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Hydrodynamics of isotropic and liquid crystalline active polymer solutions
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Physics Department, Syracuse University, Syracuse, NY 13244, USA

T. B. Liverpool

Department of Applied Mathematics, University of Leeds, Woodhouse Lane, Leeds LS2 9JT, UK

(Dated: February 6, 2008)

We describe the large-scale collective behavior of solutions of polar biofilaments and both

stationary and mobile crosslinkers. Both mobile and stationary crosslinkers induce filament

alignment promoting either polar or nematic order. In addition, mobile crosslinkers, such as

clusters of motor proteins, exchange forces and torques among the filaments and render the

homogeneous states unstable via filament bundling. We start from a Smoluchowski equation

for rigid filaments in solutions, where pairwise crosslink-mediated interactions among the

filaments yield translational and rotational currents. The large-scale properties of the system

are described in terms of continuum equations for filament and motor densities, polarization

and alignment tensor obtained by coarse-graining the Smoluchovski equation. The possible

homogeneous and inhomogeneous states of the systems are obtained as stable solutions of the

dynamical equations and are characterized in terms of experimentally accessible parameters.

We make contact with work by other authors and show that our model allows for an estimate

of the various parameters in the hydrodynamic equations in terms of physical properties of

the crosslinkers.

I. INTRODUCTION

Soft active systems are a new and exciting class of complex fluids to which energy is continuously

being supplied by internal or external sources. Biology provides many examples of such systems

which include cell membranes, biopolymer solutions driven by chemical reactions, collections of

living cells moving on a substrate, and the cytoskeleton of eukariotic cells [1]. The cytoskeleton is a

complex three-dimensional network of long filamentary proteins (mainly F-actin and microtubules)

cross-linked by a variety of smaller proteins [2, 3]. Among the latter are clusters of active motor

proteins, such as myosin and kinesin, that transform chemical energy from the hydrolysis of ATP

(adenosine tri-phosphate) into mechanical work and are capable of ”walking” along the filaments,

mediating the exchange of forces between them [4, 5, 6, 7].

The self-organization of motor-filament mixtures has been the subject of recent experiments [4,

http://arXiv.org/abs/cond-mat/0607287v1
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5, 6, 7]. Specifically, mixtures of microtubules and associated motor clusters have been studied in

vitro in a confined quasi-two-dimensional geometry [6, 7]. Complex patterns, including asters and

vortices or spirals have been observed in these in-vitro experiments as a function of motor and ATP

concentration [6, 7]. The high frequency mechanical response of active filament solutions which

are dominated by the bending modes of the filaments have also been studied both experimentally

and theoretically [8, 9, 10]. The study of the properties of these simplified model systems paves

the way to a better understanding of the formation and stability of more complex structures of

biological relevance, such as the mitotic spindle formed during cell division [1].

There have been a number of recent theoretical studies of the collective dynamics of rigid

active filaments. First and most microscopic, numerical simulations with detailed modeling of

the filament-motor coupling have been used to generate patterns similar to those found in experi-

ments [6, 7]. These approaches have given valuable insights into the problem but are limited to small

system sizes by computing power. A second very interesting development has been the proposal of

’mesoscopic’ mean-field kinetic equations governing the dynamics of individual filaments where the

effect of motors was incorporated via a motor-induced relative velocity of pairs of filaments, with

the form of such velocity inferred from general symmetry considerations [11, 12, 13, 14, 15]. Finally,

hydrodynamic equations have also been proposed where the large scale dynamics of the mixture

is described in terms of a few coarse-grained fields whose dynamics is also inferred from symmetry

considerations, [16, 17, 18, 19, 20, 21, 22, 23]. Recently, a connection between the mesoscopic

and hydrodynamic approaches was established by us by deriving hydrodynamical equations via a

coarse-graining of the kinetic equations [24]. This was done in the spirit of polymer physics which

has been successful at predicting macroscopic dynamical behavior of polymer solutions based on

models of the microscopic dynamics. To make a link with the motor properties we consider a

simplified model of the motor filament interaction in Appendix A.

The richness of the phenomena exhibited by the cytoskeleton is illustrated by the ability of its

constituents to organize in a variety of different structures. In addition different constituents can

form very similar structures. This leads naturally to the question - how much of the behavior is

specific and how much is generic? To answer this question it is important to make the connection

between microscopic models and ’generic’ hydrodynamic approaches.

In this paper we describe a derivation of the hydrodynamic equation for a solution of polar

filaments and both stationary and mobile crosslinkers. A brief summary of the approach and some

of the results have been presented earlier [24, 25]. The filaments are modeled as rigid rods of

fixed length. Hydrodynamics is obtained by coarse-graining the Smoluchowski equation for rods
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in solution, coupled via excluded volume and motor-mediated interactions. Small protein clus-

ters crosslinking the filaments can be grouped in two classes. The first class comprises stationary

crosslinkers, such as α-actinin, that can induce rotation and alignment of the filaments even in

the limit of vanishing ATP consumption. Such passive crosslinkers may be polar or nonpolar in

nature depending on whether they preferentially bind to pairs of filaments of the same polarity or

their binding rate is independent of the filaments’ polarity. They always induce filament alignment

via a mechanism that has been referred to as ”zipping” effect in the literature [26]. In general we

expect that most crosslinkers will be polar, although ”disordered” motor clusters (i.e, cluster with

no spatial order in the arrangements of individual motors as in e.g. small myosin clusters) can

crosslink filaments regardless of their relative polarity. Stationary crosslinkers can lead to the onset

of the homogeneous nematic and polarized states. The interplay between these two types of order

is determined by the crosslinkers’ polarity. The second class consists of clusters of motor proteins

crosslinking two filaments, “active crosslinkers”. These can also drive the system into nematic and

polarized states. However, in addition by consuming ATP, the motor heads can ”walk” along the

filaments and mediate the exchange of forces between filaments, inducing filament motion relative

to the solution (treated here as an inert background). The motor activity depends crucially on the

ATP consumption rate, which is the driving force that sets up and maintains the nonequilibrium

state and enters the equation as a chemical potential. Motor activity destabilizes the homogeneous

states and induces the formation of spatially inhomogeneous structures on mesoscopic scales, remi-

niscent of those seen in the in vitro experiments. There are two main motor-mediated mechanisms

for force exchange among the filaments. First, active crosslinkers induce bundling of filaments

, building up density inhomogeneities. This is the main mechanism responsible for instabilities.

It is effective only if the rate at which motor clusters step along the filament is inhomogeneous,

which can be due to crowding and fluctuations in the density of bound motors, or to stalling at

the polar end. In addition, active crosslinkers sort the filaments according to polarization at a rate

proportional to the mean motor stepping rate. This mechanism is important in the polarized state,

where it yields filament advection along the direction of polarization and allows for the onset of

oscillatory structures.

The forces and torques exchanged by filaments via the crosslinks are described by considering

the kinematics of two filaments crosslinked by a single protein cluster that can rotate and translate

as a rigid object relative to the filaments. The hydrodynamic equations are then obtained by

suitable coarse-graining of the Smoluchowski equation. This method yields a general form of

hydrodynamics which incorporates all terms allowed by symmetry, yet it provides a connection
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between the coarse-grained and the microscopic dynamics. By comparing the equations obtained

here to those obtained from a microscopic model of the forces exchanged between motors and

filaments we can relate some of the parameters in the hydrodynamic equations to parameters that

can be controlled in experiments.

The hydrodynamic equations are then used to describe the dynamics of the isotropic, nematic

and polarized solutions. We characterize the possible homogeneous states of the system in term of

experimentally accessible parameters and discuss the various mechanisms by which motor activity

can destabilize each homogeneous state.

In Section II we describe the kinetic model of rods crosslinked by small protein clusters and

set up the formalism of the Smoluchwski equation. The dependence of the crosslinked-induced

rotational and translational velocities of the filaments on filament orientation and position is ob-

tained from general symmetry considerations and conservation laws. The details of the kinematics

of motors and filaments are described in Appendix A, where a specific microscopic model of the

coupling is also presented. In Section III we obtain the hydrodynamic equations for the system

by a systematic coarse graining of the Smoluchowski equation. The full form of the hydrodynamic

equations, including diffusive, excluded volume and active contributions, is given in Appendix C.

The nonlinear hydrodynamic equations are solved in Section IV to obtain the possible homoge-

neous steady states of the system. ”Phase diagrams” are constructed in terms of the filament

and crosslinkers densities identifying the isotropic, nematic and polarized states. The nonlinear

hydrodynamic equations for each homogeneous state are presented in Section V, where the sta-

bility of each state is also studied. All homogeneous states become unstable at high filament and

crosslinkers densities via filament bundling. The interplay of bundling and diffusion promotes the

onset of stable spatial structures on mesoscopic scales. Finally, we conclude with a discussion of

open questions and a comparison with related work.

II. THE MODEL: SMOLUCHOWSKI EQUATION FOR MOTOR-FILAMENTS

SOLUTIONS

We model the system as a collection of thin rods of fixed length l and diameter b << l crosslinked

by small protein clusters (of linear size ∼ b) that can exchange torques and forces between the

filaments. Filaments and crosslinkers move through a solvent which is assumed inert. The solution

forms a quasi-two-dimensional film, of thickness much smaller than the length of the filaments. The

dynamics of both filaments and crosslinkers is overdamped. This is a good model for a quiescent
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solution with no externally imposed flow nor net flow generated by motor activity. We are interested

in describing the filament dynamics on time scales large compared to the characteristic times for

binding and unbinding of the crosslinkers so that we can treat a constant fraction of them as bound.

The dynamics of crosslinkers binding and unbinding was considered for instance in Ref. [23] and

it was found that varying the rates of binding and unbinding of motor clusters did not affect the

nature of the nonequilibrium steady states of the active solution. The temperature of the system

is taken to be constant and the effect of thermal fluctuations is not considered explicitly. We

assume, however, that the stochastic nature of the crosslinkers dynamics, as well as other sources

of noise in the systems, can be incorporated in an effective temperature Ta that may differ from

the actual temperature of the solution [9, 10]. Finally, although the kinetic model described below

applies to a solution with a low concentration of filaments, the structure of the continuum equations

obtained upon coarse-graining the kinetic model is general and not restricted to low density. On the

other hand, the quantitative estimates obtained for the various parameters in the hydrodynamic

equations are for a low density of filaments and crosslinkers.

The dynamics of the concentration c(r, û, t) of filaments with center of mass at r and orientation

û at time t is governed by the Smoluchowski equation [27, 28], which describes conservation of

the number of filaments,

∂tc = −∇ · Jc − R · J c , (2.1)

where R = û × ∂
û

is the rotation operator. The translational current density, Jc, and rotational

current density, J c, are given by

Jci = −Dij∇jc −
Dij

kBTa
c ∇jVex + JA

ci , (2.2)

Jci = −DrRic −
Dr

kBTa
cRiVex + J A

ci , (2.3)

where Dij = D‖ûiûj + D⊥(δij − ûiûj) is the translational diffusion tensor and Dr is the rotational

diffusion rate. For a low-density solution of long, thin rods D⊥ = D‖/2 ≡ D/2, where D =

kBTa ln(l/b)/(2πηl), with η the solvent viscosity, and Dr = 6D/l2. The potential Vex incorporates

excluded volume effects which give rise to the nematic transition in a solution of hard rods. It can

be written by generalizing the Onsager interaction to inhomogeneous systems as kBTa times the

probability of finding another rod within the interaction area of a given rod (see Figure 1). In two

dimensions this gives

Vex(r1, û1) = kBTa

∫

dr2

∫

dû2 c(r2, û2, t) |û1 × û2|
∫

s1s2

δ(r1 + û1s1 − r2 − û2s2)
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FIG. 1: The geometry of overlap between two interacting filaments of length l cross-linked by an active

cluster. The cross-link is a distance s1, (s2) from the centre of mass of filament 1(2). The distance between

centres ξ = r2 − r1 = s1û1 − s2û2.

= kBTa

∫

dû2

∫

s1s2

|û1 × û2| c(r1 + ξ, û2, t) , (2.4)

where si, with −l/2 ≤ si ≤ l/2, parametrizes the position along the length of the i-th filament, for

i = 1, 2, and
∫

si

... ≡
∫ l/2

−l/2
dsi.... The δ-function ensures that the filaments be within each other’s

interaction volume, i.e., in the thin rod limit b << l considered here, have a point of contact.

The factor |û1 × û2| represents the excluded area of two thin filaments of orientation û1 and û2

touching at one point. In the second equality we let ξ = r2 − r1 = û1s1 − û2s2 [27].

The translational and rotational active current of filaments with center of mass at r1 and

orientation along û1 are written as

JA
c (r1, û1) = b2

∫

û2

∫

s1s2

|û1 × û2|m(r1 + û1s1)v1(s1, s2, û1, û2)c(r1, û1, t)c(r1 + ξ, û2, t)(2.5)

J
A
c (r1, û1) = b2

∫

û2

∫

s1s2

|û1 × û2|m(r1 + û1s1)ω1(s1, s2, û1, û2)c(r1, û1, t)c(r1 + ξ, û2, t) .(2.6)

where m(r) is the density of bound crosslinkers, evaluated at the point of attachment to the

filaments. Also, v1 = ṙ1 is the translational velocity that the center of mass of filament 1 acquires

due to the crosslinker-mediated interaction with filament 2, when the centers of mass of the two

filaments are separated by ξ. Similarly, ω1× û1 = ˙̂u1 is the crosslinker-induced velocity of rotation

about the center of mass (see Figure 1).
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Small clusters of motor proteins crosslinking two filaments can be stationary or mobile (active).

In general the density of bound crosslinkers can be written as m = ms + ma, with ms and ma the

densities of stationary and mobile crosslinks, respectively. Mobile crosslinks are clusters of motor

proteins that can diffuse and be convected along the filaments. The mobile crosslinker density

obeys a diffusion-convection equation given by

∂tma = Dm∇2ma − ∇ · Jm , (2.7)

where

Jm =
b2

l

∫

û

∫

s
û u(s) c(r, û, t)ma(r + ûs, t) , (2.8)

and u(s) is the speed at which a motor cluster steps on a filament at position s. The mean

value u0 =
∫

s u(s)/l of the stepping rate is u0 ∼ aRATP , where a is the step size and RATP

is the ATP consumption rate. For typical motor clusters (kinesins on microtubules or myosins

on F-actin) u0 ∼ nm/msec [2]. As shown in Ref. [29], spatial inhomogeneities in the motor

stepping rate u(s), especially the stalling of motors at the polar end, are crucial for driving filament

bundling and pattern formation. Such inhomogeneities may arise from motor crowding or from

large fluctuations in the concentration of ATP under condition of near depletion. Very recent

experiments in purified actin-myosin II solutions have indeed suggested that the motor-driven

formation of spatially inhomogeneous patterns, such as asters and vortices, may be associated with

strong inhomogeneities in motor activity [30].

The translational and rotational velocities of the filaments induced by crosslinkers are written

in a general form that is consistent with translational and rotational invariance. We consider a pair

of filaments cross-linked by a single protein cluster. As seen below, all crosslinkers can exchange

torque among the filament and induce filament alignment or ”zipping”. Mobile crosslinkers that

consume ATP to step along filaments can also exchange forces and induce translational motion of

the filaments. In general the rotational and translational dynamics induced by the crosslinkers is

coupled.

It is convenient to introduce the relative velocity and net velocity of the filament pair as

v = v1 − v2 ,

V =
v1 + v2

2
, (2.9)

with v1,2 = V ± v/2. A general form of the relative linear velocity v and angular velocity ω =

ω1 − ω2 of the filament pair consistent with symmetries and conservation laws is

v =
α̃(θ)

2l
ξ +

β(θ)

2
(û2 − û1) , (2.10)
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ω = 4γ(θ) û1 × û2 , (2.11)

where ξ = û1s1 − û2s2 is the separation of the filaments’ centers of mass, and α̃, β and γ depend

on the relative orientation of the two filaments through the angle θ = cos−1(û1 · û2). The angular

dependence of α̃, β and γ arises both from the kinematics of the crosslinker-mediated filament

interaction, as well as from the dependence of the probability that a protein cluster binds two

filaments on the angle between the filaments at contact.

It is instructive to rewrite the relative velocity v in terms of two orthogonal vectors as

v =
α̃(θ)

4l
(s1 − s2)(û1 + û2) +

[β(θ)

2
− α̃(θ)

4l
(s1 + s2)

]

(û2 − û1) . (2.12)

The physical meaning of Eq. (2.12) can be understood by considering a specific microscopic model of

the motor-filament coupling, such as the one described in Appendix A. In this model the kinematics

of two filaments coupled by a motor cluster is described explicitly in terms of the rate u(s) at which

the cluster steps along the filament and the torsional stiffness κ of the cluster [31]. A comparison

of Eq. (2.12) with Eq. (A11) assuming a linear dependence of u(s) on s as u(s) ∼ u0 − u′s, with

u′ = −du/ds, shows that in the microscopic model α̃ and β are independent of the angle θ, with

β = u0 and α̃ = 2lu′. In general we can identify β with the mean rate at which a motor cluster

steps along a filament, i.e., β ∼ (1/l)
∫

s u(s), while α̃ is controlled by spatial variation in the

stepping rate, with α̃ ∼ 2l max |du/ds|. It is then apparent that the first term on the right hand

side of Eq. (2.10) arises from variation in motor activity along the filament, such as the stalling

of motors before detaching upon reaching a particular point on the filament. It is proportional to

the separation ξ of the filaments’ centers of mass and vanishes when these coincide. The angular

dependence of α̃ is chosen so that this contribution to the relative velocity is largest when filaments

are parallel. The second term in Eq. (2.10), proportional to β, vanishes for aligned filaments and

drives the separation or sorting of anti-aligned pairs.

For small angles, we can write the functions α̃ and β and γ in the form of expansions in powers

of û1 · û2 as

α̃(θ) ≃ α̃0 + α̃1(û1 · û2) , (2.13)

β(θ) ≃ β0 + β1(û1 · û2) , (2.14)

where all coefficients are defined positive. It can be shown that within the approximation used

below, where we only consider the first three moments of the filament concentration, no new terms

are obtained in the continuum equations for such moments when terms of higher order in û1 ·û2 are
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included in Eqs. (2.13) and (2.14). Contributions of higher order in the angle between the filaments

only affect the numerical coefficients of the various parameters in the continuum equations.

The rotational parameter γ can be estimated by describing the crosslinker as a torsional spring

of constant κ, as shown in Appendix A, where we find that the rotational rate induced by a single

crosslinker does not depend on θ. We estimate γ ∼ Drκ/kBTa. In this model we assume that the

motor cluster always binds on the side of the smaller angle between the filaments, as shown in Fig.

2. We distinguish between polar clusters that bind preferentially to filaments of the same polarity

(Fig. 2(a)) and nonpolar clusters that bind to filaments regardless of their relative polarity (Fig.

2(b)). The probability for such two classes of protein clusters to bind to filaments will in general

depend on the angle θ between the filaments, yielding an angular dependence of the effective rate

γ(θ). Again, to lowest order in û1 · û2 we write

γ(θ) ≃ γP + γNP (û1 · û2) , (2.15)

The term proportional to γP favors rotations that align filaments of the same polarity and describes

polar clusters [6, 7], which are in general expected to be active crosslinks in the presence of ATP.

The term proportional to γNP favors rotation in the direction of angles θ < π, regardless of the

relative polarity of the two filaments. It describes non-polar clusters which bind to filament pairs of

any orientation [8]. Passive cross-linkers (such as α-actinin on F-actin which play a crucial role in

the rheology of actin gels) [32] can be either polar or nonpolar. Polar clusters (γP 6= 0) where not

considered in earlier work by two of us [24], but are crucial for the formation of a polarized phase

(see also Ref. [33]). Both γP and γNP will increase with increasing binding rate of the clusters to

the filament. It is interesting to speculate that the kinesin constructs in the experiments by Nedelec

et al. [6, 7] are polar clusters, while the disordered myosin II clusters studied by Humphreys et

al. [8] may be apolar in nature. We can also imagine that if the binding/unbinding of the motor

clusters does not require ATP, these terms, unlike the active contributions to the translational

currents, would be independent of the ATP hydrolysis rate.

To determine the net linear velocity V and rotational velocity Ω = (ω1 + ω2)/2 we note that

the third law and momentum conservation require that the net force and torque due to a motor

cluster on a pair of filaments vanishes in the absence of external forces. This yields

ζij(û1)v1j + ζij(û2)v2j = 0 , (2.16)

ζrω1 + ζrω2 = 0 , (2.17)

where ζij(û) = ζ‖ûiûj + ζ⊥(δij − ûiûj), with ζ‖ = kBTa/D‖ and ζ⊥ = kBTa/D⊥, is the friction

tensor of a long thin rod and ζr = kBTa/Dr is the rotational friction. The vanishing of the net
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(a) (b)

FIG. 2: Polar and non-polar clusters interacting with polar filaments. Assuming that clusters always bind to

the smallest angle, polar clusters (γP /γNP ≫ 1) bind only to filaments in configuration (a) while non-polar

clusters (γP /γNP ≪ 1) bind to both configurations equally.

torque on the pair clearly requires ω2 = −ω1, i.e., there is no net rotational velocity. The net

velocity V of the pair is generally nonzero and is given by the solution of Eq. (2.16), or

[ζij(û1) + ζij(û2)]Vj = −1

2
[ζij(û1) − ζij(û2)]vj . (2.18)

Its explicit form is given by

V = A(û1 + û2) + B(û2 − û1) , (2.19)

with

A = −σ

4

1 − û1 · û2

1 − σû1 · û2

[

β(θ) − α̃(θ)

2l
(s1 + s2)

]

, (2.20)

B = −σ

4

1 + û1 · û2

1 + σû1 · û2

α̃(θ)

2l
(s1 − s2) , (2.21)

where σ = (ζ⊥ − ζ‖)/(ζ⊥ + ζ‖) > 0. For long thin rods ζ⊥ = 2ζ‖ and σ = 1/3.

Equations (2.12) and (2.19) display explicitly the even and odd symmetry of V and v, respec-

tively, under filament exchange. Note that the net velocity V vanishes for isotropic bodies, i.e.,

when ζ‖ = ζ⊥ (σ = 0).

III. CONTINUUM EQUATIONS

Our goal here is to obtain a set of coarse-grained equations to describe the macroscopic dynamics

of active filament mixtures on scales large compared to the filaments’ length, l and on timescales

long compared to the typical binding times of the cross-linkers.

This level of description is valid when the macroscopic quantities describing the solution ex-

hibit spatial variations on length scale much greater than the length of the filaments [28]. The
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macroscopic quantities we choose to study are the local filament density, ρ(r, t), the local filament

polarization, p(r, t), and the alignment tensor, Sij(r, t), a second rank symmetric tensor which

measures the local orientational order in a nematic state. These fields are associated with either

conservation laws (the density) or possible broken continuous symmetries (p, Sij) and therefore

control the hydrodynamic modes of the system. They can be defined as the first three moments of

the distribution c(r, û, t) [24],

ρ(r, t) =

∫

û

c( r, û, t) ,

T(r, t) ≡ ρ(r, t) p(r, t) =

∫

û

û c(r, û, t) ,

Qij(r, t) ≡ ρ(r, t) Sij(r, t) =

∫

û

Q̂ij(û) c(r, û, t) , (3.1)

with Q̂ij(û) = ûiûj − 1
2
δij . Hydrodynamic equations for these coarse-grained densities can be

obtained by writing an exact moment expansion for c(r, û, t) (see Appendix B) and truncating this

expansion at the third moment. To derive the continuum equations we assume that all quantities

are slowly varying on the scales of interest and expand the concentration of filaments c(r1 + ξ, û2)

and the crosslinker density m(r1 + û1s1) in the expressions for the active currents near their values

at r1 as

c(r1 + ξ, û2) = c(r1, û2) + ξi∂1ic(r1, û2) +
1

2
ξiξj∂1i∂1jc(r1, û2) + O(∇3) , (3.2)

m(r1 + û1s1) = m(r1) + û1is1∂1im(r1) +
1

2
û1iû1js

2
1∂1i∂1jm(r1) + O(∇3) . (3.3)

When the expansions (3.2) and (3.3) are inserted in Eqs. (2.5) and (2.6), the integration over s1 and

s2 can be carried out term by term. An analogous expansion is used to approximately evaluate

the excluded volume interaction, as well as in the equation for the motor concentration. Some

details of the derivation of the hydrodynamic equations for the motor density, filament density,

polarization and alignment tensor are given in Appendix C.

For simplicity, here we consider the nonlinear continuum equations retaining only terms up to

second order in the gradients. While the analysis of the linear stability of homogeneous states with

terms up to fourth order in the gradients does introduce a new length scale (see Appendix D),

the simplified equations are instructive and capable of describing much of the physics. The motor

density obeys a simple diffusion equation given by

∂tma = Dm∇2ma − ∇ · (maT) , (3.4)
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where the second term describes convection of the motors along the filaments [17]. The equations

for the filament density, polarization and alignment tensor are

∂tρ = −∂iJi , (3.5)

∂t(ρpi) = −∂jJij − Ri , (3.6)

∂t(ρSij) = −∂kJijk − Rij , (3.7)

where the currents are given by

Ji(r, t) =

∫

û

Jci(û, r, t) , (3.8)

Jij(r, t) =

∫

û

ûiJcj(û, r, t) , (3.9)

Jijk(r, t) =

∫

û

Q̂ijJck(û, r, t) . (3.10)

The rotational current does not contribute to the density equation, but it yields the source terms

Ri and Rij in the equations for the polarization and alignment tensor. These are given by

Ri(r, t) =

∫

û

ûi R · J c(û, r, t) , (3.11)

Rij(r, t) =

∫

û

Q̂ij R · J c(û, r, t) . (3.12)

The explicit form of the translational (3.8-3.10) and rotational (3.11-3.12) currents is given in Ap-

pendix C. The equation for the density ρ has the form of a continuity equation, as required by

filament number conservation. The local polarization p and the alignment tensor Sij define the

order parameters needed to characterize the ordered states of the system and are not conserved

variables. Each ordered state discussed below will, however, be characterized by a broken orienta-

tional symmetry and a corresponding broken symmetry variable (a unit vector along the direction

of broken symmetry) whose fluctuations are infinitely long lived at large wavelength, as required

for hydrodynamic modes.
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IV. HOMOGENEOUS STATES

We begin by identifying the possible homogeneous steady states of the system. In this case

all contributions to the dynamical equations for the filament solution come from the rotational

currents. Both the motor and filament densities have constant values m̃ = mb2 and ρ = ρ0. The

equation for the polarization and the alignment tensor are given by

∂tpi = −[Dr − γP m̃ρ0]pi +
[

4Drρ0/ρN + (γNP − 2γP )m̃ρ0

]

Sijpj , (4.1)

∂tSij = −
[

4Dr(1 − ρ0/ρN ) − γNP m̃ρ0

]

Sij + 2γP m̃ρ0

(

pipj −
1

2
p2

)

, (4.2)

where all filament densities are measured in units of l2, and ρN = 3π/2. The motor-induced

rotational rates γP and γNP have dimensions of frequency and represent the effect of polar and

nonpolar motor clusters, respectively. For simplicity we denote by m̃ the total dimensionless

density of crosslinkers, without distinguishing between stationary and active protein clusters. One

can imagine situations, however, where γP will in general be proportional to the ATP consumption

rate, but the nonpolar coupling γNP will be only weakly affected by ATP concentration. In the

following all lengths are measured in units of the filament length l and times are measured in units

of D−1
r .

There are three possible homogeneous stationary states for the system, obtained by solving

Eqs. (4.1) and (4.2) with ∂tpi = 0 and ∂tSij = 0. These are:

isotropic state (I) : pi = 0 Sij = 0 ,

nematic state (N) : pi = 0 Sij 6= 0 ,

polarized state (P) : pi 6= 0 Sij 6= 0 .

At low density the only solution is pi = 0 and Sij = 0 and the system is isotropic (I). The homo-

geneous isotropic state can become unstable at high filament and/or motor density, as described

below.

To discuss the instabilities it is convenient to rewrite Eqs. (4.1) and (4.2) in a more compact

form as

∂tpi = −a1pi + b1ρ0Sijpj , (4.3)

∂tSij = −a2Sij + b2ρ0

(

pipj −
1

2
p2

)

. (4.4)
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The coefficients a1, b1, a2, and b2 are given by

a1 = 1 − m̃γP ρ0/Dr , (4.5)

a2 = 4[1 − ρ0/ρN − γNP m̃ρ0/(4Dr)] , (4.6)

b1 = 4[ρ−1
N + (γNP − 2γP )m̃/(4Dr)] , (4.7)

b2 = 2γP m̃/Dr . (4.8)

In the absence of crosslinkers (γP = γNP = 0), no homogeneous polarized state with a nonzero

mean value of p is obtained. There is, however, a transition at the density ρN = 3π/2 from an

isotropic state with Sij = 0 to a nematic state with Sij = S0(ninj− 1
2
δij), with n a unit vector along

the direction of broken symmetry. The transition here is identified with the change in sign of the

coefficient a2 of Sij on the right hand side of Eq. (4.4). A negative value of a2 that controls the decay

rate of Sij signals an instability of the isotropic homogeneous state. This occurs when excluded

volume effects dominate at ρ0 = ρN . The homogeneous state is isotropic for ρ0 < ρN and nematic

for ρ0 > ρN . A mean-field description of such a transition, which is continuous in 2d (but first order

in 3d), requires that one incorporates cubic terms in Sij in the equation for the alignment tensor.

Adding a term −c2ρ
2
0SklSklSij to Eq. (4.4) we obtain S0 = 1

ρ0

√

−2a2/c2 = 1
ρ0

√

−8(1 − ρ0/ρN )/c2.

If γP = 0, but γNP 6= 0, there is again no stable polarized state. The presence of a concentration

of nonpolar crosslinkers does, however, renormalize the isotropic-nematic (IN) transition, which

occurs at a lower filament density given by

ρIN (m̃) =
ρN

1 + m̃γNP ρN/(4Dr)
; . (4.9)

The presence on nonpolar crosslinks favors filament alignment and shifts ρIN downward, as shown in

Fig. 3. A qualitatively similar result has been obtained in numerical simulation of a two-dimensional

system of rigid filaments interacting with motor proteins grafted to a substrate [34]. In this case the

motors promote alignment by exerting longitudinal forces on the filaments. The amount of nematic

order S0 is also enhanced by motor activity, with S0 = 1
ρ0

√

−2a2/c2 = 1
ρ0

√

−8(1 − ρ0/ρIN (m̃))/c2.

If γP is finite, the system can order in both polarized and nematic homogeneous states. The

homogeneous isotropic state can become unstable in two ways. As in the case γP = 0, a change

in sign of the coefficient a2 signals the transition to a nematic (N) state at the density ρIN (m̃)

given in Eq. (4.9). In addition, the isotropic state can become linearly unstable via the growth of

polarization fluctuations in any arbitrary direction. This occurs above a second critical filament

density,

ρIP (m̃) =
Dr

γP m̃
, (4.10)
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defined by the change in sign of the coefficient a1 controlling the decay of polarization fluctuations

in Eq. (4.3). For ρ0 > ρIP (m̃) the homogeneous state is polarized (P), with p 6= 0. The alignment

tensor also has a nonzero mean value in the polarized state as it is slaved to the polarization.

The location of the boundaries between the various homogeneous states is controlled by the ratio

g = γP /γNP that measures the polarity of motor clusters. One can identify two scenarios depending

on the value of g.

I) For g < 1/4, the density ρIP is always larger than ρIN and a region of nematic phase exists

for all values of m̃. At sufficiently high filament and motor densities, the nematic state becomes

unstable. To see this, we linearize Eqs. (4.3) and (4.4) by letting Sij = S0
ij + δSij and δpi = pi.

Fluctuations in the alignment tensor are uniformly stable for a2 < 0, but polarization fluctuations

along the direction of broken symmetry become unstable for a1 ≤ ρ0b1S0/2, i.e., above a critical

density

ρNP =
Dr

m̃gγP

[

1 +
b2
1

c2R

(

1 −
√

1 +
2c2R(1 − R)

b2
1

)]

(4.11)

where R = ρIN/ρIP . The polarized state at ρ0 > ρNP has

p0
i = p0p̂i , (4.12)

S0
ij = SP (p̂ip̂j − δij/2) , (4.13)

with p̂ a unit vector in the direction of broken symmetry and

p2
0 =

2a1a2

ρ2
0b1b2

[

1 −
( 2a1

b1ρ0S0

)2]

, (4.14)

SP = S0

√

1 − ρ2
0b1b2

2a1a2

p2
0 = 2

∣

∣

∣

a1

ρ0b1

∣

∣

∣
. (4.15)

The ”phase diagram” for g < 1/4 is shown in Fig. 3.

II) When g > 1/4, the boundaries for the I-N and the N-P transitions cross at

m̃x =
ρNDr/γP

1 − 1/(4g)
, (4.16)

where ρIN = ρIP = ρNP and the phase diagram has the topology shown in Fig. 4. For m̃ > m̃x the

polarity of motor clusters renders the nematic state unstable at all densities larger than ρIN (m̃)

and the system goes directly from the I to the P state at ρIP , without an intervening N state.

At the onset of the polarized state the alignment tensor is again slaved to the polarization field,

Sij = b2
a2

ρ0 (pipj − 1
2
δijp

2) , and p = p0p̂. The value of p0 is determined by cubic terms in Eq.

(4.3) not included here.
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FIG. 3: The homogeneous phase diagram for g < 1/4. For all values of m̃ a region of nematic phase exists

between the isotropic and polarized phases (γP /Dr = 1, g = 1/10 and c2 = 50).
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FIG. 4: The phase diagram for g > 1/4. For m̃ > m̃x, where ρIN and ρIP intersect, no N state exists and

the system goes directly from the I to the P state (γP /Dr = 1, g = 1 and c2 = 50).

Finally, we note that if γNP = 0, with γP 6= 0 (i.e., g → ∞), the I-N transition is independent

of motor density and always occurs at ρ0 = ρN . The motor density where ρIN = ρIP reduces to

m̃x = ρNDr/γP .

Estimates of the various parameters can be obtained using a microscopic model of the motor-

filament interaction of the type described in Appendix A. Using parameter values appropriate for

kinesin (κ ∼ 10−22nm/rad [2]) we estimate γP ∼ γNP ∼ κ/ζr = κDr/(kBTa) ∼ 10−1sec−1, where
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we used the value Dr ∼ 10−2sec−1 appropriate for long thin rods in an aqueous solution [35] and

Ta ∼ 300K. Using l ∼ 10µm, b ∼ 10 nm, the value m̃x above which no nematic state exist is

found to correspond to a three-dimensional crosslinker density of about 0.5− 1µM for g = 1 and a

sample thickness of order 1µm. This value is of order of the motor densities used in experiments

on purified microtubule-kinesin mictures such as those of Ref. [8], suggesting that the filament

solution in this experiments is always in the polarized state.

V. DYNAMICS OF INHOMOGENEOUS STATES

Experiments on motor/filament mixtures have shown that uniform states are often unstable to

the formation of complex spatial structures. These instabilities arise from the growth of spatial

fluctuations in the hydrodynamic fields [4, 5, 6, 7]. In particular, the rate of motor-induced

filament bundling can exceed that of filament diffusion yielding the unstable growth of density

inhomogeneities [11, 12, 13, 14, 15, 24]. States with spatially varying orientational order, where

the filaments spontaneously arrange in vortex and aster structures, are also possible [17, 23, 33].

To understand the different nature of the instability from each homogeneous state, we now examine

the dynamics of spatially-varying fluctuations in the hydrodynamic fields in each of the stationary

homogeneous states of the system. The hydrodynamic fields are those with characteristic decay

times that exceed any microscopic relaxation time and become infinitely long at long wavelengths.

We find that the low frequency hydrodynamic modes of this active system are determined by

fluctuations in the conserved densities and in variables associated with broken symmetries. A

change in sign in the decay rate of these modes signals an instability of the macroscopic state of

interest. For simplicity we only discuss here the case of constant motor density. In addition in this

section we let α0 = α̃0/48, α1 = α̃1/48 and assume α0 = α1 = α, β0 = β1 = β. This approximation

is justified by the estimate for these motor-induced parameters obtained in Appendix A using a

microscopic model for the the motor-mediated filament interaction [29]. We consider separately

the spatially varying hydrodynamic modes in each of the homogeneous states: isotropic, nematic

and polarized phases.

A. Isotropic state

The isotropic homogeneous state has ρ = ρ0, p0 = 0 and S0
ij = 0. The only hydrodynamic

variable in this state is the density of filaments. The polarization vector p and nematic orientation
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tensor Sij are not hydrodynamic modes and therefore relax to zero on microscopic timescales.

However, due to dynamical constraints such as entanglements the relaxation of p and Sij can

become sufficiently slow to yield finite lifetime and finite wavelength inhomogeneities [24, 36].

The nonlinear equation for the density is given by

∂tρ =
3D

4
∇ · (1 + v0ρ)∇ρ − α∇ · (ρ∇ρ) , (5.1)

where v0 = 2/π. The active current proportional to α has an effect opposite to that of thermal

diffusion as it tends to build up density inhomogeneities. As we will see below this term drives

filament bundling and is the main pattern-forming mechanism in each of the homogeneous states.

1. Linear Stability

To examine the stability of the isotropic state we consider the dynamics of fluctuations δρ(r) =

ρ(r) − ρ0 of the density about its steady-state value, ρ0 to linear order in δρ. By expanding the

fluctuations in Fourier space,

δρ(r) = Σkρkeik·r , (5.2)

the linearized equation for the Fourier amplitudes is given by

∂tρk = −k2
[3

4
D(1 + ρ0v0) − αm̃ρ0

]

ρk . (5.3)

The relaxation of density fluctuations is governed by a diffusive mode of frequency

zρ(k) = −k2
[3

4
D(1 + ρ0v0) − αm̃ρ0

]

. (5.4)

The isotropic state becomes unstable against the growth of density fluctuations if zρ(k) > 0, or

α > αc, with

αc =
3D(1 + ρ0v0)

4m̃ρ0

. (5.5)

Conversely, the homogeneous isotropic state becomes unstable for filament densities larger than a

critical value

ρI
B =

3D

4m̃α − 3Dv0

∼ 3D

4m̃α
. (5.6)

This bundling instability of the isotropic state has been discussed elsewhere [24, 29]. A proper

description of the bundling instability requires that one incorporates terms up to 4th order in the

gradient expansion of the hydrodynamic fields [36]. The 4th order terms introduce a new length

scale above which the homogeneous state becomes again stable, as shown in Appendix D. The

onset of the instability is, however, controlled entirely by the quadratic terms considered here.
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B. Nematic state

The homogeneous nematic state is characterized by ρ = ρ0, p0 = 0, and Sij = S0(ninj − 1
2
δij),

where n is a unit vector in the direction of broken symmetry, known as the director field. For

concreteness we choose n = ŷ. The hydrodynamic fields of such an overdamped nematic liquid

crystal are the density and the director. The symmetry of the nematic state requires that the

hydrodynamic equations incorporate the symmetry n → −n. The magnitude S0 of the alignment

tensor is not a hydrodynamic field and will be assumed constant below. For simplicity we also

neglect excluded volume corrections. The nonlinear hydrodynamic equations for filament density

and director field are then given by

∂tρ =
3D

4

(

1 − S0

3

)

∇2ρ − 1

2
(1 − S0)αm̃∇2ρ2 +

S0

2
∂i

[

(D − 4αm̃ρ)ninj∂jρ
]

+
S0

2
∂i

[

(D − 4

3
αm̃ρ)ρ∂j(ninj)

]

, (5.7)

∂tni =
1

6
δT
ij

{[7D

2ρ
+

1

8

(

1 − S0

2

)

γNP m̃
]

∇2(ρnj) +
[D

ρ
+

1

8
(1 − S0)γNP m̃

]

∂j∇ · (ρn)

+
[D

ρ
+

1

8
(1 + 2S0)γNP m̃

]

nknl∂l∂k(ρnj) −
[D

ρ

(

1 − 3

4S0

)

+
1

8

(

1 − 1

2S0

− S0

2

)

γNP m̃
]

nk∂k∂jρ

+
[D

ρ
+

1

8

(

1 +
S0

3

)

γNP m̃
]

ρ∂k(nknl)∂lnj −
[D

ρ
+

1

8

(

1 − S0

3

)

γNP m̃
]

ρnk(∂knl)∂jnl

}

−1

9
δT
ijαm̃

{ 3

2S0ρ
nk∂k∂jρ

2 + 5S0ρ∂k(nknl)∂lnj + 2S0ρnl(∂lnj)∂knk

+
[

(5 − 3S0)∂knj +
7

4
∂jnk +

9

4
δjk∂lnl + 2(2 + 3S0)nknl∂lnj

]

∂kρ
}

. (5.8)

where δT
ij = δij − ninj projects in the direction transverse to n.

In the density equation, Eq. (5.7), activity plays the same role as in the isotropic state, with

bundling (∼ α) opposing diffusion and eventually driving the instability of the homogeneous state,

as described below. The first and second terms on the right hand side of Eq. (5.8) for the nematic

director are the elastic restoring forces associated with bend and splay deformations, respectively.

These elastic constants are softened by filament bundling, while motor-induced alignment (∼ γNP )

tends to stabilize the homogeneous nematic state. A solution with ρ = constant requires vanishing

of splay, i.e., ∇ · n = 0. In this case the director equation reduces to

∂tni =
1

6
δT
ij

{[7D

2
+

1

8

(

1 − S0

2

)

γNP m̃ρ
]

∇2nj +
[

D +
1

8
(1 + 2S0)γNP m̃ρ

]

nknl∂l∂knj

+
S0

24
γNP m̃ρnk(∂knl)[∂jnl + ∂lnj] −

10S0

3
αm̃ρnk(∂knl)(∂lnj)

}

. (5.9)
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In this case bundling does not play any role to linear order.

To discuss the stability of the homogeneous nematic state, we consider the dynamics of spatially

varying fluctuations of the hydrodynamic fields about their mean values, by letting

ρ(r) = ρ0 + δρ(r) , (5.10)

n(r) = ŷ + δn⊥(r) . (5.11)

To lowest order in the fluctuations δn⊥ is perpendicular to ŷ, i.e., in the two-dimensional geometry

considered here, δn⊥ = δnxx̂. The linearized equation for the Fourier amplitude of density and

director fluctuations for S0 = 1 are given by

∂tρk = −1

2

[

Dk2 + (D − 4αm̃ρ0)k
2
y

]

ρk −
(

D − 4

3
αm̃ρ0

)

ρ0kxkynk , (5.12)

∂tnk = −1

4

[(

3D +
1

24
γNP m̃ρ0

)

k2 +
1

4
γNP m̃ρ0k

2
y

]

nk − 1

8

(

D − 8

3
αm̃ρ0

)

kxky
ρk

ρ0

. (5.13)

The hydrodynamic modes in the nematic state describe the coupled decay of density and director

fluctuations. They are always diffusive and are given by

z±(k, φ) = −DN
± (φ)k2 , (5.14)

where

DN
± (φ) =

1

4

{5

2
D +

1

48
γNP m̃ρ0 +

(

D +
1

8
γNP m̃ρ0 − 4αm̃ρ0

)

cos2 φ
}

∓1

4

{[1

2
D +

1

48
γNP m̃ρ0 −

(

D − 1

8
γNP m̃ρ0 − 4αm̃ρ0

)

cos2 φ
]2

+2
(

D − 4

3
αm̃ρ0

)(

D − 8

3
αm̃ρ0

)

sin2 φ cos2 φ
}1/2

, (5.15)

and φ is the angle between the wavevector k and the direction of the broken symmetry (ŷ). To

gain some insight in the angular dependence of the modes it is useful to consider the behavior for

special directions of the wavector. For wavevectors k along the ŷ direction (φ = 0), density and

director fluctuations decouple and we obtain

zρ(ky) = −
[

D − 2αm̃ρ0

]

k2
y , (5.16)

zn(ky) = −1

4

[

3D +
7

24
γNP m̃ρ0

]

k2
y . (5.17)

In this case the director fluctuations are always stable, while the density fluctuations become

unstable for filament densities above a critical value ρN
B , given by

ρN
B (φ = 0) =

D

2m̃α
. (5.18)
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FIG. 5: (color online) The critical filament density ρN
B (φ) where the homogeneous nematic state becomes

linearly unstable is shown as a function of the angle φ between the wavevector k and the direction of broken

symmetry for D = 1, γNP = 1, m̃ = 1 and two values of α. At φ = 0 the critical density is given by

Eq. (5.18). When either α or m̃ are increased, the density ρN
B (φ) shifts to lower values at all angles and the

region of stability of the homogeneous nematic state shrinks.

For k along x̂ (φ = π/2) density and director fluctuations again decouple, but both eigenvalues are

always negative, with

zρ(kx) = −1

2
Dk2

x , (5.19)

zn(kx) = −1

4

[

3D +
1

24
γNP m̃ρ0

]

k2
x . (5.20)

The homogeneous nematic state is linearly stable for all parameter values against long-wavelength

fluctuations that only exhibit spatial variation in the direction normal to that of the mean filament

orientation.

In general the critical filament density ρN
B (φ) above which the homogeneous nematic state is

unstable has a complicated angular dependence. It increases with φ and it diverges for φ → π/2,

where the homogeneous state is linearly stable for all filament density. Its angular dependence is

shown in Fig. 5 for a few values of parameters.

For all angles the instability is controlled by the bundling rate, α, while the rotational rate γNP

always tends to stabilize the homogeneous nematic state.
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C. Polarized homogeneous state

The homogeneous polarized state is characterized by ρ = ρ0, p0 = p0p̂, and S0
ij = SP (p̂ip̂j −

1
2
δij), with p̂ a unit vector pointing along the direction of broken symmetry. The hydrodynamic

fields are the filament density and the unit vector p̂. The magnitude p0 of the polarization is not

a hydrodynamic field and will be assumed constant in the following. In the polarized state the

alignment tensor is slaved to the polarization and does not yield any additional hydrodynamic

field. Assuming for simplicity p0 = 1 and neglecting excluded volume corrections, the nonlinear

hydrodynamic equations for filament density and polarization direction are given by [37]

∂tρ − 7

36
βm̃∇ · (ρ2p̂) =

3

4
D∇2ρ − 3

4
αm̃∇2ρ2 − 1

2
αm̃∂i∂j(ρ

2p̂ip̂j) , (5.21)

and

[

∂t +
m̃

36
βρp̂ · ∇

]

p̂i =
13m̃

36
βδT

ij∂jρ +
1

96
γNP m̃δT

ij p̂k∂k∂jρ

+δT
ij

[(5D

8ρ
+

γP m̃

24

)

∇2(ρp̂j) +
D

4ρ
∂j∇ · (ρp̂)

]

−αm̃

4ρ
δT
ij∂k

{

ρ
[

∂j(ρp̂k) + ∂k(ρp̂j) + δjk∇ · (ρp̂)
]}

−αm̃

3ρ
δT
ij

[

2∂k(ρp̂k∂jρ) + ∂k(ρp̂j∂kρ) + ∂j(ρp̂ · ∇ρ)
]

, (5.22)

where

δT
ij(p̂) = δij − p̂ip̂j , (5.23)

projects in the direction transverse to p̂. The usual elastic constants K1 and K3 for splay and

bend deformations, respectively, can be identified as K3 ∼ 5D/8 and K1 − K3 ∼ D/4.

The first term on the right hand side of the density equation (Eq. (5.21)) is simply filament

diffusion. The second term proportional to α opposes diffusion and describes the effect of filament

bundling. Finally, the last term describes higher order nonequilibrium couplings between density

and polarization.

The broken directional symmetry of the polarized state yields an effective drift velocity ∼ βm̃ρp̂

describing filament advection along the direction of polarization. This leads to convective-type

terms on the right hand side of both the density and polarization equations. These are true

nonequilibrum terms that cannot be obtained from derivatives of a free energy. They arise because,

due to the anisotropy of rod diffusion, a motor cluster cross-linking two filaments can yield a net

velocity of the pair, even in the absence of net forces, as shown in Appendix A. This term is absent
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in descriptions of the hydrodynamics of active polymer solutions and gels close to equilibrium

proposed on phenomenological grounds on the basis of symmetry argument [21, 22, 38]. It is

therefore a far from equilibrium contribution to active filament dynamics. Kruse et al. [21, 22] and

Voituriez et al. [38] have considered the hydrodynamics of an active polymer solution including

explicitly the flow of the solvent. In their formulation activity enters via a chemical potential

proportional to ATP concentration. In our approach this corresponds to the density m̃ of active

motors. The polarization equation considered in [38] contains a term like our ∼ β∂jρ in Eq. (5.22)

and is obtained there by allowing a coupling between density and splay deformations in the free

energy of the system. In equilibrium polar fluid this term is ultimately responsible for the instability

of a uniformly polarized phase to splay deformation [39, 40].

A nonequilibrium convective-type term of the form contained on the left hand side of Eq. (5.22)

was included in the hydrodynamic equations introduced by Simha and Ramaswamy [18] to describe

the dynamics of self propelled nematic particles in a solution. In that case the effect of self-

propulsion was incorporated by assuming that the particles have a mean drift in the direction of

polarization relative to the solvent, yielding an advection term of the type obtained here.

In the polarization equation it is apparent that rotational effects from polar crosslinks (γP )

increase the bend stiffness, but do not renormalize the splay elastic constant. Nonpolar crosslinks

(γNP ) play a role similar to that of excluded volume corrections in suppressing rotational diffusion.

This is not surprising as nonpolar crosslinks enhance nematic order in the system. Filament

bundling described by α renormalizes both the splay and bend stiffness and promotes spatial

inhomogeneities in the polarization.

1. Linear Stability

To examine the stability of the polarized state we choose the ŷ axis along the direction of broken

symmetry and expand the hydrodynamic fields about their equilibrium values as

ρ(r) = ρ0 + δρ(r) , (5.24)

p̂(r) = ŷ + δp̂⊥(r) , (5.25)

where δp̂ = x̂δp̂x + O((δp̂x)2). Expanding the fluctuations in Fourier components, the linearized

equations are given by

∂tρk = −
[

DP
α k2 − αm̃ρ0k

2
y − 2iwky

]

ρk +
[

iwkx + αm̃ρ0kxky

]

ρ0p̂k , (5.26)
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∂tp̂k = −
[

Kα(k̂)k2 + iw′ky

]

p̂k +
[

iw′′kx − D′
αkxky

]ρk

ρ0

, (5.27)

where

w =
7

36
m̃βρ0 , (5.28)

w′ =
1

36
m̃βρ0 , (5.29)

w′′ =
13

36
m̃βρ0 , (5.30)

DP
α =

3

4

(

D − 2αm̃ρ0

)

, (5.31)

D′
α =

1

4

(

D +
m̃

24
γNP ρ0 − 6αm̃ρ0

)

, (5.32)

Kα(k̂) =
1

4

(5

2
D +

m̃

6
γP ρ0 − m̃αρ0

)k2
y

k2
+

1

4

(7

2
D +

m̃

6
γP ρ0 − 3m̃αρ0

)k2
x

k2
. (5.33)

Note that Kα(k̂), with k̂ = k/k, is a generalized stiffness for splay (ky = 0) and bend (kx = 0)

deformations. Denoting by φ the angle between the wavevector k and the direction of broken

symmetry the hydrodynamic modes describing the decay of density and polarization fluctuations

are given by

z±(k, φ) = ikv±(φ) −DP
±(φ)k2 . (5.34)

The modes are always propagating with speed

v±(φ) = (w − w′/2) cos φ ±
√

(w + w′/2)2 cos2 φ + ww′′ sin2 φ . (5.35)

The angular dependence of the speed of propagation is shown in Fig. 6. The decay rate is given by

DP
±(φ) =

1

2

[

DP
α + Kα(φ) − m̃αρ0 cos2 φ

]

±1

2
cos φ

(w + w′/2)[DP
α − Kα(φ) − m̃αρ0 cos2 φ] + sin2 φ(wD′

α − w′′m̃αρ0)
√

(w + w′/2)2 cos2 φ + ww′′ sin2 φ
.(5.36)

For large values of the bundling rate α the various elastic constants are driven to zero and DP
±(φ) <

0, corresponding to the instability of the uniform polarized state. The condition DP
±(φ) = 0 defines

the value ρB(φ) of the filament density above which the polarized state is unstable. This value

is largest for φ = π/2, corresponding to fluctuations with k normal to the direction of mean

polarization (i.e., pure splay deformations of the local polarization) due to the stiffening of the

splay elastic constant from polar crosslinks. In contrast, the bend stiffness is not renormalized by

polar crosslinks, resulting in a lower value of ρB at φ = 0, where polarization deformations are

pure bend. The angular dependence of ρB(φ) is shown in Fig. 7.
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Finally, it is useful to consider explicitly the two limiting cases φ = 0 and φ = π/2. For φ = 0

(i.e., ky = k) density and polarization (in this case bend deformations) fluctuations are decoupled.

Their respective relaxation rates are given by

z+(k, φ) ≡ zρ(k, φ) = 2iwk −
[3

4
D − 5

2
m̃αρ0

]

k2 , (5.37)

z−(k, φ) ≡ zp(k, φ) = −iw′k − 1

4

[5

2
D +

m̃

6
γP ρ0 − m̃αρ0

]

k2 . (5.38)

The bundling instability is controlled by the growth of density fluctuations and occurs at

ρB(φ = 0) =
3D

10m̃α
. (5.39)

For φ = π/2 (i.e., kx = k) the modes are complex conjugate, with

z±(k, φ = π/2) = ±ik
√

ww′′ − k2

8
(13D/2 + m̃γP ρ0/6 − 9m̃αρ0) . (5.40)

Both density and splay fluctuations of the polarization field go unstable at the same density, given

by

ρB(φ = π/2) =
13D

m̃(18α − γP /3)
. (5.41)

The zipping effect described by γP tends to stabilize the system.

D. Summary

All homogeneous states are rendered unstable by the same mechanism of filament bundling,

driven by the parameter α. Up to numerical constants and assuming γP < α, the density above

which the homogeneous states are unstable can be estimated as ρB ∼ D/m̃α. The bundling

instability line is shown in Fig. 8. One important observation is that the nature of the instability

changes from diffusive in both the isotropic and the nematic states to oscillatory in the polarized

state. This suggests that at high filament and motor density the uniform polarized state may be

replaced by spatially inhomogeneous oscillatory structures such as vortices.

VI. DISCUSSION

Several other authors have recently put forward descriptions of the dynamics of active solutions

and gels of long biofilaments and molecular motors. It is useful to compare our work to others in

some detail.
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FIG. 6: The propagation speeds v+(φ) (blue curve online) and −v−(φ) (red curve online) of the hydrody-

namic modes in the polarized state as a function of the angle φ. The speed v± is measured in units of lDr

and we have used m̃ = 1, β = 1 and ρ0 = ρN .

Kruse et al. [21, 22] and Voituriez et al. [38] have developed a continuum phenomenological de-

scriptions of the polarized state of active polymer solutions where the hydrodynamic equations are

written down on the basis of general symmetry considerations. Our work, in contrast, derives such

equations from a systematic coarse-graining of a more microscopic kinetic equation. The advantage

of the former method is its generality. The disadvantage is that the resulting continuum equations

contain many undetermined parameters. Our work yields an estimate for these parameters and an

understanding for the microscopic mechanisms that control each term in the continuum equations.

On the other hand, the precise dependence of the parameters on the physical properties of the

crosslinkers is determined by the specific microscopic model considered, as shown in Appendix A.

The two approaches are clearly complementary and both provide insight in the system’s dynamics.

The work described in Refs. [21, 22] and [38] explicitly incorporates the dynamics of the solvent,

which is assumed quiescent in our work (see, however, Ref. [41]), but consider systems near

equilibrium by only keeping terms of first order in the chemical potential which controls the rate

of ATP consumption. For a more precise comparison we refer to Ref. [38], where the equations are

written in the simpler form appropriate to an active viscous solution, with no viscoelastic effects. In
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FIG. 7: (color online) The critical density ρP
B where the homogeneous polarized state becomes unstable

versus angle φ for D = 1, γP = 1, γNP = 1. As in the nematic phase, by increasing α or m̃ the stable

region decreases. The critical density is not very sensitive to changes in γP .

Ref. [38] activity is controlled by the difference ∆µ in chemical potential of ATP and its hydrolysis

products, assumed to be constant. This corresponds in our work to the product m̃u0 = m̃aRATP

which controls ATP consumption in the system. All active contributions are proportional to the

combinations m̃RATP . The parameter λ of Ref. [38] corresponds to our polar rotational rate

γP , describing the ”zipping” of filaments due to the action of polar crosslinkers and responsible for

establishing the homogeneous polarized state. This term is ignored in Ref. [38], where it is assumed

from the outset that the system exists in a polarized state with p0 = 1. The terms proportional

to the parameter w arising in the polarization equation of Ref. [38] have the same structure as the

first term on the right hand side of our polarization equation, Eq. (5.22). However, this term is

obtained in Ref. [38] as derivative of a phenomenological free energy, consisting of the usual Frank

free energy for a nematic plus a term ∼ wρ∇ · p, which is allowed in a polar fluid. As a result,

this term does not appear explicitly as an active term proportional to ∆µ. On the other hand,

our analysis of the homogeneous states shows that activity is probably crucial for establishing the

polarized state as the zipping rate γP induced by polar crosslinkers is likely to depend on ATP

consumption rate. Furthermore, the convective terms on the left hand side of Eqs. (5.21) and (5.22)
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FIG. 8: Bundling renders homogeneous states unstable for ρ0 > ρB, where they are replaced by inhomoge-

neous solutions. The ρB line may lie above the ρNP −ρIP line or cross through the N and I states, as shown

in the figure (γP /γNP = 1, c2 = 50, γNP /α = 0.6), depending on the value of γNP /α. The instability of

the I and N states is diffusive (dashed line), while the instability of the P state is oscillatory (dotted line).

cannot be obtained as derivatives of a free energy and are therefore not present in Ref. [38]. These

terms are linear in the ATP consumption rate and are important in controlling the oscillatory

nature of the spatial patterns (e.g., vortices) that are obtained at high filament and motor density

[33].

Aranson and Tsimring [33] have used a generalization of the Maxwell model of binary collisions

in a gas to describe the dynamics of a solution of polar rods with inelastic interaction representing

the effect of active crosslinkers. Although their kinetic model, in contrast to ours, allows for instan-

taneous large changes in the relative angle of two rods upon collision, the continuum equations for

density and polarization obtained from the model have the same structure as ours. Our parameter

α corresponds essentially to their parameter B2 (related to the spatial range of the interaction

between two rods), while our parameter β is proportional to their parameter H, which controls the

strength of the dependence of the interaction between two rods on their relative orientation (al-
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though again these authors do not include the convective terms ∼ β in the density and polarization

equations). The dependence on motor density or ATP consumption rate does not appear explicitly

in the continuum equations of Ref. [33] as the strength of the motor-mediated interactions is scaled

out of the calculation.

One important difference between our work and that of Ref. [33] is that by incorporating

excluded volume effects and including the action of both stationary and mobile crosslinkers, we

can obtain a complete characterization of the homogeneous states of the system. In particular,

we show that both nematic and polar order are possible in different regions of parameters, and

evaluate the effect of crosslinks on the isotropic-nematic transition.

Our work can be extended in several ways. First, we have assumed that the solvent is quiescent

and only provides the damping on the dynamics of filaments and motors. Relaxing this approxi-

mation requires considering explicitly the dynamics of a two-component system. In particular the

dynamics of the solvent must be incorporated when considering the response of the system to an

externally imposed flow. This will be discussed in a future publication [41]. Secondly, an analysis

of the nonlinear equations for the director and polarization fields in the nematic and polarized

phases, respectively, reveals the structure of the possible topological defects in each phase and

their stability. This analysis can be carried out partly analytically and partly numerically and

can be used to study the range of stability of the spatially inhomogeneous patterns seen in the

in vitro experiments by considering each pattern as composed of topological defects of the bulk

system. Finally, for comparison with experimental systems it is crucial to consider the dynamics

of active solutions in specific geometries, with suitable boundary conditions [42]. An important

application of the dynamics of active filament solutions and gels is that of cell locomotion on a

substrate. This may be modeled by considering a thin active layer on a substrate, but will require

incorporating in the model the nonequilibrium polymerization-depolymerization of the filaments,

mechanical coupling to the substrate and understanding the interplay between them and activity.
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APPENDIX A: MICROSCOPIC MODELS OF MOTOR-FILAMENT KINEMATIC

In this Appendix we describe some microscopic models of the motor-mediated interaction among

two filaments. Clearly such models are a great simplification of the contributions to the motor-

mediated forces, but they allow us to estimate the various phenomenological parameters introduced

in Section II and to justify the approximations used in this paper. We consider two classes of

models: 1) small motor clusters with an inhomogeneous stepping velocity that vanishes at the

plus end of the filament, inspired by kinesin motor constructs interacting with microtubules; 2)

filamentous motor clusters with an antiparallel arrangement of heads inspired by thick myosin

filaments interacting with thin actin filaments.

1. Stalling clusters

The model presented here extends the one discussed in Ref. [24] to include the possibility of

motor-induced filament rotation.

We consider a pair of filaments (denoted as filaments 1 and 2) cross-linked by a motor cluster.

Due to the action of the motors, filaments 1 and 2 acquire center-of-mass velocities v1 and v2 and

rotational velocities ω1 and ω2 about the center of mass. Our goal is to evaluate these velocities in

terms of the rates at which the motor cluster steps along the filament and rotates relative to it, and

of the filaments’ orientation. Both filaments and motors move through a solution. We assume that

the filament dynamics is overdamped and the friction of motors is very small compared to that of

filaments. The coupling of the filaments to the fluid is via a local friction (Rouse model). This

is a reasonable approximation for a quiescent solution without externally imposed flow nor flow

generated by the motor activity. Under these conditions, hydrodynamic coupling yields logarithmic

corrections to the friction, which are small for long thin rods [9, 10, 27]. Momentum conservation

requires that in the absence of external forces and torques, the total force (torque) acting on

filaments centered at a given position be balanced by the frictional force (torque) experienced

by the filament while moving through the fluid. The third law requires that any force or torque

generated by an active crosslink on one of the filaments of the pair is balanced by an equal and

opposite force or torque acting on the other filament. This yields

ζij(û1)v1j = −ζij(û2)v2j , (A1)

ζrω1 = −ζrω2 , (A2)

where ζij(û) = ζ‖ûiûj+ζ⊥(δij−ûiûj) is the friction tensor of the rod, with ζ‖ and ζ⊥ the longitudinal
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FIG. 9: Two filaments of orientation û1 and û2 connected by an active torsional spring. Here θi = θ(si) ,

for i = 1, 2 is the torsional angle at the point of attachment of the motor cluster. Note that we have chosen

a convention such that θ = θ1 − θ2.

and transverse friction coefficients, respectively, and ζr is the rotational friction. Equation (A1)

shows that the anisotropy of the friction tensor allows for a net translation (v1 + v2 6= 0) of the

filament pair induced by motors.

The mobile crosslink is a small aggregate of molecular motors that exerts forces and torques

on the filaments by converting chemical energy from the hydrolysis of ATP into mechanical work.

While walking along the filaments, the motor clusters can also apply aligning torques on the

filaments, if there is a preferred angle between the heads of the motor cluster. To capture this, we

consider the cluster to be a nonlinear torsional spring of size lm ∼ b << l. A similar description

would also be appropriate for any polar cross-linking protein. However, a motor cluster which

aligns the filaments by active contractions has an ATP-dependent spring constant. A schematic is

shown in Fig. 9.

It is convenient to think of the motor cluster as composed of two heads, with the i-th head

(i = 1, 2) attached to the i-th filament at position r×i = ri + ûisi. Motor heads are assumed to

step towards the polar end of filaments at a known speed, u(s), which depends on the point of

attachment (see Fig. 10). The motor-induced torques occur along the axis of the motor cluster,

assumed to be directed perpendicular to the plane containing the filaments, and are capable of

generating equal and opposite torques on the two filaments. The torsional angles θ(s) obey the

following equations ζrθ̇(s1) = −ζrθ̇(s2) = −κ sin [θ(s1)−θ(s2)] ≃ −κ[θ(s1)−θ(s2)], κ is the torsional

spring constant. In general the torsional spring constant will also depend on the position of the

motor cluster along the filament, i.e., κ = κ(s). The resulting inhomogeneities in the rotational

rate γ does not yield qualitatively new terms in the hydrodynamic equations and will be neglected

here (see also [37]). The dynamics of the i-th motor head is described by a translational velocity
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vm
i at the point of attachment and a rotational velocity ωm

i , given by

vm
i = ṙ×i = vi + u(si)ûi + siωi × ûi , (A3)

ωm
i = ωi + (−1)i−1 κ

ζr

û1 × û2

|û1 × û2|
, (A4)

with u(si) = ṡi . Finally, the two motors within a cluster are rigidly attached to each other. This

requires

vm
1 = vm

2 , (A5)

ωm
1 = ωm

2 . (A6)

Since the motor cluster has size lm ∼ b << l, we can neglect the length of the motor compared

to that of the filament and assume that the attachment points satisfy r×1 = r×2 , or ξ = r2 − r1 =

s1û1 − s2û2. Equations (A1) and (A2), together with the expressions (A3) and (A4) for the

velocities of the motor heads, and the conditions (A5) and (A6) that the two motor heads are

rigidly connected, then provide a closed set of equations that can be solved to obtain the filaments’

translational and rotational velocities in terms of their relative orientations and of the motors’

stepping and torsion rates. It is convenient to introduce relative and net translational and rotational

velocities of the filament pair as

v = v1 − v2 , (A7)

V =
v1 + v2

2
, (A8)

and

ω = ω1 − ω2 , (A9)

Ω =
ω1 + ω2

2
. (A10)
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For the translational velocities we obtain

v = u(s2)û2 − u(s1)û1 + γ(s2 − s1)(û1 + û2) + γ(1 + û1 · û2)(s1û1 − s2û2)

=
1

2

{

[u(s2) − u(s1)] − γ(s1 − s2)(1 − û1 · û2)
}

(û2 + û1)

+
1

2

{

[u(s2) + u(s1)] − γ(s1 + s2)(1 + û1 · û2)
}

(û2 − û1) , (A11)

V = A(û2 + û1) + B(û2 − û1) , (A12)

with

A = −σ

4

( 1 − û1 · û2

1 − σû1 · û2

)[

u(s2) + u(s1) − γ(s1 + s2)(1 + û1 · û2)
]

, (A13)

B =
σ

4

( 1 + û1 · û2

1 + σû1 · û2

)[

u(s2) − u(s1) + γ(s2 − s1)(1 − û1 · û2)
]

, (A14)

where we have defined γ = κ/ζr and σ =
(ζ⊥ − ζ‖)

(ζ⊥ + ζ‖)
. For long thin rods ζ⊥ = 2ζ‖ ≡ 2ζ and σ = 1/3.

There is no net rotational velocity of the pair (Ω = 0). The relative rotational velocity is given

by

ω = 2γ
û1 × û2

|û1 × û2|
. (A15)

The fact that V 6= 0 indicates that motor activity can induce a net motion of the pair relative to

the solution. This is a consequence of hydrodynamics at low Reynolds numbers, which gives an

anisotropic of friction tensor for long thin rods. As a result V vanishes when ζ⊥ = ζ‖. Also V

vanishes identically for û2 = ±û1, so that V = 0 in one dimension.

We can compare the expression for the filament velocities obtained via the microscopic model de-

scribed in this section to the general expression introduced on the basis of symmetry considerations

in Eqs. (2.10-2.11) by expanding the stepping rate as u(s) ≈ u0 − su′, where u′ = −du(s)/ds > 0.

Substituting the expressions 1
2
[u(s1) − u(s2)] ≃ u′

2
(s1 − s2) and 1

2
[u(s2) + u(s1) ≃ u0 + u′

2
(s2 + s1)

into Eq. (A11) we obtain a general expression for the relative velocity given by

v = α+û+(ξ · û+) + α−û−(ξ · û−) + β(û2 − û1) , (A16)

where û+ = (û2 + û1)/|û2 + û1| and û− = (û2 − û1)/|û2 − û1| and

α+ = −γ(1 − û1 · û2) + u′ , (A17)

α− = γ(1 + û1 · û2) + u′ , (A18)

β = u0 . (A19)
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If u′ ≫ γ, then α+ = α− = α̃, leading to the simpler expression for the relative velocity (see Eqs.

(2.10-2.11)) which we use for the whole of this article .

By comparing Eqs. (A16), (A13) and (A15) to the general expressions given in Sec. II we obtain

the following estimates

α̃0 ≃ l|du

ds
| , (A20)

β0 ≃ u0 , (A21)

γP ∼ κ/ζr . (A22)

Note that the specific microscopic model used here gives α̃1 = 0, β1 = 0 and γNP = 0. This is the

result of having considered the kinematics of a single pair of filaments coupled by one motor cluster.

An additional dependence of the effective coupling constants is introduced by the dependence of

the motor binding probability on the relative orientation of the filaments.

2. Contractile motor filaments

Here we consider another microscopic model relevant to large contractile filaments of myosin II

(thick mini-filaments) interacting with filamentous actin (thin filaments). Both the thick contractile

motor filament and the thin filaments undergo overdamped motion in a quiescent fluid.

We consider two thin (e.g., actin) polar filaments of length l with centers of mass at r1 and

r2 and orientations û1 and û2, respectively. The active crosslink is a (thick) filament of motor

proteins of length lm < l. The motor heads within the motor filament are antialigned, with the

motor heads at the two ends of the motor filament pointing in opposite directions. Its orientation

is described by a unit vector ûm oriented along its axis. We choose the direction of ûm to be

from thin filament 1 to 2, as indicated in Fig. 11. The motor filament exerts torques on the actin

filaments by acting as a torsional spring of strength κ. As a result, the actin filaments align with

the motor filament, as shown in Fig. 11. Once the thin filaments are parallel to the motor filament,

the heads on either side of the motor filament pull the thin filaments together until they overlap

over a length lm < l. In this configuration both thin filaments are linked by both heads at the two

ends of the contractile motor filament. The effect of these two heads balance and the thin filaments

remain stationary relative to each other.

To describe the dynamics, we denote by vm and ωm the center of mass and angular velocity

of the thick motor filament, respectively. The friction tensor of the motor filament is given by

ζm
ij = ζm‖ûmiûmj + ζm⊥(δij − ûmiûmj). Since the thick motor filament is shorter than the two
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FIG. 11: Two thin filaments of length l connected by a contractile thick motor filament of length lm. Due

to the torsional springs, the thick filament aligns the actin filaments in an antiparallel configuration. The

’stepping’ of motor heads towards the plus ends of the thin filaments bring the (almost) antiparallel filaments

together if their centres are more than l− lm apart. When their centers of mass are separated by l− lm, the

two actin filaments are stationary due to the opposing effects of the two motor heads at the opposite ends

of the motor filament.

thin filaments it crosslinks, we expect the motor filament translational friction coefficients ζm‖ and

ζm⊥ and rotational friction ζmr, to be smaller than the corresponding parameters for the actin

filaments, i.e., ζm‖, ζ‖, ζm⊥ < ζ⊥, and ζmr < ζr. The separation of centers of mass of the thin

filaments is ξ ≡ r2 − r1 = û1s1 − û2s2 + ûmlm. Force and torque balance require

ζij(û1)v1j + ζij(û2)v2j + ζm
ij (ûm)vmj = 0 , (A23)

ζrω1 = G1 ,

ζrω2 = G2 ,

ζmrωm = −G1 − G2 , (A24)

where

G1 = κ(ûm × û1) ,

G2 = −κ(ûm × û2) . (A25)

The position of the center of mass of the thick motor filament is rm = r1 + s1û1 + ûmlm/2 =

r2 + s2û2 − ûmlm/2 and its velocity is given by

vm
i = ṙm = vi + u(si)ûi + siωi × ûi + (−1)i−1 lm

2
ωm × ûm , i = 1, 2 . (A26)



36

The set of Eqs. (A26), (A23) and (A24) can be solved for the mean V = (v1 + v2)/2 , Ω =

(ω1 + ω2) /2 and relative v = v1 −v2, ω = ω1 −ω2 translational and angular velocities of the two

thin filaments and the velocity vm of the thick motor filament. The general solution is complicated

and not terribly transparent.

To simplify the solution, we assume that lm ≪ l so that ζmr ≪ ζr and ζm ≪ ζ. In this case

the orientation of the thick motor filament relaxes much faster than that of the two thin filaments

and is therefore slaved to the thin filament orientations, so that ûm = (û2 − û1)/|û2 − û1|. The

expressions for the relative and mean velocities are then

v = u(s2)û2 − u(s1)û1+
γ

2

{(1 + û2 · û1)

|û2 − û1|
(û2 − û1) (s2 + s1)

+
(1 − û1 · û2)

|û2 − û1|
(s1 − s2) (û2 + û1)

}

, (A27)

V = A (û2 + û1) + B (û2 − û1) , (A28)

where

A = −
(σ

4

)

(

1 − û1 · û2

1 − σû1 · û2

)[

u(s2) + u(s1) + γ
(1 + û2 · û1)

|û2 − û1|
(s2 + s1)

]

, (A29)

B =
(σ

4

)

(

1 + û1 · û2

1 + σû1 · û2

)[

u(s2) − u(s1) + γ
(1 − û1 · û2)

|û2 − û1|
(s1 − s2)

]

. (A30)

The center of mass velocity of the thick motor filament is given by

vm = V + w/2 , (A31)

where

w = u(s2)û2 + u(s1)û1−
γ

2

{(1 + û2 · û1)

|û2 − û1|
(û2 − û1) (s1 − s2)

+
(1 − û1 · û2)

|û2 − û1|
(s1 + s2) (û2 + û1)

}

, (A32)

with σ =
(ζ⊥ − ζ‖)

(ζ⊥ + ζ‖)
. There is no net rotational velocity of the pair (Ω = 0) and the relative

rotational velocity is given by

ω = 2γ
û2 × û1

|û1 × û2|
. (A33)

where γ = κ
ζr

.
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The speed of the motor clusters depends on the thin filaments’ relative position and orientation:

it is maximal when the filaments are oppositely oriented and goes to zero when the filament overlaps

a length lm (see Fig. 11). A simple expression which satisfies these conditions is

u(s) ≃ u0

2
(1 − û1 · û2)

[

−
(

1

2
− lm

l

)

− s

]

, (A34)

where u0 is the (constant) single-motor ’stepping rate’ (step-size/cycle-time).

Assuming u0 ≫ γ and substituting Eq. (A34) into Eqs. (A27), (A28) and (A33), we obtain an

expression for relative velocity of the two thin filaments connected by a thick filament,

v ≃ u0(1 − û1 · û2)
[ξ

l
− 1

2

(l − lm)

l
(û2 − û1)

]

, (A35)

where ξ = s1û1−s2û2+ lmûm. In obtaining Eq. (A35) we used approximated ûm ≃ 1/2(û2−û1),

which holds when the filaments are antiparallel. By comparing Eqs. (A35) and (A33) to the general

expressions given in Sec. II we obtain the following estimates

α̃0 = −α̃1 ≃ u0 , (A36)

β0 = −β1 ≃ −
(

1 − lm
l

)

u0 , (A37)

γP = γ ≃ κ/ζr . (A38)

The crucial difference between the effect of the stalling crosslinker considered in Sec. A 1 and the

contractile minifilament considered here is of course that in the present case the rates α̃0 (β0) and

α̃1 (β1) have opposite signs. This will have important effects on the system’s rheology.

APPENDIX B: MOMENT EXPANSION

To define the exact moment expansion of the filament concentration c(r, û, t) we introduce a set

of irreducible tensors Tm
i1i2...im which are equivalent to the spherical harmonics, but are expressed

in Cartesian coordinates. The components of Tm
i1i2...im

are homogeneous polynomials of degree

m in the components of the unit vector û, with the properties that they are fully symmetric in

the subscripts i1, i2, ..., im, and that no nonvanishing tensor of lower order can be formed by

contraction.

Here we denote by d the dimensionality and write the general expression of the Tm for d = 2, 3.

Each tensor is orthogonal to all the other ones and normalized according to a product defined by

(

a, b
)

=

∫

dû

Ωd
a(û) b(û) , (B1)
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where Ωd is the solid angle in d dimensions, with Ω2 = 2π and Ω3 = 4π. The first few irreducible

tensors are

T 0 = 1 , (B2)

T 1
i = ûi , (B3)

T 2
ij = ûiûj −

1

d
δij , (B4)

T 3
ijk = ûiûjûk − 1

d + 2
[δij ûk + δikûj + δjkûi] , (B5)

T 4
ijkl = ûiûj ûkûl −

1

d(d + 2)
[δijδkl + δikδjl + δilδjk] , (B6)

T 5
ijkls = ûiûj ûkûlûs−

1

(d + 2)(d + 4)

[

ûi∆jkls + ûj∆ikls

ûk∆ijls + ûl∆ijks + ûs∆ijkl

]

, (B7)

where repeated indices are summed over and the tensor ∆ijkl is given by

∆ijkl = δijδkl + δikδjl + δilδjk , (B8)

it also satisfies ∆iikk = d(d + 2).

The filament concentration has an exact expansion on the basis of these irreducible tensors,

given by

c(r, û, t) =
∞

∑

m=0

am
i1i2...im(r, t)Tm

i1i2...im(û) , (B9)

where the m-th order moment am
i1i2...im is a tensor determined by

am
j1j2...jm

(r, t)

∫

dû

Ωd
Tm

j1j2...jm
(û)Tm

i1i2...im(û) =

∫

dû

Ωd
Tm

i1i2...im(û)c(r, û, t) . (B10)

The first three moments are given by

a0 =

∫

dû

Ωd
c(r, û, t) =

1

Ωd
ρ(r, t) , (B11)

a1
i = d

∫

dû

Ωd
ûi c(r, û, t) =

d

Ωd
ρ(r, t)pi(r, t) , (B12)

a2
ij =

d(d + 2)

2

∫

dû

Ωd

(

ûiûj −
1

d
δij

)

c(r, û, t) =
d(d + 2)

2Ωd
ρ(r, t)Sij(r, t) . (B13)
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Here ρ, p and Sij are the density, polarization, and nematic order parameter of the rods, respec-

tively. Retaining only moments up to the third one, the filament concentration can be written

as

c(r, û, t) ≈ 1

2d−1π
ρ(r, t)

[

1 + dû · p(r, t) +
d(d + 2)

2
Q̂ij(û)Sij(r, t)

]

, (B14)

with Q̂ij = ûiûj − 1
dδij .

APPENDIX C: DERIVATION OF COARSE-GRAINED CURRENTS

In this Appendix we outline the derivation of the currents and source terms entering the equa-

tions for the density, polarization and alignment tensor and give their general form. For simplicity

we restrict ourselves to the case of long thin rods, where D‖ = 2D⊥ ≡ D and σ = 1/3.

It is convenient to separate the translational and rotational currents defined in Eqs. (3.8-3.10)

and (3.11-3.12) in diffusive, excluded volume and active contributions,

Ji = JD
i + Jex

i + JA
i ,

Jij = JD
ij + Jex

ij + JA
ij ,

Jijk = JD
ijk + Jex

ijk + JA
ijk , (C1)

and

Ri = RD
i + Rex

i + RA
i , (C2)

Rij = RD
ij + Rex

ij + RA
ij , (C3)

where each contribution arises from the corresponding term in Eqs. (2.2-2.3).

The diffusive contributions are evaluated by inserting the truncated moment expansion for

the filament concentration in the corresponding contributions to the translational and rotational

diffusion currents in Eqs. (2.2-2.3) and performing the angular average, with the result

JD = ∂jσ
D
ij , σD

ij = −D

2

(3

2
δijρ + Qij

)

, (C4)

JD
ij = −D

4

(

δij∇ ·T +
5

2
∂jTi

)

, (C5)

JD
ijk = −D

16

(

δjk∂iρ + δik∂jρ − δij∂kρ
)

− D

6

[

δik∂lQjl + δjk∂lQil +
7

2
∂kQij − δij∂lQkl

]

, (C6)

and

RD
i = DrTi , (C7)

RD
ij = 4DrQij . (C8)
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To evaluate the excluded volume contributions we expand the concentration in Eq. (2.4) near

its value at r1 as in Eq. (3.2), truncate the moment expansion of the concentration to third order

and perform the angular integrations. Retaining terms up to first order in the gradients of the

fields in the currents and up to second order in the source terms, we obtain

Jex
i = Dv0∂j

[

− 1

2
ρ
(

Qij +
3

4
δijρ

)

+
2

9
QikQjk +

7

18
δijQklQkl

]

+
2

3
Dv0ρ∂jQij , (C9)

Jex
ij = −1

2
Dv0

[1

4
(∆ijkl + 4δilδjk)Tk∂lρ − 1

9
(∆ijln + 6δinδjl)Tk∂nQkl

−1

9
(∆ijln − δijδln)Tn∂kQkl −

1

9
Tk∂kQij

]

, (C10)

Jex
ijk =

1

12
Dv0

{

− 3

8
(δikδjl + δilδjk − δijδkl)∂lρ

2

+
1

3
ρ∂l

[

7δklQij + δikQjl + δjlQik + δilQjk + δjkQil − 2δijQkl

]

−
[

7δklQij + δikQjl + δjlQik + δilQjk + δjkQil − 2δijQkl

]

∂lρ

+
1

3
∂l

[

QijQkl + QikQjl + QilQjk − δijQkrQlr

+(δilQjr + δjlQir − δijQlr)Qkr + (δikQjr + δjkQir − δijQkr)Qlr

+
1

4
(δikδjl + δilδjk − 19δijδkl)QrsQrs + 9δklQirQjr

]}

, (C11)

where v0 = 2
π , and

Rex
i = −1

3
Drv0

[

4TjQij +
1

6
Ti∇2ρ − 1

3
Tj∂j∂iρ +

1

18
Tj∇2Qij

+
1

9

(

Tk∂k∂jQij + Tj∂i∂kQjk − Ti∂j∂kQjk

)]

, (C12)

Rex
ij = −4

3
Drv0ρQij −

1

288
Drv0

[

ρ
(

∂i∂jρ − 1

2
δij∇2ρ

)

+ (δilQjk + δjlQik − δijQkl)∂k∂lρ
]

.(C13)

To evaluate the active contributions, we insert the gradient expansion of the concentration and

motor density given in Eqs. (3.2) and (3.3) in the Eq. (2.8) for the motor current density and in

Eqs. (2.5) and (2.6) for the filament currents. The integrals over the lengths s1 and s2 of the

filaments can then be evaluated explicitly. All terms containing odd powers of components of the

filament center of mass separation ξ vanish when averaged over the rods’ length. To evaluate the

angular integrals in the filamment current densities we also expand the translational and rates α̃(θ)

and β(θ), as well as the excluded volume |û1 × û2| =
√

1 − (û1 · û2), to first order in the cosine of

the angle between the two filaments, û1 · û2. With this approximation, the motor-induced linear
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and angular velocities v1 = V + v/2 and ω1 are written as

v =
β0

2
(û2 − û1) +

α̃0

2
ξ

+
[β1

2
(û2 − û1) +

α̃1

2
ξ
]

(û1 · û2) + O((û1 · û2)
2) , (C14)

V = −σ

4
β0(û1 + û2) +

σ

4
α̃0(û1s1 + û2s2)

−σ

4
[β1 − β0(1 − σ)](û1 · û2)(û1 + û2)

+
σ

4
[α̃1(û1s1 + û2s2) − α̃0(1 − σ)(û1s2 + û2s1)](û1 · û2) + O((û1 · û2)

2) , (C15)

ω1 = 2[γP + γNP (û1 · û2)]û1 × û2 + O((û1 · û2)
2) , (C16)

and |û1×û2| ≈ 1. As indicated in the main text, contributions of higher order in û1 ·û2 only change

the values of the numerical coefficients of the various terms in the expressions for the currents given

below, but do not contribute any qualitatively new terms.

Finally, we insert the moment expansion of the filament concentration c(r, ν̂, t), truncate it to

the first three moments, as given in Eq. (B14), and evaluate the active contributions to the various

current densities defined in Eqs. (3.8-3.10) and (3.11-3.12). The calculation of the angular integrals

is quite lengthy and has been carried out with Maple.

The motor current density is given by

Jm
i = mTi +

l3

48

[

Tj∂i∂jm +
1

2
Ti∇2m

]

+ O(∇3) . (C17)

The active contribution to the current density is naturally written as the sum of two parts

JA
i (r, t) = ρVi + ∂jσ

A
ij , (C18)

where

ρVi = −m̃

6

(2β0

3
+

β1

2

)

ρTi −
m̃

6

(

β1 −
2β0

3

)

QijTj +
m̃α0

3

(

Qij∂jρ − ρ∂jQij

)

+
1

3

[

α0ρ
(

Qij +
1

2
δijρ

)

− 2

3
α0

(

Qik +
1

2
δikρ

)(

Qkj +
1

2
δkjρ

)

+
α1

2

(

TiTj +
1

2
δijT

2
)]

∂jm , (C19)

and the active contribution to the stress tensor, σA
ij, is given by

σA
ij = α0m̃ρ

(

Qij +
1

2
δijρ

)

+
α1

2
m̃

(

TiTj +
1

2
δijT

2
)

, (C20)

with α0 = α̃0/48 and α1 = α̃1/48. The drift Vi vanishes in a passive system and arises entirely from

the contribution to the active current from the net velocity V of the pair. It is in fact proportional
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to σ = (ζ⊥ − ζ‖)/(ζ⊥ + ζ‖) and vanishes for isotropic objects. The term proportional to α0 in the

stress tensor describes the built-up of density inhomogeneities via filament bundling and has an

effect opposite to that of conventional diffusion. As shown below, this is the main term responsible

for driving the instability of homogeneous states.

The active contributions to the translational and rotational polarization currents are given by

JA
ij = m̃

β0

6
TiTj −

m̃

6
(β1 − β0/6)

[

TiTj +
1

2
δijT

2
]

−m̃
β0

3
ρ
(

Qij +
1

2
δijρ

)

+
m̃

6
(β1 + β0/3)

(

Qik +
1

2
δikρ

)(

Qjk +
1

2
δjkρ

)

+
α0

3
m̃

(

Ti∂j + Tj∂i + δijT · ∇
)

ρ +
α1

4
m̃ρTij +

α0

3
m̃Tj∂iρ

+
2α0

3
m̃Tj∂kQik +

α0

18
m̃

[

δijTl∂kQkl − Tk∂kQij + Ti∂kQkj − Tk∂jQik

]

+
α1

6
m̃QjkTki +

2α1

9
m̃

[1

2
δijQklTkl − Qij∇ · T + QikTkj + QjkTki

]

+
1

6
(α1 + 11α0/6)ρ

(

Ti∂j + Tj∂i + δijT · ∇
)

m̃

+
2α1

9

[

Qjk(Tk∂i + Ti∂k) + δijQklTl∂k

]

m̃

+
1

9
(2α1 − α0/2)

[

Qik(Tj∂k + Tk∂j) + QijTk∂k

]

m̃ , (C21)

where

Tij = ∂iTj + ∂jTi + δij∇ · T . (C22)

and

RA
i = −γP m̃ρTi + (2γP − γNP )m̃TjQij

−γP

24

{1

4
ρ(3δij∇2 − 2∂i∂j)(m̃Tj)

−1

3

[

Qij(δjk∇2 + 2∂j∂k)(m̃Tk) + Qjk∂j

(

2∂i(m̃Tk) − 5∂k(m̃Ti)
)]

+
1

4
m̃ρ(δij∇2 + 2∂i∂j)Tj −

1

2
m̃Qij(δjk∇2 + 2∂j∂k)Tk

}

−γNP

24

{1

3

[

Tj(δik∇2 − ∂i∂k)(m̃Qjk)

+2Tk∂k∂j(m̃Qij) −
1

2
Ti∂j∂k(m̃Qjk)

]

+
1

4
m̃Tj(∂j∂i −

1

2
δij∇2)ρ

+
1

6
m̃

[

Tj(δik∇2 + 2∂i∂k)Qjk + 2Tk∂k∂jQij − 2Ti∂j∂kQjk

]}

. (C23)

Finally, the translational and rotational contributions to the alignment tensor current are

JA
ijk =

m̃

12

{

− 1

4

(10

3
β0 + β1

)

ρ(δikTj + δjkTi − δijTk) +
1

3

(19

3
β0 − 2β1

)

TkQij

+
1

6

(5

3
β0 − β1

)

(TjQik + TiQjk − δijTlQkl)
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+
1

3

(1

3
β0 − 2β1

)

Tl(δikQjl + δjkQil − δijQkl)
}

+
1

9
α0

{

m̃
[1

4
(δikδjn + δjkδin − δijδkn)ρ +

19

3
δknQij

+
1

3
(δjnQik + δikQnj + δinQjk + δjkQin − 2δijQkn)

]

∂l(Qln +
1

2
δlnρ)

+
11

2

[1

4
(δikδjl + δilδjk − δijδkl)ρ +

1

3
δklQij

+
1

3
(δjlQik + δikQjl + δilQjk + δjkQil − 2δijQkl)

]

∂l(m̃ρ)

−
[1

4
(δinδjl + δilδjn − δijδln)ρ +

1

3
δlnQij

+
1

3
(δilQjn + δjnQil + δjlQin + δinQjl − 2δijQln)

]

∂l(m̃Qkn)
}

+
1

6
α1

{1

4
m̃(δinTj + δjnTi − δijTn)∂l(δklTn + δknTl + δlnTk)

+
1

3
(∆vijkln − 3δij∆klnv)Tv∂l(m̃Tn)

}

, (C24)

where

∆ijkl = δijδkl + δikδjl + δilδjk . (C25)

∆ijklnp = δij∆klnp + δik∆jlnp + δil∆kjnp + δin∆kljp + δip∆klnj . (C26)

and

RA
ij = −2γP m̃(TiTj −

1

2
δijT

2) − γNP m̃ρQij

−γP

48

{m̃

2
(Ti∇2Tj + Tj∇2Ti) + m̃(Ti∂j + Tj∂i)∂kTk − 1

2
δijm̃(Tk∇2Tk + 2Tk∂k∂lTl)

+
2

3

[

Ti∇2(m̃Tj) + Tj∇2(m̃Ti) − (Ti∂j + Tj∂i)∂k(m̃Tk) − Tk∂i∂j(m̃Tk)

−1

2
δij

(

Tk∇2(m̃Tk) + 2Tk∂k∂l(m̃Tl)
)

+ 2Tk∂k

(

∂i(m̃Tj) + ∂j(m̃Ti)
)]}

−γNP

48

{m̃

2
ρ
[

∂i∂jρ − 1

2
δij∇2ρ +

2

3
(∇2Qij + 2∂i∂kQjk + 2∂j∂kQik − 2δij∂k∂lQkl)

]

+
m̃

3

[

Qik∂j∂kρ + Qjk∂i∂kρ − Qij∇2ρ − δijQkl∂k∂lρ
]

+
2m̃

9

[

Qik∇2Qjk + Qjk∇2Qik + 2Qil(∂j∂kQkl + ∂k∂lQjk)

+2Qjl(∂i∂kQkl + ∂k∂lQik) − 4Qij∂k∂lQkl − δijQkl(∇2Qkl + 4∂l∂rQkr)
]

+
1

3
ρ
[

2∇2(m̃Qij) + ∂i∂k(m̃Qjk) + ∂j∂k(m̃Qik) − δij∂k∂l(m̃Qkl)
]

+
1

3

[

Qik∇2(m̃Qjk) + Qjk∇2(m̃Qik) − 2Qil

(

∂j∂k(m̃Qkl) − ∂k∂l(m̃Qjk)
)

−2Qjl

(

∂i∂k(m̃Qkl) − ∂l∂k(m̃Qik)
)

+ 2Qkl

(

∂i∂k(m̃Qjl) + ∂j∂k(m̃Qil)
)

+3Qkl∂k∂l(m̃Qij) − Qij∂k∂l(m̃Qkl) − Qkl∂i∂j(m̃Qkl)

−δijQkl

(1

2
∇2(m̃Qkl) + 2∂l∂r(m̃Qkr)

)]}

. (C27)
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FIG. 12: (color online) The density mode zρ as a function of k for different values of the parameter α for

m̃ = 1, ρ0 = 1, α
′

c ≃ 0.57 and αc ≃ 1.23. For α
′

c < α < αc the isotropic state is always stable, and for

α > αc the isotropic state is unstable for long wavelength.

The general nonlinear equations are fairly complicated, but the various terms have simple

physical interpretations, as will become apparent below. The terms proportional to α0 and α1 tend

to bundle filaments together, therefore enhancing density fluctuations. The terms proportional

to β0 and β1 tend to align the filaments in the direction of the polarization and thus suppress

polarization fluctuations. The γP and γNP terms rotate and align filament and play a crucial role

in controlling the possible homogeneous states of the system.

APPENDIX D: ROLE OF HIGHER ORDER GRADIENTS

Here we discuss the role of terms of order higher than second in the gradients of the hydrody-

namic fields in controlling the bundling instability. For simplicity we only consider the instability

of the isotropic state. In this case the only hydrodynamic variable is the filament density. Including

terms of order up to k4, the dynamics of the Fourier components of density fluctuations defined in

Eq. (5.2) is governed by

∂tρk = −k2
[3

4
D(1 + v0ρ0) − αmρ0

]

ρk +
1

96

[13

4
Dv0ρ0 −

19

5
αmρ0

]

k4ρk . (D1)
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Their decay is controlled by a single diffusive mode, given by

zρ = −C2k
2 + C4k

4 , (D2)

where

C2 = mρ0(αc − α) , (D3)

C4 =
19

480
mρ0(α

′
c − α) , (D4)

and

αc =
3Dv0

4m

1 + v0ρ0

v0ρ0

, (D5)

α′
c =

65Dv0

72m
. (D6)

At the low filament densities where the isotropic phase exists the value αc where the coefficient

C2 changes sign grows rapidly with filament density, while at the value α′
c where the coefficient C4

changes sign is independent of ρ0. We therefore expect αc > α′
c in the region of interest. We can

then identify three regions:

• For α < α′
c both C2 and C4 are positive. Long wavelength density fluctuations always decay

and the isotropic state is stable. The growth rate defined in Eq. (D2) becomes positive for

k > k0, with k0 =
√

C2/C4, but this short scale instability is outside the range of validity of

the present work. We expect that it will be suppressed by terms of even higher order in the

gradients.

• For α′
c < α < αc we have C2 > 0 and C4 < 0 and the isotropic state is always stable.

• For α > αc the eigenvalue zρ(k) controlling the dynamics of density fluctuations becomes

positive for k < k0. In this regime long wavelength density fluctuations grow in time and the

isotropic state is unstable. The isotropic state is stabilized again at short scales, k > k0 =
√

C2/C4.

The location of the instability in the (α, ρ0) is not affected by terms beyond quadratic in the

gradients. These terms do, however, introduce a length scale corresponding to the wavevector

k0 =
√

C2/C4 ∼
√

(α − αc)/(α − α′
c) beyond which the isotropic state is stabilized by short scale

effects as seen in Fig. 12. The wavevector of the fastest growing mode in the unstable region is
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km =
√

C2/2C4 ∼
√

αc/(αc − α′
c) ∼ ǫ1/2, that vanishes with the distance ǫ = (α − αc)/αc from

the instability.
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