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Hydrodynamic phonon transport in suspended
graphene
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Recent studies of thermal transport in nanomaterials have demonstrated the breakdown of

Fourier’s law through observations of ballistic transport. Despite its unique features, another

instance of the breakdown of Fourier’s law, hydrodynamic phonon transport, has drawn less

attention because it has been observed only at extremely low temperatures and narrow

temperature ranges in bulk materials. Here, we predict on the basis of first-principles cal-

culations that the hydrodynamic phonon transport can occur in suspended graphene at

significantly higher temperatures and wider temperature ranges than in bulk materials. The

hydrodynamic transport is demonstrated through drift motion of phonons, phonon Poiseuille

flow and second sound. The significant hydrodynamic phonon transport in graphene is

associated with graphene’s two-dimensional features. This work opens a new avenue for

understanding and manipulating heat flow in two-dimensional materials.

DOI: 10.1038/ncomms7290

1 Department of Mechanical Engineering, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA. 2Department of Physics,
Boston College, Chestnut Hill, Massachusetts 02467, USA. 3 Department of Mechanical and Aerospace Engineering, Rutgers University, New Brunswick,
New Jersey 08901, USA. 4 Institute for Advanced Materials and Devices for Nanotechnology (IAMDN), Rutgers University, Piscataway, New Jersey 08854,
USA. Correspondence and requests for materials should be addressed to G.C. (email: gchen2@mit.edu).

NATURE COMMUNICATIONS | 6:6290 |DOI: 10.1038/ncomms7290 |www.nature.com/naturecommunications 1

& 2015 Macmillan Publishers Limited. All rights reserved.

mailto:gchen2@mit.edu
http://www.nature.com/naturecommunications


T
he transport of phonons, which are the dominant heat
carriers in non-metallic solids, is usually diffusive and
describable by Fourier’s law of heat conduction. Regimes

where Fourier’s law breaks down, such as ballistic1 and
hydrodynamic2 phonon transport, were discovered in bulk
materials more than 50 years ago, but these phenomena were
observed only at extremely low temperatures3–5. Recent studies
of low-dimensional materials, however, have highlighted the
practical importance of ballistic phonon transport in applications
such as thermoelectric materials6 and electronic devices7,8. In this
work, we discuss how hydrodynamic phonon transport as well as
ballistic phonon transport can be significant in a two-dimensional
material, particularly in graphene.

The term hydrodynamic phonon transport arose from its
similarity with macroscopic transport phenomena in fluids. In
fluid flow, mass transport is mainly due to the macroscopic
motion of molecules with a drift velocity. Likewise, phonons in
the hydrodynamic regime exhibit macroscopic drift motion. In
this sense, hydrodynamic phonon transport is different from the
more well-known diffusive or ballistic phonon transport. During
diffusive transport, heat is transferred through multiple scattering
events among phonons without macroscopic drift motion.
During ballistic transport, it is assumed that there is no internal
scattering. Hydrodynamic transport, on the other hand, includes
many phonon scattering events. The drift motion of phonons in
the hydrodynamic regime causes two interesting hydrodynamic
transport phenomena that cannot occur in either diffusive or
ballistic regimes: phonon Poiseuille flow (Fig. 1a) and second
sound (Fig. 1c), which are analogous to Poiseuille flow and

ordinary sound in a fluid, respectively, which will be discussed
later.

Despite the interesting features of hydrodynamic phonon
transport, the temperature range in which it was observed was too
low and narrow to consider for practical applications. For
example, the reported temperature range for phonon Poiseuille
flow is 0.5–1.0 K (ref. 5) and for second sound the range is
10–20K (ref. 9). The extremely stringent temperature conditions
for hydrodynamic phonon transport are due to Umklapp
scattering (hereafter U-scattering), which destroys the crystal
momentum. In contrast, scatterings between molecules conserve
total momentum. As such, for hydrodynamic transport to occur,
U-scattering should be negligibly weak compared with the other
three-phonon scattering, which conserves crystal momentum,
normal scattering (hereafter N-scattering). One way to suppress
U-scattering is to consider low temperatures, but at too low
temperatures transport becomes ballistic without internal
scattering, leaving only a very narrow temperature range for
hydrodynamic transport. In addition to U-scattering, the
scattering of phonons by impurities such as isotopes does not
conserve crystal momentum, and isotope enrichment imposes
another difficulty for hydrodynamic phonon transport (hereafter
R-scattering denotes Umklapp and isotope scatterings).

Here, we show that suspended graphene (hereafter graphene),
unlike three-dimensional materials, is remarkably well suited
for hydrodynamic phonon transport. Using first-principles
calculations, we show drift motion of phonons, phonon Poiseuille
flow and second sound in graphene at significantly higher and
wider temperature ranges compared with those seen in three-
dimensional materials. Then, we discuss how the significant
hydrodynamic phonon transport in graphene stems from its
two-dimensional features.

Results
Displaced distribution function. An indication of the hydro-
dynamic transport, the macroscopic drift motion, can be found in
the distribution function. For example, for molecules in fluid
flow, the Maxwell distribution displaced by a drift velocity is
considered an equilibrium distribution10. Similarly, if there is no
R-scattering among phonons, the displaced Bose–Einstein
distribution has been commonly assumed for the equilibrium
distribution of phonons11.

Nd
BE ¼ 1

exp ‘ o� q�uð Þ
kBT

� �
� 1

ð1Þ

where :, o and q represent the Planck constant, phonon
frequency and phonon wavevector, respectively. The drift velocity
is represented by the displacement, u, in the phonon distribution.
In the displaced distribution, the displacement is a constant for
all phonon modes regardless of polarization and wavevector,
describing the macroscopic drift motion of phonons having the
same velocity. Assuming a small drift velocity, this displaced
distribution can be linearized to

Nd
BE ¼ N0

BE þ
‘
kBT
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q � u ð2Þ

where N0
BE is the Bose–Einstein distribution.

On the basis of the assumption of the displaced phonon
distribution in the absence of R-scattering, past work derived
macroscopic governing equations that describe hydrodynamic
phonon transport12. However, it has remained elusive to our
knowledge whether the absence of R-scattering necessarily leads
to the displaced distribution. Moreover, the validity of the
displaced distribution in real materials, where R-scattering cannot
be completely avoided, has not been explicitly confirmed. In this
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Figure 1 | The different macroscopic transport phenomena in

hydrodynamic and diffusive regimes. (a,b) The steady-state heat flux

profiles in hydrodynamic and ballistic regimes, respectively, under a

temperature gradient. (a) Phonons in the hydrodynamic regime exhibit a

non-uniform heat flux profile like the mass flux profile of fluid flow in a tube.

In the hydrodynamic regime, the main mechanism for momentum loss is

diffuse boundary scattering. Therefore, the flux is small near the boundary.

(b) In the diffusive regime, however, the heat flux profile has a uniform

shape. This is because transport resistance is mainly due to intrinsic

momentum loss scattering called Umklapp scattering rather than diffuse

boundary scattering. The Umklapp scattering can occur anywhere inside a

sample, leading to a uniform heat flux profile. (c,d) The propagation of a

heat pulse in the hydrodynamic and diffusive regimes, respectively.

(c) In the hydrodynamic regime, a heat pulse propagates like a pressure

pulse (ordinary sound) in a fluid without significant damping. The invoked

pulse can transmit through the sample and finally arrive at the edge of the

sample with well-preserved pulse shape. (d) In the diffusive regime,

however, a heat pulse is significantly damped and cannot propagate.

The pulse smears out and reaches the edge of the sample after a relatively

long time. The width and length of the sample are assumed to be much

larger than the phonon mean free path.

ARTICLE NATURE COMMUNICATIONS | DOI: 10.1038/ncomms7290

2 NATURE COMMUNICATIONS | 6:6290 | DOI: 10.1038/ncomms7290 |www.nature.com/naturecommunications

& 2015 Macmillan Publishers Limited. All rights reserved.

http://www.nature.com/naturecommunications


work, we demonstrate from first-principles calculations that a
displaced distribution of phonons can occur in graphene even in
the presence of weak R-scattering, which validates the assumption
of the displaced distribution used in the past studies12,13

and correspondingly shows hydrodynamic phonon transport in
graphene. The recent progress in calculating the phonon–phonon
scattering matrix using first-principles14,15 and numerical
methods for solving the Peierls–Boltzmann equation16,17 enable
the calculation of phonon distributions in a specific material
under a temperature gradient. This first principles-based method
has been demonstrated to be highly accurate and have predictive
power for phonon transport in many materials including
graphene15,18–23. In this work, to capture the significant role of
N-scattering, we solve the full solution of the Peierls–Boltzmann
equation without relaxation time approximation.

In Fig. 2, we show this phonon distribution in an infinitely
large graphene sheet with 0.1% concentration of isotope 13C at
100K under a static temperature gradient. The temperature
gradient is required to maintain the drift motion since
R-scattering cannot be completely ignored in real materials.
Figure 2 plots the normalized deviation of the distribution
from the stationary equilibrium distribution, defined as
ðN �N0

BEÞ
�

N0
BEðN0

BE þ 1Þ
� �

, to examine the existence of a drift
velocity. It is clearly seen in Fig. 2b that the normalized deviation
is linear to wavevector qx along the temperature gradient
direction with the same slope for all three acoustic branches in
a wide range of wavevectors. This indicates that the distribution is
indeed displaced, giving the macroscopic motion of phonons with
the same velocity as in equation (2). In usual cases without strong
hydrodynamic transport features, the normalized deviation shows
no correlation among phonon modes and phonons cannot
exhibit any macroscopic collective motion (see Supplementary
Note 1 and Supplementary Fig. 3 for an example) The non-linear
behaviour in the large wavevector region of Fig. 2b is significantly
exaggerated because the deviation is normalized by N0

BEðN0
BE þ 1Þ,

which is negligibly small in this high phonon frequency range.
Moreover, these phonon modes in the range where the normal-
ized deviation is non-linear to qx contribute negligibly to actual
thermal transport. (See Supplementary Fig. 1)

The macroscopic drift motion of phonons can be explained by
strong N-scattering compared with R-scattering shown in Fig. 3b.
The phonon distribution under a temperature gradient is slightly
displaced, meaning that the phonons gain excess momentum
from the temperature gradient. Then, the excess momentum is
affected by N- and R-scatterings in very different ways24.

Through N-scatterings, the excess momentum is exchanged
among phonons such that all phonon modes exhibit the same
drift velocity and approach the displaced Bose–Einstein
distribution in equation (1). However, R-scattering destroys the
excess momentum and induces phonon modes to relax to the
stationary equilibrium Bose–Einstein distribution. In graphene,
N-scattering is much stronger than R-scattering by at least two
orders of magnitude in a wide spectrum as shown in Fig. 3b.
Therefore, the excess momentum gained from a temperature
gradient is redistributed by strong N-scattering without any
considerable reduction by R-scattering such that most phonon
modes have the same drift velocity regardless of polarization and
wavevector.

In addition to the macroscopic collective motion of phonons, it
is also important to find the specific length and timescales for
hydrodynamic transport. If length and timescales approach
infinity, the transport is not hydrodynamic unless R-scattering
is completely avoided. Owing to the existence of R-scattering, as
we previously stated, a temperature gradient is required to
maintain the drift motion of phonons in Fig. 2. In an infinitely
large graphene sheet under a static temperature gradient, the drift
velocity of phonons exhibits a uniform distribution across the
sample and its magnitude scales as the magnitude of the
temperature gradient, both of which can be explained by Fourier’s
law. However, roughly speaking, if the sample size is smaller than
the phonon mean free path of R-scattering or the temperature
gradient changes with time faster than the R-scattering rate, the
transport cannot be described by the diffusive law. In such length
and timescales, the transport with macroscopic drift motion
shown in Fig. 2 can be hydrodynamic. These considerations
regarding length and timescales for hydrodynamic transport lead
to the discussion on phonon Poiseuille flow and second sound in
the following sections.

The displaced distribution we present here is the first explicit
confirmation of the assumption used in past theoretical studies
regarding hydrodynamic phonon transport12,13,25,26. It also
provides a theoretical basis that we will exploit to examine
phonon Poiseuille flow and second sound in the following
sections, further highlighting the significant hydrodynamic
phonon transport in graphene.

Phonon Poiseuille flow. Phonon Poiseuille flow refers to the
steady-state hydrodynamic phonon transport under a tempera-
ture gradient in a sample. The temperature gradient plays a
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Figure 2 | The displaced distribution of phonons at 100K in reciprocal space of a graphene sheet. The 13C isotope concentration is 0.1%. (a) A contour

plot of the normalized deviation of distribution, N�N0
BE

� ��
N0
BE N0

BE þ 1
� �� �

, of flexural acoustic (ZA) phonons in graphene. The hexagon represents the first

Brillouin zone and a temperature gradient is applied along the x direction. (b) The normalized deviation of distribution of the three acoustic branches

in graphene along the x direction at qy¼0 (M–G–M). The linear dependence on qx indicates drift motion of acoustic modes, according to equation (2).

The same slope for all three acoustic branches means acoustic phonons have the same drift velocity regardless of polarization and wavevector.
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similar role as pressure gradient for the molecular Poiseuille flow.
Here it is assumed that the sample is long enough for the heat flux
to be fully developed and to be invariant along the flow direction.
Owing to their differing sources of thermal resistance, phonon
Poiseuille flow is distinctly different from the more well-known
diffusive phonon transport. In diffusive phonon transport, ther-
mal resistance is mostly due to R-scattering, which can occur
anywhere inside a sample. Therefore, the heat flux in diffusive
phonon transport is uniform, as shown in Fig. 1b. On the other
hand, the thermal resistance in phonon Poiseuille flow is due to
diffuse boundary scattering combined with many N-scatterings,
analogous to viscous effects in fluid flow. The drift velocity is
small near the boundary because of diffuse boundary scattering,
leading to the formation of a drift velocity gradient along the
direction perpendicular to heat flow (Fig. 1a). The boundary
scattering can be assumed to be diffuse rather than specular even
at low temperature such as 100K. (see Supplementary Fig. 4 and
Supplementary Note 2.) The excess momentum of phonons from
the temperature gradient is then transferred to the boundary
through the drift velocity gradient and many N-scattering events,
and finally destroyed by diffuse boundary scattering. Therefore,
thermal conductivity largely depends on the rate of momentum
transfer to the boundary, a quantity that is determined by
N-scattering rates and a sample width, just as resistance in fluid
flow depends on viscosity and a pipe diameter. The significance of
the extrinsic momentum loss mechanism in the hydrodynamic
regime, diffuse boundary scattering, implies that a material’s
thermal conductivity largely depends on the sample shape and
geometry in contrast to the diffusive case. This is also much
different from the ballistic case since the sample size in the
hydrodynamic regime is assumed to be much larger than phonon
mean free path.

The momentum loss mechanism in phonon Poiseuille flow
imposes constraints on sample width in order for phonon
Poiseuille flow to occur26. If the width of a sample is too large, the
excess momentum is more likely to be destroyed by R-scattering

before being transferred to the boundary. In this case, the
transport is close to the diffusive regime rather than the
hydrodynamic regime. On the other hand, if the sample width
is less than the phonon mean free path, transport is ballistic.
These considerations determine the upper and the lower bounds,
respectively, of the sample width for phonon Poiseuille flow
(see Methods and Supplementary Note 3 for details).

A window of sample widths for phonon Poiseuille flow,
calculated from first principles, is shown in Fig. 3a. We also
present the results for another allotrope of carbon, diamond, for
comparison with graphene, since diamond features weak
U-scattering compared with N-scattering owing to its large
Debye temperature27,28. The figure shows that graphene has a
much wider window of sample widths for phonon Poiseuille flow
than diamond. The possible range of sample widths in diamond
with an extremely enriched isotope content (0.01% 13C) is too
narrow even at the lowest temperature we examined (50K). With
a moderately enriched isotope condition (0.1% 13C), there is no
possible sample width for which phonon Poiseuille flow
would occur. The results for diamond confirm the significant
difficulty in observing hydrodynamic phonon transport in three-
dimensional materials5. In graphene, however, there is a large
window of sample widths at temperatures below 100K. When the
isotope content is increased from 0.01 to 0.1%, the window
becomes narrower but is still very wide at temperatures
below 100K.

Graphene’s exceptionally wide range of temperatures and
sample widths for phonon Poiseuille flow is due to the strong
N-scattering shown in Fig. 3b. We compare the scattering rates of
graphene and diamond in (Fig. 3b–e) to highlight the strong
N-scattering in graphene. The N-scattering rates in graphene are
around 1010 s� 1, whereas in diamond they are 108 s� 1 at 100K.
Owing to the strong N-scattering in graphene, R-scattering
remains comparatively small even when the isotope content
matches the naturally occurring case, 1.1% 13C (Fig. 3c).
In diamond, however, R-scattering rates are comparable to
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Figure 3 | The wide window of sample widths for phonon Poiseuille flow in graphene due to strong N-scattering. (a) The upper and lower

bounds of sample width for phonon Poiseuille flow in graphene and diamond. The lower bound is set to prevent ballistic transport. The upper

bound is required so that momentum loss by diffuse boundary scattering combined with N-scattering is stronger than that by R-scattering. Graphene has a

wide gap between the lower and upper bounds below 100K, indicating that phonon Poiseuille flow can occur in the corresponding temperature range.

Diamond, however, has a negligibly small gap even at 50K with extremely enriched isotope content, 0.01% 13C. (b–e) Comparison between N- and

R-scattering rates in graphene and diamond at 100K, showing extremely strong N-scattering in graphene. The condition of isotope content is specified

in the plots. The isotope content of 1.1% 13C in (c,e) represents the naturally occurring case.
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N-scattering rates at the same isotope content (Fig. 3e). The
underlying reasons for the strong N-scattering in graphene will be
further discussed later.

For the experimental confirmation of phonon Poiseuille flow,
thermal conductivity can be measured by varying sample width.
Here we briefly discuss several transport regimes in various
sample widths. When the sample width is much larger than the
mean free path of R-scattering, transport is diffusive and thermal
conductivity does not vary with sample width. As the sample
width decreases such that it is smaller than the mean free path of
R-scattering but larger than the mean free path of N-scattering,
the phonon transport can be described by Poiseuille flow. It is
well known that the mass flow rate of molecular Poiseuille flow in
two-dimensional duct scales as the third power of duct width.
Similarly, in phonon Poiseuille flow, heat flow rate and thermal
conductivity scale as the third power and the second power of
sample width, respectively. (see Supplementary Note 4 and
Supplementary Fig. 7 for details) The thermal conductivity that is
superlinearly proportional to sample width makes phonon
Poiseuille flow distinguished from the diffusive transport. As
the sample width is further decreased and comparable to the
mean free path of N-scattering, the transport regime is in between
hydrodynamic and ballistic limits. In this case, the phonon
system is similar to rarefied gas in a molecule system and it may
be possible to observe phonon Knudsen minimum29. The phonon
Knudsen minimum was observed in liquid helium where
phonons carry most of heat at extremely low temperature30,31.
If the sample width is further decreased and much smaller than
the phonon mean free path of N-scattering, the transport is
ballistic. The thermal conductivity in the ballistic regime
described by the Casimir limit cannot be superlinearly
proportional to the sample width. The thermal conductivity
should be always sublinearly or linearly proportional to the
sample width. Therefore, the superlinear dependence of thermal
conductivity on sample width can be used for confirming phonon
Poiseuille flow.

However, there are several possible challenges in actual
experiments. For example, one may need several graphene
samples that have different sample widths but have the same
quality in terms of isotope content or other defect density. The
possible variations in the quality between several samples can
make it untrustworthy to deduce any trend of thermal
conductivity as a function of sample width. In addition, the
superlinear dependence of thermal conductivity on sample width
may not be a decisive evidence for hydrodynamic transport. The
superlinear dependence was also observed in ballistic transport
regime in silicon nanowires with roughened surface32.

Another indication of phonon Poiseuille flow, which has been
used in the past work5,33,34, is found in how thermal conductivity
changes with temperature. An increase in the thermal
conductivity with an exponent in temperature larger than that
for the ballistic case is regarded as a direct evidence of phonon
Poiseuille flow26,35. In the ballistic regime, thermal conductivity,
k, can be expressed with a simple formula, kBcvL, where c is a
specific heat, v is a group velocity and L is a characteristic size of
sample limiting phonon mean free path. Since the sample size,
L, is not changed with temperature, an increase of thermal
conductivity with temperature should be associated only with
specific heat and group velocity, both together determining
thermal conductance in the ballistic limit. In the hydrodynamic
regime, however, the effective sample size for the boundary
scattering increases with temperature. This is because the
N-scattering rate increases with temperature, leading to a
longer travel distance of phonons to the boundary as discussed
in Supplementary Note 3. The effective sample size for boundary
scattering as well as the ballistic thermal conductance, cv, increase

with temperature. Therefore, the thermal conductivity in the
hydrodynamic regime should increase more rapidly than
the ballistic thermal conductance increases with temperature.
Considering that the thermal conductance of graphene in the
ballistic limit increases as T1.68 (ref. 36), an observation of the
thermal conductivity increasing with an exponent in temperature
much larger than 1.68 can indicate phonon Poiseuille flow.

In recent years, there have been many successful measurements
of the thermal conductivity of graphene, but more advances
would be required to observe phonon Poiseuille flow. For thermal
conductivity measurements using Raman spectroscopy, the
temperature range was limited to temperatures above room
temperature because of large uncertainties near room tempera-
ture37–40. Alternatively, a microfabricated heater-sensor-assembly
was used41–43, but the samples were not isotopically enriched and
too small to observe phonon Poiseuille flow.

Second sound. Second sound refers to the propagation of a
temperature wave (or phonon density wave) provoked by a heat
pulse, analogous to ordinary sound in a fluid, which is pressure
wave propagation. The propagation of a heat pulse in the
hydrodynamic regime is much different from those in diffusive or
ballistic regimes as shown in Fig. 1c,d. The pulse in the hydro-
dynamic regime is transmitted by many N-scatterings4,9,44,45,
whereas the pulse in the diffusive regime is largely damped by
R-scattering and cannot propagate. The transmission of a heat
pulse can also be observed in ballistic transport, but the sample
size is limited to below phonon mean free path. Therefore, the
phenomenon of second sound can provide a unique way to
transmit a heat pulse without leaving a temperature trace behind
the wave front in a sample larger than phonon mean free path. It
is important to note that second sound is different from acoustic
sound in a solid because the former is a phonon density wave,
which is a collective motion of phonons in a wide spectrum
maintained by many N-scattering processes, whereas the latter is
just ballistic transport of extremely long-wavelength phonons.

The required conditions on temperature and sample size for
second sound are determined from the relative strength between
N-scattering and momentum-destroying scatterings26. The
frequency of second sound or the inverse of a pulse duration
time (O) should be larger than the combined rate of U-scattering,
isotope scattering and boundary scattering (tRB� 1, hereafter
RB-scattering refers to U-scattering, isotope scattering and
boundary scattering combined), but smaller than the
N-scattering rate (tN� 1).

t� 1
RB oOot� 1

N ð3Þ

The former condition minimizes damping due to RB-scatterings.
In particular, boundary scattering is not desirable for second
sound, while it provides an important feature of phonon
Poiseuille flow. The latter condition in equation (3) allows
enough time to form a well-defined phonon density pulse.
Otherwise, the phonon excitation would be randomized by
N-scattering and would not form a pulse, analogous to the
situation where an ordinary sound in a fluid is strongly damped
when the sound frequency is high and comparable to the rate of
scattering between molecules46.

In Fig. 4a,b, we show a wide range of second sound frequencies
in graphene below 100K. The frequency range of second sound in
graphene becomes narrow on the inclusion of isotope and
boundary scatterings, but is still considerable when the sample is
larger than 100mm and isotope content is less than 0.1%.
However, the frequency range of second sound in diamond does
not exist for the given conditions since equation (3) cannot be
satisfied. Shown in Fig. 4c,d are contour plots of second sound
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frequency range for various sample sizes, isotope contents and
temperature conditions. In the same examined range of sample
sizes, isotope concentration and temperature for Fig. 4c,d, we
found that second sound is not possible at all in diamond. Similar
to phonon Poiseuille flow, the main difference between graphene
and diamond is attributable to the extremely strong N-scattering
compared with R-scattering in graphene.

The second sound has been experimentally confirmed by
measuring transient temperature response after applying a heat
pulse4,9,44,45,47. One can apply a heat pulse at one side of a sample
and measure temperature change with respect to time, dT/dt, at

the other side of the sample. If a clear peak in dT/dt is observed, it
can be attributed to either ballistic or hydrodynamic transport.
The second sound peak can be distinguished from a ballistic pulse
using the fact that the propagation of second sound is slower than
the propagation of acoustic sound or ballistic phonon transport.
For three-dimensional materials, it is theoretically estimated that
the speed of second sound, vII, is vI

� ffiffiffi
3

p
where vI is the

speed of acoustic sound in Debye model2,48,49. In past
experiments, a clear peak in dT/dt was observed with a delay
time that could be explained well with the theoretical prediction
of the speed of second sound, vII� vI

� ffiffiffi
3
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The second sound in graphene can be measured in a similar
way as in the three-dimensional material cases. However, the
speed of second sound cannot be estimated as vI

� ffiffiffi
3

p
because the

Debye model is not valid for graphene due to the quadratic ZA
branch. Instead of assuming a Debye model, we calculated the
speed of second sound using the phonon dispersion determined
from first principles. (see Methods for details) The calculated
speed of second sound in graphene is plotted in Fig. 5a. In the
figure, the speed of second sound ranges from 2,000 to
3,000m s� 1 and slightly increases with temperature. The
dependence on temperature is because the group velocity of ZA
phonon modes increases with frequency. At low temperatures
where the most excited phonons are low-frequency phonons, the
average group velocity is small, resulting in slower propagation of
second sound than that of the high temperature cases. It would be
interesting to see how the speed of second sound is compared
with the speed of ballistic transport in graphene. In Fig. 5b, we
compare the delay time of ballistic transport pulse and second
sound in the heat pulse experiment mentioned above. The delay
time of a ballistic transport pulse was calculated based on
Landauer’s formalism50. (see Methods for details) In Fig. 5b, there
is a significant broadening in the ballistic transport pulse because
the group velocity of ZA phonon modes largely depends on
frequency. In addition, the ballistic heat pulse becomes faster at
higher temperature because high frequency phonons with large
group velocity are excited. We also plot the delay time of second
sound based on the calculated speed of second sound in Fig. 5a.
The delay time of second sound is around three times longer than
that of the peak of ballistic heat pulse. The difference in delay
time by three times, together with the estimated speed of second
sound, can be used to separate second sound signal from ballistic
heat pulse.

Discussion
The large contrast between graphene and diamond regarding
hydrodynamic transport indicates that there are more reasons for
the significant hydrodynamic transport in graphene, in addition
to its large Debye temperature. Here we show that extremely large
anharmonicity and density-of-states of long-wavelength ZA
phonons, both originating from two-dimensional characteristics,
are responsible for the significant hydrodynamic transport.

The strong three-phonon scattering in graphene reflects a large
phonon mode anharmonicity. The mode Grüneisen parameters
give a measure of this anharmonicity51, and their magnitudes
become large as wavelength increases (Fig. 6a). The extremely
large magnitude of the Grüneisen parameters of the ZA modes
near the zone centre is a characteristic of two-dimensional
materials as explained by elasticity theory52. The elasticity theory
predicts the divergence of the mode Grüneisen parameter,
as gqB� 1/|q|2 where gq is a mode Grüneisen parameter at
wavevector, q. The actual divergence, however, is prevented by
the strong phonon renormalization effect or any in-plane strain
that stiffens the ZA phonon dispersion very near the zone
centre52–54. In general, at large wavelengths, the three-phonon
scattering processes are dominated by N-scattering since
U-processes by definition require large-wavelength phonons. In
particular, due to its large Debye temperature, phonons in
graphene are predominantly populated in the large-wavelength
region, further making N-scattering much stronger than
U-scattering. This strong N-scattering is consistent with the
behaviour of the mode Grüneisen parameters for ZA phonons in
Fig. 6a and is confirmed in Fig. 3b,c, and also has been previously
reported19,55.

The large gap between N- and R-scattering rates in graphene
shown in Fig. 3b,c is further highlighted when considering the

frequency range that mostly contributes to thermal transport.
The transport regime, such as hydrodynamic or diffusive, is
determined by comparing average scattering rates of N- and
R-process as seen in second sound. It is noteworthy that the
frequency ranges largely contributing the average scattering rates
are different for graphene and diamond, because of their differing
phonon density-of-states. The density-of-states is a constant for
the quadratic dispersion in two-dimensional materials, while it
increases with the square of frequency for the linear dispersion in
three-dimensional materials. Therefore, the density-of-states of
low-frequency phonons in the former case is much larger than
that of the latter case, implying that role of low-frequency
phonons in graphene is very significant. In Fig. 6b, we present the
cumulative weighting factor for averaging the scattering rates as a
function of phonon frequency. (see Methods for the definition of
the cumulative weighting factor.) The cumulative weighting
factor shows that the frequency ranges that are important for the
averaged scattering rate are very different for diamond and
graphene. From Fig. 6b, low-frequency phonons are most
important for the quadratic dispersion in two-dimensional
materials, whereas mid-frequency phonons give a larger con-
tribution for the linear dispersion in three-dimensional materials.
The significant role of low-frequency phonons in graphene
results in the robust hydrodynamic phonon transport since
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low-frequency phonons exhibit a larger gap between N- and
R-scattering rates as shown in Fig. 3b,c.

In conclusion, we predict the hydrodynamic phonon transport
in suspended graphene that is clearly distinguishable from the
usual diffusive or ballistic phonon transport. The significant
hydrodynamic transport in graphene is attributed to two-
dimensional features such as extremely large scattering rates for
momentum conserving N-processes and large density-of-states of
long-wavelength ZA phonons. The significant hydrodynamic
phonon transport in graphene provides a new perspective beyond
diffusive and ballistic transport pictures to understand thermal
transport in two-dimensional materials. In this work, we have
focused on the sub-room temperature range, where hydrody-
namic transport dominates over diffusive transport, but the
hydrodynamic transport is also important for room temperature
cases. The phonon transport in graphene at room temperature
cannot be solely described by the diffusion limit due to strong
N-scattering55, and the hydrodynamic transport presented here
indicates another limit one may need to consider to fully
understand phonon transport in graphene at room temperature.
In addition, the significant hydrodynamic features imply practical
importance. For example, considering the importance of
boundary scattering shown in phonon Poiseuille flow, thermal
rectification would be achievable in a tapered graphene sheet. The
fast thermal transport without damping featured in second sound
also shows a potential usage of graphene as thermal interconnects
or thermal signal transmitters.

Methods
Phonon distribution function from first principles. The second- and third-order
force constants of graphene were calculated from the density functional pertur-
bation theory56,57 using the Quantum-Espresso package58. The pseudopotential
contains 2s2p2 as valence states with the Perdew–Zunger exchange-correlation
functional59. The calculated force constants were validated by comparing mode
Grüneisen parameters as in previous studies19,21. (see Supplementary Fig. 2)
The force constants of diamond were adopted from ref. 60. The three-phonon
scattering rates were calculated using perturbation theory15. The strong
renormalization effect for long-wavelength ZA phonons in graphene was
included by using phonon stiffening parameters from ref. 52. For the isotope
scattering calculation, the 13C isotope was treated as a point defect61. Using the
calculated three-phonon and phonon-isotope scattering rates, the linearized
Peierls–Boltzmann equation was solved with the iterative method16 for the
distribution function under a temperature gradient. For calculating scattering
rates and solving the Peierls–Boltzmann equation, the first Brillouin zone was
sampled with 70� 70 and 30� 30� 30 meshes for graphene and diamond,
respectively.

The condition for phonon Poiseuille flow. If phonons exhibit the displaced
distribution, the transport of all phonon modes can be described by a single
parameter, the displacement. Exploiting this feature, the macroscopic momentum
balance equation can be derived from the Peierls–Boltzmann equation by taking
crystal momentum as a moment26,62. Assuming a two-dimensional material, the
momentum balance equation is

� 1 v2tN


 

1� �

r2a1ðxÞþ 1 t� 1
R



 

1� �
a1ðxÞ ¼ � 0 v � rj j1h ia0ðxÞ ð4Þ

where v is a group velocity and isotropic phonon dispersion is assumed. The above
equation contains inner products of the eigenstates of the N-scattering operator, |0i
and |1i. The eigenstates, |0i and |1i, represent the deviation of phonon distribution
due to the temperature variation in real space and to a drift velocity, respectively25.
Both eigenstates are expressed as13,25

0j i ¼ jx 2 sinh
x
2

� �� 1
ð5Þ

1aj i ¼ yaqa=kBTð Þ 2 sinh
x
2

� �� 1
ð6Þ

where x is the dimensionless phonon frequency, :o/kBT. The j and y represent
normalization factors for each state and a denotes a direction. The a0(x) and a1(x)
in equation (4) are weights of the two states in the actual distribution at position x
in real space. The physical meanings of a0(x) and a1(x) are temperature and
drift velocity, respectively. The detailed derivation and discussion can be found in
refs 13,25,26,62. Equation (4) was originally derived for isotropic and linear
dispersion13,26, but then extended to general cases62.

Equation (4) looks similar to the Stokes equation, which is the macroscopic
momentum balance equation for molecules when there is no change in the drift
velocity along the flow direction, and thus the inertia term in the Navier–Stokes
equation is removed. The right-hand side shows momentum gain by the
temperature gradient, analogous to the pressure gradient term in the Stokes
equation. The first term on the left-hand side means momentum transfer by
N-scattering, analogous to the viscous term in the Stokes equation. The second
term on the left-hand side reflects the momentum loss by R-scattering and does not
have any counterpart in the Stokes equation. Therefore, for phonon Poiseuille flow
to occur, the viscous effect, h1|v2tN|1ir2, should be larger than the R-scattering
effect, h1|tR� 1|1i. To compare the strength of the first and the second terms on the
left-hand side, we estimate the r2 operator as (L/2)� 2, where L is a sample width.
Then, the required condition for the viscous effect being larger than the
R-scattering effect is

1 v2tN


 

1� � L

2


 �� 2

4 1 t� 1
R



 

1� �
ð7Þ

Adding the condition for non-ballistic transport to the above gives,

1 vytN


 

1� �

o
L
2
o

1 v2tNj j1h i
1 t� 1

Rj j1h i


 �1=2

ð8Þ

where vy is a group velocity along the sample width direction. The above
criteria can be qualitatively understood with a random walk picture of
phonon transport26,35. (see Supplementary Note 3) For phonon Poiseuille
flow, second sound and spectral contribution to an averaged scattering rate
calculations, we consider only the lowest phonon branches for graphene (ZA)
and diamond (TA1), respectively, since these branches carry most of heat
at low temperature55,63, also as confirmed in our calculation. (see Supplementary
Fig. 1)

The condition for second sound. The N- and RB-scattering rates
calculated from first principles were averaged with the displaced state, |1i
(refs 26,62).

t� 1
N ¼ 1 tNj j1h i� 1 ð9Þ

t� 1
RB ¼ 1 t� 1

U þ t� 1
isotope þ t� 1

boundary




 


1D E
ð10Þ

t� 1
boundary ¼

jv j
L

ð11Þ

In the above expressions, we made a small modification from the original
expression given by ref. 26. Please see Supplementary Note 5 for details.

Derivation of the speed of second sound. The past studies theoretically
estimated the speed of second sound in three-dimensional materials as vI

� ffiffiffi
3

p

where vI is the speed of acoustic sound in Debye model2,48,49. For graphene,
however, its phonon dispersion cannot be described by Debye model because
of the nearly quadratic ZA phonon branch. Here we derive the wave equation
for second sound from the Peierls–Boltzmann equation for arbitrary phonon
dispersion cases to estimate the speed of second sound. We assume that
R-scattering is negligibly weak and thus crystal momentum is approximately
conserved.

We start from the Peierls–Boltzmann transport equation for phonon transport.

@N
@t

þ vx
@N
@x

¼ @N
@t


 �
c

ð12Þ

where the right-hand side represents the change in the phonon distribution due to
scattering. Taking energy and crystal momentum along the flow direction as a
moment leads to the macroscopic equations for energy and momentum balance,
respectively.

@

@t

X
l

Z
oNdq

 !
þ @

@x

X
l

Z
ovxNdq

 !
¼ 0 ð13Þ

@

@t

X
l

Z
qxNdq

 !
þ @

@x

X
l

Z
qxvxNdq

 !
¼ 0 ð14Þ

where l is the phonon polarization. The right-hand side of equation (13) is
zero because energy is always conserved on scatterings. The right-hand side of
equation (14) is also zero because here we assume R-scattering is negligibly weak
and thus crystal momentum is conserved. The actual phonon distribution (N)
under very weak R-scattering can be approximated as the displaced distribution
function Nd

BE

� �
as we confirmed in Fig. 2. The displaced distribution Nd

BE

� �
can be linearized because the displacement in phonon distribution has a very
small value:

N � Nd
BE � N0

BE þ
‘
kBT

N0
BE N0

BE þ 1
� �

qxux ð15Þ
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In addition, we can neglect higher-order terms associated with the small
displacement (ux) in equations (13) and (14). The resulting equations are
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dq
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‘
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BE N0
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ð16Þ
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@N0
BE

@T
dq

 !
@T
@x

¼ 0

ð17Þ
Taking the time derivative of equation (16) and the spatial derivative of
equation (17), and then subtracting these two equations result in the hyperbolic
wave equation for second sound.

@2T
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¼ v2II
@2T
@x2

ð18Þ

where vII represents the speed of second sound and can be expressed as

vII ¼
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The above expression can be simplified using the notation, |0i and |1i.

vII ¼
0 vxj j1h i2

0 j0h i 1 j1h i


 �1=2

ð20Þ

Applying the Debye model for three-dimensional materials into equation (20) gives

vII ¼ vI
. ffiffiffi

3
p

ð21Þ

as previously derived2,48,49. For graphene, we calculate the speed of second sound
using equation (20) and the phonon dispersion of ZA branch from first principles.
We also calculated the speed of second sound by including all three acoustic
branches for the inner products in equation (20), but the speed of second sound is
almost same as that by including only ZA branch.

Delay time of ballistic heat pulse. Unlike other three-dimensional materials, the
speed of ballistic transport in graphene cannot be represented by a single value of
the speed of acoustic sound because of the quadratic ZA phonon branch. The
group velocity, which largely depends on phonon frequency, can cause a significant
broadening in a ballistic heat pulse. To take account of this effect, we suppose an
experiment for observing second sound, similar to the past experiments for three-
dimensional materials4,9,45,47. Suppose we have a rectangular shape graphene sheet
with a point heat source at the left edge and a point thermal sensor at the right
edge, as illustrated in the inset of Fig. 5b. At t¼ 0, a heat pulse is generated at the
point source with a delta function profile with respect to time. Assuming that all
phonon modes transport ballistically, then the temperature change at the sensor
can be expressed using the Landauer’s formalism50.

dT
dt

ðtÞ � DT
Z

‘ovxdðvyÞ
@N0

BE

@T
d t� W

vx
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dq ð22Þ

where W is a distance between the source and the sensor. The DT is a temperature
difference between the source and the sensor at t¼ 0þ . The delta function of vy is
included because phonon modes propagating with an oblique angle to the x
direction cannot contribute to the ballistic thermal transport between the point
source and the point sensor. This constraint prevents any additional broadening of
the ballistic heat pulse from the finite size of the source and the sensor. In the actual
cases where the source and the sensor have finite size, the temperature signal
should be broader than that given by equation (22). Using equation (22) and
phonon dispersion of ZA modes from first principles, we plot the temperature
signal in ballistic transport in Fig. 5b.

Spectral contribution to the averaged scattering rate. In the macroscopic
transport equation like equation (4), the scattering rate is averaged using the
displaced state,|1i.

1 t� 1


 

1� �

¼
R1
0 t� 1xx 2 sinh x

2

� �� 2
dxR1

0 xx 2 sinh x
2

� �� 2
dx

ð23Þ

Similarly, we define the cumulative weighting factor for averaging scattering rate as

1 j 1h iX¼
R X
0 xx 2 sinh x

2

� �� 2
dxR1

0 xx 2 sinh x
2

� �� 2
dx

ð24Þ

where x is one for quadratic dispersion in two-dimensional materials and four for
linear dispersion in three-dimensional materials. The values of x can be derived
from the definition of the state, |1i, in equations (5) and (6) by assuming isotropic
phonon dispersion. In fact, for the case of perfectly quadratic dispersion in

two-dimensional materials (x¼ 1), the low-frequency contribution to the averaged
scattering rate diverges as frequency approaches zero. Such a singular behaviour is
prevented by phonon stiffening from the renormalization effect. The spectral
contribution in Fig. 6b includes the renormalization effect by using phonon
stiffening parameters given in ref. 52.
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51. Leibfried, G. & Schlömann, G. Heat conduction in electrically insulating
crystals. Nachr. Ges. Wiss. Goett. Math.-Phys. K1. 2, 71 (1954).

52. Roldán, R., Fasolino, A., Zakharchenko, K. V. & Katsnelson, M. I. Suppression
of anharmonicities in crystalline membranes by external strain. Phys. Rev. B 83,
174104 (2011).

53. de Andres, P. L., Guinea, F. & Katsnelson, M. I. Bending modes, anharmonic
effects, and thermal expansion coefficient in single-layer and multilayer
graphene. Phys. Rev. B 86, 144103 (2012).

54. Mariani, E. & von Oppen, F. Flexural phonons in free-standing graphene. Phys.
Rev. Lett. 100, 076801 (2008).

55. Lindsay, L., Broido, D. A. & Mingo, N. Flexural phonons and thermal transport
in graphene. Phys. Rev. B 82, 115427 (2010).

56. Gonze, X. First-principles responses of solids to atomic displacements and
homogeneous electric fields: Implementation of a conjugate-gradient algorithm.
Phys. Rev. B 55, 10337–10354 (1997).

57. Gonze, X. & Lee, C. Dynamical matrices, Born effective charges, dielectric
permittivity tensors, and interatomic force constants from density-functional
perturbation theory. Phys. Rev. B 55, 10355–10368 (1997).

58. Giannozzi, P. et al. QUANTUM ESPRESSO: a modular and open-source
software project for quantum simulations of materials. J. Phys.: Condens. Matter
21, 395502 (2009).

59. Perdew, J. P. & Zunger, A. Self-interaction correction to density-functional
approximations for many-electron systems. Phys. Rev. B 23, 5048–5079 (1981).

60. Broido, D. A., Lindsay, L. & Ward, A. Thermal conductivity of diamond under
extreme pressure: a first-principles study. Phys. Rev. B 86, 115203 (2012).

61. Tamura, S.-i. Isotope scattering of dispersive phonons in Ge. Phys. Rev. B 27,
858–866 (1983).

62. Gurevich, V. L. v. Transport in Phonon Systems (Elsevier Science Publishers,
1986).

63. Seol, J. H. et al. Two-dimensional phonon transport in supported graphene.
Science 328, 213–216 (2010).

Acknowledgements
We thank N. Hadjiconstantinou, L. Shi, B. Liao, M. Luckyanova, C. Landon, D.H. Yi and
A. Maznev for useful discussions. We also thank L. Lindsay for providing us force
constants of diamond. This work was partially supported by ‘Solid State Solar-Thermal
Energy Conversion Center (S3TEC),’ an Energy Frontier Research Center funded by the
U.S. Department of Energy, Office of Science, Office of Basic Energy Sciences under
Award Number: DE-SC0001299/DE-FG02-09ER46577 (for developing first-principles
phonon transport simulation tools) and partially supported by U.S. Department of
Defense AFOSR MURI via Ohio State University (for exploring cryogenic applications of
phonon transport). S.L. acknowledges support from a Samsung scholarship.

Author contributions
S.L., D.B. and K.E. performed the first-principles calculations and S.L., D.B. and G.C.
analysed the data. S.L., D.B. and G.C. wrote the manuscript and G.C. supervised the
research. All authors commented on, discussed and edited the manuscript.

Additional information
Supplementary Information accompanies this paper at http://www.nature.com/
naturecommunications

Competing financial interests: The authors declare no competing financial interests.

Reprints and permission information is available online at http://npg.nature.com/
reprintsandpermissions/

How to cite this article: Lee, S. et al. Hydrodynamic phonon transport in suspended
graphene. Nat. Commun. 6:6290 doi: 10.1038/ncomms7290 (2015).

ARTICLE NATURE COMMUNICATIONS | DOI: 10.1038/ncomms7290

10 NATURE COMMUNICATIONS | 6:6290 | DOI: 10.1038/ncomms7290 |www.nature.com/naturecommunications

& 2015 Macmillan Publishers Limited. All rights reserved.

http://www.nature.com/naturecommunications
http://www.nature.com/naturecommunications
http://npg.nature.com/reprintsandpermissions/
http://npg.nature.com/reprintsandpermissions/
http://www.nature.com/naturecommunications

	Hydrodynamic phonon transport in suspended graphene
	Introduction
	Results
	Displaced distribution function
	Phonon Poiseuille flow
	Second sound

	Discussion
	Methods
	Phonon distribution function from first principles
	The condition for phonon Poiseuille flow
	The condition for second sound
	Derivation of the speed of second sound
	Delay time of ballistic heat pulse
	Spectral contribution to the averaged scattering rate

	Additional information
	Acknowledgements
	References


