊➻❸➺r➬❧➧✵➯✏➼①➭☛➺❋➚✞➫
➱❙➼❑➻◆➨❸➩✩➼✞➻❸➚✞➫✗➼✞➘✵➯r➩❇➼❑➫✵➪♦➭❸➵✵➩❇➻✠➲✳➻♣➭☛➩✉➬❽➼①➭☛➺❋➴❊➩✉➨❸➨❸➚✞➨■➚⑧➫ ➈◗➒❄➓✜➔❇➣ ➨♣➩✚➼✞➴✦➵❶➩✩➻❉✵ ✍⑧ÿ ☎ ➹➄➚✞➨❯➭❸➵✵➩q➬➇➚⑧➻✠➭
❰❛➩✉➨❸➺r❰✵➵✵➩✩➨❸➼✞➯②➴✉➩✩➫✹➭☛➨❸➼✞➯❋➺❞➭❲➲❾➘✵➺❋➫✤➳❶➱❯➵✵➩✩➨♣➩q➭❸➵✵➩❊➚✎Ü⑧➩✩➨❸➼✞➯❋➯✤➘✵➺✏➼✞➻◗➺r➻◗➽⑧➨❸➩✩➼❑➭☛➩✉➻♣➭✩✃

✈✁❧✬♣❇❧✫➟✑❧❝➝❆➤❀❧★♦

➝ ➜✙➟⑤❖■❭❖↕❯✲✎✯❲✿❲✶♣❅✹✰③✐⑧▼❛❭✛➶❶✴✦✶✠❈✸✲✎✯✦✐⑧✴✺✷✫✯✺❭✾✐❖ù⑦❬P➠ → ➢✡↔⑩✴✺✲✚✶✠✯❘➥t✲✚✿❲✴✦✶⑦➁❋❹❾❁✎✶✠❄✕✷❫❚✹✻✦✮✾✴✺❂①✿✼✮✕✇✳✻✚✐✹❚✹✮✕❂✹❢❃✲✚✰✵❁✎✶✼✴✎✐
➜❄➡✖➡✖➳❃➊♣❭

➝ → ➟➋❚✵❭✬➾❆✮✕✷✹✴✺❄❞●❊✲✎❂✗✐⑧✴✦✿✔✲✎❄➎❭✾✐❛➁✏▼②✲✚✶✼✿✼✮❞✻✦❄✾✴➼➠❙✲✚✿✼✲✢➆❨✶✼❁❃❅✫✰❶➊♣✐✳▼❆✭❑❤⑧✯✦❭✬➥③✴✦✿❲✿✦❭✳❘ ➣ ➡ → ➁ → ➢✖➢✚➅❑➊➼➜✚❭
➝⑤➳❂➟ ➠◆❭❄õ✫❭❶➆❨✶✼❁❃✯✠✯✦✐✫s✸❭✫❹❺✮❞❄✕✻☛➓✦✴✦❏❝✐❝▼❆✭❑❤✞✯✦❭✫❳✔✴✦❥❝❭❴➥③✴✦✿❲✿✦❭❴➳✭➢❽➁❇➜❄➡❃↔✭➳❃➊➼➜❄➳✩➅③➳✞❭
➝ ➅✭➟⑤❖■❭✳▼✤❁❃❄✕✮✾✿❲➓✦✴✦✶✁✐✳▼❆✭❑❤✞✯✺❭✫❳✒✴✦❥❶❭★➥③✴✦✿❲✿✦❭❴➳✭➢❽➁❇➜❄➡❃↔✭➳❃➊✫➜❄➳✩➅③➲✞❭
➝ ➣ ➟⑤✬✔✭✹✴❴❈✌❁✎✶✠❏④✮❞❂④✶✼✴✦❉r✴✦✶✠✴✺❂✫✻☛✴✺✯❈➝⑤➳❂➟❦✲✎❂✫✷❁➝ ➅✭➟✌❈❦✲✎✯❯✶✼✴✺✻☛❁✎❢❃❂✳✮✾➓✦✴✺✷♠✽✞❤➇✿✼✭✫✴ → ➢✖➢✚➅❊➵❀❁✎✽✵✴✺❄⑩▼⑩✶✠✮✕➓✦✴❊✮✕❂

▼✌✭①❤⑧✯✼✮✕✻✦✯✴➔✫✭①✿❲✿❲✰❶➫↕➉✎➉✩❂✫❁✎✽❶✴✺❄✕✰✫✶✠✮✾➓✦✴✎❭ ❁✎✶✼❢❑➉✉✰❝✭①❤⑧✯✼✮✕✻✦✯♣➉✩❄❞✲✎❅✹✶✼✴✺✲✚✿❲✴✺✯♣➉ → ➢✖➢✚➅❑➉❑❭
➝⑤➲❂➟❡õ✫❭❶❬❨❭❝❬✸❁❃❄❞❄✕✮✕❂✫✯✦✐➠P➾❭❄õ✹❭✫▼✤✴✦✶✼✶✼❤✎✐❝▼❆✭❑❤✞✯✦❭✫❳✔✴✦❥❝❭❴➥③✴✦✿❲✿✦❭❴➳✩➅④➁❇➜❄➡❃↔ ➣ ➊✫➜❄➳ ➣ ➳✞❭
➝ý↔✺➟ ➾✔❭✫➈◆❭❶❚⑧✭✞❅✹✶✼❤❃✲✚❏❶✐✫▼❆✭❑❤✞✯✦❭✫❳✔✴✦✰✵❁✎✶✼✿✼✯❘➲❀➜q➁❇➜❄➡ ➯ ➢①➊❨↔✄➜✚❭
➝ ➯ ➟⑤❖■❭✒❚⑧✲✚✿❲➓✎✐✌✴✺✷③❭✾✐❡❚✞✿✼✲✚✿✼✮❞✯❲✿✼✮✕✻✦✲✎❄◆P▲✴✺✻♣✭✫✲✎❂✫✮✕✻✦✯✢❁✎❉✡ù❙❅✳✲✚✶✼❏✞✯❇✲✎❂✫✷❺❖❀✲✎✷✹✶✠❁❃❂✫✯✦✐❨➁➦➵❀❁✎✶✼✿✼✭⑧❷✄❖❀❁❃❄✕❄✕✲✎❂✳✷✗✐

➜❄➡ ➯ ➜✁➊♣❭
➝⑤➡❂➟ ➠◆❭❄õ✫❭❶➆❨✶✼❁❃✯✠✯✦✐✫❳❯❭★➠◆❭✳▼✌✮✕✯✼✲✚✶✠✯✼❏✞✮➎✐❀➥⑩❭✵➆◆❭➠↔❆✲✩❻✵✴✎✐❝❳✒✴✦❥❶❭❄P❫❁✞✷③❭✫▼❆✭❑❤✞✯✦❭ ➣ ➳❫➁❇➜❄➡ ➯ ➜✁➊❡➅③➳✞❭
➝ ➜÷➢➏➟❝❖■❭✳▼②✲✚❢✎✴✺❄✕✯✦✐❝▼❆✭❑❤✞✯✦❭❝❳✒✴✦✰✵❁✎✶✼✿✼✯➼➜❄➲▲➁❇➜❄➡❃↔ ➣ ➊ → ➜❄➡✞❭
➝ ➜✖➜✙➟✳❹❒❭❄P➇✲✚✶✠✻✦✮✕✲✎❂✹❁✹✐❝❖⑦❭✳▼②✲✚❢✎✴✺❄✕✯✺✐✳▼❆✭❑❤✞✯✺❭✳❳✒✴✦✰✵❁✎✶✼✿✼✯❘➳✖➲❫➁❇➜❄➡❃↔ ➯ ➊➼➜❄➳❃↔❑❭
➝ ➜ → ➟❝❳⑦❭✎➠◆❭❝▼❆✮❞✯✼✲✚✶✠✯❲❏⑧✮➎✐⑧s✌❭✳❹❺✮✕❄❞✻☛➓✦✴✦❏❝✐✳▼✌✭①❤⑧✯✦❭✫❳✔✴✦❥❝❭★➠ → ➡❫➁❇➜❄➡ ➯ ➅❑➊❘➳✖➳ ➯ ❭
➝ ➜❄➳❂➟❄↕❊❭①❳✔✲ã�✼✲✚❢✎❁✎✰✳✲✎❄➎✐✞❵❀✻☛✿✼✲■▼❆✭❑❤✞✯✦❭❃▼✤❁❃❄➎❭❑❘▲➳❀➜⑦➁ → ➢✖➢✖➢①➊✚➳✭➢ → ➜✷➔✞✲✚✶✜➪❙✮✾❥✌➫ý✭✹✴✦✰✹❷➄✰✳✭❶➉➏➢✖➢✖➢✑➡✭➢ ➣✖➯ ➁ → ➢✖➢✖➢①➊♣❭
➝ ➜☛➅✭➟❝s✸❭✛↕⑦✲✚✶✠✯✼✻✠✭③✐★➵❀❅✳✻✦❄➎❭✫▼❆✭❑❤✞✯✺❭✫❵❖➲✖➡ ➯ ➁ → ➢✖➢ → ➊➼➜❄➡✖➡✞❭
➝ ➜ ➣ ➟❝✬❯❭❶❚⑧✻✠✭❈ú✲✚❉r✴✦✶✺✐✫✲✚✶→➪❨✮✾❥✌➫ý✭✹✴✦✰✹❷➄✰❝✭❝➉➏➢✑➳✭➢✚➅ →✖➯ ➜✢➁ → ➢✖➢✑➳❃➊♣❭
➝ ➜❄➲❂➟✌P➾❭❶➆◆❭❝❵❀❄✾❉❋❁✎✶✠✷✗✐✹❵❨❂✫❂✗❭✫❳✔✴✦❥❝❭★➵❨❅✫✻✦❄➎❭✫▼②✲✚✶✼✿✦❭✵❚⑧✻✦✮➎❭ ➣ ➜q➁ → ➢✖➢✆➜✁➊✲➜❄➳❀➜✚❭
➝ ➜✁↔✺➟❄↕❊❭✳❳✔✲ã�✼✲✚❢✎❁✎✰✳✲✎❄➎✐✳s✸❭✫❹➂✮✕❄✕✻☛➓✦✴✦❏❶✐✳✲✚✶✜➪❙✮✾❥✌➫ý✭✹✴✦✰✹❷➄✰✳✭❶➉➏➢✖➢✆➜✖➜❄➳✖➳✖➳❫➁ → ➢✖➢✖➢①➊♣❭

✝❞✽✆✍



➝ ➜ ➯ ➟✵➆✆❭✳❘❦✲✺❤⑧●❱✐✵❚❶❭✫❵■❭❶❬❦✭✳✮✕❂✗✐⑧▼❆✭❑❤✞✯✦❭✬➥t✴✦✿❲✿✦❭❝❘Ñ➲ → ➁❇➜❄➡❃↔✭➲❃➊ → ➅✬➜✚❭
➝ ➜❄➡❂➟✵➆✆❭❶❬❦✭✫✲✚✰✳❄❞✮✕❂✹✴✎✐➠P♠❭★➵❨✲✎❅✹✴✺❂❑✽✵✴✦✶✼❢✹✐✳▼❆✭❑❤⑧✯✦❭✫❳✒✴✦❥❶❭★➠ ➜❄➲▲➁❇➜❄➡❃↔✎↔✎➊✒➅ ➣ ➢⑧❭
➝ → ➢➏➟✵➆✆❭❝s✸❭✵❬❦✭✳✲✚✰✳❄✕✮✕❂✹✴✎✐✛P➾❭❝❖■❭✌õ❃❁❃✭✫❂✫✯❲❁❃❂③✐✬➾✒❭❝✬❛✴✺❄✕❄✾✴✦✶✁✐❄P♠❭✗❚❶❭✫❹❾✴✺✮✕✯✠✯✦✐❝▼✌✭①❤⑧✯✦❭✳❳✔✴✦❥❝❭✓➠ ➯ ➁❇➜❄➡❃↔✭➳❃➊

➅③➳✭➢ → ❭
➝ → ➜✙➟✵❚⑧✴✦✴❯▼⑩✶✼❁⑧✻☛✴✦✴✺✷✫✮✕❂✹❢❃✯❦❁✎❉✤✿✼✭✹✴◗❩➐❂①✿❲✴✦✶♣❂✫✲✚✿✼✮✾❁❃❂✫✲✎❄t❬✸❁❃❂✫❉r✴✦✶✼✴✺❂✳✻☛✴◗❁❃❂➀➨❀❄✕✿❲✶✠✲✩❷✄❳✒✴✺❄✕✲✚✿✼✮✕❥✞✮✕✯✼✿✼✮✕✻❸➵❨❅✫✻✦❄✾✴✺❅✳✯➐❷

➵❨❅✫✻✦❄✾✴✺❅✳✯✌❬✸❁❃❄✕❄✕✮❞✯✼✮✾❁❃❂✫✯⑥➫✥ù◗❅✫✲✚✶✼❏➆P❫✲✚✿❲✿❲✴✦✶✉➔❬õ✹❭❑▼❆✭❑❤✞✯✦❭❑➆Ñ➳✭➢❇➁ → ➢✖➢✚➅❑➊❆❚✬➲✖➳✖➳❬➔❞➵❨❅✫✻✦❄➎❭❃▼❆✭❑❤⑧✯✦❭❃❵➂↔✄➜ ➣
➁ → ➢✖➢✑➳❃➊✶➜✦✻✷➔ ➻❺➚➦➻✴å ❭✩❵❁➲✖➡ ➯ ➁ → ➢✖➢ → ➊✶➜✦✻✷➔ ➻✴➚Õ➻✶å ❭✚❵❁➲✖➲❀➜❙➁❇➜❄➡✖➡✖➡❃➊✶➜✦✻✷➔ ➻❺➚➦➻✴å ❭✚❵❁➲✖➳ ➯ ➁❇➜❄➡✖➡ ➯ ➊✚➜✦✻✷➔ ➻✴➚Õ➻✶å ❭
❵Ñ➲❀➜÷➢❧➁❇➜❄➡✖➡✖➲❃➊❸➜✦✻✷➔ ➻❺➚➦➻✴å ❭✞❵ ➣ ➡✭➢❧➁❇➜❄➡✖➡ ➣ ➊➚➜✦✻✷➔ ➻❺➚➦➻✴å ❭✞❵ ➣ ➲✖➲❇➁❇➜❄➡✖➡✩➅❑➊❸➜✦✻✷➔ ➻✴➚Õ➻✶å ❭❑❵ ➣ ➅✎➅❧➁❇➜❄➡✖➡ → ➊
➜✦✻✷➔ ➻❺➚➦➻✴å ❭❝❵ ➣✎→✎➣ ➁❇➜❄➡✖➡❀➜✁➊◗➜✦✻✷➔ ➻✴➚Õ➻✶å ❭❝❵➋➅③➡ ➯ ➁❇➜❄➡ ➯ ➡❃➊❛➜✦✻✷➔✳➶②❭❝▼❆✭❑❤⑧✯✦❭✵❬ ➳ ➯ ➁❇➜❄➡ ➯✖➯ ➊◗➜✷➔✠➵❀❅✳✻✦❄➎❭
▼✌✭①❤⑧✯✦❭✹❵⑤➅③➲❀➜❊➁❇➜❄➡ ➯ ↔✎➊❜➜✦✻✷➔❆➏èù❙❅✫✲✚✶✠❏➞P❫✲✚✿❲✿❲✴✦✶❁í ➯ ➅❃➒⑧✐✛↕❴❭➠↕❯✲ã�✼✲✎❂①✿✼✮✕✴✎✐✞✴✺✷③❭✗➁➄❚⑧✰✫✶✠✮✕❂✹❢✎✴✦✶❦➈✱✴✦✶✠❄❞✲✚❢✹✐
➜❄➡ ➯✎➣ ➊é➔❪➵❨❅✫✻✦❄➎❭③▼❆✭❑❤⑧✯✦❭③❵ ➅✬➜ ➯ ➁❇➜❄➡ ➯ ➅❑➊✤➜✦✻✷➔❉ù❙❅✫✲✚✶✼❏❙P❫✲✚✿❲✿❲✴✦✶✆s✹❁✎✶✠●q✲✚✿✼✮✾❁❃❂♠✲✎❂✫✷♠❖❀✴✺✲✺❥✞❤❾❩❪❁❃❂
❬❦❁❃❄✕❄✕✮✕✯✼✮✕❁❃❂✫✯✦✐✎▼⑩✶✼❁⑧✻☛✴✦✴✺✷✫✮✕❂✫❢❃✯⑩❁✎❉✗✿✼✭✹✴❨❘✸✮✕✴✺❄✾✴✦❉r✴✺❄❞✷❴❹❾❁✎✶✼❏⑧✯✼✭✹❁✎✰✁➜❄➡ ➯✎→ ✐➠P➾❭❬õ①✲✎✻☛❁✎✽③✐⑧❖⑦❭✹❚⑧✲✚✿❲➓✎✐❑✴✺✷✳✯✦❭
➁❋❹ ❚⑧▼❦❬❨✐✤❚⑧✮✕❂✫❢❃✲✚✰❶❁✎✶✠✴✎✐❩➜❄➡ ➯ ➳❃➊é➔②▼✌✭①❤⑧✯✦❭t❳✔✴✦✰✵❁✎✶✼✿✼✯ ➯✖➯ ➁❇➜❄➡ ➯✎→ ➊❛➳ → ➜✷➔❛❹❾❁✎✶✼❏✞✯✠✭✹❁✎✰♦❁❃❂➾❉❋❅✫✿✼❅✹✶✼✴
✶✠✴✺❄✕✲✚✿✼✮✾❥⑧✮✕✯❲✿✼✮✕✻❨✭✹✴✺✲✺❥✞❤❇✮✕❁❃❂❇✴☛➑⑧✰✵✴✦✶✠✮✕●❴✴✺❂❑✿✼✯✦✐⑧❳❯❭✹❘✸❁✞✻✠❏❝✐✫❳⑦❭✳❚✞✿❲❁✞✻✠❏❝✐✹✴✺✷✳✯✦❭✾✐③➁➦➠❨✲✚✶♣●❊✯❲✿✼✲✎✷✹✿✦✐❲➜❄➡ ➯ ➢①➊♣❭

➝ →✎→ ➟❝▼✤❭→P➾❭ûõ❃✲✎✻☛❁✎✽✳✯✦✐❢➪◆❭➍❷➂➵⑦❭Þ❹♠✲✎❂✹❢✹✐➶▼⑩✶✼❁✎❢✹❭❮▼②✲✚✶✼✿✦❭❁➵❨❅✫✻✦❄➎❭Þ▼❆✭❑❤✞✯✦❭ ➣ ➅ ➁ → ➢✖➢ ➣ ➊ ➅✎➅③➳❬➔
✲✚✶→➪❨✮✾❥✌➫ý✭✹✴✦✰✹❷➄✰❝✭❝➉➏➢✚➅✑➢ ➣ ➜ →✎➣ ➁ → ➢✖➢✚➅❑➊♣❭

➝ → ➳❂➟❝❳⑦❭◆❬❨❭❯❖❀❈✸✲⑧✐✲➪■❭❙❷➂➵■❭❯❹♠✲✎❂✹❢✹✐■✴✺✷✫✯✦❭✾✐❁ù❙❅✫✲✚✶✠❏Ï➆❙❄❞❅✹❁❃❂Ï▼❆❄✕✲✎✯✠●❊✲Ñ➳Ï➁❋❹❾❁✎✶✠❄✕✷ ❚✹✻✦✮✾✴✺❂①✿✼✮✕✇✳✻✚✐
❚✹✮✕❂✹❢❃✲✚✰✵❁✎✶✼✴✎✐ → ➢✖➢✑➳❃➊♣❭

➝ → ➅✭➟❝▼✤❭ts✸❭✁↕❯❁❃❄✾✽③✐✳➨⑦❭③❖❀✴✺✮✕❂✹➓✎✐❛✮✕❂✟ù❙❅✫✲✚✶✼❏❑❷❪➆❙❄✕❅✹❁❃❂❾▼✌❄✕✲✎✯✼●❊✲Þ➳❾➁❋❹❾❁✎✶♣❄✕✷♦❚⑧✻✦✮✾✴✺❂❑✿✼✮✾✇✳✻✚✐❛❚✹✮✕❂✹❢❃✲✚✰✵❁✎✶✼✴✎✐
→ ➢✖➢✑➳❃➊é➔✵✲✚✶✜➪❙✮✾❥✌➫ý❂❑❅✫✻✦❄✾❷➄✿✼✭❝➉➏➢✑➳✭➢ ➣ ➢ ➯ ➅④➁ → ➢✖➢✑➳❃➊♣❭

➝ →✎➣ ➟❴➠◆❭✳❖■❭✳❳❀✮✕✯✼✻✠✭✫❏✎✴✎✐✳▼⑩✶✼❁✎❢✹❭❝▼✤✲✚✶✠✿✦❭★➵❀❅✳✻✦❄➎❭✫▼❆✭❑❤✞✯✺❭ ➣✎→ ➁ → ➢✖➢✚➅❑➊✫➜❄➡❃↔❑❭
➝ → ➲❂➟✳❹➂✭✫✮✾✿❲✴◗▼②✲✚✰✵✴✦✶✠✯✸❉r✶✠❁❃● ❘❦❳❀❵❀❖◆P❽❚✵✐⑧▼✌❖❸➾✚➵✔❩☛➪◆✐⑧✲✎❂✳✷❱❚✹✬❛❵❨❳❯✐⑧✯✼❅✹✽✳●q✮✾✿❲✿❲✴✺✷q✿❲❁✤➵❨❅✫✻✦❄➎❭⑧▼❆✭❑❤⑧✯✦❭

❵■❭
➝ → ↔✺➟❄↕❊❭✛↕❯✲✎❂✫✲✁❤❃✲⑧✐❴➵❨❅✫✻✦❄➎❭✫▼❆✭❑❤⑧✯✦❭✫❵➋↔✄➜ ➣ ➁ → ➢✖➢✑➳❃➊ → ➳✖➳✚✻✚❭
➝ →✖➯ ➟✌P➾❭✳▼✌❄❂ú❅✫●❴✴✦✶✺✐✳❚❶❭✫❳❀✲✎✭✫✲⑧✐✳❳⑦❭❄P♠❭✳❹❾✴✺✮✕❂✹✴✦✶✺✐✬➵❨❅✫✻✦❄➎❭✫▼✌✭①❤⑧✯✦❭✫❵❒➅✬➜ ➯ ➁❇➜❄➡ ➯ ➅❑➊ ➣ ➅③➡✚✻✚❭
➝ → ➡❂➟❴➾✔❭✫➈◆❭❶❚⑧✭✞❅✹✶✼❤❃✲✚❏❶✐✬➵❀❅✫✻✦❄➄❭⑧▼✌✭①❤⑧✯✦❭✳❵Ï↔ ➣ ➢➇➁ → ➢✖➢ ➣ ➊❸➲✩➅✹❭
➝⑤➳✭➢➏➟❴➾✔❭✫➈◆❭❶❚⑧✭✞❅✹✶✼❤❃✲✚❏❶✐✫▼⑩✶✼❁✎❢✹❭✳▼②✲✚✶✼✿✦❭❴➵❀❅✫✻✦❄➄❭✫▼❆✭❑❤✞✯✦❭ ➣ ➳❫➁ → ➢✖➢✚➅❑➊ → ↔✭➳✞❭
➝⑤➳❀➜✙➟✵➆✆❭✳✬◗❭✫❖❀❁✎✶✼❁✁❈✔✮✕✿❲➓✎✐❝❵■❭❶❚✞✿❲✶✼❁❃●❊✮❞❂✹❢✎✴✦✶✺✐✆➵❀❅✳✻✦❄➎❭✫▼❆✭❑❤✞✯✺❭✫❘Ñ➳✖➲✭➢➇➁❇➜❄➡✖➡❀➜✁➊✫➜❄➡❃↔❑❭
➝⑤➳ → ➟✵❚✵❭❝❚❶❭❝➆❙❅✹✽✳✯✼✴✦✶✺✐✹❩♣❭❝❳❯❭❖↕❯❄✾✴✦✽❝✲✎❂✹❁✁❥❶✐✫❵⑦❭❝❵⑦❭✳✬✔✯❲✴✦❤❑✿✼❄❞✮✕❂✗✐✆➵❀❅✳✻✦❄➎❭✫▼❆✭❑❤✞✯✺❭✫❘ ➣ ➳✩➅➇➁❇➜❄➡✖➡ ➯ ➊ → ➢ → ❭
➝⑤➳✖➳❂➟❝s✸❭✛↕⑦✲✚✶✠✯✼✻✠✭③✐✫❚✵❭✬➠❨✲✚✿❲✿✼✲⑧✐✓➾✒❭✆➥t✲✚✴✦✶♣●❊✲✎❂✫❂✗✐✫▼✤❭✫▼✤✴✦✿❲✶✼✴✺✻☛➓✦❏✞❤✎✐✵❚❶❭✳❚✞✿✼✮✕✻✠❏✩✲✎❂③✐✹❩♣❭⑧❹❾✴✦✿❲➓✦❁✎✶✼❏✎✴✎✐✠➵❀❅✳✻✦❄➎❭

▼✌✭①❤⑧✯✦❭✳❵Ï↔✄➜ ➣ ➁ → ➢✖➢✑➳❃➊❨↔➏➢✆➜✚❭
➝⑤➳✩➅✭➟❴➾✔❭✫➈◆❭❶❚⑧✭✞❅✹✶✼❤❃✲✚❏❶✐✹❩♣❭❄➶✵✲✎✭✫✴✺✷✗✐✫▼❆✭❑❤✞✯✺❭✫❳✒✴✦❥❶❭❶❬ ↔➏➢❫➁ → ➢✖➢✚➅❑➊❘➢ → ➜❄➡✭➢✆➜✦❳❯❭
➝⑤➳ ➣ ➟❄↕❊❭❬↕❯✲ã�✼✲✎❂❑✿✼✮✾✴✎✐❖P♠❭❀➥t✲✎✮✕❂✫✴✎✐❬↕❴❭✞❳✔❅✫●q●■❅✹❏✚✲✎✮✕❂✹✴✺❂③✐❝↔◆❭✳❚⑧✻♣✭✹✶ãú❁❃✷✹✴✦✶✁✐❑▼❆✭❑❤⑧✯✦❭✞❳✔✴✦❥❝❭❀➠ ➲❃↔✢➁ → ➢✖➢✑➳❃➊

➜÷➢ ➣ ➢✖➢ ➯ ❭
➝⑤➳✖➲❂➟❝s✸❭✛↕⑦✲✚✶✠✯✼✻✠✭③✐❄õ✹❭✫▼✌✭①❤⑧✯✦❭❝➆ ➳✭➢➇➁ → ➢✖➢✚➅❑➊❀❚ ➯✖➯ ↔❑❭
➝⑤➳❃↔✺➟✌P➾❭★➠✡í✎➾❆❄❞✮✕✲⑧✐✛P♠❭❝▼❛❭❴➥③❁❃●■✽✳✲✚✶✠✷✹❁✹✐✳✲✚✶→➪❨✮✾❥✌➫ý✭✹✴✦✰✹❷✄❄❞✲✚✿♣➉➏➢✚➅✑➢✑➡✭➢✆➜÷➢❽➁ → ➢✖➢✚➅❑➊♣❭

✝❞✽❀✽



➝⑤➳ ➯ ➟✵❚✵❭✠➾✳�❲✮✕✶✠✮➎✐✵❬❙❭✵❳⑦❭③❵❀❄❞❄✾✿❲❁❃❂✗✐✳P♠❭❲➠❨❁✞✴✦✶✠✮✕❂✹❢✹✐t❚❶❭❶õ✹❭✗❖❨✲✎❂✫✷✫✯✦✐tP◆❭✳↕❯✲✎✻☛➓✺●q✲✚✶✼✴✦❏❝✐③s✸❭❶↕❯✲✚✶♣✯✼✻✠✭✗✐❲➾✔❭
➥❛✲✚✴✦✶✠●❊✲✎❂✫❂③✐❖↕❴❭✳❳✒✴✺✷✳❄✕✮✕✻✠✭③✐⑧✲✚✶→➪❨✮✾❥✌➫ý✭✹✴✦✰✹❷✄❄❞✲✚✿♣➉➏➢✚➅✑➢ ➯ ➢✚➅③➲➇➁ → ➢✖➢✚➅❑➊♣❭

➝⑤➳✖➡❂➟❻➶②❭♥s✹❁⑧✷✹❁✎✶✺✐ß❚❶❭⑥➠◆❭ü↕❯✲✚✿❲➓✎✐ýõ❃❁❃❅✹✶✺❭ ❖❨✮✾❢❃✭ ➾❆❂✫✴✦✶✺❭ ▼✌✭①❤⑧✯✦❭⑥➢✚➅✑➢✚➅ ➁ → ➢✖➢✚➅❑➊ ➣ ➢✎➔
✲✚✶→➪❨✮✾❥✌➫ý✭✹✴✦✰✹❷✄❄❞✲✚✿♣➉➏➢✚➅✑➢ → ➢✖➢✑➲❽➁ → ➢✖➢✚➅❑➊♣❭

➝ ➅✑➢➏➟❝▼✤❭✳✷✫✴❯s✹❁✎✶✠✻☛✶✠✲✎❂✫✷③✐❶P◆❭✳▼✌✭✫✮✕❄✕✮✾✰❝✯❲✴✺❂✗✐❑▼❆✶✼❁✎❢✹❭✫✬✒✭✹✴✦❁✎✶✁❭✳▼❆✭❑❤✞✯✺❭❝❚⑧❅✹✰✫✰✳❄➄❭✓➜ ➣ ➳▲➁ → ➢✖➢✚➅❑➊✲➜ → ↔❑❭
➝ ➅✬➜✙➟✵❬❙❭②✬❯❭②❖■❭●➠❙✲✺❥⑧✮✾✴✺✯✦✐✱✴✦✿❊✲✎❄➎❭✾✐✒➁✏❖❨▼①ù❯❬P➠ ✲✎❂✫✷➯➨❇↕◆ù❯❬♠➠◗➊♣✐⑩▼✌✭①❤⑧✯✦❭✱❳✒✴✦❥❶❭●➥③✴✦✿❲✿✦❭▼➡ → ➁ → ➢✖➢✚➅❑➊

➢ →✎→ ➢✖➢✆➜✚❭
➝ ➅ → ➟❴➾✔❭★➥t✲✚✴✦✶♣●❊✲✎❂✫❂✗✐❝P◆❭✫▼✌✭✫✮✕❄✕✮✕✰✳✯❲✴✺❂✗✐✞❵❀❂✫❂③❭✫❳✒✴✦❥❶❭★➵❀❅✳✻✦❄➎❭✫▼②✲✚✶✼✿✦❭❶❚⑧✻✦✮➎❭ ➣ ➳❫➁ → ➢✖➢✑➳❃➊➼➜❄➲✖➳✞❭
➝ ➅③➳❂➟❝s✸❭✛↕⑦✲✚✶✠✯✼✻✠✭③✐★➥③✴✺✻☛✿✦❭★➵❀❁✎✿❲✴✺✯❨▼❆✭❑❤✞✯✦❭ ➣✖➯ ➳➇➁ → ➢✖➢ → ➊ → ➢✑➡✞❭
➝ ➅✎➅✭➟❝❘❨❭✳❘❨❭✳❘❦✲✎✻✠❏❝✐❶✴✦✿✔✲✎❄➎❭✾✐t➁✏▼✌❖❙P❙❘✒P❯❚✳➊♣✐✳▼❆✭❑❤✞✯✺❭✫❳✒✴✦❥❶❭★➥③✴✦✿❲✿✦❭❴➡❀➜✢➁ → ➢✖➢✑➳❃➊♠➢ ➣✎→ ➳✭➢✑➳✞❭
➝ ➅ ➣ ➟❝❘❨❭✳❘❨❭✳❘❦✲✎✻✠❏❝✐❶✴✦✿✔✲✎❄➎❭✾✐t➁✏▼✌❖❙P❙❘✒P❯❚✳➊♣✐✳▼❆✭❑❤✞✯✺❭✫❳✒✴✦❥❶❭★➥③✴✦✿❲✿✦❭ ➯✎➣ ➁ → ➢✖➢✖➢①➊t➳❀➜÷➢✖➢⑧❭
➝ ➅③➲❂➟❝❘❨❭✳❘❨❭✳❘❦✲✎✻✠❏❝✐❶✴✦✿✔✲✎❄➎❭✾✐t➁✏▼✌❖❙P❙❘✒P❯❚✳➊♣✐✳▼❆✭❑❤✞✯✺❭✫❳✒✴✦❥❶❭❶❬❯➲ ➣ ➁ → ➢✖➢ → ➊❘➢✑➳❀➜❄➡✭➢✆➜✦❳❯❭
➝ ➅❑↔✺➟❝❘❨❭✳❘❨❭✳❘❦✲✎✻✠❏❝✐❶✴✦✿✔✲✎❄➎❭✾✐t➁✏▼✌❖❙P❙❘✒P❯❚✳➊♣✐✳▼❆✭❑❤✞✯✺❭✫❳✒✴✦❥❶❭★➥③✴✦✿❲✿✦❭ ➯✖➯ ➁ → ➢✖➢ → ➊♠➢ →✎→ ➳✭➢ → ❭
➝ ➅ ➯ ➟❝❘❨❭✳❘❨❭✳❘❦✲✎✻✠❏❝✐❶✴✦✿✔✲✎❄➎❭✾✐t➁✏▼✌❖❙P❙❘✒P❯❚✳➊♣✐✳▼❆✭❑❤✞✯✺❭✫❳✒✴✦❥❶❭❶❬❯➲ ➣ ➁ → ➢✖➢ → ➊❘➢✑➲❀➜❄➡✭➢✆➜✦❳❯❭
➝ ➅③➡❂➟❝❘❨❭✳❘❨❭✳❘❦✲✎✻✠❏❝✐❶✴✦✿✔✲✎❄➎❭✾✐t➁✏▼✌❖❙P❙❘✒P❯❚✳➊♣✐✳▼❆✭❑❤✞✯✺❭✫❳✒✴✦❥❶❭❶❬ ↔➏➢❫➁ → ➢✖➢✚➅❑➊❘➢ → ➜❄➡✭➢ → ❳❯❭
➝ ➣ ➢➏➟✵❚✵❭✹➈■❭✳❵❀❉✏✲✎❂✫✲✎✯✼✮✾✴✦❥❶✐✫✴✦✿✔✲✎❄➎❭✾✐t➁➦➵❨❵❀➅③➡❃➊♣✐❶▼✌✭①❤⑧✯✦❭✫❳✒✴✦❥❶❭❶❬❯➲✖➲❫➁ → ➢✖➢ → ➊t➢ ➣ ➅③➡✭➢ → ❭
➝ ➣ ➜✙➟❝✬❯❭✳❵❀❂❑✿✼✮✕✻✦✮✕✻✚✐✹✴✦✿❀✲✎❄➎❭✾✐❛➁➦➵❨❵✔➅③➡❃➊♣✐❶▼❆✭❑❤✞✯✦❭✫❳✔✴✦❥❝❭✵❬❯➲✖➡▲➁ → ➢✖➢✚➅❑➊❘➢ → ➅③➡✭➢ → ❭
➝ ➣✎→ ➟❴➥❆❭✳❵❨✭✫❄✾✴✎✐✹✴✦✿✔✲✎❄➎❭✾✐t➁➦➾ ➯ ➲✖➲❃➊♣✐❶▼✌✭①❤⑧✯✦❭✫❳✔✴✦❥❝❭❶❬ ➣ ↔❱➁❇➜❄➡✖➡ ➯ ➊❡➅③➲✖➲✚❳⑦❭
➝ ➣ ➳❂➟❝❘❨❭✳❘❨❭✳❘❦✲✎✻✠❏❝✐❶✴✦✿✔✲✎❄➎❭✾✐t➁➦➾✶➡❀➜✁↔✎➊♣✐❶▼✌✭①❤⑧✯✦❭✫❳✒✴✦❥❶❭❶❬❯➲✖➲❫➁ → ➢✖➢ → ➊t➢ ➣ ➅③➡✭➢✆➜✚❭
➝ ➣ ➅✭➟❴➥❆❭✳❵❨✭✫❄✾✴✎✐✹✴✦✿✔✲✎❄➎❭✾✐t➁➦➾ ➯ ➲✖➲❃➊♣✐❶▼✌✭①❤⑧✯✦❭✬➥t✴✦✿❲✿✦❭✳❘➂➅③➡✭➢➇➁ → ➢✖➢✖➢①➊ ➣ ➳✞❭
➝ ➣✎➣ ➟✌õ✫❭★➥⑩❭❖↕⑦❄✕✲✺❤✎✐✫✴✦✿❀✲✎❄➎❭✾✐t➁➦➾ ➯ ➡ ➣ ➊♣✐✵▼❆✭❑❤✞✯✺❭✫❳✒✴✦❥❶❭❶❬❯➲ ➯ ➁ → ➢✖➢✑➳❃➊❘➢ ➣ ➅③➡✭➢ ➣ ❭
➝ ➣ ➲❂➟✌õ✫❭★➠❙❅✫❂✫❄✾❁✎✰t✐➠P➇✲✎✯✼✯✦❭✳❩❪❂✫✯✼✿✦❭✹❁✎❉②✬❛✴✺✻✠✭③❭✳▼❆✭✬➠◆❭✫✬✒✭✫✴✺✯✼✮✕✯❯➁❇➜❄➡✖➡✖➡❃➊♣❭
➝ ➣ ↔✺➟❝❘❨❭✳❘❨❭✳❘❦✲✎✻✠❏❝✐❶✴✦✿✔✲✎❄➎❭✾✐t➁✏▼✌❖❙P❙❘✒P❯❚✳➊♣✐✳▼❆✭❑❤✞✯✺❭✫❳✒✴✦❥❶❭★➥③✴✦✿❲✿✦❭❴➡✖➳➇➁ → ➢✖➢✚➅❑➊♠➢ ➯✎→ ➳✭➢✆➜✚❭
➝ ➣✖➯ ➟❄↕❊❭❄õ✹❭✬➾✌✯❲❏✎❁❃❄✕✲⑧✐★➵❨❅✫✻✦❄➎❭✫▼✌✭①❤⑧✯✦❭✫❵✉➲✖➡ ➯ ➁ → ➢✖➢ → ➊❨↔ ➯ ✻✚❭
➝ ➣ ➡❂➟✵❚✵❭✫❵⑦❭✳❘❦✲✎✯✼✯✺✐✫✴✦✿✔✲✎❄➎❭✾✐★➵❨❅✫✻✦❄➎❭✫▼✌✭①❤⑧✯✦❭✫❵✉➲✖➲❀➜❇➁❇➜❄➡✖➡✖➡❃➊ → ➢ ➣ ✻✚❭
➝⑤➲✭➢➏➟★➪◆❭ ❷➂➵■❭✳❹♠✲✎❂✹❢✹✐❶✮✕❂➛➝ ➣ ➡❂➟➄✐ → ➜÷➢✎✻✢➁❇➜❄➡✖➡✖➡❃➊♣❭
➝⑤➲❀➜✙➟❝❘❨❭✌➶✗✭✫✲✎❂✹❢✹✐✫✮✕❂➛➝ ➣ ➡❂➟➄✐ →✎→ ➢✎✻❇➁❇➜❄➡✖➡✖➡❃➊♣❭
➝⑤➲ → ➟❝❖■❭❶❚✞❁✎✶✠❢✎✴✎✐✳✮✕❂➛➝ ➣ ➡❂➟➄✐ → ➜✁↔✩✻✢➁❇➜❄➡✖➡✖➡❃➊é➔❶✲✚✶→➪❨✮✾❥✌➫ý❂✞❅✫✻✦❄❼❷➄✿✼✭❝➉✭➡✖➡✭➢ ➣ ➢✖➢ ➯ ➁❇➜❄➡✖➡✖➡❃➊♣❭
➝⑤➲✖➳❂➟✌P➾❭✳❘❦❄✾✴✺✮✕✻♣✭✹✴✦✶✺✐✳✮❞❂➛➝ ➣ ➡❂➟➄✐ → ➜ ➯ ✻❇➁❇➜❄➡✖➡✖➡❃➊♣❭
➝⑤➲✩➅✭➟✳❹❒❭❶❬❦✲✎✯✠✯✼✮✕❂✹❢✹✐✫✮✕❂➛➝ ➣ ➡❂➟➄✐ →✎→✎→ ✻❇➁❇➜❄➡✖➡✖➡❃➊♣❭
➝⑤➲ ➣ ➟❝❖■❭❄õ✫❭✬➠❀✶✠✴✺✯✼✻✠✭✹✴✦✶✁✐❝✮✕❂➛➝ ➣ ➡❂➟➄✐ → ➜❄➲✚✻❇➁❇➜❄➡✖➡✖➡❃➊♣❭

✝❞✽✬✒



➝⑤➲✖➲❂➟❝❵■❭②❬❡✲✚✰❶✴✺❄❞❄✕✲⑧✐③❵⑦❭❈↕❯✲✎✮✕✷✫✲✎❄✾❁✉❥❝✐❤õ✹❭t✬❛✶✠✲✎❂➾✬✔✭✫✲✎❂✫✭❾➈⑩✲✎❂✗✐✤❖✔✴✺✲✁❥❑❤❾❩❪❁❃❂➾▼✌✭①❤⑧✯✦❭✿➡➾➁❇➜❄➡✖➡✖➡❃➊✦➜❄➲✖➡❬➔
✲✚✶→➪❨✮✾❥✌➫ý✭✹✴✦✰✹❷➄✰❝✭❝➉✭➡✖➡✭➢✑➳ → ➅✎➅④➁❇➜❄➡✖➡✖➡❃➊♣❭

➝⑤➲❃↔✺➟✌õ✫❭✳❳✔✲✎❂✫❉r✿✦✐✫✲✚✶✜➪❙✮✾❥✌➫ý✭✹✴✦✰✹❷➄✰✳✭❶➉✭➡✖➡❀➜✖➜ → ➜❄➳➇➁❇➜❄➡✖➡✖➡❃➊♣❭
➝⑤➲ ➯ ➟❴➵■❭ ❵❀✶✠●❴✴✺✯❲✿❲❁✹✐ ❬❨❭ ▼②✲ã�❲✲✚✶✠✴✺✯✦✐ ❩➐❂①✿✦❭üõ✹❭þP❫❁✞✷③❭ ▼❆✭❑❤✞✯✺❭ ❵ ➜ ➣ ➁ → ➢✖➢✖➢①➊ → ➢✆➜❄➡❬➔

✲✚✶→➪❨✮✾❥✌➫ý✭✹✴✦✰✹❷➄✰❝✭❝➉➏➢✖➢✖➢ → ➜❄➲✖➳➇➁ → ➢✖➢✖➢⑧➊♣❭
➝⑤➲✖➡❂➟✵❚✵❭✛õ✎✴✦❁❃❂✗✐❄õ✫❭❖↕❯✲✚✰✳❅✫✯✼✿✼✲⑧✐❶❬✸❁❃❂❑✿❲✴✺✯❲✿✒❁❃❂❱✿✼✭✹✴■❳✔❖❀❩❲❬❺✰✳✶✼✴✺✷✫✮✕✻☛✿✼✮✾❁❃❂✳✯✦✐✎õ①❅✫❂✹✴ → ➢✖➢✖➢⑧❭
➝ý↔➏➢➏➟❄↕❊❭❻õ✫❭✓➾✌✯❲❏✎❁❃❄✕✲⑧✐❻↕❴❭✌↕⑦✲ã�❲✲✎❂❑✿✼✮✾✴✎✐✵▼❛❭❶➈◆❭✵❳❀❅✫❅✫✯❲❏✚✲✎❂✹✴✺❂✗✐❄↕❴❭❶✬✤❅✹❁❃●❊✮❞❂✹✴✺❂✗✐★➵❨❅✫✻✦❄➎❭✵▼❆✭❑❤✞✯✺❭❝❘ ➣ ↔➏➢

➁ → ➢✖➢✖➢①➊❸➳❃↔✭➡✞❭
➝ý↔✄➜✙➟✵❚✵❭✫❵⑦❭✳❘❦✲✎✯✼✯✺✐✫✴✦✿✔✲✎❄➎❭✾✐✳▼✌✭①❤⑧✯✦❭✫❳✔✴✦❥❝❭❶❬Ñ➲✭➢❫➁❇➜❄➡✖➡✖➡❃➊t➢ → ➜❄➡✭➢ → ❭
➝ý↔ → ➟✌õ✫❭❶❚✞✿✼✲✎✻♣✭✹✴✺❄➎✐✳✮✕❂➛➝ ➣ ➡❂➟➄✐ →✎→ ➲✚✻❇➁❇➜❄➡✖➡✖➡❃➊♣❭
➝ý↔✭➳❂➟❝❵■❭✛↕◗✶♣✲✎✯✼❂✫✮✾✿❲➓✎✐✫❳⑦❭✹➈✱✴✺❂❑❅✹❢✎❁✎✰❝✲✎❄✕✲✎❂✗✐✳▼✌✭①❤⑧✯✦❭✳❳✔✴✦❥❝❭★➥t✴✦✿❲✿ ➯ ➲▲➁ → ➢✖➢✆➜✁➊✲➜✁↔✄➜✁↔❑❭
➝ý↔✉➅✭➟❴➠◆❭✛↕⑦✭✫✲✚✶✼➓✦✴✦✴✦❥❶✐★➾✒❭★➥t✴✦❥✞✮❞❂✗✐✹▼❆✭❑❤✞✯✦❭❴➥③✴✦✿❲✿✦❭✳❘ ➣✎→ ➳▲➁ → ➢✖➢✆➜✁➊❨↔✭➡✞❭
➝ý↔ ➣ ➟❴➠◆❭✛↕⑦✭✫✲✚✶✼➓✦✴✦✴✦❥❶✐★➾✒❭★➥t✴✦❥✞✮❞❂✗✐✆➥⑩❭❄P➇✻÷➥③✴✦✶✼✶♣✲✎❂✗✐✫▼❆✭❑❤✞✯✺❭★➥③✴✦✿❲✿✦❭✳❘ ➣ ➲❀➜❇➁ → ➢✖➢✑➳❃➊❘➡✖➳✞❭
➝ý↔✭➲❂➟❴➠◆❭✛↕⑦✭✫✲✚✶✼➓✦✴✦✴✦❥❶✐➠↔◆❭ ➈◆❭❄↕❯❁✁❥❃✻✠✭✫✴✦❢✎❁✁❥❶✐✌↕❴❭❝✬❛❅✫✻♣✭✫✮✕❂✗✐✹▼✌✭①❤⑧✯✦❭✬➥③✴✦✿❲✿✦❭❶❘ ➣ ➡✖➡❫➁ → ➢✖➢✚➅❑➊ → ➳✞❭
➝ý↔✎↔✺➟❝❘❨❭✳❘❨❭✳❘❦✲✎✻✠❏❝✐❶✴✦✿✔✲✎❄➎❭✾✐t➁✏▼✌❖❙P❙❘✒P❯❚✳➊♣✐✳▼❆✭❑❤✞✯✺❭✫❳✒✴✦❥❶❭★➥③✴✦✿❲✿✦❭❴➡❀➜✢➁ → ➢✖➢✑➳❃➊♠➢①↔ → ➳✭➢ → ❭
➝ý↔ ➯ ➟❝❘❨❭✳❘❨❭✳❘❦✲✎✻✠❏❝✐❶✴✦✿✔✲✎❄➎❭✾✐t➁✏▼✌❖❙P❙❘✒P❯❚✳➊♣✐✳▼❆✭❑❤✞✯✺❭✫❳✒✴✦❥❶❭❶❬ ↔➏➢❫➁ → ➢✖➢✚➅❑➊❘➢✑➲❀➜❄➡✭➢✆➜❃➁✏❳❨➊♣❭
➝ý↔✭➡❂➟✳❩❸❭✳❵❀✶✠✯❲✴✺❂✹✴✎✐✹✴✦✿❀✲✎❄➎❭✾✐❛➁✏❘❦❳✔❵❨❖❇P④❚✫➊♣✐❶▼❆✭❑❤✞✯✦❭✫❳✔✴✦❥❝❭❴➥③✴✦✿❲✿✦❭❴➡✖➳▲➁ → ➢✖➢✚➅❑➊ → ➅ → ➳✭➢✑➳✞❭
➝ ➯ ➢➏➟✌P➾❭⑤➪◆❭❴➥t✮❞❅✗✐⑧✴✦✿✔✲✎❄➎❭✾✐t➁✏▼❆❖➚➾▼➵❀❩☛➪◗➊♣✐❻õ✹❭✫▼❆✭❑❤⑧✯✦❭❝➆ ➳✭➢❫➁ → ➢✖➢✚➅❑➊❨❚✠➜✖➜❄➡✖➳✞❭
➝ ➯ ➜✙➟❝❵■❭✳❵❨✻✦✻✦✲✚✶✠✷✫✮➎✐✫✲✚✶→➪❨✮✾❥✌➫ý❂✞❅✫✻✦❄❼❷➄✿✼✭❝➉➏➢✚➅✑➢ ➣ ➢✚➅③➲❽➁ → ➢✖➢✚➅❑➊♣❭
➝ ➯✎→ ➟❄↕❊❭✳❵❀✷✳✻☛❁✺➑✵✐✫✴✦✿✔✲✎❄➎❭✾✐❛➁✏▼✌❖❸➾✚➵✔❩☛➪❯➊♣✐✳▼❆✭❑❤✞✯✺❭✫❳✒✴✦❥❶❭★➥③✴✦✿❲✿✦❭ ➯ ↔❱➁ → ➢✖➢✆➜✁➊t➢ ➣✎→ ➳✭➢✆➜✚❭
➝ ➯ ➳❂➟✌õ✫❭✳❵❨✷✫✲✎●❊✯✦✐✹✴✦✿✔✲✎❄➄❭✾✐❛➁➄❚⑧✬✤❵❀❳❙➊♣✐✫▼❆✭❑❤✞✯✦❭❝❳✒✴✦❥❶❭❶❬ ↔➏➢❫➁ → ➢✖➢✚➅❑➊❘➢ ➣ ➅③➡✭➢①↔❑❭
➝ ➯ ➅✭➟❝❘❨❭✳❘❨❭✳❘❦✲✎✻✠❏❝✐❶✴✦✿✔✲✎❄➎❭✾✐t➁✏▼✌❖❙P❙❘✒P❯❚✳➊♣✐✳▼❆✭❑❤✞✯✺❭✬➥③✴✦✿❲✿✦❭✳❘ ➣ ↔ ➯ ➁ → ➢✖➢✚➅❑➊ → ➡❃↔❑❭
➝ ➯✎➣ ➟❝❘❨❭✳❘❨❭✳❘❦✲✎✻✠❏❝✐❶✴✦✿✔✲✎❄➎❭✾✐t➁✏▼✌❖❙P❙❘✒P❯❚✳➊♣✐✳▼❆✭❑❤✞✯✺❭✫❳✒✴✦❥❶❭❶❬ ↔➏➢❫➁ → ➢✖➢✚➅❑➊❘➢ ➣ ➜❄➡✭➢✆➜❃➁✏❳❨➊♣❭
➝ ➯ ➲❂➟✵❚✵❭❝❚❶❭✫❵❀✷✳❄✾✴✦✶✺✐✹✴✦✿✔✲✎❄➎❭✾✐✤➁✏▼❆❖➚➾▼➵❀❩❼➪❯➊♣✐✳▼❆✭❑❤⑧✯✦❭✫❳✒✴✦❥❶❭❶❬❯➲✖➡▲➁ → ➢✖➢✚➅❑➊❘➢✑➳✩➅③➡✭➢✑➡✞❭
➝ ➯ ↔✺➟✌õ✫❭★➠◆❭✳❘✁�➐❁✎✶✠❏✎✴✺❂✗✐✳▼❆✭❑❤⑧✯✦❭✫❳✒✴✦❥❶❭★➠ → ↔❱➁❇➜❄➡ ➯ ➳❃➊✲➜☛➅✑➢⑧❭
➝ ➯✖➯ ➟❴➾✔❭✳s✹✴✦✶✠●q✮➎✐✫▼⑩✶✼❁✎❢✹❭❝✬✒✭✹✴✦❁✎✶✺❭✫▼✌✭①❤⑧✯✦❭ ➣ ➁❇➜❄➡ ➣ ➢①➊ ➣ ↔➏➢⑧❭
➝ ➯ ➡❂➟❝❳⑦❭✳❖❨✲✚❢✎✴✺✷✹❁✎✶✠❂✗✐★➵❨❅✹❁✉❥✎❁❧❬❦✮✕●▲❭✫❚✹❅✹✰✫✰✳❄➎❭✆➳▲➁❇➜❄➡✖➲ ➣ ➊➼➜☛➅❑↔❑❭
➝⑤➡✭➢➏➟❝❳⑦❭✳❖❨✲✚❢✎✴✺✷✹❁✎✶✠❂✗✐❄õ✫❭✫❳✔✲✎❂✹❉❋✿✦✐★➵❨❅✹❁✁❥✎❁❱❬❦✮✕●❱❭✳❚⑧❅✫✰✫✰✳❄➎❭✆➲❱➁❇➜❄➡✖➲ ➯ ➊➼➜❄➲✖➡✞❭
➝⑤➡❀➜✙➟❝❘❨❭✳❘❨❭✳❘❦✲✎✻✠❏❝✐❶✴✦✿✔✲✎❄➎❭✾✐t➁✏▼✌❖❙P❙❘✒P❯❚✳➊♣✐✳▼❆✭❑❤✞✯✺❭✫❳✒✴✦❥❶❭★➥③✴✦✿❲✿✦❭ ➯ ↔❫➁ → ➢✖➢✆➜✁➊✫➜÷➢ → ➳✭➢✆➜✚❭
➝⑤➡ → ➟❝❘❨❭✳❘❨❭✳❘❦✲✎✻✠❏❝✐❶✴✦✿✔✲✎❄➎❭✾✐t➁✏▼✌❖❙P❙❘✒P❯❚✳➊♣✐✳▼❆✭❑❤✞✯✺❭✫❳✒✴✦❥❶❭❶❬❯➲❃↔❱➁ → ➢✖➢✑➳❃➊❘➢ → ➜❄➡✭➢✆➜✦❳❯❭
➝⑤➡✖➳❂➟✳❩❸❭❶➆◆❭❝❘✌✴✺✲✚✶♣✷✹✴✺❂✗✐✹✴✦✿❀✲✎❄➄❭✾✐t➁➦➵❀❵❀➅✎➅❑➊♣✐❶▼✌✭①❤⑧✯✦❭✬➥t✴✦✿❲✿✦❭✳❘Ñ➳ ➯✖➯ ➁❇➜❄➡✖➡✖➲❃➊✒➅③➳❀➜✚❭

✝❞✽✹þ



➝⑤➡✩➅✭➟✌õ✫❭✳❘✿ú✲✎✻✠✭✫❄✕✴✦✶✺✐✫✴✦✿✔✲✎❄➎❭✾✐t➁➦➵❨❵❀➅③➡❃➊♣✐✓➵❨❅✫✻✦❄➎❭✫▼✌✭①❤⑧✯✦❭✫❵✉➲✖➲❀➜❇➁❇➜❄➡✖➡✖➡❃➊✒➅ ➣ ❭
➝⑤➡ ➣ ➟❴➥❆❭✳❵❨✭✫❄✾✴✎✐✹✴✦✿✔✲✎❄➎❭✾✐t➁➦➾ ➯ ➲✖➲❃➊♣✐❶▼✌✭①❤⑧✯✦❭✫❳✔✴✦❥❝❭❶❬Ñ➲✭➢❫➁❇➜❄➡✖➡✖➡❃➊t➢✑➲✩➅③➡✭➢✆➜✚❭
➝⑤➡✖➲❂➟❴➥❆❭✳❵❨✭✫❄✾✴✎✐✹✴✦✿✔✲✎❄➎❭✾✐t➁➦➾ ➯ ➲✖➲❃➊♣✐❶▼✌✭①❤⑧✯✦❭✫❳✔✴✦❥❝❭★➥t✴✦✿❲✿✦❭ ➯ ➜❇➁❇➜❄➡✖➡ ➯ ➊ → ➲ ➣ ➢⑧❭
➝⑤➡❃↔✺➟❝s✸❭❆❘✸✴✺✻✦✲✚✿❲✿✼✮✕❂✳✮➎✐✻õ✹❭❦❬❦❄✾✴✦❤⑧●❊✲✎❂✫✯✦✐✱❵■❭✯↕◗✴✦✶ãú✲✎❂✹✴✺❂③✐❩➾✒❭✸❚⑧❅✳✭✹❁❃❂✹✴✺❂✗✐◗↕❴❭⑩❳✔✴✺✷✫❄✕✮✕✻♣✭✗✐⑩▼❆✭❑❤✞✯✺❭⑩❳✒✴✦❥❶❭

❬Ñ➲✩➅❽➁ → ➢✖➢✆➜✁➊♠➢ → ➅③➡✭➢✆➜✚❭
➝⑤➡ ➯ ➟❝s✸❭✳❘✸✴✺✻✦✲✚✿❲✿✼✮✕❂✳✮➎✐✌➶✤❭✫▼✌✭①❤⑧✯✦❭❶❬❯➲✖➡❫➁❇➜❄➡✖➡✖➲❃➊❡➅ ➯✎➣ ❭
➝⑤➡✖➡❂➟❝▼✤❭✳❘✸✶✠✲✎❅✳❂⑧❷✫P❫❅✳❂✹➓✺✮✕❂✹❢✎✴✦✶✺✐✹❩❸❭✫❖❀✴✦✰✫✰✵✴✎✐✛õ✹❭❝❚✞✿✼✲✎✻♣✭✹✴✺❄➎✐✳▼✌✭①❤⑧✯✦❭✬➥③✴✦✿❲✿✦❭❶❘➂➅③➲ ➣ ➁❇➜❄➡✖➡✖➡❃➊✲➜ ➣ ❭
➝ ➜÷➢✖➢➏➟✵❘❀❭❝❘❀❭❝❘✸✲✎✻✠❏❝✐❝✴✦✿✔✲✎❄➎❭✾✐❛➁✏▼✌❖❙P◗❘❡P⑦❚✫➊♣✐✫▼❆✭❑❤✞✯✺❭✫❳✒✴✦❥❶❭❶❬ ↔➏➢❫➁ → ➢✖➢✚➅❑➊❘➢✆➜✖➜❄➡✭➢✆➜✦❳❯❭
➝ ➜÷➢✆➜✙➟✳P♠❭t➆❨❤⑧❅✫❄✕✲✎✯✼✯✼❤✎✐✓➪◆❭❳➵⑦❭✵❹♠✲✎❂✹❢✹✐❛❬❦❁❃●❴✰✳❅✹✿✦❭✗▼❆✭❑❤⑧✯✦❭✗❬❦❁❃●❊●■❅✳❂✗❭ ➯ ➳❾➁❇➜❄➡✖➡✩➅❑➊➼➳✭➢①↔♣➔t❖✔❩▲õ✎❩❇➵◗➆

❥✠➜✚❭✞➳ ➯ ➳❇❅✫✯❲✴✺✷❧❉❋❁✎✶✔✷❝❜❙❵❨❅✗✐✫✲✎❂✫✷❱❥✠➜✚❭✞➳ ➣ ❅✳✯❲✴✺✷❧❉r❁✎✶❀❵❀❅❝❜◗❵❀❅✗❭
➝ ➜÷➢ → ➟✵❖⑦❭t❚✞❁✎✶✼❢✎✴✎✐✗▼✌✭①❤⑧✯✦❭✗❳✒✴✦❥❶❭t❬ ➣✎→ ➁❇➜❄➡✖➡ ➣ ➊✲➳ → ➡❀➜✷➔✗❥✎✴✦✶✠✯✼✮✾❁❃❂ → ❭ ➅▲✮❞❂✫✻✦❄✕❅✫✷✫✮❞❂✹❢❴✶✼❁✎✰✵✴■❉❋❁✎✶✠●❊✲✚✿✼✮✕❁❃❂

❈❦✲✎✯✔❅✳✯❲✴✺✷✗❭
➝ ➜÷➢✑➳❂➟❶➶✤❭✱❹⑤❭✚➥t✮✕❂✗✐❆❚❶❭⑩▼②✲✎❄➎✐❦❬❨❭✯P♠❭✻↕◗❁✹✐❆❘❨❭❆❵■❭❩➥t✮➎✐⑩❘❨❭①➶✵✭✳✲✎❂✹❢✹✐⑩▼❆✭❑❤✞✯✺❭⑩❳✒✴✦❥❶❭✸❬ ➲✩➅➶➁ → ➢✖➢✆➜✁➊

➢✆➜✖➜❄➡✭➢ → ❭
➝ ➜÷➢✚➅✭➟✵❘❀❭❻➶✵✭✫✲✎❂✹❢✹✐❝❬❨❭✛P➾❭✛↕◗❁✹✐❝❘❀❭❝❵⑦❭✬➥❛✮➎✐❄➶✤❭✬➥t✮❞❂✗✐✹▼❆✭❑❤✞✯✦❭✫❳✔✴✦❥❝❭✵❬❯➲❀➜q➁ → ➢✖➢✖➢①➊❘➢✑➲❃↔✭➡✭➢✆➜✚❭
➝ ➜÷➢ ➣ ➟③❬❨❭✫❘✸✴✦✶✠❂✫✲✚✶✠✷✗✐✹✴✦✿❀✲✎❄➎❭✾✐❛➁✙P❫❩☛➥②❬✒➊♣✐✳▼❆✭❑❤⑧✯✦❭✫❳✒✴✦❥❶❭★➠⑥↔✄➜❇➁ → ➢✖➢ ➣ ➊t➢✑➳✩➅ ➣ ➢✚➅✹❭
➝ ➜÷➢✑➲❂➟✵s✌❭✎❘✸✴✺✻✦✲✚✿❲✿✼✮✕❂✫✮➄✐❝P➾❭①➆❙✲✚➓✺✷✹➓✺✮✕✻✠❏✞✮➄✐✚❵■❭❝↕◗✴✦✶ãú✲✎❂✹✴✺❂③✐✷õ✫❭❝P➇✲✎❂✫❂✫✮❞❂✹✴✺❂■✲✎❂✳✷◆❳⑦❭✎❚⑧✿❲❁✞✻✠❏❝✐❃▼✌✭①❤⑧✯✦❭✚❳✒✴✦❥❶❭

❬Ñ➲✖➡❫➁ → ➢✖➢✚➅❑➊♠➢ → ➅③➡✭➢ ➣ ❭
➝ ➜÷➢①↔✺➟✵❘❀❭❝❘❀❭❝❘✸✲✎✻✠❏❝✐❝✴✦✿✔✲✎❄➎❭✾✐❛➁✏▼✌❖❙P◗❘❡P⑦❚✫➊♣✐✫▼❆✭❑❤✞✯✺❭✫❳✒✴✦❥❶❭★➥③✴✦✿❲✿✦❭ ➯ ➡▲➁ → ➢✖➢ → ➊ →✎→✎→ ➳✭➢✆➜✚❭
➝ ➜÷➢ ➯ ➟✵❘❀❭ ❘❨❭á❘❦✲✎✻✠❏❝✐⑤✴✦✿ ✲✎❄➎❭✾✐❍➁✏▼❆❖◗P❙❘✒P❯❚✫➊♣✐ ✯✠❅✹✽✳●❊✮✾✿❲✿❲✴✺✷ ✿❲❁ ▼❆✭❑❤✞✯✦❭ ❳✔✴✦❥❝❭⑤❬ ➁✏❳❡❬✔➊é➔

✲✚✶→➪❨✮✾❥✌➫ý❂✞❅✫✻✦❄❼❷➄✴☛➑✳➉➏➢✚➅✑➢①↔➏➢✆➜ → ➁ → ➢✖➢✚➅❑➊♣❭
➝ ➜÷➢✑➡❂➟❻↕❴❭✫❖⑦❭❝❵❀✻✠❏✎✴✦✶✠●❊✲✎❂✫❂✗✐✳✴✦✿✔✲✎❄➎❭✾✐❛➁➄❚⑧✬✤❵❨❳❨➊♣✐✳▼✌✭①❤⑧✯✦❭✫❳✒✴✦❥❶❭★➥t✴✦✿❲✿✦❭ ➯ ➲▲➁ → ➢✖➢✆➜✁➊✒➅✑➢ → ❭
➝ ➜✖➜÷➢➏➟✵▼❛❭✹❖❨❅✹❁✁❥⑧✮✕❂✹✴✺❂③✐①✰✫✶✠✮✕❥✩✲✚✿❲✴❙✻☛❁❃●❊●◆❅✫❂✫✮✕✻✦✲✚✿✼✮✾❁❃❂✢❁✎❉t✲◆✻✦✲✎❄✕✻✦❅✫❄❞✲✚✿✼✮✾❁❃❂❧❅✫✯✼✮✕❂✹❢■✿✼✭✹✴❨✶✼✴✺✯✼❅✫❄✾✿✼✯✌❁✎❉t▼✤❭✹s✸❭↕❯❁❃❄✾✽③✐✫▼✤❭✳❖❨❅✹❁✁❥⑧✮✕❂✹✴✺❂✗✐❖➨■❭✹❹❒❭✳❖✔✴✺✮❞❂✹➓✎✐✳❖■❭✫❖✔✴✺✮✕✯✼✴✺❄✾✽✵✴✦✶✼❢✹✐✫▼❆✭❑❤✞✯✺❭✬➥③✴✦✿❲✿✦❭✳❘ ➣ ➢✖➢❽➁ → ➢✖➢✆➜✁➊ → ➳ → ❭
➝ ➜✖➜✖➜✙➟❶❹⑤❭①❘❦❅✫✯✼➓✺✲⑧✐①✮✕❂❴▼②✲✚✶✼✿✼✮✕✻✦❄✾✴✒▼❆✶✼❁⑧✷✫❅✫✻☛✿✼✮✾❁❃❂❴✮✕❂❴❖❨✮✾❢❃✭✫❄✕❤✲➾✱➑✹✻✦✮✾✿❲✴✺✷➮P➇✲✚✿❲✿❲✴✦✶✺✐❑❖■❭①❖■❭✞➆❙❅✹✿❲✽✳✶✼❁✞✷③✐❝õ✫❭

❳❀✲✚❉r✴✺❄❞✯❲❏✞✮➄✐✦✴✺✷✫✯✦❭✾✐✞➁✏▼✌❄✾✴✺❂✞❅✫● ▼⑩✶✠✴✺✯✼✯✦✐✺▼⑩✶✠❁✞✻☛✴✦✴✺✷✫✮❞❂✹❢❃✯✗❁✎❉✹✲❘➵❨❵✱✬❀P❮❵❨✷✹❥✚✲✎❂✫✻☛✴✺✷◆❚⑧✿✼❅✫✷✹❤✔❩➐❂✫✯❲✿✼✮✕✿✼❅✹✿❲✴
❁❃❂➇▼②✲✚✶✼✿✼✮✕✻✦❄✾✴❯▼❆✶✼❁✞✷✳❅✫✻☛✿✼✮✾❁❃❂❱✮✕❂❱❖❨✮✾❢❃✭✫❄✾❤❣➾✱➑✹✻✦✮✾✿❲✴✺✷✽P➇✲✚✿❲✿❲✴✦✶✺✐✿➜❄➡✖➡✖➳❃➊❡✰③❭❲➜☛➅③➡✞❭

➝ ➜✖➜ → ➟✳õ✹❭❝❬❨❭❝❬✸❁❃❄❞❄✕✮✕❂✫✯✦✐❀➠◆❭★➾✒❭✵❚✞❁✎✰✵✴✦✶✺✐✳➆◆❭❶❚✞✿❲✴✦✶✠●q✲✎❂✗✐✬➵❀❅✳✻✦❄➎❭✫▼❆✭❑❤✞✯✺❭✫❘ → ➲❀➜❇➁❇➜❄➡ ➯✎➣ ➊✫➜÷➢✚➅✹❭
➝ ➜✖➜❄➳❂➟✳õ✹❭t❬❨❭t❬✸❁❃❄✕❄✕✮❞❂✫✯✦✐★➠◆❭❲➾✒❭t❚✞❁✎✰✵✴✦✶✺✐③➆◆❭❛❚✞✿❲✴✦✶♣●❊✲✎❂✗✐✗✮✕❂④▼✤✴✦✶✼✿✼❅✹✶✼✽✳✲✚✿✼✮✕❥✎✴❅ù⑦❬P➠◆✐✵❵■❭ý❖■❭✁P❫❅✹✴✺❄❞❄✾✴✦✶✺✐

✴✺✷③❭✾✐❛➁❋❹❾❁✎✶✠❄✕✷➇❚✹✻✦✮✾✴✺❂①✿✼✮✕✇✳✻✚✐❲➜❄➡ ➯✖➯ ➊é➔❶❵❨✷✹❥❶❭❝❚✞✴✦✶✺❭✬➠❙✮✾✶✼✴✺✻☛✿✦❭❝❖❀✮✾❢❃✭✣➾❆❂✹✴✦✶✼❢✎❤❧▼❆✭❑❤⑧✯✦❭ ➣ ➁❇➜❄➡ ➯✖➯ ➊✲➜✚❭
➝ ➜✖➜☛➅✭➟❻↕❴❭✫❵❀✷✳✻☛❁✺➑✵✐✳✴✦✿✔✲✎❄➎❭✾✐t➁✏▼✌❖❸➾✚➵✔❩☛➪❯➊♣✐❝▼❆✭❑❤⑧✯✦❭✫❳✒✴✦❥❶❭★➥③✴✦✿❲✿✦❭ ➯✖➯ ➁ → ➢✖➢ → ➊t➢ →✎→ ➳✭➢✆➜✚❭
➝ ➜✖➜ ➣ ➟❻↕❴❭✫❵❀✷✳✻☛❁✺➑✵✐✳✴✦✿✔✲✎❄➎❭✾✐t➁✏▼✌❖❸➾✚➵✔❩☛➪❯➊♣✐❝▼❆✭❑❤⑧✯✦❭✬➥③✴✦✿❲✿✦❭✳❘ ➣ ➲❀➜✢➁ → ➢✖➢✑➳❃➊ ➯✎→ ❭
➝ ➜✖➜❄➲❂➟✵❘❀❭❝❘❀❭❝❘✸✲✎✻✠❏❝✐❝✴✦✿✔✲✎❄➎❭✾✐❛➁✏▼✌❖❙P◗❘❡P⑦❚✫➊♣✐✫▼❆✭❑❤✞✯✺❭✫❳✒✴✦❥❶❭★➥③✴✦✿❲✿✦❭✠➡✩➅➇➁ → ➢✖➢ ➣ ➊t➢ ➯✎→ ➳✭➢✚➅✹❭

✝❞✽✬✔



➝ ➜✖➜✁↔✺➟✳õ✹❭✞❹⑤❭✳❬✸✶✼❁❃❂✳✮✕❂✗✐❑❖■❭❖õ✹❭⑧s✹✶✠✮✕✯✠✻✠✭✗✐❖P➾❭➠õ✫❭✹❚✹✭✹❁✞✻♣✭✹✴✦✿✦✐❖õ✹❭⑧▼✤❭⑧❘✸❁✉❤✞●❴❁❃❂✳✷✗✐✹▼❛❭✹❵■❭✹▼❆✮✾✶✼❁❃❅①ÿ✴✎✐✹❳⑦❭❀➥❆❭
❚✹❅✫●❊❂✹✴✦✶✺✐✹▼✌✭①❤⑧✯✦❭✫❳✒✴✦❥❶❭★➠ ➜✖➜q➁❇➜❄➡❃↔ ➣ ➊❸➳❀➜÷➢ ➣ ❭

➝ ➜✖➜ ➯ ➟✠➠■❭✗❵❨❂①✿❲✶✠✴✺✲✎✯❲❤❃✲✎❂✗✐✁õ✹❭✵❹❒❭t❬✸✶✼❁❃❂✫✮✕❂③✐✳❖⑦❭❶õ✫❭✵s✫✶✠✮✕✯✼✻♣✭✗✐❻P➾❭✁õ✹❭③❚⑧✭✹❁⑧✻✠✭✫✴✦✿✦✐✠➥❆❭✳↕❯❄✕❅✹✽✵✴✦✶✼❢✹✐✳▼✤❭✗❵■❭
▼✌✮✾✶✼❁❃❅①ÿ✴✎✐✳❳⑦❭✬➥⑩❭❶❚✹❅✫●❊❂✹✴✦✶✺✐✹▼✌✭①❤⑧✯✦❭✫❳✒✴✦❥❶❭★➠ ➜❄➡▲➁❇➜❄➡❃↔✭➡❃➊❨↔✭➲✩➅✹❭

➝ ➜✖➜❄➡❂➟✵❵⑦❭✳❵❨✻✦✻✦✲✚✶✠✷✫✮➄✐✫✲✚✶✜➪❨✮✕❥❄➫ý✭✹✴✦✰✫❷➄✰✳✭❝➉➏➢ → ➜ → ➜☛➅ ➯ ➁ → ➢✖➢ → ➊♣❭
➝ ➜ → ➢➏➟❶❩♣❭✹➈❙✮✾✿❲✴✦❥❶❭✳▼❆✭❑❤✞✯✺❭✬➥③✴✦✿❲✿✦❭❝❘ ➣ ➲ → ➁ → ➢✖➢✑➳❃➊❘➳✖➲✞❭
➝ ➜ → ➜✙➟❶❩♣❭✫❵❀✶✠✯❲✴✺❂✹✴✎✐✳✴✦✿✔✲✎❄➎❭✾✐t➁✏❘❦❳✔❵❨❖❇P④❚✫➊♣✐❶▼❆✭❑❤✞✯✦❭✫❳✔✴✦❥❝❭❴➥③✴✦✿❲✿✦❭✓➡❀➜❇➁ → ➢✖➢✑➳❃➊t➢①↔ → ➳✭➢ ➣ ❭
➝ ➜ →✎→ ➟③❚❶❭❝❚❶❭✫❵❨✷✫❄✾✴✦✶✺✐⑧✴✦✿❀✲✎❄➄❭✾✐t➁✏▼❆❖➚➾▼➵❀❩❼➪❯➊♣✐✳▼❆✭❑❤⑧✯✦❭✳❳✒✴✦❥❶❭✬➥③✴✦✿❲✿✦❭✠➡❀➜q➁ → ➢✖➢✑➳❃➊❘➢①↔ → ➳✭➢✑➳✞❭
➝ ➜ → ➳❂➟✳õ✹❭✫❵❨✷✫✲✎●❊✯✦✐✹✴✦✿✔✲✎❄➄❭✾✐❛➁➄❚⑧✬✤❵❀❳❙➊♣✐✳▼❆✭❑❤✞✯✺❭✫❳✒✴✦❥❶❭★➥③✴✦✿❲✿✦❭✠➡❀➜q➁ → ➢✖➢✑➳❃➊t➢①↔ → ➳✭➢✚➅✹❭
➝ ➜ → ➅✭➟③❬❨❭✫❵❀✷✳❄✾✴✦✶✺✐✹✴✦✿✔✲✎❄➎❭✾✐t➁➄❚✹✬❛❵❨❳❨➊♣✐✳▼✌✭①❤⑧✯✦❭✫❳✔✴✦❥❝❭★➥t✴✦✿❲✿✦❭✓➡✭➢❫➁ → ➢✖➢✑➳❃➊❘➢ ➯✎→ ➳✭➢ → ❭
➝ ➜ →✎➣ ➟✳õ✹❭✫❵❨✷✫✲✎●❊✯✦✐✹✴✦✿✔✲✎❄➄❭✾✐❛➁➄❚⑧✬✤❵❀❳❙➊♣✐✳▼❆✭❑❤✞✯✺❭✫❳✒✴✦❥❶❭★➥③✴✦✿❲✿✦❭✠➡✖➳▲➁ → ➢✖➢✚➅❑➊ →✎➣✎→ ➳✭➢✆➜✚❭
➝ ➜ → ➲❂➟③❚❶❭❝❚❶❭✫❵❨✷✫❄✾✴✦✶✺✐⑧✴✦✿❀✲✎❄➄❭✾✐t➁✏▼❆❖➚➾▼➵❀❩❼➪❯➊♣✐✳▼❆✭❑❤⑧✯✦❭✳❳✒✴✦❥❶❭✬➥③✴✦✿❲✿✦❭✠➡❀➜q➁ → ➢✖➢✑➳❃➊✲➜ ➯✎→ ➳✭➢✆➜✚❭
➝ ➜ → ↔✺➟✳õ✹❭✫❵❨✷✫✲✎●❊✯✦✐✹✴✦✿✔✲✎❄➄❭✾✐❛➁➄❚⑧✬✤❵❀❳❙➊♣✐✳▼❆✭❑❤✞✯✺❭✫❳✒✴✦❥❶❭★➥③✴✦✿❲✿✦❭✠➡ → ➁ → ➢✖➢✚➅❑➊t➢ ➣✎→ ➳✭➢ → ❭
➝ ➜ →✖➯ ➟✠➠■❭✌P▲❁❃❄✕❂✳✲✚✶✺✐❝❚❶❭✫❵■❭✫➈✱❁❃❄✾❁❃✯✼✭✫✮❞❂✗✐✹▼❆✭❑❤✞✯✦❭✫❳✔✴✦❥❝❭❴➥③✴✦✿❲✿✦❭✓➡❀➜❇➁ → ➢✖➢✑➳❃➊t➢✑➡ → ➳✭➢✆➜✚❭
➝ ➜ → ➡❂➟✵❘❀❭ ❘❨❭ ❘❦✲✎✻✠❏❝✐❣✴✦✿ ✲✎❄➎❭✾✐ ➁✏▼✌❖❙P◗❘❡P⑦❚✫➊♣✐ ✯✠❅✹✽✳●❊✮✾✿❲✿❲✴✺✷ ✿❲❁ ▼❆✭❑❤✞✯✦❭ ❳✒✴✦❥❶❭❣❬❯➁✏❳❡❬✔➊é➔

✲✚✶→➪❨✮✾❥✌➫ý❂✞❅✫✻✦❄❼❷➄✴☛➑✳➉➏➢✑➳✭➢✆➜÷➢✆➜✁↔➇➁ → ➢✖➢✑➳❃➊♣❭
➝ ➜❄➳✭➢➏➟✳õ✹❭❖↕❯❄✕✲✁❤✎✐✛➨■❭↕❬❨❭★➠❙✲✺❥⑧✮✕✯✒▼✌✭✬➠◆❭✳✬✒✭✹✴✺✯✼✮❞✯❯➁ → ➢✖➢✆➜✁➊♣❭
➝ ➜❄➳❀➜✙➟③❚❶❭✬➾❆✮✕✷✫✴✺❄✕●❊✲✎❂✗✐✞✴✦✿✔✲✎❄➎❭✾✐❛➁✏▼②✲✚✶✼✿✼✮❞✻✦❄✾✴✲➠❙✲✚✿✼✲✢➆❨✶✠❁❃❅✹✰❶➊♣✐✫▼❆✭❑❤⑧✯✦❭✬➥③✴✦✿❲✿✦❭❶❘ ➣ ➡ → ➁ → ➢✖➢✚➅❑➊➼➜✚❭
➝ ➜❄➳ → ➟③➆◆❭✫❩❸❭✹➈✱✴✦✶✼✴✺✯✦✐❴➾❇ú❁✎✿❲❥❻ú❁❃✯❸➥③❁✎✶✛ÿ✲✎❂✳✷●➨❀❂✫✮✕❥✎✴✦✶✠✯✼✮✾✿⑨❤✢▼✌✭✬➠◆❭✫✬✒✭✹✴✺✯✼✮✕✯✺✐

✭❑✿❲✿❲✰❶➫↕➉✎➉✩❂✫✲✚➅③➡✚✮❞❂✹❉r❁✹❭ý✻☛✴✦✶♣❂✗❭ý✻✠✭❝➉✩✻☛❢❃✮✾❷➄✽✳✮✕❂❝➉✉❈✒❈✔❈✔✷⑧❷✄❅✹✿✼✮✕❄❋➉➏➵❀❵❀➅③➡❃➉➏➵❙P◗✬t➾✁� → ➡ → ➁ → ➢✖➢ → ➊♣❭
➝ ➜❄➳✖➳❂➟✵❵⑦❭★➾✔❭✫❘✸✶✼✴✺❂✫❂✹✴✦✶✺✐✹✴✦✿❀✲✎❄➎❭✾✐✳▼❆✭❑❤⑧✯✒❳✒✴✦❥✸➠ → ➲▲➁❇➜❄➡ ➯✎→ ➊✲➜☛➅③➡❃↔❑❭
➝ ➜❄➳✩➅✭➟✳P♠❭✳❘❦✲✎✯✼✮❞❄✾✴✎✐✹✴✦✿✔✲✎❄➎❭✾✐✫▼✌✭①❤⑧✯✦❭★➥t✴✦✿❲✿✦❭✳❘Ñ➡ → ➁❇➜❄➡ ➯ ➢①➊❸➳✖➲❃↔❑❭
➝ ➜❄➳ ➣ ➟✳P♠❭✳❘❦✲✎✯✼✮❞❄✾✴✎✐✹✴✦✿✔✲✎❄➎❭✾✐✫▼✌✭①❤⑧✯✦❭★➥t✴✦✿❲✿✦❭✳❘Ñ➡ ➣ ➁❇➜❄➡ ➯ ➢①➊❸➳❀➜✖➜✚❭
➝ ➜❄➳✖➲❂➟✵❘❀❭❝❘❀❭❝❘✸✲✎✻✠❏❝✐❝✴✦✿✔✲✎❄➎❭✾✐❛➁➦➾✶➡❀➜✁↔✎➊♣✐❝▼✌✭①❤⑧✯✦❭✫❳✒✴✦❥❶❭★➥t✴✦✿❲✿✦❭ ➯ ➲▲➁ → ➢✖➢✆➜✁➊✲➜❄➡❃↔➏➢⑧❭
➝ ➜❄➳❃↔✺➟✵❵⑦❭✳❖■❭✛P➇❅✹✴✺❄✕❄✾✴✦✶✺✐✬➵❨❅✫✻✦❄➎❭✫▼✌✭①❤⑧✯✦❭✫❘ → ➜❄➳❫➁❇➜❄➡ ➯ ➳❃➊ ➯✎➣ ❭
➝ ➜❄➳ ➯ ➟✵❘❀❭ ❘❨❭ ❘❦✲✎✻✠❏❝✐ ✴✦✿ ✲✎❄➎❭✾✐ ➁✏▼❆❖◗P❙❘✒P❯❚✫➊♣✐ ✯✼❅✫✽✳●❊✮✾✿❲✿❲✴✺✷ ✿❲❁ ▼✌✭①❤⑧✯✦❭ ❳✒✴✦❥❶❭ ➥③✴✦✿❲✿✦❭ ➔

✲✚✶→➪❨✮✾❥✌➫ý❂✞❅✫✻✦❄❼❷➄✴☛➑✳➉➏➢✚➅✑➢✑➡✭➢ → ➜❧➁ → ➢✖➢✚➅❑➊♣❭
➝ ➜❄➳✖➡❂➟❶❩♣❭❝➆◆❭❝❘✌✴✺✲✚✶♣✷✹✴✺❂✗✐✫✴✦✿✔✲✎❄➄❭✾✐❛➁✏❘❦❳✔❵❨❖❇P④❚✫➊♣✐✳▼✌✭①❤⑧✯✦❭✳❳✔✴✦❥❝❭✬➥t✴✦✿❲✿✦❭✓➡✖➳▲➁ → ➢✖➢✚➅❑➊✲➜÷➢ → ➳✭➢✆➜✚❭
➝ ➜☛➅✑➢➏➟❶❹⑤❭✳❘❦❅✫✯✼➓✺✲⑧✐✳❵⑦❭✵❚❶❭❝➆❨❁❃❄✕✷✫✭✳✲✚✽❶✴✦✶✁✐⑧▼✌✭①❤⑧✯✦❭✬➥t✴✦✿❲✿✦❭❝❘✉➜❄➳✖➡❫➁❇➜❄➡ ➯ ➅❑➊ → ➳ ➣ ❭
➝ ➜☛➅✬➜✙➟❶❹⑤❭✳❘❦❅✫✯✼➓✺✲⑧✐✳❳❯❭✬➥t✴✺✷✹❁❃❅⑧➑✵✐✳❵❀❂✳❂✗❭✹❳✒✴✦❥❶❭★➵❀❅✳✻✦❄➎❭✫▼②✲✚✶✼✿✦❭❶❚⑧✻✦✮➎❭★➳ ➯ ➁❇➜❄➡ ➯✖➯ ➊➼➜✖➜❄➡✞❭
➝ ➜☛➅ → ➟③➆◆❭❄õ✹❭✫❵❨❄✕❂✹✴✦✶✁✐✞✴✦✿❨✲✎❄➎❭✾✐t➁✢➨❨❵ ➣ ➊♣✐❶▼❆✭❑❤✞✯✦❭✫❳✔✴✦✰③❭❦➜ ➣ ➅➇➁❇➜❄➡ ➯ ↔✎➊ → ➅❑↔❑❭

✝❞✽ ✂



➝ ➜☛➅③➳❂➟✳õ✹❭✬➾✒❭❴➾❆❄✕✮✕✲✎✯✺✐✞✴✦✿❀✲✎❄➎❭✾✐t➁➦➾❘➜✁↔ ➯ ➊♣✐✵▼❆✭❑❤✞✯✺❭✫❳✒✴✦❥❶❭★➠ →✎→ ➁❇➜❄➡ ➯ ➢①➊✲➜❄➳✞❭
➝ ➜☛➅✎➅✭➟❶❹⑤❭✳❘❦❅✫✯✼➓✺✲⑧✐✫✴✦✿✔✲✎❄➎❭✾✐❛➁➦➾❸➜✁↔ ➯ ➊♣✐❝▼✌✭①❤⑧✯✦❭✫❳✒✴✦❥❶❭★➥t✴✦✿❲✿✦❭✓➳✩➅➇➁❇➜❄➡❃↔ ➣ ➊ ➯ ➳✖➲✞❭
➝ ➜☛➅ ➣ ➟❶❹⑤❭✳❘❦❅✫✯✼➓✺✲⑧✐✳❵❀✻☛✿✼✲❇▼❆✭❑❤✞✯✺❭✫▼❛❁❃❄➄❭✳❘ ➯ ➁❇➜❄➡❃↔✎↔✎➊❘➳✖➳✖➳✞❭
➝ ➜☛➅③➲❂➟✵❵⑦❭✳❘❦✮✕✲✄✂❄❞✲✎✯✦✐✛P♠❭❝❘✸❄✕✴✺✯❲➓✦❤☞ÿ❂✳✯❲❏✞✮➄✐✞❹❒❭❶❬✸➓✦❤✆☎➓✎✐★➵❨❅✫✻✦❄➎❭✫▼✌✭①❤⑧✯✦❭✫❘➹➜✖➜✖➜❇➁❇➜❄➡❃↔✭➲❃➊❡➅③➲❀➜✚❭
➝ ➜☛➅❑↔✺➟✳õ✹❭✹❹➂✭✫✮✾✿✼●❴❁✎✶✼✴✎✐✫▼✌✭①❤⑧✯✦❭✳❳✔✴✦✰③❭❲➜÷➢❫➁❇➜❄➡❃↔✉➅❑➊ → ↔✭➳✞❭
➝ ➜☛➅ ➯ ➟✳õ✹❭✹❹➂✭✫✮✾✿✼●❴❁✎✶✼✴✎✐✫▼✌✭①❤⑧✯✦❭✳❳✔✴✦✰③❭ → ↔❱➁❇➜❄➡❃↔✭➲❃➊✲➜ ➯ ↔❑❭
➝ ➜☛➅③➡❂➟✵❖⑦❭✳❘✞✝✚❢✎❢❃✮✕❄❞✷✗✐✫✬◗❭✫s✹✴✦✶✼✽✵✴✺❄➎✐✫❵❨❂✫❂✗❭✫❳✔✴✦❥❝❭❴➵❀❅✫✻✦❄➄❭❝❚⑧✻✦✮➎❭ → ➅❽➁❇➜❄➡❃↔✉➅❑➊ → ➅❑↔❑❭
➝ ➜ ➣ ➢➏➟✵❘❀❭❝❘❀❭❝❘✸✲✎✻✠❏❝✐❝✴✦✿✔✲✎❄➎❭✾✐❛➁✏▼✌❖❙P◗❘❡P⑦❚✫➊♣✐✫▼❆✭❑❤✞✯✺❭✫❳✒✴✦❥❶❭★➥③✴✦✿❲✿✦❭ ➯ ↔❱➁ → ➢✖➢✆➜✁➊➼➜÷➢ → ➳✭➢✑➳✞❭
➝ ➜ ➣ ➜✙➟✠➠■❭❝❖⑦❭✳❘✸✶✠✮❞✻✼❏❶✐✹✴✦✿✔✲✎❄➎❭✾✐❛➁➦➾ ➣ ➲ ➣ ➉ ➣ ↔➏➢①➊♣✐✵▼✌✭①❤⑧✯✦❭✫❳✔✴✦❥❝❭★➠➋➅✬➜❇➁❇➜❄➡✖➡✭➢①➊❀↔✭➲ ➣ ❭
➝ ➜ ➣✎→ ➟③❬❨❭✬➠❨✴✉P❫✲✚✶✼➓✦❁✹✐❶✴✦✿✔✲✎❄➎❭✾✐t➁➦➵❨❵ ➣ ➊♣✐❝▼❆✭❑❤⑧✯✦❭✳❳✒✴✦❥❶❭✬➠ → ➡▲➁❇➜❄➡ ➯ ➅❑➊ → ➅❑↔✭➲✞❭
➝ ➜ ➣ ➳❂➟③❬❨❭✫❖❀✲✎❄❞❄✕✮✾❈✸✴✺❄✕❄➎✐✞✴✦✿✔✲✎❄➎❭✾✐❛➁➦➾❸➜✁↔ ➯ ➊♣✐❝▼❆✭❑❤⑧✯✦❭✫❳✒✴✦❥❶❭★➥③✴✦✿❲✿✦❭✠➳✖➡▲➁❇➜❄➡❃↔✎↔✎➊✲➜☛➅③➡✖➡✞❭
➝ ➜ ➣ ➅✭➟✠➠■❭✵❚❶❭✫❘❦✲✚✶✼✿❲❁❃❂✗✐✫✴✦✿✔✲✎❄➄❭✾✐❛➁➦➾⑩➅ ➣ ➜✁➊♣✐❶▼❆✭❑❤✞✯✦❭❝❳✒✴✦❥❶❭✬➠ → ↔❱➁❇➜❄➡ ➯ ➳❃➊ →✎➣✖➯ ➢⑧❭
➝ ➜ ➣✎➣ ➟③➆◆❭❄õ✹❭✫❵❨❄✕❂✹✴✦✶✁✐✞✴✦✿❨✲✎❄➎❭✾✐t➁✢➨❨❵ ➣ ➊♣✐✳➶✤❭✫▼❆✭❑❤✞✯✺❭❶❬Ö➳✖➳❫➁❇➜❄➡ ➯ ➲❃➊✲➜✚❭
➝ ➜ ➣ ➲❂➟✵❖⑦❭❶❚⑧✿❲✴✺❂✹➓✦✴✺❄➎✐t➁✏❵➚➥❦➾❆▼✌❖❙➊♣✐✵❬✸❁❃❂①✿❲✶♣✮✾✽✳❅✹✿❲✴✺✷❧✰✳✲✚✰✵✴✦✶❡✿❲❁❊❩✼❬❦❖➚➾❆▼ → ➢✖➢✖➢➇➁ → ➢✖➢✖➢①➊♣❭
➝ ➜ ➣ ↔✺➟✵▼◗↔◗✬✒❖✔❩➐❵Ï●❊✲✎❂✞❅✫✲✎❄➎✐❶✬◗❭✵❚✉�✉ú❁❃✯❲✿❲✶✠✲✎❂✳✷✗✐❶❬✸❁❃●❴✰t❭❝▼❆✭❑❤⑧✯✦❭✵❬✸❁❃●q●❱❭ ➯✎→ ➁❇➜❄➡✖➡✩➅❑➊❙↔✉➅✹❭❻õ③➾❆✬❀❚❀➾✌✬

↔❑❭ ➅✢✮✕✯❡✻✦❅✹✶✼✶✠✴✺❂①✿✼❄✾❤✢✰✳✲✚✶✼✿❡❁✎❉✤✿✼✭✹✴⑦▼✄↔❙✬✔❖✔❩➐❵⑤✻☛❁⑧✷✹✴✎❭
➝ ➜ ➣✖➯ ➟✵❘❀❭❝❘❀❭❝❘✸✲✎✻✠❏❝✐❝✴✦✿✔✲✎❄➎❭✾✐❛➁✏▼✌❖❙P◗❘❡P⑦❚✫➊♣✐✫▼❆✭❑❤✞✯✺❭✫❳✒✴✦❥❶❭❶❬ ↔✄➜q➁ → ➢✖➢ ➣ ➊❘➢ → ➜❄➡✭➢✆➜❃➁✏❳❨➊♣❭
➝ ➜ ➣ ➡❂➟✵❵⑦❭➣P➾❭❀❳✔❁❃✯✼✯✼✮➎✐❙➆◆❭✔➈⑩✲✎❂✫❂✳✮✕❂✫✮➎✐❡❵■❭❀❘❦❅✫✯✼✯✼✮✕✶✼✴✎✐t➾✒❭❨❵❀❄✾✽❝✮✕❂✫✮➎✐P➠◆❭❸➠✡íý❵❀❄✕✴✺✯✼✯✼✲✎❂✫✷✹✶✠❁✹✐✔✲✎❂✫✷❒➆✆❭

➆◗✮✕✲✎✻☛❁❃●❴✴✺❄✕❄✕✮➄✐✬➵❀❅✫✻✦❄➄❭✫▼❆✭❑❤✞✯✦❭✫❘ ➯ ➅❽➁❇➜❄➡❃↔ ➣ ➊ → ➲✖➡✞❭
➝ ➜❄➲✭➢➏➟❻↕❴❭❝➆❙❅✹✴✦✿❲✿✼❄✾✴✦✶✁✐✫✴✦✿✔✲✎❄➎❭✾✐✬➵❨❅✫✻✦❄➎❭✫▼✌✭①❤⑧✯✦❭✳❘✉➜✖➜❄➲❫➁❇➜❄➡❃↔✭➲❃➊❨↔✎↔❑❭
➝ ➜❄➲❀➜✙➟✳P♠❭✳❘❦✲✎❂✫❂✫✴✦✶✺✐✹✴✦✿✔✲✎❄➎❭✾✐❛➁✢➨❨❵ → ➊♣✐❝▼❆✭❑❤⑧✯✦❭✬➥③✴✦✿❲✿✦❭❶❘❖➜ →✎→ ➁❇➜❄➡ ➯ ➳❃➊❘➳ →✎→ ❭
➝ ➜❄➲ → ➟✳P♠❭✳❵❀❢❃❅✫✮✕❄❞✲✚✶❲❷✄❘✸✴✺❂✫✮✾✿❲✴✦➓✎✐✹✴✦✿✔✲✎❄➎❭✾✐❻➶✤❭✫▼❆✭❑❤✞✯✺❭❝❬ ➣ ➢❫➁❇➜❄➡✖➡❀➜✁➊✒➅✑➢ ➣ ❭
➝ ➜❄➲✖➳❂➟③➆◆❭✳❵❀✶✠❂✫✮✕✯❲❁❃❂③✐✞✴✦✿❀✲✎❄➎❭✾✐t➁✢➨❀❵❛➜✁➊♣✐❝▼✌✭①❤⑧✯✦❭★➥t✴✦✿❲✿✦❭✳❘➹➜✖➜ ➯ ➁❇➜❄➡ ➯✎→ ➊✲➜❄➲❃↔❑❭
➝ ➜❄➲✩➅✭➟③❬❨❭✫❵❀❄✕✽✳✲ã�❲✲✚✶✁✐✹✴✦✿✔✲✎❄➎❭✾✐t➁✢➨❨❵◗➜✁➊♣✐✠➵❀❅✳✻✦❄➎❭✹▼❆✭❑❤✞✯✦❭❝❘Ö➳✖➳ ➣ ➁❇➜❄➡✖➡✭➢①➊ → ➲❀➜✚❭
➝ ➜❄➲ ➣ ➟③➆◆❭✳❘✸❁✞✻✦➙✞❅✹✴✦✿✦✐✫✴✦✿❀✲✎❄➎❭✾✐❛➁✢➨❨❵◗➜✁➊♣✐❶▼❆✭❑❤✞✯✦❭✬➥t✴✦✿❲✿✦❭❝❘❯➳✖➲✖➲❫➁❇➜❄➡✖➡✖➲❃➊✒➅③➳✩➅✹❭
➝ ➜❄➲✖➲❂➟✳õ✹❭✫❘✸✴✺❂✹✴✺✻✼❏✎✴✎✐✵✬◗❭✫✬◗❭✵❬❦✭✹❁❃❅✗✐✳❬❨❭✬➵■❭➠↔❆✲✎❂✹❢✹✐✓➾✒❭✎↔⑩✴✺❂✗✐✳▼✌✭①❤⑧✯✦❭✫❳✔✴✦❥❝❭❦➜ ➯✖➯ ➁❇➜❄➡✖➲✖➡❃➊ → ➜ ➣ ➡✞❭
➝ ➜❄➲❃↔✺➟✵✬◗❭✫✬◗❭❝❬❦✭✹❁❃❅③✐❝❬❨❭ ❷➂➵⑦❭❖↔❆✲✎❂✹❢✹✐✳▼❆✭❑❤⑧✯✦❭✳❳✒✴✦❥❶❭★➥t✴✦✿❲✿✦❭ →✎➣ ➁❇➜❄➡❃↔➏➢①➊✲➜÷➢①↔ → ❭
➝ ➜❄➲ ➯ ➟✵❳❯❭✫▼✤❭✳s✹✴✦❤⑧❂✫●❊✲✎❂✗✐❝▼❆✭❑❤✞✯✦❭✫❳✔✴✦❥❝❭❴➥③✴✦✿❲✿✦❭ → ➳❫➁❇➜❄➡✖➲✖➡❃➊➼➜☛➅✬➜ ➣ ❭
➝ ➜❄➲✖➡❂➟✵❳❯❭❛▼✤❭②s✹✴✦❤⑧❂✫●❊✲✎❂✗✐②▼❆✭✹❁✎✿❲❁❃❂✹❷✄❖❀✲✎✷✹✶✠❁❃❂♦❩➐❂❑✿❲✴✦✶✠✲✎✻☛✿✼✮✾❁❃❂✫✯❱➁❋❹❒❭ý❵⑦❭②❘✸✴✺❂✕�❲✲✎●q✮✕❂➾❩➐❂✫✻✚❭✾✐✶➜❄➡❃↔ → ➊■✰③❭

→ ➳❃↔✁❷ → ➅③➡✞❭

✝❞✽ �



➝ ➜✁↔➏➢➏➟✵✬◗❭✩❚✉�✉ú❁❃✯❲✿❲✶✠✲✎❂✫✷③✐✁▼✤❭❂➾❆✷①ÿ✴✺❂③✐✚❬❨❭✩s✹✶✠✮✾✽✵✴✦✶✼❢✹✐✺➥❆❭✺➥✻ú❁❃❂✳❂①✽✳❄❞✲✎✷✗✐✩➆◆❭✷P❫✮✕❅③✐✩❚❶❭ãP❫✶✼✴✺❂✫❂✫✲⑧✐➏➾✒❭✺➵❀❁✎✶✼✶✼✽❝✮✕❂✗✐
❬❦❁❃●❴✰③❭✫▼❆✭❑❤⑧✯✦❭❶❬✸❁❃●❊●▲❭❲➜❄➳ ➣ ➁ → ➢✖➢✆➜✁➊ → ➳ ➯ ❭

➝ ➜✁↔✄➜✙➟✵✬◗❭q❚✉�✴ú❁❃✯✼✿❲✶✠✲✎❂✫✷✗✐❚➥⑩❭❉➥✻ú❁❃❂✳❂①✽✳❄❞✲✎✷✗✐❴❚✵❭⑦P❫✶✼✴✺❂✫❂✫✲⑧✐❴▼✤❭❇❚✞❏✚✲✎❂✫✷✫✯✦✐✆✲✚✶✜➪❙✮✾❥✌➫ý✭✹✴✦✰✹❷➄✰✳✭❝➉➏➢✑➳✭➢ ➯ ➜ ➣ ➳
➁ → ➢✖➢✑➳❃➊♣❭

➝ ➜✁↔ → ➟❶❹⑤❭✳✬✔✭✹❁❃●❵ÿ✴✎✐✫✴✦✿✔✲✎❄➎❭✾✐❴➵❀❅✫✻✦❄➄❭✫▼❆✭❑❤✞✯✦❭✫❘➹➜ → ➡❫➁❇➜❄➡❃↔✎↔✎➊❘➳✖➲ ➣ ❭
➝ ➜✁↔✭➳❂➟✵▼❛❭❝❵✔✽✫✶✠✴✺❅✗✐⑧✴✦✿✔✲✎❄➎❭✾✐❛➁➦➠❜➾▼➥❛▼❆❖❀❩❲➊♣✐❝▼❆✭❑❤✞✯✦❭❴➥③✴✦✿❲✿✦❭✳❘➂➅ ➣ ➡▲➁❇➜❄➡✖➡✖➡❃➊❸➳✖➡❃↔❑❭
➝ ➜✁↔✉➅✭➟✵❘❀❭③❵❨❂✫✷✹✴✦✶♣✯✼✯❲❁❃❂✗✐✵✮✕❂④▼⑩✶✼❁⑧✻☛✴✦✴✺✷✫✮✕❂✫❢❃✯❀➈❨❩✼❩✒❩➐❂❑✿❲✴✦✶✠❂✫✲✚✿✼✮✾❁❃❂✫✲✎❄❆❬❦❁❃❄✕❄✾❁⑧➙❑❅✫✮❞❅✫● ❁❃❂✟P➇❅✫❄✾✿✼✮✾✰❝✲✚✶✼✿✼✮✕✻✦❄✾✴

❳✔✴✺✲✎✻☛✿✼✮✾❁❃❂✫✯✦✐❶✬❛❅✫✿❲➓✺✮✕❂✹❢✹✐❲➜❄➡❃↔✭➲✞✐❝✲✎❂✳✷❱✶✼✴✦❉❋✴✦✶✼✴✺❂✫✻☛✴✺✯❡✿✼✭✹✴✦✶✠✴✺✮✕❂✗❭
➝ ➜✁↔ ➣ ➟❻↕❴❭❙➆❨❁✎✿❲✿❲❉❋✶✠✮✾✴✺✷③✐❨✮✕❂❒▼⑩✶✠❁✞✻☛✴✦✴✺✷✫✮❞❂✹❢❃✯▲➈ß❩➐❂❑✿❲✴✦✶✠❂✫✲✚✿✼✮✾❁❃❂✫✲✎❄❴❬✸❁❃❄✕❄✕❁✞➙✞❅✫✮✕❅✫● ❁❃❂➩P➇❅✫❄✾✿✼✮✾✰❝✲✚✶✼✿✼✮✕✻✦❄✾✴

❳✔✴✺✲✎✻☛✿✼✮✾❁❃❂✫✯✦✐✌➨✔✰✳✰✳✯✼✲✎❄✕✲⑧✐❳➜❄➡❃↔✉➅✹❭
➝ ➜✁↔✭➲❂➟✠➵⑦❭★➵■❭✬➵❨✮✾❏✎❁❃❄✕✲✚✴✦❥❶✐❶❚✞❁✁❥❶❭❄õ✫❭✳▼②✲✚✶✼✿✦❭★➵❨❅✫✻✦❄➎❭❲➜ → ➁❇➜❄➡ ➯ ➜✁➊❸➲✖➳✞✐✳✲✎❂✫✷❱✶✠✴✦❉r✴✦✶✼✴✺❂✳✻☛✴✺✯✒✿✼✭✹✴✦✶✼✴✺✮❞❂✗❭
➝ ➜✁↔✎↔✺➟✠➥⑩❭✔❚✞✿❲❁⑧✷✹❁❃❄✕✯❲❏✞❤✎✐✸✮❞❂➶▼❆✶✼❁✞✻☛✴✦✴✺✷✳✮✕❂✹❢❃✯✢➈❀❩❇❩❪❂❑✿❲✴✦✶✠❂✫✲✚✿✼✮✕❁❃❂✫✲✎❄❯❬✸❁❃❄✕❄✾❁⑧➙❑❅✳✮✕❅✫● ❁❃❂✑P➇❅✫❄✾✿✼✮✾✰❝✲✚✶✼✿✼✮✕✻✦❄✾✴

❳✔✴✺✲✎✻☛✿✼✮✾❁❃❂✫✯✦✐✗P❀➑⑧❉r❁✎✶✠✷③✐✠➜❄➡❃↔ ➣ ❭
➝ ➜✁↔ ➯ ➟❶❩♣❭❝P❨✿❲✿❲✴✦✶♣❄✕❅✫❂✫✷✗✐⑧✴✦✿✔✲✎❄➄❭✾✐★➵❀❅✳✻✦❄➎❭✹▼❆✭❑❤✞✯✦❭❝❘❖➜☛➅ → ➁❇➜❄➡❃↔ ➯ ➊❡➅✎➅ ➣ ✐❶✲✎❂✫✷❱✶✼✴✦❉❋✴✦✶✼✴✺❂✫✻☛✴✺✯✒✿✼✭✹✴✦✶✼✴✺✮✕❂✗❭
➝ ➜✁↔✭➡❂➟③❚❶❭✫s✹✶✼✴✺✷✹✶♣✮✾❏✞✯✠✯❲❁❃❂✗✐⑧✴✦✿✔✲✎❄➎❭✾✐✳▼✌✭①❤⑧✯✦❭✫❳✔✴✦✰③❭❲➜☛➅✎➅❽➁❇➜❄➡ ➯ ↔✎➊✲➜ ➯ ↔❑✐❝✲✎❂✫✷▲✶✼✴✦❉r✴✦✶✠✴✺❂✫✻☛✴✺✯❡✿✼✭✹✴✦✶✼✴✺✮❞❂✗❭
➝ ➜ ➯ ➢➏➟❶❩♣❭❝➆◆❭❝❘✌✴✺✲✚✶♣✷✹✴✺❂✗✐✫✴✦✿✔✲✎❄➄❭✾✐❛➁✏❘❦❳✔❵❨❖❇P④❚✫➊♣✐✳✲✚✶✜➪❙✮✾❥✌➫ý❂❑❅✳✻✦❄❼❷➄✴☛➑✫➉➏➢✚➅✑➢✑➳✭➢ ➣ ➢❾➁ → ➢✖➢✚➅❑➊♣❭
➝ ➜ ➯ ➜✙➟❶❩♣❭❝➆◆❭❝❘✌✴✺✲✚✶♣✷✹✴✺❂✗✐✫✴✦✿✔✲✎❄➄❭✾✐❛➁✏❘❦❳✔❵❨❖❇P④❚✫➊♣✐✳▼✌✭①❤⑧✯✦❭★➥t✴✦✿❲✿✦❭✳❘ ➣✎→ ➳▲➁ → ➢✖➢✆➜✁➊ →✎→ ↔❑❭
➝ ➜ ➯✎→ ➟❶❩♣❭❝➆◆❭❝❘✌✴✺✲✚✶♣✷✹✴✺❂✗✐✫✴✦✿✔✲✎❄➄❭✾✐❛➁✏❘❦❳✔❵❨❖❇P④❚✫➊♣✐✳▼✌✭①❤⑧✯✦❭✳❳✔✴✦❥❝❭✬➥t✴✦✿❲✿✦❭ ➯✖➯ ➁ → ➢✖➢ → ➊ → ➢ → ➳✭➢✆➜✚❭
➝ ➜ ➯ ➳❂➟✵▼❛❭❶s✸❭✌↕◗❁❃❄✕✽③✐✳▼⑩✶✠❁✞✻☛✴✦✴✺✷✫✮❞❂✹❢❃✯✒❁✎❉✱✿✼✭✹✴❣➜✁↔✉✿✼✭❽❹❺✮✕❂❑✿❲✴✦✶❨❹❾❁✎✶✼❏✞✯✠✭✹❁✎✰➇❁❃❂❡➵❨❅✫✻✦❄✾✴✺✲✚✶❜➠❀❤⑧❂✫✲✎●❊✮❞✻✦✯✦✐

▼②✲✚✶✼❏♠❬❦✮✾✿⑨❤✽➨❀✿✼✲✎✭ → ➢✖➢✆➜✚❭t❵❨✻☛✿✼✲❱▼❆✭❑❤✞✯✦❭✗❖❨❅✫❂✹❢✹❭❳➵❀✴✦❈ ❚✞✴✦✶✺❭✗❖✔✴✺✲✁❥❑❤④❩❪❁❃❂④▼❆✭❑❤✞✯✦❭●➜ ➣ ➁ → ➢✖➢ → ➊
→ ↔✭➡❬➔❶✲✚✶✜➪❙✮✾❥❄➫ý❂✞❅✫✻✦❄❼❷➄✿✼✭❶➉➏➢✆➜÷➢✚➅✑➢ ➯ ➡➇➁ → ➢✖➢✆➜✁➊♣❭

➝ ➜ ➯ ➅✭➟✵❘❀❭❝❘❀❭❝❘✸✲✎✻✠❏❝✐❝✴✦✿✔✲✎❄➎❭✾✐❛➁✏▼✌❖❙P◗❘❡P⑦❚✫➊♣✐✫▼❆✭❑❤✞✯✺❭✫❳✒✴✦❥❶❭★➥③✴✦✿❲✿✦❭✠➡✩➅➇➁ → ➢✖➢ ➣ ➊➼➜ →✎→ ➳✭➢✑➳✞❭
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Abstract

We review the most important experimental results from the first three years
of nucleus-nucleus collision studies at RHIC, with emphasis on results from the
STAR experiment, and we assess their interpretation and comparison to theory.
The theory-experiment comparison suggests that central Au+Au collisions at RHIC
produce dense, rapidly thermalizing matter characterized by: (1) initial energy den-
sities above the critical values predicted by lattice QCD for establishment of a
Quark-Gluon Plasma (QGP); (2) nearly ideal fluid flow, marked by constituent
interactions of very short mean free path, established most probably at a stage
preceding hadron formation; and (3) opacity to jets. Many of the observations are
consistent with models incorporating QGP formation in the early collision stages,
and have not found ready explanation in a hadronic framework. However, the mea-
surements themselves do not yet establish unequivocal evidence for a transition to
this new form of matter. The theoretical treatment of the collision evolution, despite
impressive successes, invokes a suite of distinct models, degrees of freedom and as-
sumptions of as yet unknown quantitative consequence. We pose a set of important
open questions, and suggest additional measurements, at least some of which should
be addressed in order to establish a compelling basis to conclude definitively that
thermalized, deconfined quark-gluon matter has been produced at RHIC.
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1 Introduction

The Relativistic Heavy Ion Collider was built to create and investigate strongly
interacting matter at energy densities unprecedented in a laboratory setting
– matter so hot that neutrons, protons and other hadrons are expected to
“melt”. Results from the four RHIC experiments already demonstrate that
the facility has fulfilled its promise to reach such extreme conditions during
the early stages of nucleus-nucleus collisions, forming matter that exhibits
heretofore unobserved behavior. These results are summarized in this work and
in a number of excellent recent reviews [1–5]. They afford RHIC the exciting
scientific opportunity to discover the properties of matter under conditions
believed to pertain during a critical, though fleeting, stage of the universe’s
earliest development following the Big Bang. The properties of such matter
test fundamental predictions of Quantum ChromoDynamics (QCD) in the
non-perturbative regime.

In this document we review the results to date from RHIC experiments, with
emphasis on those from STAR, in the context of a narrower, more pointed
question. The specific prediction of QCD most often highlighted in discussions
of RHIC since its conception is that of a transition from hadronic matter to a
Quark-Gluon Plasma (QGP) phase, defined below. Recent theoretical claims
[6–8] that a type of QGP has indeed been revealed by RHIC experiments and
interest in this subject by the popular press [9,10] make it especially timely to
evaluate where we are with respect to this particular goal. The present paper
has been written in response to a charge (see Appendix A) from the STAR
Collaboration to itself, to assess whether RHIC results yet support a com-
pelling discovery claim for the QGP, applying the high standards of scientific
proof merited by the importance of this issue. We began this assessment before
the end of the fourth successful RHIC running period, and we have based our
evaluation on results from the first three RHIC runs, which are often dramatic,
sometimes unexpected, and generally in excellent agreement among the four
RHIC experiments (and we utilize results from all of the experiments here).
Since we began, some analyses of data from run 4 have progressed to yield
publicly presented results that amplify or quantify some of our conclusions in
this work, but do not contradict any of them.

In addressing our charge, it is critical to begin by defining clearly what we
mean by the QGP, since theoretical expectations of its properties have evolved
significantly over the 20 years since the case for RHIC was first made. For our
purposes here, we take the QGP to be a (locally) thermally equilibrated
state of matter in which quarks and gluons are deconfined from
hadrons, so that color degrees of freedom become manifest over
nuclear, rather than merely nucleonic, volumes. In concentrating on
thermalization and deconfinement, we believe our definition to be consistent
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with what has been understood by the physics community at large since RHIC
was first proposed, as summarized by planning documents quoted in Appendix
B. In particular, thermalization is viewed as a necessary condition to be dealing
with a state of matter, whose properties can be meaningfully compared to
QCD predictions or applied to the evolution of the early universe. Observation
of a deconfinement transition has always been a primary goal for RHIC, in the
hope of illuminating the detailed mechanism of the normal color confinement
in QCD. For reasons presented below, we do significantly omit from our list
of necessary conditions some other features discussed as potentially relevant
over the years since RHIC’s conception.

• We do not demand that the quarks and gluons in the produced matter be
non-interacting, as has been considered in some conceptions of the QGP.
Lattice QCD calculations suggest that such an ideal state may be ap-
proached in static bulk QGP matter only at temperatures very much higher
than that required for the deconfinement transition. Furthermore, attain-
ment of thermalization on the ultra-short timescale of a RHIC collision
must rely on frequent interactions among the constituents during the earli-
est stages of the collision – a requirement that is not easily reconcilable with
production of an ideal gas. While the absence of interaction would allow con-
siderable simplifications in the calculation of thermodynamic properties of
the matter, we do not regard this as an essential feature of color-deconfined
matter. In this light, some have suggested [6–8] that we label the matter
we seek as the sQGP, for strongly-interacting Quark-Gluon Plasma. Since
we regard this as the form of QGP that should be normally anticipated, we
consider the ‘s’ qualifier to be superfluous.

• We do not require evidence of a first- or second-order phase transition, even
though early theoretical conjecture [11] often focused on possible QGP sig-
natures involving sharp changes in experimental observables with collision
energy density. In fact, the nature of the predicted transition from hadron
gas to QGP has only been significantly constrained by quite recent theory.
Our definition allows for a QGP discovery in a thermodynamic regime be-
yond a possible critical point. Most modern lattice QCD calculations indeed
suggest the existence of such a critical point at baryon densities well above
those where RHIC collisions appear to first form the matter. Nonetheless,
such calculations still predict a rapid (but unaccompanied by discontinuities
in thermodynamic observables) crossover transition in the bulk properties
of strongly interacting matter at zero baryon density.

• We consider that evidence for chiral symmetry restoration would be suf-
ficient to demonstrate a new form of matter, but is not necessary for a
compelling QGP discovery. Most lattice QCD calculations do predict that
this transition will accompany deconfinement, but the question is certainly
not definitively decided theoretically. If clear evidence for deconfinement
can be provided by the experiments, then the search for manifestations
of chiral symmetry restoration will be one of the most profound goals of
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further investigation of the matter’s properties, as they would provide the
clearest evidence for fundamental modifications to the QCD vacuum, with
potentially far-reaching consequences.

The above “relaxation” of demands, in comparison to initial expectations be-
fore initiation of the RHIC program, makes a daunting task even more chal-
lenging. The possible absence of a first- or second-order phase transition re-
duces hopes to observe some well-marked changes in behavior that might serve
as an experimental “smoking gun” for a transition to a new form of matter.
Indeed, even if there were a sharp transition as a function of bulk matter tem-
perature, it would be unlikely to observe non-smooth behavior in heavy-ion
collisions, which form finite-size systems spanning some range of local temper-
atures even at fixed collision energy or centrality. We thus have to rely more
heavily for evidence of QGP formation on the comparison of experimental
results with theory. But theoretical calculation of the properties of this mat-
ter become subject to all the complexities of strong QCD interactions, and
hence to the technical limitations of lattice gauge calculations. Even more sig-
nificantly, these QCD calculations must be supplemented by other models to
describe the complex dynamical passage of heavy-ion collision matter into and
out of the QGP state. Heavy ion collisions represent our best opportunity to
make this unique matter in the laboratory, but we place exceptional demands
on these collisions: they must not only produce the matter, but then must
serve “pump and probe” functions somewhat analogous to the modern gener-
ation of condensed matter instruments – and they must do it all on distance
scales of femtometers and a time scale of 10−23 seconds!

There are two basic classes of probes at our disposal in heavy ion collisions. In
studying electroweak collision products, we exploit the absence of final-state
interactions (FSI) with the evolving strongly interacting matter, hoping to iso-
late those produced during the early collision stages and bearing the imprints
of the bulk properties characterizing those stages. But we have to deal with
the relative scarcity of such products, and competing origins from hadron de-
cay and interactions during later collision stages. Most of the RHIC results to
date utilize instead the far more abundant produced hadrons, where one ex-
ploits (but then must understand) the FSI. It becomes critical to distinguish
partonic FSI from hadronic FSI, and to distinguish both from initial-state
interactions and the effects of (so far) poorly understood parton densities at
very low momentum fraction in the entrance-channel nuclei. Furthermore, the
formation of hadrons from a QGP involves soft processes (parton fragmen-
tation and recombination) that cannot be calculated from perturbative QCD
and are a priori not well characterized (nor even cleanly separable) inside hot
strongly interacting matter.

In light of all these complicating features, it is remarkable that the RHIC ex-
periments have already produced results that appear to confirm some of the
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more striking, and at least semi-quantitative, predictions made on the basis of
QGP formation! Other, unexpected, RHIC results have stimulated new models
that explain them within a QGP-based framework. The most exciting results
reveal phenomena not previously observed or explored at lower center-of-mass
energies, and indeed are distinct from the observations on which a circumstan-
tial case for QGP formation was previously argued at CERN [12]. In order to
assess whether a discovery claim is now justified, we must judge the robust-
ness of both the new experimental results and the theoretical predictions they
seem to bear out. Do the RHIC data demand a QGP explanation? Can they
alternatively be accounted for in a hadronic framework? Are the theories and
models used for the predictions mutually compatible? Are those other experi-
mental results that currently appear to deviate from theoretical expectations
indicative of details yet to be worked out, or rather of fundamental problems
with the QGP explanation?

We organize our discussion as follows. In Chapter 2 we briefly summarize
the most relevant theoretical calculations and models, their underlying as-
sumptions, limitations and most robust predictions. We thereby identify the
crucial QGP features we feel must be demonstrated experimentally to justify
a compelling discovery claim. We divide the experimental evidence into two
broad areas in Chapters 3-4, focusing first on what we have learned about the
bulk thermodynamic properties of the early stage collision matter from such
measures as hadron spectra, collective flow and correlations among the soft
hadrons that constitute the vast majority of outgoing particles. We discuss
the consistency of these results with thermalization and the exposure of new
(color) degrees of freedom. Next we provide an overview of the observations
of hadron production yields and angular correlations at high transverse mo-
mentum (pT & 4 GeV/c), and what they have taught us about the nature of
FSI in the collision matter and their bearing on deconfinement. In discussing
the evidence, we occasionally rely on preliminary STAR data presented at
conferences or in preprints, but not yet published on their own. While it is
conceivable that small changes may yet occur in the precise values or uncer-
tainties of experimental results in the preliminary figures, we are confident that
the conclusions drawn from these data in this paper would not be affected.

In Chapter 5 we focus on open questions for experiment and theory, on im-
portant crosschecks and quantifications, on predictions not yet borne out by
experiment and experimental results not yet accommodated by theory. Finally,
we provide in Chapter 6 an extended summary, conclusions and outlook, with
emphasis on additional measurements and theoretical improvements that we
feel are needed to strengthen the case for QGP formation. The summary of
results in Chap. 6 is extended so that readers already familiar with most of
the theoretical and experimental background material covered in Chaps. 2-5
can skip to the concluding section without missing the arguments central to
our assessment of the evidence.
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The STAR detector and its capabilities have been described in detail else-
where [13], and will not be discussed.
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2 Predicted Signatures of the QGP

The promise, and then the delivery, of experimental results from the AGS, SPS
and RHIC have stimulated impressive and important advances over the past
decade in the theoretical treatment of the thermodynamic and hydrodynamic
properties of hot strongly interacting matter and of the propagation of partons
through such matter. However, the complexities of heavy-ion collisions and of
hadron formation still lead to a patchwork of theories and models to treat the
entire collision evolution, and the difficulties of the strong interaction introduce
significant quantitative ambiguities in all aspects of this treatment. In support
of a possible compelling QGP discovery claim, we must then identify the
most striking qualitative predictions of theory, which survive the quantitative
ambiguities, and we must look for a congruence of various observations that
confirm such robust predictions. In this chapter, we provide a brief summary
of the most important pieces of the theoretical framework, their underlying
assumptions and quantitative limitations, and what we view as their most
robust predictions. Some of these predictions will then be compared with RHIC
experimental results in later chapters.

2.1 Features of the Phase Transition in Lattice QCD

The phase diagram of bulk thermally equilibrated strongly interacting mat-
ter should be described by QCD. At sufficiently high temperature one must
expect hadrons to “melt”, deconfining quarks and gluons. The exposure of
new (color) degrees of freedom would then be manifested by a rapid increase
in entropy density, hence in pressure, with increasing temperature, and by a
consequent change in the equation of state (EOS). In the limit where the de-
confined quarks and gluons are non-interacting, and the quarks are massless,
the (Stefan-Boltzmann) pressure PSB of this partonic state, as a function of
temperature T at zero chemical potential (i.e., zero net quark density), would
be simply determined by the number of degrees of freedom [2]:

PSB

T 4
= [2(N2

c − 1) +
7

2
NcNf ]

π2

90
, (1)

where Nc is the number of colors, Nf the number of quark flavors, the tem-
perature is measured in energy units (throughout this paper), and we have
taken ~ = c = 1. The two terms on the right in Eq. 1 represent the gluon
and quark contributions, respectively. Refinements to this basic expectation,
to incorporate effects of color interactions among the constituents, as well as
of non-vanishing quark masses and chemical potential, and to predict the loca-
tion and nature of the transition from hadronic to partonic degrees of freedom,
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are best made via QCD calculations on a space-time lattice (LQCD).

In order to extract physically relevant predictions from LQCD calculations,
these need to be extrapolated to the continuum (lattice spacing → 0), chiral
(actual current quark mass) and thermodynamic (large volume) limits. While
computing power limitations have restricted the calculations to date to num-
bers of lattice points that are still considered somewhat marginal from the
viewpoint of these extrapolations [2], enormous progress has been made in
recent years. Within the constraints of computing cost, there have been im-
portant initial explorations of sensitivity to details of the calculations [2]: e.g.,
the number and masses of active quark flavors included; the technical treat-
ment of quarks on the lattice; the presence or absence of the UA(1) anomaly in
the QGP state. Additional numerical difficulties have been partially overcome
to allow first calculations at nonzero chemical potential and to improve the
determination of physical quark mass scales for a given lattice spacing [2].

  0
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P/T
4

P    /T
4
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T [MeV]

3 flavor
2+1 flavor

2 flavor

pure gauge

100 200 300 400 500 600

Fig. 1. LQCD calculation results from Ref. [14] for the pressure divided by T 4 of
strongly interacting matter as a function of temperature, and for several different
choices of the number of dynamical quark flavors. The arrows near the right axis
indicate the corresponding Stefan-Boltzmann pressures for the same quark flavor
assumptions.

Despite the technical complications, LQCD calculations have converged on
the following predictions:

• There is indeed a predicted transition of some form between a hadronic and
a QGP phase, occurring at a temperature in the vicinity of Tc ≃ 160 MeV
for zero chemical potential. The precise value of the transition temperature
depends on the treatment of quarks in the calculation.

• The pressure divided by T 4 rises rapidly above Tc, then begins to saturate by
about 2Tc, but at values substantially below the Stefan-Boltzmann limit (see
Fig. 1) [14]. The deviation from the SB limit indicates substantial remaining
interactions among the quarks and gluons in the QGP phase.

• Above Tc, the effective potential between a heavy quark-antiquark pair
takes the form of a screened Coulomb potential, with screening mass (or
inverse screening length) rising rapidly as temperature increases above Tc
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Fig. 2. Temperature-dependence of the heavy-quark screening mass (divided by tem-
perature) as a function of temperature (in units of the phase transition temperature),
from LQCD calculations in Ref. [15]. The curves represent perturbative expectations
of the temperature-dependence.

(see Fig. 2) [15]. As seen in the figure, the screening mass deviates strongly
from perturbative QCD expectations in the vicinity of Tc, indicating large
non-perturbative effects. The increased screening mass leads to a shorten-
ing of the range of the qq interaction, and to an anticipated suppression
of charmonium production, in relation to open charm [16]. The predicted
suppression appears to set in at substantially different temperatures for J/ψ
(1.5 − 2.0Tc) and ψ′ (∼ 1.0Tc) [17].

• In most calculations, the deconfinement transition is also accompanied by
a chiral symmetry restoration transition, as seen in Fig. 3 [14]. The re-
duction in the chiral condensate leads to significant predicted variations
in in-medium meson masses. These are also affected by the restoration of
UA(1) symmetry, which occurs at higher temperature than chiral symmetry
restoration in the calculation of Fig. 3.

• The nature of the transition from hadronic to QGP phase is highly sensitive
to the number of dynamical quark flavors included in the calculation and
to the quark masses [18]. For the most realistic calculations, incorporating
two light (u, d) and one heavier (s) quark flavor relevant on the scale of
Tc, the transition is most likely of the crossover type (with no discontinu-
ities in thermodynamic observables – as opposed to first- or second-order
phase transitions) at zero chemical potential, although the ambiguities in
tying down the precise values of quark masses corresponding to given lattice
spacings still permit some doubt.

• Calculations at non-zero chemical potential, though not yet mature, suggest
the existence of a critical point such as that illustrated in Fig. 4 [19]. The
numerical challenges in such calculations leave considerable ambiguity about
the value of µB at which the critical point occurs (e.g., it changes from
µB ≈ 700 to 350 MeV between Refs. [20] and [19]), but it is most likely
above the value at which RHIC collision matter is formed, consistent with
the crossover nature of the transition anticipated at RHIC.

• Even for crossover transitions, the LQCD calculations still predict a rapid
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temperature-dependence of the thermodynamic properties, as revealed in
all of the figures considered above. However, in basing experimental ex-
pectations on this feature, it must be kept in mind that the early collision
temperature varies slowly with collision energy and is not directly measured
by any of the probes studied most extensively to date.
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Fig. 3. LQCD calculations for two dynamical quark flavors [14] showing the coinci-
dence of the chiral symmetry restoration (marked by the rapid decrease of chiral con-
densate 〈ψψ〉 in the upper right-hand frame) and deconfinement (upper left frame)
phase transitions. The lower plot shows that the chiral transition leads toward a
mass degeneracy of the pion with scalar meson masses. All plots are as a function
of the bare coupling strength β used in the calculations; increasing β corresponds to
decreasing lattice spacing and to increasing temperature.

2.2 Hydrodynamic Signatures

In order to determine how the properties of bulk QGP matter, as determined
in LQCD calculations, may influence observable particle production spectra
from RHIC collisions, one needs to model the time evolution of the collision
“fireball”. To the extent that the initial interactions among the constituents
are sufficiently strong to establish local thermal equilibrium rapidly, and then
to maintain it over a significant evolution time, the resulting matter may be
treated as a relativistic fluid undergoing collective, hydrodynamic flow [3].
The application of hydrodynamics for the description of hadronic fireballs
has a long history [21,22]. Relativistic hydrodynamics has been extensively
applied to heavy ion collisions from BEVALAC to RHIC [3,22,23], but with
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Fig. 4. LQCD calculation results for non-zero chemical potential [19], suggesting the
existence of a critical point well above RHIC chemical potential values. The solid
line indicates the locus of first-order phase transitions, while the dotted curve marks
crossover transitions between the hadronic and QGP phases.

the most striking successes at RHIC. The applicability of hydrodynamics at
RHIC may provide the clearest evidence for the attainment of local thermal
equilibrium at an early stage in these collisions. (On the other hand, there
are alternative, non-equilibrium treatments of the fireball evolution that have
also been compared to RHIC data [24].) The details of the hydrodynamic
evolution are clearly sensitive to the EOS of the flowing matter, and hence
to the possible crossing of a phase or crossover transition during the system
expansion and cooling. It is critical to understand the relative sensitivity to
the EOS as compared with that to other assumptions and parameters of the
hydrodynamic treatment.

Traditional hydrodynamics calculations cannot be applied to matter not in
local thermal equilibrium, hence they must be supplemented by more phe-
nomenological treatments of the early and late stages of the system evolution.
These parameterize the initial conditions for the hydrodynamic flow and the
transition to freezeout, where the structureless matter flow is converted into
final hadron spectra. Since longitudinal flow is especially sensitive to initial
conditions beyond the scope of the theory, most calculations to date have con-
centrated on transverse flow, and have assumed longitudinal boost-invariance
of the predictions [3]. Furthermore, it is anticipated that hadrons produced
at sufficiently high transverse momentum in initial partonic collisions will not
have undergone sufficient rescatterings to come to thermal equilibrium with
the surrounding matter, so that hydrodynamics will be applicable at best only
for the softer features of observed spectra. Within the time range and momen-
tum range of its applicability, most hydrodynamics calculations to date have
treated the matter as an ideal, non-viscous fluid. The motion of this fluid is
completely determined given the three components of the fluid velocity ~v, the
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pressure (P ) and the energy and baryon densities (e and nB). The hydrody-
namic equations of motion for an ideal fluid are derived from the exact local
conservation laws for energy, momentum, and baryon number by assuming an
ideal-fluid form for the energy-momentum tensor and baryon number current;
they are closed by an equation of state P (e, nB) [21].
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Fig. 5. Pressure as a function of energy density at vanishing net baryon density for
three different equations of state of strongly interacting matter: a Hagedorn reso-
nance gas (EOS H), an ideal gas of massless partons (EOS I) and a connection of
the two via a first-order phase transition at Tc=164 MeV (EOS Q). These EOS are
used in hydrodynamics calculations in Ref. [3], from which the figure is taken.

The EOS in hydrodynamics calculations for RHIC has been implemented us-
ing simplified models inspired by LQCD results, though not reproducing their
details. One example is illustrated by the solid curve in Fig. 5, connecting an
ideal gas of massless partons at high temperature to a Hagedorn hadron res-
onance gas [25] at low temperatures, via a first-order phase transition chosen
to ensure consistency with (µB = 0) LQCD results for critical temperature
and net increase in entropy density across the transition [3]. In this imple-
mentation, the slope ∂P/∂e (giving the square of the velocity of sound in
the matter) exhibits high values for the hadron gas and, especially, the QGP
phases, but has a soft point at the mixed phase [3,22]. This generic softness
of the EOS during the assumed phase transition has predictable consequences
for the system evolution.

In heavy ion collisions, the measurable quantities are the momenta of the
produced particles at the final state and their correlations. Transverse flow
measures are key observables to compare quantitatively with model predic-
tions in studying the EOS of the hot, dense matter. In non-central collisions,
the reaction zone has an almond shape, resulting in azimuthally anisotropic
pressure gradients, and therefore a nontrivial elliptic flow pattern. Experimen-
tally, this elliptic flow pattern is usually measured using a Fourier decompo-
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Q

Fig. 6. Hydrodynamics calculations for the time evolution of the spatial eccentricity
ǫx and the momentum anisotropy ǫp for non-central (7 fm impact parameter) Au+Au
collisions at RHIC [3]. The solid and dashed curves result, respectively, from use of
EOS Q and EOS I from Fig. 5. The gradual removal of the initial spatial eccentricity
by the pressure gradients that lead to the buildup of ǫp reflects the self-quenching
aspect of elliptic flow. The time scale runs from initial attainment of local thermal
equilibrium through freezeout in this calculation.

sition of momentum spectra relative to the event-by-event reaction plane, in
which the second Fourier component v2 is the dominant contribution. The
important feature of elliptic flow is that it is “self-quenching” [26,27], be-
cause the pressure-driven expansion tends to reduce the spatial anisotropy
that causes the azimuthally anisotropic pressure gradient in the first place.
This robust feature is illustrated in Fig. 6, which compares predictions for
the spatial and resulting momentum eccentricities as a function of time dur-
ing the system’s hydrodynamic evolution, for two different choices of EOS [3].
The self-quenching makes the elliptic flow particularly sensitive to earlier colli-
sion stages, when the spatial anisotropy and pressure gradient are the greatest.
In contrast, hadronic interactions at later stages may contribute significantly
to the radial flow [28,29].

The solid momentum anisotropy curve in Fig. 6 also illustrates that entry into
the soft EOS mixed phase during a transition from QGP to hadronic mat-
ter stalls the buildup of momentum anisotropy in the flowing matter. An even
more dramatic predicted manifestation of this stall is shown by the dependence
of pT -integrated elliptic flow on produced hadron multiplicity in Fig. 7, where
a dip is seen under conditions where the phase transition occupies most of the
early collision stage. Since the calculations are carried out for a fixed impact
parameter, measurements to confirm such a dip would have to be performed
as a function of collision energy. In contrast to early (non-hydrodynamic) pro-
jections of particle multiplicities at RHIC (represented by horizontal arrows
in Fig. 7), we now know that the multiplicity at the predicted dip is approx-
imately achieved for appropriate centrality in RHIC Au+Au collisions at full
energy. However, comparisons of predicted with measured excitation functions
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Fig. 7. Predicted hydrodynamic excitation function of pT -integrated elliptic (v2, solid
curve, left axis) and radial (〈〈v⊥〉〉, dashed, right axis) flow for non-central Pb+Pb
collisions [30]. The calculations assume a sharp onset for freezeout along a surface of
constant energy density corresponding to temperature ≈ 120 MeV. The soft phase
transition stage in EOS Q gives rise to a dip in the elliptic flow. The horizontal
arrows at the bottom reflect early projections of particle multiplicity for different
facilities, but we now know that RHIC collisions produce multiplicities in the vicinity
of the predicted dip.

for elliptic flow are subject to an overriding ambiguity concerning where and
when appropriate conditions of initial local thermal equilibrium for hydrody-
namic applicability are actually achieved. Hydrodynamics itself has nothing
to say concerning this issue.
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Fig. 8. Hydrodynamics predictions [32] of the pT and mass-dependences of the elliptic
flow parameter v2 for identified final hadrons from Au+Au collisions at

√
sNN=130

GeV. The calculations employ EOS Q (see Fig. 5) and freezeout near 120 MeV.

One can alternatively attain sensitivity to the EOS in measurements for given
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collision energy and centrality by comparing to the predicted dependence of
elliptic flow strength on hadron pT and mass (see Fig. 8). The mass-dependence
is of simple kinematic origin [3], and is thus a robust feature of hydrodynamics,
but its quantitative extent, along with the magnitude of the flow itself, depends
on the EOS [3].

Of course, the energy- and mass-dependence of v2 can also be affected by
species-specific hadronic FSI at and close to the freezeout where the particles
decouple from the system, and hydrodynamics is no longer applicable [28,29].
A combination of macroscopic and microscopic models, with hydrodynamics
applied at the early partonic and mixed-phase stages and a hadronic transport
model such as RQMD [31] at the later hadronic stage, may offer a more re-
alistic description of the whole evolution than that achieved with a simplified
sharp freezeout treatment in Figs. 6,7,8. The combination of hydrodynam-
ics with RQMD [29] has, for example, led to predictions of a substantially
different, and monotonic, energy-dependence of elliptic flow, as can be seen
by comparing Fig. 9 to Fig. 7. The difference between the two calculations
may result primarily [6] from the elimination in [29] of the assumption of
ideal fluid expansion even in the hadronic phase. In any case, this compari-
son suggests that the energy dependence of elliptic flow in the quark-hadron
transition region is at least as sensitive to the late hadronic interaction details
as to the softening of the EOS in the mixed-phase region. Flow for multi-
strange and charmed particles with small hadronic interaction cross sections
may provide more selective sensitivity to the properties of the partonic and
mixed phases [29,33,34]. There may be non-negligible sensitivity as well to the
addition of such other complicating features as viscosity [35] and deviations
from longitudinal boost-invariance, studies of the latter effect requiring com-
putationally challenging (3+1)-dimensional hydrodynamics calculations [36].
Certainly, the relative sensitivities to EOS variations vs. treatments of viscos-
ity, boost-invariance, and the evolution of the hadronic stage must be clearly
understood in order to interpret agreement between hydrodynamics calcula-
tions and measured flow.

In addition to predicting one-body hadron momentum spectra as a function
of many kinematic variables, hydrodynamic evolution of the matter is also rel-
evant for understanding two-hadron Hanbury-Brown-Twiss (HBT) quantum
correlation functions [5]. From these correlation measurements one can extract
information concerning the size and shape of the emitting surface at freezeout,
i.e., at the end of the space-time evolution stage treated by hydrodynamics.
While the detailed comparison certainly depends on improving models of the
freezeout stage, it is reasonable to demand that hydrodynamics calculations
consistent with the one-body hadron measurements be also at least roughly
consistent with HBT results.
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Fig. 9. Predictions [29] from a hybrid hydrodynamics-RQMD approach for the elliptic
flow as a function of charged particle multiplicity in Pb+Pb collisions at an impact
parameter b = 6 fm. Curves for different choices of EOS (LH8 is most similar to
EOS Q in Fig. 7) are compared to experimental results derived [29] from SPS and
RHIC measurements. The replacement of a simplified freezeout model for all hadron
species and of the assumption of ideal hadronic fluid flow with the RQMD hadron
cascade appears to remove any dip in v2 values, such as seen in Fig. 7.

2.3 Statistical Models

The aim of statistical models is to derive the equilibrium properties of a macro-
scopic system from the measured yields of the constituent particles [37,38].
Statistical models, however, do not describe how a system approaches equilib-
rium [38]. Hagedorn [25] and Fermi [39] pioneered their application to comput-
ing particle production yield ratios in high energy collisions, where conserved
quantities such as baryon number and strangeness play important roles [40].
Statistical methods have become an important tool to study the properties
of the fireball created in high energy heavy ion collisions [37,41], where they
succeed admirably in reproducing measured yield ratios. Can this success be
taken as evidence that the matter produced in these collisions has reached
thermal and chemical equilibrium before hadronization? Can the temperature
and chemical potential values extracted from such statistical model fits be
interpreted as the equilibrium properties of the collision matter?

The answer to both of the above questions is “not on the basis of fits to in-
tegrated yields alone.” The essential condition for applicability of statistical
models is phase-space dominance in determining the distribution of a sys-
tem with many degrees of freedom among relatively few observables [39,42],
and this does not necessarily reflect a process of thermodynamic equilibration
via interactions of the constituents. Indeed, statistical model fits can describe
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the observed hadron abundances well (albeit, only by including a strangeness
undersaturation factor, γs < 1) in p+p, e+ + e− and p+A collisions, where
thermal and chemical equilibrium are thought not to be achieved [37] . It is
thus desirable to distinguish a system driven towards thermodynamic equilib-
rium from one born at hadronization with statistical phase space distributions,
where “temperature” and “chemical potential” are simply Lagrange multipli-
ers [43]. In order to make this distinction, it is necessary and sufficient to
measure the extensive interactions among particles and to observe the change
from canonical ensemble in a small system with the size of a nucleon (p+p,
e+ + e−) and tens of produced particles, to grand canonical ensemble in a
large system with extended volume and thousands of produced particles (cen-
tral Au+Au) [37,40].

The evolution of the system from canonical to grand canonical ensemble can
be observed, for example, via multi-particle correlations (especially of parti-
cles constrained by conservation laws [42]) or by the centrality dependence
of the strangeness suppression factor γs. The interactions among constituent
particles, necessary to attainment of thermal equilibrium, can be measured by
collective flow of many identified particles [29,44] and by resonance yields [45]
that follow their hadronic rescattering cross sections. (Collective flow and res-
onance formation could, in principle, proceed via the dominant hadronic inter-
actions that do not change hadron species, and hence are not strictly sufficient
to establish chemical equilibration among hadrons, which would have to rely
on relatively weak inelastic processes [43].)

If other measurements confirm the applicability of a grand canonical ensemble,
then the hadron yield ratios can be used to extract the temperature and chem-
ical potential of the system [37] at chemical freezeout. The latter is defined
as the stage where hadrons have been created and the net numbers of stable
particles of each type no longer change in further system evolution. These
values place constraints on, but do not directly determine, the properties of
the matter when thermal equilibrium was first attained in the wake of the
collision. Direct measurement of the temperature at this early stage requires
characterization of the yields of particles such as photons that are produced
early but do not significantly interact on their way out of the collision zone.

2.4 Jet Quenching and Parton Energy Loss

Partons from the colliding nuclei that undergo a hard scattering in the initial
stage of the collision provide colored probes for the colored bulk matter that
may be formed in the collision’s wake. It was Bjorken [46] who first suggested
that partons traversing bulk partonic matter might undergo significant energy
loss, with observable consequences on the parton’s subsequent fragmentation
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into hadrons. More recent theoretical studies have demonstrated that the elas-
tic parton scattering contribution to energy loss first contemplated by Bjorken
is likely to be quite small, but that gluon radiation induced by passage through
the matter may be quite sizable [4]. Such induced gluon radiation would be
manifested by a significant softening and broadening of the jets resulting from
the fragmentation of partons that traverse substantial lengths of matter con-
taining a high density of partons – a phenomenon called “jet quenching”. As
will be documented in later chapters, some of the most exciting of the RHIC
results reveal jet quenching features quite strikingly. It is thus important to
understand what features of this phenomenon may distinguish parton energy
loss through a QGP from other possible sources of jet softening and broaden-
ing.

Several different theoretical evaluations of the non-Abelian radiative energy
loss of partons in dense, but finite, QCD matter have been developed [47–50].
They give essentially consistent results, including the non-intuitive prediction
that the energy loss varies with the square (L2) of the thickness traversed
through static matter, as a consequence of destructive interference effects in
the coherent system of the leading quark and its first radiated gluon as they
propagate through the matter. The overall energy loss is reduced, and the L-
dependence shifted toward linearity, by the expansion of the matter resulting
from heavy ion collisions. The significant deformation of the collision zone for
non-central collisions, responsible for the observed elliptic flow (hence also for
an azimuthal dependence of the rate of matter expansion), should give rise to
a significant variation of the energy loss with angle with respect to the impact
parameter plane. The scale of the net energy loss depends on factors that
can all be related to the rapidity density of gluons (dNg/dy) in the matter
traversed.

The energy loss calculated via any of these approaches is then embedded in
a perturbative QCD (pQCD) treatment of the hard parton scattering. The
latter treatment makes the standard factorization assumption (untested in
the many-nucleon environment) that the cross section for producing a given
final-state high-pT hadron can be written as the product of suitable initial-
state parton densities, pQCD hard-scattering cross section, and final-state
fragmentation functions for the scattered partons. Nuclear modifications must
be expected for the initial parton densities as well as for the fragmentation
functions. Entrance-channel modifications – including both nuclear shadowing
of parton densities and the introduction by multiple scattering of additional
transverse momentum to the colliding partons – are capable of producing
some broadening and softening of the final-state jets. But these effects can, in
principle, be calibrated by complementing RHIC A+A collision studies with
p+A or d+A, where QGP formation is not anticipated.

The existing theoretical treatments of the final-state modifications attribute
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the changes in effective fragmentation functions to the parton energy loss.
That is, they assume vacuum fragmentation (as characterized phenomenolog-
ically from jet studies in more elementary systems) of the degraded parton
and its spawned gluons [4]. This assumption may be valid in the high-energy
limit, when the dilated fragmentation time should exceed the traversal time of
the leading parton through the surrounding matter. However, its justification
seems questionable for the soft radiated gluons and over the leading-parton
momentum ranges to which it has been applied so far for RHIC collisions. In
these cases, one might expect hadronization to be aided by the pickup of other
partons from the surrounding QGP, and not to rely solely on the production of
qq pairs from the vacuum. Indeed, RHIC experimental results to be described
later in this document hint that the distinction between such recombination
processes and parton fragmentation in the nuclear environment may not be
clean. Furthermore, one of the developed models of parton energy loss [48]
explicitly includes energy gain via absorption of gluons from the surrounding
thermal QGP bath.

The assumption of vacuum fragmentation also implies a neglect of FSI effects
for the hadronic fragmentation products, which might further contribute to
jet broadening and softening. Models that attempt to account for all of the
observed jet quenching via the alternative description of hadron energy loss
in a hadronic gas environment are at this time still incomplete [51]. They
must contend with the initial expectation of color transparency [52], i.e., that
high momentum hadrons formed in strongly interacting matter begin their
existence as point-like color-neutral particles with very small color dipole mo-
ments, hence weak interactions with surrounding nuclear matter. In order to
produce energy loss consistent with RHIC measurements, these models must
then introduce ad hoc assumptions about the rate of growth of these “pre-
hadron” interaction cross sections during traversal of the surrounding matter
[51].

The above caveats concerning assumptions of the parton energy loss models
may call into question some of their quantitative conclusions, but are unlikely
to alter the basic qualitative prediction that substantial jet quenching is a
necessary result of QGP formation. The more difficult question is whether
the observation of jet quenching can also be taken as a sufficient condition
for a QGP discovery claim? Partonic traversal of matter can, in principle,
be distinguished from effects of hadronic traversal by detailed dependences
of the energy loss, e.g., on azimuthal angle and system size (reflecting the
nearly quadratic length-dependence characteristic of gluon radiation), on pT

(since hadron formation times should increase with increasing partonic mo-
mentum [53]), or on type of detected hadron (since hadronic energy losses
should depend on particle type and size, while partonic energy loss should
be considerably reduced for heavy quarks [53,54]). However, the energy loss
calculations do not (with the exception of the small quantitative effect of ab-
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sorption of thermal gluons [48]) distinguish confined from deconfined quarks
and gluons in the surrounding matter. Indeed, the same approaches have been
applied to experimental results from semi-inclusive deep inelastic scattering
[55] or Drell-Yan dilepton production [56] experiments on nuclear targets to in-
fer quark energy losses in cold, confined nuclear matter [57]. Baier, et al. [58]
have shown that the energy loss is expected to vary smoothly with energy
density from cold hadronic to hot QGP matter, casting doubt on optimistic
speculations [53] that the QGP transition might be accompanied by a rapid
change in the extent of jet quenching with collision energy. Thus, the relevance
of the QGP can only be inferred indirectly, from the magnitude of the gluon
density dNg/dy needed to reproduce jet quenching in RHIC collision matter,
vis-a-vis that needed to explain the energy loss in cold nuclei. Is the extracted
gluon density consistent with what one might expect for a QGP formed from
RHIC collisions? To address this critical question, one must introduce new
theoretical considerations of the initial state for RHIC collisions.

2.5 Saturation of Gluon Densities

In a partonic view, the initial conditions for the expanding matter formed
in a RHIC collision are dominated by the scattering of gluons carrying small
momentum fractions (Bjorken x) in the nucleons of the colliding nuclei. Gluon
densities in the proton have been mapped down to quite small values of x ∼
10−4 in deep inelastic scattering experiments at HERA [59]. When the mea-
surements are made with high resolving power (i.e., with large 4-momentum
transfer Q2), the extracted gluon density xg(x,Q2) continues to grow rapidly
down to the lowest x values measured. However, at moderateQ2 ∼ few (GeV)2,
there are indications from the HERA data that xg(x,Q2) begins to saturate,
as might be expected from the competition between gluon fusion (g + g → g)
and gluon splitting (g → g+g) processes. It has been conjectured [60–63] that
the onset of this saturation moves to considerably higher x values (for given
Q2) in a nuclear target, compared to a proton, and that a QGP state formed
in RHIC collisions may begin with a saturated density of gluons. Indeed, birth
within this saturated state might provide a natural mechanism for the rapid
achievement of thermal equilibrium in such collisions [60].

The onset of saturation occurs when the product of the cross section for a
QCD process (such as gluon fusion) of interest (σ ∼ παs(Q

2)/Q2) and the
areal density of partons (ρ) available to participate exceeds unity [66]. In this
so-called Color Glass Condensate region (see Fig. 10), QCD becomes highly
non-linear, but amenable to classical field treatments, because the coupling
strength remains weak (αs << 1) while the field strength is large [60–63]. The
borderline of the CGC region is denoted by the “saturation scale” Q2

s(x,A). It
depends on both x and target mass number A, because the target gluon density
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Fig. 10. Schematic layout of the QCD landscape in x−Q2 space. The region at the
right is the perturbative region, marked by applicability of the linear DGLAP[64]
and BFKL[65] evolution equations for the Q2- and x-dependence, respectively, of
the parton distribution functions. At Q2 < Λ2

QCD, the coupling constant is large
and non-perturbative methods must be used to treat strongly interacting systems.
The matter in RHIC collisions may be formed in the intermediate region, where
gluon densities saturate, the coupling is still weak, but very strong color fields lead
to non-linear behavior describable by classical field methods. The curve separating
the saturation and perturbative regimes sets the saturation scale. Figure courtesy of
Y. Kovchegov.

depends on both factors. In particular, at sufficiently low x and moderate Q2,
ρ is enhanced for a nucleus compared to a nucleon by a factor ∼ A1/3: the
target sees the probe as having a longitudinal coherence length (ℓc ∼ 1/mNx)
much greater, but a transverse size (∼ 1/Q2) much smaller, than the nuclear
diameter. The probe thus interacts coherently with all the target gluons within
a small diameter cylindrical “core” of the nucleus. The HERA data [59] suggest
a rather slow variation – xg(x) ∝ x−λ, with λ ∼ 0.3 at Q2 ∼ few (GeV)2 –
of gluon densities with x at low x. Consequently, one would have to probe a
proton at roughly two orders of magnitude lower x than a Au nucleus to gain
the same factor growth in gluon densities as is provided by A1/3.

Under the assumption that QGP formation in a RHIC collision is dominated
by gluon-gluon interactions below the saturation scale, saturation models pre-
dict the density of gluons produced per unit area and unit rapidity [60]:

d2N

d2bdy
= C

N2
c − 1

4π2αs(Q2
s)Nc

Q2
s(x,Npart), (2)

where A has been replaced byNpart, the number of nucleons participating in an
A+A collision at given impact parameter b, and ~ = c = 1. The x-dependence
of the saturation scale is taken from the HERA data,

Q2
s(x) = Q2

0(
x0

x
)λ, (3)
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and the same values of λ ∼ 0.2 − 0.3 are generally assumed to be valid inside
the nucleus as well. However, the multiplicative factor C above, parameter-
izing the number of outgoing hadrons per initially present gluon, is typically
adjusted to fit observed outgoing hadron multiplicities from RHIC collisions.
(Variations in C are clearly not distinguishable, in the context of Eqn. (2),
from changes to the overall saturation scale Q2

0.) Once this parameter is fixed,
gluon saturation models should be capable of predicting the dependence of
hadron multiplicity on collision energy, rapidity, centrality and mass number.
Furthermore, the initial QGP gluon densities extracted can be compared with
the independent values obtained from parton energy loss model fits to jet
quenching observations or from hydrodynamics calculations of elliptic flow.

While it is predictable within the QCD framework that gluon saturation
should occur under appropriate conditions, and the theoretical treatment of
the CGC state is highly evolved [60–63], the dependences of the saturation
scale are not yet fully exposed by supporting data. Eventual confirmation of
the existence of such a scale must come from comparing results for a wide
range of high energy experiments from Deep Inelastic Scattering in ep and eA
(HERA, eRHIC) to pA and AA (RHIC, LHC) collisions.

2.6 Manifestations of Quark Recombination

The concept of quark recombination was introduced to describe hadron pro-
duction in the forward region in p+p collisions [67]. At forward rapidity, this
mechanism allows a fast quark resulting from a hard parton scattering to re-
combine with a slow anti-quark, which could be one in the original sea of
the incident hadron, or one excited by a gluon [67]. If a QGP is formed in
relativistic heavy ion collisions, then one might expect recombination of a dif-
ferent sort, namely, coalescence of the abundant thermal partons, to provide
another important hadron production mechanism, active over a wide range
of rapidity and transverse momentum [68]. In particular, at moderate pT val-
ues (above the realm of hydrodynamics applicability), this hadron production
“from below” (recombination of lower pT partons from the thermal bath) has
been predicted [69] to be competitive with production “from above” (frag-
mentation of higher pT scattered partons). It has been suggested [70] that the
need for substantial recombination to explain observed hadron yields and flow
may be taken as a signature of QGP formation.

In order to explain observed features of RHIC collisions, the recombination
models [68,69] make the central assumption that coalescence proceeds via con-

stituent quarks, whose number in a given hadron determines its production
rate. The constituent quarks are presumed to follow a thermal (exponential)
momentum spectrum and to carry a collective transverse velocity distribution.
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This picture leads to clear predicted effects on baryon and meson produc-
tion rates, with the former depending on the spectrum of thermal constituent
quarks and antiquarks at roughly one-third the baryon pT , and the latter
determined by the spectrum at one-half the meson pT . Indeed, the recombi-
nation model was recently re-introduced in the RHIC context, precisely to
explain an anomalous abundance of baryons vs. mesons observed at moderate
pT values [69]. If the observed (saturated) hadronic elliptic flow values in this
momentum range result from coalescence of collectively flowing constituent
quarks, then one can expect a similarly simple baryon vs. meson relation-
ship [69]: the baryon (meson) flow would be 3 (2) times the quark flow at
roughly one-third (one-half) the baryon pT .

As will be discussed in later chapters, RHIC experimental results showing
just such simple predicted baryon vs. meson features would appear to provide
strong evidence for QGP formation. However, the models do not spell out the
connection between the inferred spectrum and flow of constituent quarks and
the properties of the essentially massless partons (predominantly gluons) in a
chirally restored QGP, where the chiral condensate (hence most of the con-
stituent quark mass) has vanished. One may guess that the constituent quarks
themselves arise from an earlier coalescence of gluons and current quarks dur-
ing the chiral symmetry breaking transition back to hadronic matter, and that
the constituent quark flow is carried over from the partonic phase.

However, alternative guesses concerning the relation of partons to the recom-
bination degrees of freedom are also conceivable. Perhaps it is valence current,
rather than constituent, quarks that recombine to determine hadron flow and
momentum in this moderate-pT range. In that case, hadronization might pro-
ceed through the formation of “pre-hadrons” (e.g., the pointlike color singlet
objects discussed in connection with color transparency [52]) from the leading
Fock (valence quark only) configurations, giving rise to the same 3-to-2 baryon-
to-meson ratios as for constituent quarks. The internal pre-hadron wave func-
tions would then subsequently evolve toward those of ordinary hadrons on
their way out of the collision zone, so that the little-modified hadron momen-
tum would in the end be shared substantially among sea quarks and gluons,
as well as the progenitor valence quarks. Either of the above speculative (and
quite possibly not orthogonal) interpretations of recombination would suggest
that the hadron flow originates in, but is two steps removed from, partonic

collectivity. But it is difficult to draw firm conclusions in light of the present
ambiguity in connecting the effective degrees of freedom in coalescence models
to the quarks and gluons treated by LQCD.

In addition, it is yet to be demonstrated that the coexistence of coalescence
and fragmentation processes is quantitatively consistent with hadron angular
correlations observed over pT ranges where coalescence is predicted to dom-
inate. These correlations exhibit prominent (near-side) peaks with angular
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widths (at least in azimuthal difference between two moderate-pT hadrons)
and charge sign ordering characteristic of jets from vacuum fragmentation of
hard partons [71]. The coalescence yield might simply contribute to the back-
ground underlying these peaks, but one should also expect contributions from
the “fast-slow” recombination (hard scattered parton with QGP bath par-
tons) [72] for which the model was first introduced, and these could produce
charge sign ordering. The latter effects – part of in-medium, as opposed to
vacuum, fragmentation – complicate the interpretation of the baryon/meson
comparisons and, indeed, muddy the distinction between fragmentation and
recombination processes.

Finally, the picture provided by recombination is distinctly different from ideal
hydrodynamics at a hadronic level, where velocity (mass) of a hadron is the
crucial factor determining flow, rather than the number of constituent (or
valence) quarks. At low momentum, energy and entropy conservations become
a serious problem for quark coalescence, placing an effective lower limit on the
pT range over which the models can be credibly applied. The solution of this
problem would require a dynamical, rather than purely kinematic treatment of
the recombination process [69]. Such parton dynamics at low momentum might
account for the thermodynamic properties of the macroscopic system discussed
earlier, but we do not yet have a unified partonic theoretical framework.
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3 Bulk properties

The multiplicities, yields, momentum spectra and correlations of hadrons
emerging from heavy-ion collisions, especially in the soft sector comprising
particles at transverse momenta pT . 1.5 GeV/c, reflect the properties of
the bulk of the matter produced in the collision. In particular, we hope to
infer constraints on its initial conditions, its degree of thermalization and its
Equation of State from measurements of soft hadrons.

The measured hadron spectra reflect the properties of the bulk of the matter
at kinetic freezeout, after elastic collisions among the hadrons have ceased.
At this stage the system is already relatively dilute and “cold”. However from
the detailed properties of the hadron spectra at kinetic freezeout, information
about the earlier hotter and denser stage can be obtained. Somewhat more
direct information on an earlier stage can be deduced from the integrated
yields of the different hadron species, which change only via inelastic collisions.
These inelastic collisions cease already (at so-called chemical freezeout) before
kinetic freezeout.

The transverse momentum distributions of the different particles reflect a ran-
dom and a collective component. The random component can be identified
with the temperature of the system at kinetic freezeout. The collective compo-
nent arises from the matter density gradient from the center to the boundary
of the fireball created in high-energy nuclear collisions. Interactions among
constituents push matter outwards; frequent interactions lead to a common
constituent velocity distribution. This so-called collective flow is therefore sen-
sitive to the strength of the interactions. The collective flow is additive and
thus accumulated over the whole system evolution, making it potentially sen-
sitive to the Equation of State of the expanding matter. At lower energies the
collective flow reflects the properties of dense hadronic matter [73], while at
RHIC energies a contribution from a pre-hadronic phase is anticipated.

In non-central heavy-ion collisions the initial transverse density gradient has
an azimuthal anisotropy that leads to an azimuthal variation of the collective
transverse flow velocity with respect to the impact parameter plane for the
event. This azimuthal variation of flow is expected to be self-quenching (see
Sec. 2.2), hence, especially sensitive to the interactions among constituents in
the early stage of the collision [26,74], when the system at RHIC energies is
anticipated to be well above the critical temperature for QGP formation.

Study of quantum (boson) correlations among pairs of emerging hadrons uti-
lizes the Hanbury-Brown-Twiss effect to complement measurements of mo-
mentum spectra with information on the spatial size and shape of the emit-
ting system. The measurement of more general two-particle correlations and
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of event-wise fluctuations can illuminate the degree of equilibration attained
in the final hadronic system, as well as the dynamical origin of any observed
non-equilibrium structures. Such dynamical correlations are prevalent in high-
energy collisions of more elementary particles – where even relatively soft
hadrons originate in large part from the fragmentation of partons – but are
expected to be washed out by thermalization processes that produce phase
space dominance of the final distribution probabilities.

In this section, we review the most important implications and questions aris-
ing from RHIC’s vast body of data on soft hadrons. We also discuss some
features of the transition region (1.5 . pT . 6 GeV/c), where the spectra
gradually evolve toward the characteristic behavior of the hard parton frag-
mentation regime. In the process of going through the measured features of
hadron spectra in the logical sequence outlined above, we devote special at-
tention to a few critical features observed for the first time for central and
near-central Au+Au collisions at STAR, that bear directly on the case for the
QGP:

• hadron yields suggestive of chemical equilibration across the u, d and s
quark sectors;

• elliptic flow of soft hadrons attaining the strength expected for an ideal
relativistic fluid thermalized very shortly after the collision;

• elliptic flow results at intermediate pT that appear to arise from the flow of
quarks in a pre-hadronic stage of the matter.

3.1 Rapidity Densities

Much has been made of the fact that predictions of hadron multiplicities in
RHIC collisions before the year 2000 spanned a wide range of values, so that
even the earliest RHIC measurements had significant discriminating power
[7,75]. Mid-rapidity charged hadron densities measured in PHOBOS [76] and
in STAR [77] are plotted in Fig. 11 as a function of collision centrality, as
characterized by the number of participating nucleons, Npart, inferred from
the fraction of the total geometric cross section accounted for in each ana-
lyzed bin. The solid curves in the figure represent calculations within a gluon
saturation model [66], while the dashed curves in frames (a) and (b) represent
two-component fits to the data [76] and in frames (c) and (d) represent an
alternative model [78] assuming saturation of final-state mini-jet production.
The apparent logarithmic dependence of the measured pseudorapidity densi-
ties on 〈Npart〉 is a characteristic feature of the gluon saturation model [66].
Consequently, the model’s ability to reproduce the measured centrality and
energy dependences have been presented as evidence for the relevance of the
Color Glass Condensate to the initial state for RHIC collisions, and used to
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constrain the saturation scale for initial gluon densities. This scale is in fair
agreement with the scale extrapolated from HERA e-p measurements at low
Bjorken x [7].
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Fig. 11. Measured and calculated pseudorapidity densities dNch/dη|η|≤1/(〈Npart〉/2)
of charged particles from RHIC Au+Au collisions as a function of Npart. PHOBOS
data [76] at

√
s

NN
= 130 GeV (open triangles) and 200 GeV (closed triangles) are

shown in frame (a), and their ratio is plotted in (b). The open and solid circles in
(a) are pp collision results. STAR data for 130 GeV [77] are shown in frames (c)
and (d), plotted with two different Glauber model treatments to deduce 〈Npart〉. The
data plotted in frames (a), (b) and (d) utilize the preferred Monte-Carlo Glauber
approach. However, the initial-state gluon saturation model calculations [66] shown
as solid curves in all frames have been carried out utilizing the questionable optical
approximation to the Glauber treatment, which is applied as well to the experimen-
tal results only in frame (c). The dashed curves in frames (a) and (b) represent
two-component fits to the data [76] and in frames (c) and (d) represent an alterna-
tive model [78] assuming saturation of final-state mini-jet production.

However, these arguments are compromised because the particle multiplicity
appears not to have strong discriminating power once one allows for adjust-
ment of theoretical parameters. Furthermore, 〈Npart〉, which affects the scale
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on both axes in Fig. 11, is not a direct experimental observable. Glauber model
calculations to associate values of 〈Npart〉 with given slices of the geometric
cross section distribution have been carried out in two different ways, leading
to an inconclusive theory vs. experiment comparison in Figs. 11(a) and (b).
The preferred method for evaluating Glauber model cross sections in nucleus-
nucleus collisions [79] invokes a Monte Carlo approach for integrating over
all nucleon configurations, and has been used for the experimental results in
frames (a), (b) and (d). However, the gluon saturation model calculations in
all frames of Fig. 11 have employed the optical approximation, which ignores
non-negligible correlation effects [79]. Comparison of the experimental results
in frames (c) and (d), where the same STAR data have been plotted using these
two Glauber prescriptions, illustrates the significant sensitivity to the use of
the optical approximation. The “apples-to-apples” comparison of experiment
and theory in frame (c) does not argue strongly in favor of initial-state gluon
saturation, although an analogous “apples-to-apples” comparison within the
Monte Carlo Glauber framework is clearly desirable.

Furthermore, over a much broader energy range, the charged particle multi-
plicity is found to vary quite smoothly from AGS energies (

√
s

NN
≈ few GeV)

to the top RHIC energy (
√
s

NN
=200 GeV)[80] (see Fig. 35). One would not ex-

pect CGC conditions to be dominant in collisions over this entire range [7], so
the apparent success of CGC arguments for RHIC hadron multiplicities is less
than compelling. Other evidence more directly relevant to CGC predictions
will be discussed in Chap. 4.

Whatever physics ultimately governs the smooth increase in produced particle
multiplicity with increasing collision energy and centrality seems also to gov-
ern the growth in total transverse energy per unit pseudorapidity (dET/dη).
PHENIX measurements at

√
s

NN
= 130 GeV [81] first revealed that RHIC col-

lisions generate ≈ 0.8 GeV of transverse energy per produced charged particle
near mid-rapidity, independent of centrality – essentially the same value that
is observed also in SPS collisions at an order of magnitude lower center-of-mass
energy [82]. This trend persists to

√
s

NN
= 200 GeV [83]. For RHIC central

Au+Au collisions, this translates to the conversion of nearly 700 GeV per unit
rapidity (dET/dy) from initial-state longitudinal to final-state transverse en-
ergy [81]. Under simplifying assumptions (longitudinal boost-invariance, free-
streaming expansion in which the matter does no work) first suggested by
Bjorken [84], one can extract from this observation a crude estimate of the
initial spatial energy density of the bulk matter at the start of its transverse
expansion:

eBj =
dET

dy

1

τ0πR2
, (4)

where τ0 is the formation time andR the initial radius of the expanding system.
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With reasonable guesses for these parameter values (τ0 ≈ 1 fm/c, R ≈ 1.2A1/3

fm), the PHENIX dET/dη measurements suggest an initial energy density
∼ 5 GeV/fm3 for central Au+Au collisions at RHIC, well above the critical
energy density ∼ 1 GeV/fm3 expected from LQCD for the transition to the
QGP phase. This estimate of the initial energy density is larger than that in
SPS collisions, since the particle multiplicity grows at RHIC, but by a modest
factor (≈ 1.6 [81] at

√
s

NN
= 130 GeV).

3.2 Hadron Yields and Spectra

Figure 12 compares STAR and some PHENIX measurements of integrated
hadron yield ratios for central Au+Au collisions to statistical model fits and
to results for p+p collisions. In comparison to p+p the relative yield of multi-
strange baryons Ξ and Ω is seen to be considerably enhanced at RHIC [85,86].
The measured ratios are used to constrain the values of system temperature
and baryon chemical potential at chemical freezeout, under the statistical
model assumption that the system is in thermal and chemical equilibrium at
that stage. The excellent fit obtained to the ratios in the figure, including stable
and long-lived hadrons through multi-strange baryons, is consistent with the
light flavors, u, d, and s, having reached chemical equilibrium (for central and
near-central collisions only) at Tch = 160±10 MeV [37,85–87]. (The deviations
of the short-lived resonance yields, such as those for ∆ and K∗ collected near
the right side of Fig. 12, from the statistical model fits, presumably result from
hadronic rescattering after the chemical freezeout.)

Although the success of the statistical model in Fig. 12 might, in isolation, in-
dicate hadron production mechanisms dominated by kinematic phase space in
elementary collisions (see Sec. 2.3), other measurements to be discussed below
suggest that true thermal and chemical equilibration is at least approximately
achieved in heavy-ion collisions at RHIC by interactions among the system’s
constituents. The saturation of the strange sector yields, attained for the first
time in near-central RHIC collisions, is particularly significant. The satura-
tion is indicated quantitatively by the value obtained for the non-equilibrium
parameter γs for the strange sector [88], included as a free parameter in the
statistical model fits. As seen in the inset of Fig. 12, γs rises from ≈ 0.7 in pe-
ripheral Au+Au collisions to values statistically consistent with unity [85,86]
for central collisions. The temperature deduced from the fits is essentially
equal to the critical value for a QGP-to-hadron-gas transition predicted by
LQCD [2,14], but is also close to the Hagedorn limit for a hadron resonance
gas, predicted without any consideration of quark and gluon degrees of free-
dom [25]. 1 If thermalization is indeed achieved by the bulk matter prior to

1 Note that Hagedorn himself considered the Hagedorn temperature and the LQCD
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Fig. 12. Ratios of pT -integrated mid-rapidity yields for different hadron species mea-
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√
s
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represent statistical model expectations based on fits to measured yield ratios for π,
K and p only (blue dotted lines) and for π, K, p, Λ, Ξ and Ω (red solid lines).
In the latter case, the fit parameters are Tch = 160 ± 5 MeV, µB = 24 ± 4 MeV,
γs = 0.99±0.07 [86]. The variation of γs with centrality is shown in the inset, where
the asterisk symbols represent fits to π, K and p yields only, while all other symbols
represent the addition of various other hadrons containing strange valence quarks.

chemical freezeout, then the deduced value of Tch represents a lower limit on
that thermalization temperature.

The characteristics of the system at kinetic freezeout can be explored by anal-
ysis of the transverse momentum distributions for various hadron species,
some of which are shown in Fig. 13. In order to characterize the transverse
motion, hydrodynamics-motivated fits [90] have been made to the measured
spectra, permitting extraction of model parameters characterizing the random
(generally interpreted as a kinetic freezeout temperature Tfo) and collective
(radial flow velocity 〈βT 〉) aspects. Results for these parameters are shown for
different centrality bins and different hadron species in Fig. 14. (While theo-
retical studies [90] suggest caution in interpreting spectrum fits made without
correction for resonance feed-down, as is the case in Fig. 14, auxiliary STAR
analyses show little quantitative effect of the feed-down within the STAR pT

coverage.)

As the collisions become more and more central, the bulk of the system, dom-

critical temperature to be identical [89].
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√
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NN
= 200 GeV Au+Au collisions, as

reported in Refs. [87,94–96]. The spectra are displayed for steadily decreasing cen-
trality from the top downwards within each frame, with appropriate scaling factors
applied to aid visual comparison of the results for different centralities. For K∗ only,
the lowest spectrum shown is for 200 GeV p+ p collisions. The dashed curves in
frames (a), (b) and (e) represent spectra from minimum-bias collisions. The invari-

ant spectra are plotted as a function of mT − mass ≡
√

p2
T /c

2 + mass2 − mass.

inated by the yields of π,K, p, appears from Fig. 14 to grow cooler at kinetic
freezeout and to develop stronger collective flow. These results may indicate
a more rapid expansion after chemical freezeout with increasing collision cen-
trality. On the other hand, even for the most central collisions, the spectra for
multi-strange particles φ and Ω appear, albeit with still large uncertainties,
to reflect a higher temperature [86]. The φ and Ω results suggest diminished
hadronic interactions with the expanding bulk matter after chemical freezeout
[85,86,91,92], as predicted [28,33,93] for hadrons containing no valence u or
d quarks. If this interpretation is correct, the substantial radial flow velocity
inferred for φ and Ω would have to be accumulated prior to chemical freeze-
out, giving the multi-strange hadrons perhaps greater sensitivity to collective
behavior during earlier partonic stages of the system evolution.

As one moves beyond the soft sector, the pT - and centrality dependences of
the observed hadron spectra develop a systematic difference between mesons
and baryons, distinct from the mass-dependence observed at lower pT . This
difference is illustrated in Fig. 15 by the binary-scaled ratio RCP of hadron
yields for the most central vs. a peripheral bin, corrected by the expected ratio
of contributing binary nucleon-nucleon collisions in the two centrality bins [96].
The results are plotted as a function of pT for mesons and baryons separately
in panels (a) and (b), respectively, with the ratio of binary collision-scaled
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Dashed and solid lines are the 1-σ and 2-σ contours, respectively.

yields of all charged hadrons indicated in both panels by a dot-dashed curve
to aid comparison. If the centrality-dependence simply followed the number of
binary collisions, one would expect RCP = 1. This condition is nearly achieved
for baryons near pT ≈ 2.5 GeV/c, but is never reached for mesons. The ini-
tial results for φ-mesons and Ω-baryons included in Fig. 15 suggest that the
difference is not very sensitive to the mass of the hadron, but rather depends
primarily on the number of valence quarks contained within it. The meson and
baryon values appear to merge by pT ≈ 5 GeV/c, by which point RCP ≈ 0.3.

The origin of this significant shortfall in central high-pT hadron production will
be discussed at length in Sec. 4. Here, we want simply to note that the clear
difference seen in the centrality dependence of baryon vs. meson production
is one of the defining features of the intermediate pT range from ∼ 1.5 to
∼ 6 GeV/c in RHIC heavy-ion collisions, and it cannot be understood from
p+ p collision results [97]. Another defining feature of this medium pT range,
to be discussed further below, is a similar meson-baryon difference in elliptic
flow. Both facets of the meson-baryon differences can be explained naturally
in quark recombination models for hadron formation [69].
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Fig. 15. STAR preliminary results [96] from
√
s

NN
= 200 GeV Au+Au collisions

for the ratio of mid-rapidity hadron yields RCP in a central (0-5%) over a periph-
eral (40-60%) bin, plotted vs. pT for mesons (a) and baryons (b). The yields are
scaled in each centrality region by the calculated mean number 〈Nbin〉 of binary con-
tributing nucleon-nucleon collisions, calculated within a Monte Carlo Glauber model
framework. The width of the shaded band around the line at unity represents the
systematic uncertainty in model calculations of the centrality dependence of 〈Nbin〉.
RCP for the sample of all charged hadrons is also shown by dot-dashed curves in both
plots. The error bars on the measured ratios include both statistical and systematic
uncertainties.

3.3 Hadron yields versus the reaction plane

In non-central heavy-ion collisions, the beam direction and the impact param-
eter define a reaction plane for each event, and hence a preferred azimuthal
orientation. The orientation of this plane can be estimated experimentally by
various methods, e.g., using 2- or 4-particle correlations [98,99], with differ-
ent sensitivities to azimuthal anisotropies not associated with collective flow.
The observed particle yield versus azimuthal angle with respect to the event-
by-event reaction plane promises information on the early collision dynam-
ics [27,74]. The anisotropy of the particle yield versus the reaction plane can
be characterized in a Fourier expansion. Due to the geometry of the collision
overlap region the second coefficient of this Fourier series – v2, often referred
to as the elliptic flow – is expected to be the dominant contribution.

Figure 16 shows the mid-rapidity elliptic flow measurements, integrated over
transverse momentum, as a function of collision centrality for one SPS [100]
and two RHIC [101,102] energies. One clearly observes a characteristic cen-
trality dependence that reflects the increase of the initial spatial eccentricity
of the collision overlap geometry with increasing impact parameter. The inte-
grated elliptic flow value for produced particles increases about 70% from the
top SPS energy to the top RHIC energy, and it appears to do so smoothly as
a function of energy (see Fig. 34), so far exhibiting no obvious “dip” of the
sort predicted [30] by ideal hydrodynamics in Fig. 7.
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The origin of the energy dependence can be discerned by examining the dif-
ferential v2(pt), shown for the centrality selection 10–30% in Fig. 17. The
comparison of the results for pions at

√
s

NN
= 200 GeV and at the top SPS

energy clearly reveals an increase in slope vs. pT that accounts for part of the
increase in pT -integrated v2 from SPS to RHIC. The remaining part of the
change is due to the increase in 〈pt〉. As measurements become available at
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more collision energies, it will be important to remove kinematic effects, such
as the increase in 〈pt〉, from comparisons of results, as they might mask finer,
but still significant, deviations from smooth energy dependence.
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s

, p, and Λ [104]. Hydrodynamics calculations [32,106] assuming early thermaliza-
tion, ideal fluid expansion, an equation of state consistent with LQCD calculations
including a phase transition at Tc=165 MeV (EOS Q in [32] and Fig. 5), and a
sharp kinetic freezeout at a temperature of 130 MeV, are shown as dot-dashed lines.
Only the lower pT portion (pT ≤ 1.5 GeV/c) of the distributions is shown. (b) Hy-
drodynamics calculations of the same sort as in (a), now for a hadron gas (EOS
H) vs. QGP (EOS Q) equation of state (both defined in Fig. 5) [3,32], compared to
STAR v2 measurements for pions and protons in minimum bias 130 GeV Au+Au
collisions [105]. Predictions with EOS Q are shown for a wider variety of hadron
species in Fig. 8.

Collective motion leads to predictable behavior of the shape of the momentum
spectra as a function of particle mass, as reflected in the single inclusive spectra
in Fig. 13. It is even more obvious in the dependence of v2(pt) for the different
mass particles. Figure 18 shows the measured low-pT v2 distributions from
200 and 130 GeV Au+Au minimum bias collisions. Shown are the measure-
ments for charged pions,K0

S, antiprotons and Λ[104,105]. The clear, systematic
mass-dependence of v2 shown by the data is a strong indicator that a common
transverse velocity field underlies the observations. This mass-dependence, as
well as the absolute magnitude of v2, is reproduced reasonably well (i.e., at
the ±30% level) by the hydrodynamics calculations shown in Fig. 18. Param-
eters of these calculations have been tuned to achieve good agreement with
the measured spectra for different particles, implying that they account for
the observed radial flow and elliptic flow simultaneously. In particular, since
the parameters are tuned for zero impact parameter, the theory-experiment
comparison for v2 as a function of centrality represents a significant test of
these hydrodynamics calculations.

The agreement of these hydrodynamics calculations, which assume ideal rela-
tivistic fluid flow, with RHIC spectra and v2 results is one of the centerpieces
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of recent QGP discovery claims [6–8]. The agreement appears to be optimized
(though still with some quantitative differences, see Fig. 18) when it is assumed
that local thermal equilibrium is attained very early (τ < 1 fm/c) during the
collision, and that the hydrodynamic expansion is characterized by an EOS
(labeled Q in Fig. 18) containing a soft point roughly consistent with the
LQCD-predicted phase transition from QGP to hadron gas [3,29,32]. When
the expanding matter is treated as a pure hadron gas (EOS H in Fig. 18(b)),
the mass-dependence of v2 is significantly underpredicted. The inferred early
thermalization suggests that the collision’s early stages are dominated by very
strongly interacting matter with very short constituent mean free paths – es-
sentially a “perfect liquid” [107], free of viscosity. Similar QGP-based calcula-
tions that invoke ideal hydrodynamics up to freezeout overpredict the elliptic
flow for more peripheral RHIC collisions and for lower energies. One possi-
ble interpretation of this observation is that thermalized, strongly interacting
QGP matter dominates near-central Au+Au collisions at or near the full RHIC
energy.

In assessing these claims, it is critical to ask how unique and robust the hydro-
dynamics account is in detail for the near-central RHIC collision flow measure-
ments (radial and elliptic). Might the observed v2 result alternatively from a
harder EOS (such as EOS H) combined with later achievement of thermaliza-
tion or with higher viscosity [35] (both conditions impeding the development of
collective flow)? How does the sensitivity to the EOS in the calculations com-
pare quantitatively with the sensitivity to other ambiguities or questionable
assumptions in the hydrodynamics treatments? For example, the particular
calculations in Fig. 18 [32,106] invoke a simplified treatment with a sharp
onset of kinetic freezeout along a surface of constant energy density corre-
sponding to Tfo ≈ 130 MeV. The sensitivity to the assumed value of Tfo, if it
is kept within the range spanned by the measurements in Fig. 14, is relatively
weak [32]. However, alternative approaches combining ideal hydrodynamics
for the partonic stage with a hadron transport (RQMD) treatment of the pre-
sumably viscous hadronic stage [29] yield similar success in accounting for
RHIC results, but certainly predict a dependence of v2 on collision energy dif-
fering significantly from the sharp-freezeout predictions (compare Fig. 7 and
Fig. 9). While the combination of partonic hydrodynamics and hadron trans-
port offers the promise of a reasonable QGP-based account for the observed
smooth energy dependence of pT -integrated v2 (see Figs. 9,34), it also serves
to emphasize that quantitative ambiguities of scale comparable to the EOS
sensitivity remain to be understood.

In addition to questions about the thermalization time, viscosity and freezeout
treatment, one also needs to address the robustness of the standard assump-
tion of longitudinal boost-invariance in hydrodynamics calculations [3]. There
is growing evidence at RHIC for significant deviations from boost-invariance.
This is illustrated by PHOBOS results for v2 as a function of pseudorapidity
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in Fig. 19, where one sees no evidence for a mid-rapidity plateau in elliptic
flow strength [108]. Thus, while the successes of QGP-based hydrodynamics
calculations at RHIC are tantalizing, substantially greater systematic investi-
gation of their sensitivities – including computationally challenging full three-
dimensional treatments – would be needed to make a compelling QGP claim
on their basis alone.
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Fig. 19. Azimuthal anisotropies v2 measured by the PHOBOS collaboration [108]
for Au+Au collisions at

√
s

NN
=130 GeV, as a function of pseudorapidity. Within

each pseudorapidity bin, the results are averaged over all charged particles, over all
centralities and over all pT . The black error bars are statistical and the grey bands
systematic uncertainties. The points on the negative side are reflected about η = 0
and plotted as open circles on the positive side, for comparison. Figure taken from
Ref. [108].

At higher pT values, as shown by experimental results from 200 GeV Au+Au
minimum bias collisions in Fig. 20, the observed values of v2 saturate and the
level of the saturation differs substantially between mesons and baryons. Hy-
drodynamics calculations overpredict the flow in this region. The dot-dashed
curves in Fig. 20(a)-(c) represent simple analytical function fits to the mea-
sured K0

S and Λ+Λ̄ v2 distributions [104,109]. It is then seen in Fig. 20 (b) and
(c) that STAR’s most recent v2 results for the multi-strange baryons Ξ and Ω
[110] are consistent with that of Λ’s within still sizable statistical uncertainties.

In Fig. 20 (d), particle-identified elliptic flow measurements for the 200 GeV
Au+Au minimum-bias sample are combined by dividing both v2 and pT by
the number of valence quarks (nq) in the hadron of interest. The apparent
scaling behavior seen in this figure for pT/nq > 1 GeV/c is intriguing, as
the data themselves seem to be pointing to constituent quarks (or at least
to valence quarks sharing the full hadron momentum, see Sec. 2.6) as the
most effective degree of freedom in determining hadron flow at intermediate
pT values. The data need to be improved in statistical precision and pT extent
for more identified mesons and baryons in order to establish this scaling more
definitively. Within error bars the size of those for pT/nq > 1 GeV/c, the low
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Fig. 20. (a) Experimental results of the transverse momentum dependence of the
event elliptic anisotropy parameter for π and p + p from PHENIX [111] and for
K0

S and Λ + Λ from STAR [104], all produced in minimum-bias Au+Au colli-
sions at

√
sNN = 200 GeV. Dot-dashed lines are fits to the data using simple ana-

lytic functions. Hydrodynamic calculations are indicated by the shaded bands. STAR
multi-strange baryon elliptic flow [110] is shown in (b) for Ξ and (c) for Ω. (d) Flow
results for all of the above hadrons (except the statistically limited Ω) combined by
scaling both v2 and pT by the number of valence quarks (nq) in each hadron. The
figure is an update of one in [109].

pT data would also look as though they scale with the number of constituent
quarks, whereas we already have seen in Fig. 18 that there is rather a clear
hydrodynamic mass-dependence in the low pT region. (Note that the pion data
barely extend into the scaling region at pT/nq > 1 GeV/c.)

If the scaling behavior at intermediate pT is confirmed with improved data,
it will provide a very important clue to the origin of the meson-baryon dif-
ferences (see also Fig. 15) that characterize this pT range. In particular, both
the v2 scaling and the meson-baryon RCP differences can be explained [69,112]
(see Fig. 21) by assuming that hadron formation at moderate pT proceeds via
two competing mechanisms: the coalescence of nq constituent quarks at trans-
verse momenta ∼ pT/nq, drawn from a thermal (exponential) spectrum [69],
plus more traditional fragmentation of hard-scattered partons giving rise to a
power-law component of the spectrum. Note that, as discussed in section 2.6,
these models are not expected to apply at low pT . It is not yet clear that the
same models could simultaneously account as well for another observed fea-
ture characteristic of this intermediate pT range, namely, a jet-like azimuthal
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correlation of hadron pairs that will be discussed further in Sec. 4.

2 3 4 5 6 7 8 9 10

p
T
(GeV/c) p

T
(GeV/c)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

R
C
P
(0
-1
0
%
)/
(6
0
-8
0
%
)

+ (b=3)/(b=12) R+F

K
0

s
(b=3)/(b=12) R+F

+ STAR

K
0
s STAR

K
0
s STAR

−

−

0.0

0.05

0.1

0.15

0.2

0.25

0.3

v
2

} Preliminary

0 1 2 3 4 5 6 7 8 9 10

Ξ  STAR

Ω  STAR

Λ (R+F)

Ξ (R+F)
Ω (R+F)

K (R+F)

φ (R+F)

Fig. 21. Comparisons of calculations in the Duke quark recombination model [69,112]
with STAR measurements [104,110] of (a) RCP and (b) v2 for strange mesons and
baryons. “R+F” denotes the sum of recombination and fragmentation contributions.
Comparison of the solid and broken curves in (b) reveals a weak mass-dependence in
the calculations, superimposed on the predominant meson-baryon differences. Fig-
ures taken from Ref. [70].

.

In these coalescence models, the constituent quarks carry their own substan-
tial azimuthal anisotropy, which is then summed to give the hadron v2. The
establishment of clearer evidence for such pre-hadronic collective flow would
be an important milestone in elucidating the nature of the matter produced
in RHIC collisions. In interpreting such evidence, it must be kept in mind that
constituent quarks are not partons: they are effective degrees of freedom nor-
mally associated with chiral symmetry breaking and confinement, rather than
with the deconfinement of a QGP. Until the mechanism for the emergence
of these effective degrees of freedom from a QCD plasma of current quarks
and gluons is clarified (see Sec. 2.6), collectively flowing constituent quarks
should not be taken as definitive proof of a QGP stage, as we have defined
it in Sec. 1. It is unclear, for example, whether the characteristic time scale
for constituent quarks to coalesce from current quarks and gluons might not
be shorter than that for the establishment of thermalization in the collision
(leading to a sort of “constituent quark plasma”, as opposed to a QGP). Fur-
thermore, the constituent quark v2 values needed to account for the observed
hadron v2 saturation might arise in part from differential energy loss of their
progenitor partons in traversing the spatially anisotropic matter of non-central
collisions [47], rather than strictly from the partonic hydrodynamic flow as-
sumed in [112]. The unanticipated RHIC results in this intermediate pT range
thus raise a number of important and fascinating questions that should be
addressed further by future measurements and theoretical calculations.

In summary, the measured yields with respect to the reaction plane are among
the most important results to date from RHIC: they provide critical hints
of the properties of the bulk matter at early stages. They indicate that it
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behaves collectively, and is consistent with rapid (i.e., very short mean free
path) attainment of at least approximate local thermal equilibrium in a QGP
phase. Hydrodynamic accounts for the mass- and pT -dependence of v2 for
soft hadrons appear to favor system evolution through a soft, mixed-phase
EOS. The saturated v2 values observed for identified mesons and baryons in
the range 1.5 . pT . 6 GeV/c suggest that hadronization in this region
occurs largely via coalescence of collectively flowing constituent quarks. What
has yet to be demonstrated is that these interpretations are unique and robust
against improvements to both the measurements and the theory. In particular,
it must be demonstrated more clearly that the sensitivity to the role of the
QGP outweighs that to other, more mundane, ambiguities in the theoretical
treatment.

3.4 Quantum Correlation Analyses

Two-hadron correlation measurements in principle should provide valuable
information on the phase structure of the system at freezeout. From the ex-
perimentally measured momentum-space two-particle correlation functions, a
Fourier transformation is then performed in order to extract information on
the space-time structure [113]. Bertsch-Pratt parameterization [114] is often
used to decompose total momentum in such measurements into components
parallel to the beam (long), parallel to the pair transverse component (out)
and along the remaining third direction (side). In this Cartesian system, infor-
mation on the source duration time is mixed into the out components. Hence,
the ratio of inferred emitting source radii Rout/Rside is sensitive to the time
duration of the source emission. For example, if a QGP is formed in collisions
at RHIC, a long duration time and consequently large value of Rout/Rside are
anticipated [115].

Measured results for Hanbury-Brown-Twiss (HBT) pion interferometry, ex-
ploiting the boson symmetry of the two detected particles at low relative
momenta, are shown in Figs. 22 and 23. A clear dependence of the ‘size’ pa-
rameters on the pair transverse momentum kT is characteristic of collective
expansion of the source [116,117], so the results are plotted vs. kT in Fig. 22.
As indicated by the set of curves in the figure, hydrodynamics calculations
that can account for hadron spectra and elliptic flow at RHIC systemati-
cally over-predict Rout/Rside [116,118]. One possible implication of this dis-
crepancy is that the collective expansion does not last as long in reality as in
the hydrodynamics accounts. However, shorter expansion times are difficult
to reconcile with the observed magnitude of Rside, and are not supported by
a recent systematic study of HBT correlations relative to the event-by-event
reaction plane [117]. The source eccentricity at freezeout inferred from these
azimuthally sensitive measurements is shown in Fig. 23 to retain a significant
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fraction of the initial spatial eccentricity characteristic of the impact parameter
for each centrality bin. The observed eccentricity retention is, in fact, quan-
titatively consistent with hydrodynamics expectations for the time-integrated

pion emission surface to which HBT is sensitive [119]. Thus, the deformations
in Fig. 23 tend to support the hydrodynamics view of the expansion pressure
and timeline (see Fig. 6), which lead to an eventual complete quenching of the
initial configuration-space anisotropy by the end of the freezeout process.
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Fig. 22. STAR measurements [116] of Rout/Rside from pion HBT correlations for
central Au+Au collisions, plotted as a function of the pion pair transverse momen-
tum kT . The experimental results are identical in the three frames, but are compared
to hydrodynamics calculations [118] performed for a variety of parameter values.

The failure of the hydrodynamics calculations to account for the HBT results
in Fig. 22 raises another significant issue regarding the robustness of the hy-
drodynamics success in reproducing v2 and radial flow data. Although the
HBT interference only emerges after the freezeout of the strong interaction,
whose treatment is beyond the scope of hydrodynamics, the measured correla-
tion functions receive contributions from all times during the collision process.
Furthermore, these HBT results are extracted from the low pT region, where
soft bulk production dominates. It is thus reasonable to expect the correct
hydrodynamics account of the collective expansion to be consistent with the
HBT source sizes. If improved treatment of the hadronic stage and/or the
introduction of finite viscosity during the hydrodynamic expansion [35] are
necessary to attain this consistency, then it is important to see how those
improvements affect the agreement with elliptic flow and spectra.

STAR has also measured two-hadron momentum-space correlation functions
for non-identical particles [121]. These are sensitive to differences in the aver-
age emission time and position for the different particle species. Such differ-
ences are very clearly revealed by the measured correlations between pions and
kaons [121], and provide additional strong evidence for a collective transverse
flow of the produced hadrons.
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calculation for five different Au+Au centrality bins. The dotted line represents
ǫfinal = ǫinitial. See [117] for details.

3.5 Correlations and fluctuations

A system evolving near a phase boundary should develop significant dynamical
fluctuations away from the mean thermodynamic properties of the matter. For
high-energy heavy ion collisions, it has been predicted that the general study of
two-particle correlations and event-wise fluctuations might provide evidence
for the formation of matter with partonic degrees of freedom [122–127]. In
addition, nonstatistical correlations and fluctuations may be introduced by
incomplete equilibrium [128]. With its large acceptance and complete event-
by-event reconstruction capabilities, the STAR detector holds great potential
for fluctuation analyses of RHIC collisions.

An approach that has been used previously [129,130] to search for the pres-
ence of dynamical correlations involves extraction of measures of the excess
variance of some observable above the statistical fluctuations that show up
even in mixed-event samples. An example shown in Fig. 24 utilizes the square
root of the covariance in pT for charged-particle pairs from collisions at SPS
(CERES [129]) and at STAR [131]. The presence of dynamical 2-particle cor-
relations is revealed by non-zero values of this quantity, whose gross features
exhibit a magnitude and a smooth centrality-dependence that are essentially
independent of collision energy, once the variations of the inclusive mean pT

values (<< pT >>) with centrality and energy have been divided out. How-
ever, the detailed nature of the dynamical correlations is best probed by fully
exploiting the impressive statistical precision at STAR to investigate finer,
multi-dimensional aspects of the correlation densities themselves, rather than
of the integrals of correlation densities represented by excess variance mea-
sures.
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Fig. 24. The square root of the transverse momentum covariance for charged par-
ticle pairs, scaled by the inclusive mean pT value for each centrality and collision
energy, plotted vs. centrality for SPS [129] and RHIC [131] data at several energies.
Both the centrality-dependence (nearly ∝ 1/Npart) and magnitude of this quantity
are essentially unchanged from SPS to RHIC energies, but its implicit integration
of correlation densities over the full detector acceptance masks other interesting
correlation features.

For example, emerging STAR angular correlation results are already suggest-
ing that there is appreciable soft hadron emission before the attainment of
local thermal equilibrium, even in the most central RHIC collisions. The up-
per left-hand frame of Fig. 25 shows measurements for p+p collisions at RHIC
of the joint autocorrelation on the angular difference variables ∆η ≡ η1 − η2

(pseudorapidity) and ∆φ ≡ φ1 − φ2 (azimuthal angle) for all but the softest
pairs of charged hadrons [132]. This plot makes clear the central role of parton
fragmentation in p+p collisions, even down to hadron transverse momenta
of 0.5 GeV/c, resulting in a prominent near-side jet peak symmetric about
∆η = ∆φ = 0 and a broad ∆η-independent away-side jet ridge. One certainly
anticipates some remnants of these correlations to survive in heavy-ion colli-
sions at sufficiently high hadron pT , and these correlations will be discussed
in the next chapter. In the soft sector, however, attainment of a fully equili-
brated state of all emerging hadrons at freezeout would wash out such initial
hard-scattering dynamical correlations. Instead, the observed soft-hadron-pair
correlation for central Au+Au collisions shown in the upper right-hand frame
of Fig. 25, after removal of multipole components representing elliptic flow (v2)
and momentum conservation (v1) [132], exhibits a substantially modified rem-
nant of the jet correlation on the near side, affecting typically 10-30% of the
detected hadrons. Contributions to this near-side peak from HBT correlations
and Coulomb final-state interactions between hadrons have been suppressed
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by cuts to remove pairs at very low relative momentum, reducing the overall
strength of the correlation near ∆η = ∆φ = 0 by ∼10% [132]. Simulations
demonstrate that resonance decays make no more than a few percent contribu-
tion to the remaining near-side correlation strength. (The lack of evidence for
any remaining away-side correlation will be discussed further in the high-pT

context in Sec. 4.)
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The observed near-side correlation in central Au+Au is clearly much broader
in ∆η than that in p+p (or peripheral Au+Au) collisions. The pseudorapidity
spread, as characterized by the ∆η width of a two-dimensional gaussian func-
tion fitted to the structure (ignoring the ∆η = ∆φ = 0 bin, where conversion
electron pairs contribute), grows rapidly with increasing collision centrality,
as revealed in the lower frames of Fig. 25. This trend suggests that while
some parton fragments are not yet fully equilibrated in the soft sector, they
are nonetheless rather strongly coupled to the longitudinally expanding bulk
medium. The onset of this coupling appears especially dramatic when the
results are plotted (lower right-hand frame) vs. the alternative centrality mea-
sure ν ≡ (Npart/2)1/3 (estimating the mean number of nucleons encountered by
a typical participant nucleon along its path through the other nucleus), rather
than the more traditional charged-particle multiplicity (lower left frame). The
latter comparison serves as a reminder that, as we seek evidence for a transi-
tion in the nature of the matter produced in RHIC collisions, it is important
to consider carefully the optimal variables to use to characterize the system.

The coupling to the longitudinal expansion can be seen more clearly as an
equilibration mechanism from measurements of the power spectra P λ of local
fluctuations in the density of charged hadrons with respect to a mixed-event
counterpart P λ

mix. The λ superscript distinguishes different directions (modes)
of density variation, orthogonal in the wavelet decomposition used [134] for the
analysis: along η, along φ, and along the diagonal ηφ. The so-called “dynamic
texture” [133] of the event, used to characterize the non-statistical excess in
density fluctuations, is defined as P λ

dyn/P
λ
mix/N , where P λ

dyn = P λ − P λ
mix and

N is the average number of tracks in a given pT interval per event. The dy-
namic texture is shown as a function of pT for three different modes and for
both central and peripheral collisions in Fig. 26 [134]. HIJING simulations
[136] shown in the figure cannot account for the observed fluctuations, even
when jet quenching is included, although they do suggest qualitatively that the
rising trends in the data with increasing pT are signals of “clumpiness” in the
particle density caused by jets. In the absence of a successful model for these
fluctuations, we can at least search for interesting centrality dependences. The
box symbols in the figure represent what we would expect for the dynamic
texture in central collisions, based on what STAR measures for peripheral col-
lisions, if the correlation structure were independent of centrality. The strong
suppression observed with respect to this expectation for the central collision
η-mode fluctuations is interpreted as another manifestation of the coupling of
parton fragments to the longitudinally expanding bulk medium [134].

The results in Figs. 25 and 26 are averaged over all charged hadrons without
consideration of the sign of the charge. Detailed information on the hadroniza-
tion of the medium can be obtained from the study of charge-dependent (CD)
correlations, e.g., by examining the difference between angle-dependent cor-
relations of like- vs. unlike-sign pairs. One method focuses on the “balance
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Fig. 26. STAR measurements (filled circles) of dynamic texture for the 4% most cen-
tral Au+Au collisions at

√
s

NN
= 200 GeV, compared to STAR peripheral (60-84%)

collision data (boxes) renormalized for direct comparison, and to HIJING calcula-
tions with (dashed curves) and without (solid curves) inclusion of jet quenching. The
dynamic texture measures the non-statistical excess in point-to-point fluctuations in
the local density of charged hadrons in an event, averaged over the event ensemble.
Figure taken from Ref. [134].

function”, constructed [126,135] to measure the excess of unlike- over like-
sign pairs as a function of their (pseudo)rapidity difference ∆η. The results
in Fig. 27 show that the width of this function in ∆η steadily decreases with
increasing Au+Au centrality [131], in contrast to HIJING simulations [136].
A related trend is observed in the CD two-dimensional autocorrelation [132]
(not plotted) analogous in format to the charge-independent results shown in
Fig. 25. The CD peak amplitude increases, and its width decreases, dramati-
cally with increasing centrality. These trends indicate a marked change in the
formation mechanism of charged hadron pairs in central Au+Au, relative to
p+p, collisions. The implications of that change for the nature of the medium
produced are now under intensive study with a growing array of correlation
techniques.
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3.6 Summary

In this chapter, we have presented important results on the bulk matter prop-
erties attained in Au+Au collisions at RHIC. The measured hadron spectra,
yield ratios, and low pT v2, are all consistent from all experiments at RHIC.
STAR, in particular, has made pioneering measurements of elliptic flow, of
multi-strange baryons, and of dynamical hadron correlations that bear di-
rectly on the matter properties critical to establishing QGP formation. The
yield ratios are consistent with chemical equilibration across the u, d and s
sectors. The spectra and v2 clearly reveal a collective velocity field in such
collisions. The combined evidence for near-central Au+Au collisions at RHIC
suggests that thermal equilibrium is largely, though not quite completely, at-
tained, and that collective flow is established, at an early collision stage when
sub-hadronic degrees of freedom dominate the matter. However, the quality
of some of the data, and the constraints on ambiguities in some of the the-
oretical models used for interpretation, are not yet sufficient to demonstrate
convincingly that thermalized, deconfined matter has been produced.

In particular, the unprecedented success of hydrodynamics in providing a rea-
sonable quantitative account for collective flow at RHIC, and of the statistical
model in reproducing hadron yields through the strange sector, together argue
for an early approach toward thermalization spanning the u, d and s sectors.
On the other hand, measurements of angle difference distributions for soft
hadron pairs reveal that some (admittedly heavily modified) remnants of jet-
like dynamical correlations survive the thermalization process, and indicate its
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incompleteness. The fitted parameters of the statistical model analyses, com-
bined with inferences from the produced transverse energy per unit rapidity,
suggest attainment of temperatures and energy densities at least comparable
to the critical values for QGP formation in LQCD calculations of bulk, static
strongly interacting matter.

The data in this chapter provide two hints of deconfinement that need to
be sharpened in future work. One is the improvement in hydrodynamics ac-
counts for measured low-pT flow when the calculations include a soft point
in the EOS, suggestive of a transition from partonic to hadronic matter. It
needs to be better demonstrated that comparable improvement could not be
obtained alternatively by addressing other ambiguities in the hydrodynamics
treatment. One indication of such other ambiguities is the failure of hydro-
dynamics calculations to explain the emitting source sizes inferred from pion
interferometry. The second hint is the apparent relevance of (constituent or
valence) quark degrees of freedom in determining the observed meson-baryon
differences in flow and yield in the intermediate-pT region. Here the data need
improved precision to establish more clearly the quark scaling behavior ex-
pected from coalescence models, while the theory needs to establish a clearer
connection between the effective quarks that seem to coalesce and the current
quarks and gluons of QCD.
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4 Hard Probes

Due to the transient nature of the matter created in high energy nuclear
collisions, external probes cannot be used to study its properties. However,
the dynamical processes that produce the bulk medium also produce energetic
particles through hard scattering processes. The interaction of these energetic
particles with the medium provides a class of unique, penetrating probes that
are analogous to the method of computed tomography (CT) in medical science.

For pT & 5 GeV/c the observed hadron spectra in Au+Au collisions at RHIC
exhibit the power-law falloff in cross section with increasing pT that is charac-
teristic of perturbative QCD hard-scattering processes [137]. The parameters
of this power-law behavior vary systematically with collision centrality, in ways
that reveal important properties of the matter traversed by these penetrating
probes [137]. While we focus for the most part in this chapter on hadrons of pT

above 5 GeV/c, we do also consider data in the intermediate pT range down
to 2 GeV/c, when those data allow more statistically robust measurements of
effects we associate with hard scattering.

4.1 Inclusive hadron yields at high pT

There are several results to date from RHIC exhibiting large and striking
effects of the traversed matter on hard probes in central collisions. Figures 28
and 29 show the most significant high pT measurements made at RHIC thus
far. Both figures incorporate measurements of

√
s

NN
=200 GeV p+p, d+Au

and centrality-selected Au+Au collisions at RHIC, with the simpler p+p and
d+Au systems providing benchmarks for phenomena seen in the more complex
Au+Au collisions.

Figure 28 shows RAB(pT ), the ratio of inclusive charged hadron yields in A+B
(either Au+Au or d+Au) collisions to p+p, corrected for trivial geometric
effects via scaling by 〈Nbin〉 , the calculated mean number of binary nucleon-
nucleon collisions contributing to each A+B centrality bin:

RAB(pT ) =
dNAB/dηd

2pT

TABdσNN/dηd2pT

. (5)

where the overlap integral TAB = 〈Nbin〉/σpp
inelastic. A striking phenomenon is

seen: large pT hadrons in central Au+Au collisions are suppressed by a fac-
tor ≈ 5 relative to naive (binary scaling) expectations. Conventional nuclear
effects, such as nuclear shadowing of the parton distribution functions and
initial state multiple scattering, cannot account for the suppression. Further-
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for d+Au, while the solid curve represents PHOBOS central (0-6%) Au+Au data.
The shaded horizontal bands around unity represent the systematic uncertainties in
the binary scaling corrections.

more, the suppression is not seen in d+Au but is unique to Au+Au collisions,
proving experimentally that it results not from nuclear effects in the initial
state (such as gluon saturation), but rather from the final state interaction
(FSI) of hard scattered partons or their fragmentation products in the dense
medium generated in Au+Au collisions [138–141].

These dominant FSI in Au+Au are presumably superimposed on a variety
of interesting initial-state effects revealed by the d+Au results. The enhance-
ment seen in Fig. 28 in RdAu for moderate pT and mid-rapidity, known as the
Cronin effect [142], is generally attributed [143] to the influence of multiple
parton scattering through cold nuclear matter prior to the hard scattering
that produces the observed high-pT hadron. Other effects, revealed by the
strong rapidity-dependence of RdAu, will be discussed in Sec. 4.4.
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plane [144].

4.2 Dihadron azimuthal correlations

Figure 29 shows seminal STAR measurements of correlations between high pT

hadrons. The left panel shows the azimuthal distribution of hadrons with pT>2
GeV/c relative to a trigger hadron with pT

trig>4 GeV/c. A hadron pair drawn
from a single jet will generate an enhanced correlation at ∆φ ≈ 0, as observed
for p+p, d+Au and Au+Au, with similar correlation strengths, widths and
(not shown) charge-sign ordering (the correlation is stronger for oppositely
charged hadron pairs [71]). A hadron pair drawn from back-to-back dijets
will generate an enhanced correlation at ∆φ ≈ π, as observed for p+p and
for d+Au with somewhat broader width than the near-side correlation peak.
However, the back-to-back dihadron correlation is strikingly, and uniquely,
absent in central Au+Au collisions, while for peripheral Au+Au collisions
the correlation appears quite similar to that seen in p+p and d+Au. If the
correlation is indeed the result of jet fragmentation, the suppression is again
due to the FSI of hard-scattered partons or their fragmentation products in
the dense medium generated in Au+Au collisions [141]. In this environment,
the hard hadrons we do see (and hence, the near-side correlation peak) would
arise preferentially from partons scattered outward from the surface region of
the collision zone, while the away-side partons must burrow through significant
lengths of dense matter.

The qualification concerning the dominance of jet fragmentation is needed in
this case, because the correlations have been measured to date primarily for
hadrons in that intermediate pT range (2-6 GeV/c) where sizable differences in
meson vs. baryon yields have been observed (see Fig. 15), in contrast to expec-
tations for jets fragmenting in vacuum. The systematics of the meson-baryon
differences in this region suggest sizable contributions from softer mechanisms,
such as quark coalescence [69]. Where the azimuthal correlation measurements
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have been extended to trigger particles above 6 GeV/c, they show a similar
pattern to the results in Fig. 29, but with larger statistical uncertainties [145].
This suggests that the peak structures in the correlations do, indeed, reflect
dijet production, and that the back-to-back suppression is indeed due to jet
quenching. Coalescence processes in the intermediate pT range may contribute
predominantly to the smooth background, with only long-range (e.g., elliptic
flow) correlations, that has already been subtracted from the data in Fig. 29.

It remains an open challenge for the quark coalescence models to account for
the observed ∆φ distributions at moderate pT at the same time as the meson
vs. baryon yield and elliptic flow differences discussed in Sec. 3 (see Fig. 21
and associated discussion). Can the size of the jet peaks seen in Fig. 29 be
reconciled with the modest fragmentation contributions implied by the coa-
lescence fits near pT ≈ 4 GeV/c (Fig. 21)? Do the jet ∆φ peaks rather require
substantial contributions also from recombination of a hard-scattered parton
with thermal partons from the bulk matter [72]? Are models of the latter type
of contributions, of constituent quark coalescence in a thermal ensemble [112]
and of vacuum fragmentation [4] mutually compatible? They would appear to
contain non-orthogonal contributions and to employ incompatible degrees of
freedom. Until these questions are successfully addressed, some ambiguity re-
mains in physics conclusions drawn from the intermediate-pT region, including
the dihadron correlations in Fig. 29.

A more differential probe of partonic energy loss is the measurement of high
pT dihadron correlations relative to the reaction plane orientation. The right
panel of Fig. 29 shows a study from STAR of the high pT dihadron correlation
from 20-60% centrality Au+Au collisions, with the trigger hadron situated in
the azimuthal quadrants centered either in the reaction plane (“in-plane”) or
orthogonal to it (“out-of-plane”) [144]. The same-side dihadron correlation in
both cases is similar to that in p+p collisions. In contrast, the suppression of
the back-to-back correlation depends strongly on the relative angle between
the trigger hadron and the reaction plane. This systematic dependence is con-
sistent with the picture of partonic energy loss: the path length in medium
for a dijet oriented out of the reaction plane is longer than in the reaction
plane, leading to correspondingly larger energy loss. The dependence of par-
ton energy loss on path length is predicted [4] to be substantially stronger
than linear. The orientation-dependence of the energy loss should be further
affected by different rates of matter expansion in-plane vs. out-of-plane.

The energy lost by away-side partons traversing the collision matter must ap-
pear, in order to conserve transverse momentum, in the form of an excess of
softer emerging hadrons. An analysis of azimuthal correlations between hard
and soft hadrons has thus been carried out for both 200 GeV p+p and Au+Au
collisions [146] in STAR, as a first attempt to trace the degree of degradation
on the away side. With trigger hadrons still in the range 4< ptrig

T <6 GeV/c,
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but the associated hadrons now sought over 0.15< pT <4 GeV/c, combinato-
rial coincidences dominate these correlations, and they must be removed sta-
tistically by a careful mixed-event subtraction, with an elliptic flow correlation
correction added by hand [146]. The results demonstrate that, in comparison
with p+p and peripheral Au+Au collisions, the momentum-balancing hadrons
opposite a high-pT trigger in central Au+Au are greater in number, much more
widely dispersed in azimuthal angle, and significantly softer. The latter point
is illustrated in Fig. 30, showing the centrality dependence of <pT> of the as-
sociated away-side charged hadrons in comparison to that of the bulk inclusive
hadrons. While in peripheral collisions the values of <pT> for the away-side
hadrons are significantly larger than that of inclusive hadrons, the two values
approach each other with increasing centrality. These results are again subject
to the ambiguity arising from possible soft (e.g., coalescence) contributions to
the observed correlations, as the away-side strength shows little remnant of
jet-like behavior [146]. But again, preliminary results for higher trigger-hadron
pT values, shown in Fig. 30, appear to be consistent within larger uncertain-
ties. If a hard-scattering interpretation framework turns out to be valid, the
results suggest that even a moderately hard parton traversing a significant
path length through the collision matter makes substantial progress toward
equilibration with the bulk. The rapid attainment of thermalization via the
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multitude of softer parton-parton interactions in the earliest collision stages
would then not be surprising.

4.3 Theoretical interpretation of hadron suppression

Figure 31 shows RCP (pT ), the binary scaled ratio of yields from central rela-
tive to peripheral collisions for charged hadrons from 200 GeV Au+Au inter-
actions. RCP (pT ) is closely related to RAB(pT ), using as reference the binary-
scaled spectrum from peripheral Au+Au collisions rather than p+p collisions.
The substitution of the reference set allows a slight extension in the pT range
for which useful ratios can be extracted. The error bars at the highest pT

are dominated by statistics and are therefore, to a large extent, uncorrelated
from point to point. The suppression for central collisions is again seen to
be a factor ≈ 5 relative to the most peripheral collisions, and for pT & 6
GeV/c it is independent of pT within experimental uncertainties. Also shown
in Fig. 31 are results from theoretical calculations based on pQCD incorporat-
ing partonic energy loss in dense matter (pQCD-I [147], pQCD-II [148]) and
on suppression at high pT due to gluon saturation effects (Saturation [150],
with implications discussed further in the following subsection). The negligi-
ble pT -dependence of the suppression at high pT is a prediction of the pQCD
models [147,148], resulting from the subtle interplay of partonic energy loss,
Cronin (initial-state multiple scattering) enhancement, and nuclear shadow-
ing. The variation in the suppression for pT . 5 GeV/c is related to differences
in suppression in this region for mesons and baryons (see Fig. 15). It is ac-
counted for in the pQCD-I calculation by the introduction of an additional
non-fragmentation production mechanism for kaons and protons [147]. The
magnitude of the hadron suppression in the pQCD calculations is adjusted to
fit the measurements for central collisions, as discussed further below.

In order to deduce the magnitude of partonic energy loss in the medium it
is essential to establish the degree to which hadronic interactions, specifically
the interaction of hadronic jet fragments with the medium, can at least in
part generate the observed high pT phenomena and contribute substantially
to the jet quenching [51,152,153]. Simple considerations already argue against
this scenario. The dilated formation time of hadrons with energy Eh and mass
mh is tf = (Eh/mh)τf , where the rest frame formation time τf ∼ 0.5 − 0.8
fm/c. Thus, a 10 GeV/c pion has formation time ∼ 50 fm/c and is unlikely to
interact as a fully formed pion in the medium. Since the formation time de-
pends on the boost, the suppression due to hadronic absorption with constant
or slowly varying cross section should turn off with rising pT , at variance with
observations (Fig. 31). A detailed hadronic transport calculation [51] leads to a
similar conclusion: the absorption of formed hadrons in the medium fails by a
large factor to account for the observed suppression. Rather, this calculation
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Fig. 31. Binary-scaled yield ratio RCP (pT ) for central (0-5%) relative to peripheral
(40-60%, 60-80%) collisions for charged hadrons from 200 GeV Au+Au collisions
[151]. The shaded bands show the multiplicative uncertainty of the normalization of
RCP (pT ) relative to binary collision and participant number scaling.

attributes the suppression to ad hoc medium interactions of “pre-hadrons”
with short formation time and constant cross section. The properties of these
“pre-hadrons” are thus similar to those of colored partons [51], and not to the
expected color transparency of hadronic matter to small color singlet particles
that might evolve into normal hadrons [52].

Additional considerations of the available high pT data [53] also support the
conclusion that jet quenching in heavy ion collisions at RHIC is the conse-
quence of partonic energy loss. In particular, large v2 values observed at high
pT and the systematics of the small-angle dihadron correlations are difficult
to reconcile with the hadronic absorption scenario. While further theoretical
investigation of this question is certainly warranted, we conclude that there is
no support in the data for hadronic absorption as the dominant mechanism
underlying the observed suppression phenomena at high pT and we consider
partonic energy loss to be well established as its primary origin. It is conceiv-
able that there may be minor hadronic contributions from the fragments of
soft gluons radiated by the primary hard partons during their traversal of the
collision matter. In any case, we emphasize that while the jet quenching re-
sults seem to favor partons over hadrons losing energy, they do not allow any
direct conclusion regarding whether the energy is lost to partonic or hadronic
matter.

The magnitude of the suppression at high pT in central collisions is fit to the
data in the pQCD-based models with partonic energy loss, by adjusting the
initial gluon density of the medium. The agreement of the calculations with
the measurements at pT>5 GeV/c is seen in Fig. 31 to be good. In order to
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describe the observed suppression, these models require an initial gluon density
about a factor 50 greater than that of cold nuclear matter [147–149]. This is
the main physics result of the high pT studies carried out at RHIC to date.
It should be kept in mind that the actual energy loss inferred for the rapidly
expanding Au+Au collision matter is not very much larger than that inferred
for static, cold nuclear matter from semi-inclusive deep inelastic scattering
data [57]. But in order to account for this slightly larger energy loss despite

the rapid expansion, one infers the much larger initial gluon density at the
start of the expansion [147,148]. Certainly, then, the quantitative extraction
of gluon density is subject to uncertainties from the theoretical treatment of
the expansion and of the energy loss of partons in the entrance-channel cold
nuclear matter before they initially collide.

The gluon density derived from energy loss calculations is consistent with es-
timates from the measured rapidity density of charged hadrons [154] using
the Bjorken scenario [84], assuming isentropic expansion and duality between
the number of initial gluons and final charged hadrons. Similar values are
also deduced under the assumption that the initial state properties in cen-
tral Au+Au RHIC collisions, and hence the measured particle multiplicities,
are determined by gluon-gluon interactions below the gluon density satura-
tion scale in the initial-state nuclei [66]. Additionally, the energy density is
estimated from global measurements of transverse energy (see Sec. 3.1) to be
of order 50-100 times that in cold nuclear matter, consistent with the values
inferred from hydrodynamics accounts of measured hadron spectra and flow.
The consistency among all these estimates, though only semi-quantitative at
present, is quite significant. These inferred densities fall well into the regime
where LQCD calculations predict equilibrated matter to reside in the QGP
phase.

4.4 Rapidity-dependence of high pT hadron yields in d+Au collisions

It had been proposed recently [150] that gluon saturation effects can extend
well beyond the saturation momentum scale Qs, resulting in hadron suppres-
sion relative to binary scaling (RAB(pT )<1) for pT ∼ 5 − 10 GeV/c mid-
rapidity hadron production at RHIC energies, in apparent agreement with
the data in Fig. 31. However, since this predicted suppression originates in
the properties of the incoming nuclear wave function, hadron production in
d+Au collisions should also be suppressed by this mechanism [150]. Experi-
mentally, an enhancement in mid-rapidity hadron production in d+Au is seen
instead (Fig. 28 [138–141]), even in central d+Au collisions [141] where sat-
uration effects should be most pronounced. The observed enhancement is at
variance with saturation model expectations at high pT [150].
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collisions at

√
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=200 GeV, plotted as a function of pT for four different pseudo-

rapidity bins, centered at η = 0, η = 1, η = 2.2 and η = 3.2. The measurements
are from the Brahms Collaboration [155], for all charged hadrons (negative hadrons
only) in the case of the former (latter) two η bins. The curves represent gluon satu-
ration model fits from [157]. The filled circles and solid curves compare yields in the
0-20% to 60-80% centrality bins, while the open circles and dashed curves compare
30-50% to 60-80%. The figure is taken from Ref. [157].

However, at large rapidities in the deuteron direction, a suppression of the
highest pT hadrons studied is indeed observed in d+Au collisions, as revealed
by the results from the Brahms experiment in Fig. 32 [155]. This is not true of
large rapidities in the Au direction [158,159]. This distinct behavior is consis-
tent with gluon saturation models, as seen by the fits [157] to these results in
Fig. 32. High-pT hadrons produced at small angles with respect to the deuteron
beam arise preferentially from asymmetric partonic collisions involving gluons
at low Bjorken x in the Au nucleus. (For example, in a next-to-leading or-
der leading-twist perturbative QCD calculation, the mean x-value of partons
probed in the Au nucleus has been found to be 0.03-0.05 when selecting on
hadrons at η = 3.2 and pT = 1.5 GeV/c [156]. Note, however, that such a
calculation may have limited validity in the regime of strong gluonic fields.) It
is precisely at low x in heavy nuclei that gluon saturation, and the resultant
suppression in high-pT hadron production, should set in. Thus, gluon satura-
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tion models predicted the qualitative behavior of increasing suppression with
increasing rapidity in the deuteron direction before the experimental results
became available [160], although parameter values had to be tuned after the
fact [157] to adjust the saturation scale to obtain the fits shown in Fig. 32.

At the moderate pT values kinematically accessible at large pseudorapidity,
one may worry legitimately that softer hadron production mechanisms (e.g.,
quark recombination) and initial-state multiple scattering of partons before
hard collisions complicate the interpretation of the d+Au results. The same
basic suppression of hadrons in the deuteron, relative to the Au, direction can
be seen extending to higher pT in the mid-rapidity backward/forward yield
ratios from STAR [159], shown in Fig. 33. The same gluon saturation model
calculations [157] shown in Fig. 32 are seen in Fig. 33 to be qualitatively, but
not quantitatively, consistent with the observed dependences of the hadron
yields on pseudorapidity, pT and centrality. In particular, both measurements
and calculations suggest that the mid-rapidity suppression fades away at trans-
verse momenta above 5-6 GeV/c, as one probes higher-x partons in the Au
nucleus.

The results in Fig. 32 and 33 represent the strongest evidence yet available
for the applicability of Color Glass Condensate concepts within the kinematic
range spanned by RHIC collisions. Nonetheless, more mundane origins of this
forward hadron suppression in d+Au have not been ruled out. Di-hadron cor-
relation measurements involving these forward hadrons in d+Au collisions
may help to distinguish between CGC and other explanations [161]. A critical
characteristic of the CGC is that it can be treated as a classical gluon field.
Forward hadrons that result from the interaction of a quark from the deuteron
beam with this gluon field may have their transverse momentum balanced not
by a single recoiling parton (and therefore a jet), but rather by a number of
relatively soft hadrons with a much more smeared angular correlation than
is characteristic of di-jet processes. Such a “mono-jet” signature would not
be expected from more conventional sources of shadowing of gluon densities
in the Au nucleus [162], which still allow individual quark-gluon, rather than
quark-gluon field, scattering. On the other hand, kinematic limits on the ac-
cessible pT values for forward hadrons imply that one is dealing, even in a
di-jet framework, with unconventional away-side jets of only a few GeV/c
[163]. In this regime, a suitable reference is needed, using p+p or d+A with a
sufficiently light nucleus A to place the contributing parton x-range above the
anticipated gluon saturation regime. The discriminating power of di-hadron
correlations for CGC mono-jets must be demonstrated by modifications in
d+Au with respect to this reference.
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Fig. 33. Comparison of STAR measurements [159] with gluon saturation model cal-
culations [157] for backward (Au side) to forward (d side) charged hadron yield
ratios at mid-rapidity in d+Au collisions at

√
s

NN
=200 GeV. Results are shown as

a function of hadron pT for two different pseudorapidity ranges, (a) 0.5 < |η| < 1.0
and (b) 0.0 < |η| < 0.5, and three different centrality ranges. Centrality is deter-
mined experimentally from the measured charged particle multiplicity in the forward
Au direction, for −3.8 < η < −2.8. Figure is taken from Ref. [159].

4.5 Outlook

While large effects have been observed and the phenomenon of jet quench-
ing in dense matter has been firmly established, precision data in a larger
pT range are needed to fully explore the jet quenching phenomena and their
connection to properties of the dense matter. The region 2<pT<6 GeV/c has
significant contributions from non-perturbative processes other than vacuum
fragmentation of partons, perhaps revealing novel hadronization mechanisms.
Most studies to date of azimuthal anisotropies and correlations of “jets” have
by necessity been constrained to this region, with only the inclusive spectra
extending to the range where hard scattering is expected to dominate the in-
clusive yield. High statistics data sets for much higher pT hadrons are needed
to fully exploit azimuthal asymmetries and correlations as measurements of
partonic energy loss. Dihadron measurements probing the details of the frag-
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mentation process may be sensitive to the energy density, in addition to the
gluon density that is probed with the present measurements. Heavy quark sup-
pression is theoretically better controlled, and measurement of it will provide
a critical check on the understanding of partonic energy loss. The differential

measurement of energy loss through measurement of the emerging away-side
jet and the recovery of the energy radiated in soft hadrons is still in its initial
phase of study. A complete mapping of the modified fragmentation with larger
initial jet energy and with a direct photon trigger will crosscheck the energy
dependence of energy loss extracted from single inclusive hadron suppression.
Experiments at different colliding energies are also useful to map the varia-
tion of jet quenching with initial energy density and the lifetime of the dense
system.

At the same time as we extend the pT range for jet quenching studies on the
high side, it is crucial also to pursue further (particle-identified) hadron corre-
lation measurements in the soft sector, in order to understand better how jets
are modified by interactions with the dense bulk matter. Measurements such
as those presented in Figs. 25 and 30 are just beginning to illuminate the dis-
sipative processes leading to thermalization of parton energy. The properties
of particles that have been substantially degraded, but not completely ther-
malized, by passage through the bulk may provide particularly fertile ground
for exposing possible fundamental modifications (e.g., symmetry violations or
restoration) of strong interactions in RHIC collision matter.
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5 Some Open Issues

It should be clear from the detailed discussions of experimental and theoret-
ical results in the preceding chapters that some open questions need to be
addressed before we can judge the evidence in favor of QGP formation at
RHIC to be compelling. In this chapter we collect a number of such open
questions for both experiment and theory. Convincing answers to even a few
of these questions might tip the balance in favor of a QGP discovery claim.
But even then, it will be important to address the remaining questions to
solidify our understanding of the properties of the matter produced in RHIC
collisions.

Lattice QCD calculations suggest that a confined state is impossible in bulk,
thermodynamically equilibrated matter at the energy densities apparently
achieved at RHIC. Indeed, several experimental observations are consistent

with the creation of deconfined matter. However, a discovery as important as
the observation of a fundamentally new state of matter surely demands proof
beyond circumstantial evidence for deconfinement. Can we do better?

One response that has been offered is that the EOS of strongly interacting
matter is already known from lattice QCD calculations, so that only the
conditions initially attained in heavy-ion collisions, and the degree of ther-
malization in the matter produced, are open to doubt. Such a view tends to
trivialize the QGP search by presuming the answer. Indeed, an important as-
pect of the original motivation for the experimental program at RHIC was
to explore the Equation of State of strongly interacting matter under these
extreme conditions of energy density. Lattice QCD, in addition to its techni-
cal difficulties and attendant numerical uncertainties, attempts to treat bulk,
static, thermodynamically equilibrated quark-gluon systems. The relationship
of such idealized matter to the finite, rapidly evolving systems produced in
relativistic heavy-ion collisions is not a priori clear. One would prefer, then,
to take LQCD calculations as guideposts to the transition properties to search
for experimentally, but not as unassailable truth. On the other hand, there are
sufficient complexities in the theoretical treatment of heavy-ion collisions that
one would like to apply all credible constraints in parameterizing the problem.
This dichotomy leads to our first question:

• To what extent should LQCD results be used to constrain the
Equations of State considered in model treatments of RHIC colli-
sions? How does one allow for independent checks of the applica-
bility of LQCD to the dynamic environment of a RHIC collision?

Experimentally, to verify the creation of a fundamentally new state of matter
at RHIC one would like crosschecks demonstrating that the matter behaves
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qualitatively differently than “normal” (hadronic) matter in a system known
or believed to be in a confined state. Although such a demonstration might
be straightforward in bulk matter, it becomes an enormous challenge with the
limited experimental control one has over thermodynamic variables in heavy-
ion collisions. The finite size and lifetime of the matter produced in the early
collision stages, coupled with the absence of global thermal equilibrium and of
measurements (to date) of local temperature, all work to obscure the hallmark
of QGP formation predicted by lattice QCD: a rapid transition around a criti-
cal temperature leading to deconfinement and, quite possibly, chiral symmetry
restoration (the latter considered here as a sufficient, but not necessary, QGP
manifestation). Given these complications, the underlying challenge to theory
and experiment is:

• Can we make a convincing QGP discovery claim without clear
evidence of a rapid transition in the behavior of the matter pro-
duced? Can we devise probes with sufficient sensitivity to early,
local system temperature to facilitate observation of such an onset
at RHIC? Can we predict, based on what we now know from SPS
and RHIC collisions, at what energies or under what conditions we
might produce matter below the critical temperature, and which
observables from those collisions should not match smoothly to
SPS and RHIC results?

At the most basic level, it is conceivable that there is no rapid deconfinement
transition in nature (or at least in the matter formed fleetingly in heavy-ion
collisions), but rather a gradual evolution from dominance of hadronic toward
dominance of partonic degrees of freedom. It is not yet clear that we could
distinguish such behavior of QCD matter from the blurring of a well-defined
QGP transition by the use of tools with insufficient resolution or control.

5.1 What experimental crosschecks can be performed on apparent QGP sig-

natures at RHIC?

Below we briefly discuss some of the key observations that underlie theoretical
claims [6–8] that deconfined matter has been produced at RHIC, and ask what
crosschecks might be carried out to test this hypothesis.

5.1.1 Jet quenching

As discussed in Sec. 4, inclusive hadron spectra and two-particle azimuthal cor-
relations at moderate and high pT clearly demonstrate that jets are suppressed
in central RHIC Au+Au collisions, relative to scaled NN collisions. The lack
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of suppression (indeed, the enhancement, due to the Cronin effect) in d+Au
collisions at RHIC provides a critical crosscheck that the quenching is not
an initial-state effect. Measurements with respect to the event reaction plane
orientation (see Fig. 29) provide another important crosscheck, demonstrat-
ing that the magnitude of the suppression depends strongly on the amount
of matter traversed. Such jet quenching was first predicted [46] within the
framework of parton energy loss in traversing a QGP. However, more recent
theoretical work [58] casts doubt that deconfinement of the medium is essential
to the phenomenon, or would be manifested clearly in the energy-dependence
of quenching. Nonetheless, experimental hints of a possibly interesting energy
dependence to quenching phenomena should be pursued as a potential cross-
check on formation of a new state of matter.

Moderate-pT (up to 4 GeV/c) yields from Pb-Pb collisions at the SPS [164]
appear to show an enhancement over a scaled parameterized p-p reference
spectrum. However, questions raised about the p-p parameterization [165],
combined with the unavailability of measurements constraining the initial-
state (Cronin) enhancement at these energies, leave open the possibility that
even at SPS, jets in central A+A collisions may turn out to be suppressed
relative to expectations. Indeed, the data in [164] do demonstrate hadron sup-
pression in central relative to semi-peripheral collisions. Also, it is unclear
whether the suppression of away-side two-particle correlations out of the re-
action plane, observed at RHIC (see Fig. 29), might be of similar origin as
the away-side out-of-plane broadening observed at the SPS [103]. These am-
biguities are amplified by the limited pT range covered in SPS measurements,
spanning only a region where RHIC results suggest that hard parton scat-
tering and fragmentation may not yet be the dominant contributing hadron
production mechanism. These observations lead to the following question:

• Is there a qualitative change in the yield of high-pT hadrons in
A+A collisions between SPS and RHIC energies? Or does hadron
suppression rather evolve smoothly with energy, reflecting a grad-
ual growth in initial gluon density and parton energy loss? Is it
feasible to make meaningful measurements of hard probes at suffi-
ciently low collision energy to test for the absence or gross reduc-
tion of jet quenching in matter believed to be in a hot hadronic
(i.e., confined) gas state?

5.1.2 Constituent-quark scaling of yields and anisotropies

The baryon vs. meson systematics of RCP (Fig. 15) and the apparent scaling
of elliptic flow with the number of constituent quarks (Fig. 20) in the interme-
diate pT range strongly suggest collective behavior at a pre-hadronic level, a
necessary aspect of QGP formation and thermalization in heavy-ion collisions.

321



Once again, one would like to observe the absence of this behavior for systems
in which QGP is not formed. High-quality, particle-identified elliptic flow data
do not yet exist at SPS (or lower) energies in this pT region.

• Should constituent-quark scaling of v2 in the intermediate pT sec-
tor be broken if a QGP is not formed? If so, is an appropriate
statistically meaningful, particle-identified measurement of v2 at
intermediate pT feasible at

√
sNN below the QGP formation thresh-

old?

Alternatively, we could seek to establish the role of constituent quarks more
convincingly by additional predictions of the quark coalescence models intro-
duced to characterize this intermediate pT region. For this purpose it may be
helpful to integrate the coalescence models with other (e.g., gluon saturation
or hydrodynamics) models that might serve to constrain the anticipated initial
conditions and coalescence parameters as a function of centrality or collision
energy.

• Coalescence models have provided a simple ansatz to recognize
the possible importance of constituent quark degrees of freedom
in the hadronization process in A+A collisions at RHIC, and to
suggest that these constituent quarks exhibit collective flow. Once
model parameters have been adjusted to account for the observed
ratios of yields and elliptic flow strengths for baryons vs. mesons,
can integration of key features from other models enhance predic-
tive power? For example, can the centrality-dependence of these
ratios, or meson vs. baryon correlations (angular or otherwise) at
moderate pT be predicted?

5.1.3 Strong elliptic flow in agreement with hydrodynamics

In contrast to the above signatures, which require access to moderate-to-high
pT values, observables in the soft sector have already been extensively ex-
plored, even from Bevalac energies. The only soft-sector observable selected
as a “pillar” of the QGP claim at RHIC, in Ref. [6], is the strong elliptic
flow, whose magnitude, mass and pT -dependence for mid-central collisions are
in reasonable agreement with expectations based on ideal hydrodynamic flow
(see Fig. 18). Furthermore, the agreement appears better for an Equation
of State that includes passage through a phase transition from partonic to
hadronic matter.

This success leads to the claim [3,6] that the elliptic flow has finally, in near-
central collisions at RHIC energies, reached the ideal hydrodynamic “limit,”
suggesting creation of equilibrated, low-viscosity matter at an early stage in
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Fig. 34. (a) Energy dependence of elliptic flow measured near mid-rapidity for
mid-central collisions (∼ 12 − 34% of the geometric cross section) of A ∼ 200 nu-
clei at the AGS, SPS and RHIC. (b) Mid-rapidity elliptic flow measurements from
various energies and centralities combined in a single plot of v2 divided by relevant
initial spatial eccentricity vs. charged-particle rapidity density per unit transverse
area in the A + A overlap region. The figures, taken from Ref. [100], highlight the
smooth behavior of flow vs. energy and centrality. The rightmost points represent
near-central STAR results, where the observed v2/ǫ ratio becomes consistent with
limiting hydrodynamic expectations for an ideal relativistic fluid. The hydrodynamic
limits are represented by horizontal lines [100] drawn for AGS, SPS and RHIC en-
ergies (from left to right), for one particular choice of EOS that assumes no phase
transition in the matter produced.

the collision (when geometric anisotropy is still large). However, the results
from many experiments clearly indicate a smoothly rising v2(

√
sNN ), while

the hydrodynamic limit for given initial spatial eccentricity and fixed EOS is
falling with increasing energy (see Fig. 34). It is thus unclear from the available
data whether we are observing at RHIC the interesting onset of saturation
of a simple physical limit particularly relevant to QGP matter, or rather an
accidental crossing point of experiment with a necessarily somewhat simplified
theory. It is of major significance that ideal hydrodynamics appears to work at
RHIC for the first time. This conclusion – and in particular the evidence for an
Equation of State containing a phase change – would be much strengthened
if the hydrodynamic limit were demonstrated to be relevant as well under
conditions far removed from those in RHIC measurements to date. Future
measurements in central collisions of heavier and highly deformed nuclei (e.g.,
U+U [3]) possible after a planned upgrade of the ion source for RHIC, or
at significantly lower or higher energy (the latter awaiting LHC turn-on) will
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provide the possibility of additional crosschecks of this important conclusion.

• Is the ideal hydrodynamic limit for elliptic flow relevant to heavy-
ion collisions over a broad range of conditions, within which near-
central Au+Au collisions at full RHIC energy represent merely
a first “sighting”? Will v2 at LHC energies surpass the hydrody-
namic limit? Is thermalization likely to be sufficiently established
in collisions below

√
s

NN
≈ 100 GeV to permit meaningful tests of

hydrodynamics? If so, will measurements at lower RHIC ener-
gies reveal a non-trivial energy dependence of v2, such as that
predicted in Fig. 7 by ideal hydrodynamics incorporating a phase
transition? Can one vary the initial spatial eccentricity of the bulk
matter independently of centrality and degree of thermalization,
via controlled changes in the relative alignment of deformed col-
liding nuclei such as uranium?

5.1.4 Dependence of observables on system size

The above questions focused on excitation function measurements, which tra-
ditionally have played a crucial role in heavy-ion physics. It is also desirable
to explore the appearance and disappearance of possible QGP signatures as a
function of system size. To date, system size variations have been examined at
RHIC primarily via the centrality dependence of many observables. A number
of variables have been observed to change rapidly from the most peripheral
to mid-peripheral collisions, and then to saturate for mid-central and cen-
tral collisions. Examples of this type of behavior include: the strength (IAA in
Ref. [71]) and ∆η width (Fig. 25) of near-side di-hadron correlations; the ratio
of measured v2 to the hydrodynamic limit for relevant impact parameter [105];
the strangeness saturation parameter γs deduced from statistical model fits to
measured hadron yield ratios (inset in Fig. 12) [86]. Do these changes reflect
a (QGP) transition with increasing centrality in the nature of the matter first
produced, or merely the gradual growth in importance of hadronic initial- and
final-state interactions, and in the degree of thermalization achieved, as the
number of nucleon participants increases? One’s answer to this question may
depend on how rapid the variation with centrality appears, but this in turn
depends on what measure one uses for centrality, as emphasized in the lower
frames of Fig. 25.

As the centrality changes for given colliding nuclei, so, unavoidably, does the
initial shape of the overlap region. In order to unravel the influence of different
initial conditions on the evolution of the matter formed in heavy-ion collisions,
it will be important to measure as well the dependence of observables such as
those above on the size of the colliding nuclei.
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• Do RHIC measurements as a function of centrality already con-
tain hints of the onset of QGP formation in relatively peripheral
regions? Will future measurements for lighter colliding nuclei per-
mit more definitive delineation of these apparently rapid changes
with system size?

5.2 Do the observed consistencies with QGP formation demand a QGP-based

explanation?

Because it is difficult to control the degree of thermalization achieved in heavy-
ion collisions, and to measure directly the temperature at which it is initially
achieved, it is possible that none of the crosschecks discussed in the preceding
subsection for RHIC energies and below may provide definitive experimen-
tal resolution concerning QGP formation. In this case, our reliance on the
comparison with theory would be significantly increased, and the questions
posed below become especially important. Here, we question the uniqueness

of a QGP-based explanation. In other words, do the data demand a scenario
characterized by thermalized, deconfined matter?

5.2.1 Strong elliptic flow

The hydrodynamic overestimate of elliptic flow at energies below RHIC has
been attributed either to a failure to achieve complete thermalization in those
collisions [3] or to their earlier transition to a viscous hadronic phase [6].
These interpretations suggest that the observed energy-dependence of flow
(Fig. 34) is dominated by the complex dynamics of early thermalization and
late hadronic interactions. While application of hydrodynamics relies on local
thermal equilibrium, it is not obvious that agreement with data after param-
eter adjustment necessarily proves thermalization. The following question is
posed in this light.

• The unprecedented success of hydrodynamics calculations assum-
ing ideal relativistic fluid behavior in accounting for RHIC elliptic
flow results has been interpreted as evidence for both early attain-
ment of local thermal equilibrium and an Equation of State with a
soft point, characteristic of the predicted phase transition. How do
we know that the observed elliptic flow can’t result, alternatively,
from a harder EOS coupled with incomplete or late thermalization
and/or significant viscosity in the produced matter?

Even if we assume thermalization (and hence the applicability of hydrody-
namics), it is clear that a complete evaluation of the “theoretical error bars”
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has yet to be performed. When parameters are adjusted to reproduce spectra,
agreement with v2 measurements in different centrality bins is typically at the
20-30% level. The continuing systematic discrepancies from HBT results, and
from the energy dependence of elliptic flow when simplified freezeout param-
eterizations are applied, suggest some level of additional ambiguity from the
treatment of late-stage hadronic interactions and from possibly faulty assump-
tions of the usual hydrodynamics calculations (see Sec. 2.2). When theoretical
uncertainties within hydrodynamics are fairly treated, does a convincing signal
for an EOS with a soft point survive?

• The indirect evidence for a phase transition of some sort in the el-
liptic flow results comes primarily from the sensitivity in hydrody-
namics calculations of the magnitude and hadron mass-dependence
of v2 to the EOS. How does the level of this EOS sensitivity com-
pare quantitatively to that of uncertainties in the calculations,
gleaned from the range of parameter adjustments, from the ob-
served deviations from the combination of elliptic flow, spectra
and HBT correlations, and from the sensitivity to the freezeout
treatment and to such normally neglected effects as viscosity and
boost non-invariance?

5.2.2 Jet quenching and high gluon density

The parton energy loss treatments do not directly distinguish passage through
confined vs. deconfined systems. Although effects of deconfinement must exist
at some level, e.g., on the propagation of radiated soft gluons, their inclusion
in the energy loss models might well be quantitatively masked by other uncer-
tainties in the calculations. Evidence of deconfinement must then be indirect,
via comparison of the magnitude of inferred gluon or energy densities early
in the collision to those suggested by independent partonic treatments such
as gluon saturation models. The actual energy loss inferred from fits to RHIC
data, through the rapidly expanding collision matter, is only slightly larger
than that indicated through static cold nuclei by fits to semi-inclusive deep in-
elastic scattering data. The significance of the results is then greatly magnified
by the correction to go from the expanding collision matter to an equivalent
static system at the time of the initial hard scattering. The quantitative un-
certainties listed in the question below will then be similarly magnified. What,
then, is a reasonable guess of the range of initial gluon or energy densities that
can be accommodated, and how does one demonstrate that those densities can
only be reached in a deconfined medium?

• Does the magnitude of the parton energy loss inferred from RHIC
hadron suppression observations demand an explanation in terms
of traversal through deconfined matter? The answer must take
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into account quantitative uncertainties in the energy loss treat-
ment arising, for example, from the uncertain applicability of fac-
torization in-medium, from potential differences (other than those
due to energy loss) between in-medium and vacuum fragmenta-
tion, and from effects of the expanding matter and of energy loss
of the partons through cold matter preceding the hard scattering.

Gluon saturation models set a QCD scale for anticipated gluon densities, that
can then be compared to values inferred from parton energy loss treatments,
modulo the questions asked above and below. An important question, given
that RHIC multiplicity data are used as input to the models (e.g., to fix the
proportionality between gluon density and hadron yields) is whether they pro-
vide information truly independent from the initial energy density inferred via
the simple Bjorken hydrodynamic expansion scenario (Eq. 4) from measured
rapidity densities of transverse energy.

• If there is a truly universal gluon density saturation scale, deter-
mined already from HERA e-p deep inelastic scattering measure-
ments, why can’t RHIC A+A particle multiplicities be predicted
a priori without input from RHIC experimental data? Is not the
A- (or Npart-) dependence of the gluon densities at the relevant
Bjorken x-ranges predicted in gluon saturation treatments? Can
saturated entrance-channel gluon densities in overlapping cold nu-
clei be directly compared to the early gluon densities in thermal-
ized hot matter, inferred from parton energy loss treatments of
jet quenching?
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6 Overview and Outlook

6.1 What have we learned from the first three years of RHIC measurements?

Already in their first three years, all four RHIC experiments have been enor-
mously successful in producing a broad array of high-quality data illuminat-
ing the dynamics of heavy-ion collisions in a new regime of very high energy
densities. STAR, in particular, has established a number of seminal, strik-
ing results highlighted in Secs. 3 and 4 of this document. In parallel, there
have been significant advances in the theoretical treatment of these collisions.
The theory-experiment comparison indicates that central Au+Au collisions
at RHIC produce a unique form of strongly interacting matter, with some
dramatic and surprisingly simple properties. A number of the most striking
experimental results have been described to a reasonable quantitative level,
and in some cases even predicted beforehand, using theoretical treatments
inspired by QCD and based on QGP formation in the early stages of the
collisions.

The observed hadron spectra and correlations at RHIC reveal three trans-
verse momentum ranges with distinct behavior: a soft range (pT .1.5 GeV/c)
containing the vast majority of produced hadrons, representing most of the
remnants of the bulk collision matter; a hard-scattering range (pT & 6 GeV/c),
providing partonic probes of the early collision matter; and an intermediate
range (1.5 . pT . 6 GeV/c) where hard processes coexist with softer ones.
The behavior in each of these ranges is quite different than would be ex-
pected from an incoherent sum of independent nucleon-nucleon collisions; for
the hard sector, in particular, this is one of the most important new observa-
tions at RHIC. Below we summarize the major findings described in earlier
chapters within each of these three ranges, in each case listing them in ap-
proximate decreasing order of what we judge to be their level of robustness
with respect to current experimental and theoretical ambiguities. This is not
intended necessarily to represent order of importance, as some of the presently
model-dependent conclusions are among the strongest arguments in favor of
QGP formation.

6.1.1 Soft sector

• The matter produced exhibits strong collective flow: most hadrons at
low pT reflect a communal transverse velocity field resulting from conditions
early in the collision, when the matter was clearly expanding rapidly under
high, azimuthally anisotropic, pressure gradients and frequent interactions
among the constituents. The commonality of the velocity is clearest from
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Fig. 35. Measured mid-rapidity charged particle densities, scaled by the calculated
number of participant nucleons, for central collisions of A ∼ 200 nuclei at AGS,
SPS and RHIC, plotted as a function of the center-of-mass energy. Results for p+p
collisions are shown for comparison. Figure from [80].

the systematic dependence of elliptic flow strength on hadron mass at low
pT (see Fig. 18), from the common radial flow velocities extracted by fitting
observed spectra (Fig. 14), and from the measurements of HBT and non-
identical particle correlations [121]. All of these features fit naturally, at
least in a qualitative way, within a hydrodynamic description of the system
evolution.

• Most bulk properties measured appear to fall on quite smooth curves with
similar results from lower-energy collisions. Examples shown include features
of integrated two-hadron pT correlations (Fig. 24), elliptic flow (Fig. 34),
charged particle density (Fig. 35) and emitting source radii inferred from
HBT analyses (Fig. 36). Similarly, the centrality-dependences observed at
RHIC are generally smooth (but see Fig. 25 for a possible exception). These
experimental results contrast with theoretical speculations and predictions
made before RHIC start-up, which often [11,30,166] suggested strong energy
dependences accompanying the hadron-to-QGP transition. The observed
smooth general behavior has been primarily attributed to the formation of
matter over a range of initial local conditions, even at a given collision energy
or centrality, and to the absence of any direct experimental determination of
early temperature. In any case, the results clearly highlight the difficulty
of observing any rapid “smoking-gun” onset of a transition to a
new form of matter.

• Despite the smoothness of the energy and centrality dependences, two im-
portant milestones related to the attainment of thermal equilibrium appear
to be reached for the first time in near-central RHIC collisions at or near
full energy. The first is that the yields of different hadron species, up

to and including multi-strange hadrons, become consistent with
a Grand Canonical statistical distribution at a chemical freezeout
temperature of 160 ± 10 MeV and a baryon chemical potential ≈ 25 MeV
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(see Fig. 12). This result places an effective lower limit on the temperatures
attained if thermal equilibration is reached during the collision stages pre-
ceding this freezeout. This lower limit is essentially equal to the QGP
transition temperature predicted by lattice QCD calculations (see
Fig. 1).

• At the same time (i.e., for near-central RHIC collisions) the mass- and pT -
dependence of the observed hadron spectra and of the strong elliptic flow in
the soft sector become consistent, at the ±20−30% level, with hydro-
dynamic expectations for an ideal relativistic fluid formed with an
initial eccentricity characteristic of the impact parameter. These hydrody-
namic calculations have not yet succeeded in also quantitatively explaining
the emitting hadron source size inferred from measured HBT correlations
(see Fig. 22). Nonetheless, their overall success suggests that the interac-
tions among constituents in the initial stages of these near-central collisions
are characterized by very short mean free paths, leading to quite rapid
(τ . 1 fm/c) attainment of at least approximate local thermal
equilibrium. The short mean free path in turn suggests a very dense ini-
tial system.

• Based on the rapid attainment of thermal equilibrium, and making the as-
sumption of longitudinal boost-invariant expansion, one can extract [84]
a rough lower bound on the initial energy density from measured rapid-
ity densities [81,83] of the total transverse energy (dET/dy) produced in
the collisions. These estimates suggest that in central Au+Au collisions at
RHIC, matter is formed at an initial energy density well above the
critical density (∼ 1.0 GeV/fm3) predicted by LQCD for a transition to
the QGP.

• Measurements of two-hadron angular correlations and of the power spec-
trum of local charged-particle density fluctuations reveal strong near-side
correlations surviving in the soft sector, reminiscent of jet-like behavior in
some aspects, but with a strong pseudorapidity broadening introduced by
the presence of the collision matter. The observed structure (see Fig. 25)
suggests that soft jet fragments are not fully thermalized with the
bulk matter, but nonetheless show the effects of substantial cou-
pling to that matter in a considerable broadening of the jet “peak” in
pseudorapidity difference between two hadrons.

• Hydrodynamics calculations are best able to reproduce RHIC results for
hadron spectra and the magnitude and mass-dependence of elliptic flow
(Fig. 18) by utilizing an Equation of State incorporating a soft LQCD-
inspired phase transition from QGP to hadronic matter. However,
the calculations also exhibit comparable sensitivity to other a priori un-
known features, e.g., the details of the hadronic final-state interactions and
the time at which thermal equilibrium is first attained. In light of these
competing sensitivities, it is not yet clear if the experimental results truly
demand an EOS with a soft point.
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Fig. 36. Energy dependence of HBT parameters extracted from pion pair correlations
in central A + A (A ∼ 200) collisions at mid-rapidity and pair kT ≈ 0.2 GeV/c.
The data span the AGS, SPS and RHIC. Figure from [167].

6.1.2 Intermediate sector

• In the intermediate pT range, the elliptic flow strength v2 saturates and
we see systematic meson vs. baryon differences (rather than a systematic
mass-dependence) in both yield (see Fig. 15) and v2 value (Figs. 20). In the
same region we also observe clear jet-like angular correlation peaks in the
near-side azimuthal difference distributions between pairs of hadrons (see
Fig. 29). The most natural interpretation for this combination of character-
istics is that the intermediate-pT yield arises from a mixture of par-
tonic hard-scattering (responsible for the jet-like correlations) and
softer processes (responsible for the meson-baryon differences) .

• The saturated v2 values appear to scale with the number of con-
stituent (or valence) quarks n in the hadron studied, i.e., v2/n vs.
pT/n falls on a common curve for mesons and baryons (see Fig. 20). If this
trend persists as the particle-identified intermediate-pT data are improved in
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statistical precision for a suitable variety of hadron types, it would provide
direct experimental evidence for the relevance of sub-hadronic degrees of
freedom in determining flow for hadrons produced at moderate pT in RHIC
collisions.

• Quark recombination models are able to provide a reasonable account of
the observed meson and baryon spectra, as well as the v2 systematics, in
the intermediate sector by a sum of contributions from coalescence of
thermalized constituent quarks following an exponential pT spec-
trum and from fragmentation of initially hard-scattered partons
with a power-law spectrum [70]. It is not yet clear if the same mixture
can also account quantitatively for the azimuthal dihadron correlation (in-
cluding background under the jet-like peaks) results as a function of pT .
Other models [69,72] mix the above contributions by also invoking recom-
bination of hard-scattered with thermal partons.

6.1.3 Hard sector

• The dominant characteristic of the hard regime is the strong suppres-
sion of hadron yields in central Au+Au collisions, in comparison to
expectations from p+p or peripheral Au+Au collisions, scaled by the num-
ber of contributing binary (nucleon-nucleon) collisions (see Fig. 31). Such
suppression sets in already in the intermediate sector, but saturates and
remains constant as a function of pT throughout the hard region explored
to date. Such suppression was not seen in d+Au collisions at RHIC, indicat-
ing that it is a final-state effect associated with the collision matter
produced in Au+Au. It is consistent with effects of parton energy loss in
traversing dense matter, predicted before the data were available [147,148].

• Azimuthal correlations of moderate- (see Fig. 29) and high-pT [145] hadrons
exhibit clear jet-like peaks on the near side. However, the anticipated
away-side peak associated with dijet production is suppressed by
progressively larger factors as the Au+Au centrality is increased, and for
given centrality, as the amount of (azimuthally anisotropic) matter traversed
is increased (see Fig. 29). Again, no such suppression is observed in d+Au
collisions. The suppression of hadron yields and back-to-back correlations
firmly establish that jets are quenched by very strong interactions
with the matter produced in central Au+Au collisions. The jet-like
near-side correlations survive presumably because one observes preferen-
tially hard fragments of partons scattered outward from the surface region
of the collision zone. Effects of interaction with the bulk matter are nonethe-
less still seen on the near side, primarily by the broadened distribution in
pseudorapidity of softer correlated fragments (see Fig. 25 and Ref. [146]).

• Many features of the observed suppression of high-pT hadrons, including
the centrality-dependence and the pT -independence, can be described effi-
ciently by perturbative QCD calculations incorporating parton en-

332



ergy loss in a thin, dense medium (see Fig. 31). To reproduce the magnitude
of the observed suppression, despite the rapid expansion of the collision mat-
ter the partons traverse, these treatments need to assume that the initial
gluon density when the collective expansion begins is more than
an order of magnitude greater than that characteristic of cold,
confined nuclear matter [147]. The inferred gluon density is consistent,
at a factor ∼ 2 level, with the saturated densities needed to account for
RHIC particle multiplicity results in gluon saturation models (see Fig. 11).

• The yields of hadrons at moderate-to-high pT in central d+Au collisions
exhibit a systematic dependence on pseudorapidity, marked by substan-
tial suppression, with respect to binary scaling expectations, of
products near the deuteron beam direction, in contrast to sub-
stantial enhancement of products at mid-rapidity and near the
Au beam direction (see Figs. 32 and 33). This pattern suggests a de-
pletion of gluon densities at low Bjorken x in the colliding Au nucleus,
and is qualitatively consistent with predictions of gluon saturation
models. Measurements to date cannot yet distinguish interactions with a
classical gluon field (Color Glass Condensate) from interactions with a more
conventionally shadowed density of individual gluons.

• Angular correlations between moderate-pT and soft hadrons have been used
to explore how transverse momentum balance is achieved, in light of jet
quenching, opposite a high-pT hadron in central Au+Au collisions. The
results show the balancing hadrons to be significantly larger in number,
softer (see Fig. 30) and more widely dispersed in angle compared to p+p or
peripheral Au+Au collisions, with little remnant of away-side jet-like
behavior. To the extent that hard scattering dominates these correlations
at moderate and low pT , the results could signal an approach of the away-
side parton toward thermal equilibrium with the bulk matter it traverses.
As mentioned earlier, progress toward thermalization of jet fragments on
the near-side is also suggested by soft-hadron correlations.

• The hard sector was not accessed in SPS experiments, so any possible en-
ergy dependence of jet quenching can only be explored via the hadron nu-
clear modification factor in the intermediate-pT range. While the results
(see Fig. 37) leave open the possibility of a rapid transition [53], one is not
expected on the basis of theoretical studies of parton energy loss [58]. Fur-
thermore, serious questions have been raised [165] about the validity of the
p+p reference data used to determine the SPS result in the figure.

In summary, the RHIC program has enabled dramatic advances in the study
of hot strongly interacting matter, for two basic reasons. With the extended
reach in initial energy density, the matter produced in the most central RHIC
collisions appears to have attained conditions that considerably simplify its
theoretical treatment: essentially ideal fluid expansion, and approximate local
thermal equilibrium beyond the LQCD-predicted threshold for QGP forma-
tion. With the extended reach in particle momentum, the RHIC experiments
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A + A (A ∼ 200) collisions at SPS and two RHIC energies, showing (Cronin)
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flects meson vs. baryon differences in this pT range. The solid curve represents a
parton energy loss calculation under simplifying assumptions concerning the en-
ergy-dependence, as described in [147].

have developed probes for behavior that was difficult to access at lower colli-
sion energies: jet quenching and apparent constituent quark scaling of elliptic
flow. These results indicate, with fairly modest reliance on theory, that RHIC
collisions produce highly opaque and dense matter that behaves collectively.
The magnitude of the density inferred from parton energy loss treatments,
together with the hints of constituent quark collective flow, argue against the
effectiveness of a purely hadronic treatment of this unique strongly interact-
ing matter. It appears from the most robust signals to evolve for a significant
fraction of its lifetime as a low-viscosity, pre-hadronic liquid.

If one takes seriously all of the theoretical successes mentioned above, they
suggest the following more detailed overall picture of RHIC collisions: In-
teractions of very short mean free path within the gluon density saturation
regime lead to a rapidly thermalized partonic system at energy densities and
temperatures above the LQCD critical values. This thermalized matter ex-
pands collectively and cools as an ideal fluid, until the phase transition back
to hadronic matter begins, leading to a significant pause in the build-up of
elliptic flow. During the phase transition, constituent quarks emerge as the
effective degrees of freedom in describing hadron formation at medium pT out
of this initially partonic matter. Initially hard-scattered partons (with lower
color interaction cross sections than the bulk partons) traversing this mat-
ter lose substantial energy to the medium via gluon radiation, and thereby
approach, but do not quite reach, equilibration with the bulk matter. Thus,
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some evidence of degraded jets survives (e.g., see Fig. 29), depending on the
amount of matter traversed. Any claim of QGP discovery based on RHIC re-
sults to date requires an assessment of the robustness, internal consistency,
quantitative success and predictive power of this emerging picture.

6.2 Are we there yet?

The consistency noted above of many RHIC results with a QGP-based the-
oretical framework is an important and highly non-trivial statement! Indeed,
it is the basis of some claims [6–8] that the Quark-Gluon Plasma has already
been discovered at RHIC. However, these claims are associated with QGP def-
initions [6,7] that do not specifically highlight deconfinement as an essential
property to be demonstrated. In our judgment, for reasons mentioned below,
and also reflected in the list of open questions provided in Chap. 5 of this
document, it is premature to conclude definitively that the matter produced
in central RHIC collisions is a Quark-Gluon Plasma, as this term has been
understood by the scientific community for the past 20 years (see Appendix
B).

• The RHIC experiments have not yet produced direct evidence for decon-
finement, or indeed for any clear transition in thermodynamic properties
of the matter produced. It may be unreasonable to expect a clear onset of
deconfinement in heavy-ion systems as a function of collision energy, be-
cause the matter, even if locally thermalized, is presumably formed over
a range of initial temperatures at any given collision energy. Thus, in the
emerging theoretical picture, the matter produced in heavy-ion collisions
at SPS was probably also formed in part above the critical energy density,
but over a smaller fraction of the volume and with shorter-lived (or perhaps
never attained) thermal equilibrium, in comparison with RHIC collisions.
At still lower collision energies, where the critical conditions might never be
reached, various aspects of the theoretical framework applied at RHIC be-
come inapplicable, precluding a simple theory-experiment comparison over
a range from purely hadronic to allegedly QGP-dominated matter.

• The indirect evidence for a thermodynamic transition and for attainment of
local thermal equilibrium in the matter produced at RHIC are intertwined
in the hydrodynamics account for observed hadron spectra and elliptic flow
results. The uniqueness of the solution involving early thermalization and an
EOS with a soft mixed phase is not yet demonstrated. Nor is its robustness
against changes in the treatment of the late hadronic stage of the evolution,
including the introduction of viscosity and other modifications that might
be needed to reduce discrepancies from HBT measurements.

• The indirect evidence for deconfinement rests primarily on the large initial
gluon densities inferred from parton energy loss fits to the observed hadron
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suppression at high pT , and on the supposition that such high densities could
only be achieved in deconfined matter. The latter supposition has yet to be
demonstrated in a compelling theoretical argument. The agreement with
initial gluon densities suggested by Color Glass Condensate approaches is
encouraging, but is still at a basically qualitative level. The measurements
suggest that matter is formed at initial temperatures and energy densities
at or above the critical values predicted by LQCD for a deconfinement
transition. But they do not establish the detailed relevance of the lattice
calculations to the fleeting dynamic matter produced in heavy-ion collisions.

• The role of collectively flowing constituent quarks in hadron formation at
intermediate pT is not yet well established experimentally. If it becomes so
established by subsequent measurements and analyses, this will hint at the
existence of a collective, thermalized partonic stage in the system evolu-
tion. However, that hint will fall short of a conclusive QGP demonstration
until some interpretational ambiguities are resolved: Is it really constituent,
rather than current (valence) quarks that coalesce? If the former, do the con-
stituent quarks then merely represent the effective degrees of freedom for
hadronization of a QGP, or do they indicate an intermediate, pre-hadronic
evolutionary stage, after the abundant gluons and current quarks have co-
alesced and dynamical chiral symmetry breaking has been re-introduced?
If there is a distinct constituent quark formation stage, is thermalization
achieved before, or only during, that stage?

• The theory remains a patchwork of different treatments applied in succes-
sion to each stage of the collision evolution, without yet a clear delineation
of the different aspects as distinct limits of one overarching, seamless the-
ory. The theoretical claims of QGP discovery in [8], considered together,
rely on five “pillars of wisdom” for RHIC central Au+Au collisions, and
each invokes a separate model or theoretical approach for its interpreta-
tion: (i) statistical model fits to measured hadron yields to infer possible
chemical equilibrium across the u, d and s sectors; (ii) hydrodynamics cal-
culations of elliptic flow to suggest early thermalization and soft EOS; (iii)
quark recombination models to highlight the role of thermalized constituent
quarks in intermediate-sector v2 scaling; (iv) parton energy loss models to
infer an initial gluon density from high-pT hadron suppression observations;
(v) gluon saturation model fits to observed hadron multiplicities and yields
at large rapidity, to suggest how high-density QCD may predetermine the
achieved initial gluon densities. Each movement of the theoretical suite has
its own assumptions, technical difficulties, adjusted parameters and quan-
titative uncertainties, and they fit together somewhat uneasily. Until they
are assimilated into a more self-consistent whole with only a few overall
parameters fitted to existing data, it may be difficult to assess theoretical
uncertainties quantitatively or to make non-trivial quantitative predictions
whose comparison with future experimental results have the potential to
prove the theory wrong.
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The bottom line is that in the absence of a direct “smoking gun”
signal of deconfinement revealed by experiment alone, a QGP dis-
covery claim must rest on the comparison with a promising, but still
not yet mature, theoretical framework. In this circumstance, clear
predictive power with quantitative assessments of theoretical uncer-
tainties are necessary for the present appealing picture to survive
as a lasting one. The matter produced in RHIC collisions is fasci-
nating and unique. The continuing delineation of its properties will
pose critical tests for the theoretical treatment of non-perturbative
QCD. But we judge that a QGP discovery claim based on RHIC
measurements to date would be premature. We do not propose that a
comprehensive theoretical understanding of all observed phenomena must be
attained before a discovery claim is warranted, but only that at least some of
the serious open questions posed above and in Sec. 5 be successfully answered.

6.3 What are the critical needs from future experiments?

The above comments make it clear what is needed most urgently from theory.
But how can future measurements, analyses and heavy-ion collision facilities
bring us to a clearer delineation of the fundamental properties of the unique
matter produced, and hopefully to a more definitive conclusion regarding the
formation of a Quark-Gluon Plasma? We briefly describe below the goals of
some important anticipated programs, separated into short-term and long-
term prospects, although the distinction in time scale is not always sharp.
In the short term, RHIC measurements should concentrate on verifying and
extending its new observations of jet quenching and v2 scaling; on testing quan-
titative predictions of theoretical calculations incorporating a QGP transition
at lower energies and for different system sizes; on measuring charmed-hadron
and charmonium yields and flow to search for other evidence of deconfine-
ment; and on testing more extensive predictions of gluon saturation models
for forward hadron production. Some of the relevant data have already been
acquired during the highly successful 2004 RHIC run – which has increased the
RHIC database by an order of magnitude – and simply await analysis, while
other measurements require anticipated near-term upgrades of the detectors.
In the longer term, the LHC will become available to provide crucial tests of
QGP-based theoretical extrapolations to much higher energies, and to focus
on very high pT probes of collision matter that is likely to be formed deep
into the gluon saturation regime. Over that same period, RHIC should pro-
vide the extended integrated luminosities and upgraded detectors needed to
undertake statistically challenging measurements to probe directly the initial
system temperature, the pattern of production yields among various heavy
quarkonium species, the quantitative energy loss of partons traversing the
early collision matter, and the fate of strong-interaction symmetries in that
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matter.

Important short-term goals include the following:

• Establish v2 scaling more definitively. Extend the particle-identified
flow measurements for hadrons in the medium-pT region over a broader pT

range, a wider variety of hadron species, and as a function of centrality.
Does the universal curve of v2/n vs. pT/n remain a good description of all
the data? How is the scaling interpretation affected by anticipated hard
contributions associated with differential jet quenching through spatially
anisotropic collision matter? Can the observed di-hadron angular correla-
tions be quantitatively accounted for by a 2-component model attributing
hadron production in this region to quark coalescence (with correlations
reflecting only the collective expansion) plus fragmentation (with jet-like
correlations)? Do hadrons such as φ-mesons or Ω-baryons, containing no
valence u or d quarks, and hence with quark-exchange contributions to
hadronic interaction cross sections suppressed in normal nuclear matter,
follow the same flow trends as other hadrons? Do the measured v2 val-
ues for resonances reflect their constituent quark, or rather their hadron,
content? These investigations have the potential to establish more clearly
that constituent quarks exhibiting collective flow are the relevant degrees of
freedom for hadronization at medium pT .

• Establish that jet quenching is an indicator of parton, and not
hadron, energy loss. Extend the measurements of hadron energy loss and
di-hadron correlations to higher pT , including particle identification in at
least some cases. Do the meson-baryon suppression differences seen at lower
pT truly disappear? Does the magnitude of the suppression remain largely
independent of pT , in contrast to expectations for hadron energy loss [53]?
Does one begin to see a return of away-side jet behavior, via punch-through
of correlated fragments opposite a higher-pT trigger hadron? Improve the
precision of di-hadron correlations with respect to the reaction plane, and
extend jet quenching measurements to lighter colliding nuclei, to observe the
non-linear dependence on distance traversed, expected for radiating partons
[4]. Measure the nuclear modification factors for charmed meson production,
to look for the “dead-cone” effect predicted [54] to reduce energy loss for
heavy quarks.

• Extend RHIC Au+Au measurements down toward SPS measure-
ments in energy, to test quantitative predictions of the energy-
dependence. Does the suppression of high-pT hadron yields persist, and
does it follow the gentle energy-dependence predicted in Fig. 37? Do the
gluon densities inferred from parton energy loss model fits to hadron yields
follow energy-dependent trends expected from gluon saturation models?
Does elliptic flow remain in agreement with calculations that couple ex-
pansion of an ideal partonic fluid to a late-stage, viscous hadron cascade?
Do meson-baryon differences and indications of constituent-quark scaling
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persist in hadron yields and flow results at intermediate pT ? Do quark co-
alescence models remain viable, with inferred thermal quark spectra that
change sensibly with the (presumably) slowly varying initial system tem-
peratures? The study of the evolution with collision energy of differential
measurements such as those in Fig. 25 promises to yield important insight
into the dynamical processes which occur during system evolution.

• Measure charmonium yields and open charm yields and flow, to
search for signatures of color screening and partonic collectivity.
Use particle yield ratios for charmed hadrons to determine whether the ap-
parent thermal equilibrium in the early collision matter at RHIC extends
even to quarks with mass significantly greater than the anticipated system
temperature. From the measured pT spectra, constrain the relative contri-
butions of coalescence vs. fragmentation contributions to charmed-quark
hadron production. Compare D-meson flow to the trends established in the
u, d and s sectors, and try to extract the implications for flow contributions
from coalescence vs. possibly earlier partonic interaction stages of the col-
lision. Look for the extra suppression of charmonium, compared to open
charm, yields expected to arise from the strong color screening in a QGP
state (see Fig. 2).

• Measure angular correlations with far forward high-energy hadrons
in d+Au or p+Au collisions. Search for the mono-jet signature antici-
pated for quark interactions with a classical (saturated) gluon field, as op-
posed to di-jets from quark interactions with individual gluons. Correlations
among two forward hadrons are anticipated to provide the best sensitivity to
the gluon field at sufficiently low Bjorken x to probe the possible saturation
regime.

Longer-term prospects, requiring much greater integrated luminosities (as an-
ticipated at RHIC II) or other substantial facility developments, include:

• Develop thermometers for the early stage of the collisions, when
thermal equilibrium is first established. In order to pin down experi-
mentally where a thermodynamic transition may occur, it is critical to find
probes with direct sensitivity to the temperature well before chemical freeze-
out. Promising candidates include probes with little final-state interaction:
direct photons – measured down to low momentum, for example, via γ − γ
HBT, which is insensitive to the large π0 background – and thermal dilep-
tons. The former would require enhanced pair production tracking and the
latter the introduction of hadron-blind detectors and techniques.

• Measure the yields and spectra of various heavy quarkonium species.
Recent LQCD calculations [17] predict the onset of charmonium melting –
which can be taken as a signature for deconfinement – at quite different
temperatures above Tc for J/ψ vs. ψ′. Similar differences are anticipated for
the various Υ states. While interpretation of the yield for any one quarko-
nium species may be complicated by competition in a QGP state between
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enhanced heavy quark production rates and screened quark-antiquark in-
teractions, comparison of a measured hierarchy of yields with LQCD ex-
pectations would be especially revealing. They would have to be compared
to measured yields for open charm and beauty, and to the corresponding
quarkonium production rates in p+p and p+A collisions. Clear identifica-
tion of ψ′ and separation of Υ states require upgrades to detector resolution
and vertexing capabilities.

• Quantify parton energy loss by measurement of mid-rapidity jet
fragments tagged by a hard direct photon, a heavy-quark hadron,
or a far forward energetic hadron. Such luminosity-hungry coincidence
measurements will elucidate the energy loss of light quarks vs. heavy quarks
vs. gluons, respectively, through the collision matter. They should thus pro-
vide more quantitative sensitivity to the details of parton energy loss cal-
culations.

• Test quantitative predictions for elliptic flow in U+U collisions.
The large size and deformation of uranium nuclei make this a considerable
extrapolation away from RHIC Au+Au conditions, and a significant test
for the details of hydrodynamics calculations that are consistent with the
Au+Au results [3]. If the relative alignment of the deformation axes of the
two uranium nuclei can be experimentally controlled, one would be able
to vary initial spatial eccentricity largely independently of centrality and
degree of thermalization of the matter.

• Measure hadron multiplicities, yields, correlations and flow at
LHC and GSI energies, and compare to quantitative predictions
based on models that work at RHIC. By fixing parameters and am-
biguous features of gluon saturation, hydrodynamics, parton energy loss
and quark coalescence models to fit RHIC results, and with guidance from
LQCD calculations regarding the evolution of strongly interacting matter
with initial temperature and energy density, theorists should make quan-
titative predictions for these observables at LHC and GSI before the data
are collected. The success or failure of those predictions will represent a
stringent test of the viability of the QGP-based theoretical framework.

• Devise tests for the fate of fundamental QCD symmetries in the
collision matter formed at RHIC. If the nature of the QCD vacuum is
truly modified above the critical temperature, then chiral and UA(1) sym-
metries may be restored, while parity and CP may conceivably be broken
[168]. Testing these symmetries in this unusual form of strongly interacting
matter is of great importance, even if we do not have a crisp demonstration
beforehand that the matter is fully thermalized and deconfined. Indeed, if
evidence were found for a clear change in the degree of adherence to one
of the strong interaction symmetries, in comparison with normal nuclear
matter, this would likely provide the most compelling “smoking gun” for
production of a new form of matter in RHIC collisions. Approaches that
have been discussed to date include looking for meson mass shifts in dilep-
ton spectra as a signal of chiral symmetry restoration, and searching for
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CP violation via Λ − Λ spin correlations or electric dipole distributions of
produced charge with respect to the reaction plane [168]. It may be espe-
cially interesting to look for evidence among particles emerging opposite an
observed high-pT hadron tag, since the strong suppression of away-side jets
argues that the fate of the away-side particles may reflect strong interactions
with a maximal amount of early collision matter. These tests will begin in
the short term, but may ultimately need the higher statistics available in
the longer term to distinguish subtle signals from dominant backgrounds.

6.4 Outlook

The programs we have outlined above for desirable advances in theory and
experiment represent a decade’s worth of research, not all of which must, or
are even expected to, precede a discovery announcement for the Quark-Gluon
Plasma. We can imagine several possible scenarios leading to a more definitive
QGP conclusion. Identification of a single compelling experimental signature
is still conceivable, but the most promising prospects are long-term: establish-
ment of a telling pattern of quarkonium suppression vs. species; observation
of clear parity or CP violation, or of chiral symmetry restoration, in the colli-
sion matter; extraction of a transition signal as a function of measured early
temperature. It is also possible that a single theoretical development could
largely seal the case: e.g., a compelling argument that gluon densities more
than an order of magnitude higher than those in cold nuclear matter really
do demand deconfinement; or sufficient hydrodynamics refinement to demon-
strate that RHIC flow results really do demand a soft point in the EOS.
Perhaps the most likely path would involve several additional successes in
theory-experiment comparisons, leading to a preponderance of evidence that
RHIC collisions have produced thermalized, deconfined quark-gluon matter.

In any scenario, however, RHIC has been, and should continue to be, a tremen-
dous success in its broader role as an instrument for discovery of new features
of QCD matter under extreme conditions. The properties already delineated,
with seminal contributions from STAR, point toward a dense, opaque, non-
viscous, pre-hadronic liquid state that was not anticipated before RHIC. Deter-
mining whether the quarks and gluons in this matter reach thermal equilibrium
with one another before they become confined within hadrons, and eventually
whether chiral symmetry is restored, are two among many profound questions
one may ask. Further elaboration of the properties of this matter, with eyes
open to new unanticipated features, remains a vital research mission, inde-
pendent of the answer that nature eventually divulges to the more limited
question that has been the focus of this document.
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7 Appendix A: Charge

This report was prepared for the STAR Collaboration in response to the fol-
lowing charge from the Spokesperson, delivered to a drafting committee on
March 18, 2004.

“Thank you very much for agreeing to help in preparing a draft whitepaper to
serve as the starting point for a focused discussion by the STAR Collaboration
of the experimental evidence regarding the role of the Quark-Gluon Plasma
in RHIC heavy ion collisions.”

“The charge to this panel is to make a critical assessment of the presently
available evidence to judge whether it warrants a discovery announcement for
the QGP, using any and all experimental and theoretical results that address
this question. The white paper should pay particular attention to identifying
the most crucial features of the QGP that need to be demonstrated experimen-
tally for a compelling claim to be made. It should summarize those data that
may already convincingly demonstrate some features, as well as other data
that may be suggestive but with possible model-dependence, and still other
results that raise questions about a QGP interpretation. If the conclusion is
that a discovery announcement is at present premature, the paper should out-
line critical additional measurements and analyses that would make the case
stronger, and the timeline anticipated to produce those new results.”

“The white paper should be of sufficient quality and scientific integrity that,
after incorporation of collaboration comments, it may be circulated widely
within the RHIC and larger physics communities as a statement of STAR’s
present assessment of the evidence for the QGP.”
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8 Appendix B: Definitions of the Quark-Gluon Plasma in Nuclear
Physics Planning Documents

One’s conclusion concerning the state of the evidence in support of Quark-
Gluon Plasma formation is certainly influenced by the definition one chooses
for the QGP state. Recent positive claims have been based on definitions dif-
ferent from that chosen in this work (see Sec. 1), leaning more toward either
an operational definition based on actual RHIC measurements [6], or a demon-
stration that experiments have reached conditions under which lattice QCD
calculations predict a QGP state [7]. We have rather chosen to extract what
we believe to be the consensus definition built up in the physics community
from the past 20 years’ worth of planning documents and proposals for RHIC.
In this section, we collect relevant quotes concerning the QGP from a number
of these documents.

A relativistic heavy-ion collider facility was first established as the highest
priority for new construction by the 1983 Nuclear Science Advisory Committee
(NSAC) Long Range Plan [169]. In discussing the motivation for such a facility,
that document states:

“Finally, under conditions of very elevated energy density, nuclear matter
will exist in a wholly new phase in which there are no nucleons or hadrons
composed of quarks in individual bags, but an extended quark-gluon plasma,
within which the quarks are deconfined and move independently. ... The pro-
duction and detection of a quark-gluon plasma in ultra-relativistic heavy
ion collisions would not only be a remarkable achievement in itself, but
by enabling one to study quantum chromodynamics (QCD) over large dis-
tance scales it would enable one to study fundamental aspects of QCD and
confinement unattainable in few-hadron experiments. ... A second, chiral-
symmetry restoring, transition is also expected at somewhat higher energy
density, or perhaps coincident with the deconfinement transition; such a
transition would be heralded by the quarks becoming effectively massless,
and low mass pionic excitations no longer appearing in the excitation spec-
trum.”

The high priority of such a collider was confirmed in the 1984-6 National
Academy of Sciences survey of Nuclear Physics [170], which stated:

“A major scientific imperative for such an accelerator derives from one of
the most striking predictions of quantum chromodynamics: that under con-
ditions of sufficiently high temperature and density in nuclear matter, a
transition will occur from excited hadronic matter to a quark-gluon plasma,
in which the quarks, antiquarks and gluons of which hadrons are composed
become ‘deconfined’ and are able to move about freely. The quark-gluon
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plasma is believed to have existed in the first few microseconds after the
big bang, and it may exist today in the cores of neutron stars, but it has
never been observed on Earth. Producing it in the laboratory will thus be a
major scientific achievement, bringing together various elements of nuclear
physics, particle physics, astrophysics, and cosmology.”

The glossary of the above document [170] defined Quark-Gluon Plasma in the
following way:

“An extreme state of matter in which quarks and gluons are deconfined and
are free to move about in a much larger volume than that of a single hadron
bag. It has never been observed on earth.”

In the 1984 proposal for RHIC from Brookhaven National Laboratory [171],
the QGP was described as follows:

“The specific motivation from QCD is the belief that we can assemble
macroscopic volumes of nuclear matter at such extreme thermodynamic
conditions as to overcome the forces that confine constituents in normal
hadrons, creating a new form of matter in an extended confined plasma of

quarks and gluons.”

The 1989 NSAC Long Range Plan [172], in reconfirming the high priority of
RHIC, states:

“The most outstanding prediction based on the theory of the strong interac-
tion, QCD, is that the properties of matter should undergo a profound and
fundamental change at an energy density only about one order of magni-
tude higher than that found in the center of ordinary nuclei. This change is
expected to involve a transition from the confined phase of QCD, in which
the degrees of freedom are the familiar nucleons and mesons and in which
a quark is able to move around only inside its parent nucleon, to a new
deconfined phase, called the quark-gluon plasma, in which hadrons dissolve
into a plasma of quarks and gluons, which are then free to move over a large
volume.”

The 1994 NSAC Assessment of Nuclear Science [173] states:

“When nuclear matter is heated to extremely high temperatures or com-
pressed to very large densities we expect it to respond with a drastic trans-
formation, in which the quarks and gluons, that are normally confined
within individual neutrons and protons, are able to move over large dis-
tances. A new phase of matter, called Quark-Gluon-Plasma (QGP), is formed.
At the same time chiral symmetry is restored making particles massless at
the scale of quark masses. Quantum Chromodynamics (QCD) of massless
quarks is chirally (or left-right) symmetric, but in the normal world this
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symmetry is spontaneously broken giving dynamical masses to quarks and
the particles composed of quarks.”

The 1996 NSAC Long Range Plan [174] repeats the emphasis on chiral sym-
metry restoration in addition to deconfinement:

“At temperatures in excess of Tc nuclear matter is predicted to consist of
unconfined, nearly massless quarks and gluons, a state called the quark-

gluon plasma. The study of deconfinement and chiral symmetry restoration
is the primary motivation for the construction of the Relativistic Heavy Ion
Collider (RHIC) at Brookhaven National Laboratory.”

The most recent National Academy of Sciences survey of Nuclear Physics [175]
puts it this way:

“At RHIC such high energy densities will be created that the quarks and
gluons are expected to become deconfined across a volume that is large
compared to that of a hadron. By determining the conditions for deconfine-
ment, experiments at RHIC will play a crucial role in understanding the
basic nature of confinement and shed light on how QCD describes the mat-
ter of the real world. ...Although the connection between chiral symmetry
and quark deconfinement is not well understood at present, chiral symmetry
is expected to hold in the quark-gluon plasma.”

Finally, the 2004 NuPECC (Nuclear Physics European Collaboration Com-
mittee) Long Range Plan for nuclear physics research in Europe [176] states:

“The focus of the research in the ultra-relativistic energy regime is to study
and understand how collective phenomena and macroscopic properties, in-
volving many degrees of freedom, emerge from the microscopic laws of el-
ementary particle-physics. ... The most striking case of a collective bulk
phenomenon predicted by QCD is the occurrence of a phase transition to a
deconfined chirally symmetric state, the quark gluon plasma (QGP).”

In short, every statement concerning the QGP in planning documents since
the conception of RHIC has pointed to deconfinement of quarks and gluons
from hadrons as the primary characteristic of the new phase. More recent
definitions have tended to include chiral symmetry restoration as well. Based
on the above survey, we believe that the definition used in this paper would be
very widely accepted within the worldwide physics community as a “minimal”
requirement for demonstrating formation of a Quark-Gluon Plasma.
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