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Abstract—In conventional M -ary differential chaos shift key-
ing modulation (DCSK) systems, the distance between con-
stellation points gets closer as M increases, resulting in poor
performance. A hybrid modulation scheme based on pulse
position modulation (PPM) and DCSK is proposed in the paper
to improve bit-error-rate (BER) performance. In this scheme,
one part of the bits is modulated by PPM while the other part
is modulated by DCSK. Thus, information bearing signals are
simultaneously modulated by the information bit and the selected
pulse position of PPM which is determined by extra information
bits. Analytical bit-error-rate (BER) performance of the proposed
scheme is derived and verified by simulations. Results show
that the considered scheme outperforms conventional M-DCSK,
code index modulation DCSK (CIM-DCSK) and commutation
code index DCSK (CCI-DCSK) in additive white Gaussian noise
(AWGN) and multipath Rayleigh fading channels.

Index Terms—Differential chaos shift keying modula-
tion(DCSK), pulse position modulation(PPM), hybrid modula-
tion, bit error rate (BER).

I. INTRODUCTION

Chaotic communication has gained increasing attention as it
can be used widely in spread spectrum communication systems
due to its low-power, low complexity, and excellent anti-fading
capabilities [1], [2]. Differential chaos shift keying (DCSK),
a modulation scheme proposed for chaotic communications
[3], is characterized by its simple transceiver configuration
and excellent performance over multipath fading channels [4],
only requiring a simple non-coherent demodulator without
channel estimators and equalization [5]. Some variants of
DCSK, such as permutation index DCSK(PI-DCSK) [6]
and code index modulation DCSK (CIM,CCI-DCSK) [1] [7]
which used index modulation [8][9] have also been proposed.
A multi-resolution M -ary DCSK with M -ary phase-shift-
keying (MPSK) constellation is proposed based on quadrature
chaotic shift keying (QCSK) [10] which offers better BER
performance by changing the structure of constellation.

Due to its simplicity and high performance, pulse position
modulation (PPM) is also widely used in spread spectrum
communications. The idea of a hybrid combining modulation
using PPM was first proposed in optical communications [11].
A hybrid pulse PPM-BPSK add space for transmitted reference
pulse cluster (TRPC) is proposed to improve performance
in [12]. Similarly, DCSK also can be combined with PPM
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for better performance in spread spectrum communication
systems.

To improve the BER performance of conventional M -ary
DCSK, a hybrid PPM-DCSK modulation scheme is proposed
in this letter. The main contribution of the brief are summa-
rized as follows. Firstly, based on a hybrid two-dimensional
modulation scheme, a mixed modulation scheme with PPM
and DCSK is proposed which the PPM parts bearing mc

bits signal. Secondly, the bit error rate (BER) expression for
the considered system is obtained analytically and validated
then by simulations. Results show that the proposed system
has better BER performance than conventional M-DCSK,
multidimensional CIM-DCSK and CCI-DCSK schemes.

The paper is organized as follows. Section II presents the
system model of PPM-DCSK system. The calculation of the
BER expressions of the proposed system is derived in section
III. Simulation results and discussions are presented in section
IV. Section V concludes the paper.

II. SYSTEM MODEL

The transmitter of proposed system is shown in Fig. 1,
where the total transmitted bits are mc+1 and symbol duration
is (2mc+1)R. In the proposed system, mc bits are mapped into
a PPM position. The transmitted signal sl can be expressed as

sl = [ cx︸︷︷︸
reference

, blsPPM

⊗
cx︸ ︷︷ ︸

information−bearing

]
(1)

where cx is a R-length chaotic signal, bl ∈ {−1, 1} is
information bit,

⊗
is Kronecker operator. In the proposed

system, the information bit is transmitted on one position in
the PPM frame. The position is determined by mapping bits.
sPPM = [0, 0, ...1al

, ..., 0]1×P (P = 2mc ) in the PPM signal,
where 1al

represents that the athl position of sPPM is 1. al
is a position index modulation symbol which is converted by
mapping bits.

Assuming that the transmitted signal is corrupted by a
multipath Rayleigh fading channel, the received signal can be
written as

rl =

L∑
l=1

αlδ(t− τl)⊗ sl + nl, (2)

where L is the number of paths, αl and τl are the channel
coefficient and the path delay of the lth path, respectively,
⊗ denotes the convolution operator. Moreover, the channel
coefficients are constant over each symbol duration and the
maximum multipath delay is much shorter than R, i.e., R >>
τlmax. nl is the additive white Gaussian noise (AWGN) with
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Fig. 1. Block diagram of PPM-DCSK transmitter.

zero mean value and variance of N0/2. The block diagram
of the receiver is shown in Fig. 2. The receiver not only
needs to detect the modulation bits from DCSK signal, but
also the index position of PPM. That means the received
reference signal need to be correlated with each R-length parts
of received sPPM , thus the alth part of information-bearing
signal in PPM signal can be written as

rinf = ral
, 1 ≤ al ≤ P, (3)

The decision variable Im of the mth branch when m = al can
be expressed as

Im =
R∑
i=1

(
L∑

l=1

αlcx + nr

)(
L∑

l=1

αlblcx + nr−R,

)
(4)

Similarly, when m ̸= al, the decision variable of the mth

branch can be expressed as

I ′m =
R∑
i=1

(
L∑

l=1

αlcx + nr

)
(nr−R)

=

R∑
i=1

L∑
l=1

αlcxnr−R +

R∑
i=1

nrnr−R,

(5)

where the symbol al and bl can be estimated respectively as

âl = arg max
m=1,...P

(|Im|, |I ′m|),

b̂l = sign(Iâl
),

(6)

it can be seen from (6) that the maximum of estimated al is
decided as the position of information bearing signal in PPM
frame, and bl can be obtained by demodulating outputs of
corresponding correlators. Then the bits mapped by position
can be obtained from the decimal-to-binary converting part.
For mc mapped bits, the symbol duration of PPM-DCSK,
CIM-DCSK and CCI-DCSK is (2mc+1)∗R [2], (2mc+1)∗R
and 2n ∗R(n ≥ mc) [7], respectively. Thus they have similar
bandwidth efficiency.

III. PERFORMANCE OF PPM-DCSK ANALYSIS

A. System BER analysis

The total system BER is a function of the BER of the
modulated bits Pem and the BER of the mapped Pecim, which
is the function of the error probability of PPM detection error
probability Ped. We set mc as the number of bits mapped to
one position of PPM index modulating symbol. The symbol
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Fig. 2. Block diagram of PPM-DCSK receiver.

al is mapped from mc bits and the probability of detecting
one of the remaining P − 1 incorrect positions are the same
at all positions. Thus, the expectation of the number of errors
can be expressed as

Q =

mc∑
i=1

i

( mc
i

)
P − 1

, (7)

where P −1 incorrect position probability is 1
P−1 and

(
n
m

)
=

n!
m!(n−m)! . Thus the BER of mapped bits is calculated as

Pecim =
Q

mc
Ped, (8)

the BER for modulated bits can be given by

Pem = Pe(1− Ped) + 0.5Ped, (9)

where the Pe is bit error probability of the DCSK, and the
probability of wrong PPM position detection is 50% when
error probability of modulating bits is wrong, therefore the
error probability of total system is expressed by

Psys =
mc

mc + 1
Pecim +

1

mc + 1
Pem. (10)

B. Derivation of Ped

Assuming that both the modulating symbol bl = +1 and
al = m̂ (it selects position index for PPM) are transmitted.
Thus the mean and the variance of Im and I ′m are calculated
by, respectively

µ1 = E{Im} =

∑L
l=1 α

2
lEs

2
, µ2 = E{I′m} = 0,

σ2
1 =

L∑
l=1

Var{Im} =

∑L
l=1 α

2
lEsN0

2
+

N2
0R

4
,

σ2
2 = Var{I′m} =

∑L
l=1 α

2
lEsN0

4
+

N2
0R

4

= EsN0 (

∑L
l=1 α

2
l

4
+

R

4rs
)︸ ︷︷ ︸

λ

(11)

where Es = 2RE{x2} is symbol energy of PPM-DCSK,
rs =

∑L
l=1 α

2
lEs/N0 is signal-to-noise ratio, E{•} is the

expectation operator, and Var{•} is the variance operator, then
the random variables |Im| and |I ′m| follow identical folded
normal distribution, thus the probability density function of
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|Im| and cumulative distribution function of |I ′m| are calcu-
lated respectively as

f|Im|(y) =
1√

2πσ2
|Im|

e
−

(y−µ|Im|)
2

2σ2
|Im| + e

−
(y+µ|Im|)

2

2σ2
|Im|

, (12)

F|I′
m|(y) = erf

(
y√
2σ2

2

)
. (13)

The µ|Im| and σ2
|Im| are the mean and variance of the |Im|

which can be expressed as

µ|Im| =

√
2σ2

1

π
e
− µ2

1
2σ2

1 − µ1erf

(
−µ1√
2σ2

1

)
=
√
EsN0γ, (14)

where

γ =

√
1

2π
+

R

4πrs
e
−

 1
4
rs

+2R
r2s


−

√
rs

2
erf

−
√

1
4
rs

+ 2R
r2s

 ,

(15)
here and

σ2
|Im| = µ2

1 + σ2
1 − µ2

|Im|

= EsN0 (
rs
4

+
1

2
+

R

4rs
− γ2)︸ ︷︷ ︸

ρ

(16)

Assume that X1 = max{|Im|}, m = 1, 2, ., P − 1. And the
position of PPM detection error probability is calculated by,

Ped = 1− Pr{Y ≥ X}

=

∞∫
0

[1− Pr{y ≥ X}]f|Im|(y)dy

=
1√

2πσ2
|Im|

∞∫
0

1− [erf ( y√
2σ2

2

)]P−1


×

e
−

(y−µ|Im|)
2

2σ2
|Im| + e

−
(y+µ|Im|)

2

2σ2
|Im|

dy.

(17)

Let µ = y√
EsN0

, then the position detection error probability
is derived as

Ped =
1√
2πρ

∞∫
0

[
1−

[
erf

(
µ√
2λ

)]P−1
]

×
{
e−

(y−γ)2

2ρ + e−
(y+γ)2

2ρ

}
dµ,

(18)

Pe is bit error probability of the DCSK which can be calcu-
lated as

Pe =
1

2
erfc

([
4

rs
+

2R

r2s

]− 1
2

)
. (19)

total system Finally, substituting these above into (10), we
obtain the instantaneous BER of PPM-DCSK over Rayleigh

fading channel, and the multipath Rayleigh fading channel can
be given as

Pmul =

∞∫
0

Pe · f(rs)drs, (20)

where f(rs) is the PDF of rs which can be found in [5].

IV. SIMULATION RESULTS AND DISCUSSION

In this section, simulations are carried out to evaluate
the performance of the proposed system over AWGN and
multipath Rayleigh fading channels. These results are then
contrasted with the theoretical results derived in previous
analysis on both AWGN and multipath Rayleigh fading chan-
nel. In all figures, SF represents the spreading factor and
mc is the number bits mapped into one position of the
PPM modulation. In multipath Rayleigh fading channel, three
paths L = 3, are considered, having equal average power
gain E[α2

l ] = E[α2
2] = E[α2

3] = 1/3, with path delays
τ1 = 0, τ2 = 1, τ3 = 2. To quickly illustrate, mc in PPM-
DCSK means modulated bits number of PPM parts and the
whole number of modulated bits is mc + 1 while the whole
number of M-DCSK is only mc.

The analytical and simulated results for PPM-DCSK are
shown in Fig. 3, where the analytical results match the
simulations at high SNR. As can be also seen, BER always
decreases as mc increases and as SF decreases in AWGN
while less influence in multipath fading. The reason for this
behavior is that more bits in the same symbol energy are
transmitted with increasing mc, which means each transmitted
bit needs less energy. Fig. 4 shows performance comparisons
of PPM-DCSK, CIM-DCSK, CCI-DCSK and M-DCSK over
AWGN channel. Note that the PPM-DCSK exhibits lower
BER than the others, moreover the BER of M-DCSK increases
as mc increases, while PPM-DCSK decreases as mc increases.
The gain of PPM-DCSK over M-DCSK is at least about
4dB as mc increase, and over CIM-DCSK and CCI-DCSK
is about 0.3dB, 2.5dB at 10−4. The performance of PPM-
DCSK is significantly improved over M-DCSK. As shown
in Fig. 5, BER performance of PPM-DCSK on multipath
fading channel outperforms those of the other schemes when
SF = 64. All schemes have similar increasing BER behavior,
PPM-DCSK has less increasing tendency then others when
mc increasing. Note the good performance at high mc of the
proposed PPM-DCSK. Fig. 6 shows BER performance with
the modulated bits number of these schemes over AWGN
and multipath Rayleigh fading channels. The performance of
M-DCSK increases monotonously as mc increases. As mc

increases, performance of PPM-DCSK, CIM-DCSK and CCI-
DCSK increases in fading but decreases in AWGN.

V. CONCLUSIONS

In this letter, a novel hybrid modulation scheme combining
PPM and DCSK is considered. The scheme avoids the problem
of distinguishing inaccurately the constellation points in M -
DCSK systems especially in large values of M . In the pro-
posed system, information bearing signal is carried by PPM,
which carries both DCSK modulated bit and extra red mc
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bits by position modulation. The theoretical BER expression
were derived and validated by simulations. By comparing the
BER performance with conventional M-DCSK, CIM-DCSK
and CCI-DCSK, the numerical results show that the proposed
hybrid PPM-DCSK system has superior BER performance
over AWGN and multipath Rayleigh fading channel.
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