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     In this study, vibration analysis of single-walled carbon nanotube (SWCNT) has been carried out by using a refined 

beam theory, namely one variable shear deformation beam theory. This approach has one variable lesser than a contractual 

shear deformation theory such as first-order shear deformation theory (FSDT) and acts like classical beam approach but with 

considering shear deformations. The SWCNT has been placed in an axial or longitudinal magnetic field which is also exposed 

to both the hygroscopic as well as thermal environments. The thermal environment is considered as nonlinear thermal stress 

field based on the Murnaghan’s model whereas the hygroscopic environment is assumed as a linear stress field. The size effect 

of the SWCNT has been captured by both the nonlocal and gradient parameters by employing the Nonlocal Strain Gradient 

Theory (NSGT). Governing equation of motion of the proposed model has been developed by utilizing the extended 

Hamilton’s principle and the non- dimensional frequency parameters have been computed by incorporating the Navier’s 
approach for Hinged-Hinged (HH) boundary condition. The proposed model is validated with the existing model in special 

cases, by comparing the non- dimensional frequency parameters, displaying an excellent agreement. Further, a parametric 

study has been conducted to analyze the impact of nonlocal parameter, gradient parameter, thermal environment, hygroscopic 

environment, and magnetic field intensity on the non-dimensional frequency parameters. Also, results for some other theories 

like Classical Elasticity Theory (CET), Nonlocal Elasticity Theory (NET), and Strain Gradient Theory (SGT) have been 

presented along with the NSGT. 

Keywords: SWCNT; Hygroscopic environment; Nonlinear thermal stress; Magnetic field; NSGT; New refined beam theory. 

1. Introduction

Humidity sensors are now widely used in industrial processes and environmental control. For manufacturing

high precision circuits in the semiconductor industry, the level of humidity in the manufacturing process is 

monitored.  Figure 1 shows the schematic representation of a CNT-based humidity sensor fabricated from suspended 

nanotube. Fig. 2a also illustrates the schematic diagram of another humidity sensor composed of anode CNT on a 

silicon plate and cathode ITO film glass plate which are insulated by a glass frame. As shown in Fig. 2b, the 

measurement method of the mentioned nanotube-based sensor installed above a cup of saturated fluid in which 

biased DC voltage can be applied between the cathode and anode and the air in the container is pumped out.  
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Fig. 1. SEM image of the suspended humidity sensor CNT [Arunachalam et al., 2019] 

Fig. 2a. Schematic configurations of the sensor device [Huang et al., 2009] 
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Fig. 2b. Schematic configurations of the measurement method [Huang et al., 2009] 

         There are also many home applications such as intelligent control of the environmental features of buildings, 

baking control for microwave ovens, intelligent control of the washing machine, as well as in the automotive 

industry humidity sensors are used in the glass detergent system and motor assembly lines. In the medical field, 

humidity sensors are used in respiratory equipment, sterilizers, early childhood growth chambers, medicine 

manufacturing processes, and biological products. In agriculture, moisture sensors are used to ventilate greenhouses, 

protect plants (prevent dew), measure soil moisture, and store cereals. In the industry in general, humidity sensors 

are used to control humidity in the purification of chemical gases, dryers, ovens, thin films, and feed processes. 

Humidity sensors must have conditions such as high sensitivity to humidity and short response time, high service 

life, durability, and mechanical strength, appropriate temperature dependence, and resistance to contamination [Cao 

et al., 2011; Moraes et al., 2014; Ma et al., 1995; Arunachalam et al., 2018]. To date, various structures have been 

proposed for the construction of humidity sensors. But it can be truly stated that carbon nanotubes (CNTs) in single-

walled (SWCNTs) and multi-walled (MWCNTs) structures can be one of the best types of structures used for 

moisture sensors [Zhao et al., 2011; Han et al., 2012; Jung et al., 2014; Quelennec et al., 2019]. 

 To predict statically and dynamically the behavior of micro/nanoscale structures and devices, there have been 

demonstrated various ways, such as molecular mechanics [Ansari et al., 2012], equivalent energy method 

[Mohamed et al., 2020; Eltaher et al., 2019a], multi-scale homogenization [Ebrahimi and Dabbagh, 2019], and 

elasticity continuum mechanic. The continuum approaches are the costly and simpler available theories. Within 

these hypotheses, first and second strain gradients of Mindlin [Mindlin, 1965, Mindlin and Eshel, 1968; Akgöz and 

Civalek, 2014], and couple stress theories [Akgöz and Civalek, 2012; Zeighampour and Tadi Beni, 2014; Eltaher et 

al., 2018; Malikan, 2017] can show size-dependent response of micro/nanostructures. Though these theories are 

unable to give nonlocality for the atomic lattice. On the other side, nonlocality is another discovered phenomenon of 

nanoscale size which declares that stress into an atom is related to strain in all atoms in the atomistic domain. This 

hypothesis is a well-known approach named as nonlocal elasticity theory formulated by Eringen and has been being 

used exceedingly [Eringen, 1972; Aydogdu and Filiz, 2011; Demir and Civalek, 2014; Ansari and Gholami, 2014; 

Islam et al., 2014; Numano฀lu et al., 2015; Jena et al., 2020a, 2020b]. There is also a combination of these 

approaches called nonlocal strain gradient theory presented by Lim et al. [2015]. According the idea done by these 

researchers, a nanostructure apart from stress nonlocality, needs strain gradients. Because deformations of atoms 

also present gradients of strain as strain in the center of atoms will be different with the top or bottom and therefore 

there is a rate for variations of strain throughout the thickness. There is also another type of nonlocal continuum 

model known as stress-driven nonlocal elasticity [Apuzzo et al., 2018; Barretta et al., 2020; Luciano et al., 2020; 

Barretta, and Marotti de Sciarra, 2018]. Moreover, there are several other properties for nanomaterials that have 

been known so far, such as surface elasticity [Eltaher et al., 2019b]. 
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          In the case of humidity, thermal, and magnetic conditions analysis of CNTs and nanobeams, attempts to 

predict the durability, stability, and mechanics of CNTs have been spread over the current decade [Kraus, 1984;  

Zhen and Fang, 2010; Maachou et al., 2011; Kiani, 2012; Narendar et al., 2012; Pradhan and Mandal, 2013; Li et 

al., 2016; Mohammadi et al., 2016; Ma et al., 2017; Ebrahimi and Barati, 2017a, 2017b; Chang, 2017; Jena and 

Chakraverty, 2018; Jena and Chakraverty, 2019; Kiani, 2018; Malikan et al., 2018a; Alibeigi et al., 2018; Malikan 

et al., 2019; Zhen et al., 2019; Karami et al., 2019; Barati et al., 2019; Jena et al., 2019a, 2019b, 2019c]. However, 

there are already many gaps to fill the studies about the mechanical analysis of CNTs. In terms of the literature and 

close published works, Ponnusamy and Amuthalakshmi [2015] investigated the effects of magnetic and thermal 

environments on natural frequencies of a double-walled carbon nanotube (DWCNT) based on the Timoshenko beam 

hypothesis. The nonlocal approach of Eringen was considered for the model to examine nanoscale impacts. Zidour 

et al. [2012] studied the influence of temperature of the environment on the dynamic response of the Zigzag carbon 

nanotubes based on the Timoshenko beam approach in a nonlocal domain. Ebrahimi and Barati [2017a] performed 

hygro and thermal influences on the vibrational response of a nanobeam. The beam was assumed as temperature-

dependent material, and the effect of material nonhomogeneity was also taken into consideration. They used three 

kinds of thermal distributions, namely linear, uniform and sinusoidal temperature changes. Besides, the Euler-

Bernoulli kinematic beam approach was employed to present the equations of motion. Mouffoki et al. [2017] 

analyzed the vibration behavior of a nanobeam on the basis of the nonlocal continuum model subjected to humidity 

and temperature changes. They used a refined two-trigonometric shear deformation model in order to capture the 

formulation. Three kinds of distributions for the thermal environment were applied, namely, sinusoidal, uniform and 

linear thermal in-plane forces. The nanobeam was also assumed as a functional material. Jouneghani et al. [2018] 

modeled a nanobeam in a thermo-hygral environment with considering material porosity in order to calculate the 

static bending deflections. The nanoscale influence was taken on the basis of continuum nonlocal theory. Arefi and 

Soltan Arani [2018] investigated a fully environmental effect consisting of electric, magnetic, humidity, and 

temperature changes on the deflection analysis of a nanobeam which incorporated a functional property. The 

constitutive equations were derived on the basis of a higher-order beam model, namely the third-order shear 

deformation approach. Dini et al. [2019] developed the studies on the hygrothermal effects of CNTs by presenting 

research on the dynamics of DWCNTs under magnetic, thermal and humidity surroundings. They utilized the field 

of Euler-Bernoulli in order to extract the basic equations. The nonlocality was evaluated based on the model of 

Eringen. Jalaei et al. [2019] recently presented the influences of thermal and magnetic fields on the dynamic 

instability of a nonlocal strain gradient beam based on the Timoshenko beam hypothesis. Habibi et al. [2019] 

conducted research on a nanobeam located in a thermo-electro-magneto-elastic environment on the basis of the 

Euler-Bernoulli kinematic displacement field. They developed the model in a small-scale region regarding the 

modified couple stress theory. Ebrahimi-Nejad et al. [2019] studied the effects of thermo-mechano-hygral 

environments for considering small scale influences for vibrations analysis of a nanobeam, which included 

functional property. They implemented a porosity into the model and derived their mathematical relations based on 

the Eringen’s stress nonlocality and classic beam approach. The numerical outcomes were also presented on the 
basis of different edge conditions. Arani et al. [2015] studied flexular vibration stability of double walled 

viscoelastic carbon nanotube carrying fluid by using Timoshenko beam model. The nanotube was embedded in 

Pasternak elastic  foundation while Vander Waals (vdW) force of attraction between the inner and outer layer of the 

nanotube was taken into consideration as per Lenard-Jones model. In the work of Yazdani et al. [2019], vibration 

characteristics of Cooper-Naghdi micro sandwich cylindrical shell were studied considering saturated porous core 

with reinforced carbon nanotube piezoelectric composite face sheets with help of first order shear deformation 

theory and modified couple stress theoy. 

         To the best of authors knowledge, no research was found where mechanical behavior of carbon nanotubes are 

studied by considering thermal environment as nonlinear thermal stress field based on the Murnaghan model and 

hygroscopic environment based on a linear stress field. All the published lieratures close to the present work were 

reviewed, some of which may not be mentioned in this article due to the large volume of references. To this end, the 

authors are motivated to study free vibration of  SWCNT placed in an axial magnetic field subjected to hygro-

thermal environment assuming nonlinear thermal stress field based on the Murnaghan model. A modified beam 

model, namely, one variable shear deformation beam theory is used to investigate the displacement field of the 

beam. Size-dependant effect of the CNT has been captured by nonlocal strain gradient theory (NSGT) and other 

special cases such as Classical Elasticity Theory (CET), Nonlocal Elasticity Theory (NET), and Strain Gradient 

Theory (SGT) have also been encorporated. Further, a parametric analysis is carried out to investigate the influence 

of nonlocal parameter, gradient parameter, thermal environment, hygroscopic environment, and magnetic field 
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intensity on the non-dimensional frequency parameters by using graphical results employing Navier’s technique for 
HH boundary condition.  

2.    Formulation of Proposed Model 

        In this investigation, a zigzag type of SWCNT of length L , thickness h , and diameter d  has been exposed to 

hygro-thermal-magneto environments with nonlinear temperature distribution based on the Murnaghan model. The 

schematic diagram of this model is illustrated in Fig. 3. In the upcoming subsection, reviews of NSGT, Maxwell’s 
relations, and hygro-thermal environments have been summarized and the proposed model is developed.  

 

 

 

Fig. 3 Schematic diagram of zigzag type SWCNT subjected to hygro-thermal-magneto environments 

 

2.1.    Review of the nonlocal strain gradient theory 

         Total stress field tensor, as per the nonlocal strain gradient theory [Lim et al., 2015; Li et al., 2016; Lu et al., 

2017; Khaniki and Hosseini-Hashemi, 2017; Jena et al., 2019d], depends on not only classical nonlocal stress tensor 

but also on higher-order nonlocal stress tensor which is presented as 

                                                                              , t                                                                                  (1) 

where     xdxaexxE xx

L

  
0

0,,  and     xdxaexxEl xxx

L

 
,

0

1
*2 ,,   are the classical nonlocal stress 

tensor and the higher-order nonlocal stress tensor, respectively.   aexx 0,,   and  aexx 1
* ,,   represent the 

nonlocal kernels, xx and xxx , represent the strain tensor and gradient of the strain tensor, L and l  denote the 

external characteristics length of the beam and gradient parameter, and ae0 , and ae1 are the nonlocal parameters 

due to the higher-order strain gradient stress field. Applying the nonlocal differential operator 

  1,0,1 22  iaeii  on the stress field defined in Eq.(1), we obtain [Lim et al., 2015; Li et al., 2016; Lu et al., 

2017; Khaniki and Hosseini-Hashemi, 2017; Jena et al., 2019d; Malikan, 2020; Malikan et al., 2020] 

                               xxxxxx aeElaeEtaeae  222
0

222
1

22
1

22
0 )(1)(1)(1)(1                            (2) 

Assuming aeae 10  , the first order nonlocal strain gradient model for 1D elastic material will be modified as  
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2.2.     Review of Maxwell’s relations 

        From Maxwell's relations, we have [Kraus, 1984; Narendar et al., 2019; Ebrahimi and Barati, 2017a] 

                                                                        

)(,

,0,,

HUhH
t

U
e

h
t

h
ehJ







 














                                                     (4) 

Here J  is the current density vector, h  is the initially applied disturbance to the magnetic field, e  denotes the 

strength of the electric field,   symbolizes the magnetic permeability,  0,0,xHH   is the applied longitudinal 

magnetic field vector on SWCNT, and ),,( wvuU   represents the displacement field vector of the SWCNT. 

Using Eq. (4), we now obtain  
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The Lorentz force induced by applied longitudinal magnetic field vector may be written as [Kraus, 1984; Narendar 

et al., 2019; Ebrahimi and Barati, 2017a] 
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Now, the resultant Lorentz force in the z-direction can be obtained as [Kraus, 1984; Narendar et al., 2019; Ebrahimi 

and Barati, 2017a] 

                                                                           
2

2
2

x

w
AHdAff x

A
zLz




                                                             (8) 

2.3. Review of Hygrothermal environment 

          Based on thermal elasticity theory, the axial force due to the thermal environment  T
N  can be given as [Je¸ 

kot, 1996; Mohammadi et al., 2016; Takahashi, 2018] 

                                                                                dATN
A

T                                                                         (9) 

in which  T is the nonlinear elastic stress temperature coefficient, which may be defined as [Je  ̧ kot, 1996; 

Mohammadi et al., 2016; Takahashi, 2018] 

                                       22ˆ ThTET xx      with      2
1

2
11 1221ˆ  nmlh                                (10)  

where T  is the change in temperature, x  is the coefficient of thermal expansion,  111 ,, nml are Murnaghan’s 

third-order elastic constant, E  is Young’s modulus and   is the Poisson’s ratio. 

Substituting Eq. (10) into Eq. (9), we obtain [Je¸ kot, 1996; Mohammadi et al., 2016; Takahashi, 2018] 
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                                   2222 ˆˆ ThATEAdAThTEdATN xx
A

xx
A

T                           (11) 

According to Hygroscopic elasticity theory, the axial force due to the Hygroscopic environment  H
N  can be 

presented as [Je¸ kot, 1996; Mohammadi et al., 2016; Takahashi, 2018] 

                                                                                   dAHN
A

H                                                                    (12) 

Here  H is the elastic stress due to Hygroscopic environment, which is defined as [Je¸ kot, 1996; Mohammadi et 

al., 2016; Takahashi, 2018] 

                                                                                     HEH x                                                                      (13) 

in which  x  denotes the hygroscopic expansion coefficient, and H is the change in moisture concentration.  

Plugging Eq. (13) into Eq. (12), we have [Je  ̧kot, 1996; Mohammadi et al., 2016; Takahashi, 2018] 

                                                          HEAdAHEdAHN x
A

x
A

H                                            (14)                              

2.4. Governing equations of motion for the proposed model  

           According to the new refined beam theory [Malikan et al., 2019], there is a possibility to derive a new beam 

theory in a combination of first-order shear deformation theory and simple beam/plate theory [Thai et al., 2016]. 

There can also be seen other efforts to gain a beam theory from another one by some researchers [Barretta, 2012, 

2013, 2014; Romano et al., 2012]. They derived a view of first-order shear deformation theory based on the Saint-

Venant beam model.  

The displacement fields can be expressed as [Malikan et al., 2019] 
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                                         (15)                              

Here  txu ,  and ),( txw are the displacements of the neutral axis in axial and transverse directions, respectively. 

AG

EI
B  , where E  is Young’s modulus, 

A

dAzI
2  is the moment of area, A  is the area of cross-section, and G  

is the shear modulus.  

The strain displacement relations due to the new refined beam theory are given as   
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Considering the axial strain due to hygrothermal environments, Eq. (16) will be converted into 
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The virtual strain energy  U  for  SWCNTs may be written as  
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where  
A

xxxx dAzM  ,  
A

xxxx dAN  , and  
A

xzxz dAQ  are the local stress resultants of the beam. 

The  virtual kinetic energy  T  of the nanotube can be written as 
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in which   ArdrdI
r




 
2

0
0

0  and     IrdrdrI
r




 
2

0
0

2
2 sin , are called mass moments of inertia. As far 

as the linear analysis is adopted, the 1I   would be ignored. 

The virtual work done  W  by external loads such as longitudinal magnetic field, nonlinear thermal environment, 

and the hygroscopic environment is obtained as  

                                     wdx
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Replacing Eqs. (18-20) into the extended Hamilton’s principle  dtTUW

t

 
0

  and setting   to zero, 

the equations of motion can be presented as 
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From the Hookean stress-strain elasticity relation we have 
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From the nonlocal strain gradient theory, i.e., from Eq. (3), we have  
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in which klij  , and ijklC  are stress tensor, strain tensor, and elastic modulus constant, respectively.  

From Eq. (22) and Eq. (23), the nonlocal stress resultants may be obtained as  
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Implementing Eq. (24) in Eq. (21), the governing equation of motion is obtained as 
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By setting gradient parameter 0l , the above equation i.e. Eq.(25) will be reduced into the governing equation of 

motion for NET. Similarly, by letting nonlocal parameter 00 ae , we will obtain the governing equation of motion 

for SGT. When both the nonlocal and gradient parameters 00  lae , the Eq. (25) will be modified into the 

governing equation of CET. 

3. Analytical method 

        In this investigation, Navier’s approach has been employed on the governing equation, i.e., Eq. (25) to 

compute the frequency parameters of SWCNTs for the Hinged-Hinged (HH) boundary condition. As per  Navier’s 
approach, the transverse displacement  txw ,  can be presented as [Malikan et al., 2019] 

                                                                      ,sin,

1

ti

n

n
nex

L

n
Wtxw












                                                            (26)        

where ,nW and n  are amplitude of the transverse displacement and frequency of the SWCNTs.  

Substituting Eq. (26) into Eq. (25), the frequency parameters  2
n  may be obtained as 
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Again simplifying Eq. (27), we have 
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4. Results and discussion 

         In this investigation, zigzag type SWCNT is taken into consideration having chirality indices  0,21 . The 

corresponding diameter is nmd 64.1 , which is calculated by using the expression  mnmn
a

d  223


as 

given in Zhen and Fang [2010], where nma 142.0 , is the C-C bond length. The non-dimensional frequency 

parameters 











EI

I
Lnn

02  have been computed for the Hinged-Hinged (HH) boundary condition using the 

Navier’s approach. We have acquired Young’s modulus TPaE 1 , thickness of the SWCNT nmh 34.0 , mass 

density 
3/1370 mKg , and Poisson’s ratio 19.0  from Zhen and Fang, [2010] as well as the magnetic 

permeability mH /104 7   and the magnetic field intensity mAH x /104 8  from Zhen et al. [2019]. 

Similarly, coefficient of thermal expansion 16101.2  Kx  and coefficient of hygroscopic expansion 

  1
2OHof%wt.0026.0

x  are taken from Karami et al. [2019]. 

4.1.     Validation 

          As there is no existing model similar to the proposed problem, the validation of the present model is 

conducted by comparing the non-dimensional frequency parameters with the existing model in special cases. In this 

regard, hygroscopic environment, thermal environment, magnetic field, and gradient parameter, and B  are 

neglected, and frequency parameters of HH boundary conditions are compared with Jena and Chakraverty [2018], 

which is demonstrated in Table 1. Further,  to verify the refined beam model, numerical outcomes of the present 

work are also compared with the results of molecular dynamics study [Mehralian et al., 2017], in special cases, 

which is depicted in Table 2. For the calculation of numerical results, TPaE 06.1 , 19.0 , and nmd 68.0  are 

considered with nonlocal parameters taken as 3.30 ae to nm5.3 . It may be noted that the first-order of shear 
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deformation model in a shell domain for the carbon nanotube has been taken in [Mehralian et al., 2017] for Hinged-

Hinged boundary condition. From Tables 1-2, one may observe an excellent agreement between the present and 

existing results for both computational and molecular dynamics study.   

Table 1. Validation of present model with Jena and Chakraverty [2018] in special cases. 

2
0 )( ae  

in 
2

nm  

1  2  3  

Present [A] [B] Present [A] [B] Present [A] [B] 

0 3.1416 3.1416 0 6.2832 6.2832 0 9.4248 9.4248 0 

1 3.0685 3.0685 0 5.7817 5.7817 0 8.0399 8.0400 0.0012 

2 3.0032 3.0032 0 5.4324 5.4324 0 7.3012 7.3012 0 

3 2.9444 2.9444 0 5.1683 5.1683 0 6.8117 6.8118 0.0014 

4 2.8908 2.8908 0 4.9580 4.9581 0.002 6.4520 6.4520 0 

 
[A]: Jena and Chakraverty [2018],  [B]: % difference in results 

Table 2. Comparison of natural frequencies (THz) for a nanotube  

d
L  [C] 

Eringen’s nonlocal elasticity theory 

[D] 
Present, 

[Malikan et al., 2018a] 

% difference 

with [C]  

% difference 

with [D]  

4.86 1.138 0.758 0.759 33.3040 0.1319 

8.47 0.466 0.333 0.354 24.0343 6.3063 

13.89 0.190 0.165 0.163 14.2105 1.2121 

17.47 0.122 0.121 0.124 1.6393 2.4793 

 

[C]: [Mehralian et al., 2017] (MD), [D]: [Mehralian et al., 2017] (ENET) 

 

4.2.    Effect of nonlocal parameter 

          In this subsection, the effect of nonlocal parameter  ae0  on the non-dimensional frequency parameters has 

been studied. As the NSGT is the generalization of CET, NET, and SGT, graphical results for CET, NET, and SGT 

are also presented. From computational purpose, rise in Temp.   KT 50 , change in moisture concentration 

   OHof%wt.1 2H , and length of SWCNT   nmL 10  are taken. The effects of nonlocal parameter  ae0
 

have been investigated on frequency parameters corresponding to CET, NET, SGT, and NSGT, which are illustrated 

in Figs. 4-6. From these results, it is observed that the non-dimensional frequency parameters are decreasing with 

increase in nonlocal parameter for NET, and NSGT whereas the frequency parameters for CET and SGT remain 

constant as these two theories are size-independent with respect to nonlocal parameter. Among these four theories, 

SGT possesses the highest value of non-dimensional frequency parameters, while NET is having the lowest value of 

non-dimensional frequency parameters. For the lower value of nonlocal parameters, the difference between NSGT 

and SGT is less, but this difference becomes much more prominent for the higher value of nonlocal parameter. This 

trend is exactly the same for CET and NET. As a matter of fact, about decreasing trend of results due to enhancing 

in values of nonlocal parameter, one can say that in the differential formulation of Eringen 

 
2

2

0 2
1 ij ijkl kle a C

x
 

  
       

 when the stress is decreased, the strain is increased. This will result in a softening 

effect. Consequently, the increase of nonlocal parameter leads to decreasing of the natural frequencies. 
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Nonlocal Parameter (e0a) 

Fig. 4. First mode frequency parameter Vs. nonlocal parameter  

 

Nonlocal Parameter (e0a) 

Fig. 5. Second mode frequency parameter Vs. nonlocal parameter 
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Nonlocal Parameter (e0a) 

Fig. 6. Third mode frequency parameter Vs. nonlocal parameter 

 

4.3. Effect of gradient parameter 

           Through this subsection, the influence of gradient parameter  l  is analyzed on non-dimensional frequency 

parameters corresponding to CET, NET, SGT, and NSGT, which are depicted in Figs. 7-9. For the computation of 

the graphical results, change in Temp.   KT 50 , change in moisture concentration    OHof%wt.1 2H , 

and  length of SWCNT   nmL 10  are taken into consideration. The gradient parameter is varied from nm0  to 

nm2  with an increment of nm25.0 to capture the microstructure effect. From these graphical results, it is opined 

that the non-dimensional frequency parameters for NSGT and SGT are increasing when the gradient parameter  l  

gets larger, whereas non-dimensional frequency parameters of CET and NET remain unchanged as both the theories 

don’t incorporate microstructure effect. The non-dimensional frequency parameters computed by the SGT are higher 

than those of NSGT as SGT captures more microstructure effects than NSGT. Also, when the gradient parameter 

 l  becomes one, the non-dimensional frequency parameters for CET and NSGT match with each other. As a matter 

of fact, about increasing trend of results due to enhancing in values of gradient parameter, one can write that in the 

differential formulation of Mindlin 
2

2

2
1ij ijkl klC l

x
 
  

       
 when the stress is increased, the strain is decreased. 

This will result in a hardening effect. Consequently, the increase of gradient parameter leads to increasing of the 

natural frequencies. 
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Gradient Parameter (l) 

Fig. 7. First mode frequency parameter Vs. gradient parameter 

 

 

Gradient Parameter (l) 

Fig. 8. Second mode frequency parameter Vs. gradient parameter  
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Gradient Parameter (l) 

Fig. 9. Third mode frequency parameter Vs. gradient parameter 

 

4.4.   Effect of thermal environment 

          In this subsection, the impact of the rise in Temp.  T  on non-dimensional frequency parameters have been 

discussed by considering several elasticity theories, which are specified as CET, NET, SGT,  NSGT with  ael 0  

and NSGT with  lae 0  as well as both the linear and nonlinear distribution of temperatures. The rise in Temp. 

 T  is varied from K0  to K400 , with an increase of K50  and the change in moisture concentration 

   OHof%wt.1 2H , and  length of SWCNT   nmL 10  are considered in this study. In this regard, graphical 

results are plotted by varying change in Temp.  T  with respect to T , which represent the ratio of non-

dimensional frequency parameters with change in Temp. and non-dimensional frequency parameters without change 

in Temp. i.e.  
0with

0with






T

T

n

n
T . From Figs. 10-12, it is very evident that non-dimensional frequency 

parameters are decreasing with the increase in T  for both the linear and nonlinear temperature environment, and 

this decrease is more prominent in the case of higher modes. Also, the nonlinear thermal distribution environment 

possesses higher non-dimensional frequencies corresponding to the linear thermal environment. Physically, 

temperature makes the atoms and molecules far from each other and they will scatter across the whole material. This 

means that the material will be softer in a thermal environment and the stiffness becomes lower. That is why when 

the temperature gets higher, the natural frequency values get lower. 
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Fig. 10. T  Vs. temperature variations for first mode 

 

 

 

Fig. 11. T  Vs. temperature variations for second mode 
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Fig. 12. T  Vs. temperature variations for third mode 

 

 

4.5.     Effect of hygroscopic environment 

         This subsection is aimed to discuss the effect of hygroscopic environment or change in moisture 

concentration  H on non-dimensional frequency parameters corresponding to different elasticity theories like 

CET, NET, SGT,  NSGT with  ael 0  and NSGT with  lae 0 . Concerning this, graphical results are plotted by 

varying H  from  OHof%wt.0 2  to  OHof%wt.4 2  with an increment of  OHof%wt.5.0 2  while taking

KT 100 and nmL 10 . The graphical results which are illustrated in Figs. 13-15, represent the variation H  




















0with

0with

H

H

n

n
H with respect to H . From these results, one may note that rise in moisture 

concentration  H  reduces non-dimensional frequency parameters for all the elasticity theories, and these effects 

are more remarkable in higher modes. Physically, it can be interpreted that the moisture concentration into the 

material can be like some vacancies between molecules and atoms which are filled with water molecules. Naturally, 

this would lead to weakening the resistance of the structure and subsequently the natural frequencies. It is germane 

to say that the moisture has a remarkable effect on the small scale response of the nanostructure. This is due to the 

gap increasing between the results of the CET and several small scale approaches by augmenting the humidity. It 

can be stated the nanostructure can act as a hygral-dependent material as well. 
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Fig. 13. H  Vs. hygral variations for first mode 

 

 

Fig. 14. H  Vs. hygral variations for second mode 
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Fig. 15. 
H  Vs. hygral bariations for third mode 

 

4.6.     Effect of magnetic field intensity 

         The influence of magnetic field intensity  xH  on non-dimensional frequency parameters has been studied 

through this subsection. Various elasticity theories such as CET, NET, SGT,  NSGT with  ael 0  and NSGT with

 lae 0 , have been considered in this investigation. The influence of magnetic field intensity  xH  is varied from 

mA /100 8  to mA /1010 8  with an increment of mA /102 8 whereas KT 100 ,  OHof%wt.1 2H , 

and length of SWCNT nmL 10 . The graphical results are plotted in Figs. 16-18 by varying 
XH with XH and It 

may be noted that 
XH is the ratio of non-dimensional frequency parameter with magnetic field effect and non-

dimensional frequency parameter without magnetic field. These results reveal that the non-dimensional frequency 

parameters are increasing when XH gets larger and this trend is the same for all the elasticity theories but more 

prominent in higher modes. It is also observed that by considering high magnetic field, the gap between outputs of 

CET and small scale approaches would be enhanced leads to this finding that in a strong magnetic field the small 

scale effect would be a vital phenomenon. Physically, when a material with magneto-mechanical coupling feature is 

placed into a magnetic field, the molecules and atoms get closer to one another in whole the material. In short, the 

material will be shortened as a result of contraction which leads to a material with further resistance. That is why by 

an increase in the magnetis potential the material will be stronger resulting in higher natural frequencies. 
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Fig. 16. 
XH  Vs. magnetic field intensity for first mode 

 

 

Fig. 17. 
XH  Vs. magnetic field intensity for second mode 
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Fig. 18. 
XH  Vs. magnetic field intensity for third mode 

 

5. Concluding remarks 

          In the present investigation, Navier’s approach has been implemented to analyze the vibration characteristics 
of SWCNT, which is placed in a longitudinal magnetic field and is also exposed to both the nonlinear thermal 

environment and linear hygroscopic environment. A new refined beam theory has been incorporated to develop the 

model, whereas and the size effect of SWCNT is captured by NSGT. The governing equation of motion of the 

proposed model has been developed by utilizing the extended Hamilton’s principle, and the non- dimensional 

frequency parameters have been computed for Hinged-Hinged (HH) boundary condition. The proposed model is 

validated with the existing model in special cases, displaying an excellent agreement. Further, a parametric study has 

been conducted to investigate the impact of various parameters. Following are the main comments; 

 The non-dimensional frequency parameters are decreasing with an increase in nonlocal parameter for NET, and 

NSGT whereas the frequency parameters for CET and SGT remain constant.  

 The non-dimensional frequency parameters for NSGT and SGT are increasing when the gradient parameter gets 

larger, whereas non-dimensional frequency parameters of CET and NET remain unchanged as both the theories 

don’t incorporate microstructure effect.  
 NSGT with  ael 0  is having the highest value of non-dimensional frequency while NSGT with  lae 0  

possesses the least value. The frequency parameters of NET and NSGT with  lae 0  are matching with each 

other in higher modes when the slenderness ratio gets larger. The same trend is also observed for SGT and  

NSGT with  ael 0 . 

 The non-dimensional frequency parameters are decreasing with the increase in change in Temp.  T  for both 

the linear and nonlinear temperature environments and this decrease is more prominent in the case of higher 

modes. Also, the nonlinear thermal distribution environment possesses higher non-dimensional frequencies 

corresponding to the linear thermal environment. 

 The rise in moisture concentration  H  reduces non-dimensional frequency parameters for all the elasticity 

theories, and these effects are more remarkable in higher modes. 

 The non-dimensional frequency parameters are increasing when the magnetic field intensity  xH gets larger, 

and this trend is the same for all the elasticity theories but more prominent in higher modes. 
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 Nanoscale size materials other than size-dependent can be considered as temperature-dependent structures. This 

means, external temperature fundamentally affects the small scale behavior. And the higher temperature the 

environment, the larger the nanoscale impact. 

 It is observed that the nanobeam can respond as a hygral-dependent structure. 

 The importance of small scale effect can be completely confirmed whilst a strong magnetic field is taken into 

consideration. 
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