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Abstract: This study explores the synchronization issue for uncertain multi-link complex networks
incorporating stochastic characteristics and hybrid delays. Unlike previous works, internal delays,
coupling delays, and stochastic delays considered in our model change over time; meanwhile, the
impulse strength and position change with time evolution. To actualize network synchronization,
a strategy called hybrid impulsive pinning control is applied, which combines the virtue of impul-
sive control and pinning control as well as two categories of impulses (i.e., synchronization and
desynchronization). By decomposing the complicated topological structures into diagonal items and
off-diagonal items, multiple nonlinear coupling terms are linearly decomposed in the process of theo-
retical analysis. Combining inequality technology and matrix decomposition theory, several novel
synchronization criteria have been gained to ensure synchronization for the concerning multi-link
model. The criteria get in touch with the uncertain strengths, coupling strengths, hybrid impulse
strengths, delay sizes, impulsive intervals, and network topologies.

Keywords: multi-link network; mean square synchronization; stochastic characteristics; impulsive
pinning control

MSC: 37N35

1. Introduction

People generally live in various complex networks, such as transportation networks,
information networks, power grids, and so on. Synchronization is a representative col-
lective behavior of complex networks, which has a prominent theoretical meaning and
extensive practical applications in non-fragile filtering, topology recognition, system sta-
bility, encryption, and decryption [1-5]. Recently, numerous synchronization modes have
been discussed in depth, incorporating complete synchronization [6,7], cluster synchroniza-
tion [8,9], quasi-synchronization [10,11], projective synchronization [12,13], exponential
synchronization [14-16], etc. Regrettably, considering a complex network could have multi-
links, many publications for synchronization analysis mainly concern complex networks
including only a single link, making it difficult to portray the real network precisely. Multi-
links mean that there may exist more than one path between each pair of nodes and that
each pair has its special attributes. For instance, in the transportation networks, there are
significant differences in carriage delays and connectivities among aviation networks, land
networks, and waterway networks, which indicates single-link systems cannot characterize
such types of multichannel transportation networks well (see Figure 1). For a human con-
nection network, there are different communication tools, including e-mail, telephone, and
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Facebook. Obviously, this network represents a characteristic multi-link model that cannot
be expressed by a single-link system. Hence, it is necessary to further study multi-links
systems owing to their universality. Recently, some scholars have noticed various synchro-
nization problems in such networks [17-19]. In [17], Zhou et al. discussed the exponential
synchronization of stochastic complex dynamical networks including multi-links. In [18],
Guo et al. considered the synchronization of multi-link networks with switching signals in
finite time. In [19], Xu et al. gained impulsive synchronization conditions for multi-link
dynamical systems embedding non-integer order effects. It should be pointed out that the
effect of time delays was not considered in these multi-link models mentioned above.

(A1)

Figure 1. (A) Complete transportation network; (A1) aviation network; (A2) land network; and
(A3) waterway network.

In a multi-link network, the delay cannot be avoided due to the influence of network
width, congestion, and transmission distance. Considering the significant differences
between subnetworks, each subnetwork often has different time delays. Observing a
transportation network, which usually consists of the aviation network, highway network,
and railway network, each subsystem possesses different vehicle speeds and link types,
which means the time delays in each coupling structure of subnetworks may not be
the same. To construct a more practical system, in [20], delays in the coupling state
were discussed in the multi-link networks. In [21], the authors explored synchronization
problems for memristor-based multi-link systems containing leakage delays. In [22], Zhou
et al. considered the synchronization of delayed multi-link dynamical systems including
non-monolayer coupling. In [23,24], two types of delays including internal and coupling
delays were discussed in the time-varying multi-link systems, and several synchronization
criteria could be gained with the aid of different differential inequalities.

In addition, systems in real environments often encounter various stochastic distur-
bances, and these disturbances may disrupt the steady state of systems or cause asynchro-
nization [25]. As a consequence, when modeling a delayed complex network, stochastic
disturbances should not be left out. Up to now, several relevant synchronization results
paid attention to such phenomena. For example, in [26], Zhou et al. considered the intermit-
tent synchronization of non-strong connectivity networks comprising time-varying delays
and stochastic disturbances. In [27], Shi et al. studied the sampling synchronization for
memory neural networks with random network attacks in finite time. In [28], Zhang et al.
gained sufficient conditions of exponential synchronization for delayed stochastic systems
by impulsive technologies. In [29], Liu et al. dealt with the inner synchronization issue
for stochastic impulsive networks. Note that these works were considered for single-link
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stochastic complex systems rather than multi-link stochastic systems. To study the effect of
stochastic perturbations on multi-link systems, Zhao et al. [30] investigated projective syn-
chronization for multi-link dynamical networks including stochastic disturbances, where
system delays are neglected. As we know, studies on the mean square synchronization
of uncertain multi-link dynamical networks incorporating stochastic noise and hybrid
time-varying delays are sparse, which is the first motivation for this study.

It is necessary to exert external control over the network to achieve network syn-
chronization since many networks cannot achieve synchronization only by relying on the
coupling between different nodes. From the point of time series, the mainstream con-
trol mechanism consists of two types. One is continuous control, for instance, feedback
control [31], and adaptive control [32]. Another is discrete control, such as intermittent con-
trol [33], and impulsive control [34]. As a kind of discontinuous input method, impulsive
control is only activated at some finite time points, efficiently reducing the control time
and increasing the synchronization security [35]. For example, Tang et al. [36] attained
the synchronization criteria for derivative-coupled systems utilizing impulsive control
schemes. By constructing the impulsive comparison principle, the authors in [37] dealt
with the impulsive synchronization problems of dynamical networks incorporating delays
without bounds. Generally, it is impractical to control all nodes in the network because
complex dynamic networks are often large-scale. Pinning control is an efficient method
because it can control the whole system by pinning a small fraction of network nodes in-
stead of all nodes. Naturally, pinning impulsive control, which integrates the superiorities
of pinning control and impulsive control, can be more efficient to achieve synchronization
since it only needs to control a few nodes at several discrete instants. At present, many
previous results about synchronization have been obtained by pinning impulsive control
strategies. Specifically, the impulsive effect is always assumed to satisfy u € (—2,0) [38],
e (—1,1)[8,39], u € (0,1) [40], or other homologous restricted intervals, which implies
only impulsive effects profiting synchronization are considered. In reality, when network
nodes transmit information to each other, impulses can act on beneficial and harmful
effects, which means that various types of impulses should be considered meanwhile. For
multi-link complex networks, very few works considered both synchronizing impulse
and desynchronizing impulse, which forms the second reason for researching this article.
These comprehensive factors including uncertainties, stochastic characteristics, and various
delays in multi-link complex networks pose new challenges to the study of system synchro-
nization. Our research focuses on utilizing the positive and negative effects of impulses for
solving this difficulty.

Enlightened by the literature above, this study considered the impulsive synchroniza-
tion of uncertain stochastic multi-link complex networks involving hybrid delays utilizing
hybrid control schemes. To be more authentic, nonlinear couplings are introduced and
uncertainties are time-varying. The principal highlights of this study contain three parts.
Firstly, time-varying factors, including internal delays, coupling delays, stochastic noise,
and uncertain disturbances, are incorporated into our model, which makes the results
obtained in this paper exceed the previous related works. Secondly, discriminating from
the impulsive effects in [8,38-40], synchronizing impulses, and desynchronizing impulses
are first applied to multi-link systems in this study, i.e., the scopes of impulsive strength
need not be restricted, regardless of whether the impulses are beneficial or harmful to
the synchronization state. Lastly, some novel synchronization criteria for the generalized
multi-link network models are obtained based on the hybrid pinning impulsive control
methods and matrix decomposition techniques.

Besides the introduction part, Section 2 introduces the mathematical model descrip-
tion of uncertain stochastic multi-link systems. Section 3 studies the hybrid impulsive
pinning control for mean square synchronization of the concerned multi-link systems.
Section 4 gives a simulation experiment for validating purposes, and Section 5 presents
the conclusion.
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Notation 1. R" represents the n-dimensional real space with Euclidean norm || - ||. Apax(B)
stands for the maximum eigenvalue of matrix B. diag{- - -} stands for a diagonal matrix. For
matrices X € R ™ and Y € RP*1, X ® Y € R"P*™ can be computed as

X11Y X]zY cee xle

X21Y XZ2Y e meY
XRY =

XY xpY oo xpmY

2. Model Introduction and Preknowledge

The uncertain multi-link complex networks incorporating stochastic characteristics
and hybrid delays could be modeled as

dz;(t) = { — (A+22(1))z(t) + (B+ AB(1))h(zi(t)) + (D + AD(1)) f (zi(t — (1))

N N
+o Y 0T (5t — 1 (1) + 2 ) OF Taga(z(t — (1)) + -
=1 =

+ o % @E]m)l"ml/)m(zj(t — Tm(t)))] dt +g(t,zi(£),z;(t — w0(t)))dw(t) + u;(t), (1)

=

wherei =1,2,...,N,and z;(t) = (zj1(t),zi2(t), .- ., zin(t))T € R" is the state vector of node
i, A =diag{ay,ay,...,a,} is a diagonal matrix with a; > 0. B = (bij)nxn and D = (dij)nxn
are the non-delayed and delayed connection weight matrices, respectively. A2(t), AB(t),
and AD (t) denote the uncertain matrices. h(z;(t)) = (h1(zi1(t)), ha(zia(t)), - .., B (zin (1)) T
and f(z;(t)) = (fi(zin (1), f2(zia (1)), - .-, fu(zin(t)))T represent the activation functions at
time t. cx(k = 1,2,...,m) is the positive coupling strength for the kth coupling form.

W (zi(0))=(Pr (zin (1)), Yra(zin (1), - - -, Yren (zin ()T (k = 1,2,...,m) stands for the kth cou-
pling nonlinear function. Ty = diag{7%,7%,...,9%} > 0(k = 1,2,...,m) represents the

kth inner coupling matrix. @) = (@1(]]{)) NxN (k = 1,2,...,m) represents the kth cou-
(k)

pling configuration matrix, where O i is defined as follows: if there is a link from

node 7 to node j, then G) ;é 0; otherwise, G)(j = 0(i # j). Moreover, assume that
@K satisfies the dlffuswe coupling condition G)( Z 21, © )(' = 1,2,...,N).
The time-varying delays 79(t) and 7(f)(k = 1,2,. ) are the bound functions, i.e.,

0 < () <170 <t <tk=12..m), in which Tp(t) denotes the internal
or stochastic delay and 7(f) (k = 1,2,...,m) denote the coupling delays, respectively.
w(t) = (wy(t),wa(t),..., wy(t))T € R" represents a bounded Weiner process, which satis-
fies E[dw;(t)] =0, E[dw (t)] = 1and E[dw;(t)dw;(s)] = 0 for t #s. g(-) € R"*" stands for
the noise intensity function matrix, satisfying g(,0,0) = 0.

Remark 1. To our knowledge, most multi-layer neural networks in engineering are multi-link since
each layer can be regarded as a subnetwork. Multi-layer neural networks have been successfully
utilized in various aspects, such as visual analysis, behavior recognition, machine learning, etc.
Unfortunately, very few works have investigated hybrid impulsive pinning synchronization problems
concerning uncertain multi-link stochastic networks including two impulses, and we try to solve
these problems in this study.

Let s(t) = (s1(t),52(t),...,51(t))T be an arbitrary solution of an isolated node of
system (1), which could be given by
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ds() =] = (A +DA))s(1) + (B+ AB(D)(s(1)) + (D + AD(E) f(s(t = To(1)) |t
+9(t,s(t),s(t = w(t)))dw(t). 2

Define e;(t) = z;(t) — s(t) be the synchronization error of node i between the current
state z;(t) and the objective state s(t). By imposing impulsive effects on the pinned nodes,
the impulsive pinning controllers can be considered as

+o00 .
I,'(t) _ {a; Paei(t>5(t - ta)/ Le W(ta)r 3)

0/ l é W(tU)/

where p, represents the impulsive strength at each discrete instant . §(.) denotes the

well-known Dirac delta function. The impulsive instants {¢,} meet t, — 400 as o — +o0.

W(ty) = {i1,ip,...,i;} C {1,2,..., N} stands for the set of pinned nodes at t = t,, and it

is defined as

(i) Wecanresettheerrors eq(t),ex(t),. .., en(t) for [lep, (£)|| = [lep, ()] = -+ > |lep, ()] >
> flepy (D)]|- o € M = (~2,0), then W(ts) = {p1, pa,- -, p1}-

(ii) We canresettheerrorse;(t),ex(t),...,en(t)for|ley, (t)| < lew, (£)]| < -+ < ey, ()] <
- < ey (B)]|- If po € B := (—00,—2) U (0, +00), then W(t,) = {v1,v2,...,7;}.

N N
Noting that ¢ }. O T1yi(s(t — (1)) = X O oy (s(t — 1a(1)) = -+ =
j= j=
N
cm Y @E}") Tinm(s(t — n(t))) = 0, and adding the impulsive effects to multi-link

j=1
networks (1), one can get the following error system:

[(AJFAQW)) ei(t) + (B+ AB(1)h(ei(t)) + (D + AD(H)) f(ei(t — (H)))

+ )rfl]ick@l] (et = 1(0))) |t + (8, (1) et — (1)) (), @
ei(ty) +p0€1( 7 ) 1€ W(ts),
di(t), i€ [-7,0],

where f(e;(t)) = h(z(t)) — h(s(t)), Fleilt — 0(6)) = Flzi(t — 70(5) — F(s(t — (1)),

Pi(ej(t — (1)) = ¢i(zi(t — () — ¢ul(s(t — w(t))) and (¢ ei(t),ei(t — 1(t)))

= g(t,zi(t), zj(t — w(t))) — g(t,s(t),s(t — To(t))). Moreover, the initial values of error

dynamical system (4) are presumed to be ¢;(t) = {;(t), -1 <t <0,i =1,2,...,N, where
)

T =max{1, 7, T, .., Tu} and {;(t) € C([—7,0], R").

Remark 2. Considering |1+ py| > 1,i.e., pr € B := (—00, —2) U (0, +00), impulsive influences
are harmful to the synchronization process of dynamical system (4), which leads to the synchro-
nization error increases large with time evolution, so they are called desynchronizing impulses.
Conversely, considering |1+ po| < 1, i.e., po € M := (—=2,0), impulsive influences are helpful to
the synchronization process of dynamical system (4), and they are called synchronizing impulses.
Especially, if |1 + po| = 1(ps € {—2,0}), impulsive influences are neither detrimental nor helpful
for achieving synchronization. This study only explores the first two impulses, and one can easily
extend them to p, € {—2,0}.

Remark 3. To characterize synchronizing and desynchronizing simultaneously, we assume that
the strengths of desynchronizing impulse select from a limited set {p1, p2, ..., pr} C B. Meanwhile,
the strengths of synchronization impulse select from {¢1,02,...,0q} C M.

Next, some useful preliminary knowledge is introduced.
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Assumption 1. For the activation functions h : R* — R", f : R* — R", constants I;, > 0,
I > 0 exist, such that

1h(zi () = h(s()) ]| < Iullzi(t) = s(B)]], [1f (zi(£)) — f(s()]| < Lellzi(t) —s(H)]]
for any s(t) and zi(t),i = 1,2,...,N.
Assumption 2. The parametric uncertainties A(t), A% (t) and AD(t) can be expressed by
AA(t) = MyA(t)Hy, AB(t) = My A(t)Hss, AD(t) = MpA(t)Ho,

where Mg, Mo, Mg, Hy, Hss, Ho are constant matrices and the unknown matrix A(t) meets
AT(HA(t) < 1.

Assumption 3. For the nonlinearly-coupled functions Piy (),k=1,2,...,m,y=1,2,...,n,
constants a1 > 0 exist and ay > 0, such that

[7e(8) = 7)) [y (70 (t = T(£))) — iy (7 (£ — T (£)))
< w[7(t) = (1) + aolr(t = 7 (t) — 7t = w (1))

forany 7t(t), 7w(t) € R.
Remark 4. Especially, when 1(t) = 0,k = 1,2, - - ,m, one can obtain the following inequality

Py (70(1)) — Py (7 (1))
() — 7 (1)

Assumption 4. Assume that the intensity function g(-) conforms to the following requirement:

< w1+ aj.

trace[(g(t, m1,21) — 8(t, 72, 22)) " (a(t, 711, 21) — 8(t, 712, 22))]
< [My(my — ) |12 + | Ma(z1 — 22) %,

Vmy, 10,21, 22 € R", where M1, My represent suitable constant matrices.

Assumption 5. There are positive numbers T; and T] satisfying

. T—t
Ni(t/ T) > < - NO/
i
and T4
N;(t,T) < 7 + N,
]

for Ng >0, T;, T]-,i =1,2,...,9,j=1,2,...,r,where N;(t, T) and N]-(t, T) represent the amount
of the synchronizing impulsive sequence and desynchronizing impulsive sequence on the interval
(t,T), respectively.

Definition 1. Under mean square sense, the controlled multi-link complex networks (1) can be
known as exponential synchronization, if positive constants A, Ty and 0 exist such that

N
EY flei(t)]* < 0e,
i=1

forall t > Ty and initial values {;(t),i=1,2,...,N.
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Lemma 1 ([41]). For any real matrices X and ) with correct dimensions, a scalar €y > 0 exists
such that

1
f@+w€s@fx+;@%.
0

+1
L
Lemma 2 ([42]). Let 0 < 1;(t) < 1,8(t,0,01,00,...,0p) : Rt X R x -+ X R — R be nonde-
creasing in 0; for each fixed (t,v,31,...,0;_1,0ix1,---,0m), i =1,2,...,m,and J,(v) : R — R
be nondecreasing in v. Assume v(t), w(t) € PC([—T,+0), R)) meet

{D+v( ) < F((to(t), ot —T1(8), ..., 0t — Tu(E)), t # te,t >0,
(to) < Jo(v(ty)), 0 €N,

and
{D+w( ) > F(Ew(t), w(t— (b)), ..., w(t — Tu(t)), £ # to,t >0,
w(ta> > ]17( ( a))r ceN.

Then, v(t) < w(t) for —t < t < 0 means v(t) < w(t) fort > 0.

3. Main Results
Before giving the main theorem, the meaning of two important symbols needs to be
explained. Let ok =@k + ®(k),k =1,2,...,m, where ok = diag{@%?,@é?,. . .,@%2\1}

consist of the diagonal elements of @), and @*) preserves the off-diagonal elements
of @K,

Theorem 1. Assume that Assumptions 1-5 hold. Under the mean square sense, controlled multi-
link networks (1) can be globally exponentially synchronized to the target s(t):

EZ lei (D)1 < ge™™,

if positive scalars ap, ap, a1, o, Iy, lf, 10, Bo and Br(k = 1,2, ...,m) exist, such that the following
conditions hold:

i) Qo <Iy®noly,

(i) Ao < In® Boly,

(1) A <IN®QBiln, k=1,2,...,m

(iv) ¢—xy >0,

2 IO 1N, 9 Ingi;
where ¢ = KEZI 18uUp_ T<S§O{H€i(S)H }' K = Zl Z] i ll]) 0, C = _(770 + ZlT +
=1j= i= i
ToInfyy L NI (92 . N-+1p; (p;+2
£ = SRR € 0y = TR € v = o R o
]:

[Iv® (= 24+ MyM] + My M, + Mo ML, + HY Hy + % BB + “pDDT + M] M; +
m
( +Amax(H%H%))l;211n) +2 3 (@M L) + ¥ (@ )@)(k)T@rkr;f)}/Ao = [IN®
k=1 k=1
((Z + Amax(HL Ho ) 21, +M2TM2)] Ap = [20(00 @Ty) + Iy @ (a1 + a2)?L, |, and A
is

a sole root of A — & + x[Boe’™ + Z ckPre’ ] = 0.
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Proof. Lete(t) = (el (t),el(t),...,eL(t)))T. Construct the following Lyapunov function:

V(t) = 1 el (erlt) = (D). ®

Then, for any ¢ € [t,_1, ), utilizing Itd-differential formula, one can obtain
N ~
=Y 2¢] (1) [(— A+ BA))es(t) + (B + AB(1))(ei(1))
i=1

+ (D + AD() f (et —(H)) + 2 Z kO Tpee;(t — Til(1))]

=1j=
+2ww4 (teit), eilt = (D)t ei(t), exlt = 70(1)]. ©)
By Assumption 2, we have
72% (A +dA(D)er()
fzk ) (A + MaA(t) Ha)ei(t
giummw+igmmm& +Zelhwd) %

Utilizing Assumptions 1 and 2 and Lemma 1, one can find positive constants ap, ap, I
and [ ¥ such that

2 ief(t)(B +AB(t))h(ei(t))

i=1 i=1
< N 1 9: % T 1207
<3 BT WBEe(n) + 1 2Rl (e
= i=
Nor T al T 2T
+ Y e (E) Moy Mygei(t) + Y Amax(Hog Has ) e} (£)e;(t)
i—1 i—1
Noap 7 T Nor T N2 T 2T
=) o ¢ (£)BB e;(t) + ) e; (1) My Maye;(t) + Z[@ + Amax (Hys Heg )| ljze; (t)ei(t) ®)
i—1 i—1 i—1
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N ~
2 ;eiT(f)(D +AD(t)) f(ei(t — 10(t)))
—ZZe YD (e;(t — To(t +ZZ€ HYMp A(t)Hp f (ei(t — 10(t)))
N
< z el (ODDTe (1) + - = F7 (et = () Flei(t = 0(1)
i=1
N
+ Ze )Mo MKe;(t) Z T(e;(tto(t)))HE Ho f(ei(t — 1(t)))
< Z el ()DDTe;(t) +Ze t) Mo Mpei(t)
+ Z % + Amax(HG Ha ) 12T (£ — 7 (£))es(t — To(H)): ©)
i=1
In addition, one can obtain
N m N
2Y° Y Y 0 el (Tuifie(ej (t — (1))
i=1k=1j=1
m N
2261(2@1]( e; ()T (ei(t — e (t) +220k2261] i (DT (ej(t — Tie(t)))- (10)
k=1 i=1 k=1 i=1i#j
By Assumption 3 and the decomposition express @X) = @*) + @K (k = 1,2, ,m)
we have
m N r
2y e Y O el (DT (es(t — (1))
k=1 i=1
m N n
=2Y Y0 Y e ()i (ein(t — w(t)))
k=1 =1 p=1
N n
<2 Z Ck Z ®11k Z [D‘lezp ’)’pezp( )+ [’Czeip(t - Tk(t))’)’];(;eip(t - Tk(t))}
k=1 i=1 p=1
236 Y (O asel (Tyer(t) + P ase! (t — () Tyer(t — 14(1))]
k=1 i=1
=2 i crare” (£)(OW) @ Tp)e(t) +2 Z craze” (t— 7(£)) (O @ Tp)e(t — 1e(t)) (1)
k=1 k=1
and
m N N T
2) ek ). ) O e (HTkr(e;(t — w(t)))
k=1 i=1i#j
—2Y e (H(ON @ T de(e(t - w(h))
k=1
< i cre’ (H)(OWONT @ T I e(t) + f ce(ar + ap)2eT (t— 1 (B))e(t — T (t))  (12)
k=1 k=1
where  {p(ej(t — T(t))) = [Pra(en(t — (D)), Pralein(t — (t))), -+,

P e (£ — (1)) -
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By Assumption 4, we have

Ztmce i(£),ei(t —70(£))8(t ei(t), ei(t — 70(t)))]

(MY Myei(t) + ef (t = 10(£)) M3 Maei(t — To(t))]

Mz

1:1
=T (£)(Iy @ M{ My)e(t) + ™ (t — (1)) (In @ M3 My)e(t — 1o (1)) (13)
Substituting (7)—(13) into (6), one can obtain
LV(t)
< =27 (1) (In ® A)e(t) + T (1) (In @ MaMy)e(t) + e’ (1) (In @ Hy HayJe(t)
+ e () (In @ BBT)e(t) + e (1) (Iy © M Mip (1)
+e () (In ® M{ My)e(t) + " (t — (1)) (In © M3 Ma)e(t — 1o(t))

+ (% + Amax (HE Hog ))eT (1) (Iy @ Ly )e(t) + ’%DET(t)(IN © DDT)e(t)
2

+ (DT + Amax (Ho Ho ) Je! (t = 1)) (In © [ In)e(t — 1o (t)) + e (1) (In © Mo My e(t)

+2 Z crare” ()(O® @ Ty )e(t) +2 i ckaze” (t — 7 (1) (0P @ Tp)e(t — (1))

k=1 k=1
+ Z el (H)(O@POWT @ Ty I )e(t) + Z o (e + an)?el (£ — e (t) e(t — T (t))
k=1
<eT(t) [IN ® ( —2A+ MaMj + My MY + Mo M} + H Hy + 2 BB' + TDDT

2 o
+ MMy + (= +Amx(H%H%))lhIn>+22ckle ol + ) (@R
k=1 k=1

@I elt) + e (¢~ 70() [y © ((i+Am,,x(H©H@))lf1n MM ) [e(t = wo(t))

£ Y el (- 5(1) [202(0M @ Ty) + Iy @ (a1 + w2)l et — i (1) (14)
k=1

Using conditions (i)—(iii) in Theorem 1, we obtain

ELV(t) < noEV(t) + ‘BoEV(t —1(t)) + i ckBrEV (£ — 1ie(1)). (15)
k=1

Next, our goal is to obtain the relation between V() and V (¢, ) such that the results
conform to the structure of Lemma 2. When t = t,, 0 € N, we can derive

V) = ) el (ea(t)+ Y ef (1)ei(t)

iEW(tr) igW(t})
= Y (I+pe)?el (t)ei(ty)+ Y. el (t;)eilt,). (16)
iEW(ty) i W(ts)

First, we study the situation of p, € M. By obtaining ji, = %@”“) € (0,1), then

one can gain

(N=1)(1—jig) = [fic — (1+ pg)?]l > 0. (17)
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Denote

(18)

From (19), one can future obtain the following inequality
Y, (kpo)el (t)eilty) + ) el (7 )eilts)
iEW(ty) igW(to)

= Y [ +pe) —fiole] (t5)ei(te) + Y floe] (85 )ei(ty) + ef (t7 )ei(ty)
iEW(t,) iEW(t,) iEW(ts)

<(e—1) Y eftto)e(ty)+ Y el (t7)ei(ty) + el (t; )ei(ty)
i¢W(ty) iEW(ty) igW(ts)
N
= jio )¢ (t7)ei(ty)- (20)

Combining (16) and (20) gives that V(tf) < ji,V (t; ). Similarly, we study the case of
N+lﬁo‘(ﬁv+2)

po € B. Obtaining fi, = —F5F— € (1, +0), we can then obtain
(14 p0)* = o]l = (fio = 1)(N = 1) > 0. (21)
Denote
{Y3<t;> = max{ei(t7)] 11 € W(to)}, 2)
Y4(t; ) = min{|le;(t; )| : 1 ¢ W(to) }-
Therefore, we can derive
[(T+p0)> =il Y. el (t)ei(ty) < [(1+po)? — folIY5(t,)
iEW(ty)
< [(1+p0)* = follYi(t;)
= (o = 1)(N = D)Yj(t;)
<(pe=1) Y e (t7)eilty) (23)
igW(ts)

From (23), one can future obtain the following inequality:

N
Yo (T+po)el (tr)ei(ty )+ Y, el (ty)eilty) < fie Y ef (t; )ei(ty ). (24)
iEW(ty) igW(to) i

Il
MR

Combining (16) and (24) gives that V(t}) < fi;V(t, ). Thus, we can obtain EV (t}) <

usEV(t;), where
. if
po = § for Hpe €M 5)
fie, ifps € B.
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For any € > 0, set v(t) be the only solution for the differential systems below.
m
o(t) = moo(t) + foo(t (1) + L eprolt —wlt) +e, 1k
(26)

v(ty) = pov(t,), t=ts,0€ Ny,

N
v(s) = Eig 1Zi(s) 117,

—17<s<0.
t). Based on

One can easily demonstrate that Vt € [ty t,11), DTEV(t) = ELV(t)
(t) for Vt > 0. Using the technology of parametric

Lemma 2, we can derive EV(¢)

variation, we can obtain
o(t) = W(t,0)v +/ (t,9)[Bov(s — 0(s)) + chﬁkv s — T (s)) +€lds, (27)
where W(t,s)(t > s > 0) stands for the Cauchy matrix of the equation below
(28)

t 75 tg',U S N+,
t=t,0€ N+.

{axt) = 10(t),

@(ts) = po@(t; ),
9 . oo
Letp = ) Ni(t,s) + ¥ N;j(t,s). Based on Definition 1, one can obtain
i=1 =1
_ g r
W(t,s) = enl=9 Yy it Z

i=1
Inft; | 5~ T”f (t—s)]

q r
< () )i ) Noexp( 170+Z
i=1j=1 Ec i =1 1j
— e 0(t=s) 29)
q r q . r .
where x = (L ¥ ji7 i)™, and ¢ = (o + ¥ 5 + & ).
i=1j=1 i=1 i j=1 1
N
Letg = «xE ¥ sup_ . o{lIZi(s)[|*}, it follows from (27) that
i=1
(30)

o(t) < ge” 5t+/ ke ¢) [Bou(s — 1o (s) +chﬁkv s—T(s)) +elds, t >0

Let p(A) = A — &+ «[Boe!™ + f cxBre’™]. Based on condition (iv), one has ¢(0)

400 and (P( )=1 —|—K[,30T06AT0 + Z Ck,BkaEATk] >

—& 4+ x7y < 0. Itis clear that ¢(4o0) =
A—=C+

0. Therefore there exists a sole root A > 0 satisfying the equation 4)( ) =

[Boer™ + Z ckBre’™] = 0. Note condition (iv) and ¥ > 1, for —t < t < 0, one has

o(t) =E Z{H&( )P < g <geM A
Next we shall demonstrate the following inequality:
(31)

Ke
t My > 0.
u(t) <ge ™M+ Ty 2
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Assume that (31) does not hold; then there is a t© > 0 satisfying
o(t%) > gef)‘t<> +¢ (32)
and
o(t) <ge M4 ¢ t<t°, (33)

— K€E
where € = =

Combining (30) and (33) gives

v(tO) < g67§t0 4 /t<> Kefé"(tofs) [,B()U(S — ’L'O(s)) + i ClekZ)(S — Tk(S)) + 6} ds
0 k=1

X o m
< et {Q + Q:+/(} xe’s {ﬁo(gef/\(sfﬁ(s)) + Q:) + 2 Ck‘Bk(ge*)\(szk(S)) + Q:)}ds}
k=1

=ce M +¢, (34)

which contradicts inequality (32). Hence, inequality (31) is correct. Let € — 0, then
N

o(t) < ge=M for t > 0. Noting that EV () < (), one canobtain EV(t) = E ¥ el (t)e;(t) <
i=1

ge”\t . Since A is a positive constant, the controlled multi-link networks (1) can achieve
globally exponential synchronization. [J

Remark 5. The scale of the pinned node can be obtained from the equation W (t,) = I. Since
desynchronizing impulses and synchronizing impulses are introduced in the controller (3), the
control scheme in this article can be called the hybrid impulsive pinning control.

Remark 6. Discriminating from the existing works in multi-link systems [17-24], the impulse
strength and position change with time evolution. The positive roles and negative roles of im-
pulses are studied simultaneously. Moreover, stochastic noise, hybrid time-varying delays, and
uncertainties are considered in this paper, making our results more generalized than related articles.

Remark 7. In the existing literature, the range of impulsive effects is usually limited, such as
ue (=2,0)[38, u € (—1,1) [8,39], u € (0,1) [40], which means only positive roles for the
synchronization are considered. Unlike these methods, the impulsive gain in this article can be
selected from y € (—o0, —2)J(—2,0) (0, +o0), and not only positive roles but also negative
roles are considered. Our impulsive pinning control strategy can effectively reduce the scale of
control nodes and control time, thereby saving control costs.

When uncertain disturbances are not considered, dynamical networks (1) could be
rewritten as N
dzi(t) =| — Azi(t) + Bh(zi(1) + D zilt — w0(1))) + 1 3 O Ty (55t — (1))
j=1

o2 30 Taali (6= (1) + -+ om 1 O Tz — (1))
+g(i,:zli(f),zz'(t*To(t)))dW(t) +ui(t), . (35)
wherei = 1,2,...,N. Accordingly, the target trajectory s(t) = (s1(),52(t), - ,su(t))T satisfies
ds(t) = [ — As(t) + Bh(s(t)) + Df (s(t - To(f)))} dt +g(t,s(t), s(t — w(t)))dw(t). (36)

Then, one can easily get a corollary below.

Corollary 1. Assume that Assumptions 1, 3-5 hold. Under mean square sense, controlled multi-link networks
(1) can be globally exponentially synchronized to the target s(t):
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N
EY llei(D]* < g™,
i=1

if there exist positive scalars ap, ap,nq, 2,1y, lf, 10, Bo and Br(k = 1,2,...,m), such that the following
inequalities hold:

i) Qo <In®noly,
(i) Ao < IN® Bolu,
(iii) AkSIN®ﬁkIn,k:1,2,...,m,

(iv) ¢—xy>0,
q " ~—1 A q 1 vl' r Infi;
where ¢ = KELY; sup_reoco{I6(9)I%), ¢ = (X L )™, & = (o + X5 + £ 5),
i=1j= i= ! j=
~ N l,‘ i ~ N-+lpj(p;+2
pi= M € (0,1), = A € (1,400), 1 = fo + iy cibr Qo = e (-24+

" - " A
% BBT + %2 DDT + MIM; + 2121,) + 2% am(@h oT) + 1 (00 6MT @ TyrT)), Ag =
[IN ® (%l}ln + M;Mz)} AN = [thz(@(k) Q) + Iy ® (a1 + pcz)zln} ,and A is a sole root of A — ¢ +

m
K[,Boe’”“ + ¥ ckﬁke“k] =0.
k=1

When stochastic noise is not considered, dynamical networks (1) could be rewritten as

dz(t) = [ — (A+A2%(1))zi(t) + (B+ AB())h(zi(t)) + (D + AD(1)) f (zi(t — w0(1)))

& o) & o)
+a1 YO Ty (zi(t = 1() + -+ ) O mem(zj(t—Tm(t)))}dt—&—ui(t), 37)

j=1 j=1
where i = 1,2,...,N. Accordingly, the target trajectory s(t) = (s1(t),s2(t), -+ ,sn(t))T satisfies
ds(t) = | = (A+AU(D)s(t) + (B+ AB(1)h(s(t) + (D + AD(E) f(s(t — (1)) ] dt.  (38)
Then, one can obtain the corollary below.

Corollary 2. Assume that Assumptions 1-3, 5 hold. Under mean square sense, controlled multi-link networks
(1) can be globally exponentially synchronized to the target s(t):

N
EY llei(®)|? < e,
i=1

if positive scalars ap, ap, a1, ap, I, lf, 1o, Boand Br(k = 1,2,...,m) exist, such that the following inequalities
hold:

i) Qo < In®noly,
(i) Ao < In® Boln,
(i) Ap < IN®Bely k=1,2,...,m,

(iv) ¢—xy>0,

i r g, T Inji;
where ¢ = KEEN sup_col IO & = (B LN &=~ + B+
1=1j= i=
" Ing; N 1o (0 . N+lp; 2
y ), o= Mt e (0,1), g = M e (1400), v = Bo+ XL b

=l
Q= [Ive (24 + MaMf + MuME + MoM} + HYHy + %BBT + %DD'+

(2 + Amax(Hy H )21 ) +2 3 quaa (0F) @ Ty) + 1 op(@WOMT o x|, Ag = [y e (2 +
k=1 st
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ds(t)

Amux(HzT)Hg))l}I,,)], Ay = [2052(®(k) QTy) + Iy ® (a1 + zxz)zl,,}, and A is a sole root of A — ¢ +

m
K[,BOEMU + Y ckﬁke)‘fk] =0.
k=1

4. Numerical Simulations

To illustrate the theorem in this study from an experimental point of view, a numerical simulation
will be implemented next. First, consider the following isolated node of the network incorporating
stochastic noise, which can be formulated as

[ = (A+82(1))s() + (B+ AB())h(s(1)) + (D + ADW) f(s(t — (1)) | at

+a(t,s(t),s(t —1(t)))dw(t), 39)
where s(t) = (s1(t),s2(t))T € R%. The non-delayed activation function is h(s(t)) = (cos(s1(t)),
cos(sy(t)))T € R?, while the delayed activation function is f(s(t — To(t))) = (cos(s1(t — 1 (t))),
cos(sa(t — ()T € R2. A simple calculation shows that Assumption 1 can be satisfied when

In = Iy = 1. Respectively, the diagonal matrix A and the connection weight matrices B, D are
designated as

15 0 20 —01 —02 -10
A= [ 0 15 }’B_ [ —50 3.0 }’D_ { —02 —50 ]

The uncertainty matrices and relevant parameters corresponding to the above matrices could
be set as

A(t) = My A() Ho = { 015 0 ] { cos(t) 0 } { 035 0 }

0 015 0 sin(t)cos(t) 0 035
AB(t) = M A(t)Hy = [ 0‘§° Ogo } [ "°Z(t) sin(t)(los(t) ] { 0'30 ogo }
AD(t) = MpA(t)Hp = { 0'55 025 } { Cof)(t) sin(t)(zjos(t) } { 0'85 0.(())5 }

One can find that the above uncertain matrices make Assumption 2 satisfied. The noise in-
tensity function could be given by g(t,s(t),s(t — 19(t))) = 0.5s(¢) + 0.55(t — 19(t)), which satisfies
g(t,0,0) = 0. Hence, Assumption 4 holds for M; = M, = 0.5I. The multi-link stochastic complex
dynamical networks including 100 nodes are described as

dz;(t) = [ — (A4 AA())zi(t) + (B+ AB(1))h(z(t)) + (D + AD (1)) f(zi(t — (1))

100

3
30 Y @ Tzt — (0))|dt + (b, zi(8), 2t — o(8)))duw(), (40)
k=1j=1

where ¢y = 0.1, Ty = 0.1L, 7y () = 0.11e! /(1 + ¢t), 1 (t) = 0.12¢! /(1 + ¢!), and 13(¢) = 0.13¢! /(1 +
e'). The nonlinear coupling function is ¥ (zj(t — 7c(t))) = (sin(zj1 (t — % (1)), zjp (t — e (t))) € R?,
a1 = 0.5,ap = 1.5. One can find Assumption 3 holds based on the characteristic of {;(.). Assume
that the network topology of these sub-networks (i.e., @)(1), ®(2>, and ®(3)) in systems (40) satisfying
the E-R network model, and the connection probabilities are set as 0.2, 0.25, and 0.3, respectively.
For simplicity, let T, = 0.001,p; = —0.2, T = 1,0, =12,ap =1, ap = 1; by simple calculation, we

q 0
can obtain that — (179 + Y ln% + 5 ) = 9.1520, Bo + YL ckBr = 8.4975. Hence, when we set
i=1

o1 5
Ny = 0, one can derive { — k7 > 0, and all the circumstances in Theorem 1 are satisfied.

Utilizing the classical Runge-Kutta algorithm, Figure 2 shows the time evolutions of z;; () and
zjp(t) in controlled multi-link complex networks (40) with random initial values. Figure 3 reveals
that synchronization error e;(t) approaches zero rapidly as the system evolves. It is clear that the
synchronization objective of multi-link system (40) can be achieved with a fast convergence under
the hybrid impulsive pinning control technology, and the correctness of the theoretical analysis in
this paper has been verified.
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Figure 2. Time evolution of z;(t) in multi-link complex networks (40) under the hybrid impulsive
pinning control. (a) zj; (¢); (b) zjp(¢).
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Figure 3. The state of synchronization errors in multi-link complex networks (40) under the hybrid

impulsive pinning control. (a) e;1 (¢); (b) ej2(¢).

5. Conclusions

In this article, the mean square synchronization problem of uncertain multi-link stochastic
dynamical networks incorporating hybrid time-varying delays has been investigated by pinning and



Mathematics 2023, 11, 1697 17 of 18

controlling a small number of network nodes. Unlike the existing impulsive control, synchronization
impulse and desynchronization impulse are considered at the same time, and the impulse strength
and position change with time evolution. Combining coupling matrix decomposition technology
and stability theory, some new synchronization criteria, which are bound up with the uncertain
strengths, coupling strengths, hybrid impulse strengths, delay sizes, impulsive intervals, and network
topologies, are derived to guarantee synchronization for the concerned multi-link model. Ultimately,
a simulation experiment shows the rationality of our theory. In the future, we will continue to
study how to apply the impulsive pinning control techniques in this article to the corresponding
fractional-order multi-link delayed systems. Due to the nonlocality of fractional-order systems and
the delay effect, maybe one can establish new fractional-order impulsive comparison principles to
overcome this difficulty, which is challenging and meaningful work.
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