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ABSTRACT

This paper proposes an asymptotically optimal hybrid beamforming solution for large antenna
arrays by exploiting the properties of the singular vectors of the channel matrix. It is shown that
the elements of the channel matrix with Rayleigh fading follow a normal distribution when large
antenna arrays are employed. The proposed beamforming algorithm is effective in both sparse and
rich propagation environments, and is applicable for both point-to-point and multiuser scenarios.
In addition, a closed-form expression and a lower-bound for the achievable rates are derived when
analog and digital phase shifters are employed. It is shown that the performance of the hybrid
beamformers using phase shifters with more than 2-bits resolution is comparable with analog
phase shifting. A novel phase shifter selection scheme that reduces the power consumption at
the phase shifter network is proposed when the wireless channel is modeled by Rayleigh fading.
Using this selection scheme, the spectral efficiency can be increased as the power consumption
in the phase shifter network reduces. Compared to the scenario that all of the phase shifters are
in operation, the simulation results indicate that the spectral efficiency increases when up to 50%

of phase shifters are turned off.

Index Terms

Hybrid beamforming, large MIMO systems, phase shifter selection.



I. INTRODUCTION

Multiple-input-multiple-output (MIMO) techniques such as beamforming, precoding and com-
bining can significantly improve the reliability of the transmission and increase the achievable
data rates in wireless communication systems. As the number of the antenna elements at the
transmitter/receiver increases, higher diversity and multiplexing gains are observed and the
channel matrix tends to have favorable conditions [1]. Hence, MIMO systems with large number
of antennas have attracted a lot of attention.

Depending on the structure of the antenna array, analog, digital or hybrid beamformers can
be implemented. The analog approach cannot provide multiplexing gains as the antenna array is
connected to the transceiver by only a single RF chain [2]. On the other hand, digital beamformers
with a dedicated RF chain per antenna element can use all the degrees of freedom of the
channel to transmit multiple symbols simultaneously. However, digital beamforming for large
antenna arrays is not suitable for practical applications due to the system complexity, cost and
power consumption [3]. In order to provide a tradeoff between performance and cost, hybrid
beamformers have been proposed where a small number of RF chains are connected to a large
number of antennas through a network of phase shifters [4]—[15]. This type of beamformers show
a promising performance even with limited channel state information (CSI) [4]-[7]. In order to
design hybrid beamformers, however, it is required to solve a complex nonconvex optimization
problem due to the constant modulus constraint imposed by the phase shifters [3]. In addition,
the phase shifters in practical systems have discrete resolution which converts the optimization
to a computationally expensive combinatorial problem [8], [9].

In the hybrid beamforming approach, it has been shown that the baseband precoder and the
RF beamformer can be designed either jointly [8]-[10] or in two stages [11]-[15]. For a point-
to-point system, a joint design approach based on matching pursuit was proposed when the
channel is sparse [8], [9]. In this method, firstly the singular vectors of the channel should
be calculated, and then the hybrid beamformer is derived by solving an optimization problem
to minimize the Euclidean distance between the matrices containing the singular vectors and
the weights of the hybrid beamformer. Considering that the calculation of the singular vectors
is computationally expensive, the second round of computations can cause sever delays in

practical systems. In addition, the achievable spectral efficiency based on [8], [9] significantly



depends on the number of RF chains in the system and multipath components in the channel. A
close to optimal performance for both rich and sparse scattering channels was proposed based
on approximating the nonconvex optimization with a convex problem and using an iterative
algorithm [10]. The problem associated with such iterative algorithms is that the convergence
time depends on the initial conditions. Hence, the processing time to calculate the parameters
of the hybrid beamformer can become a prohibitive factor in real-time systems. In the two
stage design approach, the RF beamformer is calculated based on the channel matrix. Then, the
baseband precoder takes the impact of the channel matrix and the RF beamformer into account.
The optimal hybrid beamformer for a single stream transmission was proposed in [11]. Then,
based on the simulation results it was shown that hybrid and digital beamformers can achieve a
similar spectral efficiency when multiple symbols are transmitted. In this case, the optimality of
the hybrid beamformer and its performance closed-form expressions were not derived. Another
two stage algorithm that can achieve a close to optimal performance was reported in [13]-[15]
where the RF beamformer was iteratively calculated. In [8]-[15], it is not possible to derive the
closed-form expression of the performance as computer simulations are necessary to evaluate
the performance. Furthermore, due to the computational delays associated with the derivation
of the hybrid beamforming weights, the algorithms may not be suitable for practical systems
depending on the application. In addition, the power consumption in the RF beamformer will be
significantly high as each phase shifter requires some power to operate and hybrid beamformers
employ a massive number of these components.

In order to address the aforementioned challenges and facilitate the implementation of hybrid
beamformers, two main objectives are followed in this paper. Firstly, an asymptotically, also
called virtually, optimal hybrid beamforming scheme and the closed-form expressions of the
spectral efficiency for both point-to-point and multiuser scenarios in rich and sparse scattering
channels are derived. Secondly, a novel phase shifter selection scheme is proposed to simulta-
neously increase the spectral efficiency and reduce the power consumption in the phase shifter
network when rich scattering channels are considered. It is assumed that the rich and sparse
scattering channels follow Rayleigh fading and geometry based models, perfect CSI is available
at the transmitter and the number of the antennas are large. All the proposed schemes and the
closed-form expressions in this paper are derived based on the properties of the singular vectors

of the channel matrix. Using the basic characteristics of such vectors, an alternative approach



to the solution in [11] is presented. It is shown that the performance of the digital beamformers
is achievable when the number of the RF chains is two times larger than the number of the
transmitted symbols. In order to calculate the hybrid beamformer for the Rayleigh fading scenario
when the number of the RF chains and symbols are equal, the distribution of the elements of
the singular vectors of the large channel matrix are derived which, to the best knowledge of
the authors, has not been previously reported. Based on this distribution, the virtually optimal
hybrid beamforming schemes for both the point-to-point and multiuser scenarios are derived.
Additionally, the closed-form expressions of the spectral efficiencies achieved by the proposed
hybrid beamformers are calculated. It is shown that in the solution with optimum performance,
the phase shifters in the RF beamformer should be set according to the phase of the elements
of the singular vectors of the channel matrix when the number of the antennas are large. The
advantages of the proposed approach over the stat-of-the-art is its simplicity, low computational
delays and asymptotically optimal behavior. When digital phase shifters are used, a simple but
effective hybrid beamforming scheme is proposed and its performance lower-bound is derived.
Analytical and simulation results demonstrate that the performance of the proposed scheme with
phase shifters with more than 2-bits of resolution is similar to the hybrid beamformer with analog
phase shifters. Finally, a novel phase shifter selection scheme and the closed-form expression
of its performance bound are presented when the channel matrix follows Rayleigh fading. The
advantages of this method are two fold as the power consumption in the RF beamformer network
can be reduced and the spectral efficiency can be improved at the same time. Simulation results
indicate that the spectral efficiency will increase when up to 50% of the phase shifters are
switched off.

This paper is organized as following, the system model and problem statement of the point-to-
point system are described in sections II and III. In section IV, the hybrid beamforming scheme
with analog and digital phase shifters are proposed and analyzed. The multiuser scenario and
phase shifter selection are investigated in sections V and VI. Finally, the simulation results,
conclusion and future works are presented in sections VII and VIII.

Notations: The following notation is used throughout this paper: R and C are the field of
real and complex numbers. A represents a matrix, a and a* are a vector and its conjugate,
respectively. a,, is the mth column of A and A, is a matrix containing the first m columns

of A. A,,, and |A,,,| denote the (m,n) element of A and its magnitude. diag(A;, As, ..., Ag)
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Fig. 1. The block diagram of a hybrid beamformer for a point-to-point scenario.

is a diagonal matrix with A;, A, ..., Ag on its diagonal. A", det(A), ||A||, AT, A", trace(A)
denote inverse, determinant, Frobenius norm, transpose, Hermitian and trace of A, respectively.
RN (a,A) and CN(a,A) present a random vector of real and complex Gaussian distributed
elements with expected value a and covariance matrix A. Finally, 0,,«1, 1,,x1 and L, are a

vector of m zeros, m ones and an m X m identity matrix, respectively.

II. SYSTEM MODEL

In a point-to-point MIMO communication system, the transmitter and the receiver are equipped
with N, and NV, antennas, respectively. The transmitter sends a vector s € CX*! of K symbols to

. o | P,
the receiver where E[ss"'] = I ;. The transmit signal vector becomes x = —'FP'/?%s, where P,

t

RX*K is a diagonal power allocation matrix with S5 | Py, < 1,

is the total transmit power, P €
F € CV*K is the precoder matrix and I'; = trace(F"F)/K is a normalization factor such that
|1/VTF|]? = K. Let H € C"*N and y € C>*! denote the normalized channel matrix and the
received signal vector. Assuming the noise vector at the receiver antennas z ~ CA (0y, 1, 021y,)
has independent and identically distributed (i.i.d.) elements with variance o2, the channel input-

CN‘XK

output relationship is expressed as y = Hx + z. Applying the combiner matrix W &€ at

the receiver, the input § € C5*! to the detector is

A Pt H 1 1
- HFP!/? —wH 1
$ FFw s+,/rrw z, (1)

ttr

where I'; = trace(W"W) /K is a normalization factor such that ||1/v/T\W|? = K.



The block diagram of a point-to-point communication system with a hybrid beamformer is

CM*K connected

shown in Fig. 1. A hybrid beamformer consists of a baseband precoder Fg €
through M RF chains to the RF beamformer Frr € CM*M such that F = FgpFg. The elements

of the RF beamformer are either analog or digital B-bit resolution phase shifters as

eifn  eibiz ... eitim
eifr  eib2 ... eifam

Frr = ' . ' ) , ven(m € @, ng € {1, e Nt}, m & {1, e M}, )
elna  eifNe ... edfnum

where © = [0, 27] for analog phase shifters and © = {0, 27 /28, ..., (28 —1)27/2B} for digital
phase shifters. For the sake of the notation simplicity, throughout the paper it is assumed that
ne€{l, ..., N}, me{l, .., M} and k € {1, ..., K} and the number of the RF chains at the
transmitter and receiver are equal to M. Similar notation is used for the hybrid beamformer at
the receiver as W = WgpWg where Wip € CN*M and Wy € CM>*K | Finally, the system model
(1) for the hybrid scenario becomes

P, 1
§ = ﬁWgWEFHFRFFBPl/ %+ /F—wgngz. (3)
ttr T

In this paper, we derive an asymptotically optimal hybrid beamformer for a narrowband system
under rich and sparse scattering channels under the assumption that E[||H||?] = N;N,. Rayleigh
fading with i.i.d. elements H,,, ~ CN(0,1) is employed to model the rich scattering channel.

A geometry based model with L < min(/N,, N;) multipath components is applied for the

sparse scattering scenario. In this case, the channel matrix is expressed as [16]

L
H = /7S a(o)alt(6), )
=1

where 3, ~ CN(0,1) is the multipath coefficient, ¢, and ¢,; are angle-of-departure and angle-of-

arrival of the [th multipath. Without loss of generality, it is assumed that |3;]| > 52| > ... > |BL]-

The steering vector a,(¢,;), Yu € {t, r}, for linear arrays is expressed as

]_ j27dqy, j27dy
au<¢ul) — —<1’e%cos(¢ul) . e%(Nu*l) COS(¢ul)>T (5)

VN,
where ¢, € [0, 7], A is the wavelength and d,, is the antenna spacing [16]. In the rest of this

paper, it is assumed that the transmitter and the receiver are equipped with linear arrays with

d, = \/2.



III. PROBLEM STATEMENT AND MOTIVATION

The optimal beamforming and power allocation for a fully digital point-to-point system is
achieved by singular value decomposition (SVD) and waterfilling. The SVD factorizes the
channel matrix as H = UXV" where the columns of V. € CM*M and U € C¥*M are the
right and left singular vectors of H, and the diagonal elements of 3 € R ™ are the singular
values of H. For a full-ranked H, the capacity of the MIMO channel at high SNR grows linearly
with min(N,, N;) when K = min(V;, NV;) streams are transmitted over the channel [17]. When
K < min(N,, N;), the maximum achievable rates are derived by setting the combining and
precoding matrices based on thin-SVD as Wy = Uj.x and Fy = Vi [11]. In this case,
' =T, = 1 and the capacity of a point-to-point system with /K streams over H with Gaussian

entries sy, is [11]

P
C = maxI(s;8) = max log, det(IK+ R 1WHHFdPFHHHWd) ©6)

trace(P)<1
K

= max logy (1 + P P00
ZkKlPkkSI; 2 Prroen/0%)

where [(s;$) is the mutual information between s and s, R, = F%WHW = Firwded =Ig, 03,
are the ordered eigenvalues of HH" and the optimal P, is derived by waterfilling. In this case,
the capacity growth at high SNR is proportional to K. It should be noted that if the channel
is rank-deficient it is not possible to transmit more than rank(H) symbols. When the hybrid
beamformers are used, the achievable rate is expressed as [17]

p
I

is a measure of link signal-to-noise ratio (SNR).

R=I(s:8) = log, det( “IWHWH HF g Fy PFIF! HHWRFWB> %

R

Z

where p =

One of the main challenges of designing hybrid beamformers is the joint design of the RF
beamformers and baseband precoders/combiners considering the constant modulus constraint on
the phase shifters. Designing Fg, Frr, W and Wgg to maximize (7) is a nonconvex problem and
in general it is difficult to solve [8]. Due to the similarity between the hybrid beamformer matrices
at the transmitter and the receiver, same design algorithms are applicable to both sides. Hence,
the discussions and derivations during this paper are mostly focused on the hybrid beamformer

at the transmitter. In this case, it is desired to maximize the mutual information I(s;y) as

(F', Foit) = arg max I(s;y) = arg max log, det (IN + FﬁHFRFFBPFHFEFHH) 8)
FB FRF FB FRF



subject to (s.t.) |Frpngm| = 1, where Fy' and FRk are the optimal baseband precoding and RF
beamforming matrices. It has been shown that based on some approximations, the optimization

in (8) can be reformulated as [8]

0 (0] . 1
(FBpt,FR%t) = arg min||Fy — HFFRFFBH, s.t. | FREnem| = 1. 9)
t

Fg Frr
A suboptimal joint baseband and RF design based on matching pursuit was proposed to solve (9)
for a sparse scattering channel [8]. For a more general channel, including Rayleigh fading, this
optimization problem can be approximated as a convex problem and a joint iterative suboptimal
solution was proposed in [10]. Another approach to design the hybrid beamformer is to calculate
opt

FY at the first step, and then derive the Fy' for the effective channel H, = HFgg. Letting

xg = FpP'/%s, data-processing inequality indicates that [18]

(a)

I(s;y) < I(xg;y) < C. (10)

where inequality (a) turns into equality when Fg = V, as H, = HFgr = U. 3. VY, and P is

derived by waterfilling. It could be concluded that max I(s;y) only depends on the design of

Fre. In this case,

Fpr = argmax I(s;y) = arg max log, det (INr + FEHFRFVePVZIFEFHH), s.t. | Frenm| = 1,
Frr Frr t

(1)
where I', = trace(FrpV.ViFyp)/K = trace(FreFhg)/K = N, The two-stage design of Fg
and Fgr has been previously studied in [13]-[15]. However, the spectral efficiency based on
these works depends on numerical calculations and it is not possible to derive the closed-form
expression of the performance. Based on the two-stage approach, a virtually optimal hybrid
beamforming and the closed-form expression of the spectral efficiency for a point-to-point system
with large number of antennas under two specific channel scenarios are presented in the next

section.

IV. HYBRID BEAMFORMING FOR THE POINT-TO-POINT SCENARIO

In this section, an asymptotically optimal hybrid beamformer that maximizes the achievable
rate in (8) is presented. Initially, based on some basic properties of the elements of the singular
vectors, it will be shown that analog phase shifters with X' = M /2 can achieve the performance of

digital beamformers. It is notable that the analysis presented for this scenario is a modification of



the approach in [11]. Under this assumption the system is underperforming as the multiplexing
gain is limited to A//2. In order to develop a hybrid beamforming algorithm that efficiently
employs all the RF chains to transmit KX = M streams, some of the properties the singular
vectors of H are investigated. Then, the hybrid beamforming solution for large antenna array
systems with analog phase shifters are presented. For the case of K < M < 2K, a combination
of the methods for M = K and M = 2K, and its performance is discussed. When digital
phase shifters are employed, a simple heuristic suboptimal solution and its performance lower-
bound is presented. Finally, a discussion on the proposed method and a comparison with the
state-of-the-art are provided at the end of the section.

Since V is a unitary matrix, viv, = ZTJX‘ZI Vo = 1 and |V,,x| < 1. Thus |V, is in the

domain of the inverse cosine function. Hence,

LV, YA
e] nek | _1 e-j nik o 1
TCJCOS (Vo)) + Te Jeos™H(|Viykl) (12)

_ L itvigticos 1Vl 4 L oitvas—icos 1 (1Val)

2

|mG|ej4V”t’“ = el “Vuk cog <cos_1(\mG|)> =

This means that two phase shifters and an adder at the RF are sufficient to produce V), when
M = K RF chains and 2M N, phase shifters are available. Alternative approach to the adders
is employing M = 2K RF chains and 2/ N, phase shifters. In this case, 1//T FarFy" = Fq is

achieved by setting

opt el £Vaticos™ (V) for k' = 2k — 1
FRg,nlk’ = (13)
elenlk—jC0571(|Vn[kD for k' = 2]{}7
and F' = %diag(12><17 .., 1ax1) and T’y = 1. Hence, the maximum rate in (6) can be achieved

with this design. In order to derive Fy' and Fgy for M = K scenario, further properties of the

singular vectors are investigated in the following subsection.

A. Properties of the Channel Singular Vectors

The behaviors of the channel singular vectors for Rayleigh and geometry based models are
presented in Theorem 1 and Lemma 1 in the following.

Theorem I: If H, ., ~ CN(0,1) and N, — oo, N; — oo, then the elements of the singular
vectors of H are i.i.d and follow /N, VNUp ~ CN(0,1), Vi, n € {1, ..., N} and
Vn,n, € {1, ... N}
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Fig. 2. Comparison between the probability density function (PDF) of /N;|V,,,x| when it follows Rayleigh distribution with

parameter or = % simulation results for the PDF of \/N;|Vy,.x| for a Rayleigh fading channel over 1000 realizations with

N[:N,=16anle:Nr:64.

Proof: Tt is known that the left and right singular vectors of H = UXV" are uniformly
distributed on a complex N-hypersphere and a N;-hypersphere with radius 1 [19]. As a result,
V/Nv,,, and /N, are uniformly distributed on the surface of a N, and N, dimensional
hyperspheres with radius v/N; and \/N;. Moreover, the coordinates of a randomly chosen point
according to a uniform distribution on an N-hypersphere of radius v/N are i.i.d. with CA/ (0,1)
when N — oo [20]. Hence, the elements of v/Nv,, and \/Nu,, are i.i.d. with CN'(0,1). O

Remark: As far as the authors are aware, the distribution of the elements of the singular vectors
of matrix H, when H,,_, ~ CN(0,1) for N, = oo and N, — oo, has not been previously reported
in the literature, although the pieces of the proof have been available for a long time and they
have been studied by different researcher such as Love and Spruill [19], [20].

The real and imaginary parts of random variables with CA/(0, 1) are distributed as RN(0, 1)
[16]. Hence, v/N;|V},x| has a Rayleigh distribution with parameter og = % and its expected value
is UR\/g [21]. Fig. 2 shows that the Rayleigh distribution can provide a good approximation
even for a finite N, € {16, 64}. The properties of the sparse scattering channels are described

in the following lemma.
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Lemma 1 [22]: For a geometry based channel model with Ny — oo and N, — oo, the

relationship between the singular and steering vectors is expressed as v, = a,(¢y) and w; =

a(¢q), VI€{l, ..., L}.

B. Hybrid Beamforming for M = K Scenario

The proposed hybrid beamformer when M = K is presented in the following lemma.

Lemma 2: The asymptotically optimal solution Fgx and Wy= to the optimizations in (7), (8)
and (11) for large N, and N; with M = K and analog phase shifters is Fyp, , = e/“Vuk,
WRogfnrk = e/“Unik In this case, the baseband precoder and combiner matrices become Fg =
Wi = Ix.

Proof: Refer to Appendix A. U

It was previously shown that for the geometry based channel models, (8) could be ap-
proximated by (9) which is equivalent to minimizing the Euclidean distance between F; and
1/v/NFgeFg [8]. In Appendix B, it is proved that the proposed RF beamformer of Lemma 2

can be alternatively derived by

1
minimize || ~ Fre —F4ll?, st |Frens| = 1. (14)
t

Frr

In order to implement the hybrid beamformer of Lemma 2, the first K singular vectors and
values of H should be initially calculated. Then, each phase shifter at the transmitter and the
receiver is directly set to the phase of the corresponding element in the right and left singular
vectors, respectively. Considering the impact of the RF beamformers, the baseband precoder
and combiner matrices are equal to an identity matrix. Finally, the optimal allocated power to
each symbol is derived by waterfillining. The performance of the proposed hybrid beamformer
compared to C in (6) for M = K and Rayleigh fading channel is expressed in the following
lemma.

Lemma 3: For large N, and [V, and at high SNR regime, the difference between the maximum
rate C' form (6) and the rate R achieved by the beamforming scheme of Lemma 2 for a Rayleigh
channel is expressed as

C—Re = —2Klog2(%). (15)

Proof: Refer to Appendix C. 0
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Lemma 3 indicates that the spectral efficiency achieved by the digital beamformers is 0.7K
bits/Hz/s more than the performance of the hybrid beamformers when the number of antennas
are large and the channel is modeled by Rayleigh fading.

When K < M < 2K, two RF chains are used per symbol to transmit in the direction of the
singular vectors corresponding to the first M — K singular values of the channel. In this case,
the hybrid beamformer of M = 2K is used. For the remaining 2K — M symbols, the hybrid
beamformer of Lemma 2 is used. That is 2(AM — K) RF chains are used to transmit M — K
symbols and each of the remaining 2K — M symbols are transmitted on one of the remaining
RF chains. For example, assuming that X = 3 and M = 5, the baseband precoder becomes
F%pt = diag(%lgxl, %lgxl, 1). Then, (13) is used to design the the RF beamforming vectors
frr,1, fre2 according to vy, and frp s, frp4 based on v,. Finally, frp 5 is adjusted based on v
and Lemma 2. Similar approach can be also applied at the receiver side. In a general scenario
that K < M < 2K, by following the results of Appendix A and C, it can be easily verified that
(15) becomes

C — Re = —2(2K — M) log2(£). (16)

For example, letting K = 3 and M = 5, then C' — R¢ = —2log,(%). It should be noted that
adding an extra RF chain at each side can increase the spectral efficiency by — log, (7). However,
this improvement will also increase the system cost, complexity and power consumption.

For a geometry based channel, the singular vectors and the steering vectors become equal and
the proposed algorithm will be translated into steering the beams towards the channel multipath
components as proposed in [22]. Following a similar approach as in Appendix C, it can be easily
shown that 1//Na(¢ ;)" frkr = 1 and C — Rc = 0. Hence, extra RF chains M — K > 0 will

not improve the performance in such channels.

C. Digital Phase Shifters

Another challenge for designing hybrid beamformers is the discrete resolution of the phase
shifters. When B-bit resolution phase shifters are employed, the search space for the optimum set
of phases becomes 28M™N which can be very large for large N,. As an example, when there are
N, = 64, M = 4 and 2-bit resolution phase shifters, there are 2°1? possible phase combination

which is computationally expensive to search in the real-time applications. One way out is the
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use a predefined set of phases known as RF codebooks [8], [9]. The disadvantage of the RF
codebooks is that they are usually designed for a fixed type of channel such as sparse channels.
The alternative approach to design the RF beamformer with discrete resolution phase shifters is

rounding the phases as

Oy = argmin |£Fynp = Ongl, st On € {0, ., (27 = 1)27/27}, (17)

nik
where 921,1@ is the phase of Frg,, ;. The lower-bound on the rate loss with this design is provided
in the following lemma.

Lemma 4: The gap between R¢ and the achievable rate Rp by the hybrid beamformer based
on (17) with B-bit resolution digital phase shifters is bounded as

2
Re — Rp < —K log, (cos4(28—7;)>. (18)

Proof: Refer to Appendix D. U

Lemma 4 indicates that hybrid beamformers with analog phase shifters can achieve maximum
0.45K bits/Hz/s higher spectral efficiency compared to the scenario that digital phase shifters
with B = 3 are employed. As hybrid beamformers target the transmission of a small number of
symbols, the gains achieved by using analog phase shifters are negligible at high SNR regime.
In addition, the low cost and computational complexity of the proposed scheme in (17) makes

it an effective approach for practical applications.

D. Discussion and Comparison with the State-of-the-Art

In this paper, the analytical discussions are focused on asymptotically large antenna arrays.
This is in contrast to the works in [8]-[10], [10], [13], [15] where the analysis are presented
for limited number of antennas. The advantages of considering asymptotically large arrays are
two-fold. Firstly, it facilitates the analysis to derive the virtually optimal hybrid beamformer and
the closed-forms for the achievable spectral efficiency. Secondly, as it will be shown in section
VII, the simulation results indicate that the analysis for the asymptoticly large array scenario
provides a reliable estimate of achievable performance for scenarios with limited number of
antennas.

One of the common approaches in the literature is to decompose the unconstrained thin-

SVD based beamformer matrix into RF beamformer and baseband precoder matrices, [8]-[10].
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The computational complexity of the rank-M thin-SVD of H is O(N,N,M) for M < /NN,
[23]. The state-of-the-art hybrid beamformers that require a second round of computations
to decompose Fy into Fy* and Fg% can cause high computational delay and complexity [8],
[9]. An iterative algorithm can be used to solve the optimization problem in (8), however, the
iterative algorithm renders a high computational cost and delay [10], [13], [15]. For example,
the complexity of the hybrid beamformer in [14] is O(max(N;, N;)? min(N,, NV,)).

Compared to the state-of-the-art, the proposed hybrid beamformer of lemma 2 is faster and it
is virtually the optimal scheme for the systems with large /V;, NV, operating in Rayleigh and sparse
channels. The computational complexity of the proposed scheme is equal to the complexity of
rank-M thin-SVD as O(N,N;M). In addition, the closed-form expressions of the achievable

rates are derived which to best of the authors’ knowledge was not previously reported.

V. MULTIUSER SCENARIO

In the downlink scenario, the base station with NN, antennas transmits & symbols s € C¥*!
to K single antenna mobile stations where E[ss"!] = 1/KIg. In this scenario, it is assumed that
the base station has perfect CSI and the users cannot collaborate. The total transmit power and

the wireless channel matrix are denoted as P, and H € CX*M, respectively. The transmit vector

is expressed as x = /P, /T'\Fs where F is the precoding matrix and
I'=E [trace(FssHFH)} = trace (FE[SSH]FH> = trace(FF") /K (19)
is a power normalization factor. The channel output vector is y = (yi, ..., yx)' where y

is the received signal at kth mobile station. The system input-output relation is expressed as

T

y = \/fHFs + z, where z = (21, ..., z)", E[zz"] = 0?1 contains the receiver noise. The

optimal sum-rate capacity of H is derived by [24]

P
Com(PuH) = max log, det(IK+ —;PHHH>, (20)
g

trace(P)<1 2
where P is the power allocation matrix. In general, the capacity of the broadcast channels
is derived by dirty paper coding which is difficult to implement [17]. Hence, in practice the
suboptimal linear precoding algorithms with low complexity such as zero-forcing (ZF) are
preferred. It has been shown that the performance of ZF converges to optimal sum-capacity

for the Rayleigh channel when N; goes large [1]. For the hybrid structure, the vector of the
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received signals becomes y = \/?IHFRFFBS—FZ. In the following lemma, we present the virtually
optimal hybrid beamformer and its performance, achievable sum-rate with respect to the sum-rate
capacity of H, for multiuser MIMO scenario when the channel is modeled by Rayleigh fading.

Lemma 5: The asymptotically optimal hybrid beamformer for the multiuser scenario with
Rayleigh channel and in the high SNR regime consists of Fg from Lemma 2, and Fy' =
(HFp:) ™. In this case, the difference between the sum-capacity Cy,, and the maximum achiev-
able sum-rate Ry, at high SNR is

1 O] O]
Coum (P, H) — Ram (R, \/—rHFR‘gFBPt) = —Klog,(m/4). (21)
t

Proof: Refer to Appendix E. U

The difference between right hand side of (15) and (21) is a scalar number 2. This factor comes
from the fact that the transmitter and the receiver in the point-to-point system are equipped with
hybrid beamformer, and the losses imposed by the RF beamformer should be counted at both
sides.

For the case of the geometry based channels, the proposed RF beamformer in Lemma 2 is still
asymptotically the optimal beamformer as it is shown in Appendix E. In order to achieve the
maximum achievable rate, nonlinear precoding schemes should be used at the baseband precoder.
The performance of ZF baseband precoder for sparse channels and the multiantenna multiuser
scenario considering the impact of imperfect CSI on the system performance is investigated in
[12]. Under the assumption of single antenna users, sparse channel, a base station with a linear
array and ZF baseband precoder, the beamformer of Lemma 5 and the algorithm in [12] will
result in the same performance. However, the hybrid beamformer in [12] is not applicable to
Rayleigh channels due to employing a special RF codebook. The RF beamformer of Lemma 5,

however, is applicable to both rich and sparse channels, and it is adaptable to different scenarios.

VI. HYBRID BEAMFORMING WITH PHASE SHIFTER SELECTION FOR RAYLEIGH CHANNEL

In the previous sections, it was shown that the spectral efficiency achieved by the hybrid
beamformers with M N; phase shifters is comparable to the performance of the digital beam-
formers. However, the power consumption in the phase shifter network can be significant when
large number of antennas are employed. Additionally, it is expected that the elements of Fgg

corresponding to the elements of Fyq with smaller amplitudes have less impact on the performance
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of the beamformer. In this case, there are phase shifters with insignificant contribution to spectral
efficiency although they consume the same amount of power. For this reason, a novel phase shifter
selection scheme that turns off those shifters according to a predefined threshold is proposed in
this section. The advantages of such an approach are twofold. Firstly it can improve the spectral
efficiency as more power will be transmitted through the phase shifters with more contribution.
Secondly, it can reduce the power consumption of the phase shifter network. In general, switches
consume less power compared to phase shifters. The power consumption of each of the phase
shifters FPps and switches Ps at 2.4 GHz are reported as 28.8 < Ps < 152 mW [25] and
0 < Ps < 15 mW [26]. By switching off 3% of the phase shifters, the total consumed power
in the RF beamformer becomes Ppsy = M N((1 — (3/100) Pps + Ps). For example, if Pps = 111
mW, Ps =1 mW, M = 4 and N, = 64, the consumed power in the RF beamformer with all the
phase shifters in operation (without switches) and the scenario that 5§ = 50 are M N, Pps = 28.4
W and Ppsy = 14.4 W, respectively. That is close to 50% power saving in the phase shifter

network. In this case, Frr can be set as

07 V Nt|Vn[k| S «,
FRe ke = (22)

e‘jZVn‘k, e < \/ Nt|ank;|,

where « is the threshold level. In Appendix F, it is shown that the relationship between « and

of is expressed as & = /—In(1 — 3/100). In addition, when the RF beamformer is set according
to (22) the baseband precoder and combiner matrices become Fg = Wy = I ;. In the following
lemma, the closed-form expression for the performance of the proposed phase shifter selection
algorithm is presented.

Lemma 6: In a Rayleigh channel and at high SNR and for large /V,, NV;, the spectral efficiency
Rjs achieved by the proposed phase shifter selection scheme, when 5% of the phase shifters are

switched off, compared to C' is obtained from

C— Rﬁ = 2K10g2(1 — 5/100) — 4K10g <\/7E + ae_o‘2 — \/_E

> erf(a)), (23)

where a = y/—In(1 — 3/100).
Proof: Refer to Appendix F.
The closed-form (15) in Lemma 3 is a special case of (23) when 8 = 0. As a consequence of

switching off the phase shifters that have smaller impact on the spectral efficiency, more power
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can be allocated to the elements with higher impact. As a result, the choice of § can lead to
a higher spectral efficiency as the power consumption in the RF beamformer is reduced. The
relationship between 3 and R is studied in more detail by computer simulations in the next

section.

VII. SIMULATION RESULTS

In this section, the performance of the proposed hybrid beamforming schemes for the point-
to-point and the multiuser scenarios operating in rich and sparse scattering channels is evaluated
by Monte-Carlo simulations. The performance metric is average spectral efficiency over 1000
independent channel realizations and it is assumed that M/ = K = 4. In this paper, all the
closed-form expressions were derived for the scenario that V;, /N, — oo. To obtain the appropriate
assumption on the number of the antenna elements for the simulations, the behavior of the hybrid
beamformer with respect to N, and NV, is first analyzed. In the following, the superscript "A"is
used to distinguish the analytical results of the Lemmas 3, 4, 5 and 6 from the performance
of the proposed schemes derived by the Monte-Carlo simulations. For example, the analytical
spectral efficiency by the hybrid beamformer in Lemma 2 is expressed as RA = C' — A¢ where
Ac¢ = limpy, N,—00 C — Rc. The performance of the hybrid beamformer of Lemma 2 with the
closed-form expression of Lemma 3 are investigated with respect to the number of antennas,
where it is assumed that N, = N, and then N, = 8 for N, € {8, 16, 32, 64, 128, 256, 512}.
Figure 3 shows this performance R& compared to the simulation result, Rc, for the Rayleigh
fading channel whereas Fig. 4 presents these for the geometry based model. It is observed that
R2 and Rc converge for both channels when N, = N, is large. For the Rayleigh fading channel,
R2 predicts slightly lower spectral efficiency compared to the results from simulations Rc when
N; = 8 as shown in Fig. 3. On the other hand, it is observed from Fig. 4 that R2 is always
larger than Rc for the geometry based model as for this channel C' = R2.

Figure 5 shows the performance of the hybrid beamformer with digital phase shifters, denoted
as Rp, for a point-to-point system operating in rich scattering channel. It is observed that Rc— Rp
for B = 2 and B = 3 is 3.5 and 0.7 bits/s/Hz which is negligible compared to the high
spectral efficiency achieved by large antenna arrays at high SNR. Hence, a simple rounding
technique to set the discrete phases of the phase shifters with B > 3 can significantly simplify

the calculations, and achieve a similar performance as analog phase shifters are employed. In
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Fig. 6. Spectral efficiency achieved the hybrid beamformer
with digital phase shifters based on (17) Rp, compared to the
bound based on Lemma 4 Rf, Rc and C' for geometry based
channel with L = 5.

addition, the lower-bound of the spectral efficiency based on Lemma 4, denoted as RA, provides

a good approximation when B > 3. For example, when B = 3, Rp — R is 1.2 bits/s/Hz.

Figure 6 presents a similar result for the sparse scattering channel. Figure 7 and Fig. 8 show

the performance of the proposed algorithm in Lemma 2 compared to the state-of-the-art [8],

[10], [14] for Rayleigh and geometry based channels. It is observed that the algorithm of [8] is

not applicable to the Rayleigh fading channel, although it has a very good performance for the
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Fig. 9. Sum-rate achieved by ZF (digital beamforming) Csum,

the proposed hybrid beamformer for the multiuser scenario

Raum and the bound based on Lemma 5 R%,, for Rayleigh

fading channel.

sparse scattering channel. The performance of the iterative algorithms of [10] and [14] is similar
to the proposed scheme for both channels.

For the downlink multiuser scenario with large number of antennas at the base station, ZF
has been shown as the asymptotically optimal beamforming scheme in Rayleigh channels. Fig.

9 shows the achievable sum-rates by ZF with a digital beamformer and the proposed hybrid
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Fig. 10. Spectral efficiency achieved by the proposed phase Fig. 11. Comparison of C, Rc and the spectral efficiency
shifter selection Rg, and the bound based on Lemma 6 Rg, achieved by the proposed phase shifter selection with 8 = 25.
N = N, p =34 dB.

beamformer, denoted as Cyyy, as Rgm, Wwhen Ny = 64 and K = 4. It is observed that the digital
beamformer achieves 1.4 bit/s/Hz higher spectral efficiency than the hybrid beamformer as in
Lemma 5.

Figure 10 shows the spectral efficiency achieved by the phase shifter selection scheme 73
compared to the closed-form based on Lemma 6, denoted as R%, for Rayleigh fading channel
and different values of 3 and V.. It is observed that there is a good match between (23) and
simulations. Compared to the scenario that all the phase shifters are in operation, the spectral
efficiency can be improved when the phase shifter selection is applied with 0 < 8 < 50. In
addition, the maximum performance is achieved when [ is around 25%. Finally, Fig. 11 presents
the performance of the phase shifter selection scheme for 5 = 25 compared to Rc and C. It is
observed that C'— Rs_o5 is around 33% smaller than C'— Rc. In addition, the spectral efficiency
when all the phase shifters are in operation is almost equal to the case that 5% = 50% of them

are turned off which results in 50% reduction in power consumption.

VIII. CONCLUSION AND FUTURE WORKS

In this paper, we derived the asymptotically optimal hybrid beamforming schemes to maximize
the spectral efficiency for the point-to-point and multiuser systems with large antenna arrays,

operating in rich and sparse scattering channels. The optimality of the solution was proved based
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on the properties of the singular vectors of the channel matrix. The elements of these vectors have
a complex Gaussian distribution for Rayleigh fading model, and the singular vectors are equal to
the steering vectors of the channel matrix for the geometry based model. In addition, we derived
the closed-form expressions for the spectral efficiency when the proposed hybrid beamformer
is used. It was shown that the performance of the hybrid beamformer, employing phase shifters
with resolution more than 2-bits, can approach the performance of a similar system with analog
phase shifters. In order to reduce the power consumption in the RF beamformer, a novel phase
shifter selection scheme was proposed. This approach can increase the spectral efficiency and
reduce the power consumption when channel follows Rayleigh fading model. Simulation results
indicate that spectral efficiency improves when up to 50% of the phase shifters are turned off.

The hybrid beamformer investigated in this work was developed and evaluated under certain
assumptions such as perfect CSI, narrowband systems, no RF impairments, ideal phase shifters
and switches. However, in order to integrate hybrid beamformers into practical systems, the

impact of these parameters should be investigated.

APPENDIX A

PROOF OF LEMMA 2

Defining the positive semidefinite matrices Q, Q € CN*M as Q = %{FRFFBPFEFEF and

Q = VHQV, the mutual information I(s,y) is expressed as
I(s,y) = log, det <INr + pHQHH) — log, det <1Nr + JUSVEQV ZHUH> (24)

= log, det <INr + pEQEH> = log, det (INl + pEH2Q>

N
2 1+ pa2 . Q
— Og2 H ( + po-n[nl Qnml) Y

TL[:].
where 5,21% are the diagonal elements of "3, and the inequality (b) comes from linear algebra
as for any positive semidefinite matrix A € CMMN, det(A) < [], Anpn,. If Q is a diagonal
matrix, then (b) in (24) turns into equality. Hence, the objective is to design Frr and Fg such
that they can diagonalize Q. In order to analyze Q, we investigate the behavior of the elements of
G € CN*K | defiend as G = 1/1/N,V"Frr, when —=vH fr ), = 0 and \/LN—IVEtfRF,k #0,Vn #k.

VN
In the first case that \/LNTVgLfRF,k =0 Vng# K, it could be easily shown that all of the elements
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of G except the GG, become zero. Then, the last term in (24) can be written as

N

K
togy ([T (1 + p02,,Qun) ) = logo(TT(1 + potQu)). (25)

n=1 k=1

On the other hand, if Fy is a diagonal matrix, then FgPFj will have the same property. As a
result, Q = GFpPF;G" will also become a diagonal matrix since off-diagonal elements of G
are zero. In addition, in (11), it was discussed that Fg should be a unitary matrix to maximize
the spectral efficiency. As Fp is a diagonal and a unitary matrix, it could be concluded that

| Fg ri|? = 1. In this case, Q). becomes

P, P, O P
Pklekk‘Q M ’kaRFk’2 kk| Z *‘keﬁ""ﬂ2 < N_kf) Z Vi, (26)
n[:1

where the left hand side of (c¢) is maximized when all the elements of v, are added constructively.

In other words, (¢) in (26) turns into equality if Frp = F%%“ as

b = €V 27)
In the following, we analyze the impact of setting Frp = FORII’:tl on the off-diagonal elements of
G for rich and sparse scattering channels. For the Rayleigh channel, Theorem 1 expresses that
the elements of singular vectors of the channel matrix are zero-mean i.i.d. random variables and
their phases are uniformly distributed over [0, 27]. As a consequence of law of large numbers

W U, \/_ Vfers = lim Zl VNV €7 = BV NV, =0, (28)

for n; # k. For the geometry based model, Lemma 1 states that the RF precoder in (27) becomes
frre = v/ Novi, hence 1/v/Nvifre, = viivy, = 0, Vn, # k. As a result, it could be concluded
that all of the elements of G except the diagonal elements become zero for both channels, when
Frr = FOptl As a result, the choice of Fgrp = FRpF and a diagonal Fg, with | Fg x|* = 1, imposes
(b) in (24) to turn into equality. Finally, /(s,y) is maximized when the diagonal matrix P is
calculated based on waterfilling.

It could be easily shown that when the hybrid beamformer at the receiver is also considered, by
applying a similar RF beamformer at the receiver, W‘I’fl’ﬁ HF} becomes a diagonal matrix
for both channels. In addition, Wy will have a simllar structure to Fg. Hence, Fg = Wy = I,

I'i= N, I', = N, is the capacity achieving hybrid beamformer for both channels. 0
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APPENDIX B

ALTERNATIVE DERIVATION OF THE RF BEAMFORMER IN LEMMA 2

Fol|> = |I\/ 7 V"Frr — V"'Fy||%. It could be easily

verified that
1
I V“FRF — VHF |2 > || FHFRF —Ixl|?, st | Frensl? = 1. (29)

The right hand side of the inequality can be reformulated as

e H
minimize Z ‘@/ o ifrer — 1‘ + ,; ; ‘\/ fdkfRFk/ , St | Freg]® = (30)
kK
The cost function can be lower-bounded as
K 1 ) K K 1 )
min <Z ’ﬁ / ﬁtfgl’kfRF’k - 1‘ + Z Z ’\/ Ntfsl’kfRF’k/ > (31)
k=1 k=1 k=1
kK
<Z‘”NfkaRFk_1’ + min ZZ‘@/ dkfRFk’
t k=1 k=1
k;ﬁk’

1 /1
<‘ Ntfg’kfm:k‘ > ) + mln Z Z ‘ fgkfRF k’
© e~ 1, ) 1,
2 gmln (’ Ntfd’kfRF’k — 1 : Z max (‘ Ntfd’kfRF’k‘> —1 s

k=1
where (f) comes from the fact that ‘,/ fH ofRE K
if

< 1. Hence, the last term in (31) is minimized

.. /1
maximize ‘ —f?kfRRk ,
fRE, & Nt ’

which is similar to (26) in Appendix (A). It was shown that |, /%{fgkfm,k/! =0, Vk # k' and

s.t. | Fren]? = 1, (32)

\/ 7 farfre . becomes a real and positive number when Fgp, . = e/“Font. Hence, (e) and (d)
turn into equality, and the cost function in (30) is minimized. Finally, (29) turns into equality

and || /%FRF — Fg4||? is minimized. O
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APPENDIX C

PROOF OF OF LEMMA 3

As a result of Theorem 1, E[v/N|V,.k|] =E[vVN:|Up.k|] = i and hence,

0 1 NZ3
sl = Jim | S0 VAVl = 63)

lim |Vka§’;tk| = lim

1
Ni—o00 w/ Ni—o00 ‘/Nr
Referring to the matrix G = 1//N,V"*Fgg in Appendix A, Gy, = /7/2 and G, = 0, Vn, # k.
Applying a similar RF beamformer at the receiver side, it could be easily verified that R, =

1 /NrWEFWRF = I k. The spectral efficiency in (7) at high SNR becomes

p
NN,

— lim lim log, det( NPN ngUEVHFRFPFgFVEUHWRF>

Ni—o00 Ny—o0 tLVr
™2 4,2 K 2 9
= log, det <Z> pXTP | = Z 1Og2<EpPkkUkk)

K
= ZlogQ ,OPkkO'kk) +2K 10g2<4)

Rc = lim lim log, det(

Ni—o00 Ny—00

R—1WPB‘W;‘FHFRFFBPFPB‘FEFHHWRFWB) (34)

where ¥’ =diag(o?, ..., 0%). Considering that the first term in the last line is C' in (6), the

lemma is proved. O

APPENDIX D

PROOF OF OF LEMMA 4

In Appendix A, it was shown that the achievable rate depends on r|v frr x| Letting 0,,x =

2
ka — ZLFy . Where 23+1 < Onk < 355

1 1
V| = ——
th| 1 fRE K | N

i o
mk‘|e ]Zvnlke] ek

N
> [Vokle?om (35)

v Nt n=1

N
1
> — Vn 5m
> 75| 2 W cos(in)

k| ( cos(Onk) + 7 sin(dmk)>

1 N
”Nt ni=1
l >i|v |
_—cos k|-
/ t 2B+1 —~

It could be easily shown that 1//N|vif;/| = OVk # k' holds for both channel models. Following

a similar approach as in Appendix C, the rest of the proof is straight forward. OJ
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APPENDIX E

PROOF OF LEMMA 5

Letting H = UX V! and Fy = Vy.x, the sum-rate capacity of a multiuser broadcast channel

can be expressed as [24]

P P
Cum(P,H) = max log, det(IK + —PHHH> — max log, det(IK + —PUEV“VEHUH>

trace(P)<1 trace(P)<1

Z Z

(36)

P
— max 1og2det<1K+ PUE KUH> — Cum (B, HFy),

trace(P)<1
where the last two equalities comes from the fact that 3 has only K nonzero elements and
31 = ZVIVER = VAR FVEH, A the singular vectors of the channel are in the direction
of the channel steering vectors, it can be easily concluded that the RF beamformer of Lemma 2
is virtually the optimal scheme for the sparse channel model.

For the Rayleigh channel employing F, as the RF beamformer is equivalent to relaxing the
constant modulus constraint of the phase shifters. When N, — oo, the performance of ZF
beamformer with Fzz = H"(HH")~! converges to the sum-capacity and the channel input-

output relationship becomes

1 H Hy—1 1
y = HH"HH") 's +z= ——s +z. (37)
VI ( ) VI
In this case, I'zr in (19) is
1 1 _
I, = ?trace(FZFFgF) = ?trace <HH(HHH)1((HHH) 1)HH) (38)

_ %trace (HHH<HHH>1<(HHH)—1)H) _ %trace((HHH)1>.

The spectral efficiency achieved by ZF is expressed as

Com (P, H) = Cam (P, v THFzE) = Klogy (1 + p) (39)
PE[|sk|*] P,
= Klogy(1 + ———— K1 1
Og?( + Fto—g ) OgQ( + F{FtUQ)

where p is the received SNR at the user side and E[ss"] = 1/ K1y, respectively.
In addition, by applying ZF to the effective channel H. = HF3 = U, .k, the precoder matrix
becomes Fzg. = H_ =30 KUH It should be noted that Fd F, = Ix, and the rank of H € CK*M
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is K and hence X" has only K nonzero elements. Then, the normalization factor I'y can be

calculated as

1 1 1
I = Etrace(FdFZFngFngl) = Etrace(FZFeF;‘Fe) = Etrace(z;}(U“UE;}() (40)

1 1 1
= Ktrace(Z;%) = Etrace((EEH )= —trace((EVHVZH)’lUHU)

. i E H HytH\—-1\ __ i H\—-1
= Ktrace((NtUEV ViUt ) = Krace((HH ) )

As a consequence, 1//THFz = 1/y/NHF Fz. and

Csum(-Ph H) - C%um(-Ph —=H FZFe) (41)

\/ﬁ
Hence, the asymptotically optimal hybrid beamforming scheme is derived when the constant
modulus constraint at the RF beamformer is relaxed.

Since K is fixed and N; — oo, the array gain, and consequently, the received SNR also grows
large. For MIMO channels with high SNR, in Theorem 3 of [27] and Theorem 2 of [28], it was
shown that

lim [C(P,H) — Cym(P,H)] =0, 42)

pP—00
where C(P;, H) is the capacity of the point-to-point system. Considering C'(P;, H) = C(P,, U"H),
it could be concluded that

Csum(Ru UHH) = C<Pt>UHH) = C(PU H) = Csum(Ru H) (43)

Let Rym(F, \/LNTHFRF) denote the achievable sum-rate of multiuser scenario when the constant

modulus is taken into account. Similar to (43), it could be easily verified that

1

Rsum(-Pt> HFRF) - Rsum(Pta \/_N—tUHHFRF) (44)
P

— max_log, det(Li + 1~ 5PV FreFi VEH).

trace(P)<1 t0 5

1
VN

Now, the RF beamformer that maximizes Ry (F;, \/LthHFRF) is obtained by

1
Foft = arg max Rgm(P;,

Frr V Nt

Similar to Appendix A, Fpr of Lemma 2 that can diagonalize PXV"FreFRVE" will also

UHHFRF), S.t. ’FRF,mk‘ =1. (45)

maximize Rgm (P, FUHHFRF) in (44). On the other hand, in Appendix C it is shown that
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\/%VjHFIO{;l = @UEVHFd = gHe. Additionally, in (41) it was discussed that Fzg. is asymptoti-

cally optimal for H., as a result

P
PEVIFOER VEH> (46)

1
Ram(P, —=U"HF}) = max log, det(IK + =
0%

\/ Nt RF trace(P)<1
Br
— max_log, det <IK + —ZPEVHFdFHV2H>

trace(P)<1 o;
T 1
= Csum(zpta UHHFd) = Csum(ZPta THeFZFe)
Reum (P, ! gporp ) = Klog,(1+ h 5)-
= Llsum T e o
t \/ﬁ RFY ZF g2 4KF[ Z

Hence, by letting the baseband precoder for the hybrid beamformer with constant modulus

opt

constraint as Fy P — Fypr combined with Frr of Lemma 2, the asymptotically optimal hybrid

beamformer is achieved. Finally, it could be easily verified that

1 1+ s
Com(P, H) — Raum(P,, —=HF F?) = lim K log, ————= = — K log, (/4 47)
(P, H) (P ) = i, Klogs it o(m/4)

APPENDIX F

PROOF OF LEMMA 6

According to Appendix A, the spectral efficiency achieved by the hybrid beamformer depends
on \/LNf‘vl,ijF,k. When the RF beamformer is set based on (22),

N
) 1 1 -
lim kaRFk lim \/_ g Ve FRE ik = 111Lnoo— g V NV, FRE ik =E[V,.], (43)

N[*)OO NI (*)OO

where f/mk is defined as
- O, V Nt|mG| S «,
Vik = 49)
\/Nt|vnlk;|7 « < \/Nt|vnlk|.

Theorem 1 states that /N;|V,, x| follows a Rayleigh distribution with parameter og. As a result,
the PDF of ank is expressed as

5 Pr(vN|V| < )8(0), V < a,
Pr(T7) — 1f(\/~_|| @)d(0) e 50)

The expected value of V is calculated as
+o0

B B o +oo 172 o
E[V(a)] = VPr(V)dV = / %ev 2ovqy (51)
o R

—0o0
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+00 ‘72 B B a ‘72 «a
— / —267‘/2/20‘%(“/ . _2 *V2/2‘7Rdv \/E v *VZ/ZURdV
0

2
OR 0o ORr

® \/> \/_UR(\/_erf( \/—UR) \/;UR e /2% ) = 7 +oae ™ — gerf(a),

where (g) and (h) are derived from [29]. Moreover, the cumulative distribution function (CDF) of
VN V| < avis expressed as Pr([V,| < @) = $/100 = 1—e~**/?%  hence a = y/—In(1 — 3/100)

where [ is the percentage of the phase shifters that are turned off. It could be easily shown that

\/—|ka]“: w| = 0, Vk # k' and \/%FEFRF becomes a diagonal matrix with equal diagonal
elements. Hence, the baseband precoder matrix becomes Fg = Ix. Applying the same phase
shifter selection scheme at the receiver side, it can be easily verified that I', = (1 — /5/100) NV,
I, = (1 —3/100)N;, R, = 1/T,WHWE W Wi = I and 1/v/NF Fge = E[V (a)|Ik. Similar

to Appendix C, the spectral efficiency is expressed as

Rg= lim lim log, det(#le1WEWEFHFRFFBPF}BIF{;‘FHHWRFWB> (52)
Ni—o00 Ny—00 ( B)Q
- P H H H H
= ]\}11{)1100 Nlrli)noo 10g2 det(WWRFUEV FRFPFRFVEU WRF)

=Zm<%( V(a >])>

© Z log, (pPiroiy,) + 4K log, (EW(aﬂ) ~ 2 logy(1 =5,

as the first term after (7) is equal to C' at high SNR. O
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