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Hyperbolic Conservation Laws with Relaxation*
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Abstract. The effect of relaxation is important in many physical situations. It is
present in the kinetic theory of gases, elasticity with memory, gas flow with
thermo-non-equilibrium, water waves, etc. The governing equations often take
the form of hyperbolic conservation laws with lower-order terms. In this
article, we present and analyze a simple mode! of hyperbolic conservation laws
with relaxation effects. Dynamic subcharacteristics governing the propagation
of disturbances over strong wave forms are identified. Stability criteria for
diffusion waves, expansion waves and traveling waves are found and justified
nonlinearly. Time-asymptotic expansion and the energy method are used in
the analysis. For dissipative waves, the expansion is similar in spirit to the
Chapman-Enskog expansion in the kinetic theory. For shock waves, however,
a different approach is needed.

1. Introduction

The phenomenon of relaxation is important in many physical situations. In the
kinetic theory of monatomic gases, when an equilibrium state is perturbed, it
gradually relaxes to the equilibrium state with Maxwellian velocity distribution.
In the continuum theory of nonmonatomic gases, there are other modes of internal
energy besides the translated one, and when the gas is perturbed, the translational
energy adjusts to its equilibrium value quickly. Other modes relax to their
equilibrium values through collision of gas particles. The time scale for such a
relaxation process may not be short and the phenomenon of thermonon-
equilibrium becomes important. In this case, the compressible Euler equations
should be supplemented by a rate equation governing the nonequilibrium mode of
the internal energy. For elastic material with memory, the stress depends on the
past history of the strain, and a perturbation of a constant state relaxes to the state
satisfying the equilibrium elastic stress-strain relation. For a river flow to be in
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equilibrium, the gravitational force and the frictional force with the riverbed are in
balance, and the water flows with constant speed depending on the depth of the
river. Other relaxation phenomena occur in MHD, traffic flows, etc. The process of
relaxation to equilibrium states can be studied with the aid of the time-asymptotic
expansion in deriving a simplified system. The expansion is valid only in the
absence of strong permanent wave forms. For strong permanent waves such as
traveling waves, certain dynamic subcharacteristics, different from the equilibrium
subcharacteristics obtained through the asymptotic expansion, become the basic
element in governing the propagation of disturbances. The purpose of the present
article is to present these ideas and their analytical justification through a simple
model. Subsequent studies will deal with other physical models.
Consider the following system of two quasilinear hyperbolic equations:
ou  of (u,v)

ot w0

ov  0g(u,v) (4.0

ot Ox

The first equation represents a conservation law for u and the second equation a
rate equation for v. The term h(u, v) acts as a source (or sink) when v is less (or
larger) than its equilibrium value v(u), which is a given function of u. Often h(u, v)
assumes the following form:

=h(u,v), t=20, —ow<x<©.

v, (W)—v
h(u,v)= 22—~
(u,v) )
for some positive function t(u), the relaxation time. We make the following general

assumption: b, 0
u, v

ov

<0, h(u,v,(u)=0 1.2)

for all (u,v) under consideration.
When the solution is close to equilibrium, one often ignores the rate
equation and replaces the conservation law by the equilibrium equation:

o, o)
5t+ 0x

The system (1.1) is assumed to be strictly hyperbolic with characteristics A,(u, v)
<A,(u,v)

=0, fw=f(u0,@w). 1.3)

afa ., .
o v) =Ar, i=1,2,

o 09\ ((¥ _2gV, o )"
o, “)“1/2< 6v> i <<6u ) T4 ou
The equilibrium characteristic for (1.3) is:
Ay(u)= fiu). (1.5)

For a finite perturbation of an equilibrium state (uy, v,(14,)), the solution
eventually relaxes to (i, v,(14)). In such a process the equilibrium characteristic

(1.4)
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A, plays the basic role in the propagation of the disturbance. However, the process
is not approximated accurately by the equilibrium equation (1.3). Instead,
waves diffuse and are approximated accurately by a viscous conservation law of

the form y ; ;
ou  of(w) 0 Ou
atox o (ﬁ(u) 6x)' (1.6)

In Sect. 2, we derive such an equation for diffusion waves as well as for
rarefaction waves. The derivation differs from previous ones in that it is completely
nonlinear and is based on the time-asymptotic expansion rather than the
asymptotic expansion with small relaxation time, cf. [7]. The validity of our
expansion can be justified. Indeed, in Sect. 3 we show that under the assumption
that A, is a subcharacteristic, A; <A, <4,, diffusion waves and expansion waves for
(1.1) are nonlinearly stable and are accurately approximated time-asymptotically
by (1.6).

System (1.1) admits traveling waves (u, v) (x, t) = (o, ) (x —ot), ¢ the speed of
the wave. It turns out the traveling waves for (1.1) are directly related to the shock
waves for (1.3). For each admissible shock wave of (1.3) there exists a traveling
wave for (1.1) with the property that the speed o lies between 4, and 4,. This and
other properties are studied in Sect. 4. A traveling wave is a permanent wave form.
The nature of its stability differs markedly from that of a rarefaction wave. In
Sect. 5, we show that a traveling wave satisfying 4, <o <4, is non-linearly stable.
However, instead of the equilibrium characteristic speed A,, a perturbation is
governed by a certain dynamic subcharacteristic,

o 6f6h<ah>‘1' an

T ou Ovou\dv

The stability is partly the consequence of the compressibility of the traveling wave
with respect to u. The dynamic speed i is close to the equilibrium speed 4, for weak
waves, but in general they are different.

Finally in Sect. 6 we study wave patterns which represent time-asymptotic
states of solutions of (1.1) with different equilibrium states at x = + 00. Such a wave
pattern consists of traveling waves and expansion waves. Weak traveling waves are
smooth. Strong traveling waves may contain discontinuity waves of the two
conservation laws

ot ox ot ox

We use the theory of [5] to study such discontinuity waves. The expansion waves
are based on the equilibrium equation (1.3} and are not exact but time-asymptotic
solutions of (1.1). A new procedure is introduced for the construction of wave
patterns.

Many physical examples are of the form (1.1), cf. [4, 7]. For more complicated
physical models, ue R”, n>1, there is more than one subcharacteristic speed and
more than one mode may eventually survive. In this case, to study the stability of
waves one needs to decompose the solution into several elementary waves and use
a certain hyperbolic technique in addition to the energy method employed here,

ou  of (u,0v) —0 ov  Og(u,v) —0. (1.8)
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[6]. The study of stability of traveling waves for a model in the kinetic theory is
being carried out, [1]. It would be interesting to generalize the theory to other
physical models, [2, 3, 7].

2. Time Asymptotic Expansion

In this section we perform the time-asymptotic expansion for (1.1) and assess its
validity. The first-order expansion is the equilibrium equation (1.3). For (1.3) we
have ou

ou
o +/1*(u)b; =0

For second-order approximation we set
v=v,(u)+0;. 2.1)

Instead of assuming that v (u) satisfies (1.3) we require that v, (1) + v, satisfies a
new equation. The equilibrium equation (1.3) is used to determine the primary
direction of wave propagation.

i)
ot

In deriving (1.3), the rate equation in (1.1) is ignored. We now use the rate equation
to find v,:

+4 (u) — 0 2.2)

0 0

E (v*(u) + Ul) + g (g(ua U*(U) + Ul)) = h(u5 U) - h(ua U*(u)) ’
where we have used (1.2). Since v, is the second-order correction, the above is
simplified into (2.1),

0, (u) + Og(u, v*(u)) oh(u,v *(u))
ot Ox - ov

Finally from (2.2) we arrive at

0= (?ﬂ%@)‘ <—vi(u)l*(u)§_z + W) ’

with the simplified notations

oh Oh
h*(u) = h(“’ v*(u)) s g*(u) = g(ua U*(M)) ) —87* (u) = -6_1—7- (ua v*(u)) > etc.
The value for v, is finally set to be

-1
o= (Be) " (—otin+ Lo L) X 2. @3

Plug (2.1) and (2.3) into the conservation law in (1.1) and we get

%+ %f(u,v#u)—oc(u)%) =0.
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This equation is approximated by

W2 (% (o) %)

ot ox
or
u_ ofyw 9
73?+ 0x . T ox <ﬁ() >
py=Tx (u)(—v*(u)z*(m %) 4 (u)v*(u)> 2.4)

The above procedure is of the same spirit as the Chapman-FEnskog expansion for
the Boltzmann equation, [2]. For the Hilbert expansion one would require v, (1) in
(2.1) to satisfy (1.3) and v, to satisfy an inhomogeneous conservation law. Such an
expansion cannot be justified the way Chapman-Enskog expansion can. One
usually justified these expansions for small mean free path. In the present situation,

write
v, (W) —v
t(w)

where t(u) is the relaxation time. Equations (1.3) and (2.4) may be viewed as the
asymptotic expansions for small 7(u). Since our interest is on the behavior of
solutions for (1.1) with finite relaxation time, we will assess the validity of (2.4) time
asymptotically. Such an analysis will be useful for the study of large-time behavior
of solutions (1.1). Equation (2.4) was derived based on the principle that

u>Vu>Viu. 2.5

This holds for diffusion waves and expansion waves of (2.4) as t—00. In other
words, given a diffusion wave or an expansion wave u(x,t) of (2.4), set v(x,t)
according to (2.2) and (2.3); we expect (u, v) (x, t) to represent a time-asymptotic
state of the original system (1.1). The purpose of such a time-asymptotic expansion
is to obtain the simplified system, (2.4), which is easier to analyze and yet represents
an important phase, the large-time behavior, of the original system, (1.1).

The derived equation (2.4) is well-posed only if the diffusion coefficient f(u) is
positive. From (1.4) and (1.5) it follows that

h(u, v) =

Pw)=—(Ae—24) (A —4,). 2.6)
Thus the stability criterion becomes
Ay <A <Ay, 2.7)

that is, A, is subcharacteristic.

For a perturbation of an equilibrium state (u,, v,.(4)), (2.2)-(2.4) govern the
dissipation process as t—oo. The justification would involve the study of
linearization of (1.1) around the nonlinear diffusion waves provided by (2.4). The
time-asymptotic equivalence of (1.1) and (2.2)+2.4) would be both in L,(x) and
L (x) sense. On the other hand, for rarefaction waves, the stability is in a weaker
sense and the equivalence is expected only in L (x) sense. For L, equivalence, (2.4)
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may be replaced by the simpler equation (1.3). In the next section we study such an
equivalence. One basic assumption we will make throughout is that the two
equations in (1.1) are coupled. Precisely we assume that

o

F (u,v)=0 for all (u,v) under consideration. (2.8)

3. Nonlinear Stability of Rarefaction Waves

When f/(u) =0 and the initial data is such that 1,(x,0) is a nondecreasmg function
of x then the solution of the equilibrium equation (1.3) is an expansion (rarefaction)
wave. Given any state u_ and u,, 4,(u_)<A,(u.), we may construct a smooth
expansion wave ¢(x,t) of (1.3) with o(+ o0, t)=u, by setting

u for x<—k
o(x,0) ={ ug(x) for |x[=k , (3.1)
U, for x>k

where k is a fixed positive constant and u,(x) any smooth monotone function.
Suppose that (u, v) (x, t) is any solution of (1.1) with equilibrium states (u,,v.),
vy =0,(u,), at x=to00. Our purpose of this section is to show that (u,v) (x,t)
—(9,v,(9)) (x,t) as t—o00. Since a translation or dilation of a rarefaction wave is
also a rarefaction, the convergence here is in the L, sense and not in L,. This is the
reason we do not use the more accurate approximation (2.2)+2.4) but (1.3) in
constructing the rarefaction wave (¢, p) =(¢, v,(¢)). The rarefaction wave expands
at the rate t:

(D% +1D*yl) (x, 1)
_{0 for |x|>mt+k

O(Deot ™1™ for |x|<mt+k, go=|uy —u_|, 3.2)

for some positive constant m=max{|f(u)|: u between u_ and u_ } and any partial
derivatives D*p of ¢ with respect to x and t. The first step is to assess the accuracy
of (¢ - ) as an approximate solution of (1.1). Since ¢ solves (1.3) and y =v,(¢p), we

heve o0 e.v) _do oo
P L IPY) 09 9GP _
at T Cat e O (33
Since p =v,(¢), (e, p)=0 and so from (3.2),
ay  Og(p,p) _
. oo+t {0 for |x|>mt+K
br= 0(1) x4t T 0(M)gpt ™17 for  |x|<mt+k. 3-3)s

Consider a perturbation of (¢, y):
W, 0)(x, )=+, w+p)(x,), (2,w)(£0,0)=0. (3.4
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Theorem 3.1. Suppose that A, is a subcharacteristic, 4, <A, <A4,, for all states
under consideration, and that the rarefaction wave (¢, ) and the perturbation (i, )
are weak, &(0) <1, where

3

8(t)E|u+—u_H—max_Z l( w)

(x, t) .

Then the smooth solution (u,v) (x,t) of (1.1) exists for all time and tends to the
equilibrium rarefaction wave (¢, V) as t—00:

lim  sup  (z(x, O] +w(x, ) =0.

tH0 —wIEx=Sw®
Proof. Subtract (3.3) from (1.1) to obtain

L et ot~ )=, (3.5
ow

T —(g(Z+<p,W+w)—g(<p,w))=h(2+9o,W+w)—h(<p,w)—F- (3.5)2

We have from (3.5), that
(f;;w)x ==z (f;lz)x - [ﬁ;]zx - [fv]wx - QO(f;l)¢x - QO(f;:)Wx ’ (36)

and for z and w sufficiently small, cf. (2.8),

we=(f+ LD (2~ fuze— [£1 et 60— [£Tws) - 3.7

Here and thereafter the functions f, = df /ou, g, = dg/0v, etc., are evaluated at (@, ),
and for any function g,

[Bl1=BGz+o, w+v)—B(p,v)=0(1) (|z| +Iw]),
QoA =[F1—P.z—B,w=0(1) (z*+w?),
Q1B =[B1— Pz~ Bw— Pz’ —2Buzw—Bow> = 0(1) (121 +w>).  (3.8)
Plug (3.6) into h,(— f,h, 1(3.5),), to eliminate w and obtain
Zu+ (A1 A)zsy+ Ay ApZoy — hif2,+ (A,2),)
= — [z + 2w + hoyWW), + ho( £ 2% + 2,020 + W)

+ho(Q1()x— [ Qo(hy) (2 + ¢5) + Qo(hy) (We +1,))

F (o = Ao fusy = hgohy 1)) (20— Ao2,)

— (LS D= Ao s DD+ (g D)z

— foh oW, = 20w,) — (£, [£] 2ot @)

+ 1 AW 9 )= 20) £ LAY Gt @)+ 17 LA (Wit 9.))s

ho(hy g L1 ot 0) +hy gL L] et w,),
=R.H.S. (3.9)

In (3.9) the speed of propagation of the rarefaction wave (¢, ) is small. This is
achieved through the transformation t—t, x—»>x—Ayt, 4, the average speed
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1/2(A,(u-)+ A, (u ). Since [u_ —u.|is small, we have from (3.5) and the structure
of rarefaction waves that

A4, <0, (3.10)
6l +lwd <lodd, 14,0 <1 (3.11)

Because the rarefaction wave is expansive, we have
Aex>0,  Chy>10, (3.12)

for some constant C>0.
In the energy estimate that follows, we make the following a priori assumption:

e= max g(f)<1. (3.13)

0=t=t

Multiply (3.9) by z and integrate over 0=<t<t and —o0<x<o0, and use
(3.103+3.12) and (1.2) to obtain

T

7 I (1holz*) (e, D)dx +5 | f (hohgad + hoy+ Agho)z® + |2y 25| 23) dxcdt

[
=1 j ((R,[2%) (x, 0) + (z2,(x, 0) — (z2,(x, T))dx + § I R.HS.dxdt. (3.14)
We next estimate the integral of the R.H.S. From Schwartz inequality

— o0

x 2 @ ©
z“(x)=( f Zszdx> < | zZdx | z2dx,

and so
5) _Tw 28dxdt < < max ( _Tw z%(x, t)dx>2> (f) _Tw 22dxdt < si _TOO z2dxdt .
Thus N
(f) T (2 +wodxdi< a(f) T @ +wiaxar. (3.15)

For any given smooth function § of (¢, ), we have from (3.11) and (3.12) that

T o0 [+ 8] [so]

I T prrzdxde=4  (B2%) (69— (69 (x, Odx—3] | pda

0 —

=0(1)e <_Ofo (Z2(x, 1)+ 2%(x, 0))dx + | _OJ? A*xzzdxdt) )

(3.16))
Similarly,
(j: 7 Bz ztdxdt-O(l)si _Tw A 22dxdt. (3.16),
From (3.5),

w= hv_ 1(Wt + (guz)x + (guw)x + QO(g)x - huz - QO(h) + F) . (317)
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From (3.8), (3.11), (3.12), (3.17), and by parts,

i T Bzzw,dxdt=0(1)s<cf @20, 0+ 22, Ndx+ | | Al +12)
0 — 0 —o

H V06 WP+ (F)? () ™ 2%+ w")dxdt> ,

whence we have from (3.3); and (3.15) that

T o0

jfo Bz*w,dxdt=0(1)e <_T (2%(x, 00+ 22(x, D))dx+ | | (AuulZ2+W?)

- oo

(= ]

+|V(z, w)|*+ M*x|3)dxdt> =0(1el . (3.16),
Similarly we have

+

‘f ofo Bz*w, dxdt
0 -

f 39 pzz wdxdt
0~

+If § Bzw?dxdt
0~

+ ’f Ojo Bzww,dxdt
0 ~w

+|f °§° pw?z. dxdt =0(Mel.  (3.16),
0 —w

+ ‘f § Bzww. dxdt
0 —w

The estimates (3.16),—(3.16), take care of the integral R.H.S. in (3.14). The second
term on the left-hand side of (3.14) is treated by (3.11) and (3.12), and we conclude
that

T

T 2ndx+ ] Tl +2dnde

=0(1) | 22(x,00+0(D)| | (Z2+ed w>+elPwPdxds, (3.18),
— o0 0~
where we have used the hypothesis (3.13). Similar arguments yield the estimates for
higher derivatives of z by integrating (3.9)z,, (3.9).z,, (3.9),z,, (3.9),:2,2s (3-9)xxZxx5
(3:9)sxZsxts (3-9ixZits (3.9)uZu> TESPECLively,
§ 22(x,0)dx+§ § Z2dxdt=0(1) | z2(x,0)dx
— o 00— -

T 00

+O0()f | (Z2+e(V, WP + A2+ WD+ 22+ 22, + 12, )dxdt, (3.18),
0~

I 22, v)dx+§ | z2dxdt=0(1) | z3(x,0)dx
— o0 0 ~w —

T ®©

FOM] [ AP WP+ Ll 4w+ dixde,  (318)3

— 0

| 22, vdx+ | | z2dxdt=0(1) § (z2(x,0)+ z2(x, 1)+ z2(x, 0))dx
- 0 —w — o0

t oo

+OM)] § e(V(z W+ 4@ + W) + |V (2, WI* + 275+ 22 )dxdt

[=]

(3.18),
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[ 20o0dx+] | 22dxdt=001) | (z(x,0)+22(x, )+ 22(x, 0))dx
— 0 —w — o

+OM) [ eIV (2, WP+ 44(22 + WD) V2 (2, WP + Ayl + 25+ 22 )dxdt
0 —w
(3.18),

T 20enane ] T 2adxdi=00) § (@00 0) 4220+ 22ulx, 0)dx

+ 0(1){) _f s F eV (2, WP+ V22, WP + 222+ W) + A + whe))dxdt
(3.18),

| @ale )+t Mt | T zhadxdt=00) T (Rl 0+ 22, )i

+0(1)(f) T PG W+ 172 WP+ A2+ W) 417 W)+ |4t
“ (3.18),
T @2ute )+ 2o 0)dx+ ] | 22dxdt=0(1) | (22i(x,0)+ 22 (x, D)dx
@0 0 ~w —

FO] T a7 W17 W + Ayle407) + 7 WP+ 1Ay
(3.18),

We next turn to the estimates for w. Integrate (3.5),,w,, (3.5),,,W,,, respectively, and
use (1.2) to obtain

Tw2ee, dx+§ | widxdt=0(1) | wi(x,0)dx
© 0 —x —

T @ 2
+0()] (wfx+ > |l7jz}2+sw§+s/1*x(zz+w2)+|A*x|3) dxdt,
0 —w j=1
’ (3.19),

Tw2(e, Ddx+ | | widxdi=0(1) | wi(x, 0)dx
o0 0 —w — o0

T 3 2
+o)§ | <w,2m+ > leZ|2+8<Z [ij|2+/1*x(zz+w2)> +M*x|3>dxdt,
0 - =1 =1 (3.19)
. 2

From (3.5),, we have
Wy = ~[9)xee+ W]y — Fo s
and so

§widx,ydx+ § § w2, dxdt
© 0~
1

© 3
=0(1) | (wfm+ 3 |l7fz|2+w,2,+8< > IijxIZ—}—l*x(zz+w2)>+ll*x|3> (x, 7)dx
—w ji=1

j=0
T @ 3 X
+o)] | <me+ > VW +wy
0 —w j=1

+s< i ]Vfwx|2+,1*x(z2+w2)> + M*xP) dxdt . (3.19),
j=0
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By integrating the differentials of (3.7) we have

f Z (7w *(x, 7)dx)

—w j=0

=0(1) Oj? ( > <]V’z|2+s< > (Viw)+ M*xls)dx)>) (x,7)dx, (3.19),

— \j=0

f f Z (7w, dxdt)

0 —w j=0

—ow] | (z (PP + e W)+ (|Vfw12)+|z*xl3> dxdt

(3.19)5
From (3.17) it follows that
f w2(x, t)dx = 0(1) i (VW2 +22 + 1z, + 15) (x, T)dx (3.10)¢

T

P T agwiaxdi=00)f | G2+ W wiP+iDdxdt.  (3.19),
-0 0 —w

o

We have from C™1((3.19), +(3.19),+(3.19)3) + (3.19),+... +(3.19),, C a large
number, that for e <1, (3.13),

T

j Z [Viw |2 (x, T)dx—f—(j) f (Z (lV’w|2+/l*xw2)dxdt>
=0(1) 5 <Z (V72 (x, T)))

+ 2 [V3(x, w)(x, 0)dx + § j <2 (V2|2 + 42> +|,1*x13)dxdr) (3.20)

Finally, we have from (3.20)+C 3(3.18),+C~*(3.18),+C3(3.18),
+C73(3.18),+ C™%(3.18)s+ C~1(3.18)s +(3.18),+(3.18)g, C a large constant,
that for ¢ <1, (3.13),

_f Z <IV’(Z w) (x, T)d8+£ ] < w22 +w)+ Z Vi, W)lz)dxdt»

j=1

—oq) | Z (V(z, W) (x, O)dX+0(1)5 f Ayl dxdt . (3.21)

—o0 j=1

With (3.21), the hypothesis (3.13) clearly holds. The global existence of the solution
follows from the standard local existence theory and the energy estimate (3.21). It

also follows that | (z2-+w?2)(x,t)—0 as t—00, whence we have,
22X, )+ wx, )= | (2zz,42ww,) (v, )dy

< <_T 2 +wd)(x, t)dx> (_ojo ZZ2+wd)(x, t)dx) —0asto0w.

This completes the proof of the theorem. Q.E.D.
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4. Admissible Traveling Waves

Suppose that (u, v) (x,t) = (@, p) (x—at) is a traveling wave for (1.1). A traveling
wave is a permanent wave form connecting constant states (u,,v.)
=(¢, ) (£ 00). Since (4., v, ) are constant, and the only constant states solution
of (1.1) are equilibrium states, we have

vs =v,(us). @1)
From the conservation law in (1.1) we have
o(uy—u_)=f(uy,0,.)—flu_,v_). “4.2)
From (4.1) and (4.2) we see that, cf. (1.3),
oy —u)=flu)— fylu-). 43)

Thatis, (u_, u ) also satisfies the jump condition for the equilibrium equation (1.3).
The following theorem relates the admissibility of shock waves for the scalar
conservation law (1.3) to the existence and stability of traveling waves for the
relaxation model (1.1).

Theorem 4.1. Suppose that (¢, ) (x—at) is a smooth traveling wave of (1.1) and
that it is stable in the sense that the speed is subcharacteristic,

A1((@, ) (E)) <o <A((p, v) (), 4.4)

for E€ R, Then the corresponding shock wave (u_,u.), uy =@(+o0), for (1.3) is
admissible in the sense that

L) = fy0) _ 100~ £,@-) “s)

Uy —u_ u—u._

for all u strictly between u_ and u . Conversely, given an admissible shock wave
(u_,u,) of (1.3) such that its speed o differs from A{u,v), i=1,2, along ou— f(u,v)
=0uy—f(Us,vy), 0y =0,(uy), between u_ and u,, then there exists a stable
smooth traveling wave (@, ) (x—ot) of (1.1), and the end states (@, y) (£ 00)

=(uy,vy) satisfy (4.4).
Proof. From (1.1) a traveling wave (¢, ) (x — ot) satisfies

—o¢’+ f(o,p)' =0, (4.6)

—oy'+g(o, p) =h(e, p). @7

Integrate (4.6) to obtain
—O'(P+f((P,1P)=a, E-gui_'_f(uisvi)’ (uiavi)E(CDHP)(iOO)- (48)
The equilibrium set

I'={(u,v):v=v,(u)}
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is a curve, (1.2). From (4.1), (u.,v,)eI'. Along the traveling wave (¢, ) we have
from (1.4), (1.7), (4.6) and (4.7) that

= —;)Jzi )’ “9)
w'= Ti)_—(g}&—) (4.10)
W= (Tl(f—;)‘a}l%a) (4.11)
(p—v, (@)= %"—;{1:—);; 4.12)

Suppose (¢, ) is a smooth traveling wave satisfying (4.4). Then from (2.8), (4.9), and
(4.10) we see that the only critical points for the autonomous o.d.e. (4.6) and (4.7)
are those on I', where h=0. Consequently (¢, v)(é)¢ I for — oo <& <00, and @(&),
—o0<é<o00, is monotone and lies between the limiting values u_ and u,.
Suppose that for some u between u_ and u,,

oo S =S _ S —f0-)

U, —u_ u—u_

Then by (4.8) we have for some & e(— o0, 00) with @(&)=u,

S, v W)= fw)=f(9(0), w(E) = S (u, w({)).

And so from (2.8), v, (u) =w(&). In other words (¢, y) () e I', which is a contradic-
tion. Thus to prove (4.5) it remains to show that the inequality holds for é = — co.
Since at = —o0, (p,p)=(u_,v_)eT, we have from (1.2) that (¢ —v,(¢)) and &
have opposite signs. Consequently we have from (4.4) and (4.12) that o <A, near
¢ = —o00. This proves (4.5) near £ = — 0o because
i S 1,@)
U—u_

u—u—

=2, (u_).

This completes the proof of the first part of Theorem 4.1; the second part is proved
by similar arguments. Q.E.D.

The above theorem completely characterizes traveling waves of (1.1) whose
speed is subcharacteristic, (4.4). From the study of the stability of equilibrium
states in the last two sections, we see that it is necessary to assume the equilibrium
characteristic 4, to be subcharacteristic on the equilibrium set I’

Ay, v, (1)) <A, () < A, (u, v, (0)) . (4.13)

With (4.13) it follows that for weak traveling waves of (1.1), the speed g is close to 4,
and thereby is subcharacteristic. However, when a traveling wave is strong, its
speed may fail to be subcharacteristic. In this case, a traveling wave will have to
contain discontinuity waves. This issue will be taken up when we study the
admissible time-asymptotic wave pattern in the last section. In the next section we
show that weak traveling waves are nonlinearly stable.
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5. Stability of Traveling Waves

Let (@, p)(x — ot) be a smooth traveling wave of (1.1) with speed o, and (u, v) (x, t)
be a solution of (1.1) whose initial data is a perturbation of (¢, ):

(,v) (x,0)=(0,v) () +(@,0)(x,0), (& 0)(£00,0)=0. G.1)

Our purpose is to show that (u, v) (x, f) tends to (@, ) (x + x,—ot) as t—00. The
amount of translation x, due to the perturbation (&, ) can be identified from the
conservation law in (1.1):

| ux, t)—o(x—at))dx= | di(x,0)dx.

Since u(x, t)— @(x+x,—at), we have
0= | u(x,t)—@(x+x,—ot)dx

i(x,0)dx— | (p(x+xo—0t)—@(x—ot))dx

— — o0

—— 8

¥ a(x, 0)dx—xo(uy —u_),

—

and
Xo=W,—u_)"! _T i(x,0dx, u,=¢(+0). (5.2)

From here on, we assume that x,=0 through the translation of (¢, y) (x —ot) to
(@, ) (x +x,—ot). Thus we have

T (wx )~ ple—ot)dx=0. (5.3)

With (5.3) it is natural and convenient to write

ulx,)=@(x—ot)+z,(x, ), v{x,t)=p(x—ot)+w(x,t), (5.4)

zx, )= | u(y,)—o(y—ot)dy, z(+o0,)=0.
The last identity comes from (5.3). Since both (u, v) and (¢, v) satisfy (1.1), we have,

by integrating with respect to x the difference of conservation law in (1.1) for v and
p, and by simply taking the difference of the rate equation in (1.2) for v and v,

z+ fzx+ o, w+yp)— flo,p)=0, (5.5)
WGz + o, W) —g(o, W) =hz.+ o, w+p)—h(p,p).  (5.5),
From (5.5), and (2.8) we may represent w in terms of z:
w=f," =2z~ fi2:— Qo(f)),
Qo()=fzet+ @, w+y)— fuz,+ fw=01) (23 +w?), (5.6)
L= flo,p)  ete,
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and for z2+w? small,
w=W(z,, 2y, 0, ) O(1) (|2 + 2. ]) (5.7
for some smooth function W. Plug (5.6) into — f,(5.5),, we have

Zy+ (’11 +/12)th + }’IAZZxx - hu(zt + :uzx) = f;.: lj;zt + fv_ lguf;zx - gux) (Zt + f;azx)
+ Qo(f) (f;;_ lgvax —Guxt hu) _f;JQO(h) - QO(f)t - ngO(f)x + vaO(g)x > (58)

where the functions A, 4,, f,, etc. are evaluated at (¢, y) and Q, is a higher-order
term defined in (5.6). The right-hand side of (5.8) are higher-order terms. The left
hand side contains a first-order term with speed

which is the dynamic subcharacteristic speed and plays the basic role of governing
the large-time behavior of the weak waves traveling over the traveling wave (¢, p).
For an equilibrium state (u, v,(u)), we have from differentiating (1.2) that

h,+hyv,,=0,
and so from (1.3) and (1.5),
ﬂzj;a_j;;huhv_l =f,,+f,,v*=/l* .

In other words, the dynamics speed u equals the equilibrium speed 4, when the
state is in equilibrium, Since a traveling wave (¢, 1) is not in equilibrium except at
end states x = + 00, y differs from 4, in general.

The stability of a traveling wave is the consequence of three things. One is that

the speed is subcharacteristic.
j’l <O-<j.2. (5‘10)

As we have seen in Theorem 4.1, this is equivalent to the admissibility of the
corresponding shock wave for the equilibrium equation (1.3). The second is the
nonlinearity of the system (1.1). The simplest nonlinearity is that characteristic
speed is strictly monotone across the wave. For simplicity, we will assume that
f+(w) is convex so that (4.5) is equivalent to 1,(¢, y),<0. However, the proper
characteristic here is pand not .. For weak traveling waves pis close to 4,,, and we

have
oL+ £ Cpue <1, “lo—pl+lo—A,0<1 (5.11)

for some positive constant C. The third element for the stability is that (1.1) is a
relaxation model, (1.2). Our stability analysis can be refined to handle any weak
traveling waves when f, may have isolated inflection points. We will not elaborate
this here though.

Theorem 5.1. Suppose that (¢,w) (x—at) is a smooth traveling wave of (1.1)
satisfying (5.10) and (5.11). Then any perturbation (5.1) of (@, ) gives rise to global
solution (u,v) of (1.1) which tends to (¢, ) (x+ xo—at) uniformly in x as t—o0,
provided that £0) is sufficiently small, where

2

+z+

Jj

© 3 a
e(t)=|u, —u_|+ max | <Z o
ji=0

0=stst—

7 (% 1) (x t)
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Proof. Since the functions 44, 4,, f,, etc. in (5.8) are functions of (¢, p) (x —ot), it is
convenient to change the variables (x, ) to (&,1), { =x—ot, and (5.8) becomes

Zyt+ (A1 + A, —20)z5+(0 — A) (0~ Ax)zge — holz, — 02+ pzg)
=(0f, Yoe 1 o Soe— Goe— 902 (2— 025+ fuZ2)
+Qo(N) (8o for— Bor T ho)— F,Qo(W) — Qo(f)+ 0Q0o(f)e

—9,90(f)e+ f,Q0(9).=R.HS. (5.12)

All known functions 1,, 4,, f,, etc. are functions of £ only. We now perform the
energy estimate much the same way as in the proof of Theorem 3.1. There are two
notable differences, however. A rarefaction wave is expanding, (3.12), and rarefying
(3.2), while a traveling wave is compressive (5.11) (or, in the general case, mostly
compressive) and maintains a definite shape. These differences are matched by a
major difference between Eqgs. (3.9) and (5.12) in that on the left-hand side of (3.9)
the equilibrium subcharacteristic speed A, is differentiated, while in (5.12) the
dynamic subcharacteristic speed u is not. This is because we use the conservation
law (5.3) in deriving (5.12); while the convergence to a rarefaction wave is in general
notin L,, and the conservation law is of little use in deriving (3.9). Integrate (5.12)z
over 0<t<7, —oco<xZ00 and use (1.2), (5.10), (5.11) to obtain

3T Qx| T Glhlade? + 10— ) (0 — Lo )ed)dxds

=% _?; ((h,)z?) (x, 0)+ (z,2) (x, 0)— (z.2) (x, 7))dx

+§ § @G+0,+2,— 20):2,2+(Ay + Ay —20)z,2;

0 —w

+((6— A1) (0—23))ezez+R.H.S )dxdt .

Under the assumption that
max &(t) <1, (5.13)

0<1ge °

the above identify and (5.11) yield

_fw z3(x, T)dx + (f) jw (Iudz® + 23)dxdt

—0() | (22(x,0)+22(x, 0)+22(x, )dx+0(1) | | (2+RHS)dxdt. (5.14)
“w 0

From (5.6) and (5.7) we have
1Qo(f1+1Q0(@)| +1Qo(M)]=0(1) (Iz/* +|2¢*) - (5.15)
By the same arguments in deriving (5.14) we have from (5.14) and (5.15) that

j? z%(x, T)dx + (j: _]9 (Ielz? + z3)dxdt

“

=0(1)_°f (22(x, 0) 4 22(x, 0)+ 22(x, D)dx 4+ O(1) | _T 2dxdt.  (5.16),

0

Without going into details, we conclude from integrating (5.12)z,, (5.12).z,,
(5:12),241, (5:12)¢2,¢, (5.12) 625, (5.12) geZeess (5.12),4244, and (5.12),,2,,,, respectively,
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T z2(x, ‘z:)dx+f ij z2dxdt

0 —w
=0(1) | z2(x,0)dx+0(1)| [ (z3,+e(z3+23+z2))dxdt,
-~ 00 00—
T stxmax+] § chaar
—0(1) § 220,0)dx+0()] | (Z2+z2+eWzP)dxdt,
— 0 0~

| z2(x,v)dx+§ | zZdxdt
— o 0

— o

=0(1) | z&(x,0)dx+0(1)| | (ze+zk +e(Vz|*+ 25+ 23,))dxdt,
—w 0 —w

§ (ng+2§¢)(xar)dx+(f) [ zZdxdt

«Q

=0(1) | (Z2+22(x,00dx+0(1) | | (zRs+e(Val?+z2+22)dxdt,

<

Ofo (z3(x, T)dJH—f T 2Zepdxdt
— 0 -

=0(1) | (z3(x,00dx)+0(1)| § (Zhe+e(Vzl*+|V32|* +22))dxdt
— 0 —w

[es) T ®©

V (Zhe+ 2k (%, T)dx + g _fw 2} dxdt

— o

—0() | (et s, O+ O] T V2P + 1722+ s
+0M] T (= 0o+ 0Qo()e=0.Qo(Net f1@o0)eszeedvi,
T Zge(x, T)dx + f T Zheedxdt
—© 0 -

=o@) |

oo

<zt2,§(x, 0)dx+0(1) (I: T elVz|*+|V%z|? +z§§§> dxdt

+0M] T (= Qo1+ 00o(N)e=0,06(e f1Qo(@)ohzucdi,
and

§ 22, vdx+ | | zZdxde

0 —w

=0(1) | 22(x,0)dx+01)| | e(Vz|*+|V?z? + 25 )dxdt
— o 0 —w

+0] T (= Qo+ 009,06+ 1Qo(@)zudxd.
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(5.16),

(5.16),

(5.16),

(5.16)s

(5.16)¢

(5.16),

(5.16)g

(5.16)o
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The above estimates treat all the first three derivatives of z. Note, however, the last
integrals in (5.16),-(5.16), appear to contain fouth derivatives of z, cf. (5.15). This
difficulty is resolved by Taylor expansions and integration by parts. We illustrate
this by considering the first such integral using (5.6) and (5.7),

Ot

—

T —0o(Nuszuddi==] T UJouge+LiIwaue+LOT e

e8]

=-—- g _.f ([.f;l]ztt§§+ A (Wlllztzt::
+ Wa22Zuee)) 2+ L.O.T.)dxdt

where W, ;(W,,,) is the third derivative of the function W in (5.7) with respect to
the first (second) variable and L.O.T. are lower-order terms and not including
fourth derivatives of z. The term L.O.T. are absorbed into the left-hand sides of
(5.16). We have by parts

.f ([fu]zngg +[f1(Wy, 1Zgeet I’szzzttcg)zngdx‘h

” O“-a
O =

Iw GLA] éztté +3([f£,IW,, 1):Zn§ +3z (szz)gzng) dxdt

o)

+ j GLAIW, 1Zn¢(x’ ) —3[£,1W1, IZtZt.’,‘(x’ 0))dx .

Since [f,1, [f,), Wi1, and W,,, are functions of z,, z,, ¢ and v, the above
expression involves only up to the third derivatives of z. Similar treatment applies
to other terms, and we conclude that the last integrals in (5.16),~5.16), are

o | °§° eV 22 4+ 722 + V32 )dxdt
!
+oe | ( 3 [Piz2(x, 0) + z Piz2(x, f)> dx.

With this, we conclude from C~#(5.16), + C~3(5.16),+ C~%(5.16);+ C~1(5.16),
+C71(5.16)6+ C~1(5.16)6+(5.16),+(5.16)g +(5.16),, C is a sufficiently large
constant, that under (5.13) we have

f Z [Viz(x, r)|2dx+f f <|ﬂx|22+ % |VjZ|2>dth
Zw j2 0 - j=1
o) [ 3 iz, 0)dx. (5.17)
—o j=0

The right-hand side of (5.17) also contains the derivatives of z with respect to ¢
which are not part of the initial data. Nevertheless, using (5.5), the derivatives of z
with respect to ¢ can be converted to z, w and their derivatives with respect to x.
The estimates for w can be derivated from (5.6), (5.7), and (5.17). In conclusion, we
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have the desired energy estimates

[o0)

§ <.=§0|ij(x, )]+ éolew(z, t)l2> dx

-

+ (f) _T (lﬂx|22+ 23:1 |Viz|? + golewF) dxdt
~o) | (% 3 aj—f(x,O)
—oo \j=0 X

o'z 2
ﬁ(X,O) +j§0 5

2> dx, (5.18)

provided that (5.13) holds. Clearly (5.13) is a consequence of the derivation of the a
priori estimate (5.18). That the solution exists global in time follows from the
standard local existence theory and the a priori estimate (5.18). The convergence of
(u,v) to (p, ) is equivalent to (z,, w)—0 as t—o00. This again follows easily from
(5.18) by the same arguments toward the end of the proof of Theorem 3.1. This
completes the proof of the theorem. Q.E.D.

6. Time Asymptotic Wave Patterns

By a time-asymptotic wave pattern we mean a combination of nonlinear waves
which tends to an exact solution of (1.1) and becomes noninteracting as t—o0.
Consequently such wave patterns would represent the large-time states for general
solutions of (1.1). From the study of Sect. 3 we see that a rarefaction wave u of the
equilibrium equation (1.3) together with v=v,(u) form a time-asymptotic wave
pattern for (1.1). Sections 4 and 5 show that a smooth traveling wave of (1.1) is a
time-asymptotic wave pattern if the wave speed is subcharacteristic. This is so if the
wave is weak and the equilibrium speed is subcharacteristic, (4.13). In general, we
have to consider traveling waves which are not smooth. By Theorem 4.1, this
happens when the wave speed may equal the characteristic speed A, or A,.
Discontinuity waves for (1.1) are the same as those for the associated two
conservation laws

ut+f(u9 D)x=0: Dt+g(u’0)x=0’ (61)

and have been studied by Liu [5]. We now recall briefly this theory.
A discontinuity wave (u,, v,, u,, v,) for (6.1) with speed s satisfies the jump
condition

S(ur - ue) = f(un vr) - f(ue9 ve) ’ S(U,. - ve) = g(urﬂ Dr) - g(uea ve) . (62)

Given a fixed state (u,, vy), let s(u,, vy) be the set

S(ug, vo) = {(u v): o_<u—u0> = <f(u, v)— f (o, Uo)>

V=70 g(ua U) - g(u0> UO)

for some scalar o =a(ug, vy; U, v)} .

It turns out that, at least for a small neighborhood of (u,, vy), S(ug, vy) consists of
two curves S;(ug, Vo) and S,(uy, vo). Along S;(uy, vy), the shock speed o is close to
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Ay i=1,2. The jump condition (6.2) is equivalent to
s=o(u, v,; u,,v,), (U.v,)eSu,v,), i=1or2.

In place of (4.5) for scalar conservation law (1.3), a shock wave for the system (4.13)
is required to satisfy the admissibility criterion:
o-(uea Vg Uy, U,.) é G(ue’ Ve U, U) fOI' all (ua U) € Si(ue: Ue)

(6.3)

between (u,,v,) and (u,v,).
A consequence of (4.15) is the following linearized stability criterion.
A‘i(ur’ Ur) é G(”w Ues Uy l),.) é /q’i(ue’ ve) . (64)

Following [6] and consistent with most physical examples, we assume that the set
S, and §, are defined globally and that system (6.1) is strictly hyperbolic in the
global sense. The latter means that shock speeds of one family never equal the
characteristic speed of the other family.

Our purpose is to study the asymptotic state of a general solution whose initial
data tend to constant states as |x]—00. A constant state initial data for (1.1) give
rise to a solution which tends to an equilibrium state at exponential rate as t—oo.
Thus we assume the end states to be equilibrium. A general solution consists of
many waves which interact nonlinearly and would become a simple wave pattern
which is noninteracting. Consequently, our task is to find wave patterns which
consist of equilibrium rarefaction waves based on the equilibrium equation (1.3),
smooth traveling waves of (1.1) and discontinuity waves of (6.1). Moreover, these
waves should be noninteracting, that is, a wave has a slower speed than those to the
right of it. Given any two equilibrium states (u,, v,.(4,)) and (u,, v,.(,)), such a wave
pattern can be constructed uniquely. By (2.8) we may use the coordinate system
(u, f(u,v)) for convenience. From (1.2) we see that the equilibrium set
I'={(u,v,(w)} is a wave along which f is a function of u (Fig. 6.1).

Fig. 6.1

The curve I' divides (u, f)-plane into two parts. We assume, for definiteness, that
[cf. (2.8)]

35 <0, (6.5)
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so that h>0(h<0) in the upper (lower) part. Along I, f(u, v)=f(u, v, (1)) = f,(4)
and so the slope of I' is f, (u) = A,(u) the equilibrium characteristic speed. Suppose
that u, <u, (the case u, > u, is analogous). Let a string (the dotted line in Fig. 6.1) be
fixed on I at u, and u, and consists of straight lines lying below I" (between u, and
u,, and also between u, and u;) and portion of I' (between u, and u, and also
between u; and u,). When the string coincides with I' it is clear that A,(u) is
increasing there and a rarefaction wave for (1.3) can be constructed. Correspond-
ing to the straight lines in the string, a traveling wave for (1.1) can be constructed.
Thusin Fig. 6.1, the asymptotic state connecting (., v, (1,)) and (u,, v, (1,)) consists
of traveling waves (u,, u,), (u,, 43), (14, u,) and rarefaction waves (uy, u,), (Us, uy).
The construction of a rarefaction wave (¢, ) is simply by setting ¢ to be a
rarefaction wave of the equilibrium equation (1.3) and y = v,(¢). Smooth traveling
waves have been studied in Sect. 4. In the present setting we note that k<0 along
straight lines in the string. Thus we have from (4.9) and (6.5) that if the shock speed
is always subcharacteristic, then a smooth traveling wave exists along each of the
straight lines in the string and that u is increasing along the wave. From (4.3) and
the present construction, such a traveling wave moves with the same speed as the
neighboring rarefaction waves and thereby is noninteracting. It remains to show
that a traveling wave can still be constructed even if its speed is not subcharacter-
istic. Thus we consider two equilibrium states (u_,v,(u_)) and (u,,v,(u.)),
u_<u,, with the property that h(u, v) <0 along the line

L={u,v):u_<u<u,, —au-i;f(u, v)=—0u,+f(uy,v)=—ou,+f (u)},
A CT I ACD (6.6)
u + 7 U_
Suppose that ¢ may equal A, or 4, along L. For definiteness we assume that o is
always greater than A, but may equal A,. Since we assume that (u_,u.) is
admissible for (1.3), [cf. Fig. 6.1 and (4.5)], we have A, (u,) S0 =<A,(u_). From the

basic assumption that the equilibrium speed A, is subcharacteristic, (4.13), and that
o> A,(u,v) along L, we have

AMu)<oZ i u). 6.7)
From (4.9) and (4.10) we have along L that
d(g(u,v)—ov) _ —J
-0 ©®

It follows from (6.5), (6.6), and (6.8) that g — ov increases along Lnear (u_, v, (u_)).
As u increases along L, ¢ may become larger than A, and in that case g—ov
becomes decreasing. We make the hypothesis that ¢ is mostly subcharacteristic in
the sense that ¢ — A4, never becomes too large along L. More precisely, we assume

g, v)—ovzgu_,v,(u_))—ov,(u_) for (u,v)eL, 6.9)

We now construct the traveling wave connecting (u_, v, (u_)) and (u, , v, (u ,)) first
by locating states (u',v'), (u%,v?)... on L with the property that g(u,v)—ov
=g, v)—ov' =g'*?, v'*)—ov'*! along L between ' and u'*!, i odd, and
increasing between u’ and u** 1, i even, Fig. 6.2. By (6.9) this construction is possible
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g-av

Fig. 6.2

when g(u, v)—ov is increasing. ¢ is subcharacteristic by (6.7), and so a smooth
traveling wave with speed o exists. Thus between u’ and v'*!, i even, we have
smooth traveling waves along L. Between ' and v'*!, i odd, we have from the
construction that ('™, v'* ') e S,(u, v') since the jump condition (6.6) and

O‘(Ui+ 1_ vi) =g(ui+ 1’ vi+ 1) _g(ui, vi)

are satisfied. Moreover since g(u, v) — ov = g(u', v') — o’ between ' and u'* ! along
L, it can be shown easily the discontinuity waves (i, v'; u'* !, v’ *1), i 0dd, satisfy the
admissibility condition (6.3). Thus we have the construction of a wave pattern
connecting (1 _, v, (u_)) and (u ., v,(u.)) and consisting of smooth traveling waves
and admissible discontinuity waves. This completes the construction of time-
asymptotic wave patterns connecting equilibrium states.

In some applications f,(u) is a convex function, f;(u)#0. In this case an
asymptotic wave pattern consists of either a rarefaction wave or traveling waves,
Fig. 6.3 (cf. Fig. 6.1).

Fig. 63

The sitvation is further simplified if the characteristic value 4, i=1, 2, is strictly
monotone in the r; direction. In this case o is strictly monotone along the shock



Hyperbolic Conservation Laws with Relaxation 175

g-ov

Fig. 64

curve S; and it follows that g(u, v) —cv has at most one critical point, Fig. 6.4 (cf.
Fig. 6.2). Consequently, a traveling wave is either smooth or consists of a smooth
wave followed by a discontinuity wave.
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